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Gaussian mixture (GM) modeling

Heteroscedastic low-rank GM

iid.

> K-component GM: y;, | (hn = j) "~ N(y;j, Lj), with P(hy = j) = 7;,

n=1,...,N,j=1,... K

Liu Zhang (Princeton University

Example of a heteroscedastic low-rank GM
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Gaussian mixture (GM) modeling

Example of a heteroscedastic low-rank GM
Heteroscedastic low-rank GM

e j=1:m =060 R =1
:ome =030, Ry =1
: 73 =0.10, R3=2

» K-component GM: y,, | (h, = j) iid. N(uj, Zj), with P(hy = j) = n;,
n=1,..,N,j=1,...,K
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Gaussian mixture (GM) modeling

Example of a heteroscedastic low-rank GM
Heteroscedastic low-rank GM
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Gaussian mixture (GM) modeling

Example of a heteroscedastic low-rank GM

Heteroscedastic low-rank GM

e j=1:m=060, R =1
N ; o j=2:m=030, Ry=1
» K-component GM: y;, | (hy, =) "~ N(y;, %), with P(h, = j) = 7}, ®  j=3:m=010, Ry=2
ﬂzl,...,N,jzl,...,K, 10 7,
> Heteroscedastic: component-specific X, ; .
e o
» Low-rank: rank(X;) = Rj < Rmax < d,XZ; = V]-V].T. " " +‘/£&""
2 0 ',,--'4]'-';
: * * S * * * e M
Goal: to estimate O =(n1,...,nK; TR 1o Vl,...,V) . . ::
from N observations, given K and Rmax. ol £
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Gaussian mixture (GM) modeling

Example of a heteroscedastic low-rank GM
Heteroscedastic low-rank GM

e j=1:m=060, R =1
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Gaussian mixture (GM) modeling

Example of a heteroscedastic low-rank GM
Heteroscedastic low-rank GM

e j=1:m=060, R =1
iid ® j=2:m=030, Ro=1
» K-component GM: y;, | (hy, =) "~ N(y;, %), with P(h, = j) = 7}, ®  j=3:m=010, Ry=2
n=1,...,N,j=1,... K, 0
> Heteroscedastic: component-specific X, :
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Additive noise + strong e-contamination:
ii.d.
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. Yn + &n, Gf n € Iip) (2
4 an, Gf n € Tour)
Zhang-Mickelin-Xu-Singer (2025), Model 1.1.
with a partition {1,...,N} = 7, U Zout, | Zoutl < €eN.
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Method of Moments (MM)

Classical method of moments [Pearson, 1894]
GM parameter estimation by matching the moments.

» Target GM parameter: 0* = (nf, . ..,n;; yi‘,...,yﬁ; Vl*, ..., V¥)e®cCR:.

» Moment function: for k-th model moment M¥)(0) € S¥(RY) and Y€ R4, define

2(6;y) = (vec(M<1> (0) —y);- - ;vee( ML) (0) — y®L))T eRY, g=d+---+d-=0(dh).

Liu Zhang (Princeton University) SIAM AN26 | MS114 3/20



Method of Moments (MM)

Classical method of moments [Pearson, 1894]
GM parameter estimation by matching the moments.

» Target GM parameter: 6* = (11},..., 7} Uy, .- Wi Vi, ..., VF) € ®@ CRP.
» Moment function: for k-th model moment M(k)(e) e SK(R?) and Y€ RY, define
T
g(6;y) = (vec(M(1> 0)—y);-- ;vee(ML) (0) - y®L)) eRY, g=d+---+d-=0@b).
» Population moment conditions: in expectation, model moments match data moments at ORE

E[g(0*;y)] =0eRY.

» Sample moment conditions: MM s obtained by solving for 0 using the sample analogue:

N

o — 1 . =

an(0) = N Z;g(ﬂ,yn) =0eRY.
n=

Liu Zhang (Princeton University) SIAM AN26 | MS114 3/20



Generalized Method of Moments (GMM)

[ Classical method of moments [Pearson, 1894] [Generalized method of moments [Hansen, 1982]}

GM parameter estimation by matching the moments. Asymptotically efficient when W = ¢S~1.

A GMM estimator is obtained by solving a weighted least-squares problem:

0'MM) = arg min Q (8) = Zn(0)TWZN(O).
0c®
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Generalized Method of Moments (GMM)

GM parameter estimation by matching the moments. Asymptotically efficient when W = ¢S~1.

[ Classical method of moments [Pearson, 1894] [Generalized method of moments [Hansen, 1982]}

A GMM estimator is obtained by solving a weighted least-squares problem:

0'MM) = arg min Q (8) = Zn(0)TWZN(O).
0c®

» Reduces to O™MM) when W = I,

» [Hansen, 1982]: asymptotically efficient when W = ¢S -1 for any ¢ > 0 and

S = lim Var

N—oo

1 N
— > (6% yn)} .
2
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Generalized Method of Moments (GMM)

GM parameter estimation by matching the moments. Asymptotically efficient when W = ¢S~1.

[ Classical method of moments [Pearson, 1894] [Generalized method of moments [Hansen, 1982]}

Multi-step GMM optimization is often used in practice to alternately obtain a consistent estimator
Sl] and a consistent estimator 01*]:

N
1 ~ ~rp_
Sl =5 Zg((-)lf U y)g0U 4,7,
n=1

=il

8"1 = argmin Q\{}(0) := g ()7 W'lzy (6), W1 = (31)
0O

This terminates when t =T or Héltl = 5“‘”” < eg with stopping criteria constants T, ¢g.
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Generalized Method of Moments (GMM)

» Multi-step GMM optimization:

—~ —~ —~ -1
01 = argminQ!'(0) == gn (0)T Wltlgy (8), WY = (§[ﬂ) eR™, g=0(db).
0O

4 \

Computational bottlenecks

» Moment tensors: O(dl) entries.

» Full GMM weighting matrix: requires
inverting O(dl)-by-O(dl), often

ill-conditioned covariance matrix.

Liu Zhang (Princeton University) SIAM AN26 | MS114 4/20



Generalized Method of Moments (GMM)

» Multi-step GMM optimization:

P —~ —~ -1
01 = argminQY(0) = g ()" Wllgy (0), WI1=(81) e r™, g=0(ab).
0O

's N s N

Computational bottlenecks Outlier sensitivity

» Moment tensors: O(dl) entries. > Sample moment conditions Fy:

» Full GMM weighting matrix: requires each observation has equal contribution.
inverting O(dl)-by-O(dl), often

. = . . » Effects of outliers get amplified.
ill-conditioned covariance matrix.
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Generalized Method of Moments (GMM)

» Multi-step GMM optimization:

—~ —~ —~ -1
01 = argminQ!'(0) == gn (0)T Wltlgy (8), WY = (§[ﬂ) eR™, g=0(db).
0O

's N s

Diagonally-weighted
GMM (DGMM) [ZMXS25]

» Strategic weighting for moment conditions.

Outlier sensitivity

» Sample moment conditions 3y
each observation has equal contribution.

> Fast moment computation.
P » Effects of outliers get amplified.

» Theoretical guarantees.

Liu Zhang (Princeton University) SIAM AN26 | MS114 4/20




Generalized Method of Moments (GMM)

» Multi-step GMM optimization:

0" = argminQl)(0) = v (0)T W!'lzy (0),

0O

—~ -1
Wit = (§[ﬂ) eR™, g=0(db).

Diagonally-weighted
GMM (DGMM) [ZMXS25]

> Fast moment computation.

» Theoretical guarantees.

» Strategic weighting for moment conditions.

~\

-

v

v

Spectral-Gradient-Reweighted
GMM (SGR-GMM) [ZS26]
Strategic weighting for per-observation

moment-matching gradients.
Robust DGMM specialization.

Theoretical guarantees.

Liu Zhang (Princeton University)
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Diagonally-weighted Generalized Method of Moments (DGMM)

Diagonally-weighted
GMM (DGMM) [ZMXS25]

» Strategic weighting for moment conditions.

7526

» Fast moment computation.

» Theoretical guarantees.

Liu Zhang (Princeton University) SIAM AN26 | MS114 4/20



DGMM: strategic weighting for moment conditions

w,

order 1

d copies of w,

order 2

d"2 copies of w,

DGMM weighting matrix.

Liu Zhang (Prin

d"L copies of w_

Idea. Optimal order-wise diagonal approximate inverse:

Wil = arg min

|w§Tf1 - 1||2 )
WeWw F

where W is the set of diagonal matrices of the form
diag(wy,...,wy,...,wr,..., wr).

————— [ —
d copies dL copies
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DGMM: strategic weighting for moment conditions

- Idea. Optimal order-wise diagonal approximate inverse:
order 1
w, . d copies of w, 3 g‘[t]
. N 7. S
u closed form: w}[:] = #12, =1...,L
» order 2 Z Zq (g[t])
. » d"2 copies of w, ieli j=1 1
Wi = diag@!,..., @l &, @l

d copies dL copies

d"L copies of w_

DGMM weighting matrix.
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DGMM: strategic weighting for moment conditions

order 1

d copies of w,

order 2

d"2 copies of w,

DGMM weighting matrix.

Liu Zhang

(Princeton University)

d"L copies of w_

Idea. Optimal order-wise diagonal approximate inverse:

alt]
[t _ Zie]k Siz‘
K ST ——

ier, Z;—Ll (31,]”)2 ’

closed form: @

Wi = diag@!,..., @l &, @l

d copies dL copies
Advantages.
» down-weight noisier moment orders;
» avoid the unstable inverse (gm)_l ;

» reduce weight-estimation noise by only using L weights.
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DGMM: fast moment computation

X expensive
tensor computation

(0 ,)
W) = MO | ooy [ Con = ) |

X expensive
tensor computation

X expensive
kernel computation

Y

‘ DGMM objective Q%], gradients Vg QI[\';], and weights fﬁl[f] ‘
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DGMM: fast moment computation

v fast v fast
Bell-polynomial computation Bell-polynomial computation
building on [PKK22] building on [PKK22] X expensive
p®(0) = P 0(0; ) = kernel computation
= (1) *) S ‘ Cinn = (Yn,y ,)k ‘
Z ﬂileBk(Kij s K ) Zn]- Bk(y;Hj,y,IV}V}Tyn,O,...,O) 0 nrYn
i,j=1 j=1

Y

‘ DGMM objective Ql[\t]], gradients Vg QE]], and weights z’u\][(t] ‘
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DGMM: fast moment computation

v fast
Bell-polynomial computation

v

Bell-polynomial computation

fast v/ randomized

Nystrém approximation

building on [PKK22] building on [PKK22] building on [0G17]
#(0) = v O@;yn) = m landmarks
K K . .
(1) (k) (representative points)
.ZlninjBk(Kif s K ) Z;nj Bk(y;Hj,y,IVjVjTyn,O,...,O) instead of N points
i,j= =

Y

/

‘ DGMM objective Ql[\t]], gradients Vg QE]], and weights z’u\][(t]

Liu Zhang

(Princeton University)
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DGMM: theoretical guarantees

Statistical guarantees

Under standard global and local identification conditions,

» Consistent:
§(DGMM) L o*
» Asymptotically normal:
m(g(DGMM) - 0%) N N(0, VDGMM))

> Intermediate asymptotic efficiency:

V(DGMM) — A—lBA—l

L L
A= Z kakTGk, B = Z lUkZUk'GkTSkk’Gk'.
k=1 kk'=1

[Zhang-Mickelin-Xu-Singer, 2025], Thm. 4.1.
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DGMM: theoretical guarantees

Computational guarantees

» Overall computational complexity of DGMM:

>
O(L?K? + LK2dR2,,, + NLK + NKdRmax + NLdm).
> for constant-sized Gaussian mixtures:
fixed K, L, Rmax = linear in N and d
> » MM: O(Nd“ KR max)

> GMM: O(Nd?" + @ + Nd"* T KR max + d?2T 1 KR max)

Zhang-Mickelin-Xu-Singer (2025), Thm. 4.11.

Zhang-Mickelin-Xu-Singer (2025), Thm. 4.1.

Liu Zhang (Princeton University) SIAM AN26 | MS114 7/20



DGMM numerical results

Covariance error Erry across four cases lower is better

Regime MM GMM DGMM
d = 10, same rank 0.01244 0.05239 0.00581
d = 100, same rank 7.4772* NAt 0.01556
d = 10, diff. ranks 0.13736 0.33879 0.01986
d =100, diff. ranks 0.08657* NAt 0.00744

* Standard MM and GMM are computationally infeasible in the two d = 100 cases.
* The reported d = 100 MM baseline uses fast Bell-polynomial moment computation with identical weights.

[ DGMM improves parameter estimation error across the four cases. }

Liu Zhang (Princeton University) SIAM AN26 | MS114 8/20



DGMM: numerical results

Runtime across four cases lower is better

Regime MM GMM DGMM

d = 10, same rank 28.3s + 2.71s 11m43s + 12.1s 14.3s + 0.089s
d = 100, same rank 17m29s + 24.9s* NAt 2mb51s + 2.31s
d =10, diff. ranks 2m29s + 1.66s 7m39s + 10.7s 42.2s + 0.396s
d =100, diff. ranks 17m4ls + 2.4s* NAY 6m24s + 11.9s

* Standard MM and GMM are computationally infeasible in the two d = 100 cases;
* The reported d = 100 MM baseline uses Bell-polynomial moment computation with identical weights.

[ DGMM improves runtime across the four cases. }

Liu Zhang (Princeton University) SIAM AN26 | MS114 9/20



Spectral-Gradient-Reweighted GMM (SGR-GMM)

Spectral-Gradient-Reweighted
GMM (SGR-GMM) [ZS26]
» Strategic weighting for per-observation
moment-matching gradients.

» Robust DGMM specialization.

ZMXS25

> c
» Theoretical guarantees.
|

SIAM AN26 | MS114 10/20
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SGR-GMM: motivations

Strong e-contamination *x x

v o Yn, (if n € Zin) P C '. .

e Lw) ! S
with a partition {1,..., N} = Lin U Zout, [ Zout] < €N.

. J
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SGR-GMM: motivations

|

Strong e-contamination

v yn/ (lf ne Im)
Y"=\a,, Gfnely '

with a partition {1,..., N} = i U Jou, [ Loutl < €N.

Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

Liu Zhang (Princeton University)

SIAM AN26 | MS114
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SGR-GMM: motivations

Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

The feasibility problem is nonconvex in w:
to find w € Ay ¢, such that

k «(k k « (k
3o (- ) (81 - 7).

n

k (k largest spectral directions
< Cstop,kr ( ) Zw ( ). g P

op
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SGR-GMM: motivations

Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

For arbitrary fixed-center [i, the feasibility problem is convex in w:
to find w € Ay ¢, such that

Yo (8 -7) (2 -8)

y(w; ) =

< Cstop,kA

CP

Liu Zhang (Princeton University) SIAM AN26 | MS114

largest spectral directions
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SGR-GMM: motivations

Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

Rewritten as a convex-concave game:

Yo (89 -7) (2 -)
op
= max Yo (& -5) o (3 -).

— classical entropy-regularized multiplicative-weights (MW) - matrix
multiplicative-weights (MMW) algorithm [AHK12].

y(w; ) =

largest spectral directions

Density-matrix player: Gradient-weight player:
expose the spectral directions suppress gradients most respon-
with the largest weighted energy. sible for the exposed directions.

Liu Zhang (Princeton University) SIAM AN26 | MS114 11/20



SGR primitive: solve, recenter, certify

Initialize center

gt = geometric median

Liu Zhang (Princeton University) SIAM AN26 | MS114 12/20



SGR primitive: solve, recenter, certify

Solve fixed-center game

Initialize center )
1 . . run T MW-MMW rounds to obtain
y[ 1= geometric median ~ 5] . s

wil ~ argminge, v (w; p*l)

Liu Zhang (Princeton University) SIAM AN26 | MS114 12/20



SGR primitive: solve, recenter, certify

Solve fixed-center game

Initialize center )
1 . . run T MW-MMW rounds to obtain
y[ 1= geometric median ~ 5] . s

wil ~ argminge, v (w; p*l)

Recenter
o1l = 3, w10
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SGR primitive: solve, recenter, certify

Solve fixed-center game

Initialize center )
1 . . run T MW-MMW rounds to obtain
y[ = geometric median ~ 5] . s

wil ~ argminge, v (w; p*l)

Recenter

et = 3, wf g

repeat until the stopping certificate is met
(inspired by iteratively reweighted least squares (IRLS) [LM18; LLMZ25])

Stopping certificate: y(i)[s];ﬁ[s]) = < Cstop k-

op

Ykl - ath? - ghT
n

Liu Zhang (Princeton University) SIAM AN26 | MS114 12/20



SGR-GMM: robustify, reweight, certify

GMM optimization
via L-BFGS

Liu Zhang (Princeton University) SIAM AN26 | MS114 13/20



SGR-GMM: robustify, reweight, certify

G N Whenever L-BFGS is locally
MN.I optlmggtlon stabilized, run SGR on the
via L-BF per-observation gradients

Liu Zhang (Princeton University) SIAM AN26 | MS114 13/20



SGR-GMM: robustify, reweight, certify

o Whenever L-BFGS is locally . .
GMM optimization stabilized, run SGR on the Update gradient weights

e AR per-observation gradients el st LR
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SGR-GMM: robustify, reweight, certify

o Whenever L-BFGS is locally . .
GMM optimization stabilized, run SGR on the Update gradient weights

e AR per-observation gradients el st LR

repeat GMM optimization until the stopping certificate is met

Stopping certificate: i = imax Or Hém = é[i_1]|| < €l

Liu Zhang (Princeton University) SIAM AN26 | MS114 13/20



SGR-GMM: theoretical guarantees

1. Fixe:] :enter game ')'('ZU s]. u S ) —( )P (”[5]) < 41’(\/10g(1/(1 8)) \/ g‘ )

Zhang-Singer (2026), Thm. 3.14.
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SGR-GMM: theoretical guarantees

1. Fixe:] :enter game ')'('ZU s]. u S ) —( )P (”[5]) < 41’(\/10g(1/(1 8)) \/ g )

Zhang-Singer (2026), Thm. 3.14.

DY
J\_

2. Fixed-center updates ol < el 4 R 7, e =

1
<1 br0£53<§
convergence

1-2¢

Zhang-Singer (2026), Thm. 3.23.
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SGR-GMM: theoretical guarantees

1. Fixe:] :enter game ')'('ZU s]. u S ) —( )P (”[5]) < 41’(\/10g(1/(1 8)) \/ g )

Zhang-Singer (2026), Thm. 3.14.

DY
J

2. Fixed-center updates < a4+ Rop, e =T <1 for0se< %
convergence ¢
Zhang-Singer (2026), Thm. 3.23.
- J
. _ 2 <
3. Local finite-sample H(.)(SGR-GMM) _ 0*”2 < — Zak(éy/k«;”% /_Ck) + bopt
parameter error k=1

Zhang-Singer (2026), Thm. 3.33.
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SGR-GMM: RobustDGMM specialization

( )
Heteroscedastic
L low-rank GM

Additive noise +
strong e-contamination

& N0, Zg),

. {yn + &y, (if n e L)

" a,, Gfn e Ty

with a partition {1,...,N} =
Tin U Lout, | Loutl < €N.
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SGR-GMM: RobustDGMM specialization

( N\ ( )
Heteroscedastic . ~[t] ~[t]
DGMM weights: w; ,...,w, € R
L low-rank GM )L 1 L )
+ 'd v N\
( Additive noise + ) SGR-GMM weights: w'") = (fﬁ.(lk), o, @(\/‘)) € An e
strong e-contamination N . )
5, iid. N, Z¢), ( Robust DGMM gradient: )
. Yn +&n, (Gf n € Liy) L
A {an, e T * || VOQN(0) = > @1 |Ved®(0;8) - 2Zw Vo ®(6; &, i)
k=1
with a partition {1,...,N} = . .. .
Tin U Tout, | Toutl N. ¢ and ) incorporate Xg through the Gaussian cumulants.

Liu Zhang (Princeton University) SIAM AN26 | MS114 15/20



SGR-GMM: numerical results

Estimation error for different estimators under increasing contamination Isolated SGR experiment

—— Coordinatewise median —@— Sample mean -10
3.0 1 —#*— Geometric median —>— Algorithm SGR > p=10
—#— Oracle inlier mean » N =600,
2.5 4 » directional Gaussian
replacement outliers.
—
g 2.0 1
)
&
g 1.5
S
=
1.0
0.5 A
0.0- & M

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Contamination fraction e

Zhang-Singer (2026), Sec. 5.1.1, Fig. 1.
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SGR-GMM: numerical results

Estimation error for different estimators under increasing contamination

3.0 1

Mean /5 error
= N o
@ =) )
) ! )

—
fe=}
1

e
N
L

0.0 1

—— Coordinatewise median —@— Sample mean
—&— Geometric median —>— Algorithm SGR
—§— Oracle inlier mean
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Zhang-Singer (2026), Sec. 5.1.1, Fig. 1.
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Isolated SGR experiment
» p =10,
» N =600,

» directional Gaussian
replacement outliers.

Near-oracle weighting

Even with increasing €, the SGR
error differs from the oracle inlier-
mean error by at most 7.24 x 107°.
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SGR-GMM: numerical results

Baseline DGMM vs. RobustDGMM: d =5, K =2, N = 1000, L = 4, five random trials.

Distribution of err_pi Distribution of err_mu Distribution of err_cov
30

Clean GM

Numerically
identical.

Zhang-Singer (2026), Section 5.2.2, Table 1 and Fig. 5.
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GM + contamination

baseline DGMM error
vs. RobustDGMM error:

17.1X (Erry), 2.9X (Erry), 15.6X (Erry).

SIAM AN26 | MS114

GM + additive noise
+ contamination
baseline DGMM error
vs. RobustDGMM error:
6.2X (Erry), 3.5% (Erry), 12.6X (Erry).
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Takeaways

Spectral-Gradient-Reweighted
GMM (SGR-GMM) [ZS26]

» Strategic weighting for per-observation
moment-matching gradients.

Diagonally-weighted
GMM (DGMM) [ZMXS25]

> Strategic weighting for moment conditions.

SR Rt > Robust DGMM specialization.
» Theoretical guarantees.

» Theoretical guarantees.
| J | J

[ZMXS25] L. Zhang, O. Mickelin, S. Xu, and A. Singer. “Diagonally-Weighted Generalized Method of Moments
Estimation for Gaussian Mixture Modeling”. In: a7 Xiv preprint arXiv:2507.20459 (2025).

[ZS26] L. Zhang and A. Singer. “Robust Moment-Based Estimation via Spectral Gradient Reweighting”. In:
arXiv preprint arXiv:2605.27718 (2026).
Ok%40

DGMM: scalable moment condition weighting
SGR-GMM: robust per-observation gradient weighting

SGR-GMM
SIAM AN26 | MS114 18/20
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Future directions

» apply DGMM to other parameter estimation problems, especially in low-SNR regimes,

> apply SGR-GMM to other GMM procedures, e.g., Instrumental Variables (IV) estimation,
Z-estimation, ...

> additional theoretical questions: sample complexity, moment identifiability, ...

[ZMXS25] L. Zhang, O. Mickelin, S. Xu, and A. Singer. “Diagonally-Weighted Generalized Method of Moments
Estimation for Gaussian Mixture Modeling”. In: a7 Xiv preprint arXiv:2507.20459 (2025).
[ZS26] L. Zhang and A. Singer. “Robust Moment-Based Estimation via Spectral Gradient Reweighting”. In:
arXiv preprint arXiv:2605.27718 (2026).
Ok%40

DGMM: scalable moment condition weighting
SGR-GMM: robust per-observation gradient weighting

SGR-GMM
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Q&A

Thank you.
Questions and comments are welcome.
Contact: 1z1619@princeton.edu.
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