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ABSTRACT. It is a classical theorem of Robertson and Seymour (1986) that the treewidth
of a graph is linearly related to its separation number: the smallest integer k such that,
for every weight function on the vertices, the graph admits a balanced separator of size at
most k. Motivated by recent progress on coarse treewidth, Abrishami, Czyzewska, Kluk,
Pilipczuk, Pilipczuk, and Rzazewski (2025) conjectured the following coarse analogue: for
every 7 € N there exists an 7’ € N such that every graph that admits balanced separators
that can be covered by a bounded number of balls of bounded radius r admits a tree
decomposition where every bag can be covered by a bounded number of balls of radius
r’. We verify a stronger variant of this conjecture for all » € N for the hereditary class of
K, +-induced-minor-free graphs of bounded clique number. A key step in the proof is the
following result, which we expect to be of independent interest. In K} ;-induced-minor-free
graphs with clique number bounded by s, given a large subset of vertices Y C V(G), there
is a set Z whose size is bounded by a function polynomial in s, such that no ball of radius
rin G — Z covers a large proportion of Y.

1. INTRODUCTION

All graphs in this paper are finite and simple. We refer the reader to Section 1.1 for
notation and definitions. Treewidth is a graph parameter which, informally, captures “how
close” a graph is to a tree, and graphs with small treewidth are necessarily sparse. Formally, a
tree decomposition T = (T, B) of a graph G consists of a tree T and a map 3 : V(T) — 2V(@)
with the following properties:

(i) For every v € V(G), there exists t € V(T) such that v € §(t).
(ii) For every uv € E(QG), there exists t € V(T') such that u,v € 5(t).
(iii) For every v € V(G), the subgraph of T'induced by {t € V(T') | v € ()} is connected.

For each t € V(T), we refer to 5(t) as a bag of (T,5). The width of a tree decomposition
(T, B), denoted by width(T, 3), is maxey(r)|B(t)] — 1. The treewidth of G, denoted by
tw(@), is the minimum width of a tree decomposition of G. Graphs of bounded treewidth
are well-understood both structurally [10] and algorithmically [2].

Let w : V(G) — R be a weight function on the vertices of G. For a subset C' C V(G), we
set w(C) =Y, cow(v). Aset X CV(G) is a w-balanced separator if w(C) < sw(V(G)) for
every connected component C of G \ X. The separation number of G, denoted by sep(G),
is the minimum k£ € N such that, for every weight function w : V(G) — Rs¢ there is a
w-balanced separator X with size at most k. Given a subset Y C V((), we say that X is a
balanced separator for Y if X is a w-balanced separator for the weight function w given by
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w(v) = 1forv € Y and w(v) = 0 otherwise. It is a classical result of Robertson and Seymour
[10] that there is a linear correspondence between treewidth and separation number.

Theorem 1.1 ([10]). For every graph G, sep(G) — 1 < tw(G) < 4sep(G).

This paper will investigate a “coarse analogue” of this theorem. For a set S C V(G), we
say that S is an r-cover of S if S C N5[S], and S is a minimum r-cover of S if there is
no r-cover T of S with |T| < |S|. The set S is (k,r)-coverable if there exists an r-cover
S of S with |S| < k, and S is internally (k,r)-coverable if G[S] is (k,r)-coverable. We
say that G admits (k,r)-balanced separators if, for every weight function w : V(G) — R,
there is a (k,r)-coverable w-balanced separator. If every induced subgraph of G admits
(k,r)-coverable balanced separators, we say that G is (k,r)-separable. A class of graphs is
(k,r)-separable if every graph in it is (k,r)-separable. We say that a tree decomposition is
(internally) (k,r)-coverable if every bag is (internally) (k,r)-coverable.

Abrishami, Czyzewska, Kluk, Pilipczuk, Pilipczuk, and Rzazewski proposed the following
coarse counterpart to Theorem 1.1.

Conjecture 1.2 (Conjecture 1.1 in [1]). For every k,r € N, there exist k',r" € N such that
if G admits (k,r)-balanced separators, then G admits a (k',r")-coverable tree decomposition.

Conversely, it is straightforward to show that every graph that admits a tree decomposition
where every bag is (k,r)-coverable also admits (k,r)-balanced separators using a standard
argument. Therefore, if proven true, Conjecture 1.2 would establish that the correspondence
between balanced separators and treewidth is preserved under quasi-isometry. The following
strengthening of Conjecture 1.2 is also of interest.

Conjecture 1.3. For every k,r € N, there exists k' € N such that if G admits (k,r)-balanced
separators, then G admits a (k',r)-coverable tree decomposition.

Abrishami et al. reduced Conjecture 1.2 to the case r = 1 [1], and proved a weakening
of Conjecture 1.2, allowing logarithmic dependence on the number of vertices in either the
number of balls or the radius. Abrishami et.al. [1] also confirmed Conjecture 1.2 in graph
classes with bounded doubling dimension (which is the requirement that, for every r € N,
every ball of radius 2r can be covered by a bounded number of balls of radius r). Chudnovsky
and Hickingbotham proved Conjecture 1.2 for hereditary K;;-induced-subgraph-free graph
classes when r = 1.

Theorem 1.4 (|5]). For all k,t € N, there exist k' such that the following holds: Let G be
K 1-induced-subgraph-free and (k,1)-separable. Then G admits an internally (k', 2)-coverable
tree decomposition.

For a positive integer ¢, we denote by C; the class of K, ;-induced-minor-free graphs. Our
results strengthen Theorem 1.4 in multiple ways at the cost of bounding the clique number.
We prove that Conjecture 1.3 holds in separable subclasses of C; with bounded clique number.

Theorem 1.5. For every r,t € N, there exists a polynomial p = p,; such that the following
holds. For every k,s € N, if G € C; such that w(G) < s and G is (k,r)-separable then G
admits an internally (p(ks),r)-coverable tree decomposition.

This shows that Conjecture 1.3 holds for graphs in C; with bounded clique number, while
also providing additional control over the dependence of & on k and the clique number.
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The proof of Theorem 1.4 relies on a result concerning the behavior of large neighborhoods
within a given set in K} ;-induced-subgraph-free graphs (Theorem 5.1 in [4]). A substantial
part of the present paper is devoted to establishing a distance-r generalization of this result
for graphs in C;:

Theorem 1.6. For all t,r € N, there exists a polynomial f = f;, such that the following
holds. Let C,s € N such that C > 2, let G € C; with w(G) < s, and let Y C V(G). Then
there is a subset X C V(G) with |X| < f(Cs) such that for every v € G\ X we have that

Y

N NY| < —.
Noxlol Y] <

Theorem 1.6 will be used in a forthcoming paper by the first two authors, Lokshtanov,
and E S.

1.1. Preliminaries and notation. We take standard concepts and notation not explained
here from [6]. For a positive integer k, we use [k] to denote the set {1,2,...,k}. Given a
graph G, we denote its vertex set by V(G) and its edge set by F(G). An independent set,
or stable set, is a subset of vertices of V(G) which are pairwise non-adjacent. A clique in
a graph G is a set of pairwise adjacent vertices. A complete bipartite graph with bipartition
(X,Y) is a graph G with vertex set X UY such that xy € E(G) if and only if x € X and
y € Y. For a positive integer ¢, let K; denote a clique on ¢ vertices and let K, denote a
complete bipartite graph where X and Y contain exactly ¢ vertices each. The independence
number of a graph G, denoted by «(G), is the maximum size of an independent set in G.
The cligue number of G, denoted by w((), is the maximum size of a clique in G. For a set
X C V(G), we denote by G| X]| the subgraph of G induced by X, and by G\ X the subgraph
of G induced by V(G) \ X. In this paper, we use induced subgraphs and their vertex sets
interchangeably. For a graph H, we say that H is an induced subgraph of G if there exists
X C V(Q) such that H is isomorphic to G[X], and we say that H is an induced minor of G
if H can be obtained from G by a sequence of vertex deletions and edge contractions (and
by deleting parallel edges generated in the process).

A path in a graph is an induced subgraph that is a path. We denote by P = pi-...-pg
a path in G, where p;p; € E(G) if |j —i| = 1. We say that p; and pj are the ends of P.
The interior of P, denoted by P*, is the set P\ {p1,pr}. For i,j € {1,... k} we denote
by p;-P-p; the subpath of P with ends p;,p;. The length of a path is the number of edges
in it. A (u,v)-path is a path whose set of endpoints is equal to {u,v}. Given a graph G
and sets X,Y C V(Q) of vertices, an (X,Y)-path is an (z,y)-path in G with x € X, y € Y,
and no internal vertex in X UY. The distance between two vertices u,v € V(G), denoted
by distg(u,v), is the length of the shortest (u,v)-path in G. The distance between two sets
X and Y, denoted by distg(X,Y), is the minimum of the distance distg(z,y) among all
x € X and y € Y. For a vertex v € V(G), we use N (v) and Nj[v] to denote the sets of
vertices at distance exactly r and at most r from v in G, respectively. For a set X C V(G),
we let NL[X] = U,cx N&v] and NE(X) = NL[X]\ N&'[X]. We say that a vertex u is an
r-neighbor of v if u € Nj(v). If r =1 we may omit the superscript or the prefix. Similarly,
if the ambient graph G is clear from the context, we may omit it in the notation of both
distances and neighborhoods.



4 MARIA CHUDNOVSKY*, JULIEN CODSI', AND CLAIRE KANESHIRO*

2. LARGE r-NEIGHBORHOODS: THE PROOF OF THEOREM 1.6

The following result due to Chudnovsky, Codsi, Lokshtanov, Milani¢, and Sivashankar [4]
is an important step in the proof of Theorem 1.4.

Lemma 2.1 (Theorem 5.1 in [4]). Let C,t € N with C' > 2, and let G be K -induced-minor-
free. FizY CV(G) and define

Z = {zEV(G): a(N(z)nY) > @}

Then min(a(Y), a(Z)) < (5120)%.

The objective of this section is to prove Theorem 1.6, which can be seen as a generalization
of Lemma 2.1 to distance-r neighborhoods. This will be a crucial step in the proof of
Theorem 1.5, and is likely to be of independent interest.

We start with the following:

Theorem 2.2. There exists a function M(C,s,t,r) that is polynomial in the parameters s
and C such that the following holds: Let C,s,t,r € N and let G € C; such that w(G) < s
and C > 2. Let Y C V(G). Then there is a subset X C V(G) with a(X) < M(C,s,t,r)
such that if

7 = {Z eV(G)\ X : a(Nox[z]NY) > @}
then min(a(Y),a(Z)) < M(C,s,t,r).

To prove this, the following results will be required. For positive integers a, b, let R(a,b)
be the smallest integer, often referred to as the Ramsey number, such that every graph on
R(a,b) vertices contains either a clique of size a or stable set of size b.

Theorem 2.3 (|9]). For all a,b € N, R(a,b) < a’ .

A hypergraph H = (V(H), E(H)) consists of a non-empty set of vertices V(H) and a
non-empty set of hyperedges E(H) C 2V, Given a hypergraph H, we define the following
parameters. We denote by 7(H) the minimum size of a hitting set, which is a set of vertices
that meets all the hyperedges. We denote by v(H) the maximum size of a matching, which
is a set of pairwise disjoint hyperedges. We denote by A(H) the size of the largest set E of
hyperedges such that for every e, f € E, there exists v € V(H) such that

ve(enH\ o
geE
g#e,f

We will require the following result due to Ding, Seymour, and Winkler.

Theorem 2.4 (Theorem 1.1 in [7]). For every hypergraph H with no empty hyperedge,

MNH) + u(H))Q.

r(H) < TINH)*(\(H) + v(H) + 3)( v(H)

Let G be a graph. For k € N, a proper k-coloring of G is a mapping ¢ : V(G) — [k] such
that c(u) # c(v) whenever uv € E(G). The chromatic number of G, denoted by x(G), is
the minimum k such that G admits a proper k-coloring. Since every color class forms an
independent set, we deduce the following simple observation.
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Observation 2.5. For every graph G, |V(G)| < a(G) - x(G).

A class of graphs C is (polynomially) x-bounded if there exists a (polynomial) function
p: N — N such that x(G) < p(w(@)) for every G € C. Bourneuf, Buci¢, Cook, and Davies
[3] proved the following result.

Lemma 2.6 (Theorem 1.2 [3]). For every t € N, C, is polynomially x-bounded.
Lastly, we require a Ramsey-type result of Lozin and Razgon [8|.

Lemma 2.7 (Lemma 2 in [8]). For all d,t € N, there is a positive integer K = K(d,t)
such that if a graph G contains a collection of K pairwise disjoint subsets of vertices, each
of size at most d and with at least one edge between every two of them, then G contains a
(not necessarily induced) Ky ,-subgraph.

Proof of Theorem 2.2. Let K(-,-) be the constant given by Lemma 2.7, let R(-,-) denote the
Ramsey number, and let ¢;(-) be the polynomial given by Lemma 2.6. We define

R(y) = R(K (yt,1),1), v(z,y) = 2xc(s)"  (R(y) + 1)
7(z,y) = 11(2t)*(2t + v(x,y) + 3) (Qt ;L(;(;’ y)) , Wz, y) = ci(s)? it 7(z, y)RW
and
(5120)2* if r =1

M(C, s, t,r)=
(C,s,t,r) {QM(QCL(C,T)(R(T)+1),8,t,7“—1) otherwise.

(1) The function M(C,s,t,r) is a polynomial in the parameters s and C.

By construction, M(C, s,t,1) is a polynomial the parameters C' and s. Suppose inductively
that M(C,s,t,r — 1) is a polynomial in s and C. Since ¢(-) is a polynomial, the function
v(C,r) is a polynomial in s and C. Note that the binomial term in 7(C,r) is bounded by
(Qtj(”c(%r)) < W Since 7(C, r) is a polynomial in s and C', we conclude that «(C, ) is
a polynomial in s and C'. Since the composition of polynomials is a polynomial, we conclude
that 2M (2C(C,r)(R(r) + 1), s,t,r — 1) is a polynomial in the parameters s and C. This
proves (1).

We may assume that (YY) > M(C,s,t,r) as otherwise there is nothing to show. We
proceed by induction on r. When r = 1, the result follows from Lemma 2.1 with X = () and
the observation that a(N[z]NY) = a(N(z)NY), unless N[z] NY = z in which case z ¢ Z
since @ > 1.

Now let » € N, and assume that the result holds for 1,...,r — 1. By definition of M, we
have a(Y') > M(2C(C,r)(R(r) + 1),s,t,7 — 1). By the inductive hypothesis, there is a set
X, with a(X,—1) < M(2C(C,r)(R(r) + 1),s,t,r — 1) for which

Zr-1= {Z VIO X1 (N, L, [F1INY) = 24(C, T)(é((YR)(T) + 1)}

has a(Z,_1) < M(2C(C,r)(R(r)+1),s,t,7 —1). Let X = Z,_1 U X,_1. Then, since r > 2,
a(X) <2MQ2C(C,r)(R(r)+1),s,t,r —1) = M(C, s, t,r).
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In what follows, we abuse the notation by setting ¢(C,r) = ¢, R = R(r), and ¢ = ¢(s).

(2) For everyv € G\ X, we have that &(Ng{}( [v]NY) < —nggil)

(2) is a direct consequence of the definition of X.

Let

Z = {Z e V(G)\ X : a(Niyx[2]NY) > @}7

we will show that a(Z) < M(C,s,t,r). For the sake of a contradiction, suppose not. Let
I be an independent subset of Z of size ¢ which exists since M(C,s,t,7) > . Let Y,_1 =
Ng{)l( I]NY. Set G’ =G\ X and Y/ =Y \ (XUY,_1). Then in G’ there is no path of length
less than r from I NG’ to Y.
(3) For every z € I, we have that a(Ng, x(2) NY') > %

It follows from (2) that

(NG (2) N Y') 2 a(Njy[2] 1Y) = a(¥,_1)

@4 |.&
C 2CL(R+1)

aty)

- 20

In particular, for every z € I, there exist paths from z to Y’ of length r. This proves (3).

Since C; is hereditary and by Lemma 2.6, x(G’) < ¢. Fix a proper c-coloring of G'. For a
given path po-p1- .. .-p, of length r in G’ we call the sequence of colors (¢(po), ¢(p1), - .., c(p))
the type of the path. For every z € I and every y € Y/ N N (z), let P, , be a (z,y)-path of
length r. For every z € I, let the type of z be the most common type among the paths in
the set {P,, :y € Y N N (2)} (breaking ties arbitrarily). Let 7" be the most common type
among the vertices in I (again breaking ties arbitrarily). Let I’ C I be the set of vertices of
type T, and let Y” be the set of vertices in Y’ that can be reached by paths of type T' from
vertices in I’. Let G” be the graph induced by the union of the (', Y”)-paths of type T. We
define the 0th level as Ly = I' and the ith level as L; = N}, (I') for i € [r]. For v € G”, let
l[(v) be the integer i such that v € L;.

(4) || = F=|I| = tr8, and for every z € I', a(NZu(2) NY") > 5 - 0‘2(—(};)

The first assertion is immediate from the definition of I’ and since there are at most ¢ +!

distinct possible types. The second assertion follows from (3) and the fact that z is of type
T. This proves (4).

(5) G”" is bipartite and, therefore, G" is K;,-subgraph-free.
By construction, the levels are disjoint, and every edge has its ends in two consecutive levels

(since otherwise we would be able to find a path of length less than r between I’ and Y”). It
is sufficient to show that each level L; is an independent set, as in this case, the set of even
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levels and the set of odd levels form a bipartition of G”. Since dist(I’,Y”) = r and every
vertex in G” is in an (I, Y")-path of length r of type T, it follows that for every i and for
every vertex v € L;, there exists an (I’,v)-path of length 7 that is an initial segment of a
path of type T'. Therefore, all the vertices of L; belong to the same color class, which proves
the first assertion of (5). The second assertion follows since every bipartite graph in C; is
K, ;-subgraph-free.

For D > 0, let vp = %ﬁffﬂ) for any D > 0. Note that v = vy.

Claim 2.8. For every D such that 0 < D < R, the following holds: Let G* be an induced
subgraph of G”, and define I* = G*NI" and Y* = G*NY". Assume that |I*| > tr? and that
for each z € I* we have a(N5.(z) NY™) > %};). Then there exist S C I* with |S| = t, and

disjoint induced connected subgraphs Ji,...,Jp C G*, such that |J;| < tr and S C Ngn(J;)
for all i € [D].

Proof of Claim.  We proceed by induction on D. When D = 0, the statement is vacuously
true. Now, assume inductively that the result holds for 1,...,D — 1.

By taking a subset if necessary, we may assume that [I*| = t7”. Let H be a hypergraph
with vertex set Y* and hyperedge set I'*, where for every z € I*, the hyperedge e, is defined
as {y € Y* 1y € Nl.(2)}. See Fig. 1 for a visualization. The proof proceeds by using

6»(1\ 1 (R \ Dez) Y*

\ / \

( V L )F

FIGURE 1. Construction of the hypergraph H.

Theorem 2.4 to find a vertex in Y* that is contained in the r-neighborhood of many vertices
of I*. We first show that v(H) and A(H) are bounded by functions of ¢ and vp.

(6) It holds that v(H) < vp.

Suppose not, then there are more than vp pairwise disjoint subsets of Y*, each with at
least % vertices. Therefore

a(Y)

Y| > -vp = a(Y).

Since Y* is an independent set contained in Y, this is a contradiction. This proves (6).

(7) It holds that A(H) < 2t.

Suppose that \(H) > 2t. We will obtain a contradiction by constructing a 1-subdivision of
Ky, from which we obtain a K}, induced minor. Let 2, ..., 2 be vertices in I’ such that
the hyperedges e, , ..., e, exhibit A\(H) > 2t. For every i < j € [2t], let y;; be a vertex
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in (e Nes,) \ Uk#’j e.,. We call y; ; the private r-neighbor of z; and z;. Let P,; and Pj;
be paths of length r from z; to y;; and from z; to y; ;, respectively, such that the union
| P, jUP;;| is minimal. Let s; ; be the vertex in P, ;N P;; with [(s; ;) minimum. Such a vertex
exists because y; ; € F;; N Pj;. We define P}; = 2P, j-s;; \ s;; and R; =, ; P} ;-

(8) If i # j, then R; and R; are disjoint and anticomplete.

Suppose not, then since |R; U R;| > 2 and since R; and R; are each connected subgraphs,
there is an edge e = w;u; with u; € P} C R; and u; € Pj; C R; for some k,[. See Figure 2
for a visualization.

Since for every edge e the ends of e belong to two consecutive levels, without loss of
generality, u; € Ly, and u; € L,,—1 for some m € [r]. Now, z;-P;;-u;-u;-P; j-y; 1 is a path
of length r from z; to y; . Since y; ; is the private r-neighbor of z; and 2z, it follows that
k = j. Then w; is a vertex in the intersection of a (z;,y;;)-path and P, ;. Since u; € P/

9,7
l(u;) < (s;;), contradicting the minimality of s; ;. This proves (8).

( yi,sz T?Jj,l ) Y*

I ERDY.

FIGURE 2. Visualization of the proof of (8).

(9) If k ¢ {3, 7}, then for every l, Py, is anticomplete to s; ;.

Suppose that s; ; is adjacent to a vertex u € Py . Then |l(u) —I(s; ;)| = 1. First, suppose
that s,; € L,,_; and u € L,, for some m € [r]. See the left-hand side of Figure 3. Then
2i-P; j-s;; and z;-P;;-s; ; are paths of length m — 1 and u-Pj -y, is a path of length r —m.
Since s; ; and u are adjacent, we have found a (z;, yx;)-path and a (z;, yx;)-path of length r.
Since y, is the private r-neighbor of z; and z;, we conclude that k € {i, j}.

Now suppose s; ; € L, and u € L,,—1. See the right-hand side of Figure 3. Then z-Fj ;-u
is a path of length m — 1 and s; ;-F; j-y; ; is a path of length r —m. Since v and s; ; are adja-
cent, zp-Py -u-s; j-F; j-y; ; is a path of length r from z; to y; j, which implies that y; ; € e, .
However, y; ; is the private r-neighbor of z; and z;, so we conclude that k£ € {i,j}. This
proves (9).

We now complete the proof of (7). Consider the graph I" obtained by deleting every vertex
that is not in (Uepg Bi) U (U< jejoy 8i5) and contracting each R; to a single vertex r;. Then
I' is an induced minor of G. By (8), the set {r;},_,, is stable. In addition, (9) implies that
if k ¢ {i,j}, then s, ; is not adjacent to any vertex in Ry. Therefore, in I, s, ; is adjacent to
r if and only if k € {7,j}. It also follows from (9) that if {k,{} # {7, s}, then s;; and sy

are not adjacent, so the set J;_ jel2] Siv is stable. Therefore, I' is a 1-subdivision of a Ko,
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Y ( Yijy oYkl ) ( Yiy oYkl ) Y+

Py,

Z,J LZj o2 ) I*

FIGURE 3. Visualization of the proof of (9).

which contains a K, induced minor, a contradiction. This completes the proof of (7).

By (6), v(H) < vp and by (7), A(H) < 2t. Note that vp < v. By Theorem 2.4, we have

2 +vp\ >
(H) < 11(26)2 (2t + vp + 3) ( y D) <

Let 7 C Y™ be a hitting set of minimum size. Since |T| < 7, there exists a vertex x € T
such that the set I = {z € I* : x € ¢,} has size |I| > 1|I*|. For each z € I, fix a (z, x)-path
Q.. of length r. Then set Jp = Usei (Qzz \ 2)-

Let G = (G*\ (jD U I*>> UI. We now check that, after deleting .Jp, every vertex in I
still reaches a sufficiently large proportion of Y* via paths of length r, which will allow us to
apply induction.

(10) For every vertex z € I, we have ING(2) NY™| > oY)

vp-1’

Let z € I and define Y, = (N&. (2)NY*)\(N&- 1 (JpNL)NY*). We show that Y, C Ng(z)nY™.
Let y € Y., then there is a (z,y)-path P,, in G* of length r. We show that every such path
is vertex-disjoint from Jp. Suppose, for contradiction, that there exists u € P,,N Jp with

e (Jp N Ly)
R 1z Y )Y*QLT

Jp

@Dﬂlq\f\/ \<U \)\ > Ly
!

\ J
( (f \Lz’ vz) )l*QLo

FIGURE 4. Visualization of the proof of (10).

I(u) = m for some m. Since u € Jp, there exist 2/ € I (not necessarily distinct from z), and
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+ N Ly. See Figure 4 for

a path P, , C jD such that v € P,/ ,. Let v denote the vertex in P,/
a visualization. Then v-P, ,-u-P, ,-y is a path of length r» — 1 from v € Jp N L; to y. This

implies y € Ng:l(j p N Ly)NY* contrary to the assumption.
Therefore, the vertices in Y, can only be reached from z via paths of length r that are

vertex-disjoint from Jp, which means that these paths are entirely contained in G. We
conclude that Y, C N &(z)NY* and
INL(2) NY*| > [NGe(2) N Y*| = NG (Jp N Ly) N Y|
L o) e
201C(R+1)

aY)(D+1) a(Y)
~20t1IC(R+1) 20HIC(R+1)
_ a()

- )
Vp—1

where the second inequality follows from (2) and the third inequality uses the fact |
¢+ This proves (10).

Observe that G is an induced subgraph of G* where G'N I'= Tand GNY” =Y*\ {z}. By
construction |I| > 2|I*| > t7”~" and by (10) for each z € I we have a(NZ(2) N (Y*\{z})) >
% Hence, by the inductive hypothesis, there exists a set S C I and disjoint induced
subgraphs Ji, ...,

o |5 =t,
o |J;| <rtforallie|[D—1],
e and S Q NG//(Ji).
Recalling that S C I*, we let Jp be the subgraph of Jp induced by U.es (Q-2 \ {2})-

Now |Jp| < rt and S_g Ner(Jp). Moreover, for each i < D —1, J; is vertex-disjoint from Jp
because it is an induced subgraph of G. We conclude that the set S and Jy, ..., Jp satisty
[ |

the required properties and Claim 2.8 is proven.

CWIENDY
J1

Jp_1 of G such that

@@Hﬁ...g .. > I

FIGURE 5. Visualization of the induced subgraphs Ji,..
Claim 2.8.

.,Jr given by
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Recall from (4) that

o aN(R+1Y) oY)

I'l > trh d NL,(2)NY”
Izt and - a(Ng () NY") 2 g onm s =

for every z € I'.

Therefore, we can apply Claim 2.8 to G” to obtain a set S C I’ and disjoint induced subgraphs
Ji,...,Jgr such that |S| = t,|J;] < rt, and S C Ngn(J;) for all i € [R]. See Figure 5 for
a visualization. Let A be a graph with vertex set Ji, ..., JJg, where two distinct vertices J;
and J; are adjacent if and only if J; and J; are not anticomplete in G”.

(11) A has no stable set of size t.

For the sake of contradiction, suppose that A has a stable set of size t. Then, reindexing if
necessary, there are t disjoint pairwise anticomplete induced subgraphs Ji, ..., J; of G”. Let
I' be the graph obtained by deleting all vertices except (U§:1 Ji) U S and contracting all the
edges in each J; to a vertex j;. Since J; and J; are anticomplete for ¢ # j, the set Uie[t] {j:}
is stable, and since S C Ngn(J;), each j; is complete to S. Therefore, I' is an induced minor
of G isomorphic to K;,, a contradiction. This proves (11).

By Theorem 2.3, it follows that A contains a clique of size K. Reindexing if necessary,

there are K pairwise disjoint subsets Jp,..., Jx in G” such that there is at least one edge
between any two sets. By Lemma 2.7, G” contains a K}, subgraph, which contradicts (5).
This completes the proof of Theorem 2.2. O

Next, we provide an alternative formulation of Theorem 2.2 in terms of cardinalities rather
than independence numbers.

Theorem 2.9. There exists a function M(C, s, t,r) that is polynomial in the parameters s
and C' such that the following holds: Let r,s,t € N, let G € C; with w(G) < s and C > 2.
For any Y C V(G), there is a subset X C V(G) with |X| < M(C, s,t,r) such that if

Z = {z EV(G)\X : [Noxlz] N Y] > %}

then min(|Y'|,|Z|) < M(C, s, t,r).

Proof. Let M'(C,s,t,r) be the function given by Theorem 2.2, which is polynomial in the
parameters s and C'. By Lemma 2.6, there is a polynomial p, such that x(G) < p.(s). Set
M(C,s,t,1) = pi(s) - M'(Cps(s), s, t,7), which is polynomial in s and C. We may assume
that |Y| > M(C,s,t,r), as otherwise there is nothing to show.

By Theorem 2.2, there is a set X C V(G) with o(X) < M'(Cp(s), s,t,r) such that if we
define

Z, = {z e V(G)\ X: a(Ngpyx[2]NY) > p?((s;)C}

Cpi(s), s, t,r), it follows that

b

then min(«a(Z,), a(Y)) < M'(Cpi(s), s,t,r). Since a(Y') > M’
a(Zy) < M'(Cp(s), s, t,r).
Let

—

Y

Q)

7 = {z € V(G)\ X: [Nowxlz]NY] >
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We show that X and Z satisfy the conclusion of Theorem 2.9. Let z € Z then, by
Observation 2.5, it holds that

, " : Y] oY)
X(No el 1Y) - 0N k[N Y) 2 [N el n Y] 2 12> 28
Since Ng, x[2] MY is an induced subgraph of G, it has chromatic number at most p(s).
Rearranging the inequality yields
a(Y)

pe(8)C’

a(Nenx[21NY) =

and we conclude that Z C Z,.
By Observation 2.5, we conclude

’Z’ S ’Zoc’ S X(Za) : a<Za) S Pt(5> : M/(Cpt(s)a 87t7r) S M<Ca 87t7r)

and
| X| < x(X) - a(X) <p(s) - M'(Cpy(s), s, t,r) < M(C,s,t,7),

as required. O

Finally, we restate and prove Theorem 1.6, which is another reformulation of Theorem 2.9.

Theorem 1.6. For all t,r € N, there exists a polynomial f = f;, such that the following
holds. Let C,s € N such that C > 2, let G € C; with w(G) < s, and let Y C V(G). Then
there is a subset X C V(G) with |X| < f(Cs) such that for every v € G\ X we have that

Y]

N¢ NY| < —.
| G\X[U] | < C

Proof. Let f(Cs) = 2M(Cs,Cs,t,r) where M is defined as in Theorem 2.9, let X’ be
obtained by Theorem 2.9 and let Z be the corresponding set, and let K € {Y, Z} such that
|[K| < M(C,s,t,7). Let X = X"UK; then |[X| < f(Cs). If K =Y then [Ng, ([v]NY]| =0,

otherwise, K’ = Z and therefore |Ng, y[v] N Y] < %l for every v € G\ X. O

3. COARSE BALANCED SEPARATORS AND TREE DECOMPOSITIONS

In this section we prove Theorem 1.5, which we restate for convenience.

Theorem 1.5. For every r,t € N, there exists a polynomial p = p,; such that the following
holds. For every k,s € N, if G € C; such that w(G) < s and G is (k,r)-separable then G

admits an internally (p(ks),r)-coverable tree decomposition.

~

The following lemma immediately implies Theorem 1.5 by setting Y = (). Its proof is
similar to that of Lemma 9 in [5].

Lemma 3.1. Let k,s,t,7 € N and let f = for; be the function given by Theorem 1.6.
Let G € C; be (k,r)-separable such that w(G) < s. Then for every Y C V(G), where
V| < 12f(8ks), there exists an internally (24f(8ks),r)-coverable tree decomposition of G
with a bag containing NL[Y].
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Proof. We proceed by induction on [V(G)|. Let G be a minimum r-cover of G. If G is
(24f(8ks),r)-coverable, then the tree decomposition of G where V(@) is in a single bag
satisfies the statement. Therefore, we may assume that |G| > 24f(8ks). Note that if
IV(G)| < 24f(8ks), then we immediately have that G is (24f(8ks),r)-coverable, which
proves the base case of the induction.

By adding vertices to Y if necessary, we may assume that |Y| = 12f(8ks). Note that

|G’\ > |2ﬂ Let Zs and Zy be the sets obtained by applying Theorem 1.6 to both Y and G
with the parameters C' = 8k and 1’ = 2r. Let Z = ZgU Zy, G' = G\ Z, G =G \ Z, and
Y'=Y \ Z. Then, |Z| < 2f(8ks) and for every v € V(G’), we have that

Yl | < 1G]
= 8k ‘N Inc|< 8k

Since G’ is an induced subgraph of G, G’ admits (k; r)-balanced separators. Therefore, by
taking the union of two such separators, there exists S such that |S | <2k and S = N, [S’]
a balanced separator of both G’ and Y’ in G'. Let Y5 = Y’ N NZ[S] and Gs = G' N NZ[S)].

Then

‘N 1ny'| <

9 |A| |A| A

Vol < oK. 20— 21 <o Gl 1G1
|Ys| < 2k <k 1 and |Gs| < 2k T 1
Let C be a connected component of G' — S =G — (Z U S). Define

~

Gl _ 1G]

C*=G[CUSUZUNL[Ys]] and Y *=(CNY)USUZUYs.

Observe that Y* C V(C*). Next, we verify that C* and Y* are suitable for the induction
hypothesis.

(12) It holds that |V (C*)| < |[V(G)].

Since G was chosen to be a minimum r-cover of @, in order to prove (12), it suffices
to prove that C* can be covered by fewer than |G| balls of radius 7. We check that balls
centered on

C*=(CNG)USUZUGsU Yy
have the required property. Since S is a balanced separator for G’, we have

ICH < [V(C)N G|+ S| + 12| +|Gs| +|Ys| < %|@| + 2k + 2 (8ks) + % LR G).
In the last inequality, we used that f(z) > x.

Now it remains to check that V(C*) C N4[C*]. See Figure 6 for a visualization. Suppose
for a contradiction that v € C* but v ¢ N5[C*]. If v € SU Z U N, [Ys], then evidently
v € N5[C*], and so we may assume v € C. Since G C N§|G], there exists u € G such that
distg(u,v) < r. If u € C, then we are done, so we may assume u ¢ C. Since C' is a compo-
nent of G — (ZUYS), there is a (v, u)-path P, , of length at most r intersecting SUZ. If there
exists a vertex « € P,,, N Z, then dist(v,z) < r and so v € N{[Z], which is a contradiction.
Therefore, P,, NS is non-empty. This implies that diste (u, S*) < diste(u, S) +r < 2r and
we deduce that u € Gg, and so v € N@[Gg] This contradiction proves (12).
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ST S=Nels]

FIGURE 6. Visualization of the proof of (12). The vertices in G are distin-
guished by white fill and black outline.

Since S is a balanced separator for Y, we can bound |Y*| as follows:
Y < IVC)NY|+ 5] +1Z] +|Vs|
1. Y
< §|Y| —|—2k+2f(8ks)+%

< @ + 3f(8ks) < 12f(8ks) = |Y].

Now suppose that C1, . .., C,, are the components of G—(ZUS). By the inductive hypothesis,
for every i € [m], the graph C} admits a tree-decomposition 7; = (T3, 3;) such that every
bag is internally (24f(8ks), r)-coverable and there exists a bag ;(t;) that contains NZ. [Y;].

Let T be obtained from the disjoint union of 77, ...,7T,, by adding a new vertex t(; that
is adjacent to ti,...,t,. Define 5(t) = §;(t) for all t € T; and ¢ € [m], and set B(ty) =
NLY]USUZ. Then T = (T, 3) is a tree decomposition of G. To see this, note that for any
i < j € [m] it holds that C} N CF C Ng [Ys] US U Z, which is contained in the bag 3(to).

We observe that the set N4[Y]U S U Z can be r-covered by the set ¥ U S U Z, which has
at most 12f(8ks) + 2k + 4f(8ks) < 24f(8ks) vertices. Since the other bags do not change,
every bag of T is internally (24f(8ks),r)-coverable and T has a bag containing N5[Y], as
required. O
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