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Abstract

Let G be a graph, S € V(G) be a vertex set in G and r be a positive integer. The distance
r-independence number of S is the size of the largest subset I < S such that no pair u, v
of vertices in I has a path on at most r edges between them in G. It has been conjectured
[Chudnovsky et al., arXiv, 2025] that for every positive integer ¢ there exist positive integers c,
d such that every graph G that excludes both the complete bipartite graph K, ; and the grid &,
as an induced minor has a tree decomposition in which every bag has (distance 1) independence
number at most c¢(logn)?. We prove a weaker version of this conjecture where every bag of the
tree decomposition has distance 16(logn + 1)-independence number at most c(logn)¢. Along

the way, we also prove a version of the conjecture where every bag of the decomposition has

distance 8-independence number at most 2¢(1osn)' /"

1 Introduction

All graphs in this paper are finite and all logarithms are base 2. For standard graph theory
terminology that is not defined here we refer the reader to Diestel’s textbook [Die25]. Let G =
(V(G), E(G)) be a graph. For a set X < V(G), we denote by G[X] the subgraph of G induced by
X, and by G — X the subgraph of G induced by V(G)\X. For graphs G and H, we say that H is
a minor of G, or that G contains H as a minor, if there exist disjoint connected induced subgraphs
{Xu}vev(m) of G such that for every pair of distinct vertices u, v of H, if uv is an edge of H then
there exists an edge from X, to X, in G. If, for every pair of distinct vertices u, v of H, uv is an
edge of H if and only if there exists an edge from X, to X, in G, then H is an induced minor of G.

Given a family H of graphs, we say that a graph G is H-induced-minor-free if no induced minor
of G is isomorphic to a member of H. The distance between two vertices v and v in G is the
minimum number of edges of a u-v path in G. An independent set in G is a set I of vertices of
pairwise distance at least two. For a positive integer r, a distance r-independent set is a set I of
vertices of pairwise distance strictly greater than r. Thus, a set is independent if and only if it
is 1-independent. The distance r-independence number of a vertex set S is denoted by «,.(S) and
defined as the size of the largest distance r-independent subset of S. The independence number of
a set S is a(S) = a1(9).

For a graph G, a tree decomposition (T, x) of G consists of a tree T and a map x: V(T) — 2V(G)
with the following properties:

1. For every v € V(G), there exists t € V(T') such that v € x(t).
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2. For every v1v2 € E(G), there exists t € V(T') such that vy, vs € x(%).
3. For every v € V(G), the subgraph of 7" induced by {t € V(T') | v e x(t)} is connected.

For each t € V(T'), we refer to x(t) as a bag of (T, x). The width of a tree decomposition (T, x),
denoted by width(T) x), is maxey (7 [x(t)| — 1. The independence number of a tree decomposition
(T, x) is the maximum independence number «(x(t)) over all bags x(t) for t € V(T'). The distance
r-independence number of a tree decomposition (7', x) is the maximum distance r-independence
number «,(x(t)) over all bags x(t) for t € V(T). The treewidth, tree independence and distance
r-tree independence number of GG, are the minimum width, independence number, and distance
r-independence number of a tree decomposition of G, respectively. We will say that a class of
graphs has a bounded graph parameter (such as treewidth or tree-independence) if there exists a
constant ¢ such that the parameter is upper bounded by ¢ for every graph in the class.

Treewidth has been extensively studied, as graphs whose treewidth is upper bounded by a
constant have favorable structural [Bod98| [RS86] and algorithmic [CFK*15] properties. Some of
the applications (such as polynomial time solvability of a number of graph problems) carry over
to graphs of bounded tree-independence [DMS24, LMM™24|. This motivates a systematic study of
which classes have bounded treewidth or tree-independence.

In terms of minors, treewidth is well understood: there exists a fixed constant ¢ such that, if
t is the largest integer such that G contains the ¢ times ¢ grid (H; as a minor, then the treewidth
of G is at least ¢t [Die25] and at most t?(logt)¢ for some fixed constant ¢ [CCI6, [CT21]. On
the other hand, recent results suggest [ST21] (see also [ABVT25]) that there does not exist a
“nice” characterization of bounded treewidth graphs in terms of forbidden induced subgraphs. For
example, for every sufficiently large n there exists an n-vertex graph which excludes a triangle K3
as an induced subgraph, K33 and Hs as an induced minor (indeed even smaller graphs), and yet
has treewidth (and also tree independence number) at least ¢ - logn for a constant ¢ > 0 [ST21].

Quite often, problems that are solvable in polynomial time when the treewidth or tree-independence
number of the input graph is a constant can be solved in quasi-polynomial (O(n{°8 ”)d) for some
constant d) time when the treewidth or tree-independence number of the input graph is upper
bounded by a poly-logarithmic (i.e. O((logn)¢) for some constant ¢) function in the number of
vertices [LPR26]. Together with the above-mentioned difficulties of characterizing the graphs of
bounded treewidth and tree independence in terms of induced minors, this motivates trying to
characterize the graphs whose treewidth (or tree independence) is bounded poly-logarithmically in
the number of vertices (see for example [ACHS22, |CGH™25]).

It was conjectured [CCLT25] that, for every integer ¢ there exist integers ¢,d such that ev-
ery graph G either contains K;; or {; as an induced minor or has tree-independence at most
(clogn)?. A subset of the authors recently showed [CEL25] that characterizing the graphs with
poly-logarithmic tree-independence is essentially equivalent to characterizing the graphs with poly-
logarithmic treewidth and no clique on ¢ - logn vertices for a sufficiently large constant c.

The main results of this paper are the following three theorems.

Theorem 1.1. Lett be a positive integer and let G be a Ky i-induced-minor-free graph. Then there
exists constants c(t), d(t) such that G either has By as an induced minor or has a tree decomposition
(T, x) such that for every x € V(T), the distance 16 log 4n-independence number of the bag x(x) is
at most 115000 - log® 4n, - flog4f, where f = (1000000 - d - log® 4n)°.

Theorem 1.2. Let t be a positive integer and let G be a graph that excludes K;; and [ as
induced minors. Then there exists a positive integer c(t) and e(t) € (0,1], such that G has a tree
decomposition (T, x) such that for every x € V(T), the distance 8-independence number of x(x) is
at most 26 log! " n.



Our results fit into a recent line of work concerning “coarse graph theory” [GP25, INSS25al
GKL23, [HNST24, |AHJ ™24, INSS25b]. In this field tree decompositions where each bag can be
covered by “not too many” balls of “small” radius are of interest. Another line of inquiry within
coarse graph theory is to understand what versions of the classic Menger’s Theorem [Men27] hold
true when disjoint paths are replaced by paths that are sufficiently far apart, and bounded size
separators are replaced by separators that can be covered by “not too many” balls of “small” radius.
Note that by Lemma 6.2 of [CCEL26], the existence of a tree decomposition as above implies the
Menger theorem analogue. Theorems and fit into this framework if “small” means O(logn),
and “not too many” means O((logn)¢) for some constant ¢, while in Theorem “small” is O(1)
and “not too many” is O(20°6™" ™) for some positive constant .

Theorem 1.3. Let t be a positive integer, and let G' be a K;;-induced-minor-free graph. Let
A,B < V(G), and let k be a positive integer. Then there exist constants d(t) and u(t) such that
one of the following holds:

1. G has an A-B separator S < V(G) whose distance 16 log 4n-independence number is at most
2
100k - g - log® 4n, where g := (24 log? 4n + 4d(t) + 1)“(t) - (2u(t) + 1)4”(t) i

2. G contains a collection of k vertex-disjoint A—B paths that are pairwise anticomplete.

Proof Outline. The proofs of all main theorems begin with a reduction from the class of all K; ;-
induced-minor-free graphs to the subclass of such graphs with degeneracy bounded by a constant.
To obtain this reduction, we show that every K;;-induced-minor-free graph G' admits a partition of
V(G) into a constant number of parts such that each connected component of every part is contained
in a ball of radius four in G (this is Theorem . Contracting each such component yields an
induced minor G’ of G' with bounded chromatic number, and hence bounded clique number. Since
G’ remains K, ;-induced-minor-free, by a theorem in [BBCD24] or [GH25|, we conclude that G’
has bounded degeneracy. By construction, separators consisting of a bounded number of balls,
as well as collections of vertex-disjoint and pairwise anticomplete paths in G’, can be lifted to
corresponding structures in G. Therefore, for the remaining two theorems, it suffices to prove them
for the subclass of K;;-induced-minor-free graphs whose degeneracy is bounded by a constant.

A number of recent manuscripts consider the problem of efficiently finding (or proving the
existence of) separators that can be covered by a small number of sets from a prescribed family F,
by rounding the corresponding linear programming relaxation. In general, these linear programs
may have large integrality gaps. However, positive results are known when F has additional
structure — for example when the sets are cliques [KLS'24] or when they have poly-logarithmic
independence number [CEL25|, where poly-logarithmic upper bounds on the integrality gaps can
be obtained. We identify another type of F, that we call layered families, which is amenable to the
techniques used in these papers.

Let G be a graph and II be an ordered partition of V(G). We define the layered family of
G corresponding to IT as follows. First, remove all edges whose endpoints lie in the same part
of II. Next, orient each remaining edge from the vertex in the part with higher index to the
vertex in the part with lower index. For each source, that is, each vertex of indegree zero in the
resulting orientation, include in the family the set of all vertices reachable from it by a directed
path. In graphs of bounded degeneracy, there exists an ordered partition Il for which the layered
family satisfies the following useful properties: (1) the integrality gap of the linear programming
relaxation for separators using sets of this family is at most poly-logarithmic, (2) for every vertex
v in the graph, N[v] can be covered by a constant number of sets from F, and (3) every set in F
is contained in a ball of radius O(logn). The main technical contribution of our work is to prove



property (1). After this, we follow the established framework of rounding the linear programming
relaxation, as follows.

For Theorem [I.1} when the optimum objective value is “low”, we can round the linear program
and obtain balanced separators that can be covered by a poly-logarithmic number of sets from the
family F and when the objective value is “high”, we use the linear program to guide us in sampling
an induced subgraph H with treewidth which is large compared to its poly-logarithmic maximum
degree. This forces H, and hence GG, to contain H; as an induced minor, since graphs excluding
both K;; and [{; as induced minors have treewidth polynomially bounded in their maximum degree,
which in H is only poly-logarithmic (and therefore small).

For Theorem [1.2) we apply a theorem from |[CCFL26] which asserts that graphs that exclude
K and [{; as induced minors and K; as a subgraph have sub-polynomial treewidth.

Finally, for Theorem [I.3] a linear program with “low” objective value can be rounded to obtain
A-B separators that can be covered by a poly-logarithmic number of sets from F. When the
value is high, we sample an induced subgraph H of poly-logarithmic maximum degree containing
many vertex-disjoint A-B paths. As H remains K;;-induced-minor-free, we can apply a theorem
from [BHKM23] to obtain an edge partition IT in which every connected component induced by
a part is a star. But now, as H admits P, A and B cannot be separated using a small number
of vertices, and as maximum degree is poly-logarithmic, this property also holds for the induced
minor of H obtained by contracting connected components of a fixed part in II. This observation
helps us find an induced subgraph H’ of H that preserves a reasonable fraction of the A—B paths in
P, but has constant maximum degree. But, as H' has constant degree and admits a large number
of vertex-disjoint A-B paths, by a theorem from [GKL23|], H" and consequently G also admit a lot
of vertex-disjoint and pairwise anticomplete A—B paths.

2 Preliminaries

When clear from context, we denote by n the number of vertices of the considered graph G. We use
[k] to denote the set {1,2,...,k} for a positive integer k. Unless the base is specified, logarithms
are in base 2. For a set A and a subset B © A, we write B & A to denote that B is a proper
subset of A. A clique in a graph G is a set of pairwise adjacent vertices. For a positive integer ¢,
K; denotes a clique on t vertices. A complete bipartite graph is a graph G with vertex set A U B
such that a pair of vertices (u,v) form an edge if and only if {u,v} N A contains a single vertex.
For a positive integer ¢, K;; denotes a complete bipartite graph where A and B contain exactly ¢
vertices each. For every positive integer ¢, a t times t grid denoted as H; is the graph with vertex
set [t] x [t] where every pair (i, 7), (¢/,7") of vertices are adjacent if and only if |i —¢'| + |7 — j/| = 1.

For graphs G and H, we say that H is a minor of G, or that G contains H as a minor, if there
exist disjoint connected induced subgraphs {X,},cv(z) of G such that for every pair of distinct
vertices u, v of H, if (u,v) is an edge of H then there exists an edge from X, to X, in G. If, for
every pair of distinct vertices u, v of H, (u,v) is an edge of H if and only if there exists an edge
from X, to X, in GG, then H is an induced minor of G.

Given a vertex subset X < V(@) the subgraph of G induced by X is the graph G[X] with
vertex set X and edge set {(u,v) € E(G) | u,v € X}. We use G— X to denote the graph induced by
V(G)\X. We use N(v) to denote the set of vertices that are adjacent to v and N[v] for N(v) u {v}.
Similarly, N(X) denotes {u € V(G)\X | u € N(v) for some v € X} and N[X] denotes N(X) u X.
The degree of v is [N(v)| and the mazimum degree of G, denoted A(G), is max,ey(g) deg(v). A
walk in a graph is a sequence of vertices in which each vertex is adjacent to the next, while a path
is a walk in which every vertex is distinct. The length of a path is equal to the number of vertices



on it. Given vertex subsets A, B € V(G), an A-B walk (resp., A-B path) is a walk (resp., path)
starting in A and ending in B. Likewise, for vertices u,v € V(G), a u—v walk or u—v path starts at
u and ends at v. A path P in G is induced if G[P] has exactly |V (P)| — 1 edges.

For positive integers k and r, we say that a subset S of the vertices of graph G is (k, r)—coverable
if there exists a vertex subset C' € V(G) of size at most k such that every vertex of S has a path
on at most r vertices to at least one vertex of C. A distance r-independent set is a set I of vertices
such that no pair of vertices in I has a path between them on at most r vertices. We remark that
the two notions are closely related. Suppose first that S € V(G) is such that the largest distance-
r-independent set I < S in G has size k. Then S is (k,r)-coverable in G. Indeed, if there exists
a vertex v € S that is not within distance r of any vertex of I, then I U {v} is again distance-r-
independent in G, contradicting the maximality of I. Conversely, suppose that S is (k, r)—coverable
in G, and let C < V(G) be a set of size at most k witnessing this. We claim that every distance
2r-independent set I < S has size at most k. Indeed, if |I| > k, then by the pigeonhole principle
there exist distinct vertices u,v € I that are both within distance at most r of the same vertex of
C. But this contradicts the assumption that I is distance 2r-independent.

For a positive real number ¢, an (X, ¢)-balanced separator is a vertex subset S such that every
connected component of G — S contains at most ¢ - | X| vertices from X. If A, B are vertex subsets,
then an A-B separator is a vertex subset S such that every A-B path in G contains at least one
vertex from S. Let F be a family of vertex subsets of G. A fractional (A, B)-separator using F in

G is an assignment {zp}per of non-negative real numbers to elements of F such that >, per zp
FnP#g

is at least one for every A-B path P. A fractional cover of X using F is an assignment {xp}per
of non-negative real numbers to elements of F such that Y peraxp = 1 for every v € X. The

fractional cover number of X with respect to F denoted fcoxj)]e:(X ) is the minimum of } p.rzp
over all fractional covers {xp}per of X. A subset F’ of F is a cover of X using F if every vertex
of X is contained in at least one element of F'. The cover number of X using F, denoted by
covr(X) is the size of the smallest subfamily F’ of F such that every vertex of X is contained in
some element of F’.

A Bernoulli random variable with success probability p, is one which takes the value 1 with
probability p, and 0 with probability 1 — p. We recall a version of the Chernoff bound. A stronger
version of this result, along with its full proof, is available in [MU17].

Proposition 2.1 ([HR90|; [MU17]). Let X1, Xo,..., X, be independent Bernoulli random variables,
and let X = 3,10 Xi. If R > 6E[X], then

P[X > R] < 27",

3 Layered Family

Let G be a graph, and let II := (Li,...,Lx) be an ordered partition of V(G). We define the
layer graph G of (G,11) as the directed graph with V(G) := V(G) and (u,v) € E(G) if and only
if {u,v} € E(G) and u € Lj, v € L; for some i < j. For vertices u,v € V(G), we say that v is a
descendant of u, and w is an ancestor of v, if there exists a directed path from u to v in G. Note
that a vertex w is always an ancestor of itself. Similarly, v is a child of u, and u is a parent of v, if
(u,v) is an arc of G.

The layered family F corresponding to (G,II) is defined as

{{ve V(G) | v is a descendant of u}| u € V(G) has no parent }.



The vertex u used to define such a set F' is called the center of F. A family F of vertex subsets of
G is called a layered family of G if there exists an ordered partition IT of V(G) such that F is the
layered family corresponding to (G,II). If k is the smallest positive integer such that every F' € F
intersects at most k parts of II, then we say that F has thickness k. We use Cx to denote the set
of centers of elements of 7. If u € Cr, then we use F, to denote the element of F that has u as
a center. Similarly, Fg denotes the subfamily {F, € F|u € S}, where S € Cr. It follows from
the definition that F covers V(G) and that the center of each set in F is unique to that set. The
following lemma is immediate from the above definitions.

Lemma 3.1. Let G be a graph and k be a positive integer. If F is a layered family of G with
thickness at most k, then for every F' € F and every u,v € F, there exists a path in G[F]| from u
to v that contains at most 2k — 1 vertices, all of which are ancestors of u or v.

Proof. Let II be the ordered partition of V(G) such that F is the layered family corresponding to
(G,II). Let F € F be a set with center w, and let u € F. By definition, there exists a directed path
from w to w in the layer graph of (G,II), contained within F'. Let P = (v1,...,vy) be such a path,
where v1 = w and v, = u. Each vertex v; is a child of v;_1, and a parent of a vertex must lie in a
part of II with a strictly larger index; hence the vertices of P all lie in distinct parts of II. Since F
has thickness at most k, the path P uses at most k parts of II, and therefore £ < k. Thus, P is a
path from w to u with at most k vertices, all of which are ancestors of u.

Now let u, v be two vertices in F' and let P, and P, be the paths in G[F] from u and v to the
center of F', of length at most k, consisting solely of ancestors of v and v, respectively. These two
paths imply the existence of a u—v walk @) of length at most 2k — 1 contained within the set of
ancestors of u or v. Hence, the shortest u—v path P in G[Q] has length at most 2k — 1 and lies
within the same set. This completes the proof of the lemma. ]

Now, for a vertex subset S € V(G), we define its upward and downward closures by

S := {ueV(G)|Jve S such that u is an ancestor of v},

)¢

:= {ue V(G) | Jv e S such that u is a descendant of v }.

We say that a vertex set is upward (resp., downward) closed if the upward (resp., downward) closure
of the set is itself. Observe that the elements of F are downward closed by definition. We now
prove some lemmas on the interactions between layered families and downward closed sets that will
be useful in the next sections.

Lemma 3.2. Let G be a graph with a layered family F of thickness at most k. If S < V(G) is a
downward closed set, then F' := {F\S | F € F and F\S # &} is a layered family of G — S with
thickness at most k.

Proof. Let Il := (Lq,..., L) be an ordered partition of V(G) such that F is the layered family
corresponding to (G,II), and set II' := (L1\S,...,L;\S). Let F” denote the layered family of
(G — S,IT"); we show F' = F”  which gives both conclusions of the lemma since each F € F
intersects at most k parts of IT and consequently F\S intersects at most k parts of IT'.

We first show that Cz» = Cx. Let w € V(G)\S. We claim that w is a center of F” if and
only if w € Cr\S. We focus on the “if” direction, since the “only if” direction is immediate: any
w € Cr has no parent in the layer graph of (G,II), and in particular none in (G — S,II'). Suppose
then that w ¢ Cr, so w has a parent w’ in the layer graph of (G,II). If w’ € S, downward closure
of S would force the descendant w into S, contradicting w € V(G)\S. Hence v’ € V(G)\S, which



implies that w' is a parent of w in (G — S,II'). Combined with the observation that for w € Cr,
downward closure of S gives F,\S # (J if and only if w ¢ S, we obtain Cr» = Cx\S = Cx.

Fix w € Cgr and let F' € F be the element with center w. Any directed path from w in the
layer graph of (G — S,II') is also one in the layer graph of (G,II), so the element of 7” with center
w is contained in F\S. Conversely, let u be a vertex of F\S, and consider any directed path
(w,v1,...,v0-1,u) from w to u in the layer graph of (G, II). We claim that every v; lies in V(G)\S.
Indeed, u is a descendant of v;; if v; € S, downward closure would force u € S, contradicting
u € F\S. Hence the entire path lies in V(G)\S, and is therefore a directed path in the layer
graph of (G — S, 1), witnessing u € F”. The two elements with center w therefore coincide. Thus
F' = F" which completes the proof of the lemma. O

Lemma 3.3. Let G be a graph with a layered family F of thickness at most k. If C is a connected
component of G, then F' := {FnC | F e F and F n C # &} is a layered family of G[C] with
thickness at most k.

Proof. Let S := V(G)\C. We claim that S is downward closed. Indeed, suppose v € S and let u
be a descendant of v in the layer graph of (G, II), where II is any ordered partition of V(G) such
that F is the layered family corresponding to (G,II). Then there exists a directed path from v to
u whose underlying edges all lie in G, so v and v lie in the same connected component of G. As
v ¢ C, neither does u, and hence u € S. Applying Lemma to S now yields the result, since
G — S =G[C] and F\S = F n C for every F € F. O

Lemma 3.4. Let G be a graph with a layered family F, and let S < Cr. Let C be a connected
component of G — S and let Z := (CFnC). Then C L S = SUZ.

Proof. Let II := (Ly,...,Ly) be an ordered partition of V(G) such that F is the layered family
corresponding to (G,H) Since S U Z = S U Z, it suffices to show that Z u S = C U § We
first observe that for every directed path (vi,...,v¢) in the layer graph of (G,II) with v, ¢ 3, the
vertex set {v1,. .., v} is contained in V(G)\S, and hence in a single connected component of G — S
Indeed, if v; € § for some 1% € [E] downward closure of S would force vy € S contradicting vy ¢ S.
Now, for the inclusion Z U S € C U S, let u e Z\S. By definition, u is a descendant of some
w € Z in the layer graph of (G, II), and the directed path from w to u ends outside S. Hence by our
observation, this path lies in the connected component of G — S containing w, namely C, giving
u € C. For the reverse inclusion, let u € C. Since F covers V(G), there exists w € Cr with u € Fy,
Le., u is a descendant of w in the layer graph of (G,II). As u ¢ S the directed path from w to
U av01db S and lies in the connected component of G — S containing u, namely C. In particular
w € C' n Cx which implies u € Z. This completes the proof of the lemma. O

Lemma 3.5. Let G be a graph with a layered family F of thickness at most k. If C < Cr, then
":={F, | we C} is a layered family of G[C] with thickness at most k.

Proof. Let Il := (Lq,...,Ly) be an ordered partition of V(G) such that F is the layered family
corresponding to (G,II), and set IT' := (L1 N C,....Lp N Cv') Let F” denote the layered family
of (G[Cv’], IT'); we show F' = F”, which gives both conclusions of the lemma since each F,, € F’
already intersects at most k parts of II, and hence at most k parts of IT'.

Let u € C'. We claim that u is a center of F” if and only if u € C. We focus on the “if” direction,
since the “only if” direction is immediate: any v € C is a center of F, hence has no parent in the
layer graph of (G,II), and in particular none in (G [5’], IT'). Suppose then that u ¢ C. By definition
of C , there exists w € C such that u is a descendant of w in the layer graph of (G,II). As u # w,



the predecessor u’ of u on a directed path from w to u is also a descendant of w, so v’ € F,, C ,
and o' is a parent of u in (G[C],II'). Hence Crr = C.

Now fix w € C and let F), denote the element of F” with center w. Any descendant of w in
the layer graph of (G[Cv’],H’ ) is a descendant in the layer graph of (G,II) as well, so F), < F.
Conversely, let u € F, and let P be a directed path from w to u in the layer graph of (G,II).
Every vertex on P is a descendant of w € C, hence lies in C , so P is a path in the layer graph of
(G[C],11'), witnessing u € F. Thercfore F,, = F!, and F' = F". O

We remark that Lemmas 3.2 and [3.3] are used in Section [f]and Lemmas [3.4] and [3.5] are applied
in Section I 8 Finally, for vertices u,v € V(G) a u—v path P is said to be upward minimal if there
does not exist a u-v path P’ such that P’ ¢ P, or P’ = P and |V(P)| < |V(P)|. A path is upward
non-minimal if it is not upward minimal. We need the following property of upward minimal paths.

Lemma 3.6. Let G be a graph and k be a positive integer. If F is a layered family of G with
thickness at most k, then for every F € F and every upward minimal path P in G, it holds that
|FnP| < 2k—1.

Proof. Suppose for contradiction that there exists F' and P such that |F n P| > 2k. Let w denote
the center of F' and let P = (vy,...,v;,...,vy,...,0p), Where v; and vy are the first and last vertices
of F'along P. Let P,, ,, be the v;—vy path whose existence is asserted by Lemma We construct
a v1-vp walk @ by replacing the v;—v; subpath of P with Py, ,,. The walk @ is strictly shorter
than P, since we removed at least 2k vertices and replaced them with at most 2k —1. Furthermore,
Q = PUIU U PU g U PU,UP Note that PU“, c P and Pv,vp c P since Py, v; and Py, o, are
subpaths of P. Moreover, PU vy S P as well, because P, vy consists entirely of ancestors of v; or
vy, and is therefore contained in P. Consequently, Q c P. Hence, if P’ is the shortest induced
v1—vp path in G[Q], then |V(P')| < |[V(P)| and P’ < P, contradicting the upward minimality of
P. Therefore, every F' € F and every upward minimal path P satisfy |F' n P| < 2k — 1. O

4 Rounding A—B Separator LP

Let A and B be vertex subsets of a graph GG. Let P denote the set of all induced A—B paths. The
linear program corresponding to an A—B separator using the elements of F is defined as follows,
with nonnegative real variables xp for every F' € F.

Minimize : Z TR (1)
FeF
Subject To : Z xp =1 YPeP
FeF
FAP#g

The main theorem that we prove in this section is the following:

Theorem 4.1. Let G be an n-vertex graph, k be a positive integer and F be a layered family of
G with thickness at most k. Let A, B < V(G) be vertex subsets of G and suppose {xr}rer is an
optimal solution to LP corresponding to (G, F, A, B). Then there exists an A-B separator S in
G such that
fcovr(S) < 8klog(2n) Z TF.
FeF

We begin with the following lemma.



Lemma 4.2. Let G be an n-vertex graph, F be a family of vertex subsets, A, B < V(G) be vertex
subsets and {xp}per be an optimal solution to LP . Then, there exists another solution, {yr}rer
that satisfies 1 > yp > ﬁ for every F € F with yp >0, and Y, per Yr < 2 D per TF-

Proof. Define {yr}recr as follows,

1

0 if rp < 217
Yr = . .
min{l,2zr} otherwise.

. 1
and observe that Y p. ryp < 2> e 7 xp. Furthermore, by construction, we have 1 > yp > Kl for

every F' € F with yp > 0. Finally, for every A-B path P we have

Z yr = min{l, 2 2ep} = min{1,2<1—]]-"-2|1]__‘>} = 1,

FeF FeF
FAP#g FAP#g

1
TEZ 3R]

where the second to last transition uses that {zp}per is a solution to LP [1| and that there are at
most |F| elements in F of value at most ﬁ O

Lemma 4.3. Let G be a graph, k be a positive integer and F be a layered family of G with thickness
at most k. Let A, B < V(G) be vertex subsets of G and suppose {yr}rer is a solution to LP
corresponding to (G,F, A, B) that satisfies yp = % whenever ygp > 0. Then, there exists an A-B
separator S in G such that fcovz(S) is at most 4k -1log(2n) - Y per YF -

Proof. For every vertex v € V(G), let d, = min{), per yp|P isan A—v path}, let y, =
FAP#g
> reryr, and let I, = (dy — yy, dp]. Furthermore d, < >, per yr for every A—v walk Q,
Fa>v FrQ#J
since there exists an A-v path in G[Q)].
Now, for every r € (0,1], we define S, = {ve V(G) | r € I,,}.

Claim 4.3.1. S, forms an A-B separator for every r € (0,1].

Proof of the Claim. Let r € (0,1] and P = (v1,v2,...,vy) be an A-B path in G. Let v; be the first
vertex on P such that d,, > 7. Such a vertex exists, since v, € B and therefore d,,, > 1, as {yr}rer
is a solution to LP If ¢ = 1, then since v; € A, we have d,, = y,, which implies v; = v; € 5.
Otherwise, consider v;_1. As the A—v; walk @) obtained by appending v; to the A—v;_; path that

realizes d,, , satisfies ), per yr < dy,_, + Yu,;, we must have d,,, — y,, < dy, , < r. Consequently
FrnQ#0
r € I,, which implies that v; € S,, and hence S, is an A-B separator. <

Consider the random process where an r € (0, 1] is sampled uniformly at random.

Claim 4.3.2. E,[fcovz(S,)] < 4k-log(2n) - X per yr-

Proof of the Claim. For each F' € F and r € (0,1] let us define my, = 0 if F n S, = ¢ and
max ({1} v {yiv |lve Fn ST}> otherwise. Note that this quantity is well defined, since if y, = 0,
then I, = (&, and hence r ¢ I,,, which implies v ¢ S,.. Moreover, m’ is at most n, because yr > %

whenever yr # 0, and consequently ¥, > % whenever y, # 0. Also, let § = yr - mp. We next
show that {§}}rer forms a fractional cover of S, for every r € (0,1]. Note that if u € S, then

1 1
N > Nuemax(WulslveFas)) > pemax{l) > L
FeF FeF Yo Yu

Fau Fau



Therefore,

E,[fcovr(S,)] < E, [Z @?] = Z yr - E[mFp]

FeF

[ o
< Z yr Z 2@+1 . PT[Qz < m}} < 21+1]
1=0

FeF
[ log 7|
< ZyF Z 241 P2 <mf] |- (2)
FeF =0

Now, in order to bound P,[2¢ < m%.], for each 0 < i < [logn| and F € F, we define F; := {v €
F |y, <27%. Let u,v € F; and P be the u—v path in G[F] of length at most 2k — 1 that uses
only ancestors of u or v, whose existence is asserted by Lemma Let v be a vertex of this path,
and without loss of generality, let v be an ancestor of v. Since v belongs to every set in F that
contains v, we have y; < y,. Hence, v € F; and consequently P is a path in G[F;]. Now, we define
Ip, = UveFi I, let u be the vertex in F; with the smallest value of d,, — y,,, and let v be the vertex
in F; with the largest value of d,. Concatenating the u—v path of length at most 2k — 1 in G[F;]
with an A—u path that realizes d, yields an A—v walk. Since this A—v walk contains an A—v path,

we conclude that d, < d,, + (2k — 1) - 27%. Thus,
P.[2"<m}] = P.[wekF :rel,] = P.relp] < dy—(d,—27% < 2k-27°

Combining this with Equation [2, we conclude that

[logn|
E,[fcovr(S,)] < Z Yr Z 2+ 2k 27 < 4k -log(2n) - Z Yr-
FeF =0 FeF

<

Now, as E,[fcovr(S,)] < 4k-log(2n)- > pe 7 yr by Claim there must exist some 7, € (0, 1]
such that fcovz(Sy,) < 4klog(2n)- Y pe 7 yr. Furthermore, S,, is an A-B separator by Claim[4.3.1]
which concludes our proof. O

Now we are ready to prove Theorem [4.1]

Theorem 4.1. Let G be an n-vertex graph, k be a positive integer and F be a layered family of
G with thickness at most k. Let A, B < V(G) be vertex subsets of G and suppose {xr}rer is an
optimal solution to LP corresponding to (G, F, A, B). Then there exists an A-B separator S in
G such that
fcovr(S) < 8klog(2n) - Z Tp.
FeF

Proof. Since F is a layered family of G, we have |F| < n. We invoke Lemma on the 5-tuple
(G, F,A,B,{zxp}rer) to obtain {yr}per, another solution to LP |l| that satisfies yp > ﬁ > %
whenever yp > 0, and Y perYr < 2- Y per@p. Since (G, F, A, B,{yr}rer) satisfies the require-
ments of Lemma we are guaranteed the existence of an A-B separator S in G such that
fcovy(S) < 4k -log(2n) - X per yr < 8k -log(2n) - > pe r F, which proves the theorem. O
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5 Using the Dual of A—B Separator LP

The main theorem that we prove in this section is the following:

Theorem 5.1. Let G be a graph, k be a positive integer and F be o layered family of G with
thickness at most k. Let A,B € V(G) be vertex subsets of G. Then, for every £ = tlog(4|F|),
there exists a multiset Q of induced A—-B paths in G of cardinality at least Lf, such that

o For every F € F, the number of paths in Q that intersect F is at most 6(¢ + 1).
e Fach path in Q intersects F' at most 2k — 1 times.
where f denotes the optimum value of LP corresponding to (G, F, A, B).

Proof. Since the theorem holds trivially if f = 0, let us assume that f is positive. Note that due
to the constraint in LP[1} f has to be at least 1. Let P denote the set of all induced A—-B paths in
G. We describe the dual of LP (1| using non-negative real variables {yp}pep.

Maximize : Z yp (3)
PeP
Subject To : Z yp <1 VF e F
PeP
PnF#g

Observe that, by strong duality [Won83|, the dual LP also has the same optimum value f as the
primal.

Claim 5.1.1. There exists an optimal solution to LP [3 where, for every P € P we have yp > 0
only if P is upward minimal.

Proof of the Claim. Consider the optimal solution {yp}pep to LP [3| with the smallest number of
variables that have a non-zero assignment to upward non-minimal paths. For the sake of contra-
diction, let P’ be an upward non-minimal path with yps > 0 and let P, be any upward minimal
path that witnesses its upward non-minimality, i.e., let P, be upward minimal and satisfy PO c P’

or P, = P and |V(B,)| < |V(P')|. We claim that the assignment {y}pep, defined by

yPo+yP’a ifP:Pov
0, ifp— P

yp, otherwise,

/
Yp =

is a feasible solution. This contradicts the definition of {yp}pep, since {yp}pep attains the same
(optimal) objective function value but has one fewer nonzero variable that corresponds to an upward
non-minimal path.

To this end, observe that any constraint of the LP that does not involve y};o remains satisfied,
since the values of all other variables in {y}»}pep do not exceed those in {yp}pep. Now consider a
constraint that involves ijo and let I’ be the element of F it corresponds to. If P, n F' # ¢, then
]30 N F # &, and consequently P AF # & as well. Moreover, if PAF # &, then as elements
of F are downward closed, F' must contain a vertex of P, and hence F n P’ # . Therefore, any
constraint that contains 3/330 also contains y},, and since yﬁ;o + Yy = ypr + yp,, these constraints
also remain satisfied. Thus, all constraints remain satisfied under {yp}pep, which concludes the
proof of the claim. <

11



Let {yp}pep be an optimal solution to LP [3| satisfying yp > 0 only if P is upward minimal.
Observe that D := {yp/f } pep is a probability distribution over P, as every yp takes non-negative
values and satisfy > pepyp = f. Let Q := {Qi}ic[ 0] be [f - £] independent samples drawn from
the distribution D over the set P. Let F € F, and let xr denote the number of paths in O that
intersect F'. For every i € [ f - ¢], we have that,

yp 1

P [QinF#g] = P [Qi=P] = - < -4

Qi~D[ ] Pzep QMD[ | ];3 f f
PnF+#g PnF#g

By linearity of expectation, combined with the fact that f > 1, it follows that the expected value of
X is at most ¢ + 1. Applying union bound over all F' € F and the Chernoff bound from Theorem

23] to xF for every F € F, we get:
Plmax(xr} < 6(¢+1)| > 1 - Y Plxr>6(¢+1)] > 1 - |F-27%) > 3
rer FeF 4

Hence, with probability at least %, the sampled multiset has cardinality at least f - ¢, consists
of induced A-B paths in G, and satisfies that for every F' € F, at most 6(¢ + 1) of these paths
intersect F'. Therefore, there must exist some multiset @ with these properties. Finally, observe
that @ can only contain upward minimal paths since D assigns non-zero probability only to them.
This, combined with Lemma [3.6] implies the statement of the theorem. ]

6 Rounding Balanced Separator LP

We begin this section by defining the balanced separator LP. Let G be a graph, F be a layered
family of G, Cr be the set of centers of elements in F and X < Cr. For each pair u,v € X, let
Pu,» denote the set of all induced paths from u to v in G. We describe the balanced separator LP
corresponding to the instance (G, X, F), using non-negative real variables 2 and d,, ,, defined for
every F'e F and u,v e X.

Minimize: Z TR (4)
FeF
S 1X]
Subject to: Z duyv = Vue X
’ 10
veX
dyp < ), aF Vu,ve X, Pe Py,
FeF
FnP#y
dyv <1 Yu,ve X

The linear program above is feasible and bounded: setting zr = 1 for every F' € F and dy, = 1
for every u,v € X is a feasible assignment, since V(G) S | Jpcr I ensures that every induced path
from u to v intersects some F' € F. We also remark that it is a variant of the one used in the
Leighton—-Rao rounding scheme [LR99], adapted to operate on vertex sets rather than individual
vertices, as in [KLST24 [CEL25]. We are now ready to state the main theorem proved in this
section:

Theorem 6.1. Let G be a graph, k be a positive integer and F be a layered family of G with
thickness at most k. Then for every subset X < Cr, where Cxr denotes the set of centers of the
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elements of F, there exists an (X, 19050) balanced separator S in G such that S is downward closed
and
fcovr(S) < 5000k f log(2n) log(f + 4),

whenever f, which denotes the optimum wvalue of the balanced separator LP corresponding to
(G, X,F), is positive.

For the remainder of this section, we fix a graph G, the layered family F and the set X < Cr.
We also fix an optimal solution to LP [4f corresponding to (G, X, F) of value f > 0. Let zp and
dy v, for every F' € F and u,v € X, denote the values assigned to the corresponding variables in
this solution.

For U € V(G), we define u(U) := >, per xp. For every v e V(G), we define =, := > per zp.

FAU#Z F3v
Also, for every u,v € V(G), we define d(u,v) := min{zpfﬁig xp| P € Py, }.Note that d(-,-) is
a symmetric function, and that d(v,v) = x,. We now make some more observations about the
function d.

Obervation 6.2. If u,v € X, then min{d(u,v),1} > d

Obervation 6.3. If u,v,w € V(G), then d(u,w) < d(u,v)+d(v,w). In particular, if (v,w) € E(G)
and u € V(G), then d(u,w) < d(u,v) + .

Observation follows immediately from the LP constraints: d , < Z Fe ]: zp and dy, <1

%)
for every u,v € X and P € Py,. Furthermore, note that d(u,v) < Z Fe]: :cF for any u—v walk
Q@ in G, as we can always find an induced u—v path in G[Q]. Hence, Observatlon E 3| follows from
the fact that if P, and P, are induced u—v and v—w paths realizing d(u,v) and d(v, w) respectively,
then appending P» to P; yields a u—w walk @ satisfying >, per zp < d(u,v)+d(v,w). Similarly,
FnQ#J

if (v,w) € E(G), then appending w to the u—v path realizing d(u, v) produces a u—w walk satisfying
> rer xp <d(u,v) + Ty.
FnQ#J

Let ¢ := %, and for every v € V(G), C < V(G) and positive real number 7, define

500 log
Bo(u,r) :={veC|d(u,v) <r} and dc(u,r):= Be(u,r+ 3¢)\Beo(u,r + ¢€).

Let lmax = [log f+4] and define r; := 3ie, where i is a positive integer. Let Zy := {v e V(G) | x, =
5z ;- We note that every F' € F that contains a vertex u € Zy also contains every descendant of
u. This implies that =, > z, and consequently v € Zy for every descendant v of u. Hence Zj is
downward closed.

Lemma 6.4. Let u and v be vertices in V(G)\Zy that satisfy d(u,v) = €. Then there does not
exist F' € F that contains both u and v.

Proof. For the sake of contradiction, suppose there exists F' € F that contains both v and v. Let P
be the u—v path in G[F] of length at most 2k — 1 that uses only ancestors of u or v, whose existence
is asserted by Lemma [3.1] Let v be a vertex of this path and without loss of generality let v be an
ancestor of v. Since v belongs to every set in F that contains v, we have zy < x, < max {xy, z,}.
Hence v € V(G)\Zp, and consequently P is a path in G — Zy. Thus, we have

€
d(u,v) < Z rp < (2]{—1)-% < &
FeF
FAP#g

which gives the desired contradiction. O
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Now we state and prove three properties in Lemmal6.5] [6.6|and [6.7] that we require to implement
a version of the Leighton-Rao rounding scheme [LR99] and prove Theorem

Lemma 6.5. Let Z < V(G) be a superset of Zy. Suppose that G — Z contains a connected

component C such that |C n X| > %, and let ue X n C and £ € [lyax |- Then we have,

_ 5| X
X\B = —.
X0\ B, )| > 25
Proof. Since £ € [ lpax |, we have

31og (2000 - (f +4) - log(f + 4)) _ 1
500 log(f + 4) =20

rer1 < Tt = 3e([log ] +1) <

where the third inequality upper bounds [log ! +4] + 1 by log 4(f 1 and substitutes the value of ¢
and the final inequality follows from the facts that for z > 4 we have logx > 2 and bgl% <3

1
Now, assume, for the sake of contradiction, that |X\Bec(u,¢41)| < | | . Then we obtain:
> min{d(a,v),1} = D min{d(a,v),1} + > min{d(a,v), 1}
veX veX NBc (U,re+1) veX\Be (@,re+1)
< (X[ =[X\Bo(u, re1)]) - rea + [X\Bo(u, re41)] - 1
_ 95IX|re | 5IX]-1
100 100
X1
10 °

Here the second inequality follows from the fact that r,,; < 1 and consequently maximizing
(I X[ = [X\Bc(u, me+1)|) - re41 + [ X\Be(@,re41)] - 1 is equivalent to maximizing | X\Be(u, re41)|-
But, Observation implies the inequality . _y min{d(u,v),1} > >, _y da, which contradicts

the constraint )} _y dgv = ‘X| of LP 4| Thus, it follows that | X\Bec(u,¢41)| = i‘gg'. O

Lemma 6.6. Let Z < V(G) be a superset of Zy. Suppose that G — Z contains a connected
component C such that |C' n X| > 9%%(', and let u € X nC. Then there exists £ € [ fmax | such that
p(0c(u, o)) < p(Be(u, 1))

Proof. For this, we need the following claims:

Claim 6.6.1. p(Bc(u,r1)) = 2¢.

Proof of the Claim. Consider a path P in G[C] from « to a vertex w such that w € Xn(C\B¢ (4, 74, +1))-
Note that since | X\Bc(u, mr+1)| = % by Lemmaand since | X\C| < % by assumption, such
a vertex exists. Let P’ := (@, v1,...,vp) be the subpath of P such that the successor of v, in P (say
Up+1) is the first vertex in P that does not belong to Be(u,r1). P’ is well defined, since w does not

belong to B (4, r1) and is non-empty since u € Be(u,r1). Hence, by Observation we get:

_ _ _ 5
w(Beo(u,ry)) = Z rp = du,vy) = d(U,vpp1) — Ty, = 36—ﬁ > 2e.
FeF
FAP'#g

Claim 6.6.2. p(Bc(u,r911)) = w(Be(u,re)) + w(dc(u,re)) for every £ € [ fmax |-
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Proof of the Claim. Let v € 6c(u,r), and let F' € F be a set containing v, with w denoting the
center of F. Observe that d(u,v) > r; + & while d(u,v") < ry for every v' € Beo(u,rs). Hence
by Observation we get d(v',v) > e, and by Lemma we conclude that there does not
exist an F' € F that contains both v and v'. As every set F' € F that intersects dc(u,ry) has
an empty intersection with Be(u,ry), it follows that no set in F contributes to both u(dc(a, 7))
and p(Be(u,17)). Moreover, from the definitions it follows that every set F' € F contributing to
w(Be(u,re)) + w(dc(u,r¢)) also contributes to pu(Be(u,re+1)). These two observations together
imply the claim. <

Now, combining Claims 6.6.1f and [6.6.2] we conclude that if u(dc(u,re)) > p(Be(u,re)) for
every £ € [fmax], then u(Bo(a,re,..)) > 21 u(Bo(u,r1)) = f, while u(G) < f, which
yields a contradiction. Hence we conclude that there exists some ¢ € [#pax | for which we have
(e (a,m¢)) < p(Be(a, r¢)), which proves Lemma [6.6] O

Lemma 6.7. Let Z < V(G) be a downward closed superset of Zy. Suppose that G — Z contains
a connected component C' such that |C n X| > %, and let u € X nC and £ € [lmax]. If
A := Bo(u,m¢+¢€), B := C\Be(u,rpr1) and F':={FnC | F e F and F nC # &}, then there

exists a fractional (A, B)-separator using F' in G[C] of weight at most L - pu(d¢(a,r¢)).

Proof. Consider the assignment {2/ } pre 7 defined as follows. Let F' € F and let I € F' be the set
corresponding to F' n C. If F ndc(u,r,) is nonempty, define z’,, := =£; otherwise, define ', := 0.
We claim that {2z} per is a fractional (A, B)-separator using F' in G[C].

Let P = (vo,v1,...,Vp, Up+1) be a minimal (under subpaths) A-B path in G[C]. We have that
PnA={v}and Pn B = {vp41}. Let P* = (v1,...,vp) be the interior of P. By definition,
we have V(P*) < d¢(u,rs). Moreover, P* is non-empty; otherwise, applying Observation to
{u,v1,vp11} yields d(u,vpr1) < d(U,v1) + 2o, ; < 70+ €+ 53, which contradicts the assumption
that d(u,vp41) > e + 3e.

Do @ = )] %F > éd(vl,m

F'eF’ FeF
F' AP+ FAP*#g
1
> - (d(u,v,) — d(, )
1 € €
> - — o)~ —)) =
E((rg—i—?)e =) (rg+5+2k)> 1,

where the first inequality follows from the fact that any set in F that intersects P* must intersect
dc(u, 7). The second line follows from applying Observation to the triple {u,v1,vp}. The last
applies Observation to the triples {u, vy, vp41} and {@, vy, v1} and uses vi,v, ¢ Zyp. The claimed
upper bound on the weight of the fractional separator follows from the fact that > . 2 =

L (6o (u, ). O
With this, we prove the key lemma used in the proof of Theorem

Lemma 6.8. Let Z < V(G) be a downward closed superset of Zy. If G — Z has a connected

component C such that |C n X| > % then there exists a partition A v S U B of C such that:

1. S is downward closed.

2. S is an A-B separator in G — Z.

15



3. B¢ C.
b AN X| < B
5. fcovr(S) < 4000k - log(2n) -log(f +4) - (u(C) — u(B)).

Proof. Observe that by Lemma F'":={F\Z | F € Fand F\Z # ¢} is a layered family of
G — Z with thickness at most k. Furthermore, by Lemma [3.3] applied to the component C in G — Z
and layered family F”, we conclude that

F'o= {F'nC|F'eFand F"nC# g} = {FnC|FeFand FnC # J},

is a layered family of G[C] with thickness at most k. Let u € C n X. We apply Lemma to
obtain some £ € [y | such that p(dc(u, 7)) < w(Be(u,r¢)). Now, let A’ := Beo(u,rp + €) and
B’ := C\B¢/(u,r44+1) . We also know, by Lemmal6.7] that there exists a fractional (4, B')-separator
using 7 in G[C] of weight at most L - ;u(6c(,7¢)). Therefore, we can apply Theorem to the
tuple (G[C], A, B', ') to obtain an A’~B’ separator S’ in G[C].

Define S to be equal to S, B to be the set of vertices in connected components of G[C\S] that
have a non-empty intersection with B’, and let A := C\(B u S). Observe that, by definition, S
is both an A-B’ separator and an A’~B separator in G[C], and consequently also in G — Z. This

establishes two facts. First, we have |[A n X| < |X|— |B' n X|. By Lemma 1B’ ~ X| > 2]

100 °
which implies |[An X| < %. Second, we obtain that B ¢ C as u € A’ and consequently u € C\B.

Now, we bound the fractional cover number of S using F as follows:

feove(S) < feove(S) < 8k‘log(2n)%,u(5c(ﬂ, re)) < 4000k-log(2n)-log(f+4)-u(Bc(u,1e)).
Here, the first inequality follows from two observations. First, any fractional cover of S’ using F’
also covers S: every set containing a vertex of S’ also contains all of its descendants, which implies
that if a vertex of S’ is covered, then all of its descendants are as well. Second, any set covered
by F’ can also be covered by F, since F' is the restriction of F to a subset of V(G). The second
inequality follows from a property of S guaranteed by Theorem [4.1 while the last follows from our
choice of ¢ and definition of ¢.

To conclude the proof, it remains to show that u(Bg(u,re)) < u(C) — u(B). To this end, let
F € F be a set intersecting B, and let v € FFn B. Since v € B implies v ¢ A’, we have d(u,v) > ry+e,
while d(u,v") < ry for every v’ € Bo(u,rg). Hence, by Observation it follows that d(v',v) > e.
By Lemma no set F' € F can contain both v and v’. Therefore, no set in F contributes to both
w(B) and p(Be(u,re)). Consequently pu(Be(u,re)) < pu(C)— p(B), which completes the proof. [

Now we are ready to prove Theorem

Theorem 6.1. Let G be a graph, k be a positive integer and F be o layered family of G with
thickness at most k. Then for every subset X < Cr, where Cxr denotes the set of centers of the

elements of F, there exists an (X, %)—balanced separator S in G such that S is downward closed
and

fcovr(S) < 5000k f log(2n)log(f + 4),

whenever f, which denotes the optimum wvalue of the balanced separator LP corresponding to
(G, X, F), is positive.
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Proof. We prove the following claim:

Claim 6.1.1. Let Z < V(G) be a downward closed superset of Zy, and let C be the connected

component of G — Z such that |C n X| > %, or let C = & if no such component exists. Then
there exists an (X, %)-balanced separator S in G such that S is downward closed and fcovr(S) <

fcovr(Z) + 4000k - log(2n) - log(f + 4) - u(C).

Proof of the Claim. We proceed by induction on |C|. Firstly, if C' = ¢, then we can let S = Z
and the lemma holds true. Otherwise, let A’ U S’ U B’ be the partition of C' whose existence is
implied by Lemma Observe that Z u S’ is downward closed, as both Z and S’ are. Now let
us consider the graph G — (Z u §’) and distinguish two cases. First, if there exists a component

C" of G — (Z u S’) such that |[C' n X| > %, then C' < B’ as S’ is an A’~B’ separator in G — Z

and |[A' n X| < %. Since B’ < C, we conclude that C’ < C. Second, no such component exists;
hence we set C' = @, and again C’ < C. In either case, by applying the inductive hypothesis to
the pair (G, Z U S’), we obtain an (X, 22.)-balanced separator S in G such that S is downward

» 100
closed and

fcove(S) < feove(Z uS') + 4000k -log(2n) - log(f +4) - u(C")
< feove(Z) + feovy(S') + 4000k - log(2n) - log(f + 4) - u(C”)
< feovr(Z) + 4000k -log(2n) -log(f +4) - ((C) — u(B') + w(C"))
< feovy(Z) + 4000k - log(2n) -log(f +4) - n(C)
where the last transition follows from the facts that ¢ € B’ which implies p(C’) < pu(B'). <

Now, we apply Claim to the pair (G, Zp) and obtain an (X, %)—balanced separator S in
G that is downward closed. Furthermore, since Y perxp = o7 for every v € Zp, it follows that
F>v

{zp -hst}Fef is a fractional cover for Zy. Consequently fcovr(Zy) < 26—’“ - f.
Thus,

fcove(S) < fecovre(Zp) + 4000k -log(2n) - log(f +4) - n(C)
< 1000k -log(f +4) - f + 4000k - log(2n) -log(f +4) - f
< 5000k - log(2n) - log(f +4) - f.
which concludes the proof of Theorem O

7 Using the Dual of Balanced Separator LP

Let G be a graph, let F be a layered family of G, and let Cr be the set of centers of elements in
F. Let X < Cr and for each pair u,v € X, let P, , denote the set of all induced paths from u
to v in G. We now describe the dual of LP [4] corresponding to the instance (G, X,F). It uses
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non-negative real variables py, 7y, and 7, p, defined for every u,v € X and path P € Py,,.

X
Maximize : | | Z Pu — Z N (5)
ueX u,veX
Subject To :  py — Nyp — Z Yuo,p <0 Yu,ve X
Pepu,v
Z Yup, P < 1 VF e F
u,veX
PePy»
PnF#+J

It is easy to verify that the above is indeed the dual of LP |4 which by strong duality [Won83]
immediately implies that the linear program is feasible and has bounded optimal objective function
value. Having established this, we are now ready to state the main theorem proved in this section.
We remark that the general framework of this section closely follows that of Section 7 in [CEL25|.
In that work, whenever the optimum value of LP [5] is high, one can sub-sample a set of paths
that induce a subgraph of large treewidth. The main difference in this section is that we show
it is possible to sample upward minimal paths that induce a subgraph of large treewidth. The
upward minimality additionally guarantees that, for every sampled path P and every set F' € F,
the intersection P n F' has cardinality at most 2k — 1, which is a property we require for our main
results.

Theorem 7.1. Let G be a graph, k be a positive integer and F be a layered family of G with
thickness at most k. Then for every subset X < Cr, where Cx denotes the set of centers of the
elements of F, and positive integer { such that £ > T7-( f-logn + |X| + 2), there exists an induced
subgraph H < G with X € V(H) that satisfies the following properties:

o For every (X, %)-balanced separator S in H, we have that covr(S) = f.

o For every F € F, we have that |F n'V(H)| <1 —|— (2k —1).

whenever f, which denotes the optimum value of the dual of the balanced separator LP corresponding
o (G,X,F), is positive.

For the remainder of this section, we fix a graph G, the layered family F and the set X < Cr.
We begin with the following lemma:

Lemma 7.2. There exists an optimal solution to LP@ where, for every u,v € X and P € Py ,, we
have vy o.p > 0 only if P is upward minimal.

Proof. Let py, Nuw, and vy p, for every u,v € X and P € P, ,, denote the values assigned to the
corresponding variables in an optimal solution to LP [5|that, among all optimal solutions, achieves
the minimum number of nonzero «y variables corresponding to upward non-minimal paths. If for
some v/, v" € X, there exists an upward non-minimal «'~v’ path P’ with v, ,» pr > 0, then let P, be
any upward minimal path that witnesses its upward non-minimality, i.e., let F;, be upward minimal
and satisfy P, € P/, or P, = P’ and |V(P,)| < [V(P' )|. We claim that the assignment obtained
from the above by settlng, for all u,v € X, pl, = p, and 77;,1; = Nu,v, and by modifying the v, ., p
variables as follows:

. , ,
Yu,w,Po T Yu,v, P’y fu=v,v=12,P=P,,

! = .
Yuw, P 0, ifu= uqu) = ’Ul7 P Pl,

Va0, P otherwise,
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is a feasible solution. This leads to a contradiction as the new solution attains the same (optimal)
objective function value but has one fewer non-zero variable corresponding to an upward non-
minimal path.

To this end, let us consider the constraint in LP [f] For ease of presentation, we refer to the
constraints corresponding to vertex pairs in X as type-one constraints, and those corresponding to
sets in F as type-two constraints. Any constraint of type-one that does not correspond to the pair
«’ and v’ contains neither v/, ,, p, Dor Y. pr and therefore remains unchanged. The constraint of
type-one corresponding to u/ and v’ contains both Yoot p, A Yy pry and since vy o p +Yy o pr =
Y o', P, Y o, Pt its left-hand side remains unchangéd. Conseqliefltly, this constraint also remains
satisfied, which completes the case of type-one constraints. Now considering type-two, we note
that any type-two constraint that does not involve +/, ,, p, remains satisfied, since the values of all
other +' variables do not exceed those of v variables. So consider a constraint that corresponds to
element F' in F that involves 7;’,% p,» 1.6, Pon F' % J. This implies that 130 N F' is non-empty, and

consequently P~ Fis non-empty as well. Moreover, if P AF # &3, then by definition of upward
closure there exists a vertex of P’ whose ancestor lies in F. But as elements of F are downward
closed, F contains a vertex of P’, and hence F' n P’ is non-empty. Therefore, any constraint that
contains 7, . p, also contains v,/ ,, ps, and since v, v p + Vs o pr = V', Py + Vur P its left-hand
side is unchanged. Consequently, this constraint remains satisfied as well, and therefore the new
assignment is feasible, completing the proof of the lemma by contradiction. O

Let us fix an optimal solution to LP [5 corresponding to (G, X, F), that satisfies the conclusion
of Lemma Let pu, Nuv and vy, p, for every u,v € X and P € P, ,, denote the values assigned
to the corresponding variables in this solution. Let f be the value of the objective function in this
solution. For every u,v € X, define v, , := ZPGPM Yuo,p, and let p =+ pu.

Lemma 7.3. The optimal solution has the following properties:

1.0 Y ex Muw < %pu for every ue X.
2. 10- f < p|X|.

Proof. Given any feasible solution to the LP, we can always obtain a new assignment by choosing
a up in X and setting p,, = 0 and 7,,,, = 0 for every v € X. This preserves feasibility, since the
only constraints involving these variables are of the form py, — Mug.0 — Yuo,w < 0, which remain
satisfied even in the new assignment. Furthermore, the value of the objective function decreases
by %puo — Y vex Tuow- But, if we start with the optimal solution, this modification should not

strictly increase the objective function value. Therefore we get Y. _y Nug,w < % Puy- Furthermore,

X X
10f = 10 (10‘ Z Pu — Z 77u,v> < 10 <‘10‘ Z pu) = p|X’

ueX u,veX

O]

We define P = | J,, ,cx Pu,0, and introduce a probability distribution D over the domain X x X x
(Pu{}). The distribution D is defined using the following random process which has three steps:
(Step 1) Select a vertex u € X with probability p,/p. (Step 2) Select a vertex v € X uniformly at
random. (Step 3) With probability 7u,/(1u,s + Yu,u), output the triple (u,v, &). Otherwise, choose
a path P € P, , with probability v, , p/7u. and output the triple (u,v, P).

We now argue that the process is well defined. First, observe that f > 0 by assumption
and 10 - f < p|X| by Lemma together imply p > 0. Hence { py/p }uex forms a probability
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distribution: each p,, is non-negative and ), _y p, = p. Therefore, Step 1 is well defined. We
next justify Step 3, as Step 2 is immediate. Let u be a vertex selected in Step 1. Then p, > 0,
which implies that 7, + Yus > 0 for every v € X, and in particular for the vertex v selected in
Step 2; otherwise, the constraint p, — 7y,v — Yu,0 < 0 of LP |5 would be violated. If 7, = 0, then
necessarily 7y v/(u0 +Yuw) = 1, and the process outputs (u, v, &). Thus, the second case of Step 3
occurs only when 7, , > 0. In this case, { Yy P/Yuv } PeP, , forms a probability distribution, since
each 7, p is non-negative and )] Pep, , Yuu,P = Yuv- Consequently, Step 3, and hence the entire
process, is well defined. 7

1
Lemma 7.4. D satisfies P [P =] <
(u,v,P)~D 10

Proof. Using Lemma [7.3] together with the fact that the constraint p, — 7,0 — Yun < 0 holds for
every u,v € X, we obtain:

P [P Z 2 P=@]u=u’,v=v']- P [vzv']' P [u:

(u,v,P)~D weX v EX (u,v,P)~D (u,v,P)~D
pu’>0
Sy e LK
x ! = —_—
‘X‘ weX veX 77u’v’+'7u’v’ ’X‘ uleX 10 10
pu/>0 pu/>0
]

Lemma 7.5. If Fe F, then P [PnF#J|<——.
(u,v,P)~D 10 f

Proof. Let v/,v" € X and P’ € P ,s. Observe that if p,, = 0 or 7,/ ,» = 0, then it follows from the
definition of the process that,
P [(u,v,P)= (v, P)]=0.
(u,v,P)~D

Hence, let us consider the case where p, > 0 and 7, ,» > 0. Using the fact that the constraint
Pu — Nu,w — Yup < 0 holds for every u,v € X, we obtain:

P |[(u,v,P) =\, P)] = P [P=Plv=VVu=d]- P [v=0] P
(u,v,P)~D (u,v,P)~D (u,v,P)~D (u,v,P)~D
Y 0!, P’ . Yu! 0! . i ) P’ Y 0!, P’

Yu! v’ Yl v’ + Th! v |X| 1Y p‘X|
Now, let us fix F' € F and consider the probability that the sampled set P has a non-empty
intersection with F'.

P [PnF#g] = P (u,v, P) = (u,v', P')
(’U,,U,P)ND U’,’L}Z/EX P/E;/ , (’U,,'U,P)ND [ ]
P AF£
1 1
< Yo' o' P S T S T
|X| UZ e p|X]| 10 f
P'eP ! v
pu/>0
Yu! ! >0
P'AF#
Here, the last inequality follows from Lemma [7.3] and the second-to-last follows from the fact that
the constraint, Y} 4 pex Yuwp,p < 1, holds for every F e F. ]
PePu v
PnF#(
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Finally, we require the following lemma, which relates balanced separators of the set A to A1—As
separators for a specific partition A, Ao of A.
Lemma 7.6. Let G be a graph and A € V(G) be a vertex subset. If G has an (A, 3)-balanced
separator S, then there exists a partition Ay, Ay of A such that max{|A:[, |Az2|} < % and S is an
A1-Ay separator.

Proof. If S n A contains at least % elements, then selecting any subset A; € 5 n A of size %' and
setting As := A\A; suffices to prove the lemma. Otherwise, let C1, ..., C, be connected components

of G — S that have a non-empty intersection with A. Let A := A n C; for every i € [r], and let

Al = An S. By relabeling the sets if necessary, assume that |A}| > |A] | for all i € [r]. Let

q be the smallest integer in [r + 1] such that Y7, |Af| > 41 We claim that 4 AL < 241 g
i=1 1<% 3 i=114% 3

q = 1, the claim holds trivially, as S is an (A, %)—balanced separator and consequently |A}| < |2ﬂ.

Otherwise, observe that

q q—1 q—1 q—1 2|A|
/ / / / / /

Z|Az| = Al + Z|A1’ < |Agal + 2’14@‘ < 22"41" < R

i=1 i=1 =1 =1

Define A := uj_ A} and Ay := A\A;. Since the sets in {A}},c[,;1) are pairwise disjoint, we have
that [Ay| = 7, |A}|. Hence, |4;] < % and since |A;| = %, we have |As| < @. Furthermore,
it follows from our construction of Ay, A, that S is an A;—As separator, which concludes the proof

of the lemma. 0
Now we are ready to prove Theorem

Theorem 7.1. Let G be a graph, k be a positive integer and F be o layered family of G with
thickness at most k. Then for every subset X < Cr, where Cxr denotes the set of centers of the
elements of F, and positive integer £ such that ¢ > 7-( f-logn + |X| + 2), there exists an induced
subgraph H < G with X < V(H) that satisfies the following properties:

o For every (X, %)-balanced separator S in H, we have that covr(S) = f.
o For every F € F, we have that |[F nV(H)| <1+ % - (2k —1).

whenever f, which denotes the optimum value of the dual of the balanced separator LP corresponding
to (G, X, F), is positive.

Proof. Let {(ui,vi, Pi)}ie[¢] be £ independent samples drawn from the distribution D over X x X x
(P u{}). Let H be the subgraph of G induced by the union of all sampled sets and X, that is,
H=G[X v Uie[e] P;]. We claim that H has the desired properties with good probability.

Claim 7.6.1. With probability at least %, the following holds: for every subfamily F' < F of size

at most f, and for every partition X1, Xo of X such that max{|X1|,|X2|} < 2x]

there exists an
3
X1-X5 path in H that does not intersect any set in F'.

Proof of the Claim. We define an eligible triple to be a triple (F', X1, X2) such that 7/ < F is a
subfamily of size at most f, and X7, X» is a partition of X satisfying max{|X1|, |X2|} < @ An
eligible triple (F’, X1, X5) is bad if every X;—Xo path in H intersects at least one set in F'. Let
x be the event that the conclusion of the claim is false, namely that there exists an eligible bad

triple. To prove the claim it suffices to show P[x] < 1.
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For every eligible triple (F', X1, X2), we define x(F’, X1, X2) to be the event that this triple
is bad. We will prove that for every eligible triple (F', X1, X2) we have P[x(F’, X1, X2)] < (%)Z,
then P[x] < % follows by a simple union bound over all eligible triples. More concretely we have

the following.

9\° ba ,  lee(10 1
P < 2 Lolxl. < olXI+ [Fllog|F| — tlog() L
< (i) 2 () R

To prove that P[x(F’, X1, X2)] < (-%)" we observe that the event y(F’, X1, Xs) does not occur
if there exists an i € [¢] such that P; is an X1—X5 path in H that is disjoint from every set in F’.
For every eligible triple (F’, X1, X3) and every i € [{] we define the event Y(F', X1, Xo,4) that P;
is an X;1-X5 path in H that is disjoint from every set in F’. For every eligible triple (F', X1, X5)
the events in {X(F’, X1, X2,1) | i € [¢]} are independent. Thus, to prove P[x(F’, X1, X2)] < (55)°
it suffices to show that P[x(F’, X1, X2,4)] > {5 for every i € [(].

To lower bound P[x(F’, X1, X2,4)] we observe that (u;,v;, P;) is sampled according to the dis-
tribution D. The event X(F', X1, Xa,i) occurs unless |{u;,v;} n X1| # 1, or P, = ¢, or there
exists ' € F' such that P, n F' # . Since v; is sampled uniformly from X we have that
Plo; € Xilu; € X1] < 3 and P[v; € Xolu; € X5] < 2. The law of conditional probability ap-
plied to the event u; € X1 now yields P[|{u;,v;} n X1| # 1] < 2. By Lemma We have that
P[P, = &] < ;5. For every F € F/, by Lemma we have that P[P, n F' # ] < 10f A union

bound over all F € F' yields that the probability that there exists F' € F’ such that P,n F # (J is

at most \lj(;:f\ . We conclude that P[x(F’, X1, X2,4)] > 1— 2 — {5 — 55 > 15, giving the desired
lower bound on P[ (F', X1, Xs,1)], and completing the proof of the claim. <

Claim 7.6.2. With probability at least 3 1, the following holds: For every F' € F, we have that
[FAV(H)| <1+ 3% (2k—1).

Proof of the Claim. Let F € F, and let xr denote the number of sets P;, out of a total of £ samples,
that intersect F We define xr := max{xr | F' € F} and show that with probability at least 3 , the

event yr <6 - occurs.

10 10F

Let F € F, since the probability that a fixed set P; intersects F is at most ﬁ, it follows from
linearity of expectations that the expected value of yr is at most 10 07 Applying union bound over
all F' € F, the Chernoff bound from Theorem 2.1 to x p for every F' € F, and using the lower bound
on {, we get:

¢ 4 6L 3
P 6 - = 1 - P =>6- > 1 — |F|-2 705 = -
{X]—' < 10f} er;r [XF 10f] | 7] 4

Suppose that in our sampled subgraph H, the event yr < % occurs. Since D only assigns non-
zero probability to upward minimal paths, every sampled path is upward minimal. Hence, by
Lemma each path intersects a set in F at most 2k — 1 times. Furthermore, since every set

contains at most one element of X by definition, we get [Fn V(H)| <1+ ¢ 3Z - (2k —1). <

Since the probability that the sampled subgraph satisfies both the properties stated in Claim
and Claim is at least %, there exists an induced subgraph H < G that satisfies both. Let H
be such an induced subgraph. Combining Lemma [7.6] with Claim we conclude that H has no
(X, %)—balanced separator S with covz(S) < f, thereby completing the proof of Theorem O
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8 Some Results for an Auxiliary Class

Let C¢ denote a family of graphs that is closed under the induced subgraph relation, with the
additional property that every graph G in C¢ satisfies tw(G) < (A(G))°. Let C] be a subfamily of
C¢ which contains all graphs in C¢ of degeneracy at most d. We begin with the following definition.
Given a graph G and a positive integer d, a layered family is d-neighborhood-witnessing if for every
vertex v € V(G), every F' € F that contains v satisfies |[N[v]\F| < d. The next lemma can be
easily deduced from Theorem 7.1 of Abrishami, Chudnovsky, Hajebi and Spirkl [ACHS22|, but we
include a proof here for completeness.

Lemma 8.1. Let d be a positive integer and G be a graph of degeneracy d. Then there exists a
4d-neighborhood-witnessing layered family F of G with thickness at most log(4n).

Proof. We iteratively construct an ordered partition of V(G) as follows. Starting with ¢ = 1, define
Vi =V (G)\ U;;ll U; and let U; be the set of vertices in the induced subgraph G[V;] whose degree
in G[V;] is at most 4d. Let k be the last index for which Vj is non-empty. Let Il := (Uy,Us, ..., Ug).
Observe that IT is an ordered partition of V(G) and let F be the layered family corresponding to
(G,1I).

First, we claim that k is at most log(4n) which directly implies that F can have thickness at
most log(4n). For this claim, observe that any graph of degeneracy d has average degree at most 2d,
and consequently, at least half of its vertices have degree at most 4d. Therefore, for every i € [k],
the set U; contains at least half of the vertices of V;. Since |Vi| = n and |V;| < ||V;=1|/2] for all
i = 2, it follows that [V[jog 42| = 0 and by definition & is at most log(4n). For the other property,
let v be a vertex in G, and F' € F be such that v € F'. Now, let U; be the part in II containing
v, and observe that by definition, v has at most 4d neighbors in V; = szi Uj. Moreover, every
neighbor of v in V(G)\V; = (J;.,; U; is a descendant of v in the layer graph of (G,II). Therefore
every F' € F that contains v satisfies |N[v]\F| < 4d, which completes the proof of the lemma. [

We note the following propositions, which we need for the proof of the main theorems.

Proposition 8.2 ([CEK™15|). Let G be a graph of treewidth at most k, and let X < V(G) be a
vertex subset. Then there exists an (X, %)-balanced separator S in G of size at most k + 1.

Proposition 8.3 (|[Chv79)]). Let U be a set and let F be a family of subsets of U. If S € U satisfies
fcove(S) < k, then it holds that covy(S) < k-log|U].

With this, we are prepared to state and prove a key lemma which we require for the proof of
Theorem [8.5]

Lemma 8.4. Let c,d be positive integers and G be a graph in Cj. Let k be a positive integer and
F be a 4d-neighborhood-witnessing layered family of G with thickness at most k. Let Cr be the set
of centers of elements in F, and X < Cr be of size at most

110000k - log?(2n) - flog(4f);  where f = (1000000d - k* - log®(2n))°.

Then there exists a set S S Cr such that S = Uwes Fuw is an (X, %)—balanced separator in G and
|S| < 5000k - log?(2n) - flog(4f).

Proof. Note that if f > n, then the lemma holds trivially by defining S := Cr, so let us assume
that this is not the case. Consider the optimum value f” of LP 4| corresponding to (G, X, F). If
f'= f, then let £ :=7(f -logn + 110000k - log?(2n) - flog(4f) + 2) and apply Theorem on
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(G, F,X,?) to obtain an induced subgraph H < G. Let v be a vertex of H and F' be an element
of F that contains v. By the properties of F, we have |N[v]\F| < 4d. Moreover, since |F n V (H)]
is upper bounded by the properties of H asserted by Theorem [7.1] it follows that

N[l nV(H)| < [(N[o] nV(H)) n F|+ |[(N[v] n V(H)\F|

3/
< 1+ —-(2k—1 4d
+ 57 ( ) +
21
< 1+ E-Qk-(logn + 110000k - log®(2n) - log(4f) + 2) + 4d
42 42 84
< (1+ 5 T 5 110000 + — + 4)-d-k*-log*(2n) - log(4f)

< 1000000d - k* - log®(2n).
Therefore, maximum degree of H is less than 1000000d - k2 - log3(2n). Meanwhile, every (X, %)—
balanced separator S in H satisfies covz(S) > f, which implies that |S| = f. Applying the
contrapositive of Proposition [8.2/to H, we conclude that tw(H) > (1000000d - k2 - log®(2n))¢. But,
these observations contradict the fact that since H is an induced subgraph of G, it must also belong
to the family CJ.

Hence f’ is at most f, and consequently by Theorem there exists an (X, %)—balanced
separator S’ in G satisfying fcovz(S") < 5000k -log(2n) - flog(f +4) < 5000k -log(2n) - f log(4f).
Proposition implies that covz(S’) < 5000k - log?(2n) - flog(4f). Thus, choosing any S < Cr
with | S| < 5000k -log?(2n) - f log(4f) such that Fg covers S’ completes the proof of the lemma. [J

Theorem 8.5. Let c,d be positive integers and G' be a graph in C3. Let k be a positive integer and
F be a 4d-neighborhood-witnessing layered family of G with thickness at most k. Let Cr be the set
of centers of elements in F, and X be a subset of Cr. Then G has a rooted tree decomposition
(T, x), with root r € V(T'), such that x(r) 2 J,ex Fuw and for every x € V(T), there exists a subset
X' < Cr such that,

X' < max{]|X]|, 110000k - log?(2|V(G)]) - flog(4f)} + 5000k -log?(2|V (G)]|) - flog(4f),
where f = (1000000d - k? - log®(4|V (G)]))¢; and the bag satisfies x(x) = Jyex: Fu-

Proof. We prove the theorem using induction on the size of V(G). For the base case, when G has
a single vertex, the theorem holds trivially. Assume inductively that the statement holds for all
graphs with strictly fewer than n vertices, and consider a graph G on exactly n vertices. Note that
if
ICr| < max{|X]|, 110000k - log?(2n) - flog(4f) } + 5000k - log?(2n) - f log(4f),

then the theorem holds trivially, since a rooted tree decomposition with one node containing all
of V(G) satisfies the requirements. Hence, assume that this is not the case. Without loss of
generality, also assume that |X| > |110000k - log?(2n) - flog(4f)|. Indeed, if this were not the
case, we may add arbitrary elements of Cr to X until equality holds, since proving the theorem
for the resulting larger set immediately implies the statement for the original set. Now, if |X| >
110000k - log?(2n) - f log(4f), define Y € X to be any subset of size |110000k - log?(2n) - f log(4f)];
otherwise, let Y := X. Let S € Cr be the set obtained by applying Lemma to the instance
(G,F,Y). Recall that S = Uwes Fuw, and let C' be a connected component of G' — S. Define
Go:=G[CUS], Foi={FyeFlweSu(CrnC)},and Xp := S U (X nC). We wish to apply
the inductive assumption to the instance (G¢, Fo, X¢).
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To justify this step, we need to establish two facts. First, let C be a connected component
of G — 5. Since S is a (Y, %)-balanced separator, C' contains at most % |Y| vertices of Y.
Since |Y| = [110000k - log?(2n) - flog(4f)], at least 5500k - log?(2n) - f log(4f) vertices of Y (and
consequently of X since Y € X) must lie outside C. Finally, as |S| < 5000k - log?(2n) - f log(4f),
at least 500k - log®(2n) - flog(4f) vertices of X must lie outside G¢. Thus G¢ has strictly fewer
vertices than G, for every connected component C' of G — S. Second, by Lemma CuSis
the downward closure of S U (Cr n C). Hence by Lemma Fc is a layered family of Go with
thickness at most k.

Therefore it is safe to apply the theorem inductively to the instance (G¢, Fi, X¢). Let (Te, xc)
denote the resulting rooted tree decomposition of Go. We now define a rooted tree decomposition
(T, x) of G as follows. For the tree T" we introduce a new root node r, and for each connected
component C' of G — S, connect r to the root of Te. We define a bag function x on V(T') by
setting x(r) := Uyexog Fuw, and for every other node x € V(T'), letting x(x) := xc(z), where C
is the connected component such that z € V(T¢). A straightforward verification of the definitions
shows that the resulting pair (7, x) is indeed a rooted tree decomposition of G. Furthermore, the
construction satisfies x(r) 2 |J,cx Fuw- Now, let z € V(T). If 2 = r, then x(z) = g Fuw, and

weX U
X US| < |X|+ 5000k -log®(2|V(G)|) - flog(4f).
Otherwise, z € V(T¢) for some component C' of G — S. Let fo := (1000000d - k2 log®(2|C U S]))*
and observe that by induction, there exists a set X/, < Cx, such that x(z) = (J,.c xt, Fr and
XL < max{|Xc|, 110000k - log? (2/C U §)) -fclog(4fc)}

+ 5000k - log? (2|C U S]) - folog(4fc)

< max{(|X| - %Om + 5000k - log?(2n) - flog(4f)), 110000k - log(2n) - f log(4 f)}
+ 5000k - log?(2n) - flog(4f)
< max{|X|, 110000 - log?(2n) - f10g(4f)}

+ 5000k - log®(2n) - f log(4f).

Since Cr., < Cr, the same set X, witnesses the required property for the node = as an element
of V(T'). Consequently, (T, ) is a rooted tree decomposition satisfying all the desired properties,
which completes the proof of the theorem. O

Recall that for positive integers k and r, a subset S € V(G) is said to be (k,r)—coverable if
there exists a set C' < V(G) with |C| < k such that every vertex of S has a path on at most r
vertices to some vertex of C'. Let ¢, d be positive integers, let G € C§ be an n-vertex graph, and let
F be a 4d-neighborhood-witnessing layered family in G with thickness at most log(4n). We apply
the above theorem with X = ¢§. Observe that if F' € F has center w, then F' is contained in the
ball of radius log(4n) centered at w. Combining this observation with the theorem immediately
yields the following.

Corollary 8.6. Let c,d be positive integers and let G be a graph in Cj. Then G has a tree decom-
position (T, x) such that for every x € V(T'), the bag x(x) is (k,r)-coverable in G, where k and r
satisfy:

r log(4n).

<
k< 115000 - log3(4n) - flog(4f);  where f := (1000000d - log®(4n))°.
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Here we remark that the above corollary also follows from Lemma [8.4] combined with a theorem
of Abrishami, Czyzewska, Kluk, Pilipczuk, Pilipczuk, and Rzazewski [ACK™25|. We also prove
the following theorem regarding graphs of bounded degeneracy which we need towards the proof
of Theorem

Theorem 8.7. Let d, f be positive integers and let G be an n-vertex graph of degeneracy d. Let
F be a 4d-neighborhood-witnessing layered family of G with thickness at most [log(2n)|, and let
A, B € V(G) be vertex subsets. Then, one of the following exists:

o An A-B separator S € V(G) in G, such that fcovr(S) < 8log?(4n) - f.

o An induced subgraph H of G, of mazimum degree at most 24log?(4n) + 4d, such that every
Ang-Bpu separator S in H must have covr(S) > % in G, where Ag := AnV(H) and
By :=BnV(H).

Proof. Consider the optimum solution value f’ of the LP corresponding to (G, F,A,B). If f' < f,
then applying Theorem on (G, F,A,B) yields an A-B separator S € V(G) in G, such that
fcovr(S) < 8log(4n)-log(2n)- f' < 8log?(4n)- f. Otherwise, we apply Theoremto the instance
(G, F,A, B) with £ := log(2n), obtaining a multiset Q of A-B paths. Let H be the subgraph of G
induced by the vertices that lie on paths in Q. We claim that H has the desired properties. First,
for every F' € F, at most 6(log(2n)+1) < 12log(2n) paths of Q intersect F, while Q contains a total
of f-log(2n) paths. Therefore, any Ay—Bpy separator S in H must satisfy covz(S) > sz Second,
let v be a vertex of H and let F' € F. Since at most 12log(2n) paths of Q intersect F', and for every
path P € Q we have |F n P| < 2log(4n) — 1, it follows that |[F nV (H)| < 24log?(4n). As F is 4d-
neighborhood-witnessing, we conclude that |N[v] n V(H)| < |F nV(H)| +4d < 24log?(4n) + 4d,
which completes the proof of the theorem. O

9 Vertex partitions of graphs with no K, ;-induced-minors

Let G be a graph, r a positive integer, and S € V(G) a vertex subset. Recall that S is (1,r)-
coverable if there exists a vertex v € V(G) such that every vertex of S has a path on at most r
vertices to v. A partition (X1,...,Xy) of S is called an r—radius vertex partition of S in G if for
every i € [{] it holds that every connected component C' of G[X;] is (1,r)-coverable in G. Notice
that if u,v € C for some i € [¢] and some connected component C' of G[X;], then there exists a u—v
path on at most 2r vertices in G. We define 7,(S, G) as the smallest integer ¢ for which there exists
an r-radius vertex partition of S in G into ¢ parts. We simply write 7,.(G) to denote 7,.(V(G), G).
We begin with the following lemma.

Lemma 9.1. Let G be a graph and r be a positive integer. Then, for all A, B < V(G),
max{m(4,G), m(B,G)} < m(AUB,G) < 1 (4,G)+m(B,G).
Furthermore, the first inequality holds with equality whenever A and B are anticomplete in G.

Proof. Set p := m.(A,G), q := 7m(B,G), and let (X1,...,X,), (Y1,...,Y,) be optimal r-radius
vertex partitions of A and B in G.

For the first inequality, let (Wy,...,W;) be an optimal r-radius vertex partition of A U B in
G. For each j € [{], every connected component of G[W; n A] is a subgraph of a connected
component of G[W}], and hence (1, r)-coverable. Thus (W1 n A,..., W, n A) is an r-radius vertex
partition of A, giving 7,.(A,G) < ¢. By a symmetric argument, w,.(B,G) < ¢, and therefore
max{m,(4,G), 7 (B,G)} < =nm.(Av B,G).
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For the second inequality, define Z; := X, for j € [p] and Z,,; := Y;\A for j € [¢], and
observe that (Z1,...,Zy44) is a partition of A U B into p + ¢ parts. Furthermore every connected
component C' of G[Z;] is a subgraph of a connected component C’ of either G[X;] or G[Y;_].
Since C" is (1, r)-coverable in G, the same center vertex witnesses (1, r)-coverability of C. It follows
that (Z1,..., Zp44) is an r-radius vertex partition of A U B in G, giving 7.(A v B,G) <p+q.

Now, suppose A and B are anticomplete. Set ¢ := max{p, ¢} and, by appending empty parts if
necessary, assume both partitions have exactly ¢ parts. Define Z; := X; UY] for j € [£]. Since X; <
A and Y; € B are anticomplete, every connected component of G[Z;] lies entirely within G[X] or
entirely within G[Y}], and is therefore (1, r)-coverable. Hence m.(Au B, G) < { = max{p, ¢}, which
completes the proof of the lemma. O

All of our main theorems rely on the following property of graphs that exclude K ; as an induced
minor:

Theorem 9.2. Let G be a Ky -induced-minor-free graph for a positive integert. Then m4(G) < t-2°.
For this, we need the following lemma.

Lemma 9.3. Let G be a graph and let Y < V(G) be such that G[Y'] is connected. Then there exist
disjoint subsets T', M, and B of Y such that:

1. (B, G) > =G,

2. NT)nY < M.

3. G[T] and G[B] are connected.

4. Every vertex uw e B has a neighbor in M and every verter w e M has a neighbor in T.

Proof. Let ¢ := m4(Y,G). Within this proof, for every u,v € Y, we define the distance between u
and v as the length of the shortest u—v path in the induced subgraph G[Y]. Now fix an arbitrary
vertex vg € Y, and for every integer ¢ > 0, let D; denote the set of vertices in Y whose distance
from vy is exactly i.

Claim 9.3.1. There exists an index i such that m4(D;,G) > §.

Proof of the Claim. Suppose for contradiction that m4(D;, G) < % for every i = 0. Note that D;
and D; are anticomplete in G whenever |i —i'| > 2. Indeed, any edge (v,v") with v € D;, v' € Dy,
and i’ > i 4+ 2 yields a walk of length ¢ + 1 from vy to v' in G[Y], contradicting v’ € D;. Define
Deven := U;j=o D2i and Dodd := [J;>q D2i+1. Since any two even-indexed layers are anticomplete,
the tightness condition of Lemma gives m4(Deven, G) = max{my(D2;,G) | i = 0}. The same

argument applied to odd-indexed layers gives m4(Dogd, G) = max{my(D2;i+1,G) | i@ = 0}. The
upper bound of Lemma then yields m4(Y,G) < 74(Devens G) + m4(Dogd, G) < 5+ £ = £, a
contradiction. 4

Let i, be such that m4(D;, ,G) = %, and let C' be a component of G[D;,] with m4(C,G) =
74(D;,, G). Indeed such a component must exist: since distinct connected components of G[D;, | are
anticomplete by definition, the tightness condition of Lemmaimplies m4(D;,, G) = maxc m4(C, G),
where the maximum is over all components C of G[D;,]. Hence some component C' satisfies
m(C,G) = ma(D;,,G) = &.

We claim that the sets T' := Ui<i0—2 D;, M := D;,_1,and B := C satisfy all required conditions.

Condition (1) holds because B = C was chosen so that m4(C,G) > %. For (2), suppose v € Y\T
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has a neighbor v € T'. Since u lies at distance at most 7, — 2 from vy, we infer that v lies at distance
at most i, — 1, and hence v € M, establishing N(T) nY < M. Condition (3) follows from the fact
that G[B] is connected, as B = C'is a connected component of G[D;, |; and G[T] is connected since
every vertex in T has a path to vy entirely within 7. Finally, for (4), observe that by construction
every vertex in D; (for ¢ > 1) has a neighbor in D;_; (its predecessor along a shortest vp—v path
in G[Y]), ensuring the necessary adjacency between T', M, and B. This concludes the proof of the
lemma. O

Now, we are ready to prove Theorem
Theorem 9.2. Let G be a Ky 4-induced-minor-free graph for a positive integert. Then m4(G) < t-2.
Proof. Suppose for contradiction that m4(G) > t - 2. We make the following claim.

Claim 9.2.1. There exists a sequence of vertex subsets Vi D Vo D -+ D Vi1 in G such that, for
every i € [t], there exist disjoint subsets T; and M; of Vi\Vi41 such that:

1. G[T;] is connected.

2. N(T;) n'V; < M;.

3. Fvery vertex u € M; has a neighbor in T;.
4. Every verter u € V;11 has a neighbor in M;.

Moreover, there exists a subset U S Vi1 of cardinality t such that for any distinct u,v € U, there
18 no u—v path of length at most four in G.

Proof of the Claim. Let Vi = V(G). Starting with ¢ = 1, we iteratively construct the sets T;, M;,
and B; by applying Lemma [9.3] to V;, and then define V; ;1 := B;. We repeat this process for each
i € [t]. This is valid because, by construction, each V;ii is connected and therefore satisfies the
conditions of the lemma in the next iteration. Observe that, by construction, V; o V4 for every
i € [t]. Moreover, the four required properties of the sets T;, M;, and V;;; follow directly from the
corresponding properties guaranteed by Lemma [9.3

Let U = {uq,...,ur} be an inclusion-maximal subset such that no two distinct vertices of U are
connected by a path of length at most four in G. We claim ¢ > t. For each i € [t'], let X; be the set
of vertices of V11 that have a path of length at most four to w; in G. Then 7m4(X;, G) = 1, since u;
witnesses (1, 4)-coverability of X;. Furthermore (Xi,..., Xy) is a partition of V41 by maximality
of U. Thus the upper bound of Lemma gives m4(Viy1, G) < t'. But since the sets V; satisfy the
relation 74(Vi41,G) = M, we conclude m4(Vii1,G) = ”42(,5(; ) > t, which completes the proof of
the claim. <

Let V;, T; and M; for every i € [t], together with V41 and U = {uy,...,u;} € Viy1, denote the
sets whose existence is guaranteed by Claim We construct an induced-minor model of K
in G, where sets {A;};e[q) and {B;};c[y) form the two sides of the bipartite graph in the model. For

1
Such a neighbor always exists because u; € V; for every j € [t] — this holds since u; € V41 and, by
construction, Vj, 1 € Vi for all i’ € [t] — and, by the properties of the construction, every vertex in
Vit1 has at least one neighbor in M;.
Now we need to argue that this is an induced-minor-model of K;;. Observe that by definition,
A; and B; for all i € [t] induce connected subgraphs of G. Let v € A;, v/ € Ay for some i > 7.

each i € [t], we define A; := T; and B; := {u;} v {vg}je[t], where v} is a neighbor of u; in M.
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Note that v € V; and consequently in Vj/, 1, while v/ € T. Therefore, v and v’ are distinct as Vi,
and Ty are disjoint, and non-adjacent as N (T;/) n Vjs is contained within M; which is disjoint from
Viry1. Similarly, let v € B;, v' € By for some i # i'. Note that if (u;,v,v',uy) is a walk in G, it
would contradict the fact that there is no u;—uy path on at most four vertices. Hence v and v/
must be distinct and non-adjacent. Finally, let 7,5 € [t]. We claim that there exists a vertex in
A; that is adjacent to v;- € Bj. Indeed, by construction, vj- lies in M;, and by Claim every
vertex in M; has a neighbor in T;, which is precisely A;. This proves that {A;, B;}e[; forms an
induced-minor-model of K;; in G, contradicting our assumption that G is K;;-induced-minor-free,
and thereby completing the proof. O

10 Proof of Theorem [1.1]

Towards the proof of Theorem we state the following two propositions: the first is due to
Hajebi, and the second due to Girdo and Hunter; the latter also follows from a result of Bourneuf,
Buci¢, Cook, and Davies. We remark that the first proposition is stated in a weaker form than the
result of Hajebi; however, this formulation suffices for our purposes.

Proposition 10.1 (Lemma 5.1 [Haj25]). For every positive integer t, there exists a positive integer
c(t) such that any { K¢, B }-induced-minor-free graph G satisfies tw(G) < A(G)°®).

Proposition 10.2 (Theorem 1.5 |[GH25], Theorem 1.1 [BBCD24| ). For every integer k,t > 2,
there exists a positive integer d(t, k) such that one of the following holds:

e G contains Kj..

o G contains Ky as an induced subgraph.

e G contains K as a proper induced subdivision.
o G has average degree at most d(t, k).

Since any graph that contains a large clique as a proper induced subdivision also contains a
large K;; as an induced minor, and since forbidding a graph as a subgraph or as an induced minor
is hereditary, Proposition directly implies the following.

Proposition 10.3. For every integer t > 2, there exists a positive integer d(t) such that every
graph that is Ki-free and Ky i-induced-minor-free has degeneracy at most d(t)

With this, we are ready to prove Theorem

Theorem 1.1. Let t be a positive integer and let G be a Ky -induced-minor-free graph. Then G
either has B as an induced minor or has a tree decomposition (T, x) such that for every x € V(T),
the distance 16log(4n)-independence number of the bag x(x) is at most

115000 - log®(4n) - flog(4f);  where f = (1000000 - d(t - 2t) - log®(4n))<®).
where ¢,d are the functions described in Propositions and[10.3, respectively.

Proof. Assume that G has no H-induced minor, as otherwise the statement holds. Consider a
four-radius vertex partition (X1i,..., Xz, (@) of G with the minimum possible number of parts.
We define G’ to be the induced minor of G obtained by contracting, for each i € [m4(G)] and
every connected component C of G[X;], the edges of G[C]. Note that the vertex set of G’ is
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V(G") = {vc | C is a connected component of G[X;] for some i € [m4(G)] }, and two vertices v,
and ve, are adjacent in G’ whenever there exist vertices u1 € C1 and ug € Cy with (u1,us) € E(G).

Since G’ is obtained by contracting edges of a {K;;,H;}-induced-minor-free graph, it is it-
self {K;;, B }-induced-minor-free. Therefore, by Proposition we have tw(G') < A(G')®.
Furthermore, for every i € [m4(G)], the set {vc | C is a connected component of G[X;]} is an in-
dependent set in G’. Hence the chromatic number of G’, and consequently the size of its largest
clique, is at most m4(G) < t - 2. By Proposition it follows that G’ has degeneracy at most
d < d(t-2%). Consequently, G’ € C§ for ¢ := c(t) and d := d(t - 2"). Applying Corollary to G' we
obtain a tree decomposition (77, x’) such that for every x € V(T”), the bag x'(z) is (K, r')-coverable
in G, for k' < 115000-log®(4n)- flog(4f), and 7’ < log(4n) where f equals (1000000d -log®(4n))°.

We define a pair (7, x) as follows. Let T := T”, and for every node z € V(T') define x(z) :=
{ue V(@) |ueCc X;and vo € X'(x)}. A direct application of definitions suffices to verify
that (T, x) is indeed a tree decomposition of G. Now, consider x € V(T) and let I be a largest
16log(4n)-independent set of G contained in x(z). Let I’ := {vc € V(G') | C n I # &}. Observe
that |I'| = |I|. Indeed, every vertex of I belongs to some connected component C of G[X;] for
some i € [m4(G)]. Moreover, no two vertices u,v € I belong to the same connected component C
of G[X;], since each such component is (1,4)-coverable and hence contains a u—v path on at most
eight vertices, contradicting the 16log(4n)-independence of I. Let C' < V(G') be a set witnessing
that x'(z) is (k,7')-coverable, i.e., |C’| < 115000 - log®(4n) - flog(4f) and for every vertex vo of
X'(z), there exists at least one vertex in C’ that has a path on at most log(4n) vertices to vc.
If [I| > 115000 - log®(4n) - flog(4f), then by the pigeonhole principle there exists a vertex of C’
that has a path on at most log(4n) vertices to two distinct vertices ve,,ve, € I'. This implies the
existence of a path on at most 2log(4n) vertices between ve, and ve, in G'. Since each component
C'is (1,4)-coverable and therefore contains a path on at most eight vertices between any two of its
vertices in GG, we obtain a path on at most 16 log(4n) vertices between u € C; n I and u' € Cy N I,
contradicting the independence of I and completing the proof of the theorem. O

11 Proof of Theorem 1.2

For the proof of Theorem [1.2] we need the following theorem of Chudnovsky, Codsi, Fischer and
Lokshtanov.

Proposition 11.1 (Theorem 1.2 [CCEL26]). Let t be a positive integer and let G be a graph that
excludes Ky and {; as induced minors and K; as a subgraph. Then there exists a positive integer

d(t) and €(t) € (0,1] such that G has a tree decomposition of width at most 2¢®) log! =
Observe that Theorem [1.2] follows immediately from Proposition and Theorem

Theorem 1.2. Let t be a positive integer and let G be a graph that excludes K;; and BH; as
induced minors. Then there exists a positive integer c(t) and e(t) € (0,1], such that G has a tree
decomposition (T, x) such that for every x € V(T'), the distance 8-independence number of x(x) is
at most 2¢®log' " n.

Proof. Consider a four-radius vertex partition (Xi,..., X, (@) of G with the minimum possible
number of parts. We define G’ to be the induced minor of G obtained by contracting, for each
i € [m4(G)] and every connected component C' of G[X;], the edges of G[C]. In particular, the
vertex set of G’ is V(G') = {v¢ | C is a connected component of G[X;] for some i € [m4(G)] }, and
two vertices v, and ve, are adjacent in G’ whenever there exist vertices uy € C7 and ug € Cy with
(ul,uQ) € E(G)
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Observe that for every i € [m4(G)], the set {vo | C is a connected component of G[X;]} is an
independent set in G’. Hence by Theorem the chromatic number of G/, and consequently the
size of its largest clique, is at most 74(G) < t - 2¢. Therefore, by Proposition it follows that
G has a tree decomposition (T7,’) such that for every z € V(T"), |x'(z)] < 2¢€®108' "1 here
c(t) :=c(t-2) and e(t) := € (t - 2%).

We define a pair (T, x) as follows. Let T := T", and for every node x € V(T) define x(z) := {u €
V(G) |ueC < X; and vo € X'(x) }. A direct application of definitions suffices to verify that (7', x)
is indeed a tree decomposition of G. Now assume that there exists a node x € V(T') such that the
distance-8 independence number of x(z) is greater than 2¢(*) log!™n Tet ] X(x) be a distance-8
independent set of maximum size. By the pigeonhole principle, there exist distinct vertices u,v € I
and a vertex v € x/(x) such that u,v € C, where C' denotes the component corresponding to vc.
Since C' is (1,4)—coverable, there exists a path between w and v on at most eight vertices. This
contradicts the assumption that I is distance 8-independent, and therefore completes the proof of
the theorem. O

12 Proof of Theorem [1.3

For the proof of Theorem we require the following three propositions: the first follows directly
from a theorem of Bonnet, Hodor, Korhonen and Masarik, the second is the classical theorem of
Menger, and the third is due to Gartland, Korhonen, and Lokshtanov.

Proposition 12.1 (Theorem 11 [BHKM23]). For every positive integer t, there exists a positive
integer u(t) such that any Ky;-induced-minor-free graph G has a partition A := (Aq,..., A q) of
E(G) where, for every i€ [u(t)], every connected component of the graph (V(G), A;) induces a star
in G.

Proposition 12.2 (Menger’s Theorem [Men27]). Let G be a graph and A,B < V(G). Then
for every positive integer k, G either has a collection of k vertex-disjoint A-B paths, or an A-B
separator of size at most k.

Proposition 12.3 (Theorem 1 [GKL23|). Let G be a graph of mazimum degree A and A, B <
V(G). Then for every positive integer k, there either exists a collection of k vertex-disjoint and
pairwise anticomplete A—B paths, or there exists an A-B separator of size at most k- (A + 1)A2H.

Given a graph G and a positive integer s, an s-size edge partition is defined to be a partition
A= (Aq,...,Ay) of the edge set of G such that every connected component of the graph (V(G), A;)
has at most s vertices. Proposition directly yields the following.

Proposition 12.4. For every positive integer t, there exists a positive integer u(t) such that any
Ky -induced-minor-free graph G of maximum degree A has a (A + 1)-size edge partition A with at
most u(t) parts.

Let G be a graph and A := (Ay,...,As) be a partition of the edge set of G. For i € [¢], define
the part A; to be clean if maximum degree of the graph (V(G), A;) is two, and cluttered otherwise.

Lemma 12.5. Let G be a graph and A be an s-size edge partition with ¢ parts, of which at least
one is cluttered. Let A, B € V(G) and let f be a positive integer such that G has no A-B separator
of size at most f. Then there exists an induced subgraph H of G with an s-size edge partition AT
with ¢ parts and strictly more clean parts than A, and no Ag—-Bp separator of size at most f/s,
where A :== AnV(H) and By := BNV (H).
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Proof. Let A;, be a part in A which is cluttered. Let G’ be the minor of G obtained by contracting
the edges in A;,. Equivalently, V(G’) = {ve | C is a connected component of (V(G), A;,)}, and
two vertices vo, and ve, are adjacent in G’ whenever there exist vertices uy € C7 and ug € Cy with
(u1,u2) € E(G). Define A" :={vc e V(G')|CnA# @} and B :={vc e V(G') | C n B # J}.

Claim 12.5.1. G’ has no A'-B’ separator of size at most f/s.

Proof of the Claim. Suppose otherwise that S’ is such a separator, and define S := {v e V(G) | v €
C for some v € S’}. As A is an s-size edge partition, each such component C has size at most s,
and consequently |S| < s-|S’| < f. Therefore S cannot be an A-B separator, by the definition
of G, A and B, which implies the existence of an A-B path P in G — S. We obtain a walk P’ in
G’ — S’ by replacing each vertex v € V(P) with the vertex ve, where C' is the connected component
of (V(G),A;,) containing v. By construction of G’, consecutive vertices of P map to vertices in G’
that are the same or adjacent, and since P avoids S, the walk P’ avoids S’. Moreover, as P starts
in A and ends in B, P’ starts in A’ and ends in B’. But this contradicts the assumption that S’ is
an A’-B’ separator, thereby completing the proof of the claim. <

Therefore, by Menger’s theorem there exists a collection P’ of vertex-disjoint A’~B’ paths
in G’ with |P’| = f/s. We construct from P’ a collection P of A-B paths in G as follows. For every
path P’ € P’ let Vpr := {v e V(G) | v € C for some vg € V(P')}. Since the first vertex of P’ lies in
A’ and the last lies in B’, the set Vpr intersects both A and B. Hence there exists an induced A-B
path P in G[Vp/], which we add to P. Finally, since the paths in P’ are vertex-disjoint, the sets
Vpr are pairwise disjoint, and thus the corresponding paths in P are vertex-disjoint. Consequently,
P is a collection of vertex-disjoint A-B paths in G with |P| = f/s.

Let Vp := {v € V(G) | v € P for some P € P} and let H := G[Vp]. For each i € [¢], define
A = {(u,v) € A; | u,v € Vp}. We claim that AH := (AHT ... All) satisfies the requirements of the
lemma. By definition, A¥ is a partition of E(H) into ¢ parts. Since A¥ < A; and V(H) < V(G),
every connected component of (V(H), AH) is contained in a component of (V(G), A;). Hence A
is an s-size edge partition.

Now fix ¢ € [¢] such that A; is clean. If a vertex v € V(H) has at least three neighbors in
(V(H),AH), then it has the same neighbors in (V(G), A;), contradicting the definition of 7. Hence
AF is clean. Finally, consider the graph (V(H), A) and suppose it contains a vertex v of degree
greater than two. Let P be the path in P containing v. Since P is induced, at most two neighbors
of v are in P and hence at least one neighbor of v in (V(H), A) must belong to a different path
Q. Thus both P and @ intersect the connected component C' of (V(G), A;,) that contains v. But
then, P’ and @’ must both contain ve, which contradicts the fact that they were vertex-disjoint.
Therefore Ag is clean, completing the proof. O

Lemma 12.6. Let G be a graph with an s-size edge partition A with £ parts, of which z are cluttered,
for positive integers s,z,L. Let k be a positive integer and let A, B < V(G). Then G either has a
collection of k vertex-disjoint and pairwise anticomplete A-B paths, or has an A-B separator of
size at most k- g(s, z,0), where g(s, z,0) := 57 - (20 + 1)4*+1,

Proof. We prove the lemma by induction on z. For the base case, observe that when z is zero,
every part in A is clean and consequently the maximum degree of G is at most 2¢. Applying
Proposition to G asserts the lemma for z = 0. Fix z, > 1 and assume that the lemma
holds for all instances with z < z,. If G has an A-B separator of size at most k - g(s, 2o, ), then
the lemma holds and we are done. Otherwise, we apply Lemma to (G, A, A, B) and obtain
an induced subgraph H together with an s-size edge partition A” with ¢ parts, of which fewer
than z, are cluttered. Let Ay := An V(H) and By := B n V(H), and apply the inductive
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hypothesis to the instance (H, A k, Ap, By). Since H admits no Ay By separator of size at
most M < k-g(s,zo—1,¢), we conclude that H contains a collection of k vertex-disjoint and
pairwise anticomplete paths. As H is an induced subgraph of GG, these paths remain vertex-disjoint

and pairwise anticomplete in G, which concludes the proof. ]

Proposition [12.4] combined with the fact that the number of cluttered parts is at most the
number of parts, immediately yields the following corollary.

Corollary 12.7. Let A,t be positive integers and let G be a Ki;-induced-minor-free graph of
mazximum degree at most A. Let k be a positive integer and let A,B < V(G). Then G either
has a collection of k vertex-disjoint and pairwise anticomplete A—B paths, or an A-B separator of
size at most k - (A, t), where g(A,t) :== (A + 1)" - (2u + 1) +1 and p is the constant defined in
Proposition [12-.

We now proceed to the proof of Theorem [I.3] which we restate for convenience.

Theorem Let t be a positive integer and let G be a Ky -induced-minor-free graph. Let A, B <
V(G) and k be a positive integer. Then G either has a collection of k vertex-disjoint and pairwise
anticomplete A-B paths or an A-B separator S < V(G) whose distance 161og(4n)-independence
number is 100k - g - log(4n), where g := (24log2(4n) + 4d + 1)* - (2u + 1)1 and d, u are the
constants defined in Proposition and [127), respectively.

Proof. Consider a four-radius vertex partition (X1,..., X5, () of G with at most ¢ - 2! parts,
whose existence is asserted by Theorem We define G’ to be the induced minor of G obtained
by contracting, for each i € [m4(G)], all edges inside the connected components of G[X;]. Explicitly,
the vertex set of G' is V(G') = {vc | C is a connected component of G[X;], for some i € [74(G)]},
and two vertices v, and v, are adjacent in G’ whenever there exist vertices u; € Cq and ug € Cy
with (u1,u2) € E(G). We use n’ to denote the number of vertices in G'.

Since G’ is obtained from a K;;-induced-minor-free graph by contracting edges, it is itself K -
induced-minor-free. Also, the set {vc | C is a connected component of G[X;]} is an independent
set in G, for every i € [m4(G)]. So it follows that the chromatic number, and hence the clique
number, of G’ is at most m4(G) < t - 2'. Hence, by Proposition m G’ has degeneracy at most
d < d(t-2'). Define A" := {vc e V(G') | Cn A # &} and B' := {vc € V(G') | C n B # &}. Let
F be the 4d-neighborhood-witnessing layered family of G’ with thickness at most log(4n’), whose
existence is guaranteed by Lemma[8.1] Applying Theorem [8.7]to (G', A’, B', F) with f := 12k-g+1
yields either a vertex set S’ or an induced subgraph H' of G'.

Suppose we obtain an induced subgraph H’ of maximum degree at most 24 log? (4n') + 4d such
that every Ap/—Bp separator S in H' satisfies covz(S) > k- g, where Ay := A" n V(H’) and
By := B’ n'V(H'). Applying Corollary to (H', Agr, By, k) yields either a collection of k
vertex-disjoint and pairwise anticomplete Ag/—Bps paths, or an Ag/—Bpg: separator of size at most
k- g. The latter contradicts the definition of H’, and therefore H’ contains a collection P’ of k
vertex-disjoint and pairwise anticomplete Ay —Bp paths. We now lift P’ to a collection P of A-B
paths in G. For each path P’ € P’ let Vpr := {v € V(G) | v € C for some vc € V(P')}. Since P’
starts in Aps and ends in By, the set Vpr intersects both A and B, and hence contains an induced
A-B path P, which we add to P. As the paths in P’ are vertex-disjoint and pairwise anticomplete,
the sets Vp/ are likewise disjoint and anticomplete, and so the corresponding paths in P also have
these properties. Consequently, P is a collection of k vertex-disjoint and pairwise anticomplete
A-B paths in G.

Otherwise we obtain an A’-B’ separator S’  V(G’) in G, such that fcovr(S’) < 8log?(4n’) -
(12k - g + 1). By Proposition we conclude that covr(S’) < 100k - g - log®(4n’). Let F' < F
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be a cover of S of size at most 100k - g - log®(4n'), and redefine S’ := Jper F. Let S := {v €
V(G) | v e C, for some ve € S’}. We claim that S is an A-B separator with the desired properties.
First, observe that if it is not an A—B separator, then G — S must contain an A-B path P. We
obtain a walk P’ in G’ — S’ by replacing each vertex v € V(P) with the vertex ve, where for
some i € [m4(G)], C is the connected component of G[X;] containing v. By construction of G,
consecutive vertices of P map to vertices in G’ that are the same or adjacent, and since P avoids
S, the walk P’ avoids S’. Moreover, as P starts in A and ends in B, P’ starts in A’ and ends in B’.
But this contradicts the assumption that S’ is an A’~B’ separator in G’. Second, observe that since
every connected component C' of G[X;] for each i € [m4(G)] is (1,4)—coverable in G, for every pair
of vertices u,v € C there exists a u—v path on at most eight vertices in G. Furthermore, letting Cz
denote the set of centers of the elements of F’, every vertex ve € S’ has a path on at most log(4n’)
vertices in G’ to some vertex of Cx. Let C € V(G) be a subset that contains one arbitrary vertex
of C' for every vo € Cx. Combining the above two observations, we conclude that every vertex of .S
has a path on at most 8log(4n’) < 8log(4n) vertices to some vertex of C. Therefore, the maximum
size of a distance 16log(4n)-independent set in S is |C| < 100k - g - log®(4n), which completes the
proof of the theorem. O
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