22

23

24

25

26

27

28

29

30

31

32

33

Reuniting x-boundedness with
polynomial y-boundedness

Maria Chudnovsky*!, Linda Cook'?, James Davies®, and Sang-il Oum'*

1 Department of Mathematics, Princeton University, Princeton, USA
2Discrete Mathematics Group, Institute for Basic Science (IBS), Daejeon, South Korea
3Department of Pure Mathematics and Mathematical Statistics, University of Cambridge, Cambridge, UK
4Department of Mathematical Sciences, KAIST, Daejeon, South Korea
Email addresses: nchudnov@math.princeton.edu, lindacook@ibs.re.kr, jgd37@cam. ac. uk,
sangil@ibs.re.kr

October 19, 2023

Abstract

A class F of graphs is x-bounded if there is a function f such that x(H) < f(w(H))
for all induced subgraphs H of a graph in F. If f can be chosen to be a polynomial, we say
that F is polynomially x-bounded. Esperet proposed a conjecture that every y-bounded
class of graphs is polynomially x-bounded. This conjecture has been disproved; it has
been shown that there are classes of graphs that are y-bounded but not polynomially x-
bounded. Nevertheless, inspired by Esperet’s conjecture, we introduce Pollyanna classes
of graphs. A class C of graphs is Pollyanna if C N F is polynomially x-bounded for every
X-bounded class F of graphs. We prove that several classes of graphs are Pollyanna and
also present some proper classes of graphs that are not Pollyanna.

1 Introduction

The chromatic number of a graph G, denoted by x(G), is the minimum number of colors
needed to color the vertices of GG such that adjacent vertices always receive distinct colors. A
clique of a graph is a set of pairwise adjacent vertices. We write w(G) to denote the maximum
size of a clique in a graph G. For a graph H, we say G is H -free if G has no induced subgraph
isomorphic to H.

Obviously x(G) > w(G). In general, x(G) is not bounded from above by any function of
w(G); there are constructions for triangle-free graphs with arbitrary large x (G) [Des47, Des54,
Myc55, Zyk49]. The strong perfect graph theorem [CRST06] states that x(H) = w(H) for all
induced subgraphs H of a graph G if and only if G has no odd cycles or their complements as
an induced subgraph. Such graphs are called perfect.

Motivated by perfect graphs, Gyarfas [Gya75] initiated the study of graph classes on which
X(G) is bounded from above by a function of w(G). A class F of graphs is x-bounded if there

*Supported by NSF-EPSRC Grant DMS-2120644 and by AFOSR grant FA9550-22-1-0083.
TSupported by the Institute for Basic Science (IBS-R029-C1).
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(a) A (7,5)-pineapple. (b) A 5-lollipop. (c) A bowtie. (d) A bull.

Figure 1: Forbidding any of these graphs makes a Pollyanna class of graphs.

exists a function f such that x(H) < f(w(H)) for all induced subgraphs H of a graph in F.
Such a function f is called a x-bounding function for F. It is a well-known result of Erdds
that for every g > 3 there exist graphs arbitrarily large chromatic number and with no cycle
of length less than g. Hence, if H contains a cycle, then the class of H-free graphs is not
x-bounded. (The converse is the well-known Gyarfas-Sumner conjecture [Gya75, Sum81]).

A class of graphs is polynomially x-bounded if it has a polynomial y-bounding function.
Examples of polynomially x-bounded classes of graphs includes, perfect graphs [CRST06],
even-hole-free graphs [CS23], circle graphs [DM21, Dav22], rectangle intersection graphs
[AG60, CW21], bounded twin-width graphs [BT23], and H-free graphs for certain small
forests H [SSS22a, SSS22b, CSSS23]. Note that for every graph H, if the class of H-free graphs
is polynomially y-bounded, then H satisfies the celebrated Erdés-Hajnal conjecture [EH89],
which is largely open (see also [Chul4]). A major open problem is whether the class of Ps-
free graphs is polynomially y-bounded, since this would imply the smallest open case of the
Erdés-Hajnal conjecture. The best known x-bounding function for P;-free graphs is quasi-
polynomial [SSS23].

Esperet [Esp17] conjectured that every y-bounded class of graphs is polynomially y-
bounded. Recently, this conjecture was disproved by Brianski, Davies, and Walczak [BDW23]
by extending ideas from a paper of Carbonero, Hompe, Moore, and Spirkl [CHMS23]. In par-
ticular, Brianski, Davies, and Walczak constructed classes of graphs that are y-bounded but
not polynomially y-bounded. Nevertheless, inspired by Esperet’s conjecture, we consider its
analog for proper classes of graphs. We say that a class C of graphs is Pollyanna if C N F
is polynomially y-bounded for every x-bounded class F of graphs. Note that every poly-
nomially x-bounded class of graphs is Pollyanna, so Pollyanna classes of graphs generalize
polynomially x-bounded classes.

Here is our first main theorem. See Figure 1 for an illustration of forbidden graphs; precise
definitions are given in each corresponding section.

Theorem 1.1. Let m, k, t be positive integers. The following graph classes are all Pollyanna.
(i) The class of mK;-free graphs.
(ii) The class of (t, k)-pineapple-free graphs.
(iii) The class of t-lollipop-free graphs.
(iv) The class of bowtie-free graphs.
(v) The class of bull-free graphs.

None of the classes mentioned in Theorem 1.1 are x-bounded, because if a graph H con-
tains a cycle, then H-free graphs contain all graphs of large girth and therefore the chromatic
number of H-free graphs is not bounded by the theorem of Erd4s [Erd59].

The most difficult case of Theorem 1.1 is showing that bull-free graphs are Pollyanna.
Bull-free graphs are of particular interest because of their complex structure, which was char-
acterized by Chudnovsky [Chul2b, Chul2a], and have been widely studied. Chudnovsky and
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pentagram spider tall strider short strider

Figure 2: A pentagram spider, a tall strider, and a short strider are graphs obtained from the
above figure by adding any additional edges between two red hollow vertices.

2 I\

Figure 3: Graphs Py, C7, Fr, and W5. The class of (Py, C7, Fr, W7)-free graphs is not Pollyanna.

Safra [CS08] showed that the bull satisfies the celebrated Erdés-Hajnal Conjecture. Bull-free
graphs also have strong algorithmic properties [TTV17, CS18, FM04]. Thomassé, Trotignon,
and Vuskovi¢ [TTV17] showed that there is a function f such that every bull-free G satisfies
X(G) < f(xr(G),w(G)) where xr(G) is the maximum chromatic number of a triangle-free
induced subgraph of GG by using results of Chudnovsky [Chul2b, Chul2a]. Note that their
function f is far from being polynomial in w(G). Hence, our result that the class of bull-
free graphs is a Pollyanna class is a strengthening of this result of Thomassé, Trotignon, and
Vuskovi¢ [TTV17].

We will actually prove something stronger than the statement in Theorem 1.1. For an
integer n, we say a class F of graphs is n-good if it is hereditary and there is some constant m
such that every G € F with w(G) < n satisfies x(G) < m. Note that n-goodness is a strictly
weaker condition than y-boundedness [CHMS23, BDW23, GIP"23]. We say a class C of graphs
is n-strongly Pollyanna it CNF is polynomially y-bounded for every n-good class F of graphs.
We say that C is strongly Pollyanna if it is n-strongly Pollyanna for some integer n. Note that
for each n < 1, a class C of graphs is n-strongly Pollyanna if and only if it is polynomially
Xx-bounded. We will show the following:

Theorem 1.2. Let m, k, t be positive integers. The following statements hold.
(i) The class of mK,;-free graphs is (t — 1)-strongly Pollyanna.
(ii) The class of (t, k)-pineapple-free graphs is (2t — 4)-strongly Pollyanna.
(iii) The class of t-lollipop-free graphs is (3t — 6)-strongly Pollyanna.
(iv) The class of bowtie-free graphs is 3-strongly Pollyanna.
(v) The class of bull-free graphs is 4-strongly Pollyanna.

Our second main theorem shows that a certain proper class of graphs is not Pollyanna,
which generalizes the theorem of Brianski, Davies, and Walczak [BDW23] that the class of
all graphs is not Pollyanna. See Figures 2 and 3 for an illustration of pentagram spiders, tall
striders, short striders, Fr, W, the complement Py of Py, and the complement C-of Cr; precise
definitions are given in Section 9.

Eleorem 1.3. Let F be the set of all pentagram spiders, all tall striders, all short striders, Py,
Ch, F, and W, for alln > 7. Then the class of F -free graphs is not Pollyanna.

3
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We will actually prove something significantly more general than Theorem 1.3 (see Theo-
rems 8.2 and 8.9), where F can be any finite collection of graphs that are not willows. We will
introduce willows in Section 8.

The paper is organized as follows. Section 2 reviews basic definitions and properties. Sec-
tions 3 to 7 each deal with the proof of a different case of Theorem 1.1 in order, and we remark
that each of these sections can be read independently of each other. Sections 8 and 9 deal with
the proof of Theorem 1.3. Section 10 ends the paper with a discussion of further work and
several open problems.

2 Preliminaries

We denote the complement of a graph G by G. For a graph H, a graph G is H-free if G has no
induced subgraph isomorphic to H. For a set F of graphs, a graph G is F-free if G is H-free
for every H € F. For a vertex v of a graph GG, we write N (v) to denote the set of all neighbors
of v. Foraset S C V(G), we will denote UsesNg(s) \ S by N(S). In situations where it is not
ambiguous, we will denote N¢(v) by N(v) and N¢(S) by N(S). For two disjoint sets A and B
of vertices, we say that A is anti-complete to B if there are no edges between A and B, and
complete to B if every vertex in A is adjacent to every vertex in B. If A is neither complete nor
anti-complete to B, then we say A is mixed on B. We let P, denote the path on ¢-vertices. The
length of a path or a cycle is the number of its edges. For S, T C V(G) the distance between
S and 7' is the length of a shortest path with one end in S and the other end in 7.

In the rest of this section, we detail further preliminaries that we require to show that the
class of t-lollipop-free and the class of bull-free graphs are Pollyanna.

A homogeneous set of a graph G is a set X of vertices such that 1 < |X| < |V(G)| and
every vertex in V(G) \ X is either complete or anti-complete to X. Substituting a vertex v
of a graph GG by a graph H is an operation that creates a graph obtained from the disjoint
union of  and G’ — v by adding an edge between every vertex of H and every neighbor of v
in G. Notice that if |V(G)|, |V (H)| > 1, then V(H) is a homogeneous set in this new graph.
We require a theorem of Chudnovsky, Penev, Scott, and Trotignon [CPST13] that substitution
preservers polynomial x-boundedness. Given a class C of graphs, we let C* denote the closure
of C under substitutions and disjoint unions.

Theorem 2.1 (Chudnovsky, Penev, Scott, and Trotignon [CPST13]). Let C be a class of graphs.
IfC is polynomially x-bounded, then so is C*.

We further require some results on perfect graphs. A hole is an induced cycle of length at
least four. The parity of a hole (or path) is the parity of its length. An induced subgraph A
of a graph G is an antihole if V(A) induces a hole in G. A graph G is called perfect if every
induced subgraph H of G satisfies w(H) = x(H). The “Strong Perfect Graph Theorem” of
Chudnovsky, Robertson, Seymour, and Thomas [CRST06] states that a graph is perfect if and
only if it does not contain an odd hole or an odd antihole.

We do not require the full force of the strong perfect graph theorem and so, we will instead
use the following three results. They are easy corollaries of the strong perfect graph theorem,
but they were proven several years earlier and have much shorter proofs.

Theorem 2.2 (Seinsche [Sei74]). Every P,-free graph is perfect.

Theorem 2.3 (Chvatal and Sbihi [CS87]). A bull-free graph is perfect if and only if it does not
contain an odd hole or odd antihole.

Lemma 2.4 (Lovasz [Lov72]). The class of perfect graphs is closed under taking substitutions.

4
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3 Adding a clique

We write H U F to denote the disjoint union of two graphs H and F'. We prove that if the
class of H-free graphs is Pollyanna, then so is the class of (K; U H)-free graphs. Our proof
is very similar to Wagon’s proof [Wag80] that the class of mK,-free graphs is polynomially
Xx-bounded for each positive integer m.

Proposition 3.1. Lett > 1 be an integer. If the class of H-free graphs is Pollyanna, then the
class of (K U H)-free graphs is Pollyanna.

Proof. Let C be the class of (K;U H )-free graphs. Let D be the class of H-free graphs. Let F be
a x-bounded hereditary class of graphs with a x-bounding function f. We may assume that
f is an increasing function. Assume that 7 N D is x-bounded by a x-bounding polynomial g.
We may also assume that g is an increasing function.

Let GG be a graph in F N C. To prove that 7 N C is x-bounded, we claim that

V() < (W(G))f(t “1+ (“’<G))g<w<G>>. 1)

t—1 t

We may assume that w(G) > t because otherwise x(G) < f(t — 1). Let K be a clique of G
with | K| = w(G).

Now, for each subset M of K with | M| =t—1,let Ay be the set of all vertices in V(G) \ K
that are complete to K \ M. Since K \ M is complete to A, we have that w(G[Ay]) <
W(G)~w(GIR\M]) =(G)—(@(G)—(t—1)) = 1—1. Therefore, x(G[Aw]) < f((G[Au])) <
St —=1).

For each subset N of K with |N| = t, let A\ be the set of all vertices in V(G) \ K that
are anti-complete to N. Since G has no induced subgraph isomorphic to K; U H, G[A}y] € D.
This implies that x(G[Ay]) < g(w(G)). Observe that every vertex in V(G) is in M U A, for
some M C K with [M| =1t — 1, or in Ay, for some N with | N| = t. Thus we deduce that (1)

holds since there are (w(G‘*)’(_Cg_l)) = (“;(_Gj\s such choices for M, and (“(tG )) choices for N. []

We can use the almost same proof to prove the following.

Proposition 3.2. If the class of H-free graphs is (t — 1)-strongly Pollyanna, then the class of
KU H-free is (t — 1)-strongly Pollyanna. ]

Since the class of K;-free graphs is trivially (¢ — 1)-strongly Pollyanna, we deduce the
following corollary.

Corollary 3.3. The class of mK,-free graphs is (t — 1)-strongly Pollyanna. ]

Corollary 3.3 implies the aforementioned result of Wagon [Wag80] that the class of m K-
free graphs is polynomially x-bounded for each positive integer m.

4 Pineapple-free graphs

For positive integers ¢ and k, a (¢, k)-pineapple is a graph obtained by attaching k pendant
edges to a vertex of a complete graph K, see Figure 1a. In this section, we will show that
the class of (t, k)-pineapple-free graphs is Pollyanna. First, we need to introduce Ramsey’s
theorem with some explicit bounds.
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Figure 4: An illustration for the proof of Proposition 4.2.

For positive integers s and ¢, let R(s,t) be the minimum positive integer N such that
every graph on V vertices contains a clique of size s or an independent of size ¢. Ramsey’s
theorem [Ram30] states that R(s,t) exists. Erd6s and Szekeres [ES35] proved the following

upper bound.

Proposition 4.1 (Erd6s and Szekeres [ES35]). For positive integers s and t, we have R(s,t) <

(50

Because of Proposition 4.1, if ¢ is a fixed constant, then R(s, ) is bounded from above by

a degree-(t — 1) polynomial in s.

We are now ready to prove that the class of pineapple-free graphs is Pollyanna.

Proposition 4.2. Lett, k be positive integers. The class of (t, k)-pineapple-free graphs is (2t —4)-

strongly Pollyanna.

Proof. We may assume that ¢ > 2, because otherwise the class of (¢, k)-pineapple-free graphs
is polynomially y-bounded by Proposition 4.1. Let F be a hereditary class of graphs and let C'
be a positive integer such that x(G) < C whenever G € F and w(G) < 2t — 4. Let G be the

class of (¢, k)-pineapple-free graphs. Let G € F N G. Let

o2 () s ((0) 1) (117)

Let w be a positive integer. We claim that if w(G) < w, then x(G) < g(w). We proceed by
induction on |V (G)|. We may assume that w(G) > 2t —3 because otherwise x(G) < C' < g(w).

Let K be a clique of size w(G). For a nonempty subset M of K with [M| <t — 1, let Ay,
be the set of vertices in V(G) \ K that are complete to K \ M and anti-complete to M. Then
w(G[Apy U M]) = |M| and therefore x(G[Ay U M]) < C. Let S be the union of all A, for

every choice of M C K satisfying 1 < |M| < ¢t — 1. Then,

GEUS) < NGAmU )+ Y x(GlAw)

veK MCK, 2<|M|<t—1

<oy (4)-

(2)

For a subset IV of K with |N|=t—1andavertex v of K\ N, let Ay, be the set of vertices in
N(v)\ K that are anti-complete to V. Clearly, w(Aly,) <w —1. As G is (t, k)-pineapple-free,

GlAY,]

Ay | < Rw—1,k).

Note that, by definition, every vertex u € N (K') with at least t — 1 non-neighbors in K is
in Ay, for some N C K\ N(u) and v € K with |[N| = — 1. Let T' be the union of all A,

for every choice of N C K and v € K \ N such that |[N| = ¢ — 1. Then,

7| <t(°:>R(w—1,k).
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It follows from the definition of S and 7" that S is the set of all vertices in N (K) with
fewer than t — 1 non-neighbors in K and 7' is the set of all vertices in N (K) with at least t — 1
non-neighbors in K, see Figure 4. Hence, N(K) = SUT.

Since |K| > 2t — 3, each vertex v € S has at least ¢ — 1 neighbors in K and therefore
IN(v) \ (K UN(K))| < R(w — 1,k) because G is (t, k)-pineapple-free. Then by (3), each
vertex v € K U S has fewer than o := (£(¥) 4 1) R(w — 1, k) neighbors in V(G) \ (K U S).
Letc; : V(G\ (K US)) — {1,2,...,9(w)} be a coloring of G \ (K U S) obtained by the
induction hypothesis. By (2), there is a coloring co : K U S — {1,2,...,m(w)} of G[S]. We
define a coloring ¢ : V(G) — {1,2,...,g(w)} of G as follows. For v € V(G \ (K U S)),
define ¢(v) := ¢1(v). Since every v € K U S has fewer than « neighbors in V(G) \ (K U 5),
there is some choice of ¢(v) € {a(c2(v) — 1) + 1, a(ce(v) — 1) + 2,..., aca(v)} that is not
present in N (v) \ S. Since ¢y was a proper coloring of G[K U 5], it follows that ¢ is a proper
coloring for G with at most max(am(w), g(w)) colors. Note that R(w — 1, k) < (“’Zfl_?’) by
Proposition 4.1. This completes the proof.

5 Lollipop-free graphs

Let ¢t > 1 be a fixed integer. The ¢-lollipop is a graph obtained from the disjoint union of the
complete graph K, on t vertices and the path graph P on 2 vertices by adding an edge, see
Figure 1b. Note that a ¢-lollipop is a (¢, 1)-pineapple whose pendant edge is subdivided once.
In this section, we aim to show that the class of ¢-lollipop-free graphs is Pollyanna.

We say that a graph H is tidy if |V (H)| > 2 and for any partition of V(H) into two
nonempty subsets M and [V, one of the following holds.
(U1) H[M] contains a clique K of size t — 1 and N has a vertex anti-complete to K in H.
(U2) H[N] contains a clique K of size t — 1 and H has adjacent verticesz € M andy € N\ K

such that both x and y are anti-complete to K in H.

Lemma 5.1. Lett > 3 be an integer. The disjoint union of two copies of Ko_3 is tidy.

Proof. Let Sy, S5 be the two cliques of cardinality 2¢ — 3 and let H be the disjoint union of S}
and Sy. Let M, N be nonempty disjoint subsets of V' (H) such that M U N = V(H ). We may
assume (U1) does not hold for M, N.

Claim 1. Foreachi € {1,2}, if S; N # (), then |S3_; " N| >t — 1.

Proof. Since (U1) does not hold for S3_;, we deduce that |S3_; N M| < ¢t — 1. Therefore |S5_; N
N|>t—1. n

We may assume S; N N # (). By Claim 1, we obtain |Sy N N| > ¢ — 1. Since ¢ > 2, this
implies S, N N # () and therefore by Claim 1, we have |S; N N| >t — 1.

Let z € M. Then z € S; for some i € {1,2}. By the previous paragraph, there is some
y € S; N N and some subset X C S3_; N N of cardinality ¢ — 1. Now, K, x, and y satisfy
(U2). O

A set S of vertices is a split if it has the property that for every v, u ¢ S where v is complete
to S and u is mixed on S, the vertices u and v are adjacent. A set S of vertices of a graph G is
fair if for every v € N(.S), either v is complete to S or w(G[S \ N(v)]) >t — 1.

Lemma 5.2. Lett > 3 be an integer. If G is at-lollipop-free graph and G[S] is tidy for S C V(G),
then S is a fair split.
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Proof. Let us first show that S is a split. Suppose that a vertex v € V(G) \ S is complete to .S,
a vertex u € V(G) \ S is mixed on S, and u is non-adjacent to v. Let N = Ng(u) NS and
M =S\ N. As M, N # (), (U1) or (U2) holds. If (U1) holds with the clique K C M and the
vertex w € N, then G[K U {w, u, v}] induces a t-lollipop. If (U2) holds with the clique K C N
and two adjacent vertices © € M, y € N, then G[K U {z,y,u}] induces a t-lollipop. This
proves that S is a split.

Now let us show that S is fair. Suppose that v is not complete to S and w(G[S \ N (v)]) <
t—1.Let N = N(v)NnSand M = S\ N. By the assumption on w(G[S \ N(v)]), (U1) does
not hold and therefore (U2) holds with the clique KX C N and two adjacent vertices x € M,
y € N\ K. This implies that G| K U {z, y, v}] induces a ¢-lollipop, a contradiction. O

The following lemma is an immediate consequence of Lemmas 5.1 and 5.2. For brevity, we
will denote the disjoint union of two copies of Ko 3 by 2/y;_3.

Lemma 5.3. Lett > 3 be an integer. Let G be a t-lollipop-free graph and let S C V(G) induce
a copy of 2Ko;_3. Then S is a fair split. O]

Next, we show that if some fair split is contained in the neighborhood of a vertex, then G
has a homogeneous set.

Lemma 5.4. Lett > 3 be an integer. Let G be a t-lollipop-free graph and v be a vertex. If some
S C N(v) is a fair split in G, then G has a homogeneous set.

Proof. Let X be the set of all vertices in V(G) \ S complete to S. As v € X, the set X is
nonempty. Let Y be the set of all vertices in V(G) \ S mixed on S. Since S is a split, X is
complete to Y.

Let Z be the set of vertices in V(G) \ (S U X UY) that have a path to S in G \ X. We
claim that Z is complete to X. Suppose not. Then there are z € X and z € Z such that z is
non-adjacent to z. Let P be a path from 2 to S in G\ X. We choose z, z, and P such that
the length of P is minimized. By such a choice, V(P) \ {z} is complete to z and V(P) NY
has a unique vertex, say y. Because S is fair, w(G[S \ N(y)]) >t — 1. Let K be a clique of
sizet — 1in G[S \ N(y)]. Let 2’ be the vertex on P adjacent to z. Then 2’ is anti-complete
to K so G[K U{z, 2, z}] is a t-lollipop, a contradiction. This proves that Z is complete to X.
Since V(G) \ (SUX UY U Z) is anti-complete to S UY U Z in G, it follows that SUY U Z
is a homogeneous set in G. ]

Let 2K, 4 be the graph obtained from 2K, 3 by adding a new vertex adjacent to all other
vertices. Before showing that the class of ¢-lollipop-free graphs is Pollyanna, as an intermedi-
ate step, we first show that the class of (¢-lollipop, 2K73, ;)-free graphs is Pollyanna.

Lemma 5.5. For every integer t > 3, the class of (t-lollipop, 2K, _5)-free graphs is (3t — 6)-
strongly Pollyanna.

Proof. Let C be the class of ¢-lollipop-free 2K, ;-free graphs. Let F be a hereditary class of
graphs and let m be a positive integer such that x (G)) < m whenever G € F and w(G) < 3t—6.

Let G be a graph in F N C. For every vertex v of G, G[N(v)] has no induced subgraph
isomorphic to 2Ky;_3 because G is 2K, ;-free. We may assume that w(G) > 3t — 6 because
otherwise x(G) < m. Let K be a clique of G with |K| = w(G). Let A= N(K) and B =
V(G)\ (KU N(K)).

Claim 2. w(G|[B]) < 3t — 6.
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Proof. Suppose that G[B] has a clique L of size 3t — 5. Let P be a shortest path vy-v;-- - - - Vg
from K to L where vy € K and vy € L. By definition, ¢ > 2.

If vy has at least t — 1 non-neighbors in L, then the graph induced by (L \ N(v;_1)) U
{vg, ve_1,v¢_2} contains a t-lollipop, a contradiction. Therefore, v,_; has at least 2t — 3 neigh-
bors in L.

If v; has at least ¢ — 1 non-neighbors in K, then the graph induced by (K \ N(v;)) U
{vo, v1,v2} contains a t-lollipop, a contradiction. Therefore v, has at least 2¢ — 3 neighbors
in L. So, { > 2 for otherwise, the graph on N (v;) contains an induced subgraph isomorphic
to 2K2t_3.

Ast > 3, we have 2t — 3 > ¢ — 1. Then ¢t — 1 neighbors of vy_; in L with vy_1,vp_2,vp_3
induce a a t-lollipop, a contradiction. |

For each subset M of K with |M| < 2t — 3, let Ay, denote the set of all vertices in A
that are anti-complete to M and complete to K \ M. Then, w(G|[A]) < |M|, implying that
X(GlAw]) < m.

For each subset NV of K with |[N| = 2t — 3 and each vertex v € K \ N, let Ay be the
set of all vertices in A that are anti-complete to NV and are adjacent to v. Since G[N(v)] is
2Ky s-free, w(G[AY,]) < 2t — 4. This implies that x(G[A)y,]) < m. Observe that every
vertex of A is in Ay or A)y, for some choice of M, N, v. By the definition and the claim,

)

X(G) <w(G@) + x(A) + x(B) < w(G) + x(A) + m, so we obtain

2t—4

MO £0(G) e m Y () (5D wtcr - e -pam @

which is a polynomial in w(G). O
We are now ready to show that the class of ¢-lollipop-free graphs is Pollyanna.

Theorem 5.6. For every integer t > 1, the class of t-lollipop-free graphs is (3t — 6)-strongly
Pollyanna.

Proof. By Theorem 2.2, we may assume ¢ > 3. Let C be the class of ¢-lollipop-free graphs.
Let C' be the class of (¢-lollipop, 2K, ;)-free graphs. Let F be a hereditary class of graphs
and let m be a positive integer such that y(G) < m whenever G € F and w(G) < 3t — 6.
By Lemmas 5.3 and 5.4, every graph in C N F is either 2K, j;-free or has a homogeneous
set. Therefore, every graph in C N F belongs to the closure of C' N F under substitutions and
disjoint unions. By Lemma 5.5, C' N F is polynomially y-bounded and therefore Theorem 2.1
implies that C N F is polynomially x-bounded. [

6 Bowtie-free graphs

A bowtie is the graph on five vertices obtained from two copies of K5 by adding a new vertex v
and making it adjacent to all other vertices, see Figure 1c. In this section, we will show that
bowtie-free graphs are 3-strongly Pollyanna.

Theorem 6.1. The class of bowtie-free graphs is 3-strongly Pollyanna.

We do this by proving the following strengthening of Theorem 6.1.
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Proposition 6.2. Every bowtie-free graph G admits a partition of its vertex set into at most

f(w(@)) = [5(w(G) + 3(‘”(5)))1 + 1 = O(w(G)3) sets such that one of the sets induces a K-

free graph and all other sets induce triangle-free graphs.

One of the key observations for the proof is that if GG is bowtie-free and has an edge e not
in any triangle, then G \ e is also bowtie-free. We will show that if G is a counterexample to
Proposition 6.2 minimizing | F(G)|, then every edge of G is in a triangle. The following two
lemmas show that some induced subgraphs are forbidden in such graphs.

Lemma 6.3. If a graph G has two disjoint cliques A and B of size 4 and 3 respectively with
exactly one edge between A and B, then G either has a bowtie as an induced subgraph or has an
edge that is not contained in a triangle.

Proof. Suppose that every edge is contained in a triangle and that G is bowtie-free. Let ay, as,
as, a4 be the vertices of A and by, by, b3 be the vertices of B. We may assume that e = a;b; is
the unique edge between A and B. Since e is contained in a triangle, there is a vertex t ¢ AUB
adjacent to both a; and by. As {ay, x, by, be, b3} does not induce a bowtie, we may assume that =
is adjacent to by. Similarly, as {b, z, a1, a;, aj} does not induce a bowtie forall 2 <1 < j <4,
we may assume that = is adjacent to as and a3. Then {z, as, as, by, bo} induces a bowtie, a
contradiction. [

Lemma 6.4. If a graph G has two disjoint and anti-complete cliques A and B of size 4 and 3
respectively and a vertex v with at least one neighbor in each of A and B, then G either has a
bowtie as an induced subgraph or has an edge that is not contained in a triangle.

Proof. Suppose that GG is bowtie-free and that every edge is contained in a triangle and suppose
there is some v € V(@) with at least one neighbor in each of A and B.

Claim 3. For everyu € V(G) with at least one neighbor in each of A and B, u has at most one
neighbor in B.

Proof. If u has at least two neighbors in B, then u has exactly one neighbor in A because G is
bowtie-free. It follows that A and {u} U (NN (u) N B) are two cliques of size 4 and 3 respectively
with exactly one edge between A and {u} U (N (u) N B), contradicting Lemma 6.3. [

Hence, we may assume v has exactly one neighbor b € B.
Claim 4. |[N(v) N A| > 2.

Proof. Suppose that v has exactly one neighbor a; in A. As there is a triangle containing a,v,
there is a common neighbor z ¢ A U B of a; and v. Since G[A U {x,v}] is bowtie-free,
is adjacent to at least three vertices a1, as, az in A. Since G[{as, as, x} U B] is bowtie-free, it
follows that = has at most one neighbor in B. By Lemma 6.3, = is adjacent to no vertex in 5.

There is a common neighbor y ¢ AU B of v and b and y is adjacent to at least two vertices
in B. Hence y cannot be adjacent to two vertices of A for otherwise G[{y} U N(y)] would
contain a bowtie. By Lemma 6.3, y has no neighbor in A. Note that y # x since x is not adjacent
to bl.

Since G[{v, a1, z,y,b}] is not a bowtie, = is adjacent to y. Then G has two cliques {z} U
(N(z)NA)and {y} U(N(y) N B) of cardinality at least 4 and 3 respectively with exactly one
edge xy between {z} U (N(z) N A) and {y} U (N(y) N B), contradicting Lemma 6.3. |
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Now it remains to consider the case where v has at least two neighbors in A. Let y be a
common neighbor of v and b. Since {v, y} U B does not induce a bowtie, y has at least two
neighbors in B. Then by Claim 3, y has no neighbor in A. But then the graph induced by
AU{v,y,b} contains a bowtie, a contradiction. This completes the proof. ]

We are now ready to prove Proposition 6.2 (and thus Theorem 6.1).

Proof of Proposition 6.2. We proceed by induction on |E(G)|. We may assume that G is con-
nected. The statement is trivial if w(G) < 4 and so we may assume that w(G) > 4.

If there is an edge e that does not belong to any triangle, then G\ e is bowtie-free. Suppose
there is some e € F(G) such that e is not contained in any triangle. Let G’ = G \ e. Then,
w(G") = w(G). By the inductive hypothesis, V() admits a partition into sets X1, Xo, ..., Xj
such that £ < f(w(G)), w(G'[X1]) < 3, and G'[X;] is triangle-free for all ¢ € {2,3,..., k}.
Since e is not in any triangle of G, we deduce that w(G[X;]) < 3 and G[X;] is triangle-free for
alli € {2,3,..., k}. Therefore, we may assume that every edge is in a triangle.

Let K be a maximum clique in G. Then |K| = w(G) > 4. Suppose that there is a vertex v
such that the distance from v to K is 3. Let P be a shortest path vg-v;-v2-v3 from K to v where
vg € K and vz = v. There is a common neighbor = of v and vs. Since the distance between
K and vj is equal to 3, the two cliques K and {vy, v3, 2} are disjoint and anti-complete. Then
vy has neighbors in both K and {v, v3, 2}, contradicting Lemma 6.4, Therefore, every vertex
of GG is within distance 2 from K.

Let A be the set of vertices of distance 1 from K and B = V(G) \ (K U A). Note that every
vertex in B has a neighbor in A and every vertex in A has at least one non-neighbor in K.
By Lemma 6.4, G[B] is triangle-free. For each vertex x € K, let S, be the set of vertices in A
complete to K \ {x}. Since K is a maximum clique, S, U {z} is independent. For distinct
vertices ,y, z € K,let T, , = (AN Ng(2)) \ (Ne(z) U Ne(y)). Since G is bowtie-free, T}, .
is independent.

By definition, every a € A with at least two non-neighbors in K isin 7} , . for some choice
of x,y,2 € K and every a € A with exactly one non-neighbor # € K is in S,. Therefore,
we have a partition of V(G) into S, U {z} for v € K, T}, , for x,y,2 € K, and B. Note
that every set except B in our partition is stable, so we can merge any other two sets in our
partition to obtain another triangle-free set. So we obtain a partition of V' (G) into at most
[L(w(G) + S(W(f))ﬂ + 1 sets. O

2

7 Bull-free graphs

In this section, we will show that the class of bull-free graphs is Pollyanna. We will begin
by reducing the problem of showing the class of bull-free graphs is Pollyanna to showing
that a simpler subclass of bull-free graphs is Pollyanna using structural results about bull-free
graphs by Chudnovsky and Safra [CS08]. We begin with some definitions. For a subgraph H
of a graph G, we say v € V(G) \ V(H) is a center for H if it is complete to V(H). If v is a
center for H in G, we say v is an anticenter for H in G. We say a bull-free graph G is basic if
neither G nor G contains an odd hole with both a center and an anticenter. We say a graph G
is locally perfect if for every v € V(G), the graph induced by N (v) is perfect.

We will show that if the class of locally perfect basic bull-free graphs is Pollyanna, then
so is the class of bull-free graphs. We will require the following theorem by Chudnovsky and
Safra [CS08], which also appears in a paper of Chudnovsky [Chul2a] in greater generality
according to [CS08].

11
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Theorem 7.1 (Chudnovsky and Safra [CS08, 1.4]). Every bull-free graph can be obtained via
substitution from basic bull-free graphs.

Theorem 7.2 (Chudnovsky and Safra [CS08, 4.3]). If G is a basic bull-free graph, then G[N (v)]
or G\ (N(v) U{v}) is perfect for every vertexv of G.

Corollary 7.3. Let F be a hereditary class of graphs. If the class of locally perfect basic bull-free
graphs in F is polynomially x-bounded, then so is the class of bull-free graphs in F.

Proof. Let C denote the class of basic bull-free graphs in F. Note that C is hereditary. By
Theorems 7.1 and 2.1, it is enough to show that C is polynomially x-bounded.

Suppose that there is a polynomial f such that every locally perfect basic bull-free graph G
in F satisfies x(G) < f(w(G)). We may assume that f(n) > n for all positive integers n.

We claim that every G € C satisfies x(G) < Z:(ﬁ) f(k). We proceed by the induction
on w((G). The statement is trivial if w(G) < 1 and so we assume that w(G) > 1. We may
assume that G is not locally perfect because otherwise y(G) < f(w(G)). So there is a vertex v
such that G[N(v)] is not perfect. By Theorem 7.2, G \ (N(v) U {v}) is perfect and so is
G\ N(v). Therefore, x(G \ N(v)) < w(G) < f(w(Q)). Since w(G[N(v)]) < w(G), by the
induction hypothesis, x(G[N (v)]) < Z:(j)_l f (k). This completes the proof because x(G) <
Y(GIN@)]) + x(G\ N(v). .

Hence, we only need to show that the class of locally perfect bull-free graphs is Pollyanna.
We will do so by invoking results by Chudnovsky [Chul2a] about “elementary” and “non-
elementary” bull-free graphs. A bull-free graph is elementary if it does not contain a path of
length three with both a center and an anticenter. For a positive integer k, we say a graph G is
k-perfect if V(G) can be partitioned into at most k sets each of which induces a perfect graph.
We will first prove the following proposition on elementary locally perfect bull-free graphs.

Proposition 7.4. For every 4-good class F of graphs, there is a positive integery such that every
elementary locally perfect bull-free graph in F is ~y-perfect.

We then use Proposition 7.4 to prove the following for locally perfect bull-free graphs. Its
proof uses trigraphs, which we will introduce in the next subsection.

Proposition 7.5. For every 4-good class F of graphs, there is a positive integer cr such that
every locally perfect bull-free graph is cx-perfect.

It is now straightforward to prove that the class of bull-free graphs is Pollyanna if we
assume Proposition 7.5. As we remarked in the introduction, we will actually prove that the
class of bull-free graphs is 4-strongly Pollyanna which is a stronger statement.

Theorem 7.6. The class of bull-free graphs is 4-strongly Pollyanna.

Proof assuming Proposition 7.5. By Proposition 7.5, the class of locally perfect bull-free graphs
is 4-strongly Pollyanna. Hence, we obtain that the class of bull-free graphs is 4-strongly
Pollyanna by applying Corollary 7.3. [

7.1 Trigraphs

To describe the necessary results from a paper of Chudnovsky [Chul2a], we will need to use a
generalization of graphs called trigraphs. For a set X, let us write ()2() to denote all 2-element
subsets of X. A trigraph G is an object consisting of a finite set V(G), called the vertex set

12
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of G, and the adjacency function 0 : (VgG)) — {—1,0, 1}. Two distinct vertices u and v of G are
strongly adjacent if 0({u,v}) = 1 strongly anti-adjacent if 0({u,v}) = —1, and semi-adjacent
if 0({u,v}) = 0. If uw and v are semi-adjacent, we say the pair {u, v} is a switchable pair. We
regard graphs as trigraphs without semi-adjacent pairs of vertices.

Two vertices of a trigraph are adjacent if they are strongly adjacent or semi-adjacent. Sim-
ilarly, two vertices of a trigraph are anti-adjacent if they are strongly anti-adjacent or semi-
adjacent. For two disjoint subsets A and B of vertices of a trigraph, A is strongly complete
to B if every vertex in A is strongly adjacent to every vertex in B, and strongly anti-complete
if every vertex in A is strongly anti-adjacent to every vertex in B. If a vertex z is adjacent to
a vertex y, then y is called a neighbor of x. We write Ng(x) to denote the set of all neighbors
of z. We sometimes omit the subscript if it is clear from the context.

The complement G of a trigraph G = (V, ) is a trigraph on the same vertex set V (G') with
the adjacency function § = —6. For a set X of vertices, we write G[X | to denote the subtrigraph
induced by X, which has the vertex set X and the adjacency function is the restriction of
to (7). We say that H is an induced subtrigraph of G if H = G[X] for some X C V(G). We
write G\ X to denote the trigraph G[V(G) \ X|. Isomorphisms between trigraphs are defined
as usual.

A set X of vertices of a trigraph is a strong clique if x and y are strongly adjacent for all
distinct z,y € X.

For a trigraph G, let G bea graph on V(G) such that two vertices of G are adjacent if
and only if they are adjacent in G. We call G the full realization of G. We say that G is
connected if G is connected. A connected component of a trigraph is a maximal connected
induced subtrigraph.

A graph is a realization of a trigraph G if its vertex set is equal to V(G) and its edge set
is the set of all strongly adjacent pairs and possibly some switchable pairs of G. A trigraph G
contains a graph H if G has a realization containing an induced subgraph isomorphic to 4.

A homogeneous set of a trigraph G is a proper subset X of V(G) with at least two vertices
such that every vertex in V' (G) \ X is either strongly complete or strongly anti-complete to X.

For a trigraph G, a pair (A, B) of disjoint nonempty subsets of V' (G) is a homogeneous pair
if V(G) \ (AU B) can be partitioned into four (possibly empty) sets C, D, E, and F' such that

« C'is strongly complete to A and strongly anti-complete to B,

+ D is strongly complete to B and strongly anti-complete to A,

+ F is strongly complete to both A and B, and

+ F'is strongly anti-complete to both A and B.

We say the pair (A, B) is tame if
« V(G)|—2>|A|+|B| >2and
+ A is not strongly complete to B and not strongly anti-complete to 5.
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A trigraph GG admits a homogeneous pair decomposition if it has a tame homogeneous pair. We
say that a homogeneous pair (A, B) is proper if it is tame and both C' and D are nonempty.
We say that a homogeneous pair (A, B) is small if it is tame and |A U B| < 6. See Figure 5 for
an illustration of a homogeneous pair.

We say a tame homogeneous pair (A, B) of a trigraph G is dominated if there exist (possibly
identical) vertices v and w in V(G) \ (A U B) such that v is strongly complete to A and w is
strongly complete to B. In other words, ' # () or both C' and D are nonempty.

For two homogeneous pairs (A1, By) and (As, Bs) of a trigraph, we say (A, Bs) con-
tains (Ay, By), denoted by (As, Bs) C (A4, By), if Ay C Ay and By C B,. In addition, we
say (As, Bs) contains (Ay, By) properly if (As, By) C (A1, By) and (As, By) # (A1, By). A
tame homogeneous pair of a trigraph is maximal if it is not properly contained by any tame
homogeneous pair.

We say a trigraph is monogamous if every vertex belongs to at most one switchable pair.
Shrinking a tame homogeneous pair (A, B) in a trigraph is an operation to shrink A into a
single vertex a, shrink B into a single vertex b, and make the pair {a, b} a switchable pair.

7.2 The elementary locally-perfect case

In this subsection, we will prove Proposition 7.4. The class 7; of trigraphs is defined in Chud-
novsky [Chu12b]. Thomassé, Trotignon, and Vuskovi¢ [TTV17, Subsection 2.2] observed the
following.

Observation 7.7. Every graph G in T has a partition (X, K1, Ko, ..., K}) of its vertex set into
sets for some t > 0 such that G| X| does not contain a triangle and K, . .., K, are cliques that
are pairwise anti-complete.

Hence, we immediately deduce the following.

Observation 7.8. Every graph G in T; admits a partition of its vertex set into two sets (X,Y)
such that G[X] is triangle-free and G|Y'| is perfect.

Lemma 7.9. If G is a graph with no homogeneous set and X is a proper subset of G that is not
stable, then there is an induced path x1-xo-y such that 1,2, € X andy € V(G) \ X.

Proof. Suppose not. Since X is not stable, G[X| contains a component C' with at least two
vertices. Since V' (C') is not homogeneous, there is y € G\ V(C) such that y is neither complete
nor anti-complete to V(C'). Clearly y ¢ X and since C is connected, there exist an edge ;x5
of C' such that y is adjacent to x5 and non-adjacent to x;. [

A gemis the 5-vertex graph obtained from the path of length 3 by adding a vertex adjacent
to all other vertices. Note that every gem-free bull-free graph is elementary. We first aim to
show Proposition 7.4 restricted to gem-free graphs.

Here is an easy lemma based on Theorem 2.3.

Lemma 7.10. Let G be a bull-free gem-free graph. Then G is perfect if and only if G has no odd
hole. [

Lemma 7.11. Let G be a bull-free gem-free graph. Let (A, B) be a tame homogeneous pair of G
and let C, D, E, F' be as in the definition of a homogeneous pair. If G has no homogeneous set,
then the following hold.

(i) If A is not stable, then C' is anti-complete to ' and complete to E.
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Figure 6: An illustration of Lemma 7.11(i).

(ii) If B is not stable, then D is anti-complete to F' and complete to E.
(iii) If A is not a clique, then FE is anti-complete to C' and complete to D.
(iv) If B is not a clique, then E is anti-complete to D and complete to C'.
(v) E is complete to C or D.

We remark that 7.4 of [Chu12b] implies half of each of (i)—(iv).

Proof. Suppose A is not stable. By Lemma 7.9 and the definition of homogeneous pairs, there
exist aj,ay € A and b € B such that b-a;-as is an induced path of G. Then, if there is some
¢ € C adjacent to some f € F, the graph on {f, ¢, a1, b, as} induces a bull, a contradiction. If
there is some ¢ € C' non-adjacent to some vertex x € FE, then c-as-x-b is an induced path of
length 3 with a center a,, a contradiction. See Figure 6. This proves (i). By symmetry, we also
have (ii).

Let us now prove (iii). Suppose A is not a clique. By applying Lemma 7.9 to G, we deduce
that there exist a;,a; € A and b € B such that b-a;-a; is an induced path of G. If there is a
vertex x € F adjacent to a vertex ¢ € C, then a;-c-as-b is an induced path with a center =z,
a contradiction. If some vertex = € F is non-adjacent to some d € D, then {a;,b,x, as,d}
induces a bull. See Figure 6. This proves (iii). By symmetry between A and B, we deduce (iv).

Since (A, B) is tame, |A| > 1 or | B| > 1. Thus, it follows from (i), (ii), (iii), and (iv) that £
is complete to C' or D, proving (v). O]

Based on papers of Chudnovsky [Chul2a, Chu12b], bull-free graphs admit the following
decomposition, summarized by Thomassé, Trotignon, and Vuskovi¢ [TTV17]. We state it for
graphs instead of trigraphs.

Theorem 7.12 (Chudnovsky [Chul2a, Chul2b]; see Thomassé, Trotignon, and
Vuskovi¢ [TTV17, Theorem 2.1]). Every bull-free graph G satisfies one of the following.
0) [V(G)| <8
(i) G or G belongs to T;.
(iii) G has a homogeneous set.
(iv) G has a proper homogeneous pair.
(v) G has a small homogeneous pair.

Proposition 7.13. For every 4-good class F of graphs, there is a positive integer 7y such that
every bull-free gem-free graph in F is y-perfect.

Proof. By definition of 4-good, F is hereditary and there exists a positive integer 7 such that
every triangle-free graph in F is 7-colorable. Let v = max{6,7 + 1}. Let G be a bull-free
gem-free graph in F.
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Suppose that G is not y-perfect. We choose such a G with the minimum |V (G)|. Since
the disjoint union of perfect graphs is perfect, G' is connected. Since G is gem-free and since
Py-free graphs are perfect, for every vertex v of G, G[N¢(v) U {v}] is perfect and therefore

G has no dominating set of at most -y vertices (5)

and G is locally perfect.

Claim 5. G does not admit a homogeneous set.

Proof. Suppose S C V(G) is a homogeneous set in GG. Since G is connected, there is some
v € V(G)\ S such that v is complete to S. Hence, G[S] is perfect because G is locally perfect.
Letw € Sand G' = G \ (S \ {w}). Since G’ is an induced subgraph of G, G’ is also bull-
free and gem-free and therefore by the minimality of G, it follows that G’ is y-perfect. Let
(V1,Va, ..., V,) be a partition of V(G’) such that G[V;] is perfect for each i € {1,2,...,~}.
Without loss of generality, w € V. Then, since perfect graphs are closed under substitution by
Lemma 2.4 and G[S] is perfect, G[V; US| is perfect. Hence, G is y-perfect, a contradiction. W

By Observation 7.8, every graph in 7 is (7 + 1)-perfect and so is every graph in 7 ;. Thus,
neither G nor G is in 77. Since every graph on at most 4 vertices is perfect, every graph on at
most 8 vertices is 2-perfect. Therefore, |V (G)| > 8.

By Theorem 7.12, G admits a proper or small homogeneous pair (A, B). Let C, D, E, F’
be as in the definition of a homogeneous pair.

Claim 6. F # ().

Proof. Suppose that F'= (). If CUD # () or E # (), then there is a dominating set of G consisting
of at most 4 vertices made by choosing 1 vertex from each of A and B and choosing 1 vertex
either from F or from each of C' and D. Since > 4, this contradicts (5). Therefore, £ = ()
and C or D is empty. By the symmetry between A and B, we may assume D = (). Then, since
(A, B) is a tame homogeneous pair and F'U E' U D = 0), it follows that |C| > 3. But then C
is a homogeneous set, a contradiction. Therefore, we deduce that F' = (). [ |

Claim 7. If E = (), then (A, B) is proper.

Proof. By the assumption, (A, B) is small. By symmetry, suppose that D = FE = (). By the
induction hypothesis, there exists a partition (V4,Vs,...,V,) of AU C U F such that G[V}]
is perfect for all 7 € {1,2,...,7}. We may assume that A N V; = () for all ; < | B| because
v > |AUB]|. Let wy, wo, . . ., w;p be the verticesin B. Fori € {1,2,...,|B|},1et V; := V;U{w;}.
Since w; is isolated in G[V/], G[V/] is perfect. For i > | B|, define V) := V. Then G[V/] is perfect
foreveryi € {1,2,...,7} and J_, V/ = V(G). Thus, G is y-perfect, a contradiction. |

Claim 8. G[A| and G[B] are P,-free, so perfect.

Proof. Tt is trivial if (A, B) is proper because G is gem-free. By Claim 7, we may assume that
E # (). This implies that G[A U B] is P,-free, because G is gem-free. |

Claim 9. If E = (), then A or B is stable.

Proof. Suppose neither A nor B is stable. By (i) and (ii) of Lemma 7.11, C'U D is anti-complete
to F. However, by Claim 6, F' # () and therefore G is disconnected, a contradiction. [ |
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By the definition of a tame homogeneous pair, there exist some a € A and b € B such that
ab is an edge of G. Let G’ denote the graph obtained from G by deleting (A U B) \ {a,b}.
V(G")| < |V(G)|. By the choice of G, there
is a list Hy, Hs, ..., H, of perfect induced subgraphs of G’ that cover the vertex set of G'.
Let 4,57 € {1,2,...,7} be such that a € H; and b € H,. If i # j, then G|V (H;) U A] and
G|V (H,) U B] are obtained from H; and H; respectively via substitution. So by Lemma 2.4
and Claim 8, they are both perfect graphs. And therefore G is y-perfect, a contradiction.

Hence, i = j. Let H be the graph G|V (H;) U A U BJ. To get a contradiction, it is enough
to show that H is a perfect graph, because this would imply that G is y-perfect. Suppose that
H is not perfect. Then by Lemma 7.10, it contains an induced subgraph X that is an odd hole.

Claim 10. X contains verticesa’ € A and b’ € B where a’ and b’ are not adjacent.

Proof. Since both H\ A and H \ B are perfect by Lemma 2.4, V(X )N Aand V(X)N B are both
nonempty. Note that G[(V (X)) \ (AU B))U{a, b}] is an induced subgraph of H; and therefore
perfect. Moreover, V(X) N A and V(X)) N B are not complete to each other, for otherwise X
can be obtained from G[(V(X) \ (AU B)) U {a, b}] by substituting in G[V (X) N A] for a and
G[V(X) N B] for b, and therefore X would be perfect by Lemma 2.4, a contradiction. Hence,
X contains a vertex a’ € A and a vertex b’ € B such that ¢’ and I/ are not adjacent. [

Throughout the rest of this proof, we fix a’, b’ as in Claim 10.
Claim 11. F # ().

Proof. Suppose E = (). By Claims 7 and 8, (A4, B) is proper and both G[A] and G[B] are P,-free.

We claim that each component @) of X induced by vertices in A is a subpath of X of even
length. Let () be a component of the subgraph of X induced by A. Suppose () has odd length.
Then since G[A] is Py-free, ) consists of a single edge. Let ay, as be the vertices in (). Since
N(A) C BUC, it follows that then there are two vertices by, b, € BNV (X)) such that a,b; and
asbs are both edges. Then b; and b, are non-adjacent because X has length at least 5. Then,
for every ¢ € C, the vertices ¢, ay, as, by, and by induce a bull, a contradiction since C' # ).
Hence, every component of G[V (X)) N A] is a path of even length. By the symmetry between
A and B, every component of G[V (X)) N B] is a path of even length.

Suppose X contains two non-adjacent vertices in A. Then since each component of G[X N
V' (A)] is an even-length path and X has odd length, we can choose two non-adjacent a;, ay €
V(X) N A such that there exists an odd ajas-subpath P of X whose internal vertices are
not in A. We denote the neighbor of a; in P by b; for i € {1,2}. Since P is an odd path,
V(P ) NC =10 and b1, by are distinct vertices in B. Hence, P contains an odd induced b1 ba-
path P. Then, P cannot contain any vertex of A U D, so P is contained in G[B]. But P is a
component of G[V (X) N B], so it is a path of even length, a contradiction. (See Figure 7 for an
illustration.) Hence, V(X)) N A is a clique and thus |V (X) N A| = 1. By the symmetry between
A and B, it follows that |V (X) N B| = 1. So in particular, @/, t/ are the only vertices of AU B
in X.

By Claim 10, o’ and b’ are not adjacent and therefore there is an a't/-path P of X of even
length in H with interior in H \ (AU B). Then, H[V (P \ {d/,0'}) U {a, b}] is an odd induced
cycle of H;. Hence, since H; contains no odd hole, P has length two. But then a and 0 have a
common neighbor in V(G) \ (A U B) contrary to the assumption that £ = (. [
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de D
Figure 7: An illustration of the proof of Claim 11. Non-edges are drawn as dotted lines. The
wavy line between b; and b, indicates that b; and b, might be adjacent or they might be non-

adjacent. If b; and b, are non-adjacent, P contains some vertex d € D, but then P is not an
induced odd path. If b; and b, are adjacent, G contains a bull.

Claim 12. One of A and B is a clique and the other is a stable set.

Proof. By Claim 11, E is nonempty and therefore G[A U B] is perfect. Since A U B is not a
homogeneous set, C'U D is nonempty. It follows from (iii) and (iv) of Lemma 7.11 that A or B
is a clique. Suppose both G[A] and G[B] contain an edge. Then by (i) and (ii) of Lemma 7.11, F’
is anti-complete to C'U D and E is complete to C'UD. Hence, AUBUC'UD is a homogeneous
set in (G, a contradiction. [ |

Claim 13. |[V(X)NA| <1land |V(X)NB| <1

Proof. Suppose X contains two distinct vertices a;, as € A. By Claim 10, |V (X)N(AUB)| > 3
and so V(X) N E = (. Since the length of X is at least 5, we have |V (X) N C| < 1. Let @ be
a subpath of X from a; to as not containing any vertex of C. We choose a;, as, and ) such
that the length of () is maximized.

If X has a vertex in C, then |F(Q)| = |E(X)| — 2 > 3. If X has no vertex in C, then
|E(Q)] > (JE(X)|+1)/2 > 3. So, in both cases, () has length at least 3.

Let by, by be the neighbors of a1, as in @, respectively. By Claim 12, by, by ¢ A and so
b1, by € B. Since () is an induced path of G with length at least 3, b; is non-adjacent to a, and
by is non-adjacent to a;. Then G[{a4, as, b1, bo}] is isomorphic to Py by Claim 12, contradicting
the assumptions that G is gem-free and F # () by Claim 11. By the symmetry between A and B,
this completes the proof. |

Let P be an a’b’-path of X. Since each of ¢’ and I’ has exactly one neighbor in V(P),
P does not contain more than one vertex of each of C, D, and E. Since X is not a hole of
length 4, X contains no more than one vertex of £.

Claim 14. V(X)N E = 0.

Proof. Suppose X contains a vertex v € E. Let P denote the path X \ v. Then no interior
vertex of P is adjacent to v, so none of the interior vertices of P is complete to £. Hence, no
interior vertex of P is in AUB. By definition, N(a') C AUBUCUFE and N (V') C AUBUCUE
and o', b’ € V(P). It follows that P contains a vertex in C' and a vertex in D. In particular,
neither C' nor D can be complete to F, contradicting Lemma 7.11(v). |

By Claims 13 and 14, both a/t/-paths of X have length at least three. Since one of the a’l/-
paths of X has even length, there is an a/b’-path P of X of length at least four and P contains
some vertex ¢ € C' and some vertex d € D by Claims 13 and 14. Now, (V' (P)\ {d/,0'})U{a, b}
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induces an odd hole in H;, a contradiction to the assumption that H; is perfect. This completes
the proof. O]

Now we are ready to prove the main proposition of this subsection, which we restate here.

Proposition 7.4. For every 4-good class F of graphs, there is a positive integer vy such that every
elementary locally perfect bull-free graph in F is y-perfect.

Proof. Let 7 be the constant given by Proposition 7.13 for F. Note that v > 4. Let G be an
elementary bull-free locally perfect graph in F. By Proposition 7.13, if G is gem-free, then G is
~v-perfect. Thus we may assume that GG has an induced subgraph H that is a gem. Let P be the
path of length 3 in H. Then V(P) is a dominating set of G because G is elementary. Since G
is locally perfect, G[Ng(v) U {v}] is perfect for each v € V(P). Therefore, G is 4-perfect. [

7.3 Completing the proof for bull-free graphs

Previously, we defined elementary graphs, but for this subsection, we need to extend this
notion to trigraphs. A trigraph G is elementary if it does not contain any path P of length 3
such that some vertex c of V/(G)\ V(P) is complete to V' (P) and some vertex a of V/(G)\V (P)
is anti-complete to V' (P). We say c is a center for P and a is an anti-center for P.
A hole H of length 5 in a trigraph G is a subtrigraph of GG induced by 5 vertices, say hy, ho,
hs, hy, hs such that h; is adjacent to h;,; and anti-adjacent to h;, for eachi € {1,2,...,5},
assuming that hg = hq, hy = ho, hs = h3, and hg = hy. For eachi € {1,2,...,5},
« let L; be the set of all vertices in V' (G) \ V(H) that are adjacent to h; and anti-complete
to V(H)\ {h:},
« let S; be the set of all vertices in V(G) \ V(H ) that are anti-adjacent to ; and complete
to V(H) \ {h;}, and
« let C; be the set of all vertices in V' (G) \ V(H) that are complete to {h;;1, h;+4} and
anti-complete to {h; 2, h;i3}.
A vertex in L;, S;, and C; is called a leaf, a star, a clone, respectively, at h;. A leaf, a star, or a
clone with respect to H is a leaf, a star, or a clone, respectively, at h; for some i € {1,2,...,5}.
In [Chul2a], 7Ty is a precisely defined set of trigraphs and 7 is one of the base classes of
trigraphs in the decomposition theorem of Chudnovsky [Chul2b]. For our proof, we need
only the following observation.

Observation 7.14. Every trigraph in Ty contains at most 8 vertices.

The following theorem is a direct consequence of the proof of [Chul2a, 5.2]. The actual
statement of [Chul2a, 5.2] is weaker in the sense that instead of (ii), [Chu12a, 5.2] deduces that
one of G, G contains a “homogeneous pair of type zero.” It turns out that the only place in the
proof deducing this consequence is the first sentence of the proof, which uses 4.1 of [Chul2a]
to assume that there is no hole of length 5 with both a leaf and a star. Thus, by removing the
first sentence of the proof of 5.2 in Chudnovsky [Chul2a], we deduce the following slightly
stronger statement.

Theorem 7.15 (Chudnovsky [Chul2a, 5.2]; strengthened form). Let G be a bull-free non-

elementary trigraph. Then at least one of the following holds.
(i) G or G belongs toTy.

(ii) G has a homogeneous set.
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(iii) G has a hole of length 5 with both a leaf and a star.

A trigraph is perfect if every realization is perfect. We say a trigraph is imperfect if it is not
perfect. Here is a corollary of Lemma 2.4 for trigraphs.

Lemma 7.16. Let A be a homogeneous set of a trigraph G and a € A. If both G \ (A \ {a}) and
G[A] are perfect, then G is perfect. O

A trigraph is k-perfect if its vertex set can be partitioned into at most £ sets, each inducing
a perfect trigraph. We say a trigraph G is locally perfect if G[N (v)] is perfect for every vertex v
of G. Then we obtain the following consequence of Theorem 7.15.

Lemma 7.17. Every locally perfect bull-free non-elementary graph is 2-perfect, unless it has a
hole of length 5 with a leaf and a star.

Proof. Suppose that G is a locally perfect bull-free non-elementary graph that has no hole
of length 5 with a leaf and a star. We proceed by induction on |V(G)| to show that G is
2-perfect. We may assume that G is connected and has more than 8 vertices because the
disjoint union of two perfect graphs is perfect and every graph with at most four vertices is
perfect. So by Theorem 7.15, G has a homogeneous set A C V(). Moreover, there is some
vertex v € V(G) \ A that is complete to A because G is connected. Since G is locally perfect,
G[A] is perfect. Let a € Aand G’ = G\ (A \ {a}). By the induction hypothesis, there is a
partition of V' (G’) into X, Y such that G'[ X, G'[Y] are both perfect. We may assume a € X.
We may assume that X # {a} because otherwise G|A] and G\ A = G[Y] are perfect, implying
that GG is 2-perfect.

Let X’ = X UA and let Gx = G[X']. Note thatboth Gx \ (A\ {a}) = G'[X] and Gx[A] =
G| A] are perfect and A is a homogeneous set of Gx. By Lemma 2.4, Gx is perfect. So (X', Y)
is a partition of V(G) such that both G[X'] and G[Y] are perfect. O

The following theorem is a direct consequence of the proof of 4.3 in [Chu12a].

Theorem 7.18 (Chudnovsky [Chul2a, 4.3]; weaker but more detailed form). Let G be a bull-
free trigraph satisfying the following properties.
+ Neither G nor G belongs to Ty.

o G has a hole H of length 5 induced by 5 vertices hy, ha, hs, hy, hs in this order and H has
both a star at hy and a leaf at h;.
+ G has no homogeneous set.
Then G has a tame homogeneous pair (A, B) with the following properties, where C; denotes the
set of clones at h; foralli € {1,2,...,5}.
(i) A= {hg,hs} UCyUCs5.
(i) B ={hs, ha} UC3UC,.
(ili) Thereis a vertexv € V(G) \ (AU B) strongly complete to AU B.

We say that a trigraph is austere if
(a) it is monogamous,
(b) no homogeneous set contains a switchable pair, and
(c) for every dominated tame homogeneous pair (A, B), AU B contains no switchable pair.

Lemma 7.19. Let G be an austere trigraph. If A is a homogeneous set of G and a € A, then
G\ (A\ {a}) is also austere.
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Proof. Let G’ = G\ (A \ {a}). Clearly, G’ satisfies (a).

To prove (b), suppose that G’ has a homogeneous set X. If a ¢ X, then X is also a homo-
geneous set of G and so X contains no switchable pair in G'. If a € X, then AU (X \ {a}) is
a homogeneous set of G and so AU (X \ {a}) contains no switchable pair in G. This means
that X contains no switchable pair in G'. This proves (b).

For (c), suppose that G’ has a dominated tame homogeneous pair (X, Y"). If a ¢ XUY, then
(X,Y) is a dominated tame homogeneous pair of G and therefore X UY" has no switchable pair
inboth G and G'. If a € X UY, then we may assume a € X. By definition of a homogeneous
set, (AU(X \{a}),Y) is a dominated tame homogeneous pair in G. Hence, AU (X \ {a})UY
contains no switchable pairs in G and so X UY contains no switchable pair in G'. [l

Lemma 7.20. Let G be an austere trigraph and (A, B) be a maximal dominated tame homoge-
neous pair of G. If AU B is not a subset of any homogeneous set of G, then the trigraph obtained
by shrinking (A, B) is also austere.

Proof. Let G’ be the trigraph obtained by shrinking (A, B) and let a, b be the vertices of G’
corresponding to A and B, respectively.

By the definition of a homogeneous pair, the only switchable pair containing a or b in G’
is the pair {a, b}. Hence, G’ is monogamous because G is monogamous. This proves (a).

For (b), suppose that G’ has a homogeneous set X that contains a switchable pair. Then
since G is austere, X is not a homogeneous set in GG. Hence, X contains a or b and so by the
definition of a homogeneous set, X contains both a and b. But then AU BU (X \ {a,b})isa
homogeneous set of GG, contradicting our choice of (A, B). This proves (b).

For (c), suppose that G’ has a dominated tame homogeneous pair (X, Y") such that X UY
contains a switchable pair in G'. Then, X U Y contains a or b. Since {a,b} is a switchable
pair, by definition of a homogeneous pair, X UY contains both a and b. Then if both a,b € X,
the (AU BU (X \ {a,b}),Y) is a dominated tame homogeneous pair of G and it properly
contains (A, B), a contradiction. Hence, we may assume a € X and b € Y. Then, (AU (X \
{a}),BU (Y \ {b})) is a dominated tame homogeneous pair of G and it properly contains
(A, B), a contradiction. This proves (c). ]

Proposition 7.21. For every 4-good class F of graphs, there exists an integer cr satisfying the
following.
For every locally perfect bull-free austere trigraph G whose every induced subtrigraph with-
out switchable pairs is in F, there exists a partition (X1, Xo, ..., Xy) of V(G) withk < cx
such that G[X}] is a perfect subtrigraph with no switchable pair for alli € {1,2, ... k}.

Proof. Let cr =2+ > 2 where vy is defined in Proposition 7.4 for . We proceed by the induction
on |V (G)|. As every trigraph on at most 4 vertices is perfect, we may assume that |V (G)| > 8
and therefore neither G nor G belongs to 7. Since the disjoint union of two perfect trigraphs
is perfect, we may assume that G is connected.

Since G is monogamous, there exists a partition (S, 7") of V(&) such that both G[S] and
G[T] have no switchable pairs. So both G[S| and G[T'] are locally perfect bull-free elementary
graphs. Suppose that G is elementary. By applying Proposition 7.4 to both G[S] and G[T], we
obtain a partition of V' (&) into at most 27y subsets, each inducing a perfect induced subtrigraph
without switchable pairs. Therefore we may assume that G is not elementary.

Suppose that G has a homogeneous set A. Let a € A and G' =G \ (A \ {a}). Then
trivially, G’ is locally perfect and bull-free. By Lemma 7.19, G’ is austere. By the induction
hypothesis, G’ admits a partition (X1, . .., X} ) of V(G') with k < cx such that G'[ X;] is perfect
and has no switchable pair for each i € {1,2,..., k}. We may assume that a € X;. Since G is
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connected and A is a homogeneous set of GG, there is a vertex v € V(G such that v is strongly
complete to A. Since G is locally perfect, G[A] is perfect. By Lemma 7.16, G[ X U A] is still
perfect. Furthermore, G[X; U A] has no switchable pair because both G[A] and G[X;] have
no switchable pair. Then (X; U A, X, ..., X}) is a desired partition of V' (G). Thus, we may
assume that G has no homogeneous set.

By Theorem 7.15, G has a hole H of length 5 with both a star and a leaf. By Theorem 7.18,
GG has a dominated tame homogeneous pair. Thus, there exists a maximal dominated tame
homogeneous pair (A, B). Since G is locally perfect and (A, B) is dominated, both G[A] and
(| B] are perfect.

Let Gy be the trigraph obtained from G by shrinking (A, B). Observe that every realization
of GG is isomorphic to an induced subgraph of some realization of GG. This implies that Gy is
bull-free and locally perfect.

Let a, b be the vertices of GG corresponding to A, B, respectively. By the induction hy-
pothesis, Gy admits a partition (X7, ..., Xz) of V(Gy) with k < cx such that Go[X}] is perfect
and has no switchable pair for each i € {1,..., k}. We may assume that « € X; and b € X,
because no X; contains switchable pairs.

Let X = (X; \ {a}) U A and X} = (X5 \ {b}) U B. By Lemma 7.16, both G[X/] and
G[X}] are perfect. Furthermore, both G[X]] and G[X] have no switchable pairs because G is
austere. Observe that for all i € {3,...,k}, G[X;] = G'[X;]. Therefore (X1, X}, X35,..., X})
is the desired partition of V' (G). O]

Since every graph is also an austere trigraph, we obtain Proposition 7.5 as a direct corol-
lary to Proposition 7.21. Recall this implies the class of bull-free graphs is Pollyanna by Corol-
lary 7.3. We restate Proposition 7.5 for the convenience of the reader.

Proposition 7.5. For every 4-good class F of graphs, there is a positive integer cr such that
every locally perfect bull-free graph is cr-perfect.

8 Non-Pollyanna classes

A oriented tree is an orientation of a tree. For a positive integer n, a graph G is an n-willow
if there exists an oriented tree 7" with V' (G) C V/(T') such that for every distinct pair u, v of
vertices of G, the vertices u and v are adjacent if and only if 7" has a directed path from u to v
or from v to u whose length is not a multiple of n. In this case, we say G is an n-willow defined
by T'. We will make extensive use of the following easy observation.

Observation 8.1. Let n be a positive integer and let " be an oriented tree. If P is a directed path
inT and G is an n-willow defined by T, then G[V (P) NV (G)] is a complete multipartite graph.

A graph is a willow if it is an n-willow for some positive integer n. We remark that by
subdividing certain edges of the associated oriented tree, one can show that if a graph is an
n-willow, then it is also an n/-willow for all n’ > n. On the other hand, the clique number of
an n-willow is at most n and K, is an n-willow, so for every positive integer n > 2, there are
n-willows that are not n’-willows for any positive integer n’ < n.

The main result of this section is the following theorem which relates willows and
Pollyanna classes of graphs.

Theorem 8.2. If F is a finite set of graphs, none of which is a willow, then the class of F-free
graphs is not Pollyanna.
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To construct y-bounded hereditary classes of graphs that are not polynomially y-bounded,
Brianski, Davies, and Walczak [BDW?23] proved the following two lemmas.

Lemma 8.3 (Brianski, Davies, and Walczak [BDW23, Lemma 4]). Let k be a positive integer.

Then, there is a graph G with an acyclic orientation of its edges satisfying the following.

(A1) x(G) = F.

(A2) For every pair of vertices u and v, there is at most one directed path from u tov in G.

(A3) There is a directed path in G on k vertices.

(A4) There is a k-coloring ¢ of G such that for every directed path in G of non-zero length, their
ends u and v satisfy that ¢p(u) # ¢(v).

Lemma 8.4 (Brianski, Davies, and Walczak [BDW23, Lemmas 5 and 6]). Let p < k be positive
integers with p prime, and let G be a graph with an acyclic orientation of its edges satisfying (A1),
(A2), (A3), and (A4) for k. Let G, be the graph obtained from G by adding an edge uv whenever
G has a directed path between u and v whose length is not divisible by p. Then, w(G,) = p and

every induced subgraph of G with clique number m < p has chromatic number at most (m;2)

Graphs GG as in Lemma 8.3 exist, and Brianski, Davies, and Walczak [BDW23] showed
specifically that the natural orientation of Tutte’s construction [Des47, Des54] has these prop-
erties. Note that (A1) implies (A3) by the following well-known lemma due to Gallai [Gal68],
Hasse [Has65], Roy [Roy67], and Vitaver [Vit62].

Lemma 8.5 (Gallai, Hasse, Roy, and Vitaver [Gal68, Has65, Roy67, Vit62]). Let k be a positive
integer. If a graph G has an orientation with no directed path of length k, then x(G) < k.

Girao, lllingworth, Powierski, Savery, Scott, Tamitegama, and Tan [GIP*23] considered the
construction of Nesetfil and Rodl [NR79], which is a large-girth variation of the construction
of Tutte [Des47, Des54]. Using the same natural orientation, they obtained the following.

Lemma 8.6 (Girdo, Illingworth, Powierski, Savery, Scott, Tamitegama, and Tan [GIP'23,
Lemma 10]). For every g > 3 and k > 2, there is a graph Y with an orientation of its edges
such that x(Y') = k and every cycle in Y contains at least g changes of direction in the orienta-
tion.

The property (A4) also clearly holds for this construction, since the same natural orien-
tation and coloring from the proof of Brianski, Davies, and Walczak [BDW23] for the con-
struction of Tutte [Des47, Des54] can be used. Note that the orientation of Y described in
Lemma 8.6 is acyclic and satisfies (A2) because all of its cycles have at least three changes in
direction in the orientation. By Lemma 8.5, (A3) holds for Y. Thus, we obtain the following
strengthening of Lemma 8.3.

Lemma 8.7. Let g, k be positive integers with g > 3 and k > 2. Then, there is a graph G with
an orientation of its edges satisfying (A1), (A2), (A3), and (A4) for k and additionally:

(B1) every cycle in G contains at least g changes of direction in the orientation. ]

Lemma 8.8. Let g, k be positive integers with g > 3 and k > 2. Let p be a prime less than or
equal to k. Let G be a graph with an orientation of its edges satisfying (A1), (A2), (A3), and (A4)
for k and (B1) for g. Let G’ be the graph on V (G) such that two vertices u, v are adjacent in G' if
and only if there is a directed path between u and v whose length is not divisible by p. If g > (g)

for an integer N, then every induced subgraph of G’ with at most N vertices is a p-willow.
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Proof. Let X be a set of at most N vertices of G'. We claim that G'[X] is a p-willow. Let T" be
the union of all directed paths of G between u and v whose length is not divisible by p for all
edges uv of G'[X].

By (A2), we added at most 1 directed path per every edge of G'[ X| and therefore in total
T consists of less than g directed paths. By (B1), every cycle in GG contains at least g changes
of direction and therefore 7" has no cycles. Let 7" be a tree obtained from 7" by adding a new
vertex with an out-edge to one vertex of each component of 7. Then 7" is a tree.

Observe that for distinct vertices u and v in X, if 77 has a directed path from u to v whose
length is not a multiple of p, then so does GG and therefore G’ contains the edge uv by the
definition of G'. Conversely, if G'[ X| contains an edge uv, then G contains a directed path P
between u and v whose length is not a multiple of p. By (A2), such a path P is unique and
therefore 7" contains P. This proves that G'[X] is a p-willow defined by 7". N

Now we can prove Theorem 8.2. We obtain a y-bounded class that is not polynomially
X-bounded by combining Lemma 8.4 with Lemma 8.7 for some suitably large g instead of
Lemma 8.3 as is done in [BDW23]. Then, it is just a matter of examining the induced subgraphs.

Proof of Theorem 8.2. Let N be the set of positive integers. Let /V be the maximum number of
vertices of a graph in F and let g = max( (];[) + 1,3). Choose a function f : N — N such that

f()y=1, f(n) > (";:2) for allm € N, and lim,, % = oo for every positive integer k. In
other words, we choose f to be “superpolynomial”.
Let us first construct a y-bounded class Z of graphs that is not polynomially x-bounded.
For each prime p, let Y}, be a graph with an orientation of its edges satisfying (A1)-(A4) for
:= f(p) and (B1) for g, given by Lemma 8.7. For every prime p, we define E, to be the set
consisting of all pairs {u, v} where u,v € V(Y,) and Y}, contains a directed path from u to v
or from v to v whose length is not divisible by p. Let Z, be the graph (V(Y},), E,). Note that
E(Y,) C E,. In other words, Z, can be obtained from Y, by adding the elements of £, to the
edge set of V),.
By Lemma 8.4, we have that w(Z,) = p and every induced subgraph Z of Z, with clique

number m < p has chromatic number at most (m;rQ) By (A1) and (A4), x(Z,) = k = f(p). Let

Z be the set of all graphs Z, for each prime p and let Z be the closure of Z under taking induced
subgraphs. Then Z is y-bounded by a y-bounding function f. Since there are infinitely many
primes and for every prime p there is a graph Z € Z with clique number p and chromatic
number f(p), Z is not polynomially y-bounded by our choice of f.

Now, suppose that the class C of F-free graphs is Pollyanna. Then Z ¢ C because Z
is not polynomially y-bounded. Then there exist a prime p and a set X C V(Z,) such that
Z,|X] is isomorphic to a graph F' € F. By Lemma 8.8, Z,[X| is a p-willow, contradicting the
assumption that F contains no willows. ]

We remark that by applying Lemmas 8.4, 8.7 and 8.8, one can also obtain the following.

Theorem 8.9. If F is a finite set of graphs, none of which is a willow, then for every positive
integer q, there is a class G of F-free graphs that is not x-bounded, but such that every graph
G € G withw(G) < q has chromatic number at most (qgl).

Proof. Let p be a prime such that ¢ < p < 2¢ (such a prime exists by Bertrand’s postulate). Let
N be the maximum number of vertices of a graph in F and let g = maX((];) +1,3).

For each integer & > p, we are going to construct a graph G, as follows. By Lemma 8.7,
there is a graph H), with an orientation of its edges satisfying (A1)-(A4) for k and (B1) for g.
By Lemma 8.4, there is a graph G obtained from Hj by adding an edge uv whenever Hy,

24



908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

929

931

932

933

934

935

936

937

939

940

941

942

943

945

946

947

948

949

has a directed path between u and v whose length is not divisible by p such that w(Gy) = p
and every induced subgraph of GG, with clique number m < p has chromatic number at most
(m;r 2). By (A1) and (A4), x(Gy) = k. Let G be the class of all induced subgraphs of G}, for all

k > p. So, G is not x-bounded but every graph in G with w(G) = m < ¢ has chromatic number

at most (m;r2) < (qgl).
By Lemma 8.8, every graph in G with at most IV vertices is a p-willow and therefore G is

F-free. O]

9 Forbidden induced subgraphs for willows

In this section, we describe some forbidden induced subgraphs for the class of willows. We
only aim to sample the forbidden induced subgraphs rather than to find an exhaustive list. We
believe there are many more. Our main idea is to use Observation 8.1, which says that if G
is an n-willow defined by an oriented tree 7, then vertices on a directed path on 7" cannot
induce K5 U K in G, because K> U K is not a complete multipartite graph.

A 10-vertex graph G is a pentagram spider if it has a perfect matching M such that G\ M
has a component isomorphic to K5. Note that vertices not in the component isomorphic to K5
are allowed to be adjacent to each other. See Figure 2 for an illustration.

Proposition 9.1. No pentagram spider is a willow.

Proof. Let GG be a pentagram spider and M be a perfect matching of G such that G \ M has a
clique A of size 5. Let T be an oriented tree and suppose that GG is a willow defined by 7". Then
by definition V' (G) C V(T') and for every edge uv € E(G), there is a directed path from u to v
or from v to u in 7. Since A is a clique of G, there is a directed path P in 7" which contains
all vertices of A. Let x1, x5, 3, T4, T5 be the vertices of A in the order of their appearances
in P. Let y1, Y2, Y3, Ya, Y5 be the vertices of G such that z;y; € M foralli =1,2,...,5. Since
z3ys € E(Q), there is some directed path P’ in T' from y3 to 3 or from x5 to y3. By reversing the
orientation of all edges of G and 7" and switching the labels of x4, o with x5, x4 if necessary,
we may assume that P’ is a directed path from y3 to x3. Then, there is a directed path P in T’
containing ys, T3, T4, T5 in order. Then G[{ys, x4, x5}] is not a complete multipartite graph,
contradicting Observation 8.1. [

A 12-vertex graph is a tall strider if it has a clique C' = {21, 29,23} of size 3 such that
N(z1)\ C, N(z3) \ C,and N(z3) \ C are disjoint cliques of size 3. We remark that there can
be edges between N (z;) \ C and N(z;) \ C for distinct 4, j. See Figure 2 for an illustration.

Proposition 9.2. No tall strider is a willow.

Proof. Let G be a tall strider with a clique C' of size 3 such that N(v) \ C for all v € C are
disjoint cliques of size 3. Let 7" be an oriented tree and suppose that ¢ is a willow defined by
T Since C is a clique of G, there is a directed path P in 7" that contains all vertices of C. Let
X1, Ta, T3 be the vertices in C such that P is a directed path from x; to x3. Similarly, since
(N(z2) \ C)U{x2} is a clique, there exists a directed path P’ in T that contains all vertices of
(N(z9)\C)U{x2}. If two vertices, say a, b of N(z2)\ C come after x5 in P’, then T contains a
directed path containing x1, s, a, and b. However, G[{x1, a, b}] is not a complete multipartite
graph, contradicting Observation 8.1. Thus two vertices, say a, b of N(z3) \ C' come before
x9 in P'. Then T contains a directed path containing a, b, x5, 3. Again, G[{a, b, z3}] is not a
complete multipartite graph, contradicting Observation 8.1. [
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Figure 8: The complement P of Ps is an n-willow for every integer n > 5. Vertices vy, vs, . . .,
vg represent vertices of Py in the order. The dashed arc with an integer k£ means a directed
path of length k.

A 10-vertex graph is a short strider if it has a clique C' = {x1, x9, 23, x4} of size 4 such that

N(z1)\ C, N(z2) \ C, and N(z3) \ C are disjoint cliques of size 2. We remark that there can
be edges between N (z;) \ C and N(z;) \ C for distinct 4, j. See Figure 2 for an illustration.

Proposition 9.3. No short strider is a willow.

Proof. Let GG be a short strider. Let 7" be an oriented tree and suppose that G is a willow defined
by T'. Let C' = {1, x2, x3, x4} be a clique of G such that N(z1) \ C, N(x3)\ C,and N(z3)\ C
are disjoint cliques of size 2.

Since C' is a clique of GG, we may assume without loss of generality that 7" has a directed
path P that contains all vertices in C'. By reversing the direction of all edges in 7" if necessary,
we may assume x4 is not the first two vertices of C' in P. By the symmetry among x;, 2,
and z3, we may assume that z is the first vertex of C' appearing on P and z, is the second
vertex of C' appearing on P. Since (N(z3) \ C') U {x2} is a clique of G, there is a directed
path P’ in T that contains all vertices in (N (z2) \ C) U {z2}.

If some € N(z2) \ C appears before x5 on P’, then T has a directed path P” containing
x, T9, 3, and x4. However, G[{x,x3, x4}] is not a complete multipartite graph, contradict-
ing Observation 8.1.

We may therefore assume that two vertices in N (z3) \ C appear after x; on P’. But then,
T has a directed path P* containing 1, xo and two vertices in N(z3) \ C. Then G[{z} U
(N(zg) \ C)] is not a complete multipartite graph, contradicting Observation 8.1. O

Now we present a lemma on willows, which we will use in later propositions.

Lemma 9.4. Let G be a graph whose complement G is a willow defined by an oriented tree T. If
G has an induced path u-v-w of length 2, then T’ has no directed path between u and v or T' has
no directed path between v and w.

Proof. Suppose not. Then, without loss of generality, we may assume that there exists a di-
rected path P between u and v in T'. By reversing all edges of 7" if necessary, we may assume
P is a directed path from u to v. Observe that G[{u, v, w}] is isomorphic to K U K. Since
K5 U K, is not a complete multipartite graph by Observation 8.1, it follows that there is no
directed path from v to w. Therefore, there exists a directed path from w to v in 7". Since 7" is
a tree, it now follows that 7" has no directed path between u and w, contradicting the fact that

ww € E(G). O

We remark that P is a willow, see Figure 8. Next, we show that Py is not a willow. This
clearly follows from the following more general proposition.

Proposition 9.5. Let G be a graph. If G has three vertex-disjoint induced paths Q1, Q2, Q3 of
length 2 such that their interior vertices have degree 2 in G, then the complement G of G is not a
willow.
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Figure 9: Both C5 and Cj are are n-willows for every integer n > 5. Vertices vy, vy, . . . represent
vertices of the antihole in the cyclic order. The dashed arc with an integer k£ means a directed
path of length £.

Proof. Suppose that G is a willow defined by some oriented tree T. Let x1, z, 3 be the
interior vertices of ()1, @2, and @3, respectively. As {z1,x2, 23} is a clique in G, we may
assume without loss of generality that 7" has a directed path P from x; to x3 whose interior
contains 5. By Lemma 9.4, there is an end y5 of ()5 such that there is no directed path between
roand yo in T

Since 11y € E (6), there exists a directed path R; in 7" between x; and y,. There is no
directed path from ¥, to x5 in T" and therefore R is directed from x; to y,. Similarly, there is a
directed path R, in T' from y, to x3. Let R = R; U R,. Then, both P and R are directed paths
of T" from x; to x3. Since T is a tree, we deduce that P = R, contradicting the assumption that
there is no directed path between x5 and ys. O

The previous proposition also shows that C,, is not a willow for n > 9. It is easy to see that
both C; and Cj are willows, see Figure 9. Lastly, we prove that neither C'; nor Cy is a willow.
We remark that all cycles are willows, see Figure 10.

Proposition 9.6. The complement C,, of C,, is not a willow for all integersn > 7.

Proof. Let vy, vs, ..., v, be the vertices of C, in cyclic order. Suppose that C, is a willow
defined by some oriented tree 7. Let F' be the set of all edges uv of G such that there is a
directed path from u to v or from v to w in 7T'.

Suppose that F' = (). Then for some j € {1,2,...,n}, there is no directed path from v; to
v;inT foralli € {1,2,3,...,n} \ {j}. By symmetry, we may assume that j = 1.

Since {v1, v3, v } is a clique of G, there is a directed path P in T containing all of v;, v3, and
ve. Let (4, j, k) be the permutation of {1,3,6} such that P contains v;, v, v), in order. Then
i = 1 by the assumption on vy. Let £ € {j — 1,5 + 1} N {4, 5}. Then {vy, vy, vx } is a clique in
G and therefore there is a path () containing v, vy, and vy. Since T is a tree, v; is in V(Q),
contradicting the assumption that v,v, ¢ F.

Therefore F' # (). By symmetry, we may assume that vou3 € F. Since T contains directed
paths between v, and vg and between v9 and vs, it follows that 7" contains a directed path P
containing vy, v3, and vg. Let (7, 7, k) be a permutation of {2, 3,6} such that P is a directed
path containing v;, v;, vy, in order. By Lemma 9.4, v;_1v; ¢ F' or vju;4; ¢ F. Thus, there is an
te{j—1,57+1}n{1,4,5,7} such that vov; ¢ F. Since vy is complete to {v;, vy}, there is a
directed path @) of T containing v;, vy, and v,. As T' is a tree, we conclude that () contains P
and therefore v;, contradicting the assumption that v;v, ¢ F. O]

Now we are going to prove that large enough “fans” and “complete wheels” are not willows.
We define fans as follows. Let n > 3 be an integer. Let F), be the (n + 1)-vertex graph with
a specified vertex c called the center such that F}, \ c is the path P,. A complete wheel on
(n+ 1)-vertices is the graph W, obtained from F,, by adding an edge between the two degree-
1 vertices of F), \ c¢. Hence, W, \ ¢ is the cycle C,,. We will show that W,, and C,, are not
willows for each n > 7. First, we present a useful lemma.
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Figure 10: These oriented trees certify that cycles of length 18 and 19 are n-willows for every
integer n > 4 and can be easily modified to show that all cycles are n-willows. Vertices v, va,
... represent vertices in the cyclic order. The dashed arc with an integer k£ means a directed

path of length k.

Lemma 9.7. Let G be a copy of I, with center c. Let vy be a vertex of degree one in G\ c. IfG isa
willow defined by an oriented tree T and T' has a directed path from v to ¢ for everyv € V(G \ ¢),
then the directed path from vy to c in T contains at least one vertex in V (G) \ {vy, c}.

Proof. Note G\ ¢ = P,. Let vy, vo, v3, v4 be the vertices of Py, in order. For eachi € {1,2, 3,4},
let ?; denote the directed path from v; to ¢ in 7. We may assume that

(6)

Since {vy, v, ¢} is a clique there is a directed path P of T" containing vy, v, ¢. Since 7' is a tree,
Ry U Ry = P.Hence, V(R;) C V(Ry). Fori € {2,4}, the set {v;, v3, ¢} is a clique. Hence,

V(R;) € V(R,) for each j € {2,3,4}.

For everyi € {2,4}, V(R» - V(Rg) or V(Rl) - V(Rz) (7)
Since G[{v1, v2,v4}] is isomorphic to K3 U K, by Observation 8.1,
V(Ry) L V(Rs) and V(Ry) € V(Ry). (8)

Suppose that V(Ry) C V(R3). By (7) and (8), V(R,) C V(R3) and therefore V' (R3) con-
tains both V' (R;) and V' (R,). This means that R3 contains vy, v3, vy, contradicting Observa-
tion 8.1.

Thus, V(R3) C V(Rz). Since V(R;) C V(Rs) and Ry, Ro, R3 are all directed paths ending
at ¢, it follows from (6) that V' (R;) C V(R3) C V(R3). By (7) and (8), V(R3) C V(R4). So R4
is a directed path containing each of vy, v3, v4 contrary to Observation 8.1. [

Note that F§ is a willow, see Figure 11. We prove that F;, is not a willow if n > 7.

Proposition 9.8. For every integer n > 7, F,, is not a willow.
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Figure 11: Both Fs and W are 5-willows. Vertices vy, vs, . .. represent vertices in the order in

Fg \ c or Wg \ c. The dashed arc with an integer k means a directed path of length £.

Proof. Let G := F,,. Suppose that GG is an m-willow defined by an oriented tree 7" for a positive
integer m. Let A be the vertices of G from which 7" has a directed path to c. Let B be the
vertices of G to which 7T has a directed path from c. Since ¢ is complete to V(G) \ {c},
AUB =V(G)\ {c}. Let vy, vo, . . ., v, be the vertices of G \ ¢ in the order defined by the path
G\ c

Claim 15. Either A is an independent set of G or B is empty.

Proof. Suppose that A contains an edge v;v; 1. There is a directed path of 7" from v; or v; 1 to ¢
containing all of v;, v;; 1, and ¢. Let M = (Ng(2)UNg(y))\{c}. Then by definition, M contains
at most two vertices of G \ ¢, namely v; 1 if i > 1 and v; 42 if i < n.Let X = V(G)\ (M U{c}).
For each vertex z € X, G[{z,vy, z}] induces a graph isomorphic to K> U K; and therefore
z ¢ B by Observation 8.1. So, X C A. Since n > 7, v1,v3 € X or v,_1,v, € X. We deduce
that {vy, v2,vp—1,v,} € A by Observation 8.1 because each of its 3-vertex subsets induces a
subgraph of G isomorphic to Ky U K. For every vertex w € V(G) \ (X U {c}), there are
distinct vertices u, v € {vy, v, U,_1, v, } such that uv is an edge of G and w is non-adjacent to
both u and v. Again by Observation 8.1, w € A. Hence, B = (). [ |

Suppose that B = (). Choose a vertex v in A such that dy(v, ¢) is minimized. Then G \ ¢
has a 4-vertex induced path starting at v because n > 7. By Lemma 9.7, the directed path from
v to ¢ contains at least one vertex of V(G) \ {c, v}, contradicting the choice of v. Therefore
we may assume that B # (). By symmetry, A # (). By Claim 15, both A and B are independent
sets of G.

We may assume that A contains v; for each even ¢ € {1,2,...,n} and B contains v; for
everyodd j € {1,2,...,n}. Foreachi € {1,2,...,n — 5}, dr(v;,¢) = dr(viy2,¢) (mod m)
because v;,5 is non-adjacent to both v; and v;,5. Similarly, for each i € {6,7,...,n},
dr(vi_a,¢) = dp(vi, ¢) (mod m) because v;_5 is non-adjacent to both v; and v;_.

So, there are integers a and b such that dy(v;, ¢) =a (mod m) foralleveni € {1,2,...,n}
and dr(v;,¢) = b (mod m) for all odd ¢ € {1,2,...,n}. This implies that A is complete or
anti-complete to B, a contradiction. O]

Since F}, is an induced subgraph of W), ., by Proposition 9.8, W, is not a willow for all
n > 8. However, it is easy to see that W, is a willow for every n < 7, see Figure 11. We now
show that W7 is not a willow.

Proposition 9.9. For every integer n > 7, W, is not a willow.

Proof. Let G := W,,. Suppose that G is an m-willow defined by an oriented tree 7" for a positive
integer m. Let A be the vertices of G from which 7" has a directed path to c. Let B be the
vertices of G to which T has a directed path from c. Since ¢ is complete to V(G) \ {c},

AUB = V(G)\ {c.
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Claim 16. Either A is an independent set of G or B is empty.

Proof. Suppose that A contains an edge zy. There is a directed path of 7" from = or y to ¢
containing all of 7, y, and c. Let X = V(G) \ (Ng(z) U Ng(y) U {c}). For each vertex z € X,
G[{z,y, z}] induces a graph isomorphic to Ky U K and therefore z ¢ B by Observation 8.1.
Since n > 7, | X| > 3 and X C A. Then for every vertex w € V(G) \ (X U {c}), there are
distinct vertices u, v € X such that uv is an edge of G and w is non-adjacent to both u and v.
Again by Observation 8.1, w € A. Hence, B = (). [ |

Suppose that B = (). Choose a vertex v in A such that dr (v, ¢) is minimized. By Lemma 9.7,
the directed path from v to ¢ contains at least one vertex of V(G) \ {¢, v}, contradicting the
choice of v. Therefore we may assume that B # (). By symmetry, A # (). By Claim 16, both A
and B are independent sets of 5, so n is even.

Let vy, v, . . ., U, be the vertices of G\ ¢ in the cyclic order. We assume that v, = vy, for all
ke{l,2,...,n}. Wemay assume that vy, vs, ..., v, 1 € Aand vy, vy, ..., v, € Bby swapping
A and B if necessary. For each i € {2,4,... n}, dr(vi,¢) = dr(viye,c¢) (mod m) because
vi+5 € A is non-adjacent to both v; and v; 5. So, there is an integer a such that dr(v;, ¢) =
a (mod m) for all i € {2,4,...,n}. Similarly, there is an integer b such that dy(c,v;) = b
(mod m) for all j € {1,3,...,n — 1}. This implies that A is complete or anti-complete to B,
a contradiction. O

Now Theorem 1.3 follows from Theorem 8.2 and the propositions in this section.

10 Further work

We believe that Pollyanna classes of graphs provide a fruitful framework to study the struc-
tural distinctions between polynomially y-bounded classes and x-bounded classes that are not
polynomially y-bounded. We conclude our paper by outlining some open problems.

We remark that every Pollyanna graph class discussed in this paper is also strongly
Pollyanna, which begs the following question:

Problem 10.1. Are there Pollyanna graph classes that are not strongly Pollyanna?

Resolving Problem 10.1 would likely require a better understanding of k-good graph classes
which are not x-bounded, which have only recently been proven to exist [CHMS23]. Theo-
rem 8.9 gives more examples of k-good graph classes which are not y-bounded.

In a recent paper, Bourneuf and Thomassé [BT23] introduce an operation called “delayed-
extension” which preserves polynomial y-boundedness on a class of graphs. We comment
that the delayed-extension of a (strongly) Pollyanna class is also (strongly) Pollyanna, which
gives us a slight improvement of Theorem 1.2. In [BT23], Bourneuf and Thomassé suggest that
better understanding the classes which can be obtained from simple graph classes by applying
delayed-extension a finite number of times should be helpful in understanding (polynomial)
Xx-boundedness. We also point out that this may be a good approach to better understanding
Pollyana graph classes.

A wheel is a graph consisting of an induced cycle of length at least four and a single addi-
tional vertex with at least three neighbors on the cycle. The class of graphs with no induced
wheel is not y-bounded [Dav23, Pou20, PT24], however, it may well be Pollyanna. The fact that
the class of (wheel,theta)-free graphs is linearly x-bounded [RTV20] provides some limited ev-
idence that the class of wheel-free graphs might be Pollyanna. We remark that we showed in
Proposition 9.9 that for every finite set F of complete wheels of length at least seven, the class
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(a) A (6, 4)-bowtie. (b) A (7,5)-dumbbell. (c) A tripod.

Figure 12: Graphs appearing in the problems.

of F-free graphs is not Pollyanna. However, in our opinion this does not provide evidence
that the class of wheel-free graphs is not Pollyanna.

Problem 10.2. Is the class of wheel-free graphs Pollyanna?

We note that even though Esperet’s conjecture was disproved, it is still open whether the
Gyarfas-Sumner Conjecture holds in the following stronger sense:

Problem 10.3 (Polynomial Gyarfas-Sumner). Is it true that for every forest F' the class of F'-free
graphs is polynomially y-bounded?

We say a graph H is Pollyanna-binding if the class of H-free graphs is Pollyanna. In this
language, Problem 10.3 asks if every forest is Pollyanna-binding. An even more ambitious
open problem is to characterize the class of Pollyanna-binding graphs. While we gave some
results in this direction, we are quite far from a full characterization. We ask about some
special cases we believe may be more tractable.

We call a graph an (s, t)-bowtie if it can be obtained from the disjoint union of K and K, by
adding a new vertex complete to everything else, see Figure 12a. In this language, Theorem 6.1
states that the (2, 2)-bowtie is Pollyanna-binding.

Problem 10.4. Is the class of (s, t)-bowtie-free graphs Pollyanna for each s > 3 andt > 27?

We call a graph an (s, t)-dumbbell if it can be obtained from the disjoint union of K, and
K, by adding a single additional edge between a vertex of the K and a vertex of the K, see
Figure 12b. Note that a ¢-lollipop is a (2, ¢)-dumbbell, so Theorem 5.6 states that the class of
(2,t)-dumbbell-free graphs is Pollyanna.

Problem 10.5. Is the class of (s, t)-dumbbell-free graphs Pollyanna for each s > 3 andt > 3?

Bulls are induced subgraphs of certain pentagram spiders. While the class of bull-free
graphs is Pollyanna by Theorem 7.6, the class of pentagram spider-free graphs is not by Theo-
rem 8.2 and Proposition 9.1. The next natural case to consider would be tripod-free graphs. A
tripod is the graph obtained from K3 by adding one pendant vertex to each vertex of the K,
see Figure 12c.

Problem 10.6. Is the class of tripod-free graphs Pollyanna?

Scott and Seymour [SS16] proved that the class of odd hole-free graphs is x-bounded. Their
X-bounding function is doubly exponential and it remains open whether the class of odd-hole-
free graphs is polynomially y-bounded (and so Pollyanna). We propose the analogous problem
for odd antihole-free graphs.

Problem 10.7. Is the class of odd antihole-free graphs Pollyanna?
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Proposition 9.6 shows that no antihole of length at least 7 is a willow. However, small an-
tiholes such as C5 and Cj are. It may well be true that the class of Cs-free graphs is Pollyanna.
Antihole-free graphs are polynomially x-bounded since C; = 2K, [Wag80]. So, as a starting
point, we propose the following problem.

Problem 10.8. Is the class of graphs without any antihole of length at least 5 Pollyanna?

The simplest willows are those whose underlying oriented tree is a directed path between
two vertices. These graphs are exactly the complete multipartite graphs, thus it is natural to
consider if a class of graphs with a forbidden complete multipartite graph is Pollyanna. In this
direction, the first step would be to determine whether the class of graphs without an induced
square K55 = Cj or an induced diamond K5, = K, \ e is Pollyanna.

Problem 10.9. Is the class of {Cy, K4 \ e}-free graphs Pollyanna?

In Section 9, we described some forbidden induced subgraphs for willows but did not have
a complete list of forbidden induced subgraphs for willows.

Problem 10.10. Characterize willows by their minimal forbidden induced subgraphs.

In Section 8, we showed that all Pollyanna-binding graphs are willows. Based on this, we
can end our paper with the following extremely optimistic conjecture.

Conjecture 10.11 (Pollyanna’s Conjecture). A graph is Pollyanna-binding if and only if it is a
willow.

If Pollyanna’s conjecture is disproved, then Pollyanna [Por13] would almost certainly im-
mediately make a new conjecture.

Acknowledgements

The initial idea for this paper was developed at the MATRIX-IBS Workshop: Structural Graph
Theory Downunder III. Much of this work was done while James Davies and Maria Chud-
novsky were visiting the Institute for Basic Science (IBS). We are grateful for the generous
support from MATRIX and IBS for making this project possible. We would like to thank Fred-
die Illingworth, Robert Hickingbotham, and Giinter Rote for their helpful discussions.

References

[AG60] EDGAR AsPLUND and BRANKO GRUNBAUM (1960). On a coloring problem. Mathe-
matica Scandinavica 8(1), 181-188. URL: http://www. jstor.org/stable/24489
134.

[BDW23] MARCIN BRIANSKI, JAMES DAVIES, and BARTOsz WALCZAK (2023). Separating poly-
nomial y-boundedness from y-boundedness. Combinatorica Accepted.

[BT23] RoMAIN BOURNEUF and STEPHAN THOMASSE (2023). Bounded twin-width graphs
are polynomially y-bounded. arXiv:2303.11231. ArXiv preprint.

[CHMS23] ALvArRO CARBONERO, PATRICK HOMPE, BENJAMIN MOORE, and SOPHIE SPIRKL
(2023). A counterexample to a conjecture about triangle-free induced subgraphs
of graphs with large chromatic number. J. Combin. Theory Ser. B 158, 63-69.

32


http://www.jstor.org/stable/24489134
https://doi.org/10.1007/s00493-023-00054-3
https://doi.org/10.1007/s00493-023-00054-3
https://doi.org/10.1007/s00493-023-00054-3
https://arxiv.org/abs/2303.11231
https://arxiv.org/abs/2303.11231
https://arxiv.org/abs/2303.11231
https://doi.org/10.1016/j.jctb.2022.09.001
https://doi.org/10.1016/j.jctb.2022.09.001
https://doi.org/10.1016/j.jctb.2022.09.001

1180

1181

1182

1183

1184

1185

1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

1200

1201

1202

1203

1204

1205

1206

1207

1208

1209

1210

1211

1212

1213

1214

1215

[Chul2a]

[Chul2b]

[Chu14]

[CPST13]

[CRST06]

[CS87]

[CS08]

[CS18]

[CS23]

[CSSS23]

[CW21]

[Dav22]

[Dav23]

[Des47]

[Des54]

[DM21]

[EHS9]

[Erd59]

MARr1A CHUDNOVSKY (2012). The structure of bull-free graphs [-Three-edge-paths
with centers and anticenters. J. Combin. Theory Ser. B 102(1), 233-251.

MaRriA CHUDNOVSKY (2012). The structure of bull-free graphs II and III—A sum-
mary. J. Combin. Theory Ser. B 102(1), 252-282.

MARrIA CHUDNOVSKY (2014). The Erdés-Hajnal conjecture—A survey. J. Graph
Theory 75(2), 178-190.

MaARriA CHUDNOVSKY, IRENA PENEV, ALEX ScoTT, and NicoLAs TROTIGNON (2013).
Substitution and y-boundedness. J. Combin. Theory Ser. B 103(5), 567-586.

MaAR1iA CHUDNOVSKY, NEIL ROBERTSON, PAUL SEYMOUR, and ROBIN THOMAS (2006).
The strong perfect graph theorem. Ann. of Math. (2) 164(1), 51-229.

VASEK CHVATAL and NAjiBA SBIHI (1987). Bull-free Berge graphs are perfect.
Graphs Combin. 3(2), 127-139.

Mar1iA CHUDNOVSKY and SHMUEL SAFRA (2008). The Erd6s-Hajnal conjecture for
bull-free graphs. J. Combin. Theory Ser. B 98(6), 1301-1310.

HenRI PERRET DU CrAY and IgNast Sau (2018). Improved FPT algorithms for
weighted independent set in bull-free graphs. Discrete Math. 341(2), 451-462.

Maria CHUDNOVSKY and PAUL SEYMOUR (2023). Even-hole-free graphs still have
bisimplicial vertices. J. Combin. Theory Ser. B 161, 331-381.

MARIA CHUDNOVSKY, ALEX SCOTT, PAUL SEYMOUR, and SOPHIE SPIRKL (2023).
Polynomial bounds for chromatic number VI. Adding a four-vertex path. Euro-
pean J. Combin. 110, Paper No. 103710, 10.

PArRINYA CHALERMSOOK and BARTOSZ WaLczak (2021). Coloring and maximum
weight independent set of rectangles. Proceedings of the 2021 ACM-SIAM Sympo-
sium on Discrete Algorithms (SODA), 860—868.

James Davies (2022). Improved bounds for colouring circle graphs. Proc. Amer.
Math. Soc. 150(12), 5121-5135.

JaMmEs Davies (2023). Triangle-free graphs with large chromatic number and no
induced wheel. . Graph Theory 103(1), 112-118.

BLANCHE DESCARTES (1947). A three colour problem. Eureka 9(21), 24-25.

BLANCHE DESCARTES (1954). Advanced Problems and Solutions: Solutions: 4526.
Amer. Math. Monthly 61(5), 352-353.

James Davies and Rose McCarty (2021). Circle graphs are quadratically y-
bounded. Bull. Lond. Math. Soc. 53(3), 673-679.

PauL ErDOs and ANDRAS HAJNAL (1989). Ramsey-type theorems. Discrete Appl.
Math. 25(1-2), 37-52.

PauL ErDOs (1959). Graph theory and probability. Canad. J. Math. 11, 34-38.

33


https://doi.org/10.1016/j.jctb.2011.07.003
https://doi.org/10.1016/j.jctb.2011.07.003
https://doi.org/10.1016/j.jctb.2011.07.003
https://doi.org/10.1016/j.jctb.2011.07.002
https://doi.org/10.1016/j.jctb.2011.07.002
https://doi.org/10.1016/j.jctb.2011.07.002
https://doi.org/10.1002/jgt.21730
https://doi.org/10.1016/j.jctb.2013.02.004
https://doi.org/10.4007/annals.2006.164.51
https://doi.org/10.1007/BF01788536
https://doi.org/10.1016/j.jctb.2008.02.005
https://doi.org/10.1016/j.jctb.2008.02.005
https://doi.org/10.1016/j.jctb.2008.02.005
https://doi.org/10.1016/j.disc.2017.09.012
https://doi.org/10.1016/j.disc.2017.09.012
https://doi.org/10.1016/j.disc.2017.09.012
https://doi.org/10.1016/j.jctb.2023.02.009
https://doi.org/10.1016/j.jctb.2023.02.009
https://doi.org/10.1016/j.jctb.2023.02.009
https://doi.org/10.1016/j.ejc.2023.103710
https://doi.org/10.1137/1.9781611976465.54
https://doi.org/10.1137/1.9781611976465.54
https://doi.org/10.1137/1.9781611976465.54
https://doi.org/10.1090/proc/16044
https://doi.org/10.1002/jgt.22906
https://doi.org/10.1002/jgt.22906
https://doi.org/10.1002/jgt.22906
https://doi.org/10.2307/2307489
https://doi.org/10.1112/blms.12447
https://doi.org/10.1112/blms.12447
https://doi.org/10.1112/blms.12447
https://doi.org/10.1016/0166-218X(89)90045-0
https://doi.org/10.4153/CJM-1959-003-9

1216

1217

1218

1219

1220

1221

1222

1223

1224

1225

1226

1227

1228

1229

1230

1231

1232

1233

1234

1235

1236

1237

1238

1239

1240

1241

1242

1243

1244

1245

1246

1247

1248

1249

1250

1251

1252

[ES35]

[Esp17]

[FM04]

[Gal68]

[GIP*23]

[Gya75]

[Has65]

[Lov72]

[Myc55]

[NR79]

[Por13]

[Pou20]

[PT24]

[Ram30]

[Roy67]

[RTV20]

[Sei74]

PauL ErRDOs and GEORGE SZEKERES (1935). A combinatorial problem in geometry.
Compositio Math. 2, 463—470. URL: http://www.numdam.org/item/CM_1935__2
__463_0/.

Louis ESPERET (2017). Graph colorings, flows and perfect matchings. Habilitation
Thesis, Université Grenoble Alpes.

CeLINA M. H. DE FIGUEIREDO and FREDERIC MAFFRAY (2004). Optimizing bull-free
perfect graphs. SIAM J. Discrete Math. 18(2), 226—240.

TiBOR GALLAI (1968). On directed paths and circuits. Theory of Graphs (Proc.
Collog., Tihany, 1966), pp 115-118.

ANTONIO GIRAO, FREDDIE ILLINGWORTH, EMIL POWIERSKI, MICHAEL SAVERY, ALEX
ScotT, Yourl TAMITEGAMA, and JANE TAN (2023). Induced subgraphs of induced
subgraphs of large chromatic number. Combinatorica Accepted.

ANDRAs GYARFAS (1975). On Ramsey covering-numbers. Infinite and finite sets
(Collogq., Keszthely, 1973; dedicated to P. Erd6s on his 60th birthday), Vol. II, 801-816.
Colloq. Math. Soc. Janés Bolyai, Vol. 10.

MaR1A HASSE (1964/65). Zur algebraischen Begriindung der Graphentheorie. L
Math. Nachr. 28, 275-290.

LAszL6 LovAsz (1972). Normal hypergraphs and the perfect graph conjecture.
Discrete Math. 2(3), 253-267.

JAN MYCIELSKI (1955). Sur le coloriage des graphs. Collog. Math. 3, 161-162.

JarosLAv NESETRIL and VojTECH RODL (1979). A short proof of the existence of
highly chromatic hypergraphs without short cycles. . Combin. Theory Ser. B 27(2),
225-227.

ELEANOR HODGMAN PORTER (1913). Pollyanna (L.C. Page).

PEGAH POURNAJAFI (2020). Burling graphs revisited. Rapport de stage de Master 2e
année, ENS de Lyon .

PeEGAH PournAjAFI and Nicoras TROTIGNON (2024). Burling graphs revisited, part
II: Structure. European Journal of Combinatorics 116, 103849.

Frank P. RAMSEY (1930). On a problem of formal logic. Proc. London Math. Soc.
$2-30(1), 264—286.

BERNARD Roy (1967). Nombre chromatique et plus longs chemins d’un graphe.
Rev. Francaise Informat. Recherche Opérationnelle 1(5), 129-132.

MaRrko Rabpovanovi¢, Nicoras TROTIGNON, and KrisTINA VUSkoviC (2020). The
(theta, wheel)-free graphs Part III: Cliques, stable sets and coloring. . Combin.
Theory Ser. B 143, 185-218.

DIETER SEINSCHE (1974). On a property of the class of n-colorable graphs. J.
Combinatorial Theory Ser. B 16, 191-193.

34


http://www.numdam.org/item/CM_1935__2__463_0/
https://doi.org/10.1137/S0895480198339237
https://doi.org/10.1137/S0895480198339237
https://doi.org/10.1137/S0895480198339237
https://doi.org/10.1007/s00493-023-00061-4
https://doi.org/10.1007/s00493-023-00061-4
https://doi.org/10.1007/s00493-023-00061-4
https://doi.org/10.1002/mana.19650280503
https://doi.org/10.1016/0012-365X(72)90006-4
https://doi.org/10.4064/cm-3-2-161-162
https://doi.org/10.1016/0095-8956(79)90084-4
https://doi.org/10.1016/0095-8956(79)90084-4
https://doi.org/10.1016/0095-8956(79)90084-4
https://doi.org/10.1016/j.ejc.2023.103849
https://doi.org/10.1016/j.ejc.2023.103849
https://doi.org/10.1016/j.ejc.2023.103849
https://doi.org/10.1112/plms/s2-30.1.264
https://doi.org/10.1051/m2an/1967010501291
https://doi.org/10.1016/j.jctb.2019.07.003
https://doi.org/10.1016/j.jctb.2019.07.003
https://doi.org/10.1016/j.jctb.2019.07.003
https://doi.org/10.1016/0095-8956(74)90063-x

1253

1254

1255

1256

1257

1258

1259

1260

1261

1262

1263

1264

1265

1266

1267

1268

1269

1270

1271

1272

1273

1274

1275

1276

[SS16]

[SSS22a]

[SSS22b]

[SSS23]

[Sum81]

[TTV17]

[Vit62]

[Wag80]

[Zyk49]

[Zyk52]

ALEX ScoTT and PAuL SEYMOUR (2016). Induced subgraphs of graphs with large
chromatic number. I. Odd holes. J. Combin. Theory Ser. B 121, 68-84.

ALEX ScoTT, PAUL SEYMOUR, and SoPHIE SPIRKL (2022). Polynomial bounds for
chromatic number II: Excluding a star-forest. J. Graph Theory 101(2), 318-322.

ALEX ScoTT, PAUL SEYMOUR, and SoPHIE SPIRKL (2022). Polynomial bounds for
chromatic number. III. Excluding a double star. J. Graph Theory 101(2), 323-340.

ALEX ScoTT, PAUL SEYMOUR, and SoPHIE SPIRKL (2023). Polynomial Bounds for
Chromatic Number. IV: A Near-polynomial Bound for Excluding the Five-vertex
Path. Combinatorica 43(5), 845-852.

DAviD P. SUMNER (1981). Subtrees of a graph and the chromatic number. The
theory and applications of graphs (Kalamazoo, Mich., 1980), 557-576.

STEPHAN THoMASSE, NicorLAs TROTIGNON, and KrisTINA VuSkoviC (2017). A
polynomial Turing-kernel for weighted independent set in bull-free graphs. Algo-
rithmica 77(3), 619-641.

L. M. VITAVER (1962). Determination of minimal coloring of vertices of a graph by
means of Boolean powers of the incidence matrix. Dokl. Akad. Nauk SSSR 147(4),
758-759. URL: https://www.mathnet.ru/eng/dan27289.

STANLEY WAGON (1980). A bound on the chromatic number of graphs without
certain induced subgraphs. J. Combin. Theory Ser. B 29(3), 345-346.

ALEXANDER A. ZYKOV (1949). On some properties of linear complexes. Mat. Sbornik
N.S. 24(66), 163-188. URL: https://www.mathnet.ru/eng/sm5974. English
translation in [Zyk52].

ALEXANDER A. Zykov (1952). On some properties of linear complexes. Amer. Math.
Soc. Translation 1952(79), 33.

35


https://doi.org/10.1016/j.jctb.2015.10.002
https://doi.org/10.1016/j.jctb.2015.10.002
https://doi.org/10.1016/j.jctb.2015.10.002
https://doi.org/10.1002/jgt.22829
https://doi.org/10.1002/jgt.22829
https://doi.org/10.1002/jgt.22829
https://doi.org/10.1002/jgt.22862
https://doi.org/10.1002/jgt.22862
https://doi.org/10.1002/jgt.22862
https://doi.org/10.1007/s00493-023-00015-w
https://doi.org/10.1007/s00493-023-00015-w
https://doi.org/10.1007/s00493-023-00015-w
https://doi.org/10.1007/s00493-023-00015-w
https://doi.org/10.1007/s00493-023-00015-w
https://doi.org/10.1007/s00453-015-0083-x
https://doi.org/10.1007/s00453-015-0083-x
https://doi.org/10.1007/s00453-015-0083-x
https://www.mathnet.ru/eng/dan27289
https://www.mathnet.ru/eng/dan27289
https://www.mathnet.ru/eng/dan27289
https://doi.org/10.1016/0095-8956(80)90093-3
https://doi.org/10.1016/0095-8956(80)90093-3
https://doi.org/10.1016/0095-8956(80)90093-3
https://www.mathnet.ru/eng/sm5974

	Introduction
	Preliminaries
	Adding a clique
	Pineapple-free graphs
	Lollipop-free graphs
	Bowtie-free graphs
	Bull-free graphs
	Trigraphs
	The elementary locally-perfect case
	Completing the proof for bull-free graphs

	Non-Pollyanna classes
	Forbidden induced subgraphs for willows
	Further work

