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Abstract

The bull is a graph consisting of a triangle and two vertex-disjoint
pendant edges. A graph is called bull-free if no induced subgraph of
it is a bull. A graph G is perfect if for every induced subgraph H of
G, the chromatic number of H equals the size of the largest complete
subgraph of H. This paper describes the structure of all bull-free
perfect graphs.

1 Introduction

Unless stated otherwise, all graphs in this paper are simple and finite. Given
a graph G, we denote by Vi the vertex set of GG, and by E¢ the edge set of G;
we sometimes write G = (Vig, Eg). A clique in G is a set of pairwise adjacent
vertices of G, and a stable set in G is a set of pairwise non-adjacent vertices
of G. The clique number of G, written w(G), is the maximum number of
vertices in a clique in G. A coloring of G is a partition of Vi into stable sets.
The chromatic number of a graph G, written x(G), is the minimum number
of stable sets needed to partition Vz. A graph G is said to be perfect if for
every induced subgraph H of G, x(H) = w(H).

Given a graph G, the complement of G, written G, is the graph on the
vertex set Vg such that for all distinct w,v € Vi, u is adjacent to v in G if
and only if u is non-adjacent to v in G. A hole in G is an induced cycle of
length at least four in G. An anti-hole in G is an induced subgraph of G
whose complement is a hole in G. An odd hole (respectively: odd anti-hole)
is a hole (respectively: anti-hole) with an odd number of vertices. Berge
conjectured that a graph is perfect if and only if it contains neither odd
holes nor odd anti-holes [1]. This conjecture is known as the strong perfect
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graph conjecture; it was proven a few years ago [7], and it is now known as
the strong perfect graph theorem. Today, graphs that contain no odd holes
and no odd anti-holes are called Berge, and so the strong perfect graph the-
orem can be restated as saying that a graph is perfect if and only if it is
Berge. Other relevant results have been the polynomial time recognition
algorithm for Berge (and therefore, by the strong perfect graph theorem,
perfect) graphs [6], and a polynomial time coloring algorithm for perfect
graphs [12]. As the latter algorithm is based on the ellipsoid method, find-
ing a combinatorial polynomial time coloring algorithm for perfect graphs
remains an open problem.

The bull is a graph with vertex set {x1,x2,x3,y1,y2} and edge set {zixa,
XoX3, T3x1, T1Y1, T2y2}. A graph G is said to be bull-free if no induced sub-
graph of G is isomorphic to the bull.

Bull-free graphs were originally studied in the context of perfect graphs.
Many years before the strong perfect graph conjecture was proven [7], it
was shown that bull-free Berge graphs were perfect [8]. Similarly, a polyno-
mial time recognition algorithm for bull-free perfect graphs [15] was obtained
long before the recognition algorithm for perfect graphs [6]. Furthermore,
the class of bull-free perfect graphs is one of the subclasses of the class of per-
fect graphs for which a combinatorial polynomial time coloring algorithm has
been constructed [10] (in fact, [10] contains a weighted coloring algorithm
for bull-free perfect graphs; see also [11] and [13]). Recently, a structure
theorem for bull-free graphs was obtained [2, 3, 4, 5|; in the present paper,
we use the structure theorem from [2, 3, 4, 5] to derive a structure theorem
for bull-free Berge graphs; by the strong perfect graph theorem [7], this is in
fact a structure theorem for bull-free perfect graphs. While the structure of
bull-free perfect graphs has received some attention in the past (see [8] and
[11]), all previous results were “decomposition theorems”: they state that
every bull-free perfect graph either belongs to some well-understood “basic”
class or it can be “decomposed” into smaller bull-free perfect graphs in a
certain useful way. However, these decompositions cannot be turned into
operations that build larger graphs from smaller ones, while preserving the
property of being bull-free and perfect. In this sense, the structure theo-
rem from the present paper is stronger: it states that every bull-free perfect
graph either belongs to a basic class, or it can be built from smaller bull-free
perfect graph by an operation that preserves the property of being bull-free
and perfect.

We remark that elsewhere [14], the results of the present paper are used
to obtain a combinatorial polynomial time weighted coloring algorithm for
bull-free perfect graphs whose complexity is lower than that of the algorithm
in [10]. One might ask whether these results could also be used as a basis for



a polynomial time recognition algorithm for bull-free perfect graphs. While
it is possible that such an algorithm could be found, it seems unlikely that
it would be faster than the recognition algorithm for bull-free perfect graphs
from [15]; this is because the running time of the algorithm from [15] is only
O(n®) (where n is the number of vertices of the input graph), and since
the bull contains five vertices, the obvious way to test whether a graph is
bull-free already takes O(n®) time.

Following [2, 3, 4, 5], we consider objects called “trigraphs” (defined in
section 2), which are a generalization of graphs. While in a graph, two dis-
tinct vertices can be either adjacent or non-adjacent, in a trigraph, there are
three options: a pair of distinct vertices can be adjacent, anti-adjacent, or
semi-adjacent; semi-adjacent pairs can conveniently be thought of as having
undecided adjacency. While we do not define such a thing as a “perfect
trigraph” (because we do not have a natural way to define a trigraph col-
oring), there is a natural way to define a “bull-free trigraph” and a “Berge
trigraph,” and we do this in section 2. Our main theorem (3.4) gives the
structure of all bull-free Berge trigraphs. Since graphs are simply trigraphs
with no semi-adjacent pairs, this theorem is implicitly a structure theorem
for bull-free Berge graphs, and therefore (by the strong perfect graph theo-
rem) it is a structure theorem for bull-free perfect graphs.

The rest of the paper is organized as follows. In section 3, we define “ele-
mentary trigraphs,” and we use a result from [2] to reduce our problem to
finding the structure of all elementary bull-free Berge trigraphs. We then
cite the structure theorem for elementary bull-free trigraphs from [5]; this
theorem states that every bull-free trigraph G is either obtained from smaller
bull-free trigraphs by “substitution” (this operation is defined in section 2),
or G or its complement is an “elementary expansion” (this is defined later,
in section 4) of a trigraph in one of two basic classes (classes 71 and T3). We
complete section 3 by stating our main theorem (3.4), the structure theorem
for all bull-free Berge trigraphs; however, we do not prove this theorem in
section 3 (we only do this in section 7), and we also postpone defining certain
terms used in the theorem. In section 4, we study “elementary expansions.”
Informally, an elementary expansion of a trigraph H is the trigraph obtained
by expanding some semi-adjacent pairs of H to “homogeneous pairs” of a
certain kind (general homogeneous pairs are defined in section 2, and the
two kinds that we need for elementary expansions are defined in section 4).
We show that if G is an elementary expansion of a trigraph H, then G is
Berge if and only if H is. In section 5, we give the definition of the class T3
from [5] and derive the class 7;* of all Berge trigraphs in 77. In section 6,
we define the class 73 from [5], and prove that every trigraph in 75 is Berge.
Finally, in section 7, we prove our main theorem.



2 Trigraphs

A trigraph G is an ordered pair (Vg, ) such that Vi is a non-empty finite
set, called the vertezr set of G, and 0 : Vé — {—1,0,1} is a map, called the
adjacency function of G, satisfying the following:

e for all v € Vg, Og(v,v) =0;
o for all u,v € Vg, 0g(u,v) = 0(v,u);

e for all u € Vi, there exists at most one vertex v € Viz \ {u} such that
Oc(u,v) =0.

Members of Vi are called wvertices of G. Let u,v € Vg be distinct. We say
that wv is a strongly adjacent pair, or that v and v are strongly adjacent, or
that u is strongly adjacent to v, or that u is a strong neighbor of v, provided
that 0g(u,v) = 1. We say that uv is a strongly anti-adjacent pair, or that u
and v are strongly anti-adjacent, or that u is strongly anti-adjacent to v, or
that u is a strong anti-neighbor of v, provided that g (u,v) = —1. We say
that uv is a semi-adjacent pair, or that v and v are semi-adjacent, or that u
is semi-adjacent to v, provided that 0 (u,v) = 0. (Note that we do not say
that a vertex w € Vi is semi-adjacent to itself even though 0¢(w,w) = 0.)
If wv is a strongly adjacent pair or a semi-adjacent pair, then we say that
uv is an adjacent pair, or that v and v are adjacent, or that u is adjacent
to v, or that u is a neighbor of v. If uv is a strongly anti-adjacent pair or a
semi-adjacent pair, then we say that wv is an anti-adjacent pair, or that u
and v are anti-adjacent, or that u is anti-adjacent to v, or that v is an anti-
neighbor of v. Thus, if uv is a semi-adjacent pair, then wv is simultaneously
an adjacent pair and an anti-adjacent pair. The endpoints of the pair uv
(regardless of adjacency) are u and v. Given distinct vertices v and v of G,
we do not distinguish between pairs uv and vu. However, we will sometimes
need to maintain the asymmetry between the endpoints of a semi-adjacent
pair uv, and in those cases, we will use the ordered pair notation and write
(u,v) or (v,u), as appropriate, rather than uv.

Note that every (non-empty, finite, and simple) graph can be thought of
as a trigraph in a natural way: graphs are simply trigraphs with no semi-
adjacent pairs.

The complement of a trigraph G is the trigraph G such that Ve = Vg
and 0z = —0g; we say that a class C of trigraphs is self-complementary
provided that for every trigraph G € C, we have that G € C. Given a tri-
graph G and a non-empty set X C Vi, G[X] is the trigraph with vertex
set X and adjacency function g | X? (the restriction of g to X?2); we call
G[X] the subtrigraph of G induced by X. Isomorphism between trigraphs
is defined in the natural way; if trigraphs G; and G are isomorphic, then



we write G1 =2 G2. Given trigraphs G and H, we say that H is an induced
subtrigraph of G (or that G contains H as an induced subtrigraph) if there
exists some X C Vi such that H = G[X]. (However, when convenient, we
relax this condition and say that H is an induced subtrigraph of G, or that
G contains H as an induced subtrigraph, if there exists some X C Vg such
that H = G[X].) Given a trigraph G and a set X C Vi, we denote by G~ X
the trigraph G[Vg \ X]; if X = {v}, then we sometimes write G \ v instead
of G~ {v}.

Given a trigraph G, a vertex a € Vg, and a set B C Vi \ {a}, we say that
a is strongly complete (respectively: strongly anti-complete, complete, anti-
complete) to B provided that a is strongly adjacent (respectively: strongly
anti-adjacent, adjacent, anti-adjacent) to every vertex in B; we say that
a is mized on B provided that a is neither strongly complete nor strongly
anti-complete to B. Given disjoint A, B C Vg, we say that A is strongly
complete (respectively: strongly anti-complete, complete, anti-complete) to B
provided that for every a € A, a is strongly complete (respectively: strongly
anti-complete, complete, anti-complete) to B. Given X C Vi, we say that
X is a (strong) clique in G provided that the vertices of X are all pairwise
(strongly) adjacent, and we say that X is a (strongly) stable setin G provided
that the vertices of X are all pairwise (strongly) anti-adjacent. A (strong)
triangle is a (strong) clique consisting of three vertices, and a (strong) triad
is a (strongly) stable set consisting of three vertices.

A graph G is said to be a realization of a trigraph G = (Vz, ) provided
that the vertex set of G is V7, and for all distinct u,v € Vg, the following
hold:

e if u is adjacent to v in G, then u is adjacent to v in G}
e if u is non-adjacent to v in G, then u is anti-adjacent to v in G.

Thus, a realization of a trigraph is obtained by turning all strongly adjacent
pairs into edges, all strongly anti-adjacent pairs into non-edges, and semi-
adjacent pairs (independently of one another) into edges or non-edges.

A bull is a trigraph with vertex set {x1,x9,z3,y1,y2} such that {z1,x2,z3}
is a triangle, y; is adjacent to z; and anti-complete to {x2,x3,y2}, and y2
is adjacent to xe and anti-complete to {x1,z3}. We say that a trigraph G
is bull-free provided that no induced subtrigraph of G is a bull.

We say that an induced subtrigraph P of a trigraph G is a path in G pro-
vided that the vertices of P can be ordered as pg, p1, ..., pr (for some integer
k > 0) so that for all ¢,5 € {0,...,k}, if |i — j| = 1 then p;p; is an adjacent
pair, and if |[i — j| > 1 then p;p; is an anti-adjacent pair; we often denote
such a path P by pg — p1 — ... — pi, and we say that P is a path from pg to



Pk, or that P is a path between py and pg. The length of a path or anti-path
P is |Vp| — 1, where (consistently with our notation) Vp denotes the vertex
set of P. If P is a path of length &, then we also say that P is a k-edge path.
An odd path is a path of odd length.

We say that an induced subtrigraph H of a trigraph G is a hole (respec-
tively: anti-hole) in G provided that the vertices of H can be ordered as
hi, ..., hg (for some integer k > 4) so that for all4,j € {1,...,k},if i —j| =1
or |i — j| = k—1 then h;h; is an adjacent (respectively: anti-adjacent) pair,
and if 1 < |i — j| < k — 1 then h;h; is an anti-adjacent (respectively: adja-
cent) pair. We often denote such a hole or anti-hole by hy —hg —... — hg, — ho.
(We observe that H is a hole in G if and only if H is an anti-hole in G.) The
length of a hole or anti-hole H is |Vy|. If H is a hole (respectively: anti-hole)
of length k, then we also say that H is a k-hole (respectively: k-anti-hole).
We say that H is an odd hole (respectively: odd anti-hole) provided that H
is a hole (respectively: anti-hole) of length k for some odd integer k& > 5.
We say that a trigraph G is odd hole-free (respectively: odd anti-hole-free)
provided that no induced subtrigraph of G is an odd hole (respectively: odd
anti-hole). A trigraph G is Berge provided that G is both odd hole-free and
odd anti-hole-free.

We say that a trigraph G is bipartite provided that V7 can be partitioned into
(possibly empty) strongly stable sets A and B; under such circumstances,
we say that G is bipartite with bipartition (A, B), and that (A, B) is a bipar-
tition of the bipartite trigraph G. We say that a trigraph G is complement-
bipartite provided that G is bipartite. We say that G is complement-bipartite
with bipartition (A, B), or that (A, B) is a bipartition of the complement-
bipartite trigraph G, provided that G is bipartite with bipartition (A, B).

We observe that a trigraph G is bull-free (respectively: odd hole-free, odd
anti-hole-free, Berge, bipartite, complement-bipartite) provided that every
realization of G is bull-free (respectively: odd hole-free, odd anti-hole-free,
Berge, bipartite, complement-bipartite).

We note that bipartite and complement bipartite trigraphs are Berge. This
follows from the fact that every realization of a bipartite (respectively:
complement-bipartite) trigraph is a bipartite (respectively: complement-
bipartite) graph, and it is a well known (and easy to check) fact that bipar-
tite and complement-bipartite graphs are Berge.

We now give an easy result that will be used throughout the paper.

2.1. Let G be a trigraph. Then G is bull-free if and only if G is bull-free,
and G is Berge if and only if G is Berge.

Proof. The first claim follows from the fact that the complement of a bull



is again a bull. The second claim is immediate from the definition. O

Let G be a trigraph, and let G be the realization of G that satisfies the
property that for all distinct w,v € Vi, v and v are adjacent in G if and
only if f¢(u,v) > 0. (Thus, G is the realization of G obtained by turning
all semi-adjacent pairs of G into edges.) We then say that G is connected
provided that G is connected. Let X C Vi. We say that G[X] is a compo-
nent of G provided that G[X] is a component of G (i.e. provided that G[X]
is a maximal connected induced subgraph of G‘)

Let G be a trigraph, and let X be a proper, non-empty subset of V. We
say that X is a homogeneous set in G provided that for every v € Vg \ X,
v is either strongly complete to X or strongly anti-complete to X. We say
that X is a proper homogeneous set in G provided that X is a homogeneous
set in G and that |X| > 2. We say that G admits a homogeneous set decom-
position provided that G contains a proper homogeneous set. We observe
that if X is a homogeneous set in GG, and uv is a semi-adjacent pair in G,
then either u,v € X or u,v € Vg \ X.

Let G, G1, and G4 be trigraphs, and let v € Viz,. Assume that Vi, and Vg,
are disjoint, and that v is not an endpoint of any semi-adjacent pair in G;.
We then say that G is obtained by substituting Go for v in G provided that
all of the following hold:

o Vo= Vg, UVg,) N {v};
o G[Ve, N {v}] =Gi N
o G[Vg,] = Gy;

e for all v; € Vg, \ {v} and vy € Vg,, vive is a strongly adjacent pair
in G if vjv is a strongly adjacent pair in G1, and vyvy is a strongly
anti-adjacent pair in G if viv is a strongly anti-adjacent pair in Gj.

We say that a trigraph G is obtained by substitution from smaller trigraphs
provided that there exist some trigraphs G1 and Go with disjoint vertex sets
satisfying |Vg,| < |V| and |Vig,| < |Vg| (or equivalently: [V, | > 2 and
|Va,| > 2) and some v € Vi, that is not an endpoint of any semi-adjacent
pair in Gq, such that G is obtained by substituting G2 for v in G;. We
observe that a trigraph G admits a homogeneous set decomposition if and
only if GG is obtained from smaller trigraphs by substitution. We will use the
following result several times in this paper.

2.2. Let G,G1, Gy be trigraphs and let v € Vi,. Assume that Vg, and Vg,
are disjoint and that v is not an endpoint of any semi-adjacent pair in Gy.
Assume that G is obtained by substituting Go for v in G1. Then all of the
following hold:



o (G is bull-free if and only if G1 and Go are both bull-free;
o (G is odd hole-free if and only if both G1 and Go are odd hole-free;

e (G is odd anti-hole-free if and only if both G1 and G4 are odd anti-hole-
free;

e (G is Berge if and only if G1 and G2 are both Berge.

Proof. This is an easy consequence of the fact that bulls, holes of length at
least five, and anti-holes of length at least five do not admit a homogeneous
set decomposition. ]

Next, let G be a trigraph, and let A and B be non-empty, disjoint subsets
of V. We say that (A, B) is a homogeneous pair in G provided that A is
a homogeneous set in G \ B, and B is a homogeneous set in G ~~ A. We
observe that if (A, B) is a homogeneous pair in G, and wv is a semi-adjacent
pair in G, then either u,v € AUB or u,v € Vg~ (AUB). If (4,B) is a
homogeneous pair in G, then the partition of G with respect to (or associated
with) the homogeneous pair (A, B) is the 6-tuple (A, B,C, D, E, F), where C
is the set of all vertices in Vg \ (AU B) that are strongly complete to A and
strongly anti-complete to B; D is the set of all vertices in Vg \ (AU B) that
are strongly complete to B and strongly anti-complete to A; F is the set of
all vertices in Vg \ (A U B) that are strongly complete to AU B; and F is
the set of all vertices in Viz\ (AUB) that are strongly anti-complete to AUB.

We say that a homogeneous pair (A, B) in a trigraph G is good provided
that the following three conditions hold:

e neither G[A] nor G[B] contains a three-edge path;

e there does not exist a path v1 —v9 —v3 —v4 in G such that vi,v4 € A
and vg,v3 € B;

e there does not exist a path v; — vy —v3 —v4 in G such that vi,v4 € B
and vo,vg € A.

We observe that if (A4, B) is a good homogeneous pair in a trigraph G, then
(A, B) is a good homogeneous pair in G as well; this follows from the fact
that the complement of a three-edge path is again a three-edge path. Good
homogeneous pairs will appear in sections 4 and 6 below. We end this section
with a useful result concerning good homogeneous pairs.

2.3. Let G be a trigraph, let (A, B) be a good homogeneous pair in G, and
let W be the vertex set of an odd hole or an odd anti-hole in G. Then
WNA <1and | WnNB|<L1.



Proof. First, by passing to G if necessary, we may assume that W is the
vertex set of an odd hole in G. Next, let G be a realization of G in which
W is the vertex set of an odd hole. Finally, let (A, B,C, D, E, F) be the
partition of G with respect to (A, B).

We begin by proving that W ¢ A U B. Suppose otherwise. Since the
number of edges in G[W] with one endpoint in A and the other one in B
is even, exactly one of G[W N A] and G[W N B] contains an odd number
of edges; by symmetry, we may assume that G [B] contains an odd number
of edges. Since G’[W N B] contains no induced three-edge path, and since
G[W] is a chordless cycle of length at least five, we know that G[W N B]
contains an edge biby that meets no other edges in G[W N B]. Since G[W]
is a chordless cycle of length at least five, there exist some a1, as € W such
that a1 — by — bs — as is an induced three-edge path in G [W] (and therefore
in G[W] as well). Since the edge b;by meets no other edges in G[W N B], we
know that ai,as € A. But then the path a; — by — by — as contradicts the
fact that (A, B) is good.

We next show that |[W N A| < 2 and |W N B| < 2. Suppose otherwise.
By symmetry, we may assume that [IW N Al > 3. Then WN (CUE) =0,
for otherwise, some vertex in G[W] would be of degree at least three. Since
W & AU B, W intersects D U F'; and since G[W} is connected, W N D # (.
Now, fix some a € W N A and d € W N D. Note that there are two paths
in G[W] between a and d that meet only at their endpoints; both of these
paths pass through B, and so |W N B| > 2. Fix distinct by, by € W N B.
Since B is complete to D in G, and since G [W] is a chordless cycle of length
at least five, it follows that W N B = {b1,b2} and W N D = {d}. It then
easily follows that W ~ {d} € AU B. Then G[W N A] is an odd path, and
so since |W N A| > 3, we get that G[A] (and therefore G[A]) contains an
induced three-edge path, contrary to the fact that (A, B) is good. Thus,
(WNAl<2and |[WNB|<2.

Finally, suppose that |IW N A| = 2; set W N A = {a1,az}. Since G[W] is a
chordless cycle of length at least five, there exist some by,bs € W \ {a1, a2}
such that a1b1, asbo are edges, and a1ba, azb; are non-edges in G. Since by
and by are both mixed on A, it follows that by, by € B; since |WNDB| < 2, this
means that WNB = {by,bo}. Since (A, B) is good, and since G[W] contains
no cycles of length four, we know that both ajas and b1bs are non-edges.
Note that WNE = (), for otherwise, some vertex in W would be of degree at
least four in G[W]. Thus, all neighbors of a; in G[W] lie in C' U {b;}; since
aj has at least two neighbors in W, this means that W N C # (). Similarly,
WND # 0. Butifc € WNC andd € WND, then c—ay;—b; —d—by—as—cis
a (not necessarily induced) cycle of length six in G[W], which is impossible.
Thus, |[W N A| < 1. In an analogous way, we get that |[W N B| < 1. This



completes the argument. O

3 Structure Theorem for Bull-Free Berge Trigraphs

Given a trigraph G, a set X C Vg, and a vertex p € Vg ~\ X, we say that p
is a center for X (or for G[X]) provided that p is adjacent to each vertex in
X, and we say that p is an anti-center for X (or for G[X]) provided that p is
anti-adjacent to each vertex in X. Following [2], we call a bull-free trigraph
G elementary provided that it contains no three-edge path P such that some
vertex of GG is a center for P, and some vertex of G is an anti-center for P.
A bull-free trigraph that is not elementary is said to be non-elementary. We
now state a decomposition theorem from [2] (this is 3.3 from [2]; we remark
that not all terms from the statement of this theorem have been defined in
the present paper).

3.1. Let G be a non-elementary bull-free trigraph. Then at least one of the
following holds:

o G or G belongs to To;
e G or G contains a homogeneous pair of type zero;
e GG admits a homogeneous set decomposition.

We omit the definitions of 7y and of a homogeneous pair of type zero, and
instead refer the reader to [2]. What we need here is the fact (easy to
check) that every trigraph in 7y contains a hole of length five, as does every
trigraph that contains a homogeneous pair of type zero. Now 3.1 (i.e. 3.3
from [2]) implies that every non-elementary bull-free trigraph that does not
contain a hole of length five (and in particular, every non-elementary bull-
free Berge trigraph) admits a homogeneous set decomposition; we state this
result below for future reference.

3.2. FEvery non-elementary bull-free trigrpaph that does not contain a hole
of length five admits a homogeneous set decomposition. In particular, every
non-elementary bull-free Berge trigraph admits a homogeneous set decompo-
sition.

While the proof of 3.3 from [2] (stated as 3.1 above) is relatively involved,
if we restrict our attention to non-elementary bull-free trigraphs G that do
not contain a hole of length five, only a couple of pages are needed to prove
that G admits a homogeneous set decomposition (we refer the reader to the
proof of 5.2 from [2]). We also remark that for the case of graphs (rather
than trigraphs), a result analogous to 3.2 was originally proven in [11].

Recall that a trigraph G admits a homogeneous set decomposition if and
only if it can be obtained from smaller trigraphs by substitution. Since the
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class of bull-free Berge trigraphs is closed under substitution (by 2.2), we
need only consider bull-free Berge trigraphs that do not admit a homoge-
neous set decomposition, and by 3.2, all such trigraphs are elementary. Thus,
the rest of the paper deals with bull-free Berge trigraphs that are elementary.

We now state the structure theorem for elementary bull-free trigraphs. (We
note that some terms used in the statement of this theorem have not yet
been defined.) The following is an immediate consequence of 6.1 and 5.5
from [5].

3.3. Let G be an elementary bull-free trigraph that is mot obtained from
smaller bull-free trigraphs by substitution. Then at least one of the following
holds:

e G or G is an elementary expansion of a member of Ty ;
e (G is an elementary expansion of a member of Ts.

Conversely, if H is a trigraph such that either one of H and H is an ele-
mentary expansion of a member of Ti, or H is an elementary expansion of
a trigraph in Ta, then H is an elementary bull-free trigraph.

We note that some trigraphs H that satisfy the hypotheses of 3.3 admit a
homogeneous set decomposition (that is, they can be obtained by substitu-
tion from smaller bull-free trigraphs).

The definitions of classes 71 and 7s, as well as of elementary expansions,
are long and complicated, and we do not give them in this section. Instead,
we give the definition of an elementary expansion of a trigraph in section 4;
we prove there that if G is an elementary expansion of a trigraph H, then G
is Berge if and only if H is. In section 5, we give the definition of the class
71, and we derive the class 7;* of all Berge trigraphs in 77. In section 6, we
give the definition of the class 72, and we prove that every trigraph in 7 is
Berge. In section 7 (the final section), we put all of this together to derive
the structure theorem for Berge bull-free trigraphs, which we state below.

3.4. Let G be a trigraph. Then G 1is bull-free and Berge if and only if at
least one of the following holds:

o (G is obtained from smaller bull-free Berge trigraphs by substitution;
e G or G is an elementary expansion of a trigraph in T;*;

e GG is an elementary expansion of a trigraph in Ts.
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4 Elementary Expansions

Our goal in this section is to prove that if a trigraph G is an elementary
expansion of a trigraph H, then G is Berge if and only if H is Berge. Infor-
mally, a trigraph G is said to be an “elementary expansion” of a trigraph H
provided that G can be obtained by “expanding” some semi-adjacent pairs
of a certain kind to homogeneous pairs of a corresponding kind. We start by
defining the two kinds of semi-adjacent pair and the two kinds of homoge-
neous pair that we will need. After that, we define elementary expansions.

Semi-adjacent pairs of type one and two. Let G be a trigraph, let
(a,b) be a semi-adjacent pair in G, and let ({a},{b},C, D, E, F) be the par-
tition of G with respect to the homogeneous pair ({a}, {b}).

We say that (a,b) is a semi-adjacent pair of type one provided all of the
following hold:

e C, D, and F are non-empty;
e F is empty;
e neither C nor D is strongly anti-complete to F'.

We say that (a,b) is a semi-adjacent pair of type two provided all of the
following hold:

e (', D, and F are non-empty;

e F is empty;

e (' is not strongly anti-complete to F;
e D is strongly anti-complete to F'.

Finally, a semi-adjacent pair (a, b) in a trigraph G is said to be of complement
type one or of complement type two in G provided that (a,b) is a semi-
adjacent pair of complement type one or two, respectively, in G.

Closures of rooted forests. We say that a trigraph T is a forest provided
that there are neither triangles nor holes in 7. (Thus, for any two vertices
of T, there is at most one path between them.) A connected forest is called
a tree. A rooted forest is a (k + 1)-tuple ¥ = (T, ry,...,7;), where T is a
forest with components T4, ..., T such that r; € Vp, for all i € {1,...,k}.
Given distinct u,v € Vo, we say that u is a descendant of v, or that v is an
ancestor of w, provided that u,v € Vg, for some i € {1,...,k}, and that if
P is the (unique) path from u to r; then v € Vp. We say that u and v are
comparable in ¥ provided that u is either an ancestor or a descendant of v.
We say that u is a child of v, or that v is the parent of u, provided that u
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and v are adjacent, and that « is a descendant of v. A vertex v € Vp is a
leaf in T provided that v has no descendants. We say that the rooted forest
T is good provided that for all semi-adjacent u,v € Vp, one of u and v is a
leaf in ¥. Finally, we say that the trigraph 7" is the closure of the rooted
forest ¥ = (T, r1,...,r;) provided that:

o V= Vr;

e for all distinct u,v € Vv, uv is an adjacent pair in 7" if and only if u
and v are comparable in T;

e for all distinct u,v € Vr, uv is a semi-adjacent pair in 7" if and only
if uv is a semi-adjacent pair in 7.

Homogeneous pairs of type one and two. A homogeneous pair (A, B)
in a trigraph G is said to be of type one in G provided that the associated
partition (A, B,C, D, E, F) of G satisfies all of the following;:

1) A is neither strongly complete nor strongly anti-complete to B;

9) 3<|AUB| < |[Vg| - 3;

4) C, D, and F are all non-empty;

5

(1)
(2)
(3) A and B are strongly stable sets;
(4)
(5) E is empty;

(6)

6) neither C nor D is strongly anti-complete to F'.

A homogeneous pair (A, B) in a trigraph G is said to be of type two in G
provided there exists a good rooted forest T = (7,71, ...,r;) such that the
partition (A, B,C, D, E, F) of G associated with (A, B) satisfies all of the
following;:

1) A is neither strongly complete nor strongly anti-complete to B;

9) 3<|AUB| < |[Ve| - 3;

4

(1)

(2)

(3) A is a strongly stable set;
(4) G[B] is the closure of T;
(5)

5) if a € A is adjacent to b € B, then a is strongly adjacent to every

descendant of b in %;
(6) if all of the following hold:

— w,v € B and u,v € Vq, for some i € {1,..., k},

— w is a child of v in ¥,
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— P is the (unique) path in T; between r; and v,
— X is the component of T; ~\ (Vp ~ {v}) that contains u and v,
— Y is the set of vertices of X that are semi-adjacent to v,

— a € A is adjacent to u and anti-adjacent to v;

then a is strongly complete to Y and to B \ (Vx U Vp), and strongly
anti-complete to Vp ~ {v};

(7) C, D, and F are all non-empty;
(8) E is emptys;

(9) C is not strongly anti-complete to F;
(10) D is strongly anti-complete to F'.
We will need the following result.

4.1. Let G be a trigraph, and let (A, B) be a homogeneous pair of type one
or two in one of G and G. Then (A, B) is a good homogeneous pair in G.

Proof. Recall that (A, B) is a good homogeneous pair in G if and only if
(A, B) is a good homogeneous pair in G. So we may assume that (A, B) is
a homogeneous pair of type one or two in G. Now, we need to prove the
following:

e neither G[A] nor G[B] contains a three-edge path;

e there does not exist a path v1 — vy —v3 —vy4 in G such that vi,v4 € A
and wvo, vy € B;

e there does not exist a path v1 — vy —v3 —v4 in G such that v, v4 € B
and vo,vg € A.

If (A, B) is a homogeneous pair of type one, then A and B are both stable,
and the result is immediate. So assume that (A, B) is a homogeneous pair
of type two. Then A is stable, and so G[A] contains no three-edge path.
Furthermore, there is no path v; — vo — v3 — v4 in G with v1,v4 € B and
vg,v3 € A. Let T = (T,r1,...,7;) be a good rooted forest such that G[B] is
the closure of ¥, as in the definition of a homogeneous pair of type two.

Suppose that v; —va—v3—vy is a three-edge path in G[B]; then vy, va, v3,v4 €
Vr, for some component T; of T'. Since v; — vy — v3 is a path, vy is com-
parable to both v; and vs in ¥, and either v; and w3 are not comparable
in ¥ or there exist distinct 7,5 € {1,2} such that v; is a leaf in ¥ and v;
is a child of and is semi-adjacent to v;; it then easily follows that vo is an
ancestor of both vy and vs. Similarly, since vy — v3 — vy is a path, vs is an
ancestor of both vy and vs. But then vo is an ancestor of v3, and wvs is an
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ancestor of vy, which is impossible. Thus, G[B] contains no three-edge path.

Suppose now that v — vy — v3 — v4 is a three-edge path in G with vy,v4 € A
and vg,v3 € B. Then vy and v3 are comparable in ¥; by symmetry, we may
assume that vs is a descendant of vo. But then the fact that vy is adjacent
to vo implies that vy is strongly adjacent to vs, which contradicts the fact
that v; — v9 — v3 — vy is a path. ]

We now give the definition of an elementary expansion of a trigraph, and
prove the main result of this section.

Elementary expansions. Let H and G be trigraphs. We say that G is
an elementary expansion of H provided that Vg = UveVH X, where the
X,’s are non-empty and pairwise disjoint, and all of the following hold:

(1) if u,v € Vi are strongly adjacent, then X, is strongly complete to X,;

(2) if u,v € Vg are strongly anti-adjacent, then X, is strongly anti-
complete to X,;

(3) if v € Vi is not an endpoint of any semi-adjacent pair of type one or
two, or of complement type one or two, then | X, | = 1;

(4) if u,v € Vi are semi-adjacent, and neither (u,v) nor (v,u) is a semi-
adjacent pair of type one or two, or of complement type one or two,
then the unique vertex of X, is semi-adjacent to the unique vertex of
Xo;

(5) if (u,v) is a semi-adjacent pair of type one or two in H, then either
|Xu| = |Xy| = 1 and the unique vertex of X, is semi-adjacent to the
unique vertex of X, or (X, X,) is a homogeneous pair of type one or
two, respectively, in G}

(6) if (u,v) is a semi-adjacent pair of complement type one or two in H,
then either |X,| = |X,| = 1 and the unique vertex of X, is semi-
adjacent to the unique vertex of X,, or (X, X,) is a homogeneous
pair of type one or two, respectively, in G;

Note that every trigraph is an elementary expansion of itself.

4.2. Let G and H be trigraphs, and assume that G is an elementary expan-
sion of H. Then G is Berge if and only if H is Berge.

Proof. The ‘only if’ part follows from the fact that every realization of H
is an induced subgraph of some realization of GG. To prove the ‘if’ part, we
assume that H is Berge. Suppose that G is not Berge, and let W be the
vertex set of an odd hole or an odd anti-hole in GG. By 4.1 and 2.3, we have
that [W N X,| <1 forall v € V. But then {v € Vg | WN X, # 0} is the
vertex set of an odd hole or an odd anti-hole in H, which contradicts the
assumption that H is Berge. O
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5 Class Ty

In this section, we state the definition of the class 7; from [5], and we
derive the class 7;* of all Berge trigraphs in 77. The section is organized as
follows. We first define ‘clique connectors’ and ‘tulips.” Clique connectors
can conveniently be thought of as the basic ‘building blocks’ of trigraphs in
71 and 7;*. A clique connector consists of a bipartite trigraph and a strong
clique that ‘attaches’ to the bipartite trigraph in a certain specified way;
a tulip is a special kind of clique connector. We next introduce trigraphs
called ‘tulip beds,” which consist of a bipartite trigraph and an unlimited
number of strong cliques that ‘attach’ to the bipartite trigraph as partially
overlapping tulips. We prove that each tulip bed is Berge (see 5.6). We then
define ‘melts’ (which are tulip beds and therefore Berge), and trigraphs that
‘admit an H-structure’ for some ‘usable’ graph H. The class 77 is defined
to be the collection of all melts and all trigraphs that admit an H-structure
for some usable graph H. Finally, we define the subclass 7;* of 71, and to
complete the section, we prove that every trigraph in 7;* is a tulip bed (and
therefore Berge), and that every Berge trigraph in 77 is in 77*. (However,
we note that not every tulip bed is bull-free, and consequently, the class 7;*
is only a proper subclass of the class of all tulip beds.)

Clique connectors. Let G be a trigraph such that Vg = KUAUBUCUD,
where K, A, B, C, and D are pairwise disjoint. Assume that K = {ky, ..., k;}
is a strong clique, and that A, B, C, and D are strongly stable sets. Let
A=U_,A, B=U,_ B, C=_,C; and D = |J'_, Dy, and assume
that Aq,..., Ay, B1,..., By, C1,...,Cy, D1, ..., Dy are pairwise disjoint. Assume
that for all ¢ € {1,...,t}, the following hold:

1 is strongly complete to {k1,...,ki—1};

2 is complete to {k;};

4 is strongly complete to {ki—;y2, ..., ki };

5 is complete to {ki—i+1};

(
(
(
(
(
(6

) Ai
) Ai
3) A; is strongly anti-complete to {k; i1, ..., ki };
) Bi
) Bi
) Bi

is strongly anti-complete to {ki, ..., ki—;}.

For each i € {1,...,t}, let A} be the set of all vertices in A; that are semi-
adjacent to k;, and let B] be the set of all vertices in B; that are semi-adjacent
to ki—it1 (thus, |A] <1 and |Bj| <1). Next, assume that:

(7) if there exist some i,j € {1,...,t} such that i + j # ¢ and A; is not
strongly complete to Bj, then |K| = |A| = |B| = 1, and the unique
vertex of A is semi-adjacent to the unique vertex of B;
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(8) for all i € {1,...,t}, Al is strongly complete to B;_;, B;_; is strongly
complete to A;, and the adjacency between A; \ A, and B;—; \ B;_,
is arbitrary;

(9) AU K is strongly anti-complete to D, and B U K is strongly anti-
complete to C;

(10) for all 7 € {1,...,t}, C; is strongly complete to U;;ll A; and strongly

anti-complete to U;Ziﬂ Aj;

(11) for all 4 € {1,...,t}, C; is strongly complete to A}, every vertex of C;
has a neighbor in A;, and otherwise the adjacency between C; and
A; \ Al is arbitrary;

(12) for all ¢ € {1,...,t}, D; is strongly complete to U;;ll B; and strongly

anti-complete to U§=i+1 Bj;

(13) for all i € {1,...,t}, D; is strongly complete to B}, every vertex of D;
has a neighbor in B;, and otherwise the adjacency between D; and
B; \ B! is arbitrary;

(14) for all 4,5 € {1,...,t}, if i + j > ¢t then C; is strongly complete to Dj,
and otherwise the adjacency between C; and D; is arbitrary;

(15) A; and By are both non-empty.

We then say that G is a (K, A, B,C, D)-clique connector. If for all i,j €
{1,...,t} such that i+ j # ¢ we have that A; is strongly complete to B;, then
we say that G is a non-degenerate (K, A, B,C, D)-clique connector; other-
wise, we say that G is degenerate. If C and D are both empty, and for all
1,7 € {1,...,t} such that i + j # t we have that A; is strongly complete to
Bj, then we say that G is a (K, A, B)-tulip.

We say that a trigraph G is a clique connector provided that there exist
some K, A, B,C,D such that G is a (K, A, B,C, D)-clique connector; we
say that G is a degenerate (respectively: non-degenerate) clique connector
provided that there exist some K, A, B, C, D such that G is a degenerate (re-
spectively: non-degenerate) (K, A, B, C, D)-clique connector. We say that
G is a tulip if there exist some K, A, B such that G is a (K, A, B)-tulip.

We observe that G is a (K, A, B, C, D)-clique connector if and only if G
is a (K, B, A, D, C)-clique connector; similarly, G is a (K, A, B)-tulip if and
only if G is a (K, B, A)-tulip; we will exploit this symmetry throughout the
section. We also note that if G is a (K, A, B,C, D)-clique connector, then
G[AUBUCUD] is a bipartite trigraph with bipartition (AU D, BUC). Fi-
nally, we note that G is a (K, A, B)-tulip if and only if G is a non-degenerate
(K, A, B,(,0)-clique connector.
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All non-degenerate clique connectors (and therefore, all tulips) are Berge,
as we will see in a slightly more general setting later in the section (see 5.6
and the comment after it). For now, we prove three results about clique
connectors and tulips. The first (5.1) gives a necessary and sufficient condi-
tion for a degenerate clique connector to be Berge; the second (5.2) states
that each Berge degenerate clique connector becomes non-degenerate after
relabeling; and the third (5.3) is a technical lemma about tulips that will be
used throughout this section.

5.1. Let G be a degenerate (K, A, B,C, D)-clique connector. Then G is
Berge if and only if at least one of C' and D is empty.

Proof. Since G is degenerate, we can set K = {k1}, A = Ay = {a}, and
B = By = {b}, with a and b semi-adjacent. Furthermore, by axiom (14) from
the definition of a clique connector, we know that C is strongly complete
to D. Now, for the ‘only if’ part, we observe that if both C' and D are
non-empty with some ¢ € C and d € D, then ky —a—c—d —b—ky is an
odd hole in G, and so G is not Berge. For the ‘if’ part, suppose that at
least one of C' and D is empty. If both C' and D are empty, then V| = 3
and G is Berge. So suppose that exactly one of C and D is empty; by
symmetry, we may assume that C' # () and D = (). Now, we claim that C is
a homogeneous set in G. First, we know by axiom (11) from the definition
of a (K, A, B,C, D)-clique connector that every vertex in C' has a neighbor
in A; since A = {a} and a is semi-adjacent to b ¢ C, it follows that C is
strongly complete to A. Second, by axiom (9), we know that C' is strongly
anti-complete to K U B. Thus, C is a homogeneous set in G, as claimed.
Since |K| = |A| = |B|] = 1, and since D = ), it follows that G is obtained
by substituting the trigraph G[C] for a vertex in a 4-vertex trigraph. G[C]
is Berge because C' is a strongly stable set in GG, and clearly, every 4-vertex
trigraph is Berge. By 2.2 then, G is Berge. 0

5.2. If G is a degenerate (K, A, B,C,0)-clique connector, then G is a non-
degenerate (B, A, K, C,0)-clique connector, and if G is a degenerate (K, A,
B, 0, D)-clique connector, then G is a non-degenerate (A, K, B, 0, D)-clique
connector.

Proof. This is immediate from the definition. O

5.3. Let G be a (K, A, B)-tulip, and let p1 — p2 — p3 — py be a path in G such
that po,ps € K. Then either py € A and pg € B, or py € B and py € A.

Proof. Since K is a strong clique, we know that p1, ps ¢ K; thus, p1,ps € AU
B. Now, suppose that neither of the stated outcomes holds. By symmetry
then, we may assume that p;,ps € A. Set K = {ki, ..., k} as in the definition
of a tulip, and set po = k; and p3 = kj; by symmetry, we may assume that
i < j. Since p4 is adjacent to p3 = k;, we know that py is strongly complete
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to {k1,...,kj—1}, and so in particular, p, is strongly adjacent to pa = k;,
which is a contradiction. ]

Tulip beds. We say that a trigraph G is a tulip bed provided that either G
is bipartite, or Viz can be partitioned into (non-empty) sets Fi, Fo, Y7, ..., Y}
(for some integer s > 1) such that all of the following hold:

(1) Fy and F, are strongly stable sets;

(2) Y1,...,Ys are strong cliques, pairwise strongly anti-complete to each
other;

(3) for all v € F} U Fy, v has neighbors in at most two of Y7, ..., Y;

(4) for all adjacent v1 € F} and ve € Fj, v1 and v9 have common neighbors
in at most one of Y7,...,Ys;

(5) for all I € {1,...,s}, if X; is the set of all vertices in F} U Fy with a
neighbor in Y}, then G[Y; U Xj] is a (Y}, X; N Fy, X; N Fy)-tulip.

As we stated at the beginning of this section, not all tulip beds are bull-free
(for example, a bull that contains no semi-adjacent pairs is easily seen to be
a tulip bed). However, all tulip beds are Berge, and we now turn to proving
this fact. We begin with some technical lemmas.

5.4. Let G be a tulip bed, and let Fi, F5,Y1,...,Ys, X1,..., Xs be as in the
definition of a tulip bed. Let vy € Fy, vy € Fa, andl € {1,...,s}, and assume

that v1 and vo have a common neighbor in Y;. Then both of the following
hold:

e vV 1S a strongly adjacent pair;
e v1 and vy have no common anti-neighbor in Y.

Proof. Clearly, vi,v2 € X;. Set K =Y, A= X;NF;, and B = X;NF5. Now
G[Y; U X is a (K, A, B)-tulip, v1 € A, va € B, and v; and v2 have a com-
mon neighbor in K. Set K = {ki,...k}, A=U\_, 4, and B = J'_, B;
as in the definition of a (K, A, B)-tulip. Fix ¢ € {1,...,t} such that k; is a
common neighbor of v; and ve. Fix p,q € {1,...,t} such that v; € A, and
v € By. Since v € A, is adjacent to k;, we know by axioms (1), (2), and
(3) from the definition of a (K, A, B)-tulip that ¢ < p; and since vy € B,
is adjacent to k;, we know by axioms (4), (5), and (6) that t — ¢+ 1 < 3.
Thus, t —qg+1 < p, and so p+ q > t+ 1. In particular, p + ¢ # t, and
so A, is strongly complete to B, (this follows from the fact that tulips are
non-degenerate clique connectors). Since vy € Ay, and vy € By, it follows
that vivg is a strongly adjacent pair.

It remains to show that v; and vy do not have a common anti-neighbor
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in Y;. Suppose otherwise; fix j € {1,...,¢} such that k; is anti-adjacent to
both v and vy. Since k; is anti-adjacent to v1 € Ay, we know by axioms (1),
(2), and (3) from the definition of a (K, A, B)-tulip that p < j; and since
k; is anti-adjacent to vy € By, we know by axioms (4), (5), and (6) that
j<t—q+1. Butnowp <t—qg+1, and so p+qg < t+1. We showed before
that p+¢q >t + 1, and so it follows that p+ ¢ = ¢ + 1, and consequently,
that j = p =t — ¢+ 1. Since k; = k, is anti-adjacent to v; € A,, axiom
(2) from the definition of a (K, A, B)-tulip implies that k; is semi-adjacent
to vy; similarly, since kj = k;—g41 is anti-adjacent to vy € By, axiom (5)
implies that k; is semi-adjacent to v2. But now k; is semi-adjacent to both
v1 and vg, which is impossible by the definition of a trigraph. O

We remark that a result very similar to 5.4 was proven in [3] (see the proof
of 3.1, statements (1) and (3), from [3]).

5.5. No tulip bed contains a three-edge path with a center.

Proof. Let G be a tulip bed, and suppose that p; — ps — p3s — p4 is a path
with a center p. in GG. Since G contains a triangle, G is not bipartite. Then
let F1, F5, Y1, ...,Ys, X1, ..., X5 be as in the definition of a tulip bed.

Our first goal is to show that p. ¢ Fy U Fy. Suppose otherwise. Since
{pc,p2,p3} is a triangle, we know that ps and ps cannot both lie in Fj U Fb;
by symmetry, we may assume that ps ¢ Fy U Fy; thus, ps € Y] for some
I €{1,...,s}. We claim that p3 € Y;. Suppose otherwise. Since pop3 is an
adjacent pair and the strong cliques Y7, ..., Y are strongly anti-complete to
each other, this means that p3 € F} U Fy. Now, {p., p3,ps} is a triangle, and
so pg ¢ F1UF,. Since p., ps € Fy UFy are adjacent with a common neighbor
p2 € Y}, axiom (4) from the definition of a tulip bed implies that all common
neighbors of p. and p3 lie in Y}, and so p4 € Y;. But then ps, ps € Y}, which
is impossible since popys is an anti-adjacent pair and Y; is a strong clique.
Thus, p3 € Y;. Now, pa,p3 € Y], Y is a strong clique, and pi1p3 and papy
are anti-adjacent pairs; thus, p1,ps ¢ Y;, and therefore, p1,ps € Fi U Fb.
Clearly, pc,p1,p4 € X;; by symmetry, we may assume that p. € X; N Fy.
Since p. is complete to {p1,ps} and F is strongly stable, it follows that
p1,p4 € X; N Fy. But then the path p; — ps — ps — pg contradicts 5.3. This
proves that p. ¢ Fy U Fj.

Let I € {1,...,s} be such that p. € Y;. Since p. € Y] is complete to
{p1,p2, p3,ps}, we know that pi,pe,ps,ps € Y7 U X;. Since p1py4 is an anti-
adjacent pair, p1 and p4 cannot both lie in Y;; by symmetry, we may assume
that p; € X; N Fy. Since pips is an adjacent pair, there are two cases to
consider: when py € Y}, and when ps € X; N Fs. Suppose first that ps € Y.
Since popy is an anti-adjacent pair, this means that py ¢ Yj; since pipy is an
anti-adjacent pair with a common neighbor in Y;, and since p; € X; N F,
5.4 implies that ps € X; N Fy. Since p3py is an adjacent pair, we know that
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ps ¢ X;NFy; and since p; € X;NF) and p3 are anti-adjacent with a common
neighbor in Y;, we know by 5.4 that ps ¢ X; N Fy. Thus, p3 € Y;. But then
the path p; — pa — p3 — ps contradicts 5.3. Thus, ps € X;N F>. The fact that
p1p4 is an anti-adjacent pair with a common neighbor p. € Y, together with
the fact that p; € X; N Fy, implies (by 5.4) that py ¢ X; N Fy. Similarly,
since pop4 is an anti-adjacent pair with a common neighbor p. € Y;, and
since po € X; N Fy, we have that pgy ¢ X; N Fy. Finally, since p; € X; N F}
and p2 € X;NF;, have a common neighbor p. € Y}, 5.4 implies that p; and po
have no common anti-neighbor in Y}, and so py ¢ Y;. But then py ¢ Y; U X},
which is a contradiction. O

5.6. Each tulip bed is Berge.

Proof. Let G be a tulip bed. Since every anti-hole of length at least seven
contains a three-edge path with a center, 5.5 implies that G contains no
anti-hole of length at least seven. Since each anti-hole of length five is also a
hole of length five, this reduces our problem to proving that GG contains no
odd holes. If G is bipartite, then the result is immediate; so assume that G
is not bipartite. Now let FY, F5, Y7,...,Ys, X1, ..., X5 be as in the definition
of a tulip bed.

Suppose that wg — wy — ... — wor — wo (with indices in Zg 1 for some
integer £ > 2) is an odd hole in G, and set W = {wq, w1, ..., war}. We
will obtain a contradiction by showing that G[W] is bipartite. Note that it
suffices to show that for all | € {1,...,s}, GIW N (Y, U F1 U Fy)] is bipartite
with some bipartition (F}, F}) such that W N F; € F! and W N F, C F,
for then the fact that Y7,...,Y, are pairwise strongly anti-complete to each
other will imply that G[W] is bipartite with bipartition ((U;_, F},Uj_; FY).

We begin by showing that for all I € {1,...,s} and ¢ € Zoy1 such that
w; €Y, w; is strongly anti-complete to at least one of W N Fy and W N Fy.
Suppose otherwise. Fix some [ € {1,...,s} and i € Zgg41 such that w; € Y],
and w; has neighbors in both W N Fy; and W N F5. First, note that w; is
anti-complete to at least one of W N F; and W N Fy; indeed if there ex-
isted some 41,42 € Zgg41 such that w;;, € W N EFy, w, € W N Fy, and w;
is strongly adjacent to both w;, and w;,, then (by 5.4) w;, and w;, would
be strongly adjacent, and {w;, w;, , w;, } would be a strong triangle in G[W],
which is impossible. Now suppose that there exist some i1,49 € Zog11 such
that w;; € W N EFy, wy, € W N Ey, w; is adjacent to both w;, and w;, and
semi-adjacent to one of them. By symmetry, we may assume that w; is
strongly adjacent to w;, and semi-adjacent to w;,; thus, w; is anti-complete
to W N Fy. Since w;, € F1 and w;, € F» have a common neighbor w; € Y},
5.4 implies that w;, w;, is a strongly adjacent pair. Since w;w;, and w;, w;,
are strongly adjacent pairs, by symmetry, we may assume that w;, = w;y1
and w;, = wiy2. Since w;w;42 is a semi-adjacent pair, w;_jw; is a strongly
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adjacent pair; as w; is anti-complete to W N Fy, it follows that w;—1 ¢ F.
Next, the fact that w;11 € Fy and w;y2 € F have a common neighbor in
Y, implies (by 5.4) that w;41 and w;+2 do not have a common anti-neighbor
in Y7; thus, the fact that w;—; is anti-adjacent to both w;y; and w;4o im-
plies that w;—; ¢ Y;. It follows that w;—; € F;. Then since w;—; € F; and
wit2 € Fy have a common neighbor w; € Y}, we know (by 5.4) that w;_jw; o
is a strongly adjacent pair, which is impossible. Thus, w; is strongly anti-
complete to at least one of W N Fy and W N F5.

Next, fix [ € {1, ..., s}. We need to show that G[W N (Y; U Fy U Fy)] is bipar-
tite with some bipartition (F}, F}}) such that WNF, C F! and WNF, C FL.
Since Y] is a strong clique, we know that [W NY;| <2. If WNY; =0, then
G[W N (Y, U Fy U F)] is bipartite with bipartition (W N Fy, W N Fy), and
we are done. So assume that 1 < |[WNY;| <2.

Suppose first that [W NY;| = 1, say WNY;, = {w;}. By the above, wj;
is strongly anti-complete to at least one of W N F} and W N Fy. By symme-
try, we may assume that w; is strongly anti-complete to W N F;. But then
G[W N (Y;UF1UF)] is bipartite with bipartition (W NFy)U{w;}, W N Fy).

Suppose now that |W NY;| = 2; since Y] is a strong clique, this means
that WNY; = {w;, w11} for some i € Zoy11. Clearly then, w;_1,w;12 € Xj.
Now, w;—1 — w; — wijy1 — wi+2 is a three-edge path with w;, w;11 € Y]
and w;_1,w;+2 € F1 U Fy; it then follows from 5.3 that either w;—1 € F}
and w;ro € Fo, or wi—1 € Fy and w;yo € Fi; by symmetry, we may as-
sume that the former holds. Then since each of w; and w;4; is strongly
anti-complete to at least one of W N Fy; and W N Fy, it follows that w;
is strongly anti-complete to W N Fy, and w;4+; is strongly anti-complete
to W N Fy. Thus, FIW N (Y; U Fy U Fy)] is bipartite with bipartition
(W n Fy) U{wit1}, (W N Fy) U{w;}). This completes the argument. [

We observe that every tulip and every non-degenerate clique-connector is a
tulip bed and therefore Berge.

Melts. Let G be a trigraph. Assume that Vo = K UM U AU B, where
K and M are strong cliques, A and B are strongly stable sets, and K, M,
A, and B are pairwise disjoint. Assume that |A| > 2 and |B| > 2, and
that K = {kil,...,k‘m} and M = {ml,...,mn}. Let A = UQOU?:OAZ'J?
where the A; ;’s are pairwise disjoint; and let B = (J;, U?:o B; j, where
the B, ;’s are pairwise disjoint. Assume that Agg = Bpo = (). Assume
that for all i € {1,...,m}, A;o = U?:o Ag,o, where the Aio’s are pairwise
disjoint, and assume that for all j € {1,...,n}, Ao; = U, Ag,j, where the

0 j’s are pairwise disjoint. Similarly, assume that for all i € {1,...,m},

Bio = U;‘:D Bio, where the Bio’s are pairwise disjoint, and assume that for
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all j € {1,....n}, Bo; = Ui~ Bé,j, where the B&/s are pairwise disjoint.
Assume also that:

(1)
(2)

K is strongly anti-complete to M;
foralli e {1,...,m} and j € {1,...,n}, A;; is:

— strongly complete to {k1,...,ki—1} U {mn—jt2,...,mn},
— complete to {k;, mp—jy1},
— strongly anti-complete to {kiy1,...,km} U {m1,....mp_j};
for all i € {1,...,m} and j € {1,...,n}, B;; is:
— strongly complete to {kpm—it2, ..., km} U {m1,...,m;_1},
— complete to {ky—ir1,mj},
— strongly anti-complete to {k1, ..., km—i} U {mjt1,...,mp};
for all i € {1,...,m}, Ajp is:
— strongly complete to {ki, ..., ki—1},
— complete to {k;},
— strongly anti-complete to {k;y1, ..., km} U M;
for all j € {1,...,n}, Ap; is:
— strongly complete to {m,—;i2,...,my},
— complete to {mp—j41},
— strongly anti-complete to K U {mq,...,m,—;};
for all i € {1,...,m}, B; is:
— strongly complete to {km—it2, ..., km},
— complete to {km—it+1},
— strongly anti-complete to {k1, ..., kpy—i} U M;
for all j € {1,...,n}, By, is:
— strongly complete to {m,...,m;_1},

— complete to {m;},

— strongly anti-complete to K U {m1,...,my};

the sets U?:o A, Uity Ains U?:o B j, and U]~ Bin are all non-
empty;

for all 4,7' € {0,...,m} and 7,5’ € {0,...,n} such that i < i and j < j/,
at least one of the sets A; ; and Ay j is empty, and at least one of the
sets B;; and By j is empty;
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(10) for alli € {1,...,m} and j € {1,...,n}, A;; is strongly complete to B,
and B; ; is strongly complete to A;

(11) for all 4,4' € {1,...,m}, A, is strongly complete to By o;
(12) for all 4,5 € {1,...,n}, Ao, is strongly complete to By j;
(13) for all i € {1,...,m}, A?,o is strongly anti-complete to (Jj_, Bo,;, and
every vertex of A?,o has a neighbor in [ ;" , U?Zl By ;;
(14) for all j € {1,...,n}, A87j is strongly anti-complete to |J;", Bjo, and
every vertex of Ag’j has a neighbor in (U2, Uj—; Bij;
(15) for all i € {1,...,m}, B'?,O is strongly anti-complete to U?Zl Ap ;, and
every vertex of Bgo has a neighbor in (Jj_, Uj_; Ai j;
(16) for all j € {1,....,n}, B(O)’j is strongly anti-complete to [ J;; Aio, and
every vertex of Bg,j has a neighbor in UL, U, 4ij;
(17) for alli € {1,...,m} and j € {1,...,n}:
— every vertex of Aa ; has a neighbor in B o,
- 60‘ is strongly complete to U;,;ll By 0,

- A("),j is strongly anti-complete to (J;_;  Bir o,

— every vertex of Az,o has a neighbor in By ;,
- Aio is strongly complete to U;,_:ll By jr,

- Aio is strongly anti-complete to U?,:jﬂ By, jr,

— every vertex of Bé,j has a neighbor in A; g,
— B(i),j is strongly complete to U:;ll Ap o,

— B& j is strongly anti-complete to U?:iﬂ Ay,

— every vertex of sz,o has a neighbor in Ay ;,

- sz,o is strongly complete to U;,_:ll Ag v,

— Bg,o is strongly anti-complete to (J%_;, Aoy
For alli e {1,....,m} and j € {1,...,n}:

(18) let Ag,o be the set of all vertices in A; o that are semi-adjacent to k;;

(19) let Ap; be the set of all vertices of A ; that are semi-adjacent to

Mp—j54+15
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(20) let B}, be the set of all vertices of B;o that are semi-adjacent to
km—i—i—l;

(21) let By ; be the set of all vertices of By ; that are semi-adjacent to m;.
Assume that:

(22) for all i € {1,...,m}, Aj, is strongly complete to [Ji_, Bé,j;

(23) for all j € {1,...,n}, A ; is strongly complete to | J;Z, B‘Zo;

(24) for all i € {1,...,m}, B;, is strongly complete to [J;_, Af 53

(25) for all j € {1,...,n}, By ; is strongly complete to [ JiZ, Aio.
Finally, assume that:

(26) there exist some i € {1,...,m} and j € {1,...,n} such that at least one
of A;; and B; ; is non-empty;

(27) for all i,i" € {1,....,m} and 5,5 € {1,....,n}, iff i+ > m+ 1 and
Jj+J >n+1, then at least one of A; ; and By j is empty.

Under these circumstances, we say that G is a melt. We say that G is an
A-meltif B;j =0 for all i € {1,...,m} and j € {1,...,n}. We say that G is
a B-melt if A;; =0 for all i € {1,...,m} and j € {1,...,n}. We say that G
is a double melt if there exist 4,4’ € {1,...,m} and j,j' € {1,...,n} such that
AiJ ?é @ and Bi’,j’ 75 @

5.7. Every melt is a tulip bed, and consequently, every melt is Berge.

Proof. Let G be a melt; we use the notation from the definition of a melt. Set
Fi =A, F,=B,Y; = K, and Y2 = M. Further, note that [ J;", U;L:O(Aiyj U
B; ;) is the set of all vertices in Fy UFy = AU B with a neighbor in Y; = K;
set X1 = U:zl U;'L:()(Ai,j U Bi,j)- Similarly, note that UZZO U?:l (Ai,j U Bi,j)
is the set of all vertices in Fy U Fo = AU B with a neighbor in Yo = M, and
set Xo = U2y Uj=; (A4 U Bi ;). With this setup, it is easy to check that G
is a tulip bed, and we leave the details to the reader. Since each tulip bed
is Berge (by 5.6), this implies that G is Berge. O

In fact, it is possible to get a slightly stronger result: if G is a melt, and
K, M, A, and B are as in the definition, then G \. K and G ~ M are both
non-degenerate clique connectors, as the reader can check. However, 5.7 is
sufficiently strong for the purposes of this paper.
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The class 71. The degree of a vertex v of a graph H, denoted by degg (v),
is the number of edges of H that are incident with v; v is an isolated vertex
in H provided that degy(v) = 0. We say that a (possibly empty) graph
H is usable provided that H is loopless (possibly with parallel edges) and
triangle-free, and that no vertex in H is of degree greater than two.

Let H be a usable graph, and let G be a trigraph. Assume that there
exists some L C Vi and a map

h:VgUERU(Eg x V) — 2"
such that all of the following hold:
(1) for all distinct x,y € Vg UEgU(Eg x Vi), h(x) and h(y) are disjoint;
2) Vo~ L=Uh[VyUEgU(Eg x Vip)l;

(2)

(3) for every isolated vertex v € Vi, h(v) # 0;

(4) for every e € Ey, h(e) # 0;

(5) for every e € Ey and v € V, h(e,v) # 0 if and only if e is incident
with v;

6) for all distinct u,v € Vi, h(u) is strongly anti-complete to h(v);

(
(7) for all v € Vg, h(v) is a (possibly empty) strong clique;
(
(

9

)
)
8) every vertex in L has a neighbor in at most one set h(v) with v € Vp;
) GILUU, cp,, M(e)] is triangle-free;

)

(10) for every e € Ep and a € L, a is either strongly complete or strongly

anti-complete to h(e);

(11) for all distinct e, f € Ep, h(e) is either strongly complete or strongly
anti-complete to h(f), and if e and f share an endpoint, then h(e) is
strongly complete to h(f);

(12) for every e € Efy and v € Vp, h(e) is strongly anti-complete to h(v);

(13) for every v € Vg, let S, be the set of all vertices in L with a neighbor
in h(v), and let T, be the set of all vertices in (LU cp, h(e)) \ Sy
with a neighbor in S,; then either:

— h(v) = 0 (in which case S, = T,, = 0), and we set A, = B, =
C,=D,=0,or

— there exist pairwise disjoint A,, B, Cy, D, such that S, = A, U
B,, T, = C,UD,, and G[h(v)US,UT,] is a (h(v), Ay, By, Cy, Dy)-
clique connector;

26



(14) for every v € Vy, if degy(v) > 1 and h(v) # 0, then G[h(v) U S, UT,]
is a non-degenerate (h(v), Ay, By, Cy, D,)-clique connector;

(15) for all distinct e, f € Ey and v € Vp, h(e,v) is strongly complete to
h(f,v);

(16) for all (not necessarily distinct) e, f € EFy and distinct u,v € Vg,
h(e,u) is strongly anti-complete to h(f,v).

(17) for all e € Efy and v € Vg, h(e,v) is strongly complete to h(v);

(18) for all e € Ey and distinct u,v € Vi, h(e,v) is strongly anti-complete
to h(u);

(19) for all distinct e, f € Ey and v € Vi, h(e,v) is strongly anti-complete
to h(f);

(20) for all e € Eff and v € Vi, h(e,v) can be partitioned into a (possibly
empty) strong clique h¢(e,v) and a (possibly empty) strongly stable
set h®(e,v);

(21) for all e € Ef with (distinct) endpoints u,v € Vi, G[h(e) U h(e,v) U
h(e,u)] is an h(e)-melt such that h(e) = A, h(e,v) = K, h¢(e,u) = M,
and h*(e,v) U h®(e,u) = B, with h®(e,v) = |2, Bio and h*(e, u)
U?Zl By j, where K, M, A, B, m, and n are as in the definition of an
A-melt;

(22) for all e € Ey with (distinct) endpoints u,v € Vg, either all of the
following hold, or they all hold with the roles of (4,, A,) and (B, B,)
switched:

— h(e) is strongly complete to B, U B,
— h(e,v) is strongly complete to A, and strongly anti-complete to
L~ Ay,

— every vertex of (LUU e, (¢} M(f)) ~ (Ay UA,) with a neighbor
in A, U A, is strongly complete to h(e).

We then say that G admits an H -structure.

We define 71 to be the class of all trigraphs G such that either G is a
double melt or G admits an H-structure for some usable graph H. We
observe that all triangle-free trigraphs are in 77 (a triangle-free trigraph ad-
mits an H-structure for the empty graph H), as are all clique-connectors
(a clique connector admits an H-structure for the single-vertex graph H),
and all melts (double melts are in 7; by definition, and an A-melt admits
an H-structure for the complete graph H that consists of a single edge).

It is easy to see that not all trigraphs in 7; are Berge. First of all, if G admits
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an H-structure for some usable graph H, then G[L UJ.cp,, h(e)] may con-
tain odd holes. Second, if v is an isolated vertex in H, then G[h( YUS,UT,]
may be a degenerate clique connector, and as we saw in 5.1, not all degen-
erate clique connectors are Berge. It turns out that these two are the only
‘anomalies’ whose presence can prevent a trigraph in 7; from being Berge.
The definition of the class 7", to which we turn next, eliminates these
anomalies. In addition, we note that if a trigraph G admits an H-structure
for some usable graph H, and e, f € Ey are distinct edges, then h(e) and
h(f) are strongly complete to each other if e and f share an endpoint, but
the converse need not hold: h(e) and h(f) may be strongly complete to each
other even if e and f do not share an endpoint. In the definition of 7;*, we
use ‘usable 4-tuples,” defined below, instead of usable graphs, in order to
‘encode’ the adjacency in L U cg,, h(e) more precisely.

The class 7;*. Let H be a bipartite graph (possibly empty and possibly
with parallel edges), none of whose vertices are of degree greater than two.
Let L be a (possibly empty) set such that Vg N L = (). Let H' be a bipartite
trigraph such that Vi = Ep U L. Assume that for all distinct e, f € Ep
that share at least one endpoint, ef is a strongly adjacent pair in H'; as-
sume also that every semi-adjacent pair in H’ has both of its endpoints in
L. Let (E7, E}) be a bipartition of the bipartite trigraph H’. Under these
circumstances, we say that (H, H', E{, E}) is a usable 4-tuple.

Let (H,H',E{,E}) be a usable 4-tuple, let L = Vi \ Eg, let G be a
trigraph, and let Ey, F5 C V. We then say that (G, E1, E2) admits an
(H,H', B}, E})-structure provided that L C Vi, and that there exists a
map

h:VgUERU(Eg x Vi) — 2Vert

such that all of the following hold:

1) for all distinct z,y € Vg UEg U (Ey x Vi), h(x) and h(y) are disjoint;

(1)

(2) Vo = LUUyev, Mv) UlUeer, hle) UUe e, xvy e v);
(3) for all v € Vi, h(v) is a (possibly empty) clique;
(4)
(5)
(6)

4) for all isolated vertices v € Vi, h(v) # 0;

5) for all e € Ey, h(e) is a (non-empty) strongly stable set;

6) for all e € Ey and v € Vp, h(e,v) # 0 if and only if e is incident with

v;

(7) for all e € Eyy and v € Vi, h(e,v) can be partitioned into a (possibly
empty) strong clique h¢(e,v) and a (possibly empty) strongly stable
set h¥(e,v);
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(8) for all e € Efg and v € Vg, if e is incident with v then h¢(e,v)
and h*(e,v) are both non-empty, and if e is not incident with v then
h¢(e,v) = h%(e,v) = 0;

E1 U E2 =LU UeGEH h<e) U UeEEH UUGVH hs(e’ ’U);

ElﬂEQZ(Z);

(9
10

)
)

11) for all x € L and i € {1,2}, if z € E/ then = € E;;

12) for all e € Ey and ¢ € {1,2}, if e € E! then h(e) C E;;
)

(
(
(
(13) for all e € Ey, v € Vg, and all distinct ¢,j € {1,2}, if e € E! then
h*(e,v) C Ej;

(14) H'[L] = G[L];

(15) for all x € L and e € Ep, if xe is a strongly adjacent pair in H' then z
is strongly complete to h(e), and if xe is a strongly anti-adjacent pair
in H' then x is strongly anti-complete to h(e);

(16) for all distinct e, f € Ey, if ef is a strongly adjacent pair in H’ then
h(e) is strongly complete to h(f), and if ef is a strongly anti-adjacent
pair in H' then h(e) is strongly anti-complete to h(f);

(17) for allv € Vy, if S, is the set of all vertices in L that have a neighbor in
h(v), and T, is the set of all vertices in (LU, ¢, h(€))\ S, that have
a neighbor in S, then either h(v) = @) (in which case S, = T, = 0)
or G[h(v) U S, UT,] is a non-degenerate (h(v),S, N E1, S, N E2, T, N
Es, T, N Ey)-clique connector;

(18) for all distinct e, f € Ey and v € Vp, h(e,v) is strongly complete to
h(f,v);

(19) for all (not necessarily distinct) e, f € Ep and distinct u,v € Vg,
h(e,u) is strongly anti-complete to h(f,v);

(20) for all e € Ey and v € Vj, h(e,v) is strongly complete to h(v);

(21) for all e € Ey and distinct u,v € Vi, h(e,v) is strongly anti-complete
to h(u);

(22) for all distinct e, f € Eg and v € Vj, h(e, v) is strongly anti-complete
to h(f);

(23) for all e € EFy with (distinct) endpoints u,v € Vi, G[h(v) U h(e,v) U
h(e,w)] is an h(e)-melt such that h(e) = A, h(e,v) = K, h®(e,u) = M,
and h*(e,v) U h®(e,u) = B, with h®(e,v) = |J;~, Bio and h®(e, u)
U?Zl By j, where K, M, A, B, m, and n are as in the definition of an
A-melt;
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(24) for all e € Ey with (distinct) endpoints w,v € Vp, and all distinct
i,j € {1,2} such that e € E., all of the following hold:

— h(e) is strongly complete to (S, US,) N Ej,

— h(e,v) is strongly complete to S, N E; and strongly anti-complete
to L ~ (SU N EZ’),

— every vertex of (LUUjep, ey R(f)) ~ ((Su U Sy) N Ej) with a
neighbor in (S5, U S,) N E; is strongly complete to h(e).

We leave it to the reader to check that if (H,H', E], E}) is a usable 4-
tuple and (G, E1, E») admits an (H, H', E{, E)-structure, then H is a us-
able graph, G admits an H-structure, and E; and Es are both (possibly
empty) strongly stable sets.

We say that a trigraph G belongs to the class 7;" provided that either G is a
double melt, or there exist E1, Ey C Vi and a usable 4-tuple (H, H', EY, E})
such that (G, E1, E») admits an (H, H', E}, EY)-structure.

We observe that all bipartite trigraphs are in 7;*, as are all non-degenerate
clique connectors (and therefore all tulips), and all melts. Further, we re-
mind the reader that the class 77 consists of trigraphs G such that either
G is a double melt or there exists a usable graph H such that G admits an
H-structure. Thus, the class 77" is a subclass of the class 7;.

Our goal for the remainder of this section is to establish that each trigraph
in 77" is a tulip bed and therefore Berge, and that each Berge trigraph in 7;
is in 7.
5.8. Each trigraph in T* is a tulip bed. Consequently, each trigraph in T*
1s Berge.

Proof. By 5.6, it suffices to prove the first statement. Let G € 7;*. If G is
a double melt, then we are done by 5.7. So assume that there exists some
usable 4-tuple (H, H', E, EY) and some E; and FE3 such that (G, E1, E2)
admits an (H, H', E}, Eb)-structure. If H is the empty graph, then G is
bipartite and therefore a tulip bed; so assume that H is not empty. We
use the notation from the definition of a triple (G, E1, E2) that admits an
(H,H', B}, E})-structure. Set F; = E; and F» = Fy. We may assume that
the vertex set of H is {vy,...,vs} for some integer s > 1; then for each
I € {1,..s}, set Y = h(v) UU.ep, h°(e;v). We observe that Y1, ..., Ys
partition Vi . (F} U F») into non-empty strong cliques, pairwise strongly
anti-complete to each other. Next, for each [ € {1,...,s} and e € Ej,
let h!(e) be the set of all vertices in h(e) with a neighbor in h¢(e,v;); then
SleUeeEH hl(e)UueeEH h*(e,v;) is the set of all vertices in FiUFy = F1UEs
with a neighbor in Y}, and so we set X; = Sy, UU.c,, hl(e)UueeEH h*(e,vy).
With this setup, it is easy to see that G is a tulip bed. ]
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As with melts (see the comment after 5.7), it is possible to get a slightly
stronger result than the one that we stated in 5.8. The reader can check
that if (G, E1, E») admits an (H, H', E{, E})-structure for some usable 4-
tuple (H,H', E}, EY), and if Y1,...,Ys and Xq,..., X are constructed as in
the proof above, then for each | € {1,...,s}, G[Y; UX; U Z] is a (Y;,X; N
E\, X; N Ey, Z; N By, Z; N Eq)-clique connector, where Z; is the set of all
vertices in (E7 U Ey) N X; with a neighbor in X;. But we do not need this
stronger result, and so we omit the proof.

It remains to show that every Berge trigraph in 77 is in 7;*. We begin
with a technical lemma.

5.9. Let H be a usable graph, and let G be a Berge trigraph that admits
an H-structure. Then the set L and the function h from the definition of
a trigraph that admits an H-structure can be chosen so that for all isolated
vertices v € Vi, Glh(v)US,UTy] is a non-degenerate (h(v), Ay, By, Cy, Dy)-
clique connector (where Sy, Ty, Ay, By, Cy, Dy, are as in the definition).

Proof. Let L C Vg and h : Vg U Eg U (Eg x Vi) — 2V F satisfy the
properties laid out in the definition of a trigraph that admits an H-structure.
Since G is Berge, by 5.1 we have that for all isolated vertices v € Vi such
that G[h(v)US,UT,] is a degenerate (h(v), Ay, By, Cy, D,)-clique connector,
at least one of C, and D, is empty. After possibly relabeling, we may
assume that for all isolated vertices v € Vi such that G[h(v) U S, U T] is
a degenerate (h(v), Ay, By, Cy, D,)-clique connector, we have that D, = 0.
Now, let V& be set of all isolated vertices in Vi such that G[h(v) U S, UT,]
is a degenerate (h(v), Ay, By, Cy,0)-clique connector, and for all v € Vg,
set By = {bu}. Set L = (L~ Uyeyg{bo}) UU,evg h(v). Next, we define

h Ve UEg U (Eg x Vg) — 9Ve~L t6 be the map that satisfies all of the
following:

e forallv e VI‘}, il(v) ={bv};

e for all v € Vg ~ V&, h(v) = h(v);

e for all e € Ey, h(e) = h(e);
e for all e € Ey and v € Vi, h(e,v) = h(e,v).

Using 5.2, we easily get that L and h satisfy the requirements from the
statement of the theorem. O

5.10. Let H be a usable graph, and let G be a Berge trigraph that admits an
H-structure. Then H is a bipartite graph. Furthermore, there exists a bipar-
tite trigraph H' such that for every bipartition (EY, Eb) of H', (H,H', E{, E})
is a usable 4-tuple, and there exist some E1, Ey C Vg such that (G, E1, Eg)
admits an (H, H', B}, EY)-structure.
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Proof. Let L and h be chosen as in 5.9. We construct H' as follows. The
vertex set of H' is Ey U L. Set H'[L] = G[L]. For all x € L and e € Ey, we
let ze be a strongly adjacent pair in H' if x is strongly complete to h(e) in
G, and we let ze be a strongly anti-adjacent pair in H’ if z is strongly anti-
complete to h(e) in G; since for all x € L and e € Fp, x is either strongly
complete or strongly anti-complete to h(e) in G, this completely defines the
adjacency between L and Ey in H'. Finally, for all distinct e, f € Eg, we
let ef be a strongly adjacent pair in H' if h(e) is strongly complete to h(f),
and ef is a strongly anti-adjacent pair in H' if h(e) is strongly anti-complete
to h(f) in G; since for all distinct e, f € Fp, we have that h(e) is either
strongly complete or strongly anti-complete to h(f), this completely defines
adjacency in H'[Ey]. We observe that if distinct e, f € Epy share an end-
point, then e and f are adjacent in H’.

Note that H’ contains no odd holes and no triangles, for otherwise, we would
immediately get an odd hole or a triangle, respectively, in G[LUU.cp,, Enl,
which is impossible. Since every realization of H' contains the line graph
of H as a (not necessarily induced) subgraph, this implies that H is bipar-
tite. Let (E7, E5) be any bipartition of the bipartite trigraph H’. Clearly,
(H,H',E{, E)}) is a usable 4-tuple.

Next, we set:
By =(LNE)U UeeEHmEg h(e) U U(e,v)e(EHﬂEé)xVH h?(e,v);
Ey = (LN E) UlUeepyne, 1(€) U U evyeEnne)xvy B (€ v).
By construction, (Eq, Fs) is a partition of the set

L U UeEEH h(@) U U(e,v)EEHXVH hs(e7 ’U).

To show that (G, E1, F2) admits an (H, H', E], Eb)-structure, it suffices to
show that for all v € Vy, either A, U D, C FE; and B, UC, C FEs, or
A,UD, C Ey and B, UC, C E1, for then the result will easily follow from
the appropriate definitions (together with the choice of L and h). So fix
v € Vi; if h(v) = 0, then we are done, and so assume that h(v) # (). Then
by the definition of a clique connector, there exist some a € A, and b € B,
such that a is strongly complete to B, and b is strongly complete to A,.
In particular, ab is an adjacent pair, and so a € E and b € E; for some
distinct 4,5 € {1,2}. Since a is strongly complete to B,, this implies that
B, C E;-; and similarly, A, C E/. By the construction of E; and Es then,
we get that A, C E; and B, C E;. It remains to show that C, C F; and
that D, C E;; by symmetry, it suffices to prove the former. By definition,
there exist some Lc, € L and E¢, € Eg such that C,, = L¢, UUeeEcv h(e).
Now, in H’, each member of Lo, U E¢, has a neighbor in 4, C E/, and so
Le, UEg, C E; It then easily follows that C, C Ej. d
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We can now finally prove the main result of this section.
5.11. 7" is the class of all Berge trigraphs in T;.

Proof. 1t is easy to check that 7;* C 7;. By 5.8, every trigraph in 7;* is
Berge. Now, suppose that G is a Berge trigraph in 7. If G is a double
melt, then G' € 7;* by definition. So suppose that G admits an H-structure
for some usable graph H. Then by 5.10, there exist some Ei, Fs» C Vg
and some usable 4-tuple (H,H’, E}, E}) such that (G, E1, E2) admits an
(H,H', E{, E})-structure, and consequently, G € T;* by the definition of the
class 7;". O]

6 Class 75

In this section, we give the definition of the class 73 from [5], and we prove
that each trigraph in 75 is Berge. Prior to giving the definition of the class
T2, we note that, by 5.5 from [5], the class 73 is self-complementary; we state
this result below for future reference.

6.1. The class To is self-complementary, that is, for all G € T2, we have
that G € Ts.

Thus, in order to show that each trigraph in 75 is Berge, it suffices to show
that each trigraph in 75 is odd hole-free.

Informally, trigraphs in the class 7> are obtained from some basic ‘building
blocks’ (namely, “l-thin trigraphs,” “2-thin trigraphs,” and bipartite and
complement-bipartite trigraphs of a certain kind; we define each of these
below) by “composing along doubly dominating semi-adjacent pairs” (this
operation is also defined below). We will show that if a trigraph G is ob-
tained from two trigraphs that do not contain any odd holes by composing
along doubly dominating semi-adjacent pairs, then G does not contain any
odd holes. We will then show that none of our basic ‘building blocks’ contain
an odd hole. This will prove that no trigraph in 75 contains an odd hole,
and therefore (by 6.1) that each trigraph in 7 is Berge.

We begin with some definitions. We say that a homogeneous pair (A, B)
in a trigraph G is doubly dominating provided that there exist non-empty
sets C, D C Vg such that (A, B,C, D,(,() is the partition of G associated
with (A, B). We say that a semi-adjacent pair ab in G is doubly dominat-
ing provided that ({a},{b}) is a doubly dominating homogeneous pair in
G. Next, let G1 and G9 be trigraphs with disjoint vertex sets, and for each
1 € {1,2}, let a;b; be a doubly dominating semi-adjacent pair in G;. For
each i € {1,2}, let ({a;},{bi}, Ai, Bi,0,0) be the partition of G associated
with ({a;},{b;}). We then say that a trigraph G is obtained from G; and
G2 by composing along (a1,b1, az, bs) provided all of the following hold:
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Vo = A1 U By U Ay U Bo;

for each 7 € {1,2}, G[Al U Bl] = Gl[Al U Bl],

Ay is strongly complete to Ao and strongly anti-complete to Bs;
e By is strongly complete to By and strongly anti-complete to As.

6.2. Let G1 and Go be odd hole-free trigraphs with disjoint vertex sets, and
for each i € {1,2}, let a;b; be a doubly dominating semi-adjacent pair in G;.
Let G be the trigraph obtained by composing G1 and Gy along (a1,b1, az,b2).
Then G is odd hole-free.

Proof. Suppose otherwise. Let W be the vertex set of an odd hole in G,
and let G be a realization of G such that W is the vertex set of an odd hole
in G. First, note that G . A; is obtained by substituting G1[B1] for the
vertex by in Gy \ {az}. Since neither G; nor G contains an odd hole, by
2.2, this means that G \. Aj contains no odd hole. Thus, W intersects Aj.
In an analogous manner, we get that W intersects By, Az, and By as well.
Next, since A is complete to As in C’, and since G [W] is a chordless cycle
of length at least five and therefore contains no vertices of degree greater
than two and no (not necessarily induced) cycles of length 4, we know that
[WN(A1UA2)| < 3; similarly, [IWN(B1UB2)| < 3. Since |W|is odd, and since
W intersects each of Ay, B, As, and Bs, this means that we may assume
by symmetry that [W N Aj| =2 and [WNBi| = |[WNAy =|WnNBy| =1
Set WNA; = {ay,d}}, WNBy = {b1}, WN Ay = {as}, and WN By = {by}.
Since as is complete to {ay, &’1} in @, we know that ao is non-adjacent to 52
in G. But then the only neighbor of by in G [W] is ag, which is impossible
since G[W] is a cycle. O

We note that in [9], Cornuéjols and Cunningham proved a result similar to
6.2. They showed that a graph operation whose special case is very similar
to our operation of composing along doubly dominating semi-adjacent pairs
preserves perfection.

Triangle-patterns and triad-patterns. Given a graph H, we say that
a trigraph G is an H -pattern provided that Vi can be partitioned into sets
{ay | v € Vg} and {b, | v € Vz} such that all of the following hold:

e a,b, is a semi-adjacent pair for all v € Vp;

e if u,v € Vg are adjacent, then a,a, and b,b, are strongly adjacent
pairs, and a,b, and a,b, are strongly anti-adjacent pairs;

e if u,v € Vg are non-adjacent, then a,a, and b,b, are strongly anti-
adjacent pairs, and a,b, and a,b, are strongly adjacent pairs.
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We observe that a,b, is a doubly dominating semi-adjacent pair in G for
all v € V. Let K,, denote the complete graph on n vertices. We say that
a trigraph G is a triangle-pattern provided that G is a Kjs-pattern, we say
that G is a triad-pattern provided that G is a Ks-pattern.

We note that triangle-patterns are complement-bipartite and triad-patterns
are bipartite; thus, triangle-patterns and triad-patterns are Berge.

1-thin trigraphs. Let G be a trigraph, and let a,b € Vg be distinct.
Let A = {a,...,an} and B = {by, ..., b} be disjoint, non-empty subsets of
Ve ~{a, b} such that Vg ~{a,b} = AU B. Assume that all of the following
hold:

1) ab is a semi-adjacent pair;

3

(1)

(2) a is strongly complete to A and strongly anti-complete to B;
(3) b is strongly complete to B and strongly anti-complete to A;
(4)

4) for all i,j € {1,...,n} such that ¢ < j, if a;a; is an adjacent pair, then
a; is strongly complete to {a;+1,...,a;-1}, and a; is strongly complete
to {al, ey ai_l};

5) for all 4,5 € {1,...,m} such that ¢ < j, if b;b; is an adjacent pair, then
j
b; is strongly complete to {bj41,...,bj—1}, and b; is strongly complete
to {b1,...,bi—1}:

(6) forallp e {1,...,n} and ¢ € {1, ..., m}, if apb, is an adjacent pair, then
ap is strongly complete to {bg+1,...,bm}, and by is strongly complete
to {apt1,...,an}.

We then say that G is 1-thin with base (a,b), or simply that G is 1-thin.

Note that if a trigraph G is 1-thin with base (a,b), then ab is a doubly
dominating semi-adjacent pair in G. Note also that a trigraph G is 1-thin
with base (a, b) if and only if G is 1-thin with base (b, a). Further, the com-
plement of a 1-thin trigraph with base (a, b) is again 1-thin with base (b, a)
(or equivalently, with base (a,b)). Indeed if G is 1-thin, then setting @ = b,
b=a,a = an_ii1 foralli € {1,...,n}, and b; = by, ;11 for all i € {1,...,m},
we immediately get that G is 1-thin with base (@, b), that is, with base (b, a).

6.3. Let G be a 1-thin trigraph. Then G is odd hole-free.

Proof. Let a, b, A ={ay,...,an}, and B = {by, ..., by, } be as in the definition
of a 1-thin trigraph. We begin by showing that (A, B) is a good homogeneous
pair in G. This means that we need to prove the following:

e neither G[A] nor G[B] contains a three-edge path;
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e there does not exist a path v1 — vy —v3 — vy in G such that vi,v4 € A
and vg,v3 € B;

e there does not exist a path v1 — vy —v3 —v4 in G such that v1,v4 € B
and v9,v3 € A.

We begin by proving the second claim. Suppose that i,l € {1,...,m} and
J.k € {1,...,n} are such that a; — b; — by — a; is a three-edge path in G.
Since a;b; is an adjacent pair, while a;b;, is an anti-adjacent pair, we know
that k < j. But then since q;b;, is an adjacent pair, a;b; must be a strongly
adjacent pair, which is a contradiction. An analogous argument establishes
that the third claim holds as well.

Before tackling the first claim, we establish an auxiliary result. Let ¢, 7,k €
{1,...,n} be such that a; — a; — aj, is a path in G[A]; we claim that j <
min{i, k}. Suppose otherwise. By symmetry, we may assume that i < j.
Then if k < ¢ < j, the fact that aja; is an adjacent pair implies that a;ay is
a strongly adjacent pair; if ¢ < k£ < j, then the fact that a;a; is an adjacent
pair implies that a;ay is a strongly adjacent pair; and if ¢ < j < k, then the
fact that ajaj is an adjacent pair implies that a;a; is a strongly adjacent
pair. But since a; — a; — ay is a path, a;a; is an anti-adjacent pair, which is
a contradiction.

Now, suppose that i,j,k,l € {1,...,n} are such that a; —a; —ar — q; is
a path in G. Then since a; — a; — ay is a path in G[A], we have by the
above that j < min{i, k}; similarly, since a; — ay, — a; is a path in G[A], we
have that k& < min{j,}. But it then follows that j < k and that k < j,
which is impossible. Thus, G[A] contains no three-edge paths. We get in an
analogous fashion that G[B] contains no three-edge paths, and so (A, B) is
a good homogeneous pair.

Now, suppose that G contains an odd hole, and let W be the vertex set
of an odd hole in G. By 2.3, we get that W NA| <1 and [WNB| <1.
But since Vi = {a,b} U AU B, this means that |W| < 4, which is impossible
since an odd hole must have at least five vertices. O

2-thin trigraphs. Let G be a trigraph. Let Vg = AUBUK UM U
{Tar,TAM, ZBK,TBM}, Where XAk, T AN, TBK,TBM are pairwise distinct
vertices, and A, B, K, M, and {zAx,xam,ZBK,TBM} are pairwise disjoint.
Let t,s > 0, and let K = {ky,....,k:} and M = {my,...,ms} (so if t = 0 then
K =0, and if s = 0 then M = (). Let A be the disjoint union of sets
A; ; and let B be the disjoint union of the sets B; ;, where ¢ € {0, ...,t} and
j €10,...,s}. Assume that:

(1) A and B are (possibly empty) strongly stable sets;
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2) K and M are (possibly empty) strong cliques;

3) A is strongly complete to B;

4) K is strongly anti-complete to M;

(2)
(3)
(4)
(5) A is strongly complete to {xax,xan} and strongly anti-complete to
{zpK,rBM};

(6) B is strongly complete to {xpx,zpn} and strongly anti-complete to
{Tak,zam};

(7) K is strongly complete to {zax,zpK} and strongly anti-complete to
{ram, zpml;

(8) M is strongly complete to {zanr, xpar} and strongly anti-complete to
{rak, rBK};

raxrpy and x oy rpi are semi-adjacent pairs;
raxrpk and zaoprxp) are strongly adjacent pairs;
TarxTay and zpgxrp)y are strongly anti-adjacent pairs;

for all 4,4" € {0, ...,t} and j,j7" € {0, ...,s}, if i <4’ and j < j/, then at
least one of the sets A;; and Ay ;s is empty, and at least one of the
sets B;; and By j is empty;

(13) for all i € {0,...,t} and j € {0, ..., s}, all of the following hold:

— A; ; is strongly complete to {ki,...,ki—1} U {ms_jt2, ..., ms},
— A; ; is complete to {k;, ms_j11},

— A, j is strongly anti-complete to {kiy1,....k} U {m1,....me_j},

— B ; is strongly complete to {ki—it2, ..., ke} U{ma,...,m;_1},
— B, j is complete to {ki—i+1,m;},
— B, j is strongly anti-complete to {k1, ..., ke—i} U {mji1, ..., ms}.

Then we say that G is 2-thin with base (xax,Xpym,TBK,TAM), OF simply
that G is 2-thin. We call (A, B, K, M) the partition of G with respect to the

base (T ax,TBM,TBK,TAM)-

Suppose that G is a 2-thin trigraph with base (v ax, zBwm, TBK, TaM ). It is
then easy to see that G is 2-thin with base (xpx, Tan, TAxk, TBar); it is also
easy to see that G is 2-thin with base (TAK,TBM,TAM,TBK ). Next, note
TarTppm and Ty are both doubly dominating semi-adjacent pairs, and
G contains no other doubly dominating semi-adjacent pairs. We also observe
that G is 1-thin with base (z4x, gy ), and also with base (xpx, zan). By
6.3 then, 2-thin trigraphs are odd hole-free.
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The class 7. Let k& > 1 be an integer, and let G, ...,G). be trigraphs,
such that for all ¢ € {1,...,k}, G} is either a triangle-pattern or a triad-
pattern or a 2-thin trigraph. For each i € {2,...,k}, let ¢;d; be a doubly
dominating semi-adjacent pair in G;. For each j € {1,....,k — 1}, let z;y; be
a doubly dominating semi-adjacent pair in Gy, for some ¢ € {1,...,5}. As-
sume that {co,da}, ..., {ck,dr}, {z1, 91}, ..., {Tk—1, y—1} are pairwise distinct
(and therefore pairwise disjoint). Let G; = G, and for each i € {1,....,k —
1}, let Giy1 be the trigraph obtained by composing G; and Gj,, along
(24, Vi, Cit1,dit1). Let G = Gi. We call such a trigraph G a skeleton. We ob-
serve that a semi-adjacent pair uv in G is doubly dominating in G if and only
if uv is a doubly dominating semi-adjacent pair in G} for some i € {1,...,k}
and {u,v} is not among {ca,d2}, ..., {ck,dr}, {z1, 91}, -y {Tp—1, Yr—1}-

The class T2 consists of all skeletons, and of all trigraphs G that can be
obtained as follows. Let G{, be a skeleton, and let n > 1 be an integer.
Let a1by, ..., apby, be doubly dominating semi-adjacent pairs in Gf, such that
{a1,b1}, ..., {an, by} are pairwise distinct (and therefore pairwise disjoint).
For each ¢ € {1,...,n}, let G} be a trigraph such that:

1 VGZ =A;UB; U {a;, b;},

2) the sets A;, By, {a,,b.} are all non-empty and pairwise disjoint;

(1)
(2)
(3) a is strongly complete to A; and strongly anticomplete to B;;
(4) ¥} is strongly complete to B; and strongly anticomplete to A;;
(5)

5) @} is semi-adjacent to b}, and either

— both A;, B; are strong cliques, and there do not exist a € A; and
b € B;, such that a is strongly anti-complete to B; ~ {b}, b is
strongly anti-complete to A; \ {a}, and a is semi-adjacent to b,
or

— both A;, B; are strongly stable sets, and there do not exist a € A;
and b € B;, such that a is strongly complete to B; ~\ {b}, b is
strongly complete to A; \ {a}, and a is semi-adjacent to b, or

— @ is a 1-thin trigraph with base (a},b}), and G’ is not a 2-thin
trigraph.

We observe that for all i € {1,...,n}, ab; is a doubly dominating semi-
adjacent pair in G, and if wv is a doubly dominating semi-adjacent pair in
G, then {u,v} = {a},b/}. Now, let Gy = Gy, and for i € {1,...,n}, let G;

be obtained by composing G;—1 and G along (a;, b;, a;,bt}). Let G = G,

17 71

6.4. Fvery trigraph in Ta is Berge.
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Proof. By 6.1, it suffices to show that every trigraph in 75 is odd hole-
free. Recall that 2-thin trigraphs are 1-thin, that triangle-patterns are
complement-bipartite, and that triad-patterns are bipartite. Thus, each
trigraph in 73 is obtained by successively composing 1-thin trigraphs, bipar-
tite trigraphs, and complement bipartite-trigraphs along doubly dominating
semi-adjacent pairs. Since bipartite and complement-bipartite trigraphs are
odd hole-free, the result follows form 6.2 and 6.3. [

We end this section by stating a few results from [4] that help us understand
the structure of trigraphs in the class 72. By 6.7 from [4], all 1-thin trigraphs
(and therefore, all 2-thin trigraphs) are in 72. By 6.6 from [4], all bipartite
trigraphs with a doubly dominating semi-adjacent pair are in 73; and since
T5 is closed under complementation, it follows that all complement-bipartite
trigraphs with a doubly dominating semi-adjacent pair are in 7. Finally, by
6.8 from [4], the class 73 is closed under composing along doubly dominating
semi-adjacent pairs.

7 The main theorem

In this section, we restate and prove 3.4, the structure theorem for bull-free
Berge trigraphs.

3.4. Let G be a trigraph. Then G is a bull-free Berge trigraph if and only if
at least one of the following holds:

o (G is obtained from smaller bull-free Berge trigraphs by substitution;
e G or G is an elementary expansion of a trigraph in T;*;
e GG is an elementary expansion of a trigraph in Ts.

Proof. We first prove the ‘if’ part. If G is obtained by substitution from
smaller bull-free Berge trigraphs, then G is bull-free and Berge by 2.2. Next,
suppose that G or G is an elementary expansion of a trigraph in 7;*; since
G is bull-free and Berge if and only if G is, we may assume that G is an
elementary expansion of a trigraph in 7;*. Since 7;" is a subclass of 71, G is
an elementary expansion of a trigraph in 77, and so G is bull-free by 3.3; G
is Berge by 4.2 and 5.11. Finally, suppose that G is an elementary expansion
of a trigraph in 75. Then G is bull-free by 3.3 and Berge by 4.2 and 6.4.
This proves the ‘if’ part.

To prove the ‘only if’ part, suppose that G is a bull-free Berge trigraph.
If G contains a proper homogeneous set, then G is obtained by substitution
from smaller bull-free Berge trigraphs, and we are done. So assume that
G contains no proper homogeneous sets. Then by 3.2 and 3.3, one of the
following holds:
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e G or G is an elementary expansion of a trigraph in 77;
e (G is an elementary expansion of a trigraph in 75.

If the latter outcome holds, then we are done. So assume that G or G is an
elementary expansion of a trigraph H € 7;. Since G (and therefore G as
well) is Berge, by 4.2, H is Berge. By 5.11 then, H € 7;*. This completes
the argument. O
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