INDUCED SUBGRAPHS AND TREE DECOMPOSITIONS VI.
GRAPHS WITH 2-CUTSETS
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ABSTRACT. This paper continues a series of papers investigating the following question: which
hereditary graph classes have bounded treewidth? We call a graph t-clean if it does not contain
as an induced subgraph the complete graph K, the complete bipartite graph K ., subdivisions
of a (¢t x t)-wall, and line graphs of subdivisions of a (¢ x ¢)-wall. It is known that graphs
with bounded treewidth must be t-clean for some t; however, it is not true that every t-clean
graph has bounded treewidth. In this paper, we show that three types of cutsets, namely clique
cutsets, 2-cutsets, and 1-joins, interact well with treewidth and with each other, so graphs
that are decomposable by these cutsets into basic classes of bounded treewidth have bounded
treewidth. We apply this result to two hereditary graph classes, the class of (ISK4, wheel)-free
graphs and the class of graphs with no cycle with a unique chord. These classes were previously
studied and decomposition theorems were obtained for both classes. Our main results are that
t-clean (IS K4, wheel)-free graphs have bounded treewidth and that ¢-clean graphs with no cycle
with a unique chord have bounded treewidth.

1. INTRODUCTION

All graphs in this paper are simple. A tree decomposition (T,x) of a graph G consists of a
tree T and a map x : V(T) — 2% satisfying the following properties:

(i) For all v € V(G), there exists t € V(T') with v € x(t);
(ii) For all uv € E(G), there exists t € V(T) with u,v € x(t); and
(iii) For all v € V(G), the set {t € V(T') : v € x(t)} induces a connected subtree of T'.

The width of a tree decomposition (7', x) is equal to max,cy (1) [x(t)| — 1. The treewidth of
a graph G is the minimum width of a tree decomposition of G. Treewidth is an important
graph parameter for a number of reasons. Graphs with bounded treewidth have nice structural
and algorithmic properties; in particular, many NP-hard algorithmic problems can be solved in
polynomial time in graphs with bounded treewidth. In their celebrated Grid Minor Theorem,
Robertson and Seymour provided a complete characterization of graphs with bounded treewidth
with respect to the subgraph relation. In particular, they proved that every graph of large
treewidth contains a subdivision of a graph called a wall as a subgraph, and this subgraph has
big treewidth. See [2], page 378 for a full definition of a wall.

Lemma 1.1 ([16]). There is a function f : N — N such that every graph of treewidth at least
f(k) contains a subdivision of the (k x k)-wall as a subgraph.

An induced subgraph of a graph G is a graph H with V(H) C V(G) and for all u,v € V(H),
wv € E(H) if and only if uwv € E(G). For a graph H, a graph G is H-free if G does not contain
an induced subgraph isomorphic to H. For a set of graphs H, a graph G is H-free if G is
H-free for all H € H. Graph classes defined by forbidden induced subgraphs (also known as
hereditary graph classes) are important areas of interest and research in structural graph theory,
but unlike in the case of subgraphs, the relationship between induced subgraphs and treewidth
is not well understood. There are four well-known graph classes that are induced subgraph
obstructions to bounded treewidth: complete graphs, complete bipartite graphs, subdivided
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walls, and line graphs of subdivided walls. Any hereditary graph class with bounded treewidth
must exclude a fixed complete graph, a fixed complete bipartite graph, subdivisions of a fixed
wall, and line graphs of subdivisions of a fixed wall. Recently, Korhonen [13] proved that in
the case of bounded maximum degree, these are the only induced subgraph obstructions to
bounded treewidth. Therefore, the focus now is to determine which graph classes of unbounded
degree have bounded treewidth. Several previous papers in this series have proven that certain
hereditary graph classes of unbounded degree have bounded treewidth; see [1, 4]. Graph classes
in which treewidth is bounded by a logarithmic function of the number of vertices have also
been studied ([3, 7]).

A graph G is t-clean if G does not contain a subdivision of the (¢ x t)-wall, the line graph of
a subdivision of the (¢ x t)-wall, K, or K;; as an induced subgraph. Note that any graph of
bounded treewidth must be t-clean for some ¢ > 0. Let F be a hereditary graph class. We say
that F is special if every t-clean graph in F has bounded treewidth. A graph G is ISKy-freeif G
does not contain a subdivision of K, as an induced subgraph. A wheel (H,v) consists of a hole
H and a vertex v such that v has at least three neighbors in H. A cycle C has a unique chord
if it has exactly one chord (see also the definition below). A graph G does not contain a cycle
with a unique chord if every cycle of G has either no chords or at least two chords. Previously,
(ISKy4, wheel)-free graphs and the class of graphs that do not contain a cycle with a unique
chord were studied and structure theorems obtained for both classes ([14, 17]). In this paper,
we use these structure theorems and results about treewidth and certain cutsets to prove that
(ISKy4, wheel)-free graphs are special and that graphs that do not contain a cycle with a unique
chord are special.

Previous results in this series use “central bag methods” to decompose graphs along well-
chosen cutsets such as clique cutsets and star cutsets. Roughly, the central bag method allows
us to show that the treewidth of a “less complicated” induced subgraph S of G is bounded, and
that tw(G) < f(tw(pB)) for some function f. In this paper, we also decompose along well-chosen
cutsets that interact well with treewidth, and so we are likewise able to simplify the problem of
bounding the treewidth of G to the problem of bounding the treewidth of an induced subgraph
of G. It turns out that the different cutsets present in these graph classes (clique cutsets, 2-
cutsets, and 1-joins) also interact well with each other, so the full strength of the central bag
method is unnecessary. Instead, in this case, relating the treewidth of G to the treewidth of
the “less complicated” induced subgraph is easy. The results in this paper thus follow relatively
straightforwardly from the properties of these cutsets and from existing structure theorems
about the graph classes. Our results about the cutsets, in particular Theorem 2.5, could be
applied to other graph classes that are decomposable along 2-cutsets.

This paper is organized as follows. In Section 2, we describe the relationship between 2-cutsets
and treewidth. In Section 3, we prove that (ISK,, wheel)-free graphs are special. In Section 4,
we prove that graphs with no cycle with a unique chord are special.

1.1. Definitions. In this paper, we use induced subgraphs and their vertex sets interchangeably.
A path is a graph P with vertex set {p1,...,pr} and edge set {pip2,...,pk—1pk}. We write
P=p----- pr. The length of P is the number of vertices of P. The vertices p; and p; are the
ends of P. The interior of P, denoted P*, is P\ {p1,pr}. A cycle is a graph C with vertex
set {c1,...,cr} and edge set that includes {cico, ..., cx—1ck, cxc1}. We write C = ¢p-+- - cp-C1.
An edge of a cycle that is not listed above is called a chord. (Note that this is a nonstandard
way to define a cycle). A cycle with no chords is called a hole. Let G be a graph. A clique of
G is a subset C' C V(G) such that every pair of vertices in C are adjacent. Two disjoint sets
X, Y CV(G) are complete (anticomplete) if xy € E(G) (zy ¢ E(G)) for all x € X, y € Y. The
neighborhood of a vertex v, denoted N (v), is defined as N(v) = {u € V(G) : wv € E(G)}. If
uwv € E(G), then the graph G’ formed by subdividing edge uv is given by V(G’) = V(G) U {w},
E(G") = (E(G) \ {uv}) U {uw,wv}.
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2. 2-CUTSETS AND TREEWIDTH

In this section, we describe several results about how clique cutsets and 2-cutsets interact
with treewidth. Let G be a graph. A clique cutset of G is a clique C' of G such that G\ C
has more connected components than G. A 2-cutset is a pair of vertices u,v € V(G) such that
G\ {u,v} is not connected. A 2-cutset {u, v} is properif G \ {u,v} can be partitioned into two
parts (X,Y) such that X is anticomplete to Y and | X|,|Y| > 2. Let G be a graph and let {u, v}
be a proper 2-cutset of G. Let C be a connected component of G \ {u,v}. The closure of C,
denoted cl(C), is obtained from the graph induced by C' U{u,v} by adding edge uv. The strong
closure of C, denoted cl*(C), is the graph formed from cl(C') by subdividing the edge uv.

First, we remark that clique cutsets do not affect treewidth. For X C V(G), we let cc(G\ X)
denote the set of connected components of G\ X.

Lemma 2.1 ([5]). Let G be a graph. Then, the treewidth of G is equal to the mazimum treewidth
over all induced subgraphs of G with no clique cutset.

Next, we state a similar result for 2-cutsets. A connected graph G has a I-cutset if there
exists v € V(G) such that G\ {v} has at least two connected components. Note that a 1-cutset
is a clique cutset.

Lemma 2.2 ([5]). Let G be a graph with no 1-cutset and let {u,v} be a 2-cutset of G. Then,
tw(G) = maxcece(@\{u,v}) tW(cl(C)).

The following lemma states that subdividing an edge does not increase treewidth.

Lemma 2.3. Suppose G is a graph with tw(G) = k. Let uv be an edge of G, and let G’ be the
graph formed by subdividing edge uv ezactly once. Then, tw(G') = k.

Proof. If G is a forest, then G’ is a forest and the result holds, so we may assume k > 2. Let
w be the unique vertex of V(G’) \ V(G). Let (T, x) be a tree decomposition of G of width k.
Let t € V(T') be such that {u,v} C x(t). Let 7" be the tree formed from T by adding vertex ¢/
adjacent to vertex t, and let X’ be the map given by /() = x(¢) if t # ¢/, and X/(¢') = {u, w, v}.
Now, (T7,%’) is a tree decomposition of G’ with width equal to max(2,k) = k. This completes
the proof. O

Now, we have the following corollary:

Lemma 2.4. Let G be a graph with no 1-cutset and let {u,v} be a 2-cutset of G. Then,
tw(G) = maxcece(@\{u,w}) tW(cl*(C)).

Finally, we state the main result of this section. Let F be a hereditary graph class. We say
that F is 2-cutset-safe if for every graph G € F with no 1-cutset, for every 2-cutset {u,v} of G,
and every component C' of G \ {u, v}, either cl(C) € F or cI*(C) € F.

A graph G is prime if G has no clique cutset and no proper 2-cutset. Let F be a 2-cutset-safe
graph class and let G € F. We construct an F prime decomposition of G as follows. Let Gy = G.
If G is prime, the F prime decomposition of G is (Gp). For i > 1, the sequence is defined as
follows. If GG;_1 is prime, the sequence ends. If 7 is odd, then G; is an induced subgraph of G;_1
with no clique cutset, and subject to that, of maximum treewidth. If i is even, then G;_1 has
no clique cutset but is not prime, so G;_; has a proper 2-cutset {u,v}. Let C,...,C,, be the
components of G;_1 \ {u,v}, and let G; € F N {cl(Cy),...,cl(Cp,),cl*(Cy),...,cl"(Cy)} with
maximum treewidth. Now, (Gy,...,Gy) is an F prime decomposition of G, where Gy, is prime.
We say that Gy, is the prime base of the decomposition.

Theorem 2.5. Lett > 0 and let F be a 2-cutset-safe hereditary graph class. Let G € F and
let H be the prime base of an F prime decomposition of G. Then, tw(G) = tw(H). Further, let
J C F be the set of all prime graphs of F. Then, tw(G) < max ez tw(J).
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Proof. Let (Gy,...,Gg) be an F prime decomposition of G with Gy, = H. For 1 <i <k, if ¢
is odd, tw(G;) = tw(Gi—1) by Lemma 2.1, and if 7 is even, tw(G;) = tw(G;—1) by Lemmas 2.2
and 2.4. It follows that tw(G) = tw(H).

Since H € J and tw(G) = tw(H), it follows that tw(G) < maxje 7 tw(J). O

3. (ISK,, WHEEL)-FREE GRAPHS

In this section, we use Theorem 2.5 to prove that t-clean (ISKy, wheel)-free graphs have
bounded treewidth. We first state a structure theorem for (1.5 K4, wheel)-free graphs. Following
the notation of [14], we define a long rich square to be a graph G containing a four-vertex hole
S = uj-ug-us-uy as an induced subgraph such that every connected component C' of G \ S is
a path P = py----- pr with k& > 1, P* is anticomplete to S, and either N(p;) = {u1,u2} and
N(px) = {ug,usa}, or N(p1) = {u1,usa} and N(pg) = {uz,uz}. We call S the central square of
the long rich square G. A graph G is chordless if every cycle of G has no chord.

Theorem 3.1 ([14]). Let G be an (ISK4, wheel)-free graph. Then either:

G is series-parallel;

G is the line graph of a chordless graph with mazximum degree at most three;
G is a complete bipartite graph;

G is a long rich square;

G has a clique-cutset or a proper 2-cutset.

Note that in [14], a stronger definition of proper 2-cutset is given, but it also satisfies the
definition given in this paper. Next, we state a useful lemma relating the treewidth of a graph
to the treewidth of its line graph.

Lemma 3.2 ([11]). For all graphs G with mazimum degree A(G), it holds that
tw(L(G)) < (tw(G) + 1)A(G) — 1.
Now, we prove that (ISKy, wheel)-free graphs are 2-cutset-safe.
Lemma 3.3. The class of (ISKy, wheel)-free graphs is 2-cutset-safe.

Proof. Let G be an (ISK4, wheel)-free graph with no 1-cutset, let {u, v} be a 2-cutset of G, let
C be a connected component of G \ {u,v}. Let C’ be a connected component of G \ {u, v} such
that €’ # C. Since G does not have a 1-cutset, it follows that v and v both have neighbors
in C’. Let P be a path from u to v in C’. Since P\ {u,v} C C’, it follows that P\ {u,v} is
anticomplete to C.

We claim that cl*(C) is (I SKy, wheel)-free. Let w be the unique vertex of cl*(C')\ G. Suppose
cl*(C) contains an ISK, or a wheel, say H. Since C'is an induced subgraph of G and G is (IS Ky,
wheel)-free, it follows that w € H. Note that w has degree 2, so w is a vertex of a subdivided
path. Now, the subgraph H’' of G induced by (H \ {w}) U P is an induced subdivision of H. If
H is an ISKy, then so is H'; if H is a wheel, then H' is a wheel or an ISK},, a contradiction.
This completes the proof. O

Finally, we state the main result of this section.
Theorem 3.4. The class of (ISKy, wheel)-free graphs is special.

Proof. Let G be a t-clean (ISK4, wheel)-free graph. We show that tw(G) < 3f(¢) + 2, where
f is the function from Lemma 1.1. By Lemma 3.3, the class of (ISKy, wheel)-free graphs is
2-cutset-safe. Therefore, by Theorem 2.5, we may assume that G does not have a clique cutset
or a proper 2-cutset. Now we apply Theorem 3.1. If G is series-parallel, then tw(G) < 2 ([6]).
Suppose G is the line graph of a chordless graph H with maximum degree at most three. Then,
since G does not contain the line graph of a subdivision of the (¢ xt)-wall as an induced subgraph,
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it follows that H does not contain a subdivision of the (¢ x t)-wall as a subgraph (note that
edges become vertices in the line graph). By Lemma 1.1, tw(H) < f(t), and thus by Lemma
3.2, tw(G) < 3f(t) + 2. If G is a complete bipartite graph, then tw(G) < t (since G is t-clean).
Suppose G is a long rich square with central square S. Then, G\ S is a forest, so tw(G) < 5.
This completes the proof. [l

4. 1-JOINS AND UNIQUE-CHORD-FREE GRAPHS

In this section, we prove that ¢-clean graphs with no cycle with a unique chord have bounded
treewidth. We use a structure theorem proven in [17]. A I-join of G is a partition of V(G)
into two sets X and Y with |X]|,|Y| > 2 such that there exist non-empty A C X and B C Y
with A complete to B, X anticomplete to Y \ B, and Y anticomplete to X \ A. We denote
this 1-join by (X,Y, A, B). In this section, we use two graph parameters similar to treewidth,
called rankwidth and cliquewidth. We omit full definitions of these parameters here, since we are
only concerned with how they relate to treewidth. The definitions can be found in [15], section
3 (cliquewidth) and section 6 (rankwidth). We denote the rankwidth and the cliquewidth of a
graph G by rw(G) and cw(G), respectively.

First, we state a result from [12] about 1-joins and rankwidth.

Lemma 4.1 ([12]). Let G be a graph and let (X,Y, A, B) be a 1-join of G. Let a € A and let
b€ B. Then, rw(G) = max(rw(X U {b}),rw(Y U{a})).

The following results state relationships between rankwidth, cliquewidth, and treewidth.
Lemma 4.2 ([12]). Let G be a graph. Then, rw(G) < cw(G) < 2"+ _ 1,
Lemma 4.3 ([8]). Let G be a graph. Then, cw(G) < 20¥(@)+1 11,
]

Lemma 4.4 ([9]). Let t > 0 and let G be a graph with no Ky subgraph. Then, tw(G) <
3(t—1)ew(G) — 1.

Let R(t,t) denote the Ramsey number, that is, every graph with |V(G)| > R(t,t) has either
a clique or a stable set of size t. Now, we have a corollary of the previous lemma.

Lemma 4.5. Let t > 0 and let G be (Ky, Ky y)-free. Then tw(G) < 3(R(t,t) — 1)2( @+ 1,

Proof. We claim that G has no K ; subgraph, where s = R(t,t). Suppose G has a K s subgraph
with bipartition (X,Y"). Since |X| = R(t,1), it follows that X contains a clique or an independent
set of size t. Since G is K-free, it follows that X contains an independent set of size t, say A.
By symmetry, Y contains an independent set of size ¢, say B. But (A, B) is the bipartition of
an induced K;; of G, a contradiction. Now, by Lemma 4.4, tw(G) < 3(R(t,t) — 1) cw(G) — 1,
and by Lemma 4.2, cw(G) < 2@+ _ 1 and the result follows. 0

Next, we state a structure theorem from [17] for graphs that do not contain a cycle with a
unique chord. We begin with several definitions. The Petersen graph and the Heawood graph
are two well-studied graphs on ten and fourteen vertices, respectively. A graph G is strongly
2-bipartite if G is Cy-free, bipartite, and there exists a bipartition (X,Y) of G such that every
x € X has degree exactly 2 and every y € Y has degree at least 3. A graph G has a proper
1-join if it has a 1-join (X, Y, A, B) where A and B are stable sets of G of size at least 2.

In [17], the following theorem is proven:

Theorem 4.6 ([17]). Let G be a connected graph that does not contain a cycle with a unique
chord. Then either:

e (G is strongly 2-bipartite;

e (G is a hole of length at least 7;

e GG is a complete graph;
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e (G is an induced subgraph of the Petersen graph or the Heawood graph;
e GG has a I-cutset, a proper 2-cutset, or a proper 1-join.

Note that in [17], a stronger definition of proper 2-cutset is given, but it also satisfies the
definition given in this paper. In the following lemma, we show that if GG is strongly 2-bipartite
and t-clean, then the treewidth of G is bounded.

Lemma 4.7. Let G be a t-clean strongly 2-bipartite graph. Then, there exists a function f such
that tw(G) < f(t).

Proof. For a graph H, let Sy C V(H) denote the set of vertices of H of degree at least three.
By Theorem 7.1 of [1], there exists a constant w(t,A) such that for every graph H, if H has
treewidth at least w(¢, A) and Sy has maximum degree at most A, then H contains a subdivision
of the (t x t)-wall or the line graph of a subdivision of the (¢ x t)-wall as an induced subgraph.
We apply this theorem to G. By definition of strongly 2-bipartite, it follows that S¢g is a partite
set of a bipartition of G, and thus has maximum degree 0. Let f(¢) = w(¢,0), where w is as in
Theorem 7.1 of [1]. Now, since G is t-clean, it follows that tw(G) < f(¢). O

Next, we prove that 1-joins interact well with 1-cutsets and proper 2-cutsets.

Lemma 4.8. Let G be a graph with no proper 1-join, let u be a I-cutset of G, let C' be a
component of G\ {u}, and let C = C U{u}. Then, C has no proper 1-join.

Proof. Suppose that C has a proper 1-join (X,Y, A, B). By symmetry, we may assume u € X.
Let Cy,...,Cy, be the components of G\ {u} other than C. For each Cj, it holds that N(C;) =
{u}. Now, (XUC1U---UC,,Y, A, B) is a proper 1-join of G, a contradiction. O

Lemma 4.9. Let G be a graph with no proper 1-join, let {u,v} be a proper 2-cutset of G, and
let C' be a component of G\ {u,v}. Then, cI*(C) has no proper 1-join.

Proof. Suppose cl*(C) has a proper 1-join (X,Y, A, B). Let w be the vertex formed by subdi-
viding edge wv. First, we claim that up to symmetry, {u,v} C X. Suppose for a contradiction
that u € X and v € Y. Since u and v are non-adjacent, A is complete to B, and there are no
other edges from X to Y, we may assume that u € A, w € B, and v € Y \ B. But A is a stable
set of size at least 2, so it follows that |[N(w)| > 3, a contradiction. Therefore, we may assume
that {u,v} C X. Let Cy,...,Cy, be the components of G \ {u,v} different from C. For each
C; it holds that N(C;) C {u,v}. Now, (X UC,U---UCy,Y, A, B) is a proper 1-join of G, a
contradiction. O

Now, we prove that the class of graphs with no cycle with a unique chord is 2-cutset-safe.
Lemma 4.10. The class of graphs with no cycle with a unique chord is 2-cutset-safe.

Proof. Let G be a graph with no cycle with a unique chord and assume that G has no 1-cutset.
Let {u,v} be a 2-cutset of G, let C' be a connected component of G \ {u,v}, and let w be the
unique vertex of clI*(C) \ G. Let C’ be a connected component of G \ {u, v} such that C" # C.
Since G does not have a 1-cutset, it follows that v and v both have neighbors in C’. Let P be
a path from v to v in C”. Since P\ {u,v} C ', it follows that P\ {u, v} is anticomplete to C.

Suppose that cl*(C') contains a cycle with a unique chord, say H = hi-----hg-h; with chord
hihj, where 1 < ¢ < j —1 < k. Since C is an induced subgraph of G and G' does not contain a
cycle with a unique chord, it follows that w € H, and so u,v € H. Because w has degree 2, it
follows that w ¢ {h;, h;}. Let H' be the cycle of G given by (H \ {w}) U P. Now, H' is a cycle
with a unique chord, a contradiction. It follows that the class of graphs with no cycle with a
unique chord is 2-cutset-safe. (I

Finally we state and prove the main theorem of this section.
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Theorem 4.11. The class of graphs that do not contain a cycle with a unique chord is special.

Proof. Let G be a t-clean graph that does not contain a cycle with a unique chord. We show
that tw(G) < 3(R(t,t) — 1)22"7+2 — 1 for s = max(f(t),14) (where f(¢) is as in Lemma 4.7).
Suppose that G has a proper 1-join (X,Y, A, B). Let a € A and b € B. Let G; = X U {b} if
rw(X U{b}) > rw(Y U {a}), and let G; = Y U {a} otherwise. For ¢ > 1, if G; has a proper
1-join, define G;41 similarly with respect to G;, until G has no proper 1-join. Now, it follows
from Lemma 4.1 that rw(G) < rw(Gy,).

Next, we determine the treewidth of G. By Lemma 4.10, G, is a member of a 2-cutset-safe
graph class. Let Hy = G and let (Hy, ..., Hy,,) be an F prime decomposition of Gy, where F
is the class of graphs that do not contain a cycle with a unique chord. For 1 < ¢ < m, if 7 is
odd, then H; has no proper 1-join by Lemma 4.8, and if ¢ is even, then H; has no proper 1-join
by Lemma 4.9. Therefore, H,, has no proper 1-join, and by Theorem 2.5, tw(G}j) = tw(Hy,).

Let H = H,,. Now, we apply Theorem 4.6. If H is a clique, then tw(H) < ¢t. If H is
strongly 2-bipartite, then by Lemma 4.7, tw(H) < f(¢). If H is a hole, then tw(H) < 2. If
H is an induced subgraph of the Petersen graph, then tw(G) < 10 (the number of vertices in
the Petersen graph). If H is an induced subgraph of the Heawood graph, then tw(G) < 14
(the number of vertices in the Heawood graph). Therefore, tw(H) < max(f(t),14), and thus
tw(Gr) < max(f(t),14).

Let s = max(f(t),14). By Lemma 4.3, cw(Gy) < 257! + 1, and by Lemma 4.2, rw(G})
2571 + 1. By Lemma 4.1, it follows that rw(G) < 25*1 + 1. Now, by Lemma 4.5, tw(G)
3(R(t,t) — 1)22°7'+2 — 1. This completes the proof.

O IAIA

Note that in the above proof, it is sufficient to modify the definition of F prime decomposition
to decompose by 1-cutsets instead of all clique cutsets.
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