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Abstract
Let G be a graph, S Ď V pGq be a vertex set in G and r be a positive integer. The distance

r-independence number of S is the size of the largest subset I Ď S such that no pair u, v
of vertices in I has a path on at most r edges between them in G. It has been conjectured
[Chudnovsky et al., arXiv, 2025] that for every positive integer t there exist positive integers c,
d such that every graph G that excludes both the complete bipartite graph Kt,t and the grid ‘t

as an induced minor has a tree decomposition in which every bag has (distance 1) independence
number at most cplog nqd. We prove a weaker version of this conjecture where every bag of the
tree decomposition has distance 16plog n ` 1q-independence number at most cplog nqd. Along
the way, we also prove a version of the conjecture where every bag of the decomposition has
distance 8-independence number at most 2cplog nq

1´p1{dq .

1 Introduction
All graphs in this paper are finite and all logarithms are base 2. For standard graph theory
terminology that is not defined here we refer the reader to Diestel’s textbook [Die25]. Let G “

pV pGq, EpGqq be a graph. For a set X Ď V pGq, we denote by GrXs the subgraph of G induced by
X, and by G ´ X the subgraph of G induced by V pGqzX. For graphs G and H, we say that H is
a minor of G, or that G contains H as a minor, if there exist disjoint connected induced subgraphs
tXvuvPV pHq of G such that for every pair of distinct vertices u, v of H, if uv is an edge of H then
there exists an edge from Xu to Xv in G. If, for every pair of distinct vertices u, v of H, uv is an
edge of H if and only if there exists an edge from Xu to Xv in G, then H is an induced minor of G.

Given a family H of graphs, we say that a graph G is H-induced-minor-free if no induced minor
of G is isomorphic to a member of H. The distance between two vertices u and v in G is the
minimum number of edges of a u-v path in G. An independent set in G is a set I of vertices of
pairwise distance at least two. For a positive integer r, a distance r-independent set is a set I of
vertices of pairwise distance strictly greater than r. Thus, a set is independent if and only if it
is 1-independent. The distance r-independence number of a vertex set S is denoted by αrpSq and
defined as the size of the largest distance r-independent subset of S. The independence number of
a set S is αpSq “ α1pSq.

For a graph G, a tree decomposition pT, χq of G consists of a tree T and a map χ : V pT q Ñ 2V pGq

with the following properties:

1. For every v P V pGq, there exists t P V pT q such that v P χptq.
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2. For every v1v2 P EpGq, there exists t P V pT q such that v1, v2 P χptq.
3. For every v P V pGq, the subgraph of T induced by tt P V pT q | v P χptqu is connected.

For each t P V pT q, we refer to χptq as a bag of pT, χq. The width of a tree decomposition pT, χq,
denoted by widthpT, χq, is maxtPV pT q |χptq| ´ 1. The independence number of a tree decomposition
pT, χq is the maximum independence number αpχptqq over all bags χptq for t P V pT q. The distance
r-independence number of a tree decomposition pT, χq is the maximum distance r-independence
number αrpχptqq over all bags χptq for t P V pT q. The treewidth, tree independence and distance
r-tree independence number of G, are the minimum width, independence number, and distance
r-independence number of a tree decomposition of G, respectively. We will say that a class of
graphs has a bounded graph parameter (such as treewidth or tree-independence) if there exists a
constant c such that the parameter is upper bounded by c for every graph in the class.

Treewidth has been extensively studied, as graphs whose treewidth is upper bounded by a
constant have favorable structural [Bod98, RS86] and algorithmic [CFK`15] properties. Some of
the applications (such as polynomial time solvability of a number of graph problems) carry over
to graphs of bounded tree-independence [DMŠ24, LMM`24]. This motivates a systematic study of
which classes have bounded treewidth or tree-independence.

In terms of minors, treewidth is well understood: there exists a fixed constant c such that, if
t is the largest integer such that G contains the t times t grid ‘t as a minor, then the treewidth
of G is at least t [Die25] and at most t9plog tqc for some fixed constant c [CC16, CT21]. On
the other hand, recent results suggest [ST21] (see also [ABVT25]) that there does not exist a
“nice” characterization of bounded treewidth graphs in terms of forbidden induced subgraphs. For
example, for every sufficiently large n there exists an n-vertex graph which excludes a triangle K3
as an induced subgraph, K3,3 and ‘5 as an induced minor (indeed even smaller graphs), and yet
has treewidth (and also tree independence number) at least c ¨ log n for a constant c ą 0 [ST21].

Quite often, problems that are solvable in polynomial time when the treewidth or tree-independence
number of the input graph is a constant can be solved in quasi-polynomial (Opnplog nqd

q for some
constant d) time when the treewidth or tree-independence number of the input graph is upper
bounded by a poly-logarithmic (i.e. Opplog nqcq for some constant c) function in the number of
vertices [LPR26]. Together with the above-mentioned difficulties of characterizing the graphs of
bounded treewidth and tree independence in terms of induced minors, this motivates trying to
characterize the graphs whose treewidth (or tree independence) is bounded poly-logarithmically in
the number of vertices (see for example [ACHS22, CGH`25]).

It was conjectured [CCL`25] that, for every integer t there exist integers c, d such that ev-
ery graph G either contains Kt,t or ‘t as an induced minor or has tree-independence at most
pc log nqd. A subset of the authors recently showed [CEL25] that characterizing the graphs with
poly-logarithmic tree-independence is essentially equivalent to characterizing the graphs with poly-
logarithmic treewidth and no clique on c ¨ log n vertices for a sufficiently large constant c.

The main results of this paper are the following three theorems.

Theorem 1.1. Let t be a positive integer and let G be a Kt,t-induced-minor-free graph. Then there
exists constants cptq, dptq such that G either has ‘t as an induced minor or has a tree decomposition
pT, χq such that for every x P V pT q, the distance 16 log 4n-independence number of the bag χpxq is
at most 115000 ¨ log3 4n ¨ f log 4f , where f “ p1000000 ¨ d ¨ log5 4nqc.

Theorem 1.2. Let t be a positive integer and let G be a graph that excludes Kt,t and ‘t as
induced minors. Then there exists a positive integer cptq and ϵptq P p0, 1s, such that G has a tree
decomposition pT, χq such that for every x P V pT q, the distance 8-independence number of χpxq is
at most 2cptq log1´ϵptq n.
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Our results fit into a recent line of work concerning “coarse graph theory” [GP25, NSS25a,
GKL23, HNST24, AHJ`24, NSS25b]. In this field tree decompositions where each bag can be
covered by “not too many” balls of “small” radius are of interest. Another line of inquiry within
coarse graph theory is to understand what versions of the classic Menger’s Theorem [Men27] hold
true when disjoint paths are replaced by paths that are sufficiently far apart, and bounded size
separators are replaced by separators that can be covered by “not too many” balls of “small” radius.
Note that by Lemma 6.2 of [CCFL26], the existence of a tree decomposition as above implies the
Menger theorem analogue. Theorems 1.1 and 1.3 fit into this framework if “small” means Oplog nq,
and “not too many” means Opplog nqcq for some constant c, while in Theorem 1.2 “small” is Op1q

and “not too many” is Op2plog nq1´ϵ
q for some positive constant ϵ.

Theorem 1.3. Let t be a positive integer, and let G be a Kt,t-induced-minor-free graph. Let
A, B Ď V pGq, and let k be a positive integer. Then there exist constants dptq and µptq such that
one of the following holds:

1. G has an A–B separator S Ď V pGq whose distance 16 log 4n-independence number is at most
100k ¨ g ¨ log3 4n, where g :“

`

24 log2 4n ` 4dptq ` 1
˘µptq

¨
`

2µptq ` 1
˘4µptq2`1.

2. G contains a collection of k vertex-disjoint A–B paths that are pairwise anticomplete.

Proof Outline. The proofs of all main theorems begin with a reduction from the class of all Kt,t-
induced-minor-free graphs to the subclass of such graphs with degeneracy bounded by a constant.
To obtain this reduction, we show that every Kt,t-induced-minor-free graph G admits a partition of
V pGq into a constant number of parts such that each connected component of every part is contained
in a ball of radius four in G (this is Theorem 9.2). Contracting each such component yields an
induced minor G1 of G with bounded chromatic number, and hence bounded clique number. Since
G1 remains Kt,t-induced-minor-free, by a theorem in [BBCD24] or [GH25], we conclude that G1

has bounded degeneracy. By construction, separators consisting of a bounded number of balls,
as well as collections of vertex-disjoint and pairwise anticomplete paths in G1, can be lifted to
corresponding structures in G. Therefore, for the remaining two theorems, it suffices to prove them
for the subclass of Kt,t-induced-minor-free graphs whose degeneracy is bounded by a constant.

A number of recent manuscripts consider the problem of efficiently finding (or proving the
existence of) separators that can be covered by a small number of sets from a prescribed family F ,
by rounding the corresponding linear programming relaxation. In general, these linear programs
may have large integrality gaps. However, positive results are known when F has additional
structure – for example when the sets are cliques [KLS`24] or when they have poly-logarithmic
independence number [CEL25], where poly-logarithmic upper bounds on the integrality gaps can
be obtained. We identify another type of F , that we call layered families, which is amenable to the
techniques used in these papers.

Let G be a graph and Π be an ordered partition of V pGq. We define the layered family of
G corresponding to Π as follows. First, remove all edges whose endpoints lie in the same part
of Π. Next, orient each remaining edge from the vertex in the part with higher index to the
vertex in the part with lower index. For each source, that is, each vertex of indegree zero in the
resulting orientation, include in the family the set of all vertices reachable from it by a directed
path. In graphs of bounded degeneracy, there exists an ordered partition Π for which the layered
family satisfies the following useful properties: (1) the integrality gap of the linear programming
relaxation for separators using sets of this family is at most poly-logarithmic, (2) for every vertex
v in the graph, N rvs can be covered by a constant number of sets from F , and (3) every set in F
is contained in a ball of radius Oplog nq. The main technical contribution of our work is to prove
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property (1). After this, we follow the established framework of rounding the linear programming
relaxation, as follows.

For Theorem 1.1, when the optimum objective value is “low”, we can round the linear program
and obtain balanced separators that can be covered by a poly-logarithmic number of sets from the
family F and when the objective value is “high”, we use the linear program to guide us in sampling
an induced subgraph H with treewidth which is large compared to its poly-logarithmic maximum
degree. This forces H, and hence G, to contain ‘t as an induced minor, since graphs excluding
both Kt,t and ‘t as induced minors have treewidth polynomially bounded in their maximum degree,
which in H is only poly-logarithmic (and therefore small).

For Theorem 1.2, we apply a theorem from [CCFL26] which asserts that graphs that exclude
Kt,t and ‘t as induced minors and Kt as a subgraph have sub-polynomial treewidth.

Finally, for Theorem 1.3, a linear program with “low” objective value can be rounded to obtain
A–B separators that can be covered by a poly-logarithmic number of sets from F . When the
value is high, we sample an induced subgraph H of poly-logarithmic maximum degree containing
many vertex-disjoint A–B paths. As H remains Kt,t-induced-minor-free, we can apply a theorem
from [BHKM23] to obtain an edge partition Π in which every connected component induced by
a part is a star. But now, as H admits P, A and B cannot be separated using a small number
of vertices, and as maximum degree is poly-logarithmic, this property also holds for the induced
minor of H obtained by contracting connected components of a fixed part in Π. This observation
helps us find an induced subgraph H 1 of H that preserves a reasonable fraction of the A–B paths in
P, but has constant maximum degree. But, as H 1 has constant degree and admits a large number
of vertex-disjoint A–B paths, by a theorem from [GKL23], H 1 and consequently G also admit a lot
of vertex-disjoint and pairwise anticomplete A–B paths.

2 Preliminaries
When clear from context, we denote by n the number of vertices of the considered graph G. We use
rks to denote the set t1, 2, . . . , ku for a positive integer k. Unless the base is specified, logarithms
are in base 2. For a set A and a subset B Ď A, we write B Ĺ A to denote that B is a proper
subset of A. A clique in a graph G is a set of pairwise adjacent vertices. For a positive integer t,
Kt denotes a clique on t vertices. A complete bipartite graph is a graph G with vertex set A Y B
such that a pair of vertices pu, vq form an edge if and only if tu, vu X A contains a single vertex.
For a positive integer t, Kt,t denotes a complete bipartite graph where A and B contain exactly t
vertices each. For every positive integer t, a t times t grid denoted as ‘t is the graph with vertex
set rts ˆ rts where every pair pi, jq, pi1, j1q of vertices are adjacent if and only if |i ´ i1| ` |j ´ j1| “ 1.

For graphs G and H, we say that H is a minor of G, or that G contains H as a minor, if there
exist disjoint connected induced subgraphs tXvuvPV pHq of G such that for every pair of distinct
vertices u, v of H, if pu, vq is an edge of H then there exists an edge from Xu to Xv in G. If, for
every pair of distinct vertices u, v of H, pu, vq is an edge of H if and only if there exists an edge
from Xu to Xv in G, then H is an induced minor of G.

Given a vertex subset X Ď V pGq the subgraph of G induced by X is the graph GrXs with
vertex set X and edge set tpu, vq P EpGq | u, v P Xu. We use G´X to denote the graph induced by
V pGqzX. We use Npvq to denote the set of vertices that are adjacent to v and N rvs for Npvq Y tvu.
Similarly, NpXq denotes tu P V pGqzX | u P Npvq for some v P Xu and N rXs denotes NpXq Y X.
The degree of v is |Npvq| and the maximum degree of G, denoted ∆pGq, is maxvPV pGq degpvq. A
walk in a graph is a sequence of vertices in which each vertex is adjacent to the next, while a path
is a walk in which every vertex is distinct. The length of a path is equal to the number of vertices
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on it. Given vertex subsets A, B Ď V pGq, an A–B walk (resp., A–B path) is a walk (resp., path)
starting in A and ending in B. Likewise, for vertices u, v P V pGq, a u–v walk or u–v path starts at
u and ends at v. A path P in G is induced if GrP s has exactly |V pP q| ´ 1 edges.

For positive integers k and r, we say that a subset S of the vertices of graph G is pk, rq–coverable
if there exists a vertex subset C Ď V pGq of size at most k such that every vertex of S has a path
on at most r vertices to at least one vertex of C. A distance r-independent set is a set I of vertices
such that no pair of vertices in I has a path between them on at most r vertices. We remark that
the two notions are closely related. Suppose first that S Ď V pGq is such that the largest distance-
r-independent set I Ď S in G has size k. Then S is pk, rq–coverable in G. Indeed, if there exists
a vertex v P S that is not within distance r of any vertex of I, then I Y tvu is again distance-r-
independent in G, contradicting the maximality of I. Conversely, suppose that S is pk, rq–coverable
in G, and let C Ď V pGq be a set of size at most k witnessing this. We claim that every distance
2r-independent set I Ď S has size at most k. Indeed, if |I| ą k, then by the pigeonhole principle
there exist distinct vertices u, v P I that are both within distance at most r of the same vertex of
C. But this contradicts the assumption that I is distance 2r-independent.

For a positive real number ϕ, an pX, ϕq-balanced separator is a vertex subset S such that every
connected component of G ´ S contains at most ϕ ¨ |X| vertices from X. If A, B are vertex subsets,
then an A–B separator is a vertex subset S such that every A–B path in G contains at least one
vertex from S. Let F be a family of vertex subsets of G. A fractional pA, Bq-separator using F in
G is an assignment txF uF PF of non-negative real numbers to elements of F such that

ř

F PF
F XP ‰H

xF

is at least one for every A–B path P . A fractional cover of X using F is an assignment txF uF PF
of non-negative real numbers to elements of F such that

ř

F PF
vPF

xF ě 1 for every v P X. The
fractional cover number of X with respect to F denoted fcovF pXq is the minimum of

ř

F PF xF

over all fractional covers txF uF PF of X. A subset F 1 of F is a cover of X using F if every vertex
of X is contained in at least one element of F 1. The cover number of X using F , denoted by
covF pXq is the size of the smallest subfamily F 1 of F such that every vertex of X is contained in
some element of F 1.

A Bernoulli random variable with success probability p, is one which takes the value 1 with
probability p, and 0 with probability 1 ´ p. We recall a version of the Chernoff bound. A stronger
version of this result, along with its full proof, is available in [MU17].

Proposition 2.1 ([HR90]; [MU17]). Let X1, X2, . . . , Xℓ be independent Bernoulli random variables,
and let X “

ř

iPrℓs Xi. If R ě 6ErXs, then

PrX ě Rs ď 2´R.

3 Layered Family
Let G be a graph, and let Π :“ pL1, . . . , Lkq be an ordered partition of V pGq. We define the
layer graph G⃗ of pG, Πq as the directed graph with V pG⃗q :“ V pGq and pu, vq P EpG⃗q if and only
if tu, vu P EpGq and u P Lj , v P Li for some i ă j. For vertices u, v P V pGq, we say that v is a
descendant of u, and u is an ancestor of v, if there exists a directed path from u to v in G⃗. Note
that a vertex u is always an ancestor of itself. Similarly, v is a child of u, and u is a parent of v, if
pu, vq is an arc of G⃗.

The layered family F corresponding to pG, Πq is defined as
␣

tv P V pGq | v is a descendant of uu
ˇ

ˇ u P V pGq has no parent
(

.
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The vertex u used to define such a set F is called the center of F . A family F of vertex subsets of
G is called a layered family of G if there exists an ordered partition Π of V pGq such that F is the
layered family corresponding to pG, Πq. If k is the smallest positive integer such that every F P F
intersects at most k parts of Π, then we say that F has thickness k. We use CF to denote the set
of centers of elements of F . If u P CF , then we use Fu to denote the element of F that has u as
a center. Similarly, FS denotes the subfamily tFu P F | u P Su, where S Ď CF . It follows from
the definition that F covers V pGq and that the center of each set in F is unique to that set. The
following lemma is immediate from the above definitions.

Lemma 3.1. Let G be a graph and k be a positive integer. If F is a layered family of G with
thickness at most k, then for every F P F and every u, v P F , there exists a path in GrF s from u
to v that contains at most 2k ´ 1 vertices, all of which are ancestors of u or v.

Proof. Let Π be the ordered partition of V pGq such that F is the layered family corresponding to
pG, Πq. Let F P F be a set with center w, and let u P F . By definition, there exists a directed path
from w to u in the layer graph of pG, Πq, contained within F . Let P “ pv1, . . . , vℓq be such a path,
where v1 “ w and vℓ “ u. Each vertex vi is a child of vi´1, and a parent of a vertex must lie in a
part of Π with a strictly larger index; hence the vertices of P all lie in distinct parts of Π. Since F
has thickness at most k, the path P uses at most k parts of Π, and therefore ℓ ď k. Thus, P is a
path from w to u with at most k vertices, all of which are ancestors of u.

Now let u, v be two vertices in F and let Pu and Pv be the paths in GrF s from u and v to the
center of F , of length at most k, consisting solely of ancestors of u and v, respectively. These two
paths imply the existence of a u–v walk Q of length at most 2k ´ 1 contained within the set of
ancestors of u or v. Hence, the shortest u–v path P in GrQs has length at most 2k ´ 1 and lies
within the same set. This completes the proof of the lemma.

Now, for a vertex subset S Ď V pGq, we define its upward and downward closures by

pS :“ t u P V pGq | Dv P S such that u is an ancestor of v u,

qS :“ t u P V pGq | Dv P S such that u is a descendant of v u.

We say that a vertex set is upward (resp., downward) closed if the upward (resp., downward) closure
of the set is itself. Observe that the elements of F are downward closed by definition. We now
prove some lemmas on the interactions between layered families and downward closed sets that will
be useful in the next sections.

Lemma 3.2. Let G be a graph with a layered family F of thickness at most k. If S Ď V pGq is a
downward closed set, then F 1 :“ tF zS | F P F and F zS ‰ Hu is a layered family of G ´ S with
thickness at most k.

Proof. Let Π :“ pL1, . . . , Lkq be an ordered partition of V pGq such that F is the layered family
corresponding to pG, Πq, and set Π1 :“ pL1zS, . . . , LkzSq. Let F2 denote the layered family of
pG ´ S, Π1q; we show F 1 “ F2, which gives both conclusions of the lemma since each F P F
intersects at most k parts of Π and consequently F zS intersects at most k parts of Π1.

We first show that CF2 “ CF 1 . Let w P V pGqzS. We claim that w is a center of F2 if and
only if w P CF zS. We focus on the “if” direction, since the “only if” direction is immediate: any
w P CF has no parent in the layer graph of pG, Πq, and in particular none in pG ´ S, Π1q. Suppose
then that w R CF , so w has a parent w1 in the layer graph of pG, Πq. If w1 P S, downward closure
of S would force the descendant w into S, contradicting w P V pGqzS. Hence w1 P V pGqzS, which
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implies that w1 is a parent of w in pG ´ S, Π1q. Combined with the observation that for w P CF ,
downward closure of S gives FwzS ‰ H if and only if w R S, we obtain CF2 “ CF zS “ CF 1 .

Fix w P CF2 and let F P F be the element with center w. Any directed path from w in the
layer graph of pG ´ S, Π1q is also one in the layer graph of pG, Πq, so the element of F2 with center
w is contained in F zS. Conversely, let u be a vertex of F zS, and consider any directed path
pw, v1, . . . , vℓ´1, uq from w to u in the layer graph of pG, Πq. We claim that every vi lies in V pGqzS.
Indeed, u is a descendant of vi; if vi P S, downward closure would force u P S, contradicting
u P F zS. Hence the entire path lies in V pGqzS, and is therefore a directed path in the layer
graph of pG ´ S, Π1q, witnessing u P F 2. The two elements with center w therefore coincide. Thus
F 1 “ F2, which completes the proof of the lemma.

Lemma 3.3. Let G be a graph with a layered family F of thickness at most k. If C is a connected
component of G, then F 1 :“ tF X C | F P F and F X C ‰ Hu is a layered family of GrCs with
thickness at most k.

Proof. Let S :“ V pGqzC. We claim that S is downward closed. Indeed, suppose v P S and let u
be a descendant of v in the layer graph of pG, Πq, where Π is any ordered partition of V pGq such
that F is the layered family corresponding to pG, Πq. Then there exists a directed path from v to
u whose underlying edges all lie in G, so u and v lie in the same connected component of G. As
v R C, neither does u, and hence u P S. Applying Lemma 3.2 to S now yields the result, since
G ´ S “ GrCs and F zS “ F X C for every F P F .

Lemma 3.4. Let G be a graph with a layered family F , and let S Ď CF . Let C be a connected
component of G ´ qS, and let Z :“ pCF X Cq. Then C Y qS “ ­S Y Z.

Proof. Let Π :“ pL1, . . . , Lkq be an ordered partition of V pGq such that F is the layered family
corresponding to pG, Πq. Since ­S Y Z “ qS Y qZ, it suffices to show that qZ Y qS “ C Y qS. We
first observe that for every directed path pv1, . . . , vℓq in the layer graph of pG, Πq with vℓ R qS, the
vertex set tv1, . . . , vℓu is contained in V pGqzqS, and hence in a single connected component of G´ qS.
Indeed, if vi P qS for some i P rℓs, downward closure of qS would force vℓ P qS, contradicting vℓ R qS.

Now, for the inclusion qZ Y qS Ď C Y qS, let u P qZzqS. By definition, u is a descendant of some
w P Z in the layer graph of pG, Πq, and the directed path from w to u ends outside qS. Hence by our
observation, this path lies in the connected component of G ´ qS containing w, namely C, giving
u P C. For the reverse inclusion, let u P C. Since F covers V pGq, there exists w P CF with u P Fw,
i.e., u is a descendant of w in the layer graph of pG, Πq. As u R qS, the directed path from w to
u avoids qS and lies in the connected component of G ´ qS containing u, namely C. In particular
w P C X CF which implies u P qZ. This completes the proof of the lemma.

Lemma 3.5. Let G be a graph with a layered family F of thickness at most k. If C Ď CF , then
F 1 :“ tFw | w P Cu is a layered family of Gr qCs with thickness at most k.

Proof. Let Π :“ pL1, . . . , Lkq be an ordered partition of V pGq such that F is the layered family
corresponding to pG, Πq, and set Π1 :“ pL1 X qC, . . . , Lk X qCq. Let F2 denote the layered family
of pGr qCs, Π1q; we show F 1 “ F2, which gives both conclusions of the lemma since each Fw P F 1

already intersects at most k parts of Π, and hence at most k parts of Π1.
Let u P qC. We claim that u is a center of F2 if and only if u P C. We focus on the “if” direction,

since the “only if” direction is immediate: any u P C is a center of F , hence has no parent in the
layer graph of pG, Πq, and in particular none in pGr qCs, Π1q. Suppose then that u R C. By definition
of qC, there exists w P C such that u is a descendant of w in the layer graph of pG, Πq. As u ‰ w,
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the predecessor u1 of u on a directed path from w to u is also a descendant of w, so u1 P Fw Ď qC,
and u1 is a parent of u in pGr qCs, Π1q. Hence CF2 “ C.

Now fix w P C and let F 2
w denote the element of F2 with center w. Any descendant of w in

the layer graph of pGr qCs, Π1q is a descendant in the layer graph of pG, Πq as well, so F 2
w Ď Fw.

Conversely, let u P Fw and let P be a directed path from w to u in the layer graph of pG, Πq.
Every vertex on P is a descendant of w P C, hence lies in qC, so P is a path in the layer graph of
pGr qCs, Π1q, witnessing u P F 2

w. Therefore Fw “ F 2
w, and F 1 “ F2.

We remark that Lemmas 3.2 and 3.3 are used in Section 6 and Lemmas 3.4 and 3.5 are applied
in Section 8. Finally, for vertices u, v P V pGq, a u–v path P is said to be upward minimal if there
does not exist a u–v path P 1 such that pP 1 Ĺ pP , or pP 1 “ pP and |V pP 1q| ă |V pP q|. A path is upward
non-minimal if it is not upward minimal. We need the following property of upward minimal paths.

Lemma 3.6. Let G be a graph and k be a positive integer. If F is a layered family of G with
thickness at most k, then for every F P F and every upward minimal path P in G, it holds that
|F X P | ď 2k ´ 1.

Proof. Suppose for contradiction that there exists F and P such that |F X P | ě 2k. Let w denote
the center of F and let P “ pv1, . . . , vi, . . . , vi1 , . . . , vpq, where vi and vi1 are the first and last vertices
of F along P . Let Pvi,vi1 be the vi–vi1 path whose existence is asserted by Lemma 3.1. We construct
a v1–vp walk Q by replacing the vi–vi1 subpath of P with Pvi,vi1 . The walk Q is strictly shorter
than P , since we removed at least 2k vertices and replaced them with at most 2k ´1. Furthermore,
pQ “ pPv1,vi Y pPvi,vi1 Y pPvi1 ,vp . Note that pPv1,vi Ď pP and pPvi1 ,vp Ď pP since Pv1,vi and Pvi1 ,vp are
subpaths of P . Moreover, pPvi,vi1 Ď pP as well, because Pvi,vi1 consists entirely of ancestors of vi or
vi1 , and is therefore contained in pP . Consequently, pQ Ď pP . Hence, if P 1 is the shortest induced
v1–vp path in GrQs, then |V pP 1q| ă |V pP q| and pP 1 Ď pP , contradicting the upward minimality of
P . Therefore, every F P F and every upward minimal path P satisfy |F X P | ď 2k ´ 1.

4 Rounding A–B Separator LP
Let A and B be vertex subsets of a graph G. Let P denote the set of all induced A–B paths. The
linear program corresponding to an A–B separator using the elements of F is defined as follows,
with nonnegative real variables xF for every F P F .

Minimize :
ÿ

F PF
xF (1)

Subject To :
ÿ

F PF
F XP ‰H

xF ě 1 @P P P

The main theorem that we prove in this section is the following:

Theorem 4.1. Let G be an n-vertex graph, k be a positive integer and F be a layered family of
G with thickness at most k. Let A, B Ď V pGq be vertex subsets of G and suppose txF uF PF is an
optimal solution to LP 1 corresponding to pG, F , A, Bq. Then there exists an A–B separator S in
G such that

fcovF pSq ď 8k logp2nq ¨
ÿ

F PF
xF .

We begin with the following lemma.
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Lemma 4.2. Let G be an n-vertex graph, F be a family of vertex subsets, A, B Ď V pGq be vertex
subsets and txF uF PF be an optimal solution to LP 1. Then, there exists another solution, tyF uF PF
that satisfies 1 ě yF ě 1

|F |
for every F P F with yF ą 0, and

ř

F PF yF ď 2 ¨
ř

F PF xF .

Proof. Define tyF uF PF as follows,

yF :“
#

0 if xF ă 1
2|F |

,

mint1, 2xF u otherwise.

and observe that
ř

F PF yF ď 2 ¨
ř

F PF xF . Furthermore, by construction, we have 1 ě yF ě 1
|F |

for
every F P F with yF ą 0. Finally, for every A–B path P we have

ÿ

F PF
F XP ‰H

yF ě mint1,
ÿ

F PF
F XP ‰H

xF ě 1
2|F|

2xF u ě min
"

1, 2
ˆ

1 ´ |F | ¨
1

2|F |

˙*

“ 1,

where the second to last transition uses that txF uF PF is a solution to LP 1 and that there are at
most |F | elements in F of value at most 1

2|F |
.

Lemma 4.3. Let G be a graph, k be a positive integer and F be a layered family of G with thickness
at most k. Let A, B Ď V pGq be vertex subsets of G and suppose tyF uF PF is a solution to LP 1
corresponding to pG, F , A, Bq that satisfies yF ě 1

n whenever yF ą 0. Then, there exists an A–B
separator S in G such that fcovF pSq is at most 4k ¨ logp2nq ¨

ř

F PF yF .

Proof. For every vertex v P V pGq, let dv “ min t
ř

F PF
F XP ‰H

yF | P is an A–v path u, let yv “
ř

F PF
F Qv

yF , and let Iv “ pdv ´ yv, dvs. Furthermore dv ď
ř

F PF
F XQ‰H

yF for every A–v walk Q,
since there exists an A–v path in GrQs.

Now, for every r P p0, 1s, we define Sr “ tv P V pGq | r P Ivu.

Claim 4.3.1. Sr forms an A–B separator for every r P p0, 1s.

Proof of the Claim. Let r P p0, 1s and P “ pv1, v2, . . . , vpq be an A–B path in G. Let vi be the first
vertex on P such that dvi ě r. Such a vertex exists, since vp P B and therefore dvp ě 1, as tyF uF PF
is a solution to LP 1. If i “ 1, then since v1 P A, we have dv1 “ yv1 which implies vi “ v1 P Sr.
Otherwise, consider vi´1. As the A–vi walk Q obtained by appending vi to the A–vi´1 path that
realizes dvi´1 satisfies

ř

F PF
F XQ‰H

yF ď dvi´1 ` yvi , we must have dvi ´ yvi ď dvi´1 ă r. Consequently
r P Ivi which implies that vi P Sr, and hence Sr is an A–B separator. ◁

Consider the random process where an r P p0, 1s is sampled uniformly at random.

Claim 4.3.2. ErrfcovF pSrqs ď 4k ¨ logp2nq ¨
ř

F PF yF .

Proof of the Claim. For each F P F and r P p0, 1s let us define mr
F “ 0 if F X Sr “ H and

max
´

t1u Y t 1
yv

| v P F X Sru

¯

otherwise. Note that this quantity is well defined, since if yv “ 0,
then Iv “ H, and hence r R Iv, which implies v R Sr. Moreover, mr

F is at most n, because yF ě 1
n

whenever yF ‰ 0, and consequently yv ě 1
n whenever yv ‰ 0. Also, let ŷr

F “ yF ¨ mr
F . We next

show that tŷr
F uF PF forms a fractional cover of Sr for every r P p0, 1s. Note that if u P Sr, then

ÿ

F PF
F Qu

ŷr
F ě

ÿ

F PF
F Qu

yF ¨ max
ˆ

t1u Y t
1
yv

| v P F X Sru

˙

ě yu ¨ max t1,
1
yu

u ě 1.
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Therefore,

ErrfcovF pSrqs ď Er

«

ÿ

F PF
ŷr

F

ff

“
ÿ

F PF
yF ¨ Errmr

F s

ď
ÿ

F PF
yF

«

8
ÿ

i“0
2i`1 ¨ Prr2i ď mr

F ă 2i`1s

ff

ď
ÿ

F PF
yF

»

–

tlog nu
ÿ

i“0
2i`1 ¨ Prr2i ď mr

F s

fi

fl . (2)

Now, in order to bound Prr2i ď mr
F s, for each 0 ď i ď tlog nu and F P F , we define Fi :“ tv P

F | yv ď 2´iu. Let u, v P Fi and P be the u–v path in GrF s of length at most 2k ´ 1 that uses
only ancestors of u or v, whose existence is asserted by Lemma 3.1. Let v̄ be a vertex of this path,
and without loss of generality, let v̄ be an ancestor of v. Since v belongs to every set in F that
contains v̄, we have yv̄ ď yv. Hence, v̄ P Fi and consequently P is a path in GrFis. Now, we define
IFi :“

Ť

vPFi
Iv, let u be the vertex in Fi with the smallest value of du ´ yu, and let v be the vertex

in Fi with the largest value of dv. Concatenating the u–v path of length at most 2k ´ 1 in GrFis

with an A–u path that realizes du yields an A–v walk. Since this A–v walk contains an A–v path,
we conclude that dv ď du ` p2k ´ 1q ¨ 2´i. Thus,

Prr2i ď mr
F s “ Pr rDv P Fi : r P Ivs “ Pr rr P IFis ď dv ´ pdu ´ 2´iq ď 2k ¨ 2´i.

Combining this with Equation 2, we conclude that

ErrfcovF pSrqs ď
ÿ

F PF
yF

»

–

tlog nu
ÿ

i“0
2i`1 ¨ 2k ¨ 2´i

fi

fl ď 4k ¨ logp2nq ¨
ÿ

F PF
yF .

◁

Now, as ErrfcovF pSrqs ď 4k ¨ logp2nq ¨
ř

F PF yF by Claim 4.3.2, there must exist some ro P p0, 1s

such that fcovF pSroq ď 4k logp2nq ¨
ř

F PF yF . Furthermore, Sro is an A–B separator by Claim 4.3.1,
which concludes our proof.

Now we are ready to prove Theorem 4.1.

Theorem 4.1. Let G be an n-vertex graph, k be a positive integer and F be a layered family of
G with thickness at most k. Let A, B Ď V pGq be vertex subsets of G and suppose txF uF PF is an
optimal solution to LP 1 corresponding to pG, F , A, Bq. Then there exists an A–B separator S in
G such that

fcovF pSq ď 8k logp2nq ¨
ÿ

F PF
xF .

Proof. Since F is a layered family of G, we have |F | ď n. We invoke Lemma 4.2 on the 5-tuple
pG, F , A, B, txF uF PF q to obtain tyF uF PF , another solution to LP 1 that satisfies yF ě 1

|F |
ě 1

n

whenever yF ą 0, and
ř

F PF yF ď 2 ¨
ř

F PF xF . Since pG, F , A, B, tyF uF PF q satisfies the require-
ments of Lemma 4.3, we are guaranteed the existence of an A–B separator S in G such that
fcovF pSq ď 4k ¨ logp2nq ¨

ř

F PF yF ď 8k ¨ logp2nq ¨
ř

F PF xF , which proves the theorem.
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5 Using the Dual of A–B Separator LP
The main theorem that we prove in this section is the following:

Theorem 5.1. Let G be a graph, k be a positive integer and F be a layered family of G with
thickness at most k. Let A, B Ď V pGq be vertex subsets of G. Then, for every ℓ ě 1

6 logp4|F |q,
there exists a multiset Q of induced A–B paths in G of cardinality at least ℓf , such that

• For every F P F , the number of paths in Q that intersect F is at most 6pℓ ` 1q.

• Each path in Q intersects F at most 2k ´ 1 times.

where f denotes the optimum value of LP 1 corresponding to pG, F , A, Bq.

Proof. Since the theorem holds trivially if f “ 0, let us assume that f is positive. Note that due
to the constraint in LP 1, f has to be at least 1. Let P denote the set of all induced A–B paths in
G. We describe the dual of LP 1 using non-negative real variables tyP uP PP .

Maximize :
ÿ

P PP
yP (3)

Subject To :
ÿ

P PP
P XF ‰H

yP ď 1 @F P F

Observe that, by strong duality [Won83], the dual LP also has the same optimum value f as the
primal.

Claim 5.1.1. There exists an optimal solution to LP 3 where, for every P P P we have yP ą 0
only if P is upward minimal.

Proof of the Claim. Consider the optimal solution tyP uP PP to LP 3 with the smallest number of
variables that have a non-zero assignment to upward non-minimal paths. For the sake of contra-
diction, let P 1 be an upward non-minimal path with yP 1 ą 0 and let Po be any upward minimal
path that witnesses its upward non-minimality, i.e., let Po be upward minimal and satisfy pPo Ĺ pP 1,
or pPo “ pP 1 and |V pPoq| ă |V pP 1q|. We claim that the assignment ty1

P uP PP , defined by

y1
P “

$

’

&

’

%

yPo ` yP 1 , if P “ Po,

0, if P “ P 1,

yP , otherwise,

is a feasible solution. This contradicts the definition of tyP uP PP , since ty1
P uP PP attains the same

(optimal) objective function value but has one fewer nonzero variable that corresponds to an upward
non-minimal path.

To this end, observe that any constraint of the LP that does not involve y1
Po

remains satisfied,
since the values of all other variables in ty1

P uP PP do not exceed those in tyP uP PP . Now consider a
constraint that involves y1

Po
and let F be the element of F it corresponds to. If Po X F ‰ H, then

pPo X F ‰ H, and consequently pP 1 X F ‰ H as well. Moreover, if pP 1 X F ‰ H, then as elements
of F are downward closed, F must contain a vertex of P 1, and hence F X P 1 ‰ H. Therefore, any
constraint that contains y1

Po
also contains y1

P 1 , and since y1
Po

` y1
P 1 “ yP 1 ` yPo , these constraints

also remain satisfied. Thus, all constraints remain satisfied under ty1
P uP PP , which concludes the

proof of the claim. ◁
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Let tyP uP PP be an optimal solution to LP 3, satisfying yP ą 0 only if P is upward minimal.
Observe that D :“ t yP {f uP PP is a probability distribution over P, as every yP takes non-negative
values and satisfy

ř

P PP yP “ f . Let Q :“ tQiuiPr f ¨ℓ s be rf ¨ ℓs independent samples drawn from
the distribution D over the set P. Let F P F , and let χF denote the number of paths in Q that
intersect F . For every i P r f ¨ ℓ s, we have that,

P
Qi„D

r Qi X F ‰ H s “
ÿ

P PP
P XF ‰H

P
Qi„D

r Qi “ P s “
ÿ

P PP
P XF ‰H

yP

f
ď

1
f

.

By linearity of expectation, combined with the fact that f ě 1, it follows that the expected value of
χF is at most ℓ ` 1. Applying union bound over all F P F and the Chernoff bound from Theorem
2.1 to χF for every F P F , we get:

P
”

max
F PF

tχF u ă 6pℓ ` 1q

ı

ě 1 ´
ÿ

F PF
P r χF ě 6pℓ ` 1q s ě 1 ´ |F | ¨ 2´6pℓ`1q ě

3
4 .

Hence, with probability at least 3
4 , the sampled multiset has cardinality at least f ¨ ℓ, consists

of induced A–B paths in G, and satisfies that for every F P F , at most 6pℓ ` 1q of these paths
intersect F . Therefore, there must exist some multiset Q with these properties. Finally, observe
that Q can only contain upward minimal paths since D assigns non-zero probability only to them.
This, combined with Lemma 3.6, implies the statement of the theorem.

6 Rounding Balanced Separator LP
We begin this section by defining the balanced separator LP. Let G be a graph, F be a layered
family of G, CF be the set of centers of elements in F and X Ď CF . For each pair u, v P X, let
Pu,v denote the set of all induced paths from u to v in G. We describe the balanced separator LP
corresponding to the instance pG, X, Fq, using non-negative real variables xF and du,v, defined for
every F P F and u, v P X.

Minimize:
ÿ

F PF
xF (4)

Subject to:
ÿ

vPX

du,v ě
|X|

10 @u P X

du,v ď
ÿ

F PF
F XP ‰H

xF @u, v P X, P P Pu,v

du,v ď 1 @u, v P X

The linear program above is feasible and bounded: setting xF “ 1 for every F P F and du,v “ 1
for every u, v P X is a feasible assignment, since V pGq Ď

Ť

F PF F ensures that every induced path
from u to v intersects some F P F . We also remark that it is a variant of the one used in the
Leighton–Rao rounding scheme [LR99], adapted to operate on vertex sets rather than individual
vertices, as in [KLS`24, CEL25]. We are now ready to state the main theorem proved in this
section:

Theorem 6.1. Let G be a graph, k be a positive integer and F be a layered family of G with
thickness at most k. Then for every subset X Ď CF , where CF denotes the set of centers of the
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elements of F , there exists an pX, 95
100q-balanced separator S in G such that S is downward closed

and
fcovF pSq ď 5000kf logp2nq logpf ` 4q,

whenever f , which denotes the optimum value of the balanced separator LP corresponding to
pG, X, Fq, is positive.

For the remainder of this section, we fix a graph G, the layered family F and the set X Ď CF .
We also fix an optimal solution to LP 4 corresponding to pG, X, Fq of value f ą 0. Let xF and
du,v, for every F P F and u, v P X, denote the values assigned to the corresponding variables in
this solution.

For U Ď V pGq, we define µpUq :“
ř

F PF
F XU‰H

xF . For every v P V pGq, we define xv :“
ř

F PF
F Qv

xF .
Also, for every u, v P V pGq, we define dpu, vq :“ min t

ř

F PF
F XP ‰H

xF | P P Pu,v u.Note that dp¨, ¨q is
a symmetric function, and that dpv, vq “ xv. We now make some more observations about the
function d.

Obervation 6.2. If u, v P X, then mintdpū, vq, 1u ě du,v.

Obervation 6.3. If u, v, w P V pGq, then dpu, wq ď dpu, vq`dpv, wq. In particular, if pv, wq P EpGq

and u P V pGq, then dpu, wq ď dpu, vq ` xw.

Observation 6.2 follows immediately from the LP constraints: du,v ď
ř

F PF
F XP ‰H

xF and du,v ď 1
for every u, v P X and P P Pu,v. Furthermore, note that dpu, vq ď

ř

F PF
F XQ‰H

xF for any u–v walk
Q in G, as we can always find an induced u–v path in GrQs. Hence, Observation 6.3 follows from
the fact that if P1 and P2 are induced u–v and v–w paths realizing dpu, vq and dpv, wq respectively,
then appending P2 to P1 yields a u–w walk Q satisfying

ř

F PF
F XQ‰H

xF ď dpu, vq `dpv, wq. Similarly,
if pv, wq P EpGq, then appending w to the u–v path realizing dpu, vq produces a u–w walk satisfying
ř

F PF
F XQ‰H

xF ď dpu, vq ` xw.

Let ε :“ 1
500 logpf`4q

, and for every u P V pGq, C Ď V pGq and positive real number r, define

BCpu, rq :“ tv P C | dpu, vq ď ru and δCpu, rq :“ BCpu, r ` 3εqzBCpu, r ` εq.

Let ℓmax “ rlog f`4
ε s and define ri :“ 3iε, where i is a positive integer. Let Z0 :“ t v P V pGq | xv ě

ε
2k u. We note that every F P F that contains a vertex u P Z0 also contains every descendant of
u. This implies that xv ě xu and consequently v P Z0 for every descendant v of u. Hence Z0 is
downward closed.

Lemma 6.4. Let u and v be vertices in V pGqzZ0 that satisfy dpu, vq ě ε. Then there does not
exist F P F that contains both u and v.

Proof. For the sake of contradiction, suppose there exists F P F that contains both u and v. Let P
be the u–v path in GrF s of length at most 2k ´1 that uses only ancestors of u or v, whose existence
is asserted by Lemma 3.1. Let v̄ be a vertex of this path and without loss of generality let v̄ be an
ancestor of v. Since v belongs to every set in F that contains v̄, we have xv̄ ď xv ď max txu, xvu.
Hence v̄ P V pGqzZ0, and consequently P is a path in G ´ Z0. Thus, we have

dpu, vq ď
ÿ

F PF
F XP ‰H

xF ă p2k ´ 1q ¨
ε

2k
ă ε,

which gives the desired contradiction.
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Now we state and prove three properties in Lemma 6.5, 6.6 and 6.7 that we require to implement
a version of the Leighton-Rao rounding scheme [LR99] and prove Theorem 6.1.

Lemma 6.5. Let Z Ď V pGq be a superset of Z0. Suppose that G ´ Z contains a connected
component C such that |C X X| ą

95|X|

100 , and let ū P X X C and ℓ P r ℓmax s. Then we have,

|XzBCpū, rℓ`1q| ě
5|X|

100 .

Proof. Since ℓ P r ℓmax s, we have

rℓ`1 ď rℓmax`1 “ 3ε
`

rlog f`4
ε s ` 1

˘

ď
3 log

`

2000 ¨ pf ` 4q ¨ logpf ` 4q
˘

500 logpf ` 4q
ď

1
20 ,

where the third inequality upper bounds rlog f`4
ε s ` 1 by log 4pf`4q

ε and substitutes the value of ε

and the final inequality follows from the facts that for x ě 4 we have log x ě 2 and log log x
log x ď 3

4 .
Now, assume, for the sake of contradiction, that |XzBCpū, rℓ`1q| ă

5|X|

100 . Then we obtain:
ÿ

vPX

mintdpū, vq, 1u “
ÿ

vPXXBCpū,rℓ`1q

mintdpū, vq, 1u `
ÿ

vPXzBCpū,rℓ`1q

mintdpū, vq, 1u

ď p|X| ´ |XzBCpū, rℓ`1q|q ¨ rℓ`1 ` |XzBCpū, rℓ`1q| ¨ 1

ă
95|X| ¨ rℓ`1

100 `
5|X| ¨ 1

100

ă
|X|

10 .

Here the second inequality follows from the fact that rℓ`1 ă 1 and consequently maximizing
p|X| ´ |XzBCpū, rℓ`1q|q ¨ rℓ`1 ` |XzBCpū, rℓ`1q| ¨ 1 is equivalent to maximizing |XzBCpū, rℓ`1q|.
But, Observation 6.2 implies the inequality

ř

vPX mintdpū, vq, 1u ě
ř

vPX dū,v which contradicts
the constraint

ř

vPX dū,v ě
|X|

10 of LP 4. Thus, it follows that |XzBCpū, rℓ`1q| ě
5|X|

100 .

Lemma 6.6. Let Z Ď V pGq be a superset of Z0. Suppose that G ´ Z contains a connected
component C such that |C X X| ą

95|X|

100 , and let ū P X X C. Then there exists ℓ P r ℓmax s such that
µpδCpū, rℓqq ď µpBCpū, rℓqq.

Proof. For this, we need the following claims:

Claim 6.6.1. µpBCpū, r1qq ě 2ε.

Proof of the Claim. Consider a path P in GrCs from ū to a vertex w such that w P XXpCzBCpū, rℓmax`1qq.
Note that since |XzBCpū, rℓ`1q| ě

5|X|

100 by Lemma 6.5 and since |XzC| ă
5|X|

100 by assumption, such
a vertex exists. Let P 1 :“ pū, v1, . . . , vpq be the subpath of P such that the successor of vp in P (say
vp`1) is the first vertex in P that does not belong to BCpū, r1q. P 1 is well defined, since w does not
belong to BCpū, r1q and is non-empty since ū P BCpū, r1q. Hence, by Observation 6.3, we get:

µpBCpū, r1qq ě
ÿ

F PF
F XP 1‰H

xF ě dpū, vpq ě dpū, vp`1q ´ xvp`1 ě 3ε ´
ε

2k
ą 2ε.

◁

Claim 6.6.2. µpBCpū, rℓ`1qq ě µpBCpū, rℓqq ` µpδCpū, rℓqq for every ℓ P r ℓmax s.

14



Proof of the Claim. Let v P δCpū, rℓq, and let F P F be a set containing v, with w denoting the
center of F . Observe that dpū, vq ą rℓ ` ε while dpū, v1q ď rℓ for every v1 P BCpū, rℓq. Hence
by Observation 6.3, we get dpv1, vq ě ε, and by Lemma 6.4 we conclude that there does not
exist an F P F that contains both v and v1. As every set F P F that intersects δCpū, rℓq has
an empty intersection with BCpū, rℓq, it follows that no set in F contributes to both µpδCpū, rℓqq

and µpBCpū, rℓqq. Moreover, from the definitions it follows that every set F P F contributing to
µpBCpū, rℓqq ` µpδCpū, rℓqq also contributes to µpBCpū, rℓ`1qq. These two observations together
imply the claim. ◁

Now, combining Claims 6.6.1 and 6.6.2, we conclude that if µpδCpū, rℓqq ą µpBCpū, rℓqq for
every ℓ P r ℓmax s, then µpBCpū, rℓmaxqq ą 2ℓmax´1 ¨ µpBCpū, r1qq ě f , while µpGq ď f , which
yields a contradiction. Hence we conclude that there exists some ℓ P r ℓmax s for which we have
µpδCpū, rℓqq ď µpBCpū, rℓqq, which proves Lemma 6.6.

Lemma 6.7. Let Z Ď V pGq be a downward closed superset of Z0. Suppose that G ´ Z contains
a connected component C such that |C X X| ą

95|X|

100 , and let ū P X X C and ℓ P r ℓmax s. If
A :“ BCpū, rℓ ` εq, B :“ CzBCpū, rℓ`1q and F 1 :“ t F X C | F P F and F X C ‰ H u, then there
exists a fractional pA, Bq-separator using F 1 in GrCs of weight at most 1

ε ¨ µpδCpū, rℓqq.

Proof. Consider the assignment tx1
F 1uF 1PF 1 defined as follows. Let F P F and let F 1 P F 1 be the set

corresponding to F X C. If F X δCpū, rℓq is nonempty, define x1
F 1 :“ xF

ε ; otherwise, define x1
F 1 :“ 0.

We claim that tx1
F 1uF 1PF 1 is a fractional pA, Bq-separator using F 1 in GrCs.

Let P “ pv0, v1, . . . , vp, vp`1q be a minimal (under subpaths) A–B path in GrCs. We have that
P X A “ tv0u and P X B “ tvp`1u. Let P ˚ “ pv1, . . . , vpq be the interior of P . By definition,
we have V pP ˚q Ď δCpū, rℓq. Moreover, P ˚ is non-empty; otherwise, applying Observation 6.3 to
tū, v1, vp`1u yields dpū, vp`1q ď dpū, v1q ` xvp`1 ď rℓ ` ε ` ε

2k , which contradicts the assumption
that dpū, vp`1q ą rℓ ` 3ε.

ÿ

F 1PF 1

F 1XP ‰H

x1
F 1 ě

ÿ

F PF
F XP ˚‰H

xF

ε
ě

1
ε

¨ dpv1, vpq

ě
1
ε

¨
`

dpū, vpq ´ dpū, v1q
˘

ě
1
ε

´

prℓ ` 3ε ´
ε

2k
q ´ prℓ ` ε `

ε

2k
q

¯

ě 1,

where the first inequality follows from the fact that any set in F that intersects P ˚ must intersect
δCpū, rℓq. The second line follows from applying Observation 6.3 to the triple tū, v1, vpu. The last
applies Observation 6.3 to the triples tū, vp, vp`1u and tū, v0, v1u and uses v1, vp R Z0. The claimed
upper bound on the weight of the fractional separator follows from the fact that

ř

F PF 1 x1
F “

1
ε ¨ µpδCpū, rℓqq.

With this, we prove the key lemma used in the proof of Theorem 6.1.

Lemma 6.8. Let Z Ď V pGq be a downward closed superset of Z0. If G ´ Z has a connected
component C such that |C X X| ą

95|X|

100 then there exists a partition A Y S Y B of C such that:

1. S is downward closed.

2. S is an A–B separator in G ´ Z.
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3. B Ĺ C.

4. |A X X| ď
95|X|

100 .

5. fcovF pSq ď 4000k ¨ logp2nq ¨ logpf ` 4q ¨ pµpCq ´ µpBqq.

Proof. Observe that by Lemma 3.2, F2 :“ tF zZ | F P F and F zZ ‰ Hu is a layered family of
G ´ Z with thickness at most k. Furthermore, by Lemma 3.3 applied to the component C in G ´ Z
and layered family F2, we conclude that

F 1 :“ tF 2 X C | F 2 P F2 and F 2 X C ‰ Hu “ tF X C | F P F and F X C ‰ Hu,

is a layered family of GrCs with thickness at most k. Let ū P C X X. We apply Lemma 6.6 to
obtain some ℓ P r ℓmax s such that µpδCpū, rℓqq ď µpBCpū, rℓqq. Now, let A1 :“ BCpū, rℓ ` εq and
B1 :“ CzBCpū, rℓ`1q . We also know, by Lemma 6.7, that there exists a fractional pA1, B1q-separator
using F 1 in GrCs of weight at most 1

ε ¨ µpδCpū, rℓqq. Therefore, we can apply Theorem 4.1 to the
tuple pGrCs, A1, B1, F 1q to obtain an A1–B1 separator S1 in GrCs.

Define S to be equal to qS1, B to be the set of vertices in connected components of GrCzSs that
have a non-empty intersection with B1, and let A :“ CzpB Y Sq. Observe that, by definition, S
is both an A–B1 separator and an A1–B separator in GrCs, and consequently also in G ´ Z. This
establishes two facts. First, we have |A X X| ď |X| ´ |B1 X X|. By Lemma 6.5, |B1 X X| ě

5|X|

100 ,
which implies |AXX| ď

95|X|

100 . Second, we obtain that B Ĺ C as ū P A1 and consequently ū P CzB.
Now, we bound the fractional cover number of S using F as follows:

fcovF pSq ď fcovF 1pS1q ď 8k ¨logp2nq¨
1
ε

µpδCpū, rℓqq ď 4000k ¨logp2nq¨logpf `4q¨µpBCpū, rℓqq.

Here, the first inequality follows from two observations. First, any fractional cover of S1 using F 1

also covers S: every set containing a vertex of S1 also contains all of its descendants, which implies
that if a vertex of S1 is covered, then all of its descendants are as well. Second, any set covered
by F 1 can also be covered by F , since F 1 is the restriction of F to a subset of V pGq. The second
inequality follows from a property of S guaranteed by Theorem 4.1, while the last follows from our
choice of ℓ and definition of ε.

To conclude the proof, it remains to show that µpBCpū, rℓqq ď µpCq ´ µpBq. To this end, let
F P F be a set intersecting B, and let v P F XB. Since v P B implies v R A1, we have dpū, vq ą rℓ`ε,
while dpū, v1q ď rℓ for every v1 P BCpū, rℓq. Hence, by Observation 6.3, it follows that dpv1, vq ě ε.
By Lemma 6.4, no set F P F can contain both v and v1. Therefore, no set in F contributes to both
µpBq and µpBCpū, rℓqq. Consequently µpBCpū, rℓqq ď µpCq ´ µpBq, which completes the proof.

Now we are ready to prove Theorem 6.1.

Theorem 6.1. Let G be a graph, k be a positive integer and F be a layered family of G with
thickness at most k. Then for every subset X Ď CF , where CF denotes the set of centers of the
elements of F , there exists an pX, 95

100q-balanced separator S in G such that S is downward closed
and

fcovF pSq ď 5000kf logp2nq logpf ` 4q,

whenever f , which denotes the optimum value of the balanced separator LP corresponding to
pG, X, Fq, is positive.
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Proof. We prove the following claim:

Claim 6.1.1. Let Z Ď V pGq be a downward closed superset of Z0, and let C be the connected
component of G ´ Z such that |C X X| ą

95|X|

100 , or let C “ H if no such component exists. Then
there exists an pX, 95

100q-balanced separator S in G such that S is downward closed and fcovF pSq ď

fcovF pZq ` 4000k ¨ logp2nq ¨ logpf ` 4q ¨ µpCq.

Proof of the Claim. We proceed by induction on |C|. Firstly, if C “ H, then we can let S “ Z
and the lemma holds true. Otherwise, let A1 Y S1 Y B1 be the partition of C whose existence is
implied by Lemma 6.8. Observe that Z Y S1 is downward closed, as both Z and S1 are. Now let
us consider the graph G ´ pZ Y S1q and distinguish two cases. First, if there exists a component
C 1 of G ´ pZ Y S1q such that |C 1 X X| ą

95|X|

100 , then C 1 Ď B1 as S1 is an A1–B1 separator in G ´ Z

and |A1 X X| ď
95|X|

100 . Since B1 Ĺ C, we conclude that C 1 Ĺ C. Second, no such component exists;
hence we set C 1 “ H, and again C 1 Ĺ C. In either case, by applying the inductive hypothesis to
the pair pG, Z Y S1q, we obtain an pX, 95

100q-balanced separator S in G such that S is downward
closed and

fcovF pSq ď fcovF pZ Y S1q ` 4000k ¨ logp2nq ¨ logpf ` 4q ¨ µpC 1q

ď fcovF pZq ` fcovF pS1q ` 4000k ¨ logp2nq ¨ logpf ` 4q ¨ µpC 1q

ď fcovF pZq ` 4000k ¨ logp2nq ¨ logpf ` 4q ¨
`

µpCq ´ µpB1q ` µpC 1q
˘

ď fcovF pZq ` 4000k ¨ logp2nq ¨ logpf ` 4q ¨ µpCq

where the last transition follows from the facts that C 1 Ď B1 which implies µpC 1q ď µpB1q. ◁

Now, we apply Claim 6.1.1 to the pair pG, Z0q and obtain an pX, 95
100q-balanced separator S in

G that is downward closed. Furthermore, since
ř

F PF
F Qv

xF ě ε
2k for every v P Z0, it follows that

␣

xF ¨ 2k
ε

(

F PF is a fractional cover for Z0. Consequently fcovF pZ0q ď 2k
ε ¨ f .

Thus,

fcovF pSq ď fcovF pZ0q ` 4000k ¨ logp2nq ¨ logpf ` 4q ¨ µpCq

ď 1000k ¨ logpf ` 4q ¨ f ` 4000k ¨ logp2nq ¨ logpf ` 4q ¨ f

ď 5000k ¨ logp2nq ¨ logpf ` 4q ¨ f.

which concludes the proof of Theorem 6.1.

7 Using the Dual of Balanced Separator LP
Let G be a graph, let F be a layered family of G, and let CF be the set of centers of elements in
F . Let X Ď CF and for each pair u, v P X, let Pu,v denote the set of all induced paths from u
to v in G. We now describe the dual of LP 4, corresponding to the instance pG, X, Fq. It uses
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non-negative real variables ρu, ηu,v, and γu,v,P , defined for every u, v P X and path P P Pu,v.

Maximize : |X|

10
ÿ

uPX

ρu ´
ÿ

u,vPX

ηu,v (5)

Subject To : ρu ´ ηu,v ´
ÿ

P PPu,v

γu,v,P ď 0 @u, v P X

ÿ

u,vPX
P PPu,v

P XF ‰H

γu,v,P ď 1 @F P F

It is easy to verify that the above is indeed the dual of LP 4, which by strong duality [Won83]
immediately implies that the linear program is feasible and has bounded optimal objective function
value. Having established this, we are now ready to state the main theorem proved in this section.
We remark that the general framework of this section closely follows that of Section 7 in [CEL25].
In that work, whenever the optimum value of LP 5 is high, one can sub-sample a set of paths
that induce a subgraph of large treewidth. The main difference in this section is that we show
it is possible to sample upward minimal paths that induce a subgraph of large treewidth. The
upward minimality additionally guarantees that, for every sampled path P and every set F P F ,
the intersection P X F has cardinality at most 2k ´ 1, which is a property we require for our main
results.

Theorem 7.1. Let G be a graph, k be a positive integer and F be a layered family of G with
thickness at most k. Then for every subset X Ď CF , where CF denotes the set of centers of the
elements of F , and positive integer ℓ such that ℓ ě 7 ¨ p f ¨ log n ` |X| ` 2 q, there exists an induced
subgraph H Ď G with X Ď V pHq that satisfies the following properties:

• For every pX, 1
2q-balanced separator S in H, we have that covF pSq ě f .

• For every F P F , we have that |F X V pHq| ď 1 ` 3 ℓ
5 f ¨ p2k ´ 1q.

whenever f , which denotes the optimum value of the dual of the balanced separator LP corresponding
to pG, X, Fq, is positive.

For the remainder of this section, we fix a graph G, the layered family F and the set X Ď CF .
We begin with the following lemma:

Lemma 7.2. There exists an optimal solution to LP 5 where, for every u, v P X and P P Pu,v, we
have γu,v,P ą 0 only if P is upward minimal.

Proof. Let ρu, ηu,v, and γu,v,P , for every u, v P X and P P Pu,v, denote the values assigned to the
corresponding variables in an optimal solution to LP 5 that, among all optimal solutions, achieves
the minimum number of nonzero γ variables corresponding to upward non-minimal paths. If for
some u1, v1 P X, there exists an upward non-minimal u1–v1 path P 1 with γu1,v1,P 1 ą 0, then let Po be
any upward minimal path that witnesses its upward non-minimality, i.e., let Po be upward minimal
and satisfy pPo Ĺ pP 1, or pPo “ pP 1 and |V pPoq| ă |V pP 1q|. We claim that the assignment obtained
from the above by setting, for all u, v P X, ρ1

u “ ρu and η1
u,v “ ηu,v, and by modifying the γu,v,P

variables as follows:

γ1
u,v,P “

$

’

&

’

%

γu,v,Po ` γu,v,P 1 , if u “ u1, v “ v1, P “ Po,

0, if u “ u1, v “ v1, P “ P 1,

γu,v,P , otherwise,
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is a feasible solution. This leads to a contradiction as the new solution attains the same (optimal)
objective function value but has one fewer non-zero variable corresponding to an upward non-
minimal path.

To this end, let us consider the constraint in LP 5. For ease of presentation, we refer to the
constraints corresponding to vertex pairs in X as type-one constraints, and those corresponding to
sets in F as type-two constraints. Any constraint of type-one that does not correspond to the pair
u1 and v1 contains neither γ1

u1,v1,Po
nor γ1

u1,v1,P 1 and therefore remains unchanged. The constraint of
type-one corresponding to u1 and v1 contains both γ1

u1,v1,Po
and γ1

u1,v1,P 1 , and since γ1
u1,v1,Po

`γ1
u1,v1,P 1 “

γu1,v1,Po ` γu1,v1,P 1 its left-hand side remains unchanged. Consequently, this constraint also remains
satisfied, which completes the case of type-one constraints. Now considering type-two, we note
that any type-two constraint that does not involve γ1

u1,v1,Po
remains satisfied, since the values of all

other γ1 variables do not exceed those of γ variables. So consider a constraint that corresponds to
element F in F that involves γ1

u1,v1,Po
, i.e., Po X F ‰ H. This implies that pPo X F is non-empty, and

consequently pP 1 X F is non-empty as well. Moreover, if pP 1 X F ‰ H, then by definition of upward
closure there exists a vertex of P 1 whose ancestor lies in F . But as elements of F are downward
closed, F contains a vertex of P 1, and hence F X P 1 is non-empty. Therefore, any constraint that
contains γ1

u1,v1,Po
also contains γ1

u1,v1,P 1 , and since γ1
u1,v1,Po

` γ1
u1,v1,P 1 “ γu1,v1,Po ` γu1,v1,P 1 its left-hand

side is unchanged. Consequently, this constraint remains satisfied as well, and therefore the new
assignment is feasible, completing the proof of the lemma by contradiction.

Let us fix an optimal solution to LP 5, corresponding to pG, X, Fq, that satisfies the conclusion
of Lemma 7.2. Let ρu, ηu,v and γu,v,P , for every u, v P X and P P Pu,v, denote the values assigned
to the corresponding variables in this solution. Let f be the value of the objective function in this
solution. For every u, v P X, define γu,v :“

ř

P PPu,v
γu,v,P , and let ρ :“

ř

uPX ρu.

Lemma 7.3. The optimal solution has the following properties:

1.
ř

vPX ηu,v ď
|X|

10 ρu for every u P X.

2. 10 ¨ f ď ρ|X|.

Proof. Given any feasible solution to the LP, we can always obtain a new assignment by choosing
a u0 in X and setting ρu0 “ 0 and ηu0,v “ 0 for every v P X. This preserves feasibility, since the
only constraints involving these variables are of the form ρu0 ´ ηu0,v ´ γu0,v ď 0, which remain
satisfied even in the new assignment. Furthermore, the value of the objective function decreases
by |X|

10 ρu0 ´
ř

vPX ηu0,v. But, if we start with the optimal solution, this modification should not
strictly increase the objective function value. Therefore we get

ř

vPX ηu0,v ď
|X|

10 ρu0 . Furthermore,

10 f “ 10
˜

|X|

10
ÿ

uPX

ρu ´
ÿ

u,vPX

ηu,v

¸

ď 10
˜

|X|

10
ÿ

uPX

ρu

¸

“ ρ|X|.

We define P “
Ť

u,vPX Pu,v, and introduce a probability distribution D over the domain X ˆX ˆ

pP YtHuq. The distribution D is defined using the following random process which has three steps:
(Step 1) Select a vertex u P X with probability ρu{ρ. (Step 2) Select a vertex v P X uniformly at
random. (Step 3) With probability ηu,v{pηu,v ` γu,vq, output the triple pu, v, Hq. Otherwise, choose
a path P P Pu,v with probability γu,v,P {γu,v and output the triple pu, v, P q.

We now argue that the process is well defined. First, observe that f ą 0 by assumption
and 10 ¨ f ď ρ|X| by Lemma 7.3, together imply ρ ą 0. Hence t ρu{ρ uuPX forms a probability
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distribution: each ρu is non-negative and
ř

uPX ρu “ ρ. Therefore, Step 1 is well defined. We
next justify Step 3, as Step 2 is immediate. Let u be a vertex selected in Step 1. Then ρu ą 0,
which implies that ηu,v ` γu,v ą 0 for every v P X, and in particular for the vertex v selected in
Step 2; otherwise, the constraint ρu ´ ηu,v ´ γu,v ď 0 of LP 5 would be violated. If γu,v “ 0, then
necessarily ηu,v{pηu,v `γu,vq “ 1, and the process outputs pu, v, Hq. Thus, the second case of Step 3
occurs only when γu,v ą 0. In this case, t γu,v,P {γu,v uP PPu,v forms a probability distribution, since
each γu,v,P is non-negative and

ř

P PPu,v
γu,v,P “ γu,v. Consequently, Step 3, and hence the entire

process, is well defined.

Lemma 7.4. D satisfies P
pu,v,P q„D

rP “ Hs ď
1
10 .

Proof. Using Lemma 7.3, together with the fact that the constraint ρu ´ ηu,v ´ γu,v ď 0 holds for
every u, v P X, we obtain:

P
pu,v,P q„D

rP “ Hs “
ÿ

u1PX
ρu1 ą0

ÿ

v1PX

P
pu,v,P q„D

“

P “ H | u “ u1, v “ v1
‰

¨ P
pu,v,P q„D

“

v “ v1
‰

¨ P
pu,v,P q„D

“

u “ u1
‰

ď
1

|X|

ÿ

u1PX
ρu1 ą0

ρu1

ρ

ÿ

v1PX

ηu1,v1

ηu1,v1 ` γu1,v1

ď
1

|X|

ÿ

u1PX
ρu1 ą0

1
ρ

¨
|X|

10 ρu1 “
1
10 .

Lemma 7.5. If F P F , then P
pu,v,P q„D

rP X F ‰ Hs ď
1

10 f
.

Proof. Let u1, v1 P X and P 1 P Pu1,v1 . Observe that if ρu1 “ 0 or γu1,v1 “ 0, then it follows from the
definition of the process that,

P
pu,v,P q„D

“

pu, v, P q “ pu1, v1, P 1q
‰

“ 0.

Hence, let us consider the case where ρu1 ą 0 and γu1,v1 ą 0. Using the fact that the constraint
ρu ´ ηu,v ´ γu,v ď 0 holds for every u, v P X, we obtain:

P
pu,v,P q„D

“

pu, v, P q “ pu1, v1, P 1q
‰

“ P
pu,v,P q„D

“

P “ P 1 | v “ v1, u “ u1
‰

¨ P
pu,v,P q„D

“

v “ v1
‰

¨ P
pu,v,P q„D

“

u “ u1
‰

“
γu1,v1,P 1

γu1,v1

¨
γu1,v1

γu1,v1 ` ηu1,v1

¨
1

|X|
¨

ρu1

ρ
ď

γu1,v1,P 1

ρ|X|
.

Now, let us fix F P F and consider the probability that the sampled set P has a non-empty
intersection with F .

P
pu,v,P q„D

r P X F ‰ H s “
ÿ

u1,v1PX

ÿ

P 1PPu1,v1

P 1XF ‰H

P
pu,v,P q„D

“

pu, v, P q “ pu1, v1, P 1q
‰

ď
1

ρ|X|

ÿ

u1,v1PX
P 1PPu1,v1

ρu1 ą0
γu1,v1 ą0

P 1XF ‰H

γu1,v1,P 1 ď
1

ρ|X|
ď

1
10 f

.

Here, the last inequality follows from Lemma 7.3, and the second-to-last follows from the fact that
the constraint,

ř

u,vPX
P PPu,v

P XF ‰H

γu,v,P ď 1, holds for every F P F .
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Finally, we require the following lemma, which relates balanced separators of the set A to A1–A2
separators for a specific partition A1, A2 of A.

Lemma 7.6. Let G be a graph and A Ď V pGq be a vertex subset. If G has an pA, 1
2q-balanced

separator S, then there exists a partition A1, A2 of A such that maxt|A1|, |A2|u ď
2|A|

3 and S is an
A1–A2 separator.

Proof. If S X A contains at least |A|

2 elements, then selecting any subset A1 Ď S X A of size |A|

2 and
setting A2 :“ AzA1 suffices to prove the lemma. Otherwise, let C1, . . . , Cr be connected components
of G ´ S that have a non-empty intersection with A. Let A1

i :“ A X Ci for every i P rrs, and let
A1

r`1 :“ A X S. By relabeling the sets if necessary, assume that |A1
i| ě |A1

i`1| for all i P rrs. Let
q be the smallest integer in rr ` 1s such that

řq
i“1 |A1

i| ě
|A|

3 . We claim that
řq

i“1 |A1
i| ď

2|A|

3 . If
q “ 1, the claim holds trivially, as S is an pA, 1

2q-balanced separator and consequently |A1
1| ď

|A|

2 .
Otherwise, observe that

q
ÿ

i“1
|A1

i| “ |A1
q| `

q´1
ÿ

i“1
|A1

i| ď |A1
q´1| `

q´1
ÿ

i“1
|A1

i| ď 2
q´1
ÿ

i“1
|A1

i| ď
2|A|

3 .

Define A1 :“ Y
q
i“1A1

i and A2 :“ AzA1. Since the sets in tA1
iuiPrr`1s are pairwise disjoint, we have

that |A1| “
řq

i“1 |A1
i|. Hence, |A1| ď

2|A|

3 and since |A1| ě
|A|

3 , we have |A2| ď
2|A|

3 . Furthermore,
it follows from our construction of A1, A2 that S is an A1–A2 separator, which concludes the proof
of the lemma.

Now we are ready to prove Theorem 7.1.

Theorem 7.1. Let G be a graph, k be a positive integer and F be a layered family of G with
thickness at most k. Then for every subset X Ď CF , where CF denotes the set of centers of the
elements of F , and positive integer ℓ such that ℓ ě 7 ¨ p f ¨ log n ` |X| ` 2 q, there exists an induced
subgraph H Ď G with X Ď V pHq that satisfies the following properties:

• For every pX, 1
2q-balanced separator S in H, we have that covF pSq ě f .

• For every F P F , we have that |F X V pHq| ď 1 ` 3 ℓ
5 f ¨ p2k ´ 1q.

whenever f , which denotes the optimum value of the dual of the balanced separator LP corresponding
to pG, X, Fq, is positive.

Proof. Let tpui, vi, PiquiPr ℓ s be ℓ independent samples drawn from the distribution D over X ˆ X ˆ

pP Y tHuq. Let H be the subgraph of G induced by the union of all sampled sets and X, that is,
H “ GrX Y

Ť

iPrℓs Pis. We claim that H has the desired properties with good probability.

Claim 7.6.1. With probability at least 3
4 , the following holds: for every subfamily F 1 Ď F of size

at most f , and for every partition X1, X2 of X such that maxt|X1|, |X2|u ď
2|X|

3 , there exists an
X1–X2 path in H that does not intersect any set in F 1.

Proof of the Claim. We define an eligible triple to be a triple pF 1, X1, X2q such that F 1 Ď F is a
subfamily of size at most f , and X1, X2 is a partition of X satisfying maxt|X1|, |X2|u ď

2|X|

3 . An
eligible triple pF 1, X1, X2q is bad if every X1–X2 path in H intersects at least one set in F 1. Let
χ be the event that the conclusion of the claim is false, namely that there exists an eligible bad
triple. To prove the claim it suffices to show Prχs ď 1

4 .
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For every eligible triple pF 1, X1, X2q, we define χpF 1, X1, X2q to be the event that this triple
is bad. We will prove that for every eligible triple pF 1, X1, X2q we have PrχpF 1, X1, X2qs ď p 9

10qℓ,
then Prχs ď 1

4 follows by a simple union bound over all eligible triples. More concretely we have
the following.

P rχs ď

ˆ

9
10

˙ℓ

¨ 2|X| ¨

ˆ

|F |

|F 1|

˙

ď 2|X| ` |F 1| log |F | ´ ℓ logp 10
9 q ď

1
4 .

To prove that PrχpF 1, X1, X2qs ď p 9
10qℓ we observe that the event χpF 1, X1, X2q does not occur

if there exists an i P rℓs such that Pi is an X1–X2 path in H that is disjoint from every set in F 1.
For every eligible triple pF 1, X1, X2q and every i P rℓs we define the event χpF 1, X1, X2, iq that Pi

is an X1–X2 path in H that is disjoint from every set in F 1. For every eligible triple pF 1, X1, X2q

the events in tχpF 1, X1, X2, iq | i P rℓsu are independent. Thus, to prove PrχpF 1, X1, X2qs ď p 9
10qℓ

it suffices to show that PrχpF 1, X1, X2, iqs ě 1
10 for every i P rℓs.

To lower bound PrχpF 1, X1, X2, iqs we observe that pui, vi, Piq is sampled according to the dis-
tribution D. The event χpF 1, X1, X2, iq occurs unless |tui, viu X X1| ‰ 1, or Pi “ H, or there
exists F P F 1 such that Pi X F ‰ H. Since vi is sampled uniformly from X we have that
Prvi P X1|ui P X1s ď 2

3 and Prvi P X2|ui P X2s ď 2
3 . The law of conditional probability ap-

plied to the event ui P X1 now yields Pr|tui, viu X X1| ‰ 1s ď 2
3 . By Lemma 7.4 we have that

PrPi “ Hs ď 1
10 . For every F P F 1, by Lemma 7.5 we have that PrPi X F ‰ Hs ď 1

10 f . A union
bound over all F P F 1 yields that the probability that there exists F P F 1 such that Pi X F ‰ H is
at most |F 1|

10 f ď 1
10 . We conclude that PrχpF 1, X1, X2, iqs ě 1 ´ 2

3 ´ 1
10 ´ 1

10 ě 1
10 , giving the desired

lower bound on PrχpF 1, X1, X2, iqs, and completing the proof of the claim. ◁

Claim 7.6.2. With probability at least 3
4 , the following holds: For every F P F , we have that

|F X V pHq| ď 1 ` 3 ℓ
5 f ¨ p2k ´ 1q.

Proof of the Claim. Let F P F , and let χF denote the number of sets Pi, out of a total of ℓ samples,
that intersect F . We define χF :“ maxtχF | F P Fu and show that with probability at least 3

4 , the
event χF ă 6 ¨ ℓ

10 f occurs.
Let F P F , since the probability that a fixed set Pi intersects F is at most 1

10 f , it follows from
linearity of expectations that the expected value of χF is at most ℓ

10 f . Applying union bound over
all F P F , the Chernoff bound from Theorem 2.1 to χF for every F P F , and using the lower bound
on ℓ, we get:

P
„

χF ă 6 ¨
ℓ

10 f

ȷ

ě 1 ´
ÿ

F PF
P
„

χF ě 6 ¨
ℓ

10 f

ȷ

ě 1 ´ |F | ¨ 2´6¨ ℓ
10 f ě

3
4 .

Suppose that in our sampled subgraph H, the event χF ă 3 ℓ
5 f occurs. Since D only assigns non-

zero probability to upward minimal paths, every sampled path is upward minimal. Hence, by
Lemma 3.6, each path intersects a set in F at most 2k ´ 1 times. Furthermore, since every set
contains at most one element of X by definition, we get |F X V pHq| ď 1 ` 3 ℓ

5 f ¨ p2k ´ 1q. ◁

Since the probability that the sampled subgraph satisfies both the properties stated in Claim 7.6.2
and Claim 7.6.1 is at least 1

2 , there exists an induced subgraph H Ď G that satisfies both. Let H
be such an induced subgraph. Combining Lemma 7.6 with Claim 7.6.1, we conclude that H has no
pX, 1

2q-balanced separator S with covF pSq ď f , thereby completing the proof of Theorem 7.1.
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8 Some Results for an Auxiliary Class
Let Cc denote a family of graphs that is closed under the induced subgraph relation, with the
additional property that every graph G in Cc satisfies twpGq ď p∆pGqqc. Let Cc

d be a subfamily of
Cc which contains all graphs in Cc of degeneracy at most d. We begin with the following definition.
Given a graph G and a positive integer d, a layered family is d-neighborhood-witnessing if for every
vertex v P V pGq, every F P F that contains v satisfies |N rvszF | ď d. The next lemma can be
easily deduced from Theorem 7.1 of Abrishami, Chudnovsky, Hajebi and Spirkl [ACHS22], but we
include a proof here for completeness.

Lemma 8.1. Let d be a positive integer and G be a graph of degeneracy d. Then there exists a
4d-neighborhood-witnessing layered family F of G with thickness at most logp4nq.

Proof. We iteratively construct an ordered partition of V pGq as follows. Starting with i “ 1, define
Vi :“ V pGqz

Ťi´1
j“1 Uj and let Ui be the set of vertices in the induced subgraph GrVis whose degree

in GrVis is at most 4d. Let k be the last index for which Vk is non-empty. Let Π :“ pU1, U2, . . . , Ukq.
Observe that Π is an ordered partition of V pGq and let F be the layered family corresponding to
pG, Πq.

First, we claim that k is at most logp4nq which directly implies that F can have thickness at
most logp4nq. For this claim, observe that any graph of degeneracy d has average degree at most 2d,
and consequently, at least half of its vertices have degree at most 4d. Therefore, for every i P rks,
the set Ui contains at least half of the vertices of Vi. Since |V1| “ n and |Vi| ď t|Vi´1|{2u for all
i ě 2, it follows that |Vrlog ns`2| “ 0 and by definition k is at most logp4nq. For the other property,
let v be a vertex in G, and F P F be such that v P F . Now, let Ui be the part in Π containing
v, and observe that by definition, v has at most 4d neighbors in Vi “

Ť

jěi Uj . Moreover, every
neighbor of v in V pGqzVi “

Ť

jăi Uj is a descendant of v in the layer graph of pG, Πq. Therefore
every F P F that contains v satisfies |N rvszF | ď 4d, which completes the proof of the lemma.

We note the following propositions, which we need for the proof of the main theorems.

Proposition 8.2 ([CFK`15]). Let G be a graph of treewidth at most k, and let X Ď V pGq be a
vertex subset. Then there exists an pX, 1

2q-balanced separator S in G of size at most k ` 1.

Proposition 8.3 ([Chv79]). Let U be a set and let F be a family of subsets of U . If S Ď U satisfies
fcovF pSq ď k, then it holds that covF pSq ď k ¨ log |U |.

With this, we are prepared to state and prove a key lemma which we require for the proof of
Theorem 8.5.

Lemma 8.4. Let c, d be positive integers and G be a graph in Cc
d. Let k be a positive integer and

F be a 4d-neighborhood-witnessing layered family of G with thickness at most k. Let CF be the set
of centers of elements in F , and X Ď CF be of size at most

110000k ¨ log2p2nq ¨ f logp4fq; where f “ p1000000d ¨ k2 ¨ log3p2nqqc.

Then there exists a set S Ď CF such that qS “
Ť

wPS Fw is an pX, 95
100q-balanced separator in G and

|S| ď 5000k ¨ log2p2nq ¨ f logp4fq.

Proof. Note that if f ě n, then the lemma holds trivially by defining S :“ CF , so let us assume
that this is not the case. Consider the optimum value f 1 of LP 4 corresponding to pG, X, Fq. If
f 1 ě f , then let ℓ :“ 7 p f 1 ¨ log n ` 110000k ¨ log2p2nq ¨ f logp4fq ` 2 q and apply Theorem 7.1 on
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pG, F , X, ℓq to obtain an induced subgraph H Ď G. Let v be a vertex of H and F be an element
of F that contains v. By the properties of F , we have |N rvszF | ď 4d. Moreover, since |F X V pHq|

is upper bounded by the properties of H asserted by Theorem 7.1, it follows that

|N rvs X V pHq| ď |pN rvs X V pHqq X F | ` |pN rvs X V pHqqzF |

ď 1 `
3 ℓ

5 f 1
¨ p2k ´ 1q ` 4d

ď 1 `
21
5 ¨ 2k ¨ p log n ` 110000k ¨ log2p2nq ¨ logp4fq ` 2q ` 4d

ă p 1 `
42
5 `

42
5 ¨ 110000 `

84
5 ` 4 q ¨ d ¨ k2 ¨ log2p2nq ¨ logp4fq

ă 1000000d ¨ k2 ¨ log3p2nq.

Therefore, maximum degree of H is less than 1000000d ¨ k2 ¨ log3p2nq. Meanwhile, every pX, 1
2q-

balanced separator S in H satisfies covF pSq ě f , which implies that |S| ě f . Applying the
contrapositive of Proposition 8.2 to H, we conclude that twpHq ě p1000000d ¨ k2 ¨ log3p2nqqc. But,
these observations contradict the fact that since H is an induced subgraph of G, it must also belong
to the family Cc

d.
Hence f 1 is at most f , and consequently by Theorem 6.1, there exists an pX, 95

100q-balanced
separator S1 in G satisfying fcovF pS1q ď 5000k ¨ logp2nq ¨ f logpf ` 4q ď 5000k ¨ logp2nq ¨ f logp4fq.
Proposition 8.3 implies that covF pS1q ď 5000k ¨ log2p2nq ¨ f logp4fq. Thus, choosing any S Ď CF
with |S| ď 5000k ¨ log2p2nq ¨ f logp4fq such that FS covers S1 completes the proof of the lemma.

Theorem 8.5. Let c, d be positive integers and G be a graph in Cc
d. Let k be a positive integer and

F be a 4d-neighborhood-witnessing layered family of G with thickness at most k. Let CF be the set
of centers of elements in F , and X be a subset of CF . Then G has a rooted tree decomposition
pT, χq, with root r P V pT q, such that χprq Ě

Ť

wPX Fw and for every x P V pT q, there exists a subset
X 1 Ď CF such that,

|X 1| ď maxt |X|, 110000k ¨ log2p2|V pGq|q ¨ f logp4fq u ` 5000k ¨ log2p2|V pGq|q ¨ f logp4fq,

where f “ p1000000d ¨ k2 ¨ log3p4|V pGq|qqc; and the bag satisfies χpxq “
Ť

wPX 1 Fw.

Proof. We prove the theorem using induction on the size of V pGq. For the base case, when G has
a single vertex, the theorem holds trivially. Assume inductively that the statement holds for all
graphs with strictly fewer than n vertices, and consider a graph G on exactly n vertices. Note that
if

|CF | ď maxt |X|, 110000k ¨ log2p2nq ¨ f logp4fq u ` 5000k ¨ log2p2nq ¨ f logp4fq,

then the theorem holds trivially, since a rooted tree decomposition with one node containing all
of V pGq satisfies the requirements. Hence, assume that this is not the case. Without loss of
generality, also assume that |X| ě t110000k ¨ log2p2nq ¨ f logp4fqu. Indeed, if this were not the
case, we may add arbitrary elements of CF to X until equality holds, since proving the theorem
for the resulting larger set immediately implies the statement for the original set. Now, if |X| ą

110000k ¨ log2p2nq ¨ f logp4fq, define Y Ď X to be any subset of size t110000k ¨ log2p2nq ¨ f logp4fqu;
otherwise, let Y :“ X. Let S Ď CF be the set obtained by applying Lemma 8.4 to the instance
pG, F , Y q. Recall that qS “

Ť

wPS Fw, and let C be a connected component of G ´ qS. Define
GC :“ GrC Y qSs, FC :“ t Fw P F | w P S Y pCF X Cq u, and XC :“ S Y pX X Cq. We wish to apply
the inductive assumption to the instance pGC , FC , XCq.
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To justify this step, we need to establish two facts. First, let C be a connected component
of G ´ qS. Since qS is a pY, 95

100q-balanced separator, C contains at most 95
100 |Y | vertices of Y .

Since |Y | “ t110000k ¨ log2p2nq ¨ f logp4fqu, at least 5500k ¨ log2p2nq ¨ f logp4fq vertices of Y (and
consequently of X since Y Ď X) must lie outside C. Finally, as |S| ď 5000k ¨ log2p2nq ¨ f logp4fq,
at least 500k ¨ log2p2nq ¨ f logp4fq vertices of X must lie outside GC . Thus GC has strictly fewer
vertices than G, for every connected component C of G ´ qS. Second, by Lemma 3.4, C Y qS is
the downward closure of S Y pCF X Cq. Hence by Lemma 3.5, FC is a layered family of GC with
thickness at most k.

Therefore it is safe to apply the theorem inductively to the instance pGC , F 1
C , XCq. Let pTC , χCq

denote the resulting rooted tree decomposition of GC . We now define a rooted tree decomposition
pT, χq of G as follows. For the tree T we introduce a new root node r, and for each connected
component C of G ´ qS, connect r to the root of TC . We define a bag function χ on V pT q by
setting χprq :“

Ť

wPXYS Fw, and for every other node x P V pT q, letting χpxq :“ χCpxq, where C
is the connected component such that x P V pTCq. A straightforward verification of the definitions
shows that the resulting pair pT, χq is indeed a rooted tree decomposition of G. Furthermore, the
construction satisfies χprq Ě

Ť

wPX Fw. Now, let x P V pT q. If x “ r, then χpxq “
Ť

wPXYS Fw, and

|X Y S| ď |X| ` 5000k ¨ log2p2|V pGq|q ¨ f logp4fq.

Otherwise, x P V pTCq for some component C of G ´ qS. Let fC :“ p1000000d ¨ k2 log3p2|C Y qS|qqc

and observe that by induction, there exists a set X 1
C Ď CFC

such that χpxq “
Ť

wPX 1
C

Fw and

|X 1
C | ď max

!

|XC |, 110000k ¨ log2`2|C Y qS|
˘

¨ fC logp4fCq

)

` 5000k ¨ log2`2|C Y qS|
˘

¨ fC logp4fCq

ď max
!

`

|X| ´
5

100 |Y | ` 5000k ¨ log2p2nq ¨ f logp4fq
˘

, 110000k ¨ log2p2nq ¨ f logp4fq

)

` 5000k ¨ log2p2nq ¨ f logp4fq

ď max
!

|X|, 110000k ¨ log2p2nq ¨ f logp4fq

)

` 5000k ¨ log2p2nq ¨ f logp4fq.

Since CFC
Ď CF , the same set X 1

C witnesses the required property for the node x as an element
of V pT q. Consequently, pT, χq is a rooted tree decomposition satisfying all the desired properties,
which completes the proof of the theorem.

Recall that for positive integers k and r, a subset S Ď V pGq is said to be pk, rq–coverable if
there exists a set C Ď V pGq with |C| ď k such that every vertex of S has a path on at most r
vertices to some vertex of C. Let c, d be positive integers, let G P Cc

d be an n-vertex graph, and let
F be a 4d-neighborhood-witnessing layered family in G with thickness at most logp4nq. We apply
the above theorem with X “ H. Observe that if F P F has center w, then F is contained in the
ball of radius logp4nq centered at w. Combining this observation with the theorem immediately
yields the following.

Corollary 8.6. Let c, d be positive integers and let G be a graph in Cc
d. Then G has a tree decom-

position pT, χq such that for every x P V pT q, the bag χpxq is pk, rq–coverable in G, where k and r
satisfy:

r ď logp4nq.

k ď 115000 ¨ log3p4nq ¨ f logp4fq; where f :“ p1000000d ¨ log5p4nqqc.
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Here we remark that the above corollary also follows from Lemma 8.4 combined with a theorem
of Abrishami, Czyżewska, Kluk, Pilipczuk, Pilipczuk, and Rzążewski [ACK`25]. We also prove
the following theorem regarding graphs of bounded degeneracy which we need towards the proof
of Theorem 1.3.

Theorem 8.7. Let d, f be positive integers and let G be an n-vertex graph of degeneracy d. Let
F be a 4d-neighborhood-witnessing layered family of G with thickness at most rlogp2nqs, and let
A, B Ď V pGq be vertex subsets. Then, one of the following exists:

• An A–B separator S Ď V pGq in G, such that fcovF pSq ď 8 log2p4nq ¨ f .

• An induced subgraph H of G, of maximum degree at most 24 log2p4nq ` 4d, such that every
AH–BH separator S in H must have covF pSq ě

f
12 in G, where AH :“ A X V pHq and

BH :“ B X V pHq.

Proof. Consider the optimum solution value f 1 of the LP 1 corresponding to pG, F , A, Bq. If f 1 ď f ,
then applying Theorem 4.1 on pG, F , A, Bq yields an A–B separator S Ď V pGq in G, such that
fcovF pSq ď 8 logp4nq¨logp2nq¨f 1 ď 8 log2p4nq¨f . Otherwise, we apply Theorem 5.1 to the instance
pG, F , A, Bq with ℓ :“ logp2nq, obtaining a multiset Q of A–B paths. Let H be the subgraph of G
induced by the vertices that lie on paths in Q. We claim that H has the desired properties. First,
for every F P F , at most 6plogp2nq`1q ď 12 logp2nq paths of Q intersect F , while Q contains a total
of f ¨ logp2nq paths. Therefore, any AH–BH separator S in H must satisfy covF pSq ě

f
12 . Second,

let v be a vertex of H and let F P F . Since at most 12 logp2nq paths of Q intersect F , and for every
path P P Q we have |F XP | ď 2 logp4nq ´1, it follows that |F XV pHq| ď 24 log2p4nq. As F is 4d-
neighborhood-witnessing, we conclude that |N rvs X V pHq| ď |F X V pHq| ` 4d ď 24 log2p4nq ` 4d,
which completes the proof of the theorem.

9 Vertex partitions of graphs with no Kt,t-induced-minors
Let G be a graph, r a positive integer, and S Ď V pGq a vertex subset. Recall that S is p1, rq–
coverable if there exists a vertex v P V pGq such that every vertex of S has a path on at most r
vertices to v. A partition pX1, . . . , Xℓq of S is called an r–radius vertex partition of S in G if for
every i P rℓs it holds that every connected component C of GrXis is p1, rq–coverable in G. Notice
that if u, v P C for some i P rℓs and some connected component C of GrXis, then there exists a u–v
path on at most 2r vertices in G. We define πrpS, Gq as the smallest integer ℓ for which there exists
an r–radius vertex partition of S in G into ℓ parts. We simply write πrpGq to denote πrpV pGq, Gq.
We begin with the following lemma.

Lemma 9.1. Let G be a graph and r be a positive integer. Then, for all A, B Ď V pGq,

max
␣

πrpA, Gq, πrpB, Gq
(

ď πrpA Y B, Gq ď πrpA, Gq ` πrpB, Gq.

Furthermore, the first inequality holds with equality whenever A and B are anticomplete in G.

Proof. Set p :“ πrpA, Gq, q :“ πrpB, Gq, and let pX1, . . . , Xpq, pY1, . . . , Yqq be optimal r-radius
vertex partitions of A and B in G.

For the first inequality, let pW1, . . . , Wℓq be an optimal r-radius vertex partition of A Y B in
G. For each j P rℓs, every connected component of GrWj X As is a subgraph of a connected
component of GrWjs, and hence p1, rq-coverable. Thus pW1 X A, . . . , Wℓ X Aq is an r-radius vertex
partition of A, giving πrpA, Gq ď ℓ. By a symmetric argument, πrpB, Gq ď ℓ, and therefore
maxtπrpA, Gq, πrpB, Gqu ď ℓ “ πrpA Y B, Gq.
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For the second inequality, define Zj :“ Xj for j P rps and Zp`j :“ YjzA for j P rqs, and
observe that pZ1, . . . , Zp`qq is a partition of A Y B into p ` q parts. Furthermore every connected
component C of GrZjs is a subgraph of a connected component C 1 of either GrXjs or GrYj´ps.
Since C 1 is p1, rq-coverable in G, the same center vertex witnesses p1, rq-coverability of C. It follows
that pZ1, . . . , Zp`qq is an r-radius vertex partition of A Y B in G, giving πrpA Y B, Gq ď p ` q.

Now, suppose A and B are anticomplete. Set ℓ :“ maxtp, qu and, by appending empty parts if
necessary, assume both partitions have exactly ℓ parts. Define Zj :“ Xj YYj for j P rℓs. Since Xj Ď

A and Yj Ď B are anticomplete, every connected component of GrZjs lies entirely within GrXjs or
entirely within GrYjs, and is therefore p1, rq-coverable. Hence πrpA Y B, Gq ď ℓ “ maxtp, qu, which
completes the proof of the lemma.

All of our main theorems rely on the following property of graphs that exclude Kt,t as an induced
minor:

Theorem 9.2. Let G be a Kt,t-induced-minor-free graph for a positive integer t. Then π4pGq ď t¨2t.

For this, we need the following lemma.

Lemma 9.3. Let G be a graph and let Y Ď V pGq be such that GrY s is connected. Then there exist
disjoint subsets T , M , and B of Y such that:

1. π4pB, Gq ě
π4pY,Gq

2 .

2. NpT q X Y Ď M .

3. GrT s and GrBs are connected.

4. Every vertex u P B has a neighbor in M and every vertex u P M has a neighbor in T .

Proof. Let ℓ :“ π4pY, Gq. Within this proof, for every u, v P Y , we define the distance between u
and v as the length of the shortest u–v path in the induced subgraph GrY s. Now fix an arbitrary
vertex v0 P Y , and for every integer i ě 0, let Di denote the set of vertices in Y whose distance
from v0 is exactly i.

Claim 9.3.1. There exists an index i such that π4pDi, Gq ě ℓ
2 .

Proof of the Claim. Suppose for contradiction that π4pDi, Gq ă ℓ
2 for every i ě 0. Note that Di

and Di1 are anticomplete in G whenever |i ´ i1| ě 2. Indeed, any edge pv, v1q with v P Di, v1 P Di1 ,
and i1 ě i ` 2 yields a walk of length i ` 1 from v0 to v1 in GrY s, contradicting v1 P Di1 . Define
Deven :“

Ť

iě0 D2i and Dodd :“
Ť

iě0 D2i`1. Since any two even-indexed layers are anticomplete,
the tightness condition of Lemma 9.1 gives π4pDeven, Gq “ maxtπ4pD2i, Gq | i ě 0u. The same
argument applied to odd-indexed layers gives π4pDodd, Gq “ maxtπ4pD2i`1, Gq | i ě 0u. The
upper bound of Lemma 9.1 then yields π4pY, Gq ď π4pDeven, Gq ` π4pDodd, Gq ă ℓ

2 ` ℓ
2 “ ℓ, a

contradiction. ◁

Let io be such that π4pDio , Gq ě ℓ
2 , and let C be a component of GrDios with π4pC, Gq “

π4pDio , Gq. Indeed such a component must exist: since distinct connected components of GrDios are
anticomplete by definition, the tightness condition of Lemma 9.1 implies π4pDio , Gq “ maxC π4pC, Gq,
where the maximum is over all components C of GrDios. Hence some component C satisfies
π4pC, Gq “ π4pDio , Gq ě ℓ

2 .
We claim that the sets T :“

Ť

iďio´2 Di, M :“ Dio´1, and B :“ C satisfy all required conditions.
Condition (1) holds because B “ C was chosen so that π4pC, Gq ě ℓ

2 . For (2), suppose v P Y zT
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has a neighbor u P T . Since u lies at distance at most io ´ 2 from v0, we infer that v lies at distance
at most io ´ 1, and hence v P M , establishing NpT q X Y Ď M . Condition (3) follows from the fact
that GrBs is connected, as B “ C is a connected component of GrDios; and GrT s is connected since
every vertex in T has a path to v0 entirely within T . Finally, for (4), observe that by construction
every vertex in Di (for i ě 1) has a neighbor in Di´1 (its predecessor along a shortest v0–v path
in GrY s), ensuring the necessary adjacency between T , M , and B. This concludes the proof of the
lemma.

Now, we are ready to prove Theorem 9.2.

Theorem 9.2. Let G be a Kt,t-induced-minor-free graph for a positive integer t. Then π4pGq ď t¨2t.

Proof. Suppose for contradiction that π4pGq ą t ¨ 2t. We make the following claim.

Claim 9.2.1. There exists a sequence of vertex subsets V1 Ą V2 Ą ¨ ¨ ¨ Ą Vt`1 in G such that, for
every i P rts, there exist disjoint subsets Ti and Mi of VizVi`1 such that:

1. GrTis is connected.

2. NpTiq X Vi Ď Mi.

3. Every vertex u P Mi has a neighbor in Ti.

4. Every vertex u P Vi`1 has a neighbor in Mi.

Moreover, there exists a subset U Ď Vt`1 of cardinality t such that for any distinct u, v P U , there
is no u–v path of length at most four in G.

Proof of the Claim. Let V1 “ V pGq. Starting with i “ 1, we iteratively construct the sets Ti, Mi,
and Bi by applying Lemma 9.3 to Vi, and then define Vi`1 :“ Bi. We repeat this process for each
i P rts. This is valid because, by construction, each Vi`1 is connected and therefore satisfies the
conditions of the lemma in the next iteration. Observe that, by construction, Vi Ą Vi`1 for every
i P rts. Moreover, the four required properties of the sets Ti, Mi, and Vi`1 follow directly from the
corresponding properties guaranteed by Lemma 9.3.

Let U “ tu1, . . . , ut1u be an inclusion-maximal subset such that no two distinct vertices of U are
connected by a path of length at most four in G. We claim t1 ě t. For each i P rt1s, let Xi be the set
of vertices of Vt`1 that have a path of length at most four to ui in G. Then π4pXi, Gq “ 1, since ui

witnesses p1, 4q-coverability of Xi. Furthermore pX1, . . . , Xt1q is a partition of Vt`1 by maximality
of U . Thus the upper bound of Lemma 9.1 gives π4pVt`1, Gq ď t1. But since the sets Vi satisfy the
relation π4pVi`1, Gq ě

π4pVi,Gq

2 , we conclude π4pVt`1, Gq ě
π4pGq

2t ą t, which completes the proof of
the claim. ◁

Let Vi, Ti and Mi for every i P rts, together with Vt`1 and U “ tu1, . . . , utu Ď Vt`1, denote the
sets whose existence is guaranteed by Claim 9.2.1. We construct an induced-minor model of Kt,t

in G, where sets tAiuiPrts and tBiuiPrts form the two sides of the bipartite graph in the model. For
each i P rts, we define Ai :“ Ti and Bi :“ tuiu Y tvj

i ujPrts, where vj
i is a neighbor of ui in Mj .

Such a neighbor always exists because ui P Vj for every j P rts – this holds since ui P Vt`1 and, by
construction, Vi1`1 Ď Vi1 for all i1 P rts – and, by the properties of the construction, every vertex in
Vi`1 has at least one neighbor in Mi.

Now we need to argue that this is an induced-minor-model of Kt,t. Observe that by definition,
Ai and Bi for all i P rts induce connected subgraphs of G. Let v P Ai, v1 P Ai1 for some i ą i1.
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Note that v P Vi and consequently in Vi1`1, while v1 P Ti1 . Therefore, v and v1 are distinct as Vi1`1
and Ti1 are disjoint, and non-adjacent as NpTi1q X Vi1 is contained within Mi1 which is disjoint from
Vi1`1. Similarly, let v P Bi, v1 P Bi1 for some i ‰ i1. Note that if pui, v, v1, ui1q is a walk in G, it
would contradict the fact that there is no ui–ui1 path on at most four vertices. Hence v and v1

must be distinct and non-adjacent. Finally, let i, j P rts. We claim that there exists a vertex in
Ai that is adjacent to vi

j P Bj . Indeed, by construction, vi
j lies in Mi, and by Claim 9.2.1, every

vertex in Mi has a neighbor in Ti, which is precisely Ai. This proves that tAi, BiuiPrts forms an
induced-minor-model of Kt,t in G, contradicting our assumption that G is Kt,t-induced-minor-free,
and thereby completing the proof.

10 Proof of Theorem 1.1
Towards the proof of Theorem 1.1, we state the following two propositions: the first is due to
Hajebi, and the second due to Girão and Hunter; the latter also follows from a result of Bourneuf,
Bucić, Cook, and Davies. We remark that the first proposition is stated in a weaker form than the
result of Hajebi; however, this formulation suffices for our purposes.

Proposition 10.1 (Lemma 5.1 [Haj25]). For every positive integer t, there exists a positive integer
cptq such that any tKt,t, ‘tu-induced-minor-free graph G satisfies twpGq ď ∆pGqcptq.

Proposition 10.2 (Theorem 1.5 [GH25], Theorem 1.1 [BBCD24] ). For every integer k, t ě 2,
there exists a positive integer dpt, kq such that one of the following holds:

• G contains Kk.

• G contains Kt,t as an induced subgraph.

• G contains Kk as a proper induced subdivision.

• G has average degree at most dpt, kq.

Since any graph that contains a large clique as a proper induced subdivision also contains a
large Kt,t as an induced minor, and since forbidding a graph as a subgraph or as an induced minor
is hereditary, Proposition 10.2 directly implies the following.

Proposition 10.3. For every integer t ě 2, there exists a positive integer dptq such that every
graph that is Kt-free and Kt,t-induced-minor-free has degeneracy at most dptq

With this, we are ready to prove Theorem 1.1.

Theorem 1.1. Let t be a positive integer and let G be a Kt,t-induced-minor-free graph. Then G
either has ‘t as an induced minor or has a tree decomposition pT, χq such that for every x P V pT q,
the distance 16 logp4nq-independence number of the bag χpxq is at most

115000 ¨ log3p4nq ¨ f logp4fq; where f “ p1000000 ¨ dpt ¨ 2tq ¨ log5p4nqqcptq.

where c, d are the functions described in Propositions 10.1 and 10.3, respectively.

Proof. Assume that G has no ‘t-induced minor, as otherwise the statement holds. Consider a
four-radius vertex partition pX1, . . . , Xπ4pGqq of G with the minimum possible number of parts.
We define G1 to be the induced minor of G obtained by contracting, for each i P rπ4pGqs and
every connected component C of GrXis, the edges of GrCs. Note that the vertex set of G1 is
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V pG1q “ tvC | C is a connected component of GrXis for some i P rπ4pGqs u, and two vertices vC1

and vC2 are adjacent in G1 whenever there exist vertices u1 P C1 and u2 P C2 with pu1, u2q P EpGq.
Since G1 is obtained by contracting edges of a tKt,t, ‘tu-induced-minor-free graph, it is it-

self tKt,t, ‘tu-induced-minor-free. Therefore, by Proposition 10.1, we have twpG1q ď ∆pG1qcptq.
Furthermore, for every i P rπ4pGqs, the set tvC | C is a connected component of GrXisu is an in-
dependent set in G1. Hence the chromatic number of G1, and consequently the size of its largest
clique, is at most π4pGq ď t ¨ 2t. By Proposition 10.3, it follows that G1 has degeneracy at most
d ď dpt ¨ 2tq. Consequently, G1 P Cc

d for c :“ cptq and d :“ dpt ¨ 2tq. Applying Corollary 8.6 to G1 we
obtain a tree decomposition pT 1, χ1q such that for every x P V pT 1q, the bag χ1pxq is pk1, r1q–coverable
in G1, for k1 ď 115000 ¨ log3p4nq ¨f logp4fq, and r1 ď logp4nq where f equals p1000000d ¨ log5p4nqqc.

We define a pair pT, χq as follows. Let T :“ T 1, and for every node x P V pT q define χpxq :“
t u P V pGq | u P C Ď Xi and vC P χ1pxq u. A direct application of definitions suffices to verify
that pT, χq is indeed a tree decomposition of G. Now, consider x P V pT q and let I be a largest
16 logp4nq-independent set of G contained in χpxq. Let I 1 :“ tvC P V pG1q | C X I ‰ Hu. Observe
that |I 1| “ |I|. Indeed, every vertex of I belongs to some connected component C of GrXis for
some i P rπ4pGqs. Moreover, no two vertices u, v P I belong to the same connected component C
of GrXis, since each such component is p1, 4q-coverable and hence contains a u–v path on at most
eight vertices, contradicting the 16 logp4nq-independence of I. Let C1 Ď V pG1q be a set witnessing
that χ1pxq is pk1, r1q-coverable, i.e., |C1| ď 115000 ¨ log3p4nq ¨ f logp4fq and for every vertex vC of
χ1pxq, there exists at least one vertex in C1 that has a path on at most logp4nq vertices to vC .
If |I 1| ą 115000 ¨ log3p4nq ¨ f logp4fq, then by the pigeonhole principle there exists a vertex of C1

that has a path on at most logp4nq vertices to two distinct vertices vC1 , vC2 P I 1. This implies the
existence of a path on at most 2 logp4nq vertices between vC1 and vC2 in G1. Since each component
C is p1, 4q-coverable and therefore contains a path on at most eight vertices between any two of its
vertices in G, we obtain a path on at most 16 logp4nq vertices between u P C1 X I and u1 P C2 X I,
contradicting the independence of I and completing the proof of the theorem.

11 Proof of Theorem 1.2
For the proof of Theorem 1.2, we need the following theorem of Chudnovsky, Codsi, Fischer and
Lokshtanov.

Proposition 11.1 (Theorem 1.2 [CCFL26]). Let t be a positive integer and let G be a graph that
excludes Kt,t and ‘t as induced minors and Kt as a subgraph. Then there exists a positive integer
c1ptq and ϵ1ptq P p0, 1s such that G has a tree decomposition of width at most 2c1ptq log1´ϵ1ptq n.

Observe that Theorem 1.2 follows immediately from Proposition 11.1 and Theorem 9.2.

Theorem 1.2. Let t be a positive integer and let G be a graph that excludes Kt,t and ‘t as
induced minors. Then there exists a positive integer cptq and ϵptq P p0, 1s, such that G has a tree
decomposition pT, χq such that for every x P V pT q, the distance 8-independence number of χpxq is
at most 2cptq log1´ϵptq n.

Proof. Consider a four-radius vertex partition pX1, . . . , Xπ4pGqq of G with the minimum possible
number of parts. We define G1 to be the induced minor of G obtained by contracting, for each
i P rπ4pGqs and every connected component C of GrXis, the edges of GrCs. In particular, the
vertex set of G1 is V pG1q “ tvC | C is a connected component of GrXis for some i P rπ4pGqs u, and
two vertices vC1 and vC2 are adjacent in G1 whenever there exist vertices u1 P C1 and u2 P C2 with
pu1, u2q P EpGq.
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Observe that for every i P rπ4pGqs, the set tvC | C is a connected component of GrXisu is an
independent set in G1. Hence by Theorem 9.2, the chromatic number of G1, and consequently the
size of its largest clique, is at most π4pGq ď t ¨ 2t. Therefore, by Proposition 11.1, it follows that
G1 has a tree decomposition pT 1, χ1q such that for every x P V pT 1q, |χ1pxq| ď 2cptq log1´ϵptq n, where
cptq :“ c1pt ¨ 2tq and ϵptq :“ ϵ1pt ¨ 2tq.

We define a pair pT, χq as follows. Let T :“ T 1, and for every node x P V pT q define χpxq :“ t u P

V pGq | u P C Ď Xi and vC P χ1pxq u. A direct application of definitions suffices to verify that pT, χq

is indeed a tree decomposition of G. Now assume that there exists a node x P V pT q such that the
distance-8 independence number of χpxq is greater than 2cptq log1´ϵptq n. Let I Ď χpxq be a distance-8
independent set of maximum size. By the pigeonhole principle, there exist distinct vertices u, v P I
and a vertex vC P χ1pxq such that u, v P C, where C denotes the component corresponding to vC .
Since C is p1, 4q–coverable, there exists a path between u and v on at most eight vertices. This
contradicts the assumption that I is distance 8-independent, and therefore completes the proof of
the theorem.

12 Proof of Theorem 1.3
For the proof of Theorem 1.3 we require the following three propositions: the first follows directly
from a theorem of Bonnet, Hodor, Korhonen and Masařík, the second is the classical theorem of
Menger, and the third is due to Gartland, Korhonen, and Lokshtanov.

Proposition 12.1 (Theorem 11 [BHKM23]). For every positive integer t, there exists a positive
integer µptq such that any Kt,t-induced-minor-free graph G has a partition Λ :“ pΛ1, . . . , Λµptqq of
EpGq where, for every i P rµptqs, every connected component of the graph pV pGq, Λiq induces a star
in G.

Proposition 12.2 (Menger’s Theorem [Men27]). Let G be a graph and A, B Ď V pGq. Then
for every positive integer k, G either has a collection of k vertex-disjoint A–B paths, or an A–B
separator of size at most k.

Proposition 12.3 (Theorem 1 [GKL23]). Let G be a graph of maximum degree ∆ and A, B Ď

V pGq. Then for every positive integer k, there either exists a collection of k vertex-disjoint and
pairwise anticomplete A–B paths, or there exists an A–B separator of size at most k ¨ p∆ ` 1q∆2`1.

Given a graph G and a positive integer s, an s-size edge partition is defined to be a partition
Λ :“ pΛ1, . . . , Λℓq of the edge set of G such that every connected component of the graph pV pGq, Λiq

has at most s vertices. Proposition 12.1 directly yields the following.

Proposition 12.4. For every positive integer t, there exists a positive integer µptq such that any
Kt,t-induced-minor-free graph G of maximum degree ∆ has a p∆ ` 1q-size edge partition Λ with at
most µptq parts.

Let G be a graph and Λ :“ pΛ1, . . . , Λℓq be a partition of the edge set of G. For i P rℓs, define
the part Λi to be clean if maximum degree of the graph pV pGq, Λiq is two, and cluttered otherwise.

Lemma 12.5. Let G be a graph and Λ be an s-size edge partition with ℓ parts, of which at least
one is cluttered. Let A, B Ď V pGq and let f be a positive integer such that G has no A–B separator
of size at most f . Then there exists an induced subgraph H of G with an s-size edge partition ΛH

with ℓ parts and strictly more clean parts than Λ, and no AH–BH separator of size at most f{s,
where AH :“ A X V pHq and BH :“ B X V pHq.
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Proof. Let Λio be a part in Λ which is cluttered. Let G1 be the minor of G obtained by contracting
the edges in Λio . Equivalently, V pG1q “ tvC | C is a connected component of pV pGq, Λioqu, and
two vertices vC1 and vC2 are adjacent in G1 whenever there exist vertices u1 P C1 and u2 P C2 with
pu1, u2q P EpGq. Define A1 :“ tvC P V pG1q | C X A ‰ Hu and B1 :“ tvC P V pG1q | C X B ‰ Hu.

Claim 12.5.1. G1 has no A1–B1 separator of size at most f{s.

Proof of the Claim. Suppose otherwise that S1 is such a separator, and define S :“ tv P V pGq | v P

C for some vC P S1u. As Λ is an s-size edge partition, each such component C has size at most s,
and consequently |S| ď s ¨ |S1| ď f . Therefore S cannot be an A–B separator, by the definition
of G, A and B, which implies the existence of an A–B path P in G ´ S. We obtain a walk P 1 in
G1 ´ S1 by replacing each vertex v P V pP q with the vertex vC , where C is the connected component
of pV pGq, Λioq containing v. By construction of G1, consecutive vertices of P map to vertices in G1

that are the same or adjacent, and since P avoids S, the walk P 1 avoids S1. Moreover, as P starts
in A and ends in B, P 1 starts in A1 and ends in B1. But this contradicts the assumption that S1 is
an A1–B1 separator, thereby completing the proof of the claim. ◁

Therefore, by Menger’s theorem 12.2, there exists a collection P 1 of vertex-disjoint A1–B1 paths
in G1 with |P 1| ě f{s. We construct from P 1 a collection P of A–B paths in G as follows. For every
path P 1 P P 1, let VP 1 :“ tv P V pGq | v P C for some vC P V pP 1qu. Since the first vertex of P 1 lies in
A1 and the last lies in B1, the set VP 1 intersects both A and B. Hence there exists an induced A–B
path P in GrVP 1s, which we add to P. Finally, since the paths in P 1 are vertex-disjoint, the sets
VP 1 are pairwise disjoint, and thus the corresponding paths in P are vertex-disjoint. Consequently,
P is a collection of vertex-disjoint A–B paths in G with |P| ě f{s.

Let VP :“ tv P V pGq | v P P for some P P Pu and let H :“ GrVP s. For each i P rℓs, define
ΛH

i :“ tpu, vq P Λi | u, v P VPu. We claim that ΛH :“ pΛH
1 , . . . , ΛH

ℓ q satisfies the requirements of the
lemma. By definition, ΛH is a partition of EpHq into ℓ parts. Since ΛH

i Ď Λi and V pHq Ď V pGq,
every connected component of pV pHq, ΛH

i q is contained in a component of pV pGq, Λiq. Hence ΛH

is an s-size edge partition.
Now fix i P rℓs such that Λi is clean. If a vertex v P V pHq has at least three neighbors in

pV pHq, ΛH
i q, then it has the same neighbors in pV pGq, Λiq, contradicting the definition of i. Hence

ΛH
i is clean. Finally, consider the graph pV pHq, ΛH

io
q and suppose it contains a vertex v of degree

greater than two. Let P be the path in P containing v. Since P is induced, at most two neighbors
of v are in P and hence at least one neighbor of v in pV pHq, ΛH

io
q must belong to a different path

Q. Thus both P and Q intersect the connected component C of pV pGq, Λioq that contains v. But
then, P 1 and Q1 must both contain vC , which contradicts the fact that they were vertex-disjoint.
Therefore ΛH

io
is clean, completing the proof.

Lemma 12.6. Let G be a graph with an s-size edge partition Λ with ℓ parts, of which z are cluttered,
for positive integers s, z, ℓ. Let k be a positive integer and let A, B Ď V pGq. Then G either has a
collection of k vertex-disjoint and pairwise anticomplete A–B paths, or has an A–B separator of
size at most k ¨ gps, z, ℓq, where gps, z, ℓq :“ sz ¨ p2ℓ ` 1q4ℓ2`1.

Proof. We prove the lemma by induction on z. For the base case, observe that when z is zero,
every part in Λ is clean and consequently the maximum degree of G is at most 2ℓ. Applying
Proposition 12.3 to G asserts the lemma for z “ 0. Fix zo ě 1 and assume that the lemma
holds for all instances with z ă zo. If G has an A–B separator of size at most k ¨ gps, zo, ℓq, then
the lemma holds and we are done. Otherwise, we apply Lemma 12.5 to pG, Λ, A, Bq and obtain
an induced subgraph H together with an s-size edge partition ΛH with ℓ parts, of which fewer
than zo are cluttered. Let AH :“ A X V pHq and BH :“ B X V pHq, and apply the inductive
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hypothesis to the instance pH, ΛH , k, AH , BHq. Since H admits no AH–BH separator of size at
most k¨gps,zo,ℓq

s ď k ¨ gps, zo ´ 1, ℓq, we conclude that H contains a collection of k vertex-disjoint and
pairwise anticomplete paths. As H is an induced subgraph of G, these paths remain vertex-disjoint
and pairwise anticomplete in G, which concludes the proof.

Proposition 12.4, combined with the fact that the number of cluttered parts is at most the
number of parts, immediately yields the following corollary.

Corollary 12.7. Let ∆, t be positive integers and let G be a Kt,t-induced-minor-free graph of
maximum degree at most ∆. Let k be a positive integer and let A, B Ď V pGq. Then G either
has a collection of k vertex-disjoint and pairwise anticomplete A–B paths, or an A–B separator of
size at most k ¨ gp∆, tq, where gp∆, tq :“ p∆ ` 1qµ ¨ p2µ ` 1q4µ2`1 and µ is the constant defined in
Proposition 12.4.

We now proceed to the proof of Theorem 1.3, which we restate for convenience.

Theorem 1.3. Let t be a positive integer and let G be a Kt,t-induced-minor-free graph. Let A, B Ď

V pGq and k be a positive integer. Then G either has a collection of k vertex-disjoint and pairwise
anticomplete A–B paths or an A–B separator S Ď V pGq whose distance 16 logp4nq-independence
number is 100k ¨ g ¨ log3p4nq, where g :“ p24 log2p4nq ` 4d ` 1qµ ¨ p2µ ` 1q4µ2`1 and d, µ are the
constants defined in Proposition 10.3 and 12.4, respectively.

Proof. Consider a four-radius vertex partition pX1, . . . , Xπ4pGqq of G with at most t ¨ 2t parts,
whose existence is asserted by Theorem 9.2. We define G1 to be the induced minor of G obtained
by contracting, for each i P rπ4pGqs, all edges inside the connected components of GrXis. Explicitly,
the vertex set of G1 is V pG1q “ tvC | C is a connected component of GrXis, for some i P rπ4pGqsu,
and two vertices vC1 and vC2 are adjacent in G1 whenever there exist vertices u1 P C1 and u2 P C2
with pu1, u2q P EpGq. We use n1 to denote the number of vertices in G1.

Since G1 is obtained from a Kt,t-induced-minor-free graph by contracting edges, it is itself Kt,t-
induced-minor-free. Also, the set t vC | C is a connected component of GrXis u is an independent
set in G1, for every i P rπ4pGqs. So it follows that the chromatic number, and hence the clique
number, of G1 is at most π4pGq ď t ¨ 2t. Hence, by Proposition 10.3, G1 has degeneracy at most
d ď dpt ¨ 2tq. Define A1 :“ tvC P V pG1q | C X A ‰ Hu and B1 :“ tvC P V pG1q | C X B ‰ Hu. Let
F be the 4d-neighborhood-witnessing layered family of G1 with thickness at most logp4n1q, whose
existence is guaranteed by Lemma 8.1. Applying Theorem 8.7 to pG1, A1, B1, Fq with f :“ 12k ¨g`1
yields either a vertex set S1 or an induced subgraph H 1 of G1.

Suppose we obtain an induced subgraph H 1 of maximum degree at most 24 log2p4n1q ` 4d such
that every AH 1–BH 1 separator S in H 1 satisfies covF pSq ą k ¨ g, where AH 1 :“ A1 X V pH 1q and
BH 1 :“ B1 X V pH 1q. Applying Corollary 12.7 to pH 1, AH 1 , BH 1 , kq yields either a collection of k
vertex-disjoint and pairwise anticomplete AH 1–BH 1 paths, or an AH 1–BH 1 separator of size at most
k ¨ g. The latter contradicts the definition of H 1, and therefore H 1 contains a collection P 1 of k
vertex-disjoint and pairwise anticomplete AH 1–BH 1 paths. We now lift P 1 to a collection P of A–B
paths in G. For each path P 1 P P 1, let VP 1 :“ tv P V pGq | v P C for some vC P V pP 1qu. Since P 1

starts in AH 1 and ends in BH 1 , the set VP 1 intersects both A and B, and hence contains an induced
A–B path P , which we add to P. As the paths in P 1 are vertex-disjoint and pairwise anticomplete,
the sets VP 1 are likewise disjoint and anticomplete, and so the corresponding paths in P also have
these properties. Consequently, P is a collection of k vertex-disjoint and pairwise anticomplete
A–B paths in G.

Otherwise we obtain an A1–B1 separator S1 Ď V pG1q in G1, such that fcovF pS1q ď 8 log2p4n1q ¨

p12k ¨ g ` 1q. By Proposition 8.3, we conclude that covF pS1q ď 100k ¨ g ¨ log3p4n1q. Let F 1 Ă F
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be a cover of S1 of size at most 100k ¨ g ¨ log3p4n1q, and redefine S1 :“
Ť

F PF 1 F . Let S :“ tv P

V pGq | v P C, for some vC P S1u. We claim that S is an A–B separator with the desired properties.
First, observe that if it is not an A–B separator, then G ´ S must contain an A–B path P . We
obtain a walk P 1 in G1 ´ S1 by replacing each vertex v P V pP q with the vertex vC , where for
some i P rπ4pGqs, C is the connected component of GrXis containing v. By construction of G1,
consecutive vertices of P map to vertices in G1 that are the same or adjacent, and since P avoids
S, the walk P 1 avoids S1. Moreover, as P starts in A and ends in B, P 1 starts in A1 and ends in B1.
But this contradicts the assumption that S1 is an A1–B1 separator in G1. Second, observe that since
every connected component C of GrXis for each i P rπ4pGqs is p1, 4q–coverable in G, for every pair
of vertices u, v P C there exists a u–v path on at most eight vertices in G. Furthermore, letting CF 1

denote the set of centers of the elements of F 1, every vertex vC P S1 has a path on at most logp4n1q

vertices in G1 to some vertex of CF 1 . Let C Ď V pGq be a subset that contains one arbitrary vertex
of C for every vC P CF 1 . Combining the above two observations, we conclude that every vertex of S
has a path on at most 8 logp4n1q ď 8 logp4nq vertices to some vertex of C. Therefore, the maximum
size of a distance 16 logp4nq-independent set in S is |C| ď 100k ¨ g ¨ log3p4nq, which completes the
proof of the theorem.
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