DOMINATED BALANCED SEPARATORS
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ABSTRACT. Gartland and Lokshtanov conjectured that every graph that excludes
some planar graph as an induced minor has a balanced separator, that is, a separator
whose deletion leaves every component with no more than half of the vertices of
the graph, which is dominated by a bounded number of vertices. We confirm this
conjecture for excluding any fixed wheel, that is, a cycle together with a universal
vertex, as an induced minor.

§1. INTRODUCTION

In their celebrated Grid Minor Theorem, Robertson and Seymour [38] proved in 1986
that excluding any planar graph as a minor bounds the treewidth of a graph class.
This result can be reformulated using the concept of balanced separators. We call a
set S < V(G) of vertices a balanced separator of G (for a set X < V(G)) if no component
of G — S contains more than half of the vertices of G (or X). Note that we do not
require S to be a proper separator, that is, we do not require that G — S has at
least two components. Robertson and Seymour [37, 39] and Reed [36] also proved
that the treewidth of a graph is linearly tied to the smallest integer k£ such that for
every X € V(G), the graph G has a balanced separator for X of size at most k. Hence,
as a consequence of the Grid Minor Theorem, for every planar graph H there exists
an integer kg such that every H-minor-free graph has a balanced separator of size at
most ky. In fact, as a consequence of a result of Dvordk and Norin [24], the existence
of small balanced separators in every subgraph implies bounded treewidth. Hence, the
Grid Minor Theorem could be equivalently restated as follows: excluding any planar
graph as a minor implies the existence of a small balanced separator.

In recent years, there has been a renewed interest to push these types of results into
the setting of induced minors, where we say that a graph H is an induced minor of
a graph G if H is isomorphic to a graph that can be obtained from G by deleting
vertices and contracting edges (and deleting any resulting parallel edges). While the
setting of induced minors is much more challenging than that of minors (see, e.g., [1]),
graph classes closed under induced minors enjoy several good structural and algorithmic
properties (see, e.g., [3, 8, 9, 11, 25, 30, 31]).
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Gartland and Lokshtanov conjectured the following variant of the Grid Minor Theorem
for the induced setting; see the doctoral thesis of Gartland [26]. To formulate it, we
say a set S € V(G) is dominated by a set C < V(G) if S € N[C]. Moreover, we say
that for a graph H, a graph G is H-induced-minor-free if G does not contain H as an
induced minor.

Conjecture 1.1. For every planar graph H there exists an integer kg such that every
H-induced-minor-free graph G has a balanced separator dominated by at most ky
vertices.

It is reasonable to also consider a weighted variant of balanced separators, as well as to
relax the domination requirement by requiring instead that the separator is contained
in a bounded number of balls of bounded diameter. In this regard, Abrishami et al. [2]
conjectured that the existence of weighted balanced separators contained in a bounded
number of balls of bounded radius implies the existence of a tree-decomposition' such
that every bag is contained in a bounded number of balls of bounded radius (possibly
for larger bounds). As shown by Abrishami et al., the radius 1 case of the conjecture
is equivalent to the general case. For radius 1, the assumption of the conjecture is
equivalent to the existence of a weighted balanced separator dominated by a small set
of vertices. If this can be shown to imply the existence of a tree-decomposition such
that every bag is contained in a bounded number of balls of radius 1, this would imply,
together with a weighted variant of Conjecture 1.1, that for every planar graph H
there exists an integer ky such that every H-induced-minor-free graph G admits a
tree-decomposition in which each bag is dominated by at most ky vertices. Replacing
in this statement the induced minor relation with the minor relation and strengthening
the domination requirement with a bound on the cardinality of the bags restores the
original Grid Minor Theorem.

Several partial results regarding Conjecture 1.1 are known. For example, the conjecture
is valid if H is a path, by a classic argument due to Gyarfas [28]; see also [16]. The
conjecture is also known to hold for several other cases, including when H is a cycle [16],
a disjoint union of cycles of length 3 [3], a subdivided claw [15], K5 minus an edge, the
4-wheel (that is, the graph obtained from a cycle of length 4 by adding a universal
vertex), or a complete bipartite graph with exactly two vertices in one of the parts of
the bipartition; see [20].

In this paper, we prove a common generalization of the aforementioned results for the
cases when H is a path, a cycle, or the 4-wheel, by verifying Conjecture 1.1 for the case
when H is any wheel. For an integer ¢ > 3, we denote by W, the ¢-wheel, that is, the
graph obtained from a cycle of length ¢ by adding a universal vertex.

Theorem 1.2. For every integer { = 3 there exists an integer k such that every
Wy-induced-minor-free graph G has a balanced separator dominated by at most k vertices.

In fact, we show the stronger weighted variant of this theorem; see Theorem 3.4.

Algorithmic implications. Given a graph G with weights on its vertices, the
MaxiMuM WEIGHT INDEPENDENT SET (MWIS) problem is the problem of finding
an independent set in G of maximum total weight. Theorem 1.2 implies that MWIS
can be solved in subexponential time on the class of Wj-induced-minor-free graphs; it
also implies the existence of a QPTAS (quasi-polynomial-time approximation scheme)
for MWIS in this graph class. To see that, one can follow the proof of Theorem 5.1 in
[16], and then apply Theorems 3.5 and 3.6 from [16]. Theorem 5.1 of [16] deals with

IFor a precise definition, see Section 2.
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graphs with no long induced paths, but their only property used in the proof is the
existence of a balanced separator with small domination number. For more details, see
also [26, Theorems 1.2.5 and 1.2.6], which also makes use of results from Bacsé et al. [6].

Corollary 1.3. For every integer £ = 3, there exists a subexponential-time algorithm,
as well as a QPTAS, for MWIS restricted to the class of Wy-induced-minor-free graphs.

In fact, there are many more problems that can be solved in subexponential time on
hereditary graph classes in which every graph has a dominated balanced separator,
including LiST 3-COLOURING [40], FEEDBACK VERTEX SET, MAXIMUM INDUCED
MATCHING, and more [35]; see also [31]. For algorithmic applications, balanced
separators that are dominated by a set of logarithmic or polylogarithmic size are often
enough (see, e.g., [33]).

Related work. Induced variants of the Grid Minor Theorem have been studied in
restricted settings. For example, Korhonen [30] proved that if, in addition to excluding a
planar graph as an induced minor, we bound the maximum degree of a graph class, that
is, exclude some star K 4 as a subgraph, then the treewidth of the graph class is bounded.
Observe that for graphs of bounded degree, all the bags of a tree-decomposition of a
graph are of bounded size if and only if each of them is dominated by a small number
of vertices. In particular, Conjecture 1.1 holds for graphs of bounded maximum degree.

A more general situation is when a star K 4 is excluded as an induced subgraph. In
this case, the above equivalence generalizes as follows: each bag of a tree-decomposition
is dominated by a small number of vertices if and only if each bag induces a subgraph
of bounded independence number. Again, these conditions imply the existence of a
balanced separator dominated by a small number of vertices. Hence, in the case when
a fixed star K, 4 is excluded as an induced subgraph, Conjecture 1.1 is equivalent to a
conjecture by Dallard et al. [18] stating that, for every class of graphs excluding K 4
as an induced subgraph and every planar graph H, there exists an integer k such that
every H-induced-minor-free graph in the class has tree-independence number? at most k.

Besides the aforementioned cases of H for which Conjecture 1.1 is known to hold, the
conjecture of Dallard et al. was verified by Choi et al. [13] for the case when H is a
wheel. Observe that Theorem 1.2 generalizes this result.

Choi and Wiederrecht [14] gave an improved bound on the resulting tree-independence
number and verified the conjecture of Dallard et al. for the case where the planar graph
that is excluded as an induced minor is a k-skinny ladder, that is, a graph obtained
from two disjoint k-vertex paths P and @ by adding for each ¢ € [k] a new vertex v;
adjacent to the i-th vertex of P and the i-th vertex of Q).

Another, somewhat more general, related conjecture is the coarse grid minor conjecture
from Georgakopoulos and Papasoglu [27] which is formulated in the language of metric
graph theory and “asymptotic minors”. This can be seen as a “distance version” of the
grid minor theorem related to the notion of “fat minors”, which were independently
introduced by Chepoi et al. [12] and Bonamy et al. [7]. A weaker version of this
conjecture in this language was conjectured by Davies et al. [21]. However, both of
these conjectures have recently been refuted by Albrechtsen and Davies [4]. Their
counterexample leaves open the case where fat-minors correspond to induced minors,
so the conjectures of Dallard et al. [18] and Conjecture 1.1 remain open. In the same
vein, other classical results in structural graph theory have been studied in this coarse

2The tree-independence number of a graph G is the smallest integer k such that G admits a tree-
decomposition in which every bag induces a subgraph with independence number at most & (see, e.g.,
[19, 32, 41]).
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setting in [27], and the related distance settings and induced settings, see for example [5,
29, 34] for results related to Menger’s Theorem and [3, 23] for results related to the
Erdés-Pésa Theorem.

Structure of the paper. This paper is structured as follows. After introducing the
necessary notation in Section 2, we prove some necessary lemmas in Section 3. In this
section, we also formulate the main lemma, and, given its validity, give a proof of the
main theorem. Then, in Section 4, we introduce the necessary machinery to prove the
main lemma from the previous section, which we then prove in Section 4.1.

§2. PRELIMINARIES

We take any standard notions and notation not explained here from [22].

Basic notions and notation. Given an integer k, we write [k] :={ie Z: 1 <i <k}
for the set of all positive integers less than or equal to k.

All graphs in this paper are finite and simple. Given a graph G, we denote its vertex
set by V(G) and its edge set by E(G). For convenience, slightly abusing the notation,
we sometimes refer to the vertex set of a graph G just by G, in order to simplify
some expressions in the cases where there is no danger of confusion. In particular,
when a function or operator f takes a set of vertices A as its input, we may input a
subgraph H instead of A, so f(H) will denote f(V(H)). Moreover, if H is a subgraph
of G and A < V(G), we may also write f(H u A) and f(H n A) to denote f(V(H)uU A)
and f(V(H) n A), respectively.

For a graph G and a set A < V(G), we write G[A] for the induced subgraph of G with
vertex set A. For a vertex v € V(G), we denote by Ng(v) the (open) neighbourhood of v,
that is, the set of vertices in G adjacent to v, and by Ng|v] the closed neighbourhood of v,
that is, the set Ng(v) u {v}. Similarly, for a set A < V(G), the (open) neighbourhood
of A is the set Ng(A) := (U,ea Na(v)) N\ A, and the closed neighbourhood of A is the
set Ngl[A] = J,ea Na[v]. For all these notions, we drop the subscript if the ambient
graph is clear from context.

Given two graphs G and H, we denote by G n H the intersection graph, that is the graph
with vertex set V(G) n V(H) and edge set E(G) n E(H). Note that the intersection
graph need not be an induced subgraph of either G or H. Given two graphs G and H,
we denote by G U H the union graph, that is, the graph with vertex set V(G) u V(H)
and edge set F(G) u E(H). Given a graph G and a set A < V(G), we denote the
graph G[V(G) \ A] obtained by deleting all vertices in A by G — A. When A = {a} is
a singleton, we may instead also write G — a.

We call a family of graphs intersecting if the pairwise intersections of the vertex sets of
these graphs are non-empty.

Paths and separators. We denote a path as a string of its vertices, that is, if we
have a set {vy,..., v} of k distinct vertices, then vvs ... v, is the path with vertex
set {v1,..., v} and edge set {v;v;11: 1 € [k — 1]}, where k is a positive integer.

An (a, b)-path is a path whose set of endpoints is equal to {a,b}. Given a graph G and
sets A, B < V(Q) of vertices, an (A, B)-path is an (a,b)-path in G with a € A, b e B,
and no internal vertex in A U B. Given two subgraphs H and H’ of G, we also call
a (V(H),V(H"))-path an (H, H')-path instead.

A set S € V(G) separates A from B if it intersects every (A, B)-path. When A = {v}
for a single vertex v, we also just say that S separates v from B. We may also say
that S of G separates a subgraph H from B to mean that S separates V(H) from B.
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Minors and induced minors. Let us recall some terminology regarding minors and
induced minors.

A graph H is a minor of a graph G if H is isomorphic to a graph that we can obtain
from GG by deleting vertices, deleting edges, and contracting edges. We say G excludes H
as a minor if H is not a minor of G, in which case we also say that G is H-minor-free.
A graph H is an induced minor of a graph G if there exists a family {X,: v e V(H)} of
pairwise vertex-disjoint subsets of V(G) such that G[X,] is connected for all v € V(H)
and there exists an edge in G between X, and X, if and only if vw € E(H), for any two
distinct v, w € V(H). We call such a family {X,: ve V(H)} an induced minor model
of H in G. Equivalently, H is an induced minor of G if H is isomorphic to a graph that
we can obtain from G by deleting vertices and contracting edges (and deleting parallel
edges created at each step). We say G excludes H as an induced minor if H is not an
induced minor of G, in which case we also say that G is H -induced-minor-free.

For every positive integer n, we denote the complete graph on n vertices by K,,. Note
that K, is a minor of a graph G if and only if K,, is an induced minor of G.

Let v be a vertex in G of degree 2. The operation of suppressing v is the operation of
contracting exactly one edge incident to v.

Recall that for each integer ¢ > 3, we denote by W, the ¢-wheel, that is, the graph
obtained from a cycle of length ¢ by adding a universal vertex.

Observation 2.1. Let ¢ > 3 be an integer, let G be a graph, and let C' be an induced
cycle in G. If some component of G — V(C) has at least { neighbours in C, then G
contains W, as an induced minor.

Proof. Let D be a component of G — V' (C') with at least ¢ neighbours in C' and let P < C'
be a minimal connected subgraph of C' containing exactly ¢ neighbours of D. Observe
that P is a (not necessarily induced) path whose endpoints are both neighbours of D.
Then, contracting in G[C U D] each edge in E(D) and all but one edge in E(C) \ E(P)
and suppressing each vertex of degree 2 yields the W, induced minor. OJ

Treewidth. A tree-decomposition of a graph G consists of a tree T and a subtree T,
of T" for each vertex v of GG such that for every edge uv of G, T,, and T, have a common
node. For each node t of the tree T, we let X, := {v: t € V(T,)} be the bag corresponding
to t and define the width of the tree-decomposition as the maximum of | X;| — 1 over
the nodes ¢ of the tree. The treewidth of G, denoted by tw(G), is the minimum of the
widths of its tree-decompositions.

We will use the following lemma.

Lemma 2.2 (see [10]). Every Ky-minor-free graph has treewidth at most 2.

Vertex-weighted graphs and balanced separators. In this paper, we consider
graphs where the vertices are weighted. Consider a weighting w: V(G) — Ry of G
with non-negative reals. For A < V(G), we write w(A) := >, _, w(v) for the w-weight
of A. Similarly, for a subgraph H of G, we write w(H) for w(V(H)). We say w is
non-trivial if w(G) > 0, and trivial, otherwise. We call a subgraph H of G heavy (with
respect to w) if w(H) > 12-w(G).

Given a graph G and a weighting w of G, we call a set S € V(G) of vertices a w-balanced
separator of G if no component of G — S is heavy. Note that for the trivial weighting c
of a graph G, where ¢y(v) = 0 for every v, the empty set is a cyp-balanced separator,
and for the weighting c; of G that assigns weight 1 to each vertex of G, a c;-balanced
separator is exactly a balanced separator as defined in the introduction.
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For convenience, we often want to look at normal weightings, that is weightings
with w(G) = 1. Clearly, given any graph G with a non-trivial weighting w of GG, we can
define a normal weighting w’ by setting w'(v) = w@)/w(q) for all v € V(G). Tt is now easy
to see that a set S € V(() is a w-balanced separator if and only if it is a w’-balanced
separator.

If a set S < V(G) is not a w-balanced separator for some normal weighting w, then
there exists a heavy component D of G — S. Note that this component is unique,
as if D' # D were also such a component, then since D and D’ are disjoint, we
get w(G) = w(D) +w(D’) > 12+ 1/2 = 1, contradicting the normality of w.

We make the following standard observation, for which we include a proof for the sake
of completeness.

Observation 2.3. Fvery tree T' with a weighting w has a w-balanced separator of size 1.

Proof. Without loss of generality, we assume w is normal. If there exists an edge tu of T
such that both components of the forest T}, obtained from T by deleting the edge tu
are not heavy, then {t} is a w-balanced separator. So we may assume that for each
edge tu of T', exactly one component of T}, is heavy. Orienting every edge towards the
node in the unique heavy component of T;, yields a sink s in that orientation. Now
clearly {s} is a w-balanced separator. O

We will also use the fact that the treewidth of a graph bounds the size of a smallest
balanced separator.

Lemma 2.4 ([17, Lemma 7.19]). Every graph G with a weighting w has a w-balanced
separator of size at most tw(G) + 1.

§3. THE MAIN THEOREM

3.1. Thinning out balanced separators. Let us first prove a very useful lemma
about turning a balanced separator into a smaller one.

Lemma 3.1. Let G be a graph, let w be a normal weighting of G and let X, Y < V(G),
and let Z < X. Suppose that X U'Y is a w-balanced separator of G but that Z is not.
Let B be the heavy component of G — Z. Then S = (N[B] n X) uY is a w-balanced
separator of G.

Proof. Consider a component D of G —S. We first observe that D is either a subgraph
of B or vertex-disjoint from B. Indeed, otherwise there exists v e V(D n N(B)),
implying v € N[B] n Z, which would result in v € S.

If D is vertex-disjoint from B, then w(D) < 1 —w(B) < 1/2. So suppose D is a subgraph
of B, and hence of B— S = B — (X uY). Since D is connected, it is a subgraph of
a component of G — (X uY), and since X U Y is a w-balanced separator of G, we
conclude that w(D) < V2. O

3.2. Gyarfas cycles. We need the following Gyarfas path argument that follows from
the proof of [16, Lemma 5.3].

Lemma 3.2. For every graph G and weighting w of G there exists an induced path P
in G such that N[P] is a w-balanced separator of G.

Note that Lemmas 3.1 and 3.2 are already sufficient to prove a simpler case, where
instead of excluding a wheel as an induced minor, we exclude a fan, that is, a graph
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obtained from adding a universal vertex to a path. We include a proof of this simple
argument in the appendix of this paper; see Theorem A.1.

Using these two lemmas, we extend the argument to find a balanced separator that is
dominated by either at most two vertices, or by an induced cycle and one other vertex.
Note that this then also proves the simpler case where instead of excluding a wheel as
an induced minor we exclude a cycle as an induced minor.

Lemma 3.3. For every graph G and weighting w of G' there exists either

e an induced cycle C in G of length at least 4 and a vertex p e V(G — C) such
that N[C' U {p}] is a w-balanced separator of G, or
e vertices p,q € V(G) such that N[{p,q}] is a w-balanced separator of G.

Proof. Without loss of generality, we assume w is normal.

Let P = pips...pr be a minimal path as in Lemma 3.2 and let p :=p;. If k=1,
then setting ¢ == pj yields that N[P] = N[{p,q}] is a w-balanced separator of G by
Lemma 3.2, so we may assume k > 1. By the minimality of P there is a unique
heavy component B of G — N[P — p|. Applying Lemma 3.1 with X = Z = N[P — p]
and Y = N|[p|, we infer that the set S := N(B) u N[p] is a w-balanced separator of G.
Let @ = paPa+1 - --pp be a minimal subpath of P — p such that N(B) € N(Q). If a = b,
then by setting ¢ = p,, we observe that N[{p, ¢}] is a w-balanced separator of G since
S < N[{p,q}], so we may assume p, # pp. By the minimality of @), we observe that p,
has a neighbour x in N(B) that is not a neighbour of any p; for a < i < b and that p,
has a neighbour y in N(B) that is not a neighbour of any p; for a <i < b. Let R be a
shortest path between = and y in G[B u {z, y}]. Now the cycle C':= Q U R is induced
and S € N[C U {p}], so we have that N[C U {p}] is the desired w-balanced separator
of G. U

3.3. The main theorem. We prove a slightly more general statement than Theo-
rem 1.2, by using weighted graphs and giving an explicit bound on the number of
vertices that dominate the balanced separator.

Theorem 3.4. For every integer ¢ = 3 and every Wy-induced-minor-free graph G with
weighting w of G there is a w-balanced separator of G that either is dominated by at
most { vertices or has size at most ({ — 1)2.

To prove this theorem, we first find a balanced separator of the form N[C u {p}]
or N[{p, q}] as in Lemma 3.3. In the latter case, we are done. In the former case, if some
component B of G — V(C) is heavy, then using Lemma 3.1, we find that N[N (B) u {p}]
is a balanced separator, which is dominated by at most ¢ vertices by Observation 2.1.
If no component of G — V(C') is heavy, we contract each component to a single vertex
and modify the weighting accordingly. For this case, we will use the following lemma.

Lemma 3.5. Let ¢ = 4 be an integer, let G be a connected Wy-induced-minor-free graph,
and let w be a normal weighting of G. Let C be an induced cycle in G of length at
least 4 such that J =V (G) \V(C) is independent. If w(v) <2 for all v e J, then
there is a w-balanced separator S < V(C) of G of size at most ({ — 1)

We will only prove this lemma in Section 4.1 after introducing the necessary machinery
in Section 4. Let us conclude this section with a formal proof of the main theorem,
assuming the validity of Lemma 3.5.

Proof of Theorem 3.4. Without loss of generality, we assume that w is normal. If no
component of GG is heavy, there is nothing to show, so we may assume that G has a
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(unique) heavy component H. Hence, we may assume that G is connected, since every
wy-balanced separator of H, where wyg is the restriction of w to H, is a w-balanced
separator of G.

First observe that if £ = 3, then G is K -minor-free, so by Lemma 2.2 and Lemma 2.4,
G has a w-balanced separator of size 3. So we may assume that ¢ > 4.

We apply Lemma 3.3. If we find a w-balanced separator of G of the form N[{p,q}],
then there is nothing else to show. So we may assume we find an induced cycle C' and
a vertex p e V(G — V(C)) such that N[C' U {p}] is a w-balanced separator of G.
First, suppose that there is a heavy component B of G — V(C'). Then, by Lemma 3.1
(with X = N[C], Y = N[p|, and Z = C), we obtain that the set S := N[N(B) u {p}]
is a w-balanced separator of G. Since G is Wy-induced-minor-free, |N(B)| < ¢ by
Observation 2.1, and we have that S is dominated by at most ¢ vertices.

Secondly, suppose that no component of G — V(C') is heavy. Let G’ be the graph
obtained from G by contracting each component of G — V(C') to a single vertex.
Formally, we consider vertices of G’ to be either vertices of C' or the vertex sets of the
components of G — V(C). Let w’ be the normal weighting of G’ defined by

W (v) = w(v) ifveV(C),
Do W(z) if G[v] is a component of G — V(C).

Now, G’ is connected and C' is an induced cycle in G such that J :=V(G') \ V(C)
is independent. Moreover, w'(v) < 12 for all v € J. Hence, by Lemma 3.5, there is a
w’-balanced separator S of G’ with S < V(C') < V(G) and |S| < (£ — 1)?. Now, by the

definition of w/, it immediately follows that S is also a w-balanced separator of G. [

§4. COBWEBS

In this section, we introduce concepts that will be useful to prove Lemma 3.5 in the
subsequent section.
We say a graph G is a cobweb if

o there is an induced cycle C' in G such that [ = V(G) \ V(C) is a non-empty

independent set in G,

o (G has minimum degree at least 2, and

e N(u) & N(v) for every pair u, v of distinct vertices in I.
We call the pair (C, I) a presentation of G. See Figure 4.1(a) for an example.
Let G be a cobweb with presentation (C,I). Let us call a (not necessarily induced)
cycle W in G a wedge of (G, C, I) if W contains exactly one vertex v of I, together with
exactly two vertices of Ng(v). We say W is anchored in v and v is the anchor of W.
So in particular, W — v is a path in G that is contained in C' and N(v) n V(W —v) is
exactly the set of endpoints of the path W — v. Moreover, if W has length at least 4,
then W — v is a path of length at least 2, and if W has length 3, then W — v is a
single edge. In the latter case, we say W is trivial. Note that since G has minimum
degree at least 2, every vertex v is the anchor of exactly deg(v) many wedges; see also
Figure 4.1(b). If V/(C) < V(C), we say that W is co-trivial. This is the case when the
anchor v of W has degree exactly 2 and the unique other wedge anchored in v is trivial.
Note that every non-co-trivial wedge is an induced subgraph of (G, and the only edge
that prevents a co-trivial wedge from being an induced subgraph is the unique edge
of C' not contained in the wedge.
As observed above, the intersection of a wedge W with C'is a path. So, in particular, if W
is not co-trivial, there is a unique component of G — V(W) that contains vertices of C'.
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FIGURE 4.1. (a) An example of a cobweb. (b) A vertex ue I and
the four wedges anchored in u. (c) For one of the wedges W, vertices
coloured green are the vertices attached to W, vertices coloured blue
are the vertices not attached to W, and the square vertices represent the

barrier 5(W).

We define the barrier (W) of a non-co-trivial wedge W to be the set of neighbours C'
of the unique component of G — V(W) that contains vertices of C'. Observe that the
barrier of W consists precisely of the endpoints of the path W n C| along with the
internal vertices of this path that have a common neighbour in I with some vertex
in V(C) ~ V(W). In particular, the anchor of W does not belong to the barrier.

For a co-trivial wedge W, we define the barrier S(W) of W to be the two neighbours of
the anchor of W. We say a vertex u € I \ V(W) attaches to a wedge W if N(u) < V(W).
Observe that if W is a trivial wedge, then no vertex in I attaches to W, and if W is co-
trivial, then every vertex in I except the anchor of W attaches to W. See Figure 4.1(c)
for an example of attaching and of the barrier.

Observation 4.1. Let G be a cobweb with presentation (C, 1), let W be a wedge
of (G,C,I), and let u € I such that u does not attach to W. Then, the barrier (W)
separates u from W n C.

Proof. If W is trivial, then W n C'is contained in 3(W), so there is nothing to show.
If w is the anchor of W (in particular if W is co-trivial), then the claim is true, since
both endpoints of the path W n C' are contained in (W). Otherwise, let D denote
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the unique component of G — V(W) that contains vertices of C. By definition, 5(1V)
separates V(W n C) from V(D). Since u does not attach to W, by definition u has a
neighbour in V(C) ~\ V(W) and hence u € V(D). O

We note that the converse of Observation 4.1 does not hold, i.e. S(W) may separate u
from V(W n C) even though u is attached to W (indeed, this is the case whenever
N(u) < g(W)).

We call a function 2 mapping each v € I to a wedge Q, of (G, C,I) anchored in v for
each v € I a wedge-selection for (G,C,I). Slightly abusing the notation for the barrier,
we write 5(v) for the barrier 5(€,).

Given a wedge-selection Q for (G,C,I) and u,v € I, we say that €, improves (),
if 2, — u is a proper subgraph of 2, — v. For u,v € I, we write u < v if {2, improves (2,,.
Moreover, we write u < v if either © < v or u = v. This defines a partial order, and we
call the minimal elements of this partial order good (with respect to 2). Clearly, good
elements exist.

Lemma 4.2. Let G be a cobweb with presentation (C,I) and let Q2 be a wedge-selection
for (G,C,I). Let u,v €I be distinct. If u attaches to §,, then either Q, improves Q,,
or v attaches to ), as well, but not both.

Proof. Suppose u attaches to €, so in particular, €2, is non-trivial. We show that €2,
improves €2, if and only if v does not attach to €2,.

First, suppose that €2, improves €2,, so €2, — u is a proper subgraph of €2, — v. Then,
in particular, one of the endpoints of the path {2, — v is not contained in €, — u,
so N(v) &€ V(Q,).

If on the other hand €2, does not improve €2,, then either Q, —u = Q, —v or Q, —u
contains an internal vertex from the path @) obtained by deleting from C' the internal
vertices of Q, — v. If Q, —u = Q, — v, then, since N(u) < V(€,), we have that N(u) <
N(v), a contradiction to the fact that G is a cobweb with presentation (C,I). If Q, — u
contains an internal vertex of @), then, since u attaches to €),, the only wedge anchored
in u that contains an internal vertex of () contains the whole path @, hence this wedge
has to be €,, implying that v attaches to €2,. O

Now let us analyse the structure we have looking at two vertices that pairwise attach
to the other’s selected wedges; see Figure 4.2(a) for a reference.

Lemma 4.3. Let G be a cobweb with presentation (C, 1) and let Q2 be a wedge-selection
for (G,C,I). Then for all u,v,w € I, the following statements hold.

(a) The graph Q. n ), has at most two components.
(b) The graph 2, N Q, has exactly two components, if and only if u attaches to €2,
and v attaches to €,,.
(c) If Q, N, has exactly two components and w attaches to both 0, and Q,, then
e if w has a neighbour in each component of 0, N Q,,, then Q,, improves at
least one of 0, and ,, and
e if w has neighbours in only one component of 2, N €, then €, either
improves both €, and §2, or none of them.

Proof. We first prove (a) and (b) simultaneously. Suppose that u attaches to €2, and v
attaches to €, so neither €0, nor €2, are trivial wedges. Then, every vertex of C' belongs
to 2, U Q,. For both = € {u, v}, let Q, denote the the path obtained by deleting from C'
the internal vertices of {2, — x (note that @, is indeed a path since €2, is non-trivial).
Note that @, and @, are edge-disjoint paths of length at least 1. Every edge of C
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(a) (b)

FIGURE 4.2. (a) A cobweb with a wedge 2, (in red) and a wedge 2, (in
blue). Here, u attaches to €, and v attaches to €Q,,.

(b) The vertex w attaches to both , and Q, and connects both com-
ponents of 2, N Q,. Regardless which wedge anchored in w is selected
as €, it will improve either €, or €, (or both).

is contained in exactly one of E(Q, n Q,), E(Q.), or E(Q,). Hence, Q, N, is the
graph obtained from C' by deleting the edges of the path @),, the edges of the path @,
and all internal vertices of either (), or (J,. From this construction, we observe that
Q. N Q, has exactly two components.

Conversely, without loss of generality, let us assume that v does not attach to €2,.
Hence, either v =v and Q, n Q, = €, is connected, or u # v and there exists
anz € N(u) nV(C —Q,). SoQ, nQ, < C — . Sinceall of C' — z, Q,, — u, and 2, — v
are paths, we have that Q, n €, if non-empty, is a path as well (by the Helly property
of subpaths of a path). Hence, Q, n €2, has at most one component.

Thus, either Q, n Q, has exactly two components (if v attaches to €2, and v attaches
to Q,), or £, N Q, has at most one component (otherwise). This proves (a) and (b).
For (c), suppose €, n Q, has two distinct components and w attaches to both €,
and €2, so both 2, and €2, are non-trivial.

First suppose that w has a neighbour in both components of €2, N 2,. We distinguish
two cases. Either €2, — w is contained in one component of €2, n €2,, in which case
neither u nor v attach to €2, and, hence, €1, improves both 2, and 2, by Lemma 4.2, or
the path €, — w has an endpoint in each component of €2, N €2,, in which case exactly
one of u or v attaches to €, see Figure 4.4(b), and hence, 2,, improves exactly one
of Q, or Q,, again by Lemma 4.2.

Second, suppose all neighbours of w are in the same component of €2, n €2, then, as
before, either €2, — w is contained in one component of {2, N €2,, in which case €2,
improves both {2, and €, or both v and v attach to €2,, and therefore €2,, improves
neither €, nor €2, by Lemma 4.2. O

We call a pair {u,v} of (not necessarily distinct) good vertices in I a good pair. As
a direct consequence of Lemma 4.3, we observe that if {u,v} is a good pair, then
every w € I that attaches to both €2, and €2, has neighbours in only one component
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of Q, n Q, n C. Note that unless u = v, we have that 2, n Q, < C, so the additional
intersection with C' guarantees that each component is a path.

In general, there are three kinds of good pairs {u, v}:
(i) u=v,
(ii) u # v and u does not attach to €2, and vice versa (see Figure 4.3(ii)), or
(iii) uw # v, u attaches to €2, and v attaches to 2, (see Figure 4.3(iii)).

(ii) (iii)

FIGURE 4.3. (ii) A good pair of the second kind.
(iii) A good pair of the third kind.

Note that in pairs of the second kind, €2, n 2, has at most one component and in pairs
of the third kind, 2, n €2, has two components and no vertex w € I that attaches to
both €2, and €2, has neighbours in both components of §2, N €2,,.

Whenever we have a good pair {u,v}, then every component of 2, N Q, n C can be
separated from the rest of the cycle by deleting the barriers of the respective wedges, as
we show in the next lemma.

Lemma 4.4. Let G be a cobweb with presentation (C,I) and let 2 be a wedge-selection
for (G,C,I). If {u,v} < I is a good pair, then each component P of 0, N Q, N C 1is
separated from C — V(P) in G by the union of the two barriers B(u) v B(v).

Proof. Let P be a component of 2, n €, n C. If some w € I has a neighbour in P and
a neighbour in C' — V(£, n ©Q,), then w does not attach to €, for at least one x € {u, v},
so by Observation 4.1, 5(z) separates w from €, in G. In particular, if €, N Q, admits
a single component, we are done. So suppose P and () are the two components (see
Lemma 4.3) of Q, n €Q,. By the conclusion above, no vertex that does not attach to
both €2, and €2, lies on a (P, Q)-path in G — (5(u) u S(v)). Since {u, v} is good, by
Lemma 4.3, no vertex w € I that attaches to both 2, and €2, has a neighbour in both P
and @. Since [ is independent, we conclude that no (P, Q)-path in G — (8(u) U (v))
can exist. [

Lemma 4.5. Let G be a cobweb with presentation (C,I) and let Q2 be a wedge-selection
for (G,C,I). Let u,v,wel and let P be a component of Ly Ny 0 Qy nC. Then
there exists {x,y} < {u,v,w} such that P is a component of 0, N Q.

Proof. Observe that P is a path. Now each endpoint of P is an endpoint of at least
one of the paths Q, —u, Q, — v, or €, — w, since otherwise, both neighbours of the
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endpoint of P on C' would be contained in €2, n 2, n 2, n C, contradicting that P
is a component of 2, N Q, N Q, N C. So let {z,y} < {u,v,w} be any pair such that
one endpoint of P is an endpoint of {2, — x and the other endpoint of P is an endpoint
of 2, —y. Then, P is a component of 2, n (), as desired. U

We say a triple {u,v, w} of (not necessarily distinct) good vertices in I is a good triple.
So in particular, every {x,y} < {u,v,w} is a good pair. As a direct consequence of this
definition and Lemmas 4.4 and 4.5, we observe the following.

Corollary 4.6. Let G be a cobweb with presentation (C,1I) and let Q2 be a wedge-
selection for (G,C,I). If {u,v,w} < I is a good triple, then each component P of
QN Qy Q0 C is separated from C — V(P) in G by the union of the three barri-

ers f(u) v B(v) U B(w). O

Given a cobweb G with presentation (C, I) and a wedge-selection Q2 for (G, C, 1), we
denote by T the set of non-empty sets of size at most 3 of good vertices. We call a
function o mapping each {u, v, w} € T to a component o({u, v, w}) of Q, N Qy N Ly N C
for every {u,v,w} € T a segment-selection for (C,I,Q). Recall that a family of graphs
is said to be intersecting if the pairwise intersections of the vertex sets of these graphs
are non-empty.

Lemma 4.7. Let G be a cobweb with presentation (C, 1), let Q be a wedge-selection
for (G,C,I), and let o be a segment-selection for (C,1,Q) with image P. If P is
intersecting, then there exists a good pair {u,v} such that S({u,v}) = B(u) v B(v)
separates I from o({u,v}) in G.

Proof. Let {u,v} be a good pair such that o({u,v}) is S-minimal among all good pairs.
Note that we allow u = v for this minimal choice.

Let S := f(u) u B(v). To complete the proof, we need to show that S separates I
from o({u,v}) in G. Consider the set I, of vertices in I \ {u,v} that have all
their neighbours in o({u,v}). By Lemma 4.4, each w € I \ (I U {u,v}) is separated
by S from o({u,v}). Moreover, the neighbours of u and v that are not in S are
in C —V(o({u,v})), hence, u and v are separated from o({u,v}) by S, again by
Lemma 4.4. So it suffices to prove that I is empty.

Let us assume for a contradiction that I is non-empty. Let x € Iy be a vertex such that
the path €, — x is S-minimal among all vertices in Iy. Then x attaches to both €2,
and €2,, and since {2, improves neither €2, nor €2,, both u and v attach to 2, by
Lemma 4.2. Moreover, we observe that o({u,v}) n Q, has two components; we denote
the component containing an endpoint of o({u}) by @1 and the component containing
an endpoint of o({v}) by Q2 (if u = v, we allocate these names arbitrarily).

Let w e I be any good vertex with w < z. Then by definition, {u,v,w} is a good
triple. Since P is intersecting, and hence o({w}) intersects o({u, v}), and since w < x,
at least one endpoint of o({w}) is contained in either @ or Q2. Without loss of
generality, let us say it is contained in @;. If the other endpoint of o({w}) were
contained in (2, N Q,) \ o({u,v}), then w < v, contradicting that v is good. So the
other endpoint of o({w}) is contained in either Qs (see Figure 4.4(a), (c), or (e)), or
in C' —V(Q,) (see Figure 4.4(b), (d), or (f)). But then, o({u,v,w}) is a subset of
either )1 or @y, since P is intersecting. By Lemma 4.5, we have that o({u,v,w}) is
equal to either o({u,w}) or o({v,w}). But both of these contradict the minimality
of o({u,v}). Hence, all cases lead to a contradiction to z € I, so Iy is empty.

Therefore, for the good pair {u, v}, we have that [ is separated from o({u,v}) in G
by S, as desired. O
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Q1 v \\ Q> Q1 v Qo

X A
(c) (d)

o \/ o o \/ o

() (f)

FIGURE 4.4. The situation in the proof of Lemma 4.7, distinguished by
the respective cases. The red segment indicates o({u, v}).
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4.1. Proof of Lemma 3.5. We now use the tools developed in the previous subsection
to prove Lemma 3.5. Before that, let us briefly discuss how we can deal with vertices
that have nested neighbourhoods.

Lemma 4.8. Let G be a graph, let w be a normal weighting of G, and let u,v € V(Q)
such that N(u) € N[v]. Let G' := G — u and let w' be the weighting of G' defined by

pon L Jw(u) Fw(v) ifz=w
wiz) = {W(J}) if x #wv.

Then every w'-balanced separator S of G' that does not contain v is a w-balanced
separator of GG.

Proof. Observe that w’ is a normal weighting of G'. Let S be a w'-balanced separator S
of G’ that does not contain v. Then w'(v) < V2. Since N(u) € N|v], either u and v are in
the same component of G — S, or N(u) € S. If N(u) < S, then G[{u}] is a component
of G — S with w(G[{u}]) = w(u) < w'(v) < V2. If D # G[{u}] is a component of G — S,
then w(D) < w'(D — u) < 12. So S is a w-balanced separator of G. 0

We are now ready to prove Lemma 3.5, which we restate for the reader’s convenience.

Lemma 3.5. Let { = 4 be an integer, let G be a connected Wy-induced-minor-free graph,
and let w be a normal weighting of G. Let C be an induced cycle in G of length at
least 4 such that J =V (G) \V(C) is independent. If w(v) < Y2 for all v e J, then
there is a w-balanced separator S < V(C) of G of size at most (£ — 1)?.

Proof. Let I be the set of all vertices in J of degree at least 2.

Let us first discuss how we can turn a separator that is not w-balanced, but its heavy
component does not contain any vertices of I, into a w-balanced separator.

Claim 1. Suppose a non-empty set X < V(C) is not a w-balanced separator of G, but
the unique heavy component B of G — X does not contain any vertex in I. Then, there
is a verter w € V(B n C) such that X v {w} is a w-balanced separator of G.

Proof. Since each vertex in J ~ [ has degree 1 and B — J is a path, we observe that B
is a tree and hence has a w-balanced separator {w'} by Observation 2.3. If w’ € V(C),
then we set w = w'. Ilf w’ ¢ V(C), then w’ € J \ I, so w’ has a unique neighbour w, and
we observe that w € V(C'). But since w(w') < /2, we conclude that {w} is a balanced
separator of B as well. Now it is easy to see that X U {w} is a w-balanced separator

of G. o

So if I is empty, we can take X to be any vertex of C, and if X is not a w-balanced
separator of G, then the unique heavy component B of G — X does not contain any
vertex in /. Hence, by Claim 1, we have a w-balanced separator of G of size 2. So we
may assume that [ is non-empty.

Claim 2. We may assume that for each pair of distinct u,v € J, we have N(u) € N(v).

Proof. We iteratively apply the construction of Lemma 4.8 until we have no such
pair of vertices; let us call the resulting graph G* and the resulting weighting w*.
Since by Lemma 4.8, any w*-balanced separator S < V(C') of G* is a w-balanced
separator S € V(C) of G, it suffices to show that w*(v) < V2 for all v e V(G* — V(C)).
Suppose that there is a vertex vy € V(G* — V(C)) with w*(vy) > V2. Let v, ..., vy
be the vertices in G obtained from the construction of G* with N(v;) € N(vy) for
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each ¢ € [m] \ {1} and w*(v1) = X", w(v;). Then consider S* := N(v;). By Observa-
tion 2.1, |S*| < £ — 1. But now, by construction, for each i € [m], we have that G[{v;}]
is a component of G — S*, so each of them has w-weight at most 1/2. Since w is normal
and > w(v;) > /2, each other component has w-weight at most /2. But then, S* is a
w-balanced separator of G such that S* < V(C'). Thus, w*(v) < V2 for every v € V(G*),
and therefore, we may assume without loss of generality that G = G* and w = w*. O

We conclude that G’ .= G[C v I] is a cobweb presented by (C, I), using Claim 2 and
the assumption that [ is non-empty.

As a direct consequence of Observation 2.1, each v € I has degree less than ¢. Moreover,
consider a wedge W of (G,C,I). If W is trivial or co-trivial, then, by definition the
barrier (W) contains 2 vertices. Otherwise, the barrier S(W) contains fewer than ¢
vertices, since contracting the component of G — V(W) containing the vertices of
C' — V(W) would result in a vertex with 5(W) as the set of neighbours in W, implying
that G' contains Wgw) as an induced minor. Now, for each v € I consider all wedges
of (G,C,I) anchored in v. Since v has degree less than ¢, there are at most £ — 1 wedges
anchored in v. If for some vertex v € I the union

S(v) = U{B(W) W is a wedge anchored in v}

is a w-balanced separator of G, there is nothing else to show, since S(v) < V(C') and
|S(v)] < (¢ —1)2. So assume that for each v € I there is a heavy component B(v)
of G — S(v). Note that by Observation 4.1, for any vertex v € I and any wedge W
anchored in v, any vertex u € I that does not attach to W is separated from W by the
barrier of W. So there is a wedge 2, anchored in v such that V(B(v)) is contained in
the union of V (9, — v) that have all their neighbours in €2, — v. Moreover, we observe
that for each v € I,

B(v) is also a component of G — (v). (%)
Now let Q with v — Q, for all v € I be the resulting wedge-selection for (G, C, I).

Let 7 denote the set of good triples with respect to €2 as defined in the previous section.
If for some good triple {u,v,w} e T the set S({u,v,w}) = B(u) U f(v) U B(w) is a
balanced separator of GG, then there is nothing else to show since S({u,v,w}) < V(C)
and |S({u,v,w})| <3¢ —1) < ({ —1)% So we may assume that for each {u,v,w} e T
there exists a heavy component B({u,v,w}) of G — S({u, v, w}). Since B({u,v,w}) is
a component of G — S({u,v,w}), it is contained in a component of G — (u), namely
in B(u), as w(B({u,v,w})) > /2 and B(u) is the unique component of G — f(u) with
weight more than /2. Similarly, B({u,v,w}) € B(v) and B({u,v,w}) € B(w), hence,
B({u,v,w}) <€ B(u) n B(v) n B(w). By our choice of 2, B(z) nC < Q, for all z € I,
so B(u) n B(v) n B(w) n C < Q, nQ, nQy, nC. Note that B({u,v,w}) n C is non-
empty since S({u,v,w}) is not a w-balanced separator. Since B({u,v,w}) is a com-
ponent of G — S({u,v,w}), by Corollary 4.6, it does not intersect multiple compo-
nents of Q, N Q, N Q, N C, so B({u,v,w}) nC is a subgraph of a unique compo-
nent of Q, N Q, N Q, N C; we denote that component by o({u,v,w}). Finally, let o
with {u,v,w} — o({u,v,w}) for all {u,v,w}e T be the resulting segment-selection
for (C,I,9).

Claim 3. There exists a good pair {u,v} € T such that V(B({u,v})) n I is empty.
Proof. To be able to use Lemma 4.7, we need to prove that the image of ¢ is intersecting.
By our choice for the wedge-selection €2, for each w e I we have that V(B(w)) is

contained in the union of V(Q, —w) = V(o({w})) with the set of vertices in J that
have all their neighbours in o({w}). Similarly, by our choice for the segment-selection o,
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we can observe that for every good triple T' € T, the vertex set of B(T') is contained
in the union of V(o(7)) with the set of vertices in J that have all their neighbours
in o(T'). So, assume for a contradiction that there exist two distinct 7',7" € T such
that o(7") and o(7") are disjoint. Then, the respective B(T') and B(7") are disjoint as
well, and hence w(G) = w(B(T) u B(T")) = w(B(T)) + w(B(1")) > 1, a contradiction
to the normality of w. Therefore, the image of ¢ is intersecting and, by Lemma 4.7,
there exists a good pair {u, v} such that S({u,v}) separates I from o({u,v}) in G’, and
hence in G. Therefore, V(B({u,v})) € V(c({u,v})) v (J N I). O

By Claim 3, there exists a good pair {u, v} such that V(B({u,v})) n I is empty. Apply-
ing Claim 1 to the set S({u,v}) shows that there exists a vertex w € V(B({u,v}) n C)
such that the set S := S({u,v}) U {w} is a w-balanced separator of G. Since S < V(C)
and |S] < 2(¢ —1)+ 1 < (¢ — 1), this concludes the proof of the lemma. O

ACKNOWLEDGEMENTS

The authors are grateful to Ekkehard Kohler and Pawel Rzazewski for helpful discussions.
This work was conducted in part when the first author visited University of Primorska.

REFERENCES

[1] PIERRE ABOULKER, EDOUARD BONNET, TIMOTHE PICAVET, AND NIcoLAS TROTIGNON, “Induced
disjoint paths without an induced minor”, in 52nd International Colloguium on Automata, Languages,
and Programming, vol. 334, Art. No. 4, 14, Schloss Dagstuhl. Leibniz-Zent. Inform., Wadern, 2025.
& DOI: 10.4230/lipics.icalp.2025.4 & arXiv: 2502.05289 & MR: 4934156
[2] TARA ABRISHAMI, JADWIGA CZYZEWSKA, KACPER KLUK, MARCIN PILIPCZUK, MICHAL PILIPCZUK,
AND PAWEL RzAZEWSKI, “On coarse tree decompositions and coarse balanced separators”, Preprint,
2025.
@ arXiv: 2502.20182
[3] JuNGHO AHN, J. PASCAL GOLLIN, TONY HUYNH, AND O-JOUNG KWON, “A coarse Erdds-Pésa theorem”,
in Proceedings of the 2025 Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pp. 3363~
3381, SIAM, Philadelphia, PA, 2025.
¢ DOI: 10.1137/1.9781611978322.109 & arXiv: 2407.05883 & MR: 4863524
[4] SANDRA ALBRECHTSEN AND JAMES DAVIES, “Counterexample to the conjectured coarse grid theorem”,
Preprint, 2025.
@ arXiv: 2508.15342
[5] SANDRA ALBRECHTSEN, TONY HUYNH, RAPHAEL W. JACOBS, PAUL KNAPPE, AND PAUL WOLLAN, “A
Menger-Type Theorem for Two Induced Paths”, SIAM J. Discrete Math., 38(2):1438-1450, 2024.
& DOI: 10.1137/23M1573082 & arXiv: 2305.04721 & MR: 4741068
[6] GABOR BAcsO, DANIEL LOKSHTANOV, DANIEL MARX, MARCIN PILIPCZUK, ZSOLT TUZA, AND ERIK JAN
VAN LEEUWEN, “Subexponential-time algorithms for maximum independent set in P;-free and broom-free
graphs”, Algorithmica, 81(2):421-438, 2019.
& DOI: 10.1007/s00453-018-0479-5 & arXiv: 1804.04077 & MR: 3910075
[7] MARTHE BoONAMY, NI1cOLAS BOUSQUET, Louls ESPERET, CARLA GROENLAND, CHUN-HUNG LIU,
FrANgOIS PIROT, AND ALEX SCOTT, “Asymptotic dimension of minor-closed families and Assouad-
Nagata dimension of surfaces”, J. Eur. Math. Soc. (JEMS), 26(10):3739-3791, 2024.
¢ DOI: 10.4171/jems/1341 @ arXiv: 2012.02435 & MR: 4768408
[8] EDOUARD BONNET, JULIEN DURON, COLIN GENIET, STEPHAN THOMASSE, AND ALEXANDRA WESOLEK,
“Maximum independent set when excluding an induced minor: K; + tK> and tCs w C4”, in 31st Annual
European Symposium on Algorithms, vol. 274, Art. No. 23, 15, Schloss Dagstuhl. Leibniz-Zent. Inform.,
Wadern, 2023.
& DOI: 10.4230/lipics.esa.2023.23 & arXiv: 2302.08182 & MR: 4640646
[9] Nicoras BousQUET, CLEMENT DALLARD, MAEL DUMAS, CLAIRE HILAIRE, MARTIN MILANIC, ANTHONY
PEREZ, AND NicoLAS TROTIGNON, “Induced minor models. I. Structural properties and algorithmic
consequences”, Journal of Computer and System Sciences, 157:103738, 2026.
& DOI: 10.1016/j.jcss.2025.103738 & arXiv: 1907.04585 & MR: 4999632
[10] ANDREAS BRANDSTADT, VAN BANG LE, AND JEREMY P. SPINRAD, Graph classes: a survey (SIAM
Monographs on Discrete Mathematics and Applications). Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 1999.
& DOI: 10.1137/1.9780898719796 & MR: 1686154


https://doi.org/10.4230/lipics.icalp.2025.4
https://arxiv.org/abs/2502.05289
http://www.ams.org/mathscinet-getitem?mr=4934156
https://arxiv.org/abs/2502.20182
https://doi.org/10.1137/1.9781611978322.109
https://arxiv.org/abs/2407.05883
http://www.ams.org/mathscinet-getitem?mr=4863524
https://arxiv.org/abs/2508.15342
https://doi.org/10.1137/23M1573082
https://arxiv.org/abs/2305.04721
http://www.ams.org/mathscinet-getitem?mr=4741068
https://doi.org/10.1007/s00453-018-0479-5
https://arxiv.org/abs/1804.04077
http://www.ams.org/mathscinet-getitem?mr=3910075
https://doi.org/10.4171/jems/1341
https://arxiv.org/abs/2012.02435
http://www.ams.org/mathscinet-getitem?mr=4768408
https://doi.org/10.4230/lipics.esa.2023.23
https://arxiv.org/abs/2302.08182
http://www.ams.org/mathscinet-getitem?mr=4640646
https://doi.org/10.1016/j.jcss.2025.103738
https://arxiv.org/abs/1907.04585
http://www.ams.org/mathscinet-getitem?mr=4999632
https://doi.org/10.1137/1.9780898719796
http://www.ams.org/mathscinet-getitem?mr=1686154

18

(11]

(12]

(13]

(14]

(15]

[16]

(17]

18]

(19]

[20]

(21]

22]

23]

24]

25]

[26]

27]

(28]

CHUDNOVSKY, GOLLIN, KRNC, AND MILANIC

RUTGER CAMPBELL, JAMES DAVIES, MARK DISTEL, BRYCE FREDERICKSON, J. PASCAL GOLLIN,
KEVIN HENDREY, ROBERT HICKINGBOTHAM, SEBASTIAN WIEDERRECHT, DAVID WOOD, AND LIANA
YEPREMYAN, “Treewidth, Hadwiger Number, and Induced Minors”, Preprint, 2024.

& arXiv: 2410.19295

V. CHEPOI, F. F. DRAGAN, I. NEWMAN, Y. RABINOVICH, AND Y. VAXES, “Constant approxima-
tion algorithms for embedding graph metrics into trees and outerplanar graphs”, Discrete Comput.
Geom., 47(1):187-214, 2012.

& DOI: 10.1007/s00454-011-9386-0 & arXiv: 1007.0489 & MR: 2886095

MuJiN CHoI, CLAIRE HILAIRE, MARTIN MILANIC, AND SEBASTIAN WIEDERRECHT, “Excluding an
induced wheel minor in graphs without large induced stars”; in Graph-Theoretic Concepts in Computer
Science, ser. Lecture Notes in Comput. Sci. Vol. 16124, pp. 135-148, 2026.

& DOI: 10.1007/978-3-032-11835-6__10 & arXiv: 2506.08829

MuJiN CHOI AND SEBASTIAN WIEDERRECHT, “Excluding a ladder as an induced minor in graphs without
induced stars”, Preprint, 2025.

@ arXiv: 2509.04026

MARIA CHUDNOVSKY, JULIEN CoDsI, DANIEL LOKSHTANOV, MARTIN MILANIC, AND VARUN SIVASHANKAR,
“Tree independence number V. Walls and claws”, Preprint, 2025.

@ arXiv: 2501.14658

MARIA CHUDNOVSKY, MARCIN PILIPCZUK, MICHAL PILIPCZUK, AND STEPHAN THOMASSE, “Quasi-
polynomial time approximation schemes for the maximum weight independent set problem in H-free
graphs”, SIAM J. Comput., 53(1):47-86, 2024.

¢ DOI: 10.1137/20M1333778 & arXiv: 1907.04585 & MR: 4708895

MAREK CYGAN, FEDOR V. FOMIN, LUKASZ KOWALIK, DANIEL LOKSHTANOV, DANIEL MARX, MARCIN
PiripczUk, MICHAL PILIPCZUK, AND SAKET SAURABH, Parameterized algorithms. Springer, Cham, 2015.

& DOLI: 10.1007/978-3-319-21275-3 & MR: 3380745

CLEMENT DALLARD, MATJAZ KRNC, O-JOUNG KWON, MARTIN MILANIC, ANDREA MUNARO, KENNY
STORGEL, AND SEBASTIAN WIEDERRECHT, “Treewidth versus clique number. IV. Tree-independence
number of graphs excluding an induced star”, Preprint, 2024.

@ arXiv: 2402.11222

CLEMENT DALLARD, MARTIN MILANIC, AND KENNY STORGEL, “Treewidth versus clique number. II.
Tree-independence number”, J. Combin. Theory Ser. B, 164:404—442, 2024.

& DOI: 10.1016/j.jctb.2023.10.006 & arXiv: 2111.04543 & MR: 4664382

CLEMENT DALLARD, MARTIN MILANIG, AND KENNY STORGEL, “Treewidth versus clique number. II1.
Tree-independence number of graphs with a forbidden structure”; J. Combin. Theory Ser. B, 167:338-391,
2024.

& DOI: 10.1016/j.jctb.2024.03.005 & arXiv: 2206.15092 & MR: 4730297

JAMES DAVIES, ROBERT HICKINGBOTHAM, FREDDIE ILLINGWORTH, AND ROSE MCCARTY, “Fat minors
cannot be thinned (by quasi-isometries)”, Preprint, 2024.

& arXiv: 2405.09383

REINHARD DIESTEL, Graph theory (Graduate Texts in Mathematics), Fifth. Springer, Berlin, 2017,
vol. 173.

& DOI: 10.1007/978-3-662-53622-3 & MR: 3644391

VDA DuiMovi¢, GWENAEL JORET, PIOTR MICEK, AND PAT MORIN, “Erd8s-Pésa property of cycles
that are far apart”, Preprint, 2025.

@ arXiv: 2412.13893

ZDENEK DVORAK AND SERGEY NORIN, “Treewidth of graphs with balanced separations”, J. Combin.
Theory Ser. B, 137:137-144, 2019.

& DOI: 10.1016/j.jctb.2018.12.007 & arXiv: 1408.3869 & MR: 3980088

JAKUB GAJARSKY, LARS JAFFKE, PALOMA T. DE LiMA, JANA MASARIKOVA, MARCIN PILIPCZUK,
PAWEL RzAZEWSKI, AND UEVERTON S. SOUZA, “Taming graphs with no large creatures and skinny
ladders”, SIAM J. Discrete Math., 38(4):3140-3149, 2024.

¢ DOLI: 10.1137/23M1550530 & arXiv: 2205.01191 & MR: 4839678

PETER GARTLAND, “Quasi-polynomial time techniques for independent set and beyond in hereditary
graph classes”, PhD Thesis, UC Santa Barbara, 2023.

& https:/ /escholarship.org/uc/item/0kk6d2jv

AGELOS GEORGAKOPOULOS AND PANOS PAPASOGLU, “Graph minors and metric spaces”, Combinator-
ica, 45(3), Paper No. 33, 29, 2025.

& DOI: 10.1007/s00493-025-00150-6 & arXiv: 2305.07456 & MR: 4919978

ANDRAS GYARFAS, “Problems from the world surrounding perfect graphs”, Zastos. Mat., 19(3-4):413-441,
1987.

@ https://users.renyi.hu/~gyarfas/Cikkek/36_ Gyarfas ProblemsFromTheWorldSurroundiPerfect Graphs.pdf

& MR: 951359


https://arxiv.org/abs/2410.19295
https://doi.org/10.1007/s00454-011-9386-0
https://arxiv.org/abs/1007.0489
http://www.ams.org/mathscinet-getitem?mr=2886095
https://doi.org/10.1007/978-3-032-11835-6_10
https://arxiv.org/abs/2506.08829
https://arxiv.org/abs/2509.04026
https://arxiv.org/abs/2501.14658
https://doi.org/10.1137/20M1333778
https://arxiv.org/abs/1907.04585
http://www.ams.org/mathscinet-getitem?mr=4708895
https://doi.org/10.1007/978-3-319-21275-3
http://www.ams.org/mathscinet-getitem?mr=3380745
https://arxiv.org/abs/2402.11222
https://doi.org/10.1016/j.jctb.2023.10.006
https://arxiv.org/abs/2111.04543
http://www.ams.org/mathscinet-getitem?mr=4664382
https://doi.org/10.1016/j.jctb.2024.03.005
https://arxiv.org/abs/2206.15092
http://www.ams.org/mathscinet-getitem?mr=4730297
https://arxiv.org/abs/2405.09383
https://doi.org/10.1007/978-3-662-53622-3
http://www.ams.org/mathscinet-getitem?mr=3644391
https://arxiv.org/abs/2412.13893
https://doi.org/10.1016/j.jctb.2018.12.007
https://arxiv.org/abs/1408.3869
http://www.ams.org/mathscinet-getitem?mr=3980088
https://doi.org/10.1137/23M1550530
https://arxiv.org/abs/2205.01191
http://www.ams.org/mathscinet-getitem?mr=4839678
https://escholarship.org/uc/item/0kk6d2jv
https://doi.org/10.1007/s00493-025-00150-6
https://arxiv.org/abs/2305.07456
http://www.ams.org/mathscinet-getitem?mr=4919978
https://users.renyi.hu/~gyarfas/Cikkek/36_Gyarfas_ProblemsFromTheWorldSurroundiPerfectGraphs.pdf
http://www.ams.org/mathscinet-getitem?mr=951359

DOMINATED BALANCED SEPARATORS IN WHEEL-INDUCED-MINOR-FREE GRAPHS 19

[29] KEVIN HENDREY, SERGEY NORIN, RAPHAEL STEINER, AND JEREMIE TURCOTTE, “On an induced version
of Menger’s theorem”, Electron. J. Combin., 31(4), Paper No. 4.28, 21, 2024.
& DOI: 10.37236/12575 & arXiv: 2309.07905 & MR: 4816506

[30] TuukkA KORHONEN, “Grid induced minor theorem for graphs of small degree”, J. Combin. Theory Ser.
B, 160:206—-214, 2023.
& DOI: 10.1016/j.jctb.2023.01.002 & arXiv: 2203.13233 & MR: 4539481

[31] TuukkA KORHONEN AND DANIEL LOKSHTANOV, “Induced-minor-free graphs: Separator theorem, subexpo-
nential algorithms, and improved hardness of recognition”, in Proceedings of the 2024 Annual ACM-SIAM
Symposium on Discrete Algorithms (SODA), pp. 5249-5275, SIAM, Philadelphia, PA, 2024.
& DOI: 10.1137/1.9781611977912.188 & arXiv: 2308.04795 & MR: 4699433

[32] PapLoma T. LiMA, MARTIN MILANIC, PETER MURSIC, KAROLINA OKRASA, PAWEL RZAZEWSKI, AND
KENNY STORGEL, “Tree decompositions meet induced matchings: Beyond max weight independent set”,
in 82nd annual Furopean Symposium on Algorithms, ser. LIPIcs. Leibniz Int. Proc. Inform. Vol. 308, Art.
No. 85, 17, Schloss Dagstuhl. Leibniz-Zent. Inform., Wadern, 2024.
& DOLI: 10.4230/lipics.esa.2024.85 & arXiv: 2402.15834 & MR: 4802370

[33] KONRAD MAJEWSKI, TOMAS MASARIK, JANA MASARIKOVA, KAROLINA OKRASA, MARCIN PILIPCZUK,
PAWEL RZAZEWSKI, AND MAREK SOKOLOWSKI, “Max weight independent set in graphs with no long
claws: An analog of the Gyérfds’ path argument”, ACM Trans. Comput. Theory, 16(2):Art. 8, 18, 2024.
& DOI: 10.4230/LIPIcs.ICALP.2022.93 & arXiv: 2203.04836 & MR: 4751415

[34] TuNG NGUYEN, ALEX SCOTT, AND PAUL D. SEYMOUR, “A counterexample to the coarse Menger
conjecture”, J. Combin. Theory Ser. B, 173:68-82, 2025.
& DOI: 10.1016/j.jctb.2025.01.004 & arXiv: 2401.06685 & MR: 4864849

[35] JaNA NovoTNA, KAROLINA OKRASA, MICHAL PILIPCZUK, PAWEL RZAZEWSKI, ERIK JAN VAN LEEUWEN,
AND BARTOSZ WALCZAK, “Subexponential-time algorithms for finding large induced sparse subgraphs”,
Algorithmica, 83(8):2634-2650, 2021.
& DOI: 10.1007/s00453-020-00745-z & arXiv: 1910.01082 & MR: 4289472

[36] BRUCE A. REED, “Tree width and tangles: A new connectivity measure and some applications”, in
Surveys in combinatorics, 1997 (London), ser. London Math. Soc. Lecture Note Ser. Vol. 241, pp. 87-162,
Cambridge Univ. Press, Cambridge, 1997.
¢ DOI: 10.1017/CB09780511662119.006 & MR: 1477746

[37] NEIL ROBERTSON AND PAUL D. SEYMOUR, “Graph minors. II. Algorithmic aspects of tree-width”, J.
Algorithms, 7(3):309-322, 1986.
¢ DOI: 10.1016/0196-6774(86)90023-4 & MR: 855559

[38] NEIL ROBERTSON AND PAUL D. SEYMOUR, “Graph minors. V. Excluding a planar graph”, J. Combin.
Theory Ser. B, 41(1):92-114, 1986.
¢ DOI: 10.1016/0095-8956(86)90030-4 & MR: 854606

[39] NEIL ROBERTSON AND PAUL D. SEYMOUR, “Graph minors. XIII. The disjoint paths problem”, J. Combin.
Theory Ser. B, 63(1):65-110, 1995.
¢ DOI: 10.1006/jctb.1995.1006 & MR: 1309358

[40] PAwWEL RzAZEWSKI, Personal Communication, 2025.

[41] NIKOLA YoLOV, “Minor-matching hypertree width”, in Proceedings of the Twenty-Ninth Annual ACM-
SIAM Symposium on Discrete Algorithms, pp. 219-233, STAM, Philadelphia, PA, 2018.
& DOI: 10.1137/1.9781611975031.16 & arXiv: 1704.02939 & MR: 3775804

§APPENDIX A. DOMINATED BALANCED SEPARATORS IN FAN-INDUCED-MINOR-FREE
GRAPHS

Given an integer ¢ > 2, let F; denote the ¢-fan, that is, the graph obtained from an
(-vertex path by adding a universal vertex. Clearly, F} is an induced subgraph of W1,
so Theorem 3.4 immediately implies that the class of Fj-induced-minor-free graphs has
balanced separators dominated by few vertices. However, this result is a much more
straightforward consequence of Lemmas 3.1 and 3.2, which we prove here.

Theorem A.1l. For every integer { = 2 and every Fy-induced minor free graph G with
weighting w of G there is a w-balanced separator of G that is dominated by at most ¢
vertices.

Proof. Let P = pypy...p, be a minimal path as in Lemma 3.2. Since N|[P] is a w-
balanced separator of G by Lemma 3.2, we may assume k > 3. Let (Q :=p;...pp_1-
By the minimality of P there is a unique heavy component B of G — V(Q). Apply-
ing Lemma 3.1 with X = N[Q], Y = N[pi], and Z := V(Q), we conclude that the
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set S := N[N(B) u {px}] is a w-balanced separator of G. Note that the graph ob-
tained from G[Q u B] by contracting B into a single vertex and successively deleting
degree-1 vertices and suppressing degree-2 vertices is a | N (B)|-fan as long as [N (B)| = 2,

so |[N(B)| < ¢ since G is Fy-induced minor free. Hence, S is dominated by at most ¢

vertices, as required. ]
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