
INDUCED CYCLES OF MANY LENGTHS
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Abstract. Let G be a graph and let cl(G) be the number of distinct induced cycle lengths
in G. We show that for c, t ∈ N, every graph G that does not contain an induced subgraph
isomorphic to Kt+1 or Kt,t and satisfies cl(G) ≤ c has bounded treewidth. As a consequence,
we obtain a polynomial-time algorithm for deciding whether a graph G contains induced
cycles of at least three distinct lengths.

1. Introduction

The set of all positive integers is denoted by N and the set of all positive integers no
greater than k is denoted by Nk. For a set X, we denote the set of all subsets of X by 2X .
Graphs in this paper have finite vertex sets, no loops, and no parallel edges. Let G and H
be two graphs. G is said to contain H if G contains an induced subgraph isomorphic to H.
G is H-free if G does not contain H. For X ⊆ V (G), we denote by G[X] the subgraph of G
induced by X, and we refer to X and G[X] interchangeably. For standard graph theoretic
terminology, the reader is referred to [8].

For a graph G = (V (G), E(G)), a tree decomposition (T, χ) of G consists of a tree T and
a map χ : V (T ) → 2V (G) with the following properties:

(i) For every v ∈ V (G), there exists t ∈ V (T ) such that v ∈ χ(t).
(ii) For every uv ∈ E(G), there exists t ∈ V (T ) such that u, v ∈ χ(t).
(iii) For every v ∈ V (G), the subgraph of T induced by {t ∈ V (T ) | v ∈ χ(t)} is connected.
For every t ∈ V (T ), we refer to t as a node of and to χ(t) as a bag of (T, χ). The width of

a tree decomposition (T, χ) is maxt∈V (T ) |χ(t)| − 1. The treewidth of G, denoted by tw(G),
is the minimum width of a tree decomposition of G. Additionally, we define cl(G) to be the
number of distinct induced cycle lengths in G, i.e.,

cl(G) = |{l ∈ N | G has an induced cycle of length l}| .

Berger, Seymour, and Spirkl [3] provided a polynomial-time algorithm for deciding whether
there is a non-shortest u-v path inG for u, v ∈ V (G). This algorithm can be straightforwardly
applied to test whether all induced cycles in G have the same length. However, there is no
simple way to apply this algorithm to test whether a graph G also contains induced cycles
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2 INDUCED CYCLES OF MANY LENGTHS

of at least three distinct lengths. In this paper, we provide a polynomial-time algorithm for
doing exactly that.

Theorem 1.1. Let G be a graph. There exists an algorithm with running time O(|V (G)|22)
that decides whether cl(G) ≥ 3 and outputs a list of three induced cycles of distinct lengths
if they exist.

As a generalized version and a core subroutine of this algorithm, we also show that we
can decide if cl(G) ≥ c for every c ∈ N in linear time given that G has bounded treewidth.

Theorem 1.2. Let c, k ∈ N be constants and let G be a graph with tw(G) ≤ k. There exists
an algorithm with running time O(|V (G)|) that decides whether cl(G) ≥ c and outputs a list
of c induced cycles of distinct lengths if they exist.

The majority of this paper is devoted to the proof of the following structural result that
identifies a necessary condition on the structure of graphs with large treewidth.

Theorem 1.3. For all c, t ∈ N, there is a constant f1.3 = f1.3(c, t) ∈ N such that for every
graph G with tw(G) ≥ f1.3 one of the following holds.

(a) G contains Kt+1 or Kt,t.
(b) cl(G) ≥ c.

1.1. Key structures. We start by defining some of the key structures used throughout this
paper. For each structure S in G defined here, we will use S and the subgraph induced by
G on the vertex set of S interchangeably.

For disjoint subsets X, Y ⊆ V (G), we say that X and Y are anticomplete (or that X is
anticomplete to Y ) if there is no edge in G with an end in X and an end in Y , and that
X has a neighbor in Y if X is not anticomplete to Y . For x ∈ V (G), we say that x is
anticomplete to Y if {x} and Y are anticomplete. For a set X of subsets of V (G), we write
V (X ) =

⋃
X∈X X.

An (s, d)-dome in G is a pair (S, P ) such that
• S is a subdivided star in G with leaf set L of size s;
• P is a path in G disjoint from S;
• V (S) \ L and V (P ) are anticomplete in G;
• every vertex v ∈ L has a neighbor in P ; and
• every vertex u ∈ P is adjacent to at most d vertices in L (see Figure 1).

The root of the dome (S, P ) is the unique vertex of S that has degree at least three in S.
A dome is aligned if there exists an ordering l1, . . . , ls of the vertices of L and s pairwise
disjoint subpaths ui-P -vi of P for i ∈ Ns (possibly of length zero) such that

• there is an end u of P such that P traverses u, u1, v1, . . . , us, vs in this order; and
• for every i ∈ Ns, all neighbors of li in P are contained in ui-P -vi.

Note that for every d ∈ N, an aligned (s, d)-dome is also an aligned (s, 1)-dome.
Let l, q ∈ N. We define a q-banana in G with ends x, y, denoted Bx,y, to be a pair

({x, y},P) where P = {P1, . . . , Pq} is a set of q pairwise internally disjoint x-y paths. We
define a q-theta in G with ends x, y, denoted Θx,y, to be a q-banana in G such that for
all i ̸= j ∈ Nq, the paths Pi \ {x, y} and Pj \ {x, y} are anticomplete to each other (see
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Figure 1. A (4, 3)-dome that is not aligned.

Figure 2. A 4-theta (left) and a rigid 4-banana (right).

Figure 3. A (3, 2)-kite (left) and a clean (3, 2)-kite (right).

Figure 2). We call a q-banana with ends x, y rigid if for all i, j ∈ Nq, the paths Pi \ {x, y}
and Pj \ {x, y} are not anticomplete to each other (see Figure 2). We say that a banana
({x, y},P) is l-dense if V (P) does not contain an l-theta with ends x, y.

For a triple of distinct vertices x, y, z, we define an (x, z)-tailed q-theta in G, denoted
Θx,y,z, to be a pair (Θx,y, P ) such that

• Θx,y is a q-theta in G;
• P is a y-z path in G, called a tail ;
• P \ {y} and V (Θx,y) \ {y} are anticomplete.

For k, q ∈ N, we define an (x, z)-tailed (k, q)-kite K in G to be a set of k (x, z)-tailed
q-thetas Θx,y1,z, . . . ,Θx,yk,z in G such that for all distinct i, j ∈ Nk, V (Θx,yi,z) ∩ V (Θx,yj ,z) =
{x, z} (see Figure 3). For i ∈ Nk, let Θx,yi,z = (Θx,yi , Pi). We call a (k, q)-kite K clean if for
every i ∈ Nk, every vertex of V (Θx,yi) \ {x, yi} has degree two in K, and the set {y1, . . . , yk}
is a stable set (see Figure 3).

1.2. Proof outline and organization. We start by outlining the proof of Theorem 1.3.
In Section 3, we show that if a graph G contains one of the basic obstructions (see Section 3
for a precise statement) or a large dome, then cl(G) ≥ c. In Section 4, we apply this result
to reduce Theorem 1.3 to Theorem 4.1, which states that a graph containing a large dense
banana contains a large dome. We then prove Theorem 4.1 in Sections 5, 6 and 7.
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In Section 5, we analyze the structure of rigid bananas. We show how to obtain either
a theta Θx,y where each vertex in N(x) has degree two in G, or a large dome. In Section
6, we apply this result to obtain many tailed thetas, which together form a kite. Then, we
show how to either make this kite clean or obtain a large dome. In Section 7, we recursively
obtain a sequence of kites, which we use to obtain a large dome (S, P ). The last kite in this
sequence provides the path P , and all the previous kites provide the paths of the subdivided
star S. This completes the proof of Theorem 4.1, and thus, also Theorem 1.3.

Then, in Section 8 we describe our “key subroutine”, Theorem 1.2. The input of this
algorithm is a graph G with bounded treewidth. The algorithm finds a tree decomposition
(T, χ) of G and, using dynamic programming over T , either finds c induced cycles of distinct
lengths in G, or determines that cl(G) < c.

Finally, in Section 9, we prove Theorem 1.1. Suppose that G contains K3 or K2,2. Then,
we can build on the algorithm that finds a non-shortest u-v path from [3] to decide whether
cl(G) ≥ 3. Thus, we may assume that G is {K3, K2,2}-free. In this case, we apply Theorem
1.3 to reduce the problem to the case where G has bounded treewidth and then apply
Theorem 1.2. This proves Theorem 1.1.

2. Definitions

Let G = (V,E) be a graph. For X ⊆ V , we define the neighborhood of X, denoted N(X),
to be the set of all vertices in V \X with at least one neighbor in X. If X = {x}, then we
write N(x) for N({x}).

An induced minor of G is a graph obtained from an induced subgraph of G by repeatedly
contracting edges, deleting all arising loops and parallel edges. For a graph H, we say that
G contains or has an induced H-minor if there is an induced minor of G isomorphic to H.
The line graph of G, denoted L(G), is the graph with vertex set E(G) such that e, f ∈ E(G)
are adjacent in L(G) if and only if e and f share an end in G. We say that a graph G is
t-tidy if G is Kt+1-free and has no induced Kt,t-minor.

Let k ∈ N and let P be a k-vertex graph that is a path. Then we write P = p1- · · · -pk
to mean that V (P ) = {p1, . . . , pk} and E(P ) = {pipi+1 : i ∈ Nk−1}. We call the vertices p1
and pk the ends of P and refer to P\ {p1, pk} as the interior of P , denoted P ∗. For a set of
paths P , we define the interior of P , denoted P∗, to be the set of interiors of paths in P ,
i.e., P∗ = {P ∗ | P ∈ P}. For a banana B = ({x, z},P), we use B∗ and P∗ interchangeably.

For vertices u, v ∈ P , we denote by u-P -v the subpath of P from u to v. The length of a
path is the number of edges in it. It follows that a path P has distinct ends if and only if P
has non-zero length, and P has non-empty interior if and only if P has length at least two.
Given a graph G, a path in G is an induced subgraph of G that is a path.

We define a directed graph to be a pair (V,D) where D ⊆ V × V is the set of directed
edges. As before, we do not allow loops or parallel edges. A tournament is a directed graph
G = (V,D) such that for each pair u, v ∈ V exactly one of (u, v), (v, u) is in D. A tournament
is called transitive if (u, v), (v, w) ∈ D implies that (u,w) ∈ D. The underlying graph of a
directed graph G is the graph G− with the same vertex set and an edge uv if and only if
(u, v) ∈ D or (v, u) ∈ D. A well-known fact about tournaments is the following theorem.
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Figure 4. A proper subdivision of W1×4 (top left), its line graph (top
right), the graph W2×4 (bottom left), and a proper subdivision of W1×2

(bottom right). Note that W2×4 contains a proper subdivision of W1×2.

Theorem 2.1 (Erdös, Moser [10]). Each tournament on 2n−1 vertices contains a transitive
tournament on n vertices.

We will also use the following classical result.

Theorem 2.2 (Ramsey [11]). For all s, t ∈ N, every graph on at least st vertices has either
a stable set of cardinality s or a clique of cardinality t+ 1.

3. Some good cases

In this section, we establish some sufficient conditions for cl(G) to be large.

3.1. Removing basic obstructions. For every r ∈ N, we denote by Wr×r the r-by-r
hexagonal grid, also known as the r-by-r wall (see Figure 4). As the first step toward the
proof of Theorem 1.3, we prove that certain graphs with large treewidth contain induced
cycles of many different lengths. In this subsection, we prove Lemmas 3.3 and 3.4 that show
that for every c ∈ N there exists r ∈ N, such that if a graph G contains

• a subdivision of Wr×r,
• the line graph of a subdivision of Wr×r,
• a proper subdivision of Kr, or
• an induced Kr,r-minor,

then cl(G) ≥ c. We start by introducing some definitions and Theorem 3.1 from [7].
A constellation is a graph c in which there is a stable set Sc such that every component

of c\Sc is a path, and each vertex s ∈ Sc has at least one neighbor in each component of
c\Sc. We say that c is ample if no two vertices in Sc have a common neighbor. We denote
by Lc the set of all components c\Sc (each of which is a path), and denote the constellation
c by the pair (Sc,Lc). For l, s ∈ N, by an (s, l)-constellation we mean a constellation c with
|Sc| = s and |Lc| = l (see Figure 5).

Theorem 3.1 (Chudnovsky, Hajebi, Spirkl [7]). For all l, r, s ∈ N, there is a constant
f3.1 = f3.1 (l, r, s) ∈ N such that every graph G with an induced Kf3.1,f3.1-minor contains one
of the following:
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Figure 5. An ample (3, 4)-constellation.

(a) Kr,r, a subdivision of Wr×r, or the line graph of a subdivision of Wr×r;
(b) an ample (s, l)-constellation.

We will also need the following well-known result.

Theorem 3.2 (Erdös, Szekeres [9]). For every r ∈ N, every sequence of distinct real numbers
with length at least r2+1 contains a monotonically increasing or a monotonically decreasing
subsequence of length r + 1.

Now, we are ready to prove Lemmas 3.3 and 3.4.

Lemma 3.3. For every c ∈ N, there is a constant f3.3 = f3.3(c) such that if a graph G
contains

(a) a subdivision of Wf3.3×f3.3,
(b) the line graph of a subdivision of Wf3.3×f3.3, or
(c) a proper subdivision of Kf3.3,

then cl(G) ≥ c.

Proof. Define f3.3 = 2c2. Suppose that G contains an induced subgraph H isomorphic to a
subdivision of Wf3.3×f3.3 or a proper subdivision of Kf3.3 . Then, observe that H contains an
induced subgraph H ′ isomorphic to a proper subdivision of W1×c2 (see Figure 4). Let H ′ be
formed by the paths P,Q and R1, . . . , Rc2+1.

By Theorem 3.2, there is a subsequence Ri1 , . . . , Ric+1 such that the lengths of the paths
in this subsequence are either increasing or decreasing. We may assume that the lengths are
increasing by reindexing the paths. Then, the induced subgraph H ′′ formed by the paths
P,Q and Ri1 , . . . , Ric+1 contains at least c induced cycles of strictly increasing lengths. Thus,
cl(G) ≥ c as required.

Now, suppose that G contains an induced subgraph H isomorphic to the line graph of a
subdivision of Wf3.3×f3.3 . Observe that H contains an induced subgraph H ′ isomorphic to
the line graph of a proper subdivision of W1×c2 . By an argument analogous to the one in
the previous paragraph, it follows that cl(G) ≥ c as required.

■

Lemma 3.4. For all c, t ∈ N, there is a constant f3.4 = f3.4(c, t) such that if a Kt,t-free
graph G has an induced Kf3.4,f3.4-minor, then cl(G) ≥ c.
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Proof. Define
r = max{t, f3.3(c)}
l = (c+ 1)(c! + 1)

f3.4 = f3.1(l, r, c+ 1)

By Theorem 3.1, G contains
(a) Kr,r, a subdivision of Wr×r, the line graph of a subdivision of Wr×r, or
(b) an ample (c+ 1, l)-constellation.

Suppose that cl(G) < c. Since G is Kt,t-free and t ≤ r, Lemma 3.3 implies that G contains
an ample (c+1, l)-constellation c. Let Lc = {L1, . . . , Ll}. For each i ∈ Nl, let L′

i = v1i - . . . -v
ki
i

with ki ∈ N be a minimal subpath of Li such that each s ∈ Sc has a neighbor in L′
i and let

s(i) be a vertex of Sc such that its only neighbor in L′
i is v1i . By the choice of l, there exists

a vertex s1 and a set I ⊆ Nl of size c! + 1 such that s1 = s(i) for each i ∈ I.
For each i ∈ I and s ∈ Sc, let j = j(i, s) ∈ N be minimum such that s is adjacent to vji , i.e.,

j(i, s) is the index of the first neighbor of s in L′
i. Because c is ample and |I| = c! + 1, there

are q, w ∈ I and an ordering s1, . . . , sc+1 of the vertices of Sc such that j(q, sa) < j(q, sb) and
j(w, sa) < j(w, sb) for a < b, i.e., the first neighbors of s1, . . . , sc+1 appear in the same order
in both L′

q and L′
w. Finally, observe that s1-v1q -v

j(q,si)
q -si-v

j(w,si)
w -v1w-s1 for i = 2, . . . , c + 1

forms c induced cycles of increasing lengths. Thus, cl(G) ≥ c as required.
■

3.2. Handling domes. In this subsection, we prove Lemma 3.6 that shows that if a graph G
contains a large enough dome, then it also contains induced cycles of many distinct lengths.
As a result, the proof of Theorem 1.3 will be reduced to finding large domes in graphs. We
start by introducing a lemma, which follows immediately from Lemma 4.4 in [6].

Lemma 3.5 (Chudnovsky, Hajebi, Spirkl [6]). For all d, s, t ∈ N, there is a constant f3.5 =
f3.5(d, s, t) such that every graph G with an (f3.5, d)-dome contains

(a) an aligned (s, 1)-dome; or
(b) an induced Kt,t-minor.

We prove:

Lemma 3.6. Let G be a graph with no Kt,t-induced minor. For all c, d, t ∈ N, there exists
a constant f3.6 = f3.6(c, d, t) such that if G contains an (f3.6, d)-dome, then cl(G) ≥ c.

Proof. Define s = c2 + 1 and f3.6 = f3.5(d, s, t). By Lemma 3.5, G contains an aligned
(s, 1)-dome (S, P ). Let x be the root of S and let L = {l1, . . . , ls} be its leaf set such that P
traverses N(l1) ∩ P, . . . , N(ls) ∩ P in this order. For i ∈ Ns, let Si be the x-li path in S.

By Theorem 3.2, there is a sequence of c + 1 paths Si1 , . . . , Sic+1 of either increasing or
decreasing length. We may assume that the lengths are increasing by reindexing if needed.
For j = 2, . . . , c + 1, let Pij be the subpath of P such that li1-Pij -lij is a path. Note that
the paths Pi2 , . . . , Pic+1 have strictly increasing lengths. Therefore, x-Si1-li1-Pij -lij -Sij -x for
j = 2, . . . , c+1 are induced cycles in G of strictly increasing lengths. It follows that cl(G) ≥ c
as claimed.

■
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4. Reducing to a banana

In this section, we derive Theorem 1.3 using lemmas from Section 3, Theorem 4.1 stated
shortly, and two results from [2] and [6]. We will prove Theorem 4.1 in Sections 5, 6 and 7.

Theorem 4.1. For all l, s, t ∈ N, there are constants f4.1 = f4.1(l, s, t) and g4.1 = g4.1(t)
such that for every t-tidy graph G that contains an l-dense f4.1-banana Bx,z, there is an
(s, g4.1)-dome with root x in G.

Let k,m ∈ N and let G be a graph. A (k,m)-block B in G is a pair (X,P) whereX ⊆ V (G)
and P is a set of paths with ends in X such that

• |X| = k;
• for all {x, y} ⊆ X, there is a set P{x,y} ⊆ P ofm pairwise internally disjoint x-y-paths;
• P = ∪{x,y}⊆XP{x,y}.

We say that B is strong if for all distinct pairs {x, y}, {x′, y′} of X, we have V
(
P{x,y}

)
∩

V
(
P{x′,y′}

)
= {x, y} ∩ {x′, y′}; that is, each path P ∈ P{x,y} is disjoint from each path

P ′ ∈ P{x′,y′}, except P and P ′ may share an end. We call B anticomplete if for every pair of
vertices x, y ∈ X, the paths in P∗

{x,y} are pairwise anticomplete. We will need the following
two results about blocks.

Theorem 4.2 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [2]). Let G be a graph that
does not contain Kt+1, Kt,t, a subdivision of Wt×t, or the line graph of a subdivision of Wt×t.
For all k, l, t ∈ N, there is a constant f4.2 = f4.2(k, l, t) ∈ N such that if tw(G) ≥ f4.2, then
G contains a strong (k, l)-block.

Lemma 4.3 (Chudnovsky, Hajebi, Spirkl [6]). For all s, t ∈ N, there are constants f4.3 =
f4.3(s, t) ∈ N and g4.3 = g4.3(s) ∈ N with the following property. Let G be a Kt+1-free graph
and let B be a strong anticomplete (f4.3, g4.3)-block in G. Then, G contains

(a) a proper subdivision of Ks, or
(b) an induced Ks,s-minor.

We are now ready to prove Theorem 1.3, which we restate.

Theorem 1.3. For all c, t ∈ N, there is a constant f1.3 = f1.3(c, t) ∈ N such that for every
graph G with tw(G) ≥ f1.3 one of the following holds.

(a) G contains Kt+1 or Kt,t.
(b) cl(G) ≥ c.

Proof. Define

t′ = max{t, f3.3(c), f3.4(c, t)}
k = f4.3(t

′, t′)

l = g4.3(t
′)

d = g4.1(t
′)

s = f3.6(c, d, t
′)

q = f4.1(l, s, t
′)
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f1.3 = f4.2(k, q, t
′)

Let G be a graph with tw(G) ≥ f1.3. Suppose that G is {Kt+1, Kt,t}-free and that cl(G) < c.
By the choice of t′, Lemmas 3.3 and 3.4 imply that G does not contain

• Kt′+1,
• Kt′,t′ ,
• a subdivision of Wt′×t′ ,
• the line graph of a subdivision of Wt′×t′ ,
• a proper subdivision of Kt′ , nor
• an induced Kt′,t′-minor.

Then, by Theorem 4.2, G has a strong (k, q)-block B = (X,P). By the observations above
and Lemma 4.3, G does not contain a strong anticomplete (k, l)-block. Thus, G contains an
l-dense q-banana B′. By Theorem 4.1, G contains an (s, d)-dome D. Finally, by Lemma 3.6,
it follows that cl(G) ≥ c, which is a contradiction. This completes the proof of the theorem.

■

5. Analyzing bananas

In this section, we analyze the structure of rigid bananas and prove Lemmas 5.2 and 5.3
that will be useful for us in Section 6. We start with a few definitions and Theorem 5.1 from
[1].

A vertex v in a graph G is said to be a branch vertex if v has degree more than two. By
a caterpillar we mean a tree C with maximum degree three such that there exists a path
P of C where all branch vertices of C belong to P . We call a maximal such path P the
spine of C. (This definition of a caterpillar is non-standard for two reasons: a caterpillar is
often allowed to be of arbitrary maximum degree, and a spine often contains all vertices of
degree more than one.) By a subdivided star we mean a graph isomorphic to a subdivision
of the complete bipartite graph K1,δ for some δ ≥ 3. In other words, a subdivided star is
a tree with exactly one branch vertex, which we call its root. For a graph H, a vertex v of
H is said to be simplicial if NH(v) is a clique. We denote by Z(H) the set of all simplicial
vertices of H. Note that for every tree T , Z(T ) is the set of all leaves of T . An edge e of
a tree T is said to be a leaf-edge of T if e is incident with a leaf of T . It follows that if H
is the line graph of a tree T , then Z(H) is the set of all vertices in H corresponding to the
leaf-edges of T .

Theorem 5.1 (Abrishami, Alecu, Chudnovsky, Hajebi, Spirkl [1]). For every integer h ≥ 1,
there exists an integer f5.1 = f5.1 (h) ≥ 1 with the following property. Let G be a connected
graph with no clique of cardinality h. Let S ⊆ G such that |S| ≥ f5.1, G\S is connected, and
every vertex of S has a neighbor in G \ S. Then there is a set S ′ ⊆ S with |S ′| = h and an
induced subgraph H of G \ S for which one of the following holds.

(a) H is a path and every vertex of S ′ has a neighbor in H; or
(b) H is a caterpillar, or the line graph of a caterpillar, or a subdivided star. Moreover,

every vertex of S ′ has a unique neighbor in H and H ∩N(S ′) = Z (H).
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We will now apply this theorem to show how to carve a theta from a rigid banana. First,
we do it with the additional assumption that all the neighbors of one of the ends of the
banana have degree two.

Lemma 5.2. Let q, s, t ∈ N and let G be a t-tidy graph. There are constants f5.2 = f5.2(q, s, t)
and g5.2 = g5.2(q) such that if G contains a rigid f5.2-banana B = ({x, z},P) such that each
vertex in N(x) ∩ V (B) has degree two in B, then one of the following holds.

(a) G \ {z} contains a q-theta ({x, y},Q).
(b) G contains an (s, g5.2)-dome with root x.

Proof. Define g5.2 = max{q, 3}, h = max{q, s, t}, f5.2 = f5.1(h).
Recall that G is t-tidy and observe that S = N(x) ∩ V (B) is a stable set in B. Also,

observe that G′ = G[V (B∗) \ S] is connected (since B is rigid and each vertex in S has
degree 1 in G[V (B∗)]) and that each vertex in S has a neighbor in G′. Applying Theorem
5.1, we obtain a set S ′ ⊆ S of size h and an induced subgraph H of G′ for which one of the
following holds.

(a) H is a path and every vertex of S ′ has a neighbor in H; or
(b) H is a caterpillar, or the line graph of a caterpillar, or a subdivided star. Moreover,

every vertex of S ′ has a unique neighbor in H and H ∩N(S ′) = Z (H).
Suppose that case (a) holds. If some vertex y in H is adjacent to at least q vertices of

S ′, then x, y and S ′ ∩N(y) form a q-theta as claimed. Otherwise, G̃ = G[{x} ∪ S ′ ∪ V (H)]
contains an (s, g5.2)-dome with root x as claimed.

Thus, we may assume that case (b) holds. Note that h ≥ q. Suppose thatH is a subdivided
star with root r. Then, G̃ contains a q-theta Θx,r as claimed. Since V (H) ⊆ V (B∗), it’s
clear that Θx,r does not contain z.

Therefore, suppose that H is a caterpillar or the line graph of a caterpillar. Then, observe
that each vertex in H has degree at most three. Thus, G̃ contains an (s, g5.2)-dome with
root x as claimed.

■

Next, we justify the additional assumption of Lemma 5.2.

Lemma 5.3. Let q, s, t ∈ N and let G be a t-tidy graph. There are constants f5.3 = f5.3(q, s, t)
and g5.3 = g5.3(t) such that if G contains a rigid f5.3-banana B = ({x, z},P), then one of the
following holds.

(a) G contains a rigid q-banana B′ = ({x, z},P ′) such that each vertex in N(x) ∩ V (B′)
has degree two in G[V (B′)].

(b) G contains an (s, g5.3)-dome with root x.

Proof. Define

d = g5.3 = tt

r =

(
s

d

)
d

w = 2s+r−1
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f = f5.3 = qw−1

Suppose that G does not contain an (s, g5.3)-dome with root x. Let P = {P1, . . . , Pf}
and let xi = N(x) ∩ Pi for i ∈ Nf . Define a directed graph H with vertex set Nf where
(i, j) ∈ E(H) if and only if xi has a neighbor in P ∗

j . First, we claim that

(1) H− does not contain a clique of size w.

Suppose that C is a clique in H− of size w. Then, H[C] contains a tournament on
w vertices. By Theorem 2.1, H contains a transitive tournament on s + r vertices, say
{a1, . . . , as, b1, . . . , br} where (ai, bj) is an edge for all i ∈ Ns, j ∈ Nr. Recall that this means
that xai has a neighbor in P ∗

bj
. Suppose that there exists a j ∈ Nr such that each vertex of

P ∗
bj

has at most d neighbors in X = {xa1 , . . . , xas}. Note that G[{x} ∪X] is a star with root
x and that each vertex in X has a neighbor in P ∗

bj
. Thus, G contains an (s, g5.3)-dome with

root x, which is a contradiction.
Therefore, for every j ∈ Nr, P ∗

bj
contains a vertex vj that has at least d neighbors in X.

Since r =
(
s
d

)
d, there exist sets X ′ ⊆ X, V ′ ⊆ {v1, . . . , vr} such that |X ′| = |V ′| = d and

xv is an edge for all x ∈ X ′, v ∈ V ′. Finally, recall that G is t-tidy. Thus, both X ′ and V ′

contain stable sets X ′′, V ′′ of size t, respectively. However, G[X ′′ ∪ V ′′] is isomorphic to Kt,t,
which is a contradiction. This completes the proof of (1).

Theorem 2.2 and (1) imply that H− contains a stable set S of size q, say S = {s1, . . . , sq}.
Let B′ = ({x, z},P ′) where P ′ = {Ps1 , . . . , Psq}. Note that for all distinct i, j ∈ Nq, xsi does
not have a neighbor in P ∗

sj
. Thus, xsi has degree two in B′ as required.

■

6. From a banana to a kite

In this section, we prove Lemma 6.1 that shows how to obtain a kite from a rigid dense
banana and then show how to make this kite clean in Theorem 6.2.

Lemma 6.1. For all k, l, q, s, t ∈ N, there are constants f6.1 = f6.1(k, l, q, s, t) and g6.1 =
g6.1(q, t) with the following property. Let G be a t-tidy graph that contains a rigid l-dense
f6.1-banana B̂x,z. Then, G contains an (x, z)-tailed (k, q)-kite or an (s, g6.1)-dome with root
x.

Proof. Define

p = f5.2(2q + l, s, t)

f6.1 = f5.3(pk, s, t)

g6.1 = max{g5.2(q), g5.3(t)}
Suppose that G does not contain an (s, g6.1)-dome with root x. Lemma 5.3 implies that

G contains a rigid pk-banana B = ({x, z},P) such that every vertex in N(x) ∩ V (B) has
degree two in B. Partition P into k sets P1, . . . ,Pk of size p each. For i ∈ Nk, let Bi =
({x, z},Pi) be the resulting banana. Apply Lemma 5.2 to each Bi to obtain a (2q+ l)-theta
Θ̂i = ({x, yi}, Q̂i). Note that z can have neighbors in at most l paths of (Q̂i)

∗ as B̂ is
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l-dense. Thus, we can remove from (Q̂i)
∗ the paths that are not anticomplete to z to obtain

a 2q-theta Θi = ({x, yi},Qi) such that z is anticomplete to (Qi)
∗. We claim that

(2) For i ∈ Nk, Bi contains an (x, z)-tailed q-theta.

Let Pi be the path in Pi that contains yi. Let vi be the first vertex of Pi with a neighbor
in Θ∗

i , traversing Pi from z to x. Such a vertex vi exists because yi is one possible candidate.
Note that vi ̸= z since z is anticomplete to (Qi)

∗. Suppose that vi has a neighbor in at least
q paths of Θ∗

i , say Qi,1, . . . , Qi,q. For j ∈ Nq, let Q′
i,j be a path from x to vi with interior in

Qi,j. Then, x-Q′
i,j-vi-Pi-z is an x-z path for every j ∈ Nq and thus they form an (x, z)-tailed

q-theta.
Thus, we may assume that there is a set of q paths Q′

i ⊆ Qi such that vi is anticomplete to
(Q′

i)
∗. It follows that vi ̸= yi. Let Qi be some path in Qi such that vi has a neighbor in Q∗

i .
Such a path exists by the definition of vi. Let Q′

i be a path from yi to vi with interior in Qi.
Note that Q′

i is anticomplete to x (since each vertex in N(x) has degree two in Bi and one
of its neighbors is x). Also, note that Q′

i \ {yi} is anticomplete to (Q′
i)
∗ (since paths in Q∗

are anticomplete as they are part of a theta). Thus, Q′
i together with the tail yi-Q′

i-vi-Pi-z
form an (x, z)-tailed q-theta as required.

■

We are now ready to prove the main result of this section.

Theorem 6.2. For all k, l, q, s, t ∈ N, there are constants f6.2 = f6.2(k, l, q, s, t) and g6.2 =
g6.2(q, t) with the following property. Let G be a t-tidy graph that contains a rigid l-dense
f6.2-banana B̂x,z. Then, G contains a clean (x, z)-tailed (k, q)-kite or an (s, g6.2)-dome with
root x.

Proof. Define

ϕ′ = q + ks

θ =

(
ϕ′

t

)
t

γ = θt

ψ = 2γ

κ′ = kψ−1

κ = (κ′)t

ϕ = 3κ
2

(ϕ′)2
κ2

f6.2 = f6.1(κ, l, ϕ, s, t)

g6.2 = max{t, g6.1(q, t)}
Suppose that G does not contain an (s, g6.2)-dome with root x. Lemma 6.1 implies that

G contains an (x, z)-tailed (κ, ϕ)-kite K = {(Θx,yi , Pi) | i ∈ Nκ}. We will clean up the kite K
in three steps. First, we will make Θ∗

x,yi
and Θ∗

x,yj
pairwise anticomplete for i ̸= j. Second,

we will make the set {y1, . . . , yκ} stable. Third, we will make Θ∗
x,yi

and P ∗
j anticomplete for
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i ̸= j. Note that this implies that each vertex of Θ∗
x,yi

has degree two in the obtained kite.
Therefore, our first claim is

(3) G contains an (x, z)-tailed (κ, ϕ′)-kite K′ = {(Θ′
x,yi
, Pi) | i ∈ Nκ} such that (Θ′

x,yi
)∗ and

(Θ′
x,yj

)∗ are pairwise anticomplete for i ̸= j.

The proof is exactly the same as the proof of Claim (1) in Lemma 3.6 in [6], and we will
not repeat it here.

Let K′ be as in (3). Since G is t-tidy, Theorem 2.2 implies that there is a set I ⊆ Nκ of
size κ′ such that {yi | i ∈ I} is a stable set. By renumbering if necessary, we may assume
that I = Nκ′ . Let K′′ = {(Θ′

x,yi
, Pi) | i ∈ Nκ′}.

We are now ready for the third step. Consider a directed graph D with vertex set Nκ′ and
an edge from i to j if and only if Pi has neighbors in at least s paths of (Θ′

x,yj
)∗. We claim:

(4) D− does not contain a clique of size ψ.

Suppose that C is a clique of size ψ in D−. Then, D[C] contains a tournament of size ψ.
By Theorem 2.1, D[C] contains a transitive tournament T of size γ + 1. Therefore, there
exists a set of γ paths P = {Pi1 , . . . , Piγ} and a theta Θ′

x,yj
such that each path in P has a

neighbor in at least s paths of (Θ′
x,yj

)∗.
Suppose that there exists a path Pi ∈ P such that each vertex v of Pi has neighbors in at

most t paths of (Θ′
x,yj

)∗. Then, G[x ∪ V ((Θ′
x,yj

)∗) ∪ V (Pi)] contains an (s, g6.2)-dome with
root x, which is a contradiction.

Thus, for every m ∈ Nγ, there exists a vertex pim ∈ Pim such that pim has neighbors in
at least t paths of (Θ′

x,yj
)∗. Recall that G is t-tidy. By Theorem 2.2, there exists a set of θ

vertices pj1 , . . . , pjθ that form a stable set. Since θ =
(
ϕ′

t

)
t, there exist t vertices pk1 , . . . , pkt

that all have neighbors in the same t paths Q1, . . . , Qt of (Θ′
x,yi

)∗. However, contracting the
paths Q1, . . . , Qt, yields an induced Kt,t-minor, which is a contradiction as G is t-tidy. This
completes the proof of (4).

By (4) and Theorem 2.2, D− contains a stable set S of size k. This implies that there
exists a set of k (x, z)-tailed thetas {(Θ′

x,yj
, Pj) | j ∈ S} such that, for i ̸= j, the path Pi has

neighbors in at most s paths of Θ′
x,yj

. For each pair Pi,Θ′
x,yj

remove from (Θ′
x,yj

)∗ the paths
that have a neighbor in Pi. This will remove at most ks paths from each Θ′

x,yj
resulting

in a collection of q-thetas Θ′′
x,yj1

, . . . ,Θ′′
x,yjk

and their corresponding tails Pj1 , . . . , Pjk that
together form a clean (k, q)-kite as claimed. This concludes the proof.

■

7. From kites to a dome

We define a binary tree to be a rooted tree T such that each node t ∈ V (T ) has at most
two children. A full binary tree of radius r is a binary tree in which every vertex that is not
a leaf has exactly two children, and every leaf is at distance exactly r from the root. Let Tr
denote the full binary tree of radius r. For i ∈ Nr, we define the i-th level set of Tr, denoted
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Figure 6. A 3-fleet.

by Li(Tr), as the set of vertices at distance i from the root of Tr. Note that |Li(Tr)| = 2i

and that Lr(Tr) is the set of leaves of Tr. For a subdivision T ′
r of Tr, we define Li(T ′

r) to be
Li(Tr). We define an r-fleet F in a graph G to be a pair consisting of a vertex x, called the
anchor of the fleet, and a subdivision T ′

r of Tr, such that N(x)∩ V (T ′
r) = Lr(T

′
r) (see Figure

6). As with other structures, we will refer to a fleet and the graph induced by its vertex set
interchangeably.

In this section, we complete the proof of Theorem 4.1. The proof strategy is to repeatedly
apply Theorem 6.2 to show that G contains either an (s, g4.1)-dome or an s-fleet F . However,
as the next lemma shows, F also contains an (s, 1)-dome. This completes the proof.

Lemma 7.1. Let F be an s-fleet in a graph G with anchor x. Then, G contains an
(s, 1)-dome with root x.

Proof. Let T ′
s be the subdivided binary tree with root r in F . Let P be a path from r to

a vertex in Ls(T
′
s) and let L be the set of vertices of degree one in G[V (F ) \ V (P )]. Note

that |L| = s and that each vertex in L has exactly one neighbor in P , and each vertex of P
is adjacent to at most one element of L. Finally, observe that G[V (F ) \ V (P )] contains a
subdivided star S with root x and leaf set L. Thus, (S, P ) is an (s, 1)-dome with root x in
G as required. ■

Theorem 4.1. For all l, s, t ∈ N, there are constants f4.1 = f4.1(l, s, t) and g4.1 = g4.1(t)
such that for every t-tidy graph G that contains an l-dense f4.1-banana Bx,z, there is an
(s, g4.1)-dome with root x in G.

Proof. Define

k1 = f6.2(1, l, 2, s, t)

k′1 = lk1−1

ki = f6.2(k
′
i−1, l, 2, s, t) for i = 2, . . . , s

k′i = lki−1 for i = 2, . . . , s

f4.1 = k′s

g4.1 = g6.2(2, t)

Suppose that G does not contain an (s, g4.1)-dome with root x; we will show that G
contains an s-fleet.
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We start with the following.

(5) Let l, q ∈ N and let Bx,z = ({x, z},P) be an l-dense banana with |P| ≥ lq−1. Then, Bx,z

contains a rigid l-dense q-banana B′
x,z.

Define a graph H with vertex set P and an edge between paths P,Q ∈ P if and only if
P ∗ is not anticomplete to Q∗. Since Bx,z is l-dense, H does not contain a stable set of size l.
Therefore, Theorem 2.2 implies thatH contains a clique P ′ of size q. Now, B′

x,z = ({x, z},P ′)
is a rigid banana, as required. This proves (5).

Next, we prove:

(6) Let Bx,z be an l-dense k′s-banana that is a t-tidy graph with no (s, g4.1)-dome with root x.
Then, Bx,z contains an s-fleet with anchor x.

We prove (6) by induction on s. We start with the base case. Let Bx,z = ({x, z},P) be
an l-dense t-tidy k′1-banana with no (s, g4.1)-dome with root x. By (5), Bx,z contains a rigid
k1-banana B′

x,z. By Theorem 6.2, B′
x,z contains a clean (x, z)-tailed (1, 2)-kite K. Let Θx,y

be the only theta of K (in fact, Θx,y is an induced cycle). Then, Θx,y is a 1-fleet with anchor
x. This completes the base case.

Now, suppose that we have proved (6) for every s′ < s, and let Bx,z be an l-dense t-tidy
k′s-banana with no (s, g4.1)-dome with root x. By (5), Bx,z contains a rigid l-dense ks-banana
B′
x,z. By Theorem 6.2, B′

x,z contains a clean (x, z)-tailed (k′s−1, 2)-kite K. Let B′′
x,z be

obtained from K by replacing each theta Θx,yi of K by an edge xyi.
Since B′′

x,z is an induced minor of B′
x,z obtained from K by contracting only edges with at

least one end of degree two in K, and since {y1, . . . , yk′s−1
} is a stable set, it follows that B′′

x,z

is t-tidy, l-dense and does not contain an (s, g4.1)-dome with root x.
Inductively, B′′

x,z contains an (s− 1)-fleet F ′ with anchor x. Renumbering if necessary, we
may assume that y1, . . . , y2s−1 are the neighbors of x in F ′. Replacing each of the edges xyi
in F ′ by the cycle Θx,yi , we obtain an s-fleet F with anchor x, as claimed. This completes
the proof of (6).

Now, let Bx,z be as in the statement of the theorem. By (6), Bx,z contains an s-fleet F
with root x. By Lemma 7.1, F contains an (s, 1)-dome with root x, which is a contradiction.
This concludes the proof.

■

8. Detecting induced cycles

In this section, we prove Theorem 1.2.
Throughout this and the next section, we will be using the notation G = (V,E) with

|V | = n for n ∈ N. For a tree decomposition (T, χ) where T is a binary tree, and a node
t ∈ V (T ) whose parent is p ∈ V (T ), we define the adhesion of t, denoted A(t), to be
χ(t) ∩ χ(p). The adhesion of the root node r is the empty set.
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Define a descendant of to be the reflexive and transitive relation on the nodes of T such
that the children of a node t are its descendants. Thus, t is a descendant of itself, and all
of its children and their descendants are also descendants of t. With this, let d(t) be the set
of descendants of t in T . Additionally, let Gt be the graph G[∪v∈d(t)χ(v)]. We will need the
following theorem:

Theorem 8.1 (Bodlaender, Kloks [4, 5]). Let k ∈ N be a constant. For a graph G, there
exists an algorithm with running time O(n) that decides whether tw(G) ≤ k and if so outputs
a tree decomposition (T, χ) of G of width at most k such that T is a binary tree with O(n)
nodes.

Let t ∈ T be a node and let Q ⊆ χ(t) be an ordered set {q1, . . . , ql} such that
N(qi) ∩ Q ⊆ {qi−1, qi+1} for 2 ≤ i ≤ l − 1. Let R ⊆ {(q1, q2), . . . , (ql−1, ql), (ql, q1)} such
that if qiq(i mod l)+1 ∈ E(G), then (qi, q(i mod l)+1) ∈ R. Let X ⊆ A(t) \ Q. We define a path
system SQ,R,X in Gt to be a set of paths {Pr | r ∈ R} in Gt such that for each r ∈ R,

• Pr has ends qi, q(i mod l)+1 where r = (qi, q(i mod l)+1),
• P ∗

r is disjoint from P ∗
r′ for r′ ̸= r,

• P ∗
r ⊆ V (Gt) \ (χ(t) ∪N(X)), and

• each vertex of P ∗
r has degree two in V (SQ,R,X).

We will treat SQ,R,X and G[V (SQ,R,X)] interchangeably. Note that a path system is either a
cycle or a graph in which every component is a path. The length of a path system SQ,R,X is
defined as |E(SQ,R,X)|. The length variation of Q,R,X in Gt, denoted by lv(Q,R,X,Gt),
is the set of all possible lengths of a path system SQ,R,X in Gt, i.e.,

lv(Q,R,X,Gt) = {l ∈ N | there exists a path system SQ,R,X in Gt of length l}.

For c ∈ N, we define the c-bounded length variation of Q,R,X inGt, denoted by lvc(Q,R,X,Gt),
to be an arbitrary subset of lv(Q,R,X,Gt) of size min{c, | lv(Q,R,X,Gt)|}.

We are now ready to present the first algorithm.

Theorem 1.2. Let c, k ∈ N be constants and let G be a graph with tw(G) ≤ k. There exists
an algorithm with running time O(|V (G)|) that decides whether cl(G) ≥ c and outputs a list
of c induced cycles of distinct lengths if they exist.

Proof. First, we describe an algorithm that outputs a set C of size min{c, cl(G)} such that
for each l ∈ C, G contains an induced cycle of length l. Later, we will describe how to add
backtracking to this algorithm to output not only the lengths but the actual induced cycles.

Using the algorithm from Theorem 8.1, find a tree decomposition (T, χ) of width at most
k. Assume that each node t ∈ V (T ) that is not a leaf has two children where if needed let
χ(t′) = ∅ for the missing child t′. This increases the number of nodes by at most a factor of
two, so the total number of nodes is still O(n).

We will solve the problem via dynamic programming over T . We will maintain a set C
(initialized to ∅) that contains lengths of induced cycles in G. Once the size of C reaches
c, we simply output it. Additionally, for each node t ∈ V (T ), we will maintain a table Mt

indexed by Q,R,X such that each entry Mt[Q,R,X] is a set of integers with the property
that if l ∈ Mt[Q,R,X], then there exists a path system SQ,R,X in Gt of length l, and
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moreover |Mt[Q,R,X]| ≤ c. By the end of the run of the algorithm, Mt[Q,R,X] will
contain lvc(Q,R,X,Gt).

Let t ∈ V (T ) be a node that is not a leaf and let t1, t2 be the two children of t. Intuitively,
our algorithm does the following: to compute an entry Mt[Q,R,X], it guesses which vertices
of χ(t1)\A(t1) and χ(t2)\A(t2) are needed to connect the pairs in R and in what order they
appear on the corresponding paths, and then queries appropriate path systems in Mt1 and
Mt2 . While doing the lookups in Mt1 and Mt2 , we specify the sets X1 ⊆ A(t1), X2 ⊆ A(t2) of
vertices that need to be anticomplete to the interiors of the paths of the path systems found
in Gt1 , Gt2 to ensure correctness. We then also check if SQ,R,X forms an induced cycle in Gt

and record its length.
We process the nodes bottom up, from the leaves to the root, processing each node once

all of its children have been processed. After all the nodes have been processed, we either
output “cl(G) < c” if the size of C is smaller than c, or otherwise we output C. Let us now
describe how to process each node. We will prove correctness later.

Base Case:

We start by processing the leaves of T . Let t ∈ V (T ) be a leaf node in T . For each
ordered set Q = {q1, . . . , ql} ⊆ χ(t) such that N(qi) ∩Q ⊆ {qi−1, qi+1} for 2 ≤ i ≤ l − 1, let
R = {(qi, q(i mod l)+1) | qiq(i mod l)+1 ∈ E(G)}. For all sets X ⊆ A(t) \ Q, we add |E(Q)| to
Mt[Q,R,X]. We then check if G[Q] is an induced cycle, and if so, add its length to C.

General Case:

Let t ∈ V (T ) be a node such that all the descendants of t have already been processed.
Denote the two children of t by t1 and t2. Our goal is to compute the table Mt and then
query it to record the lengths of all induced cycles in Gt that have not yet been recorded
while processing Gt1 and Gt2 .

Iterate over
• all ordered sets Q = {q1, . . . , ql} ⊆ χ(t) such that N(qi) ∩ Q ⊆ {qi−1, qi+1} for
2 ≤ i ≤ l − 1,

• all sets R ⊆ {(q1, q2), . . . , (ql−1, ql), (ql, q1)} such that if qiq(i mod l)+1 ∈ E(G), then
(qi, q(i mod l)+1) ∈ R, and

• all sets X ⊆ A(t) \Q.
For each such triple Q,R,X, let R′ = R \ {(qi, q(i mod l)+1) | qiq(i mod l)+1 ∈ E(G)} =

{r1, . . . , r|R′|}, i.e., R′ contains the pairs of R that are not yet connected. Iterate through all
vectors I in {1, 2}|R′| such that if Ij = i, then {q, q′} ⊆ A(ti) where rj = (q, q′). Intuitively,
the vector I indicates whether a pair r ∈ R′ should be connected by a path in Gt1 or Gt2 .
For each such vector, iterate through all |R′|-tuples (V1, . . . , V|R|′) such that

• each Vj is an ordered subset of χ(ti) \ (A(ti) ∪N(X)) where i = Ij,
• Vi and Vj are disjoint and anticomplete for i ̸= j, and
• each Vj is anticomplete to Q \ {q, q′} where rj = (q, q′).

Each set Vj contains the vertices of χ(tIj) used to connect the pair rj.
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For each q ∈ Q, if rj = (q, q′), then define Z(q) to be a list of elements of Vj in the same
order as they appear in Vj, and otherwise define Z(q) to be an empty list. For i ∈ {1, 2},
define

• R′
i = {rj ∈ R′ | Ij = i} (these are the pairs of R′ assigned to be connected through

Gti),

• Q′
i = {q ∈ Q | (q, q′) ∈ R′

i or (q′, q) ∈ R′
i for some q′ ∈ Q} = {qp1 , . . . , qpi} where

p1 < p2 < · · · < pi (these are the vertices of R′
i in the same order as they appear in Q),

• Qi = {qp1 , Z(qp1), qp2 , Z(qp2), . . . , qpi , Z(qpi)} = {qi1, . . . , qimi
} to be an ordered set,

• Ri = {(qi1, qi2), . . . , (qimi−1, q
i
mi
), (qimi

, qi1)} \ {(q, q′) | q, q′ ∈ Q′
i and qq′ /∈ E(G)}, and

• Xi = (A(ti) ∩ (Q ∪X)) \Qi.

With Qi, Ri, Xi defined, query Li =Mti [Qi, Ri, Xi] for i = 1, 2 (if χ(ti) = ∅, then Li = ∅).
Let s = |E(Q)\(E(Q1)∪E(Q2))|. For each pair l1 ∈ L1, l2 ∈ L2, add s+l1+l2 toMt[Q,R,X].
If R = {(q1, q2), . . . , (ql−1, ql), (ql, q1)}, then also add s + l1 + l2 to C. This completes the
description of the algorithm.

Running time:

Per each bag, the number of sets Q,R,X, vectors I, and |R′|-tuples (V1, . . . , V|R|′) is
bounded by O(1) as the size of each bag is at most k (which is a constant). Forming the sets
R1, R2, Q1, Q2, X1, X2 and checking that the set Q and the tuple (V1, . . . , V|R|′) are valid can
be done in O(k2) = O(1) by looping over an appropriate submatrix of the adjacency matrix
of G. Since each queried set in the tables Mt1 ,Mt2 contains at most c elements, looping
through it can also be done in O(1). Thus, there exists a function f : N → N such that
the running time per node is O(f(k, c)) = O(1). The running time of the algorithm from
Theorem 8.1 is O(n), and since it returns a tree decomposition with O(n) nodes, the total
running time of our algorithm is O(n).

Proof of correctness:

Consider an unrestricted version of our algorithm so as to not restrict the size of each entry
in the tables Mt and the set C to at most c. If the unrestricted version outputs a correct list
of all induced cycle lengths of G, then to decide whether cl(G) ≥ c, it is enough to detect
only c path systems of different lengths for each triple Q,R,X as all such path systems are
interchangeable. Thus, for the rest of the proof, we may work with the unrestricted version
of our algorithm.

We prove that the algorithm produces a correct output by combining claims (7), (8), (9),
and (10) presented below. We will prove claims (7) and (8) by induction on the size of the
tree T .
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(7) Let t ∈ V (T ), Q = {q1, . . . , ql}, R ⊆ {(q1, q2), . . . , (ql−1, ql), (ql, q1)}, and X ⊆ A(t) \
V (Q). If Gt contains a path system SQ,R,X , then Mt[Q,R,X] contains the length of SQ,R,X .

Base case: Note that in the base case when T is just one node, R = {(qi, q(i mod l)+1) |
qiq(i mod l)+1 ∈ E(G)}. Thus, the length of SQ,R,X is |E(Q)|, which will be recorded by the
algorithm.

Inductive step: At some point, the algorithm will consider the triple Q,R,X as it iterates
over all such triples. Since SQ,R,X is a path system, the set Q fulfills the condition that
N(qi) ∩ Q ⊆ {qi−1, qi+1} for 2 ≤ i ≤ l − 1, and the set R fulfills the condition that if
qiq(i mod l)+1 ∈ E(G), then (qi, q(i mod l)+1) ∈ R. Thus, these checks will succeed. Let R′ be
defined as in the algorithm description. By the definition of a path system, it follows that
for each ri = (q, q′) ∈ R′, the vertices q and q′ are connected by a path Pi in either Gt1 or
Gt2 .

Eventually, our algorithm will consider a vector I and an |R′|-tuple (V1, . . . , V|R|′) such
that Vj = Pj ∩ (χ(ti) \ (A(ti) ∪N(X))) where Ij = i for each j ∈ N|R′|. It is also clear that

• Vi and Vj are disjoint and anticomplete for i ̸= j, and
• that each Vj is anticomplete to Q \ rj.

Now, observe that the path systems found for Q1, R1, X1 and Q2, R2, X2 together with
the set Q form a path system for Q,R,X. Inductively, the entries Mt1 [Q1, R1, X1] and
Mt2 [Q2, R2, X2] have been computed correctly. Therefore, they contain the lengths l1, l2 of
path systems SQ1,R1,X1 , SQ2,R2,X2 that together with Q form a path system of the same length
as SQ,R,X . This completes the proof of (7).

(8) Let t ∈ V (T ), Q = {q1, . . . , ql}, R ⊆ {(q1, q2), . . . , (ql−1, ql), (ql, q1)}, and X ⊆ A(t) \
V (Q). If m ∈Mt[Q,R,X], then there exists a path system SQ,R,X in Gt of length m.

Base case: In the base case when T is just one node, when m is added to Mt[Q,R,X] it
holds that m = |E(Q)| and that Q forms a path system. Thus, the claim holds.

Inductive step: Consider the first time that m is added to Mt[Q,R,X]. Let Q1, Q2, R1, R2,
X1, X2 and l1, l2 be defined as in the algorithm description. Inductively, the entries
Mt1 [Q1, R1, X1] and Mt2 [Q2, R2, X2] have been computed correctly. Therefore, there exist
path systems SQ1,R1,X1 , SQ2,R2,X2 in Gt1 , Gt2 of lengths l1, l2 respectively.

By the definition of the sets Q1, Q2, R1, R2, X1, X2, we have that for each pair (q, q′) ∈ R,
either qq′ ∈ E(G) or q and q′ are connected by a path in one of SQ1,R1,X1 , SQ2,R2,X2 . By
the conditions imposed on the |R′|-tuple (V1, . . . , V|R|′), it follows that for each i ∈ |R′|,
each vertex of Vi has degree two in Q ∪ SQ1,R1,X1 ∪ SQ2,R2,X2 and is anticomplete to Q \ ri.
Therefore, Q∪SQ1,R1,X1∪SQ2,R2,X2 forms a path system SQ,R,X in Gt of length m as required.
This completes the proof of (8).

(9) If G contains an induced cycle C, then C contains |C|.

Recall that we process nodes of T bottom up. Consider the first node t ∈ V (T ) such that
C is contained in Gt. Note that |C ∩χ(t)| ≥ 2 as otherwise C is fully contained in either Gt1
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or Gt2 , both of which have been processed before t. Suppose that C∩χ(t) = {q1, . . . , ql} such
that q1, . . . , ql appear in C in this order. Note that by the definition of a tree decomposition,
each pair qi, q(i mod l)+1 is connected by either an edge or a path in Gt1 or Gt2 . Then, C
forms a path system SQ,R,X with R = {(q1, q2), . . . , (ql−1, ql), (ql, q1)} and X = ∅. By (7),
Mt[Q,R,X] is computed correctly, and thus it contains |C|. This completes the proof of (9).

(10) If C contains l ∈ N, then G contains a cycle C of length l.

Consider the first time l has been added to C. At that point, the algorithm has just
added l to Mt[Q,R,X] for some node t, set Q = {q1, . . . , qs}, set X ⊆ A(t) \ Q, and set
R = {(q1, q2), . . . , (qs−1, qs), (qs, q1)}. Note that the corresponding path system SQ,R,X of
length l is indeed an induced cycle C of length l with C ∩ χ(t) = Q. This completes the
proof of (10).

Backtracking:

First, we extend the tables Mt so that for every l ∈ Mt[Q,R,X], when we add l to
Mt[Q,R,X], we additionally store the current sets Q1, Q2, R1, R2, X1, X2 and the lengths
l1, l2 queried in the tables Mt1 [Q1, R1, X1],Mt2 [Q2, R2, X2] that were used to obtain a path
system SQ,R,X of length l. This is only O(1) overhead per entry.

Then, when we detect an induced cycle of a new length, we recursively look up all the
vertices used to form this induced cycle. This requires O(1) time per node, and as there are
O(n) nodes, the whole lookup takes time O(n) per induced cycle. Since we only record at
most c induced cycle lengths, the overall time spent for backtracking is thus also only O(n).

■

9. Finding three induced cycles

In this section, we describe how to apply the algorithm from Theorem 1.2 to decide whether
cl(G) ≥ 3 in polynomial time. Before we provide this algorithm, we need to introduce a result
from [3].

Theorem 9.1 (Berger, Seymour, Spirkl [3]). Let G be a graph and let u, v ∈ V (G) be two
vertices. There exists an algorithm with running time O(n18) that decides whether there exists
a u-v path in G that is not a shortest u-v path. If such a path exists, the algorithm will output
it.

Now, we are ready to present our second algorithm.

Theorem 1.1. Let G be a graph. There exists an algorithm with running time O(|V (G)|22)
that decides whether cl(G) ≥ 3 and outputs a list of three induced cycles of distinct lengths
if they exist.

Proof. Suppose that G is {K3, K2,2}-free. Let k = f1.3(c, 2) be the threshold from Theorem
1.3. Test whether tw(G) ≤ k − 1 using Theorem 8.1. If so, then apply Theorem 1.2 and
output the result. Otherwise, remove arbitrary vertices from G one by one until the treewidth
of the resulting graph G′ is at most k− 1. Add the last removed vertex back to G′ to obtain
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G′′. Observe that tw(G′′) = k and that by Theorem 1.3, G′′ (and hence G) contains three
cycles of distinct lengths. Apply Theorem 1.2 to G′′ and output the result. The correctness
follows since G′′ is an induced subgraph of G. The running time of the algorithms from
Theorems 8.1 and 1.2 is O(n) and thus the total running time of this step is O(n2).

Now, suppose that G contains a K3. Thus, the shortest induced cycle in G has length
three. We can find one cycle C0 of length three by iterating over all triples of V (G) in time
O(n3). Then, for each edge uv ∈ E(G), do the following:

(1) Construct a graph Guv from G by removing the edge uv and vertices in N(u)∩N(v).
(2) Find a shortest u-v path P in Guv, if one exists, by running breadth first search. If

P exists, let C1
uv be the induced cycle of G with vertex set P .

(3) Find a non-shortest u-v path N in Guv, if one exists, using Theorem 9.1. If N exists,
let C2

uv be the induced cycle of G with vertex set N .
(4) If P above does not exist, let Luv = ∅. If only P above exists, let Luv = {C1

uv}. If
both P and N above exist, let Luv = {C1

uv, C
2
uv}.

Construct a set L of cycles by starting with L = ∅, examining each Luv in turn, and
adding the cycle C ∈ Luv to L if and only if L does not yet contain a cycle of length |C|.
This can be done in time O(n2).

If |L| < 2, output “cl(G) < 3”. If |L| ≥ 2, choose two elements C1, C2 ∈ L, and output
“cl(G) ≥ 3” and the list C0, C1, C2. By Theorem 9.1, the set Luv can be constructed in time
O(n18) for each edge uv, and so the total running time is O(n20).

We now prove correctness in the case when G contains a K3. Suppose first that the
algorithm outputs “cl(G) ≥ 3”. Since NGuv(u)∩NGuv(v) = ∅ for every uv ∈ E(G), it follows
that |C| > 3 for every C ∈ L. Thus, the lengths of the cycles C0, C1, C2 are all distinct, and
so the algorithm performs correctly.

Now, suppose that the algorithm outputs “cl(G) < 3”. It follows that |L| < 2. Assume for
a contradiction that cl(G) ≥ 3. Then, there exist distinct l1, l2 > 3 and induced cycles C1, C2

in G such that |Ci| = li. For i ∈ N2, let uivi be an edge of Ci, and let Pi be the path obtained
from C by removing the edge uivi. Then, Pi is a path from ui to vi in Guivi . If Pi is not
the shortest path from ui to vi in Guivi , then |Luivi | = 2, contrary to the fact that |L| < 2.
Thus, for i ∈ N2, Pi is a shortest path from ui to vi in Guivi . Therefore, |C1

u1v1
| = |C1| and

|C1
u2v2

| = |C2|, and thus, L contains cycles of lengths l1 and l2, again contrary to the fact
that |L| < 2. This proves the algorithm works correctly when G contains a K3.

Therefore, we may assume that G is K3-free but contains a K2,2. Thus, the shortest
induced cycle in G has length four. We can find one cycle C0 of length four by iterating over
all 4-sets of V (G) in time O(n4). Then, for each path Q = v1-v2-v3-v4 in G, do the following:

(1) Construct a graph GQ from G by removing N(v2) \ {v1} and N(v3) \ {v4}.
(2) Find a shortest v1-v4 path P in GQ, if one exists, by running breadth first search. If

P exists, let C1
Q be the induced cycle of G with vertex set P ∪ {v2, v3}.

(3) Find a non-shortest induced v1-v4 path N in GQ, if one exists, using Theorem 9.1. If
N exists, let C2

Q be the induced cycle of G with vertex set N ∪ {v2, v3}.
(4) If P above does not exist, let LQ = ∅. If only P above exists, let LQ = {C1

Q}. If
both P and N above exist, let LQ = {C1

Q, C
2
Q}.
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Construct a set L of cycles by starting with L = ∅, examining each LQ in turn, and
adding the cycle C ∈ LQ to L if and only if L does not yet contain a cycle of length |C|.
This can be done in time O(n4).

If |L| < 2, output “cl(G) < 3”. If |L| ≥ 2, choose two elements C1, C2 ∈ L, and output
“cl(G) ≥ 3” and the list C0, C1, C2. By Theorem 9.1, the set LQ can be constructed in time
O(n18) for each 4-path Q, and so the total running time is O(n22).

Observe that deleting N(v2) \ {v1} and N(v3) \ {v4} ensures that each cycle C ∈ L has
length at least five since Q has length three, and P and N have length at least two. Then,
the correctness follows by the same argument as in the case of K3. This concludes the proof.

■
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