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Gaussian mixture (GM) modeling

Heteroscedastic low-rank GM
⊋ 𝐿-component GM: !𝑀 | (𝑁𝑀 = 𝑂) i.i.d.

→ ↑(𝜴𝑂 ,ω𝑂), with P(𝑁𝑀 = 𝑂) = 𝜑𝑂 ,
𝑀 = 1, . . . ,𝑃 , 𝑂 = 1, . . . , 𝐿,
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Gaussian mixture (GM) modeling

Heteroscedastic low-rank GM
⊋ 𝐿-component GM: !𝑀 | (𝑁𝑀 = 𝑂) i.i.d.

→ ↑(𝜴𝑂 ,ω𝑂), with P(𝑁𝑀 = 𝑂) = 𝜑𝑂 ,
𝑀 = 1, . . . ,𝑃 , 𝑂 = 1, . . . , 𝐿,

⊋ Heteroscedastic: component-specific ω𝑂 ,

⊋ Low-rank: rank(ω𝑂) = 𝑄𝑂 ↓ 𝑄max ↓ 𝑅,ω𝑂 = 𝑆𝑂𝑆↔

𝑂 .

Goal: to estimate 𝜶𝜒 = (𝜑𝜒
1 , . . . ,𝜑

𝜒
𝐿 ; 𝜴𝜒1 , . . . , 𝜴

𝜒
𝐿 ; 𝑆𝜒

1 , . . . ,𝑆𝜒
𝐿 )

from 𝑃 observations, given 𝐿 and 𝑄max.
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Gaussian mixture (GM) modeling

Heteroscedastic low-rank GM
⊋ 𝐿-component GM: !𝑀 | (𝑁𝑀 = 𝑂) i.i.d.

→ ↑(𝜴𝑂 ,ω𝑂), with P(𝑁𝑀 = 𝑂) = 𝜑𝑂 ,
𝑀 = 1, . . . ,𝑃 , 𝑂 = 1, . . . , 𝐿,

⊋ Heteroscedastic: component-specific ω𝑂 ,
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Weak-separation / low-SNR:
!!ω𝑂

!!
𝑇 ↗

!!𝜴𝑂
!!

2.
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⊋ 𝐿-component GM: !𝑀 | (𝑁𝑀 = 𝑂) i.i.d.

→ ↑(𝜴𝑂 ,ω𝑂), with P(𝑁𝑀 = 𝑂) = 𝜑𝑂 ,
𝑀 = 1, . . . ,𝑃 , 𝑂 = 1, . . . , 𝐿,
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⊋ Low-rank: rank(ω𝑂) = 𝑄𝑂 ↓ 𝑄max ↓ 𝑅,ω𝑂 = 𝑆𝑂𝑆↔

𝑂 .

Weak-separation / low-SNR:
!!ω𝑂

!!
𝑇 ↗

!!𝜴𝑂
!!

2.

Additive noise + strong 𝜓-contamination:

𝜷𝑀
i.i.d.
→ ↑(0,ω𝜷),

!̌𝑀 =
{
!𝑀 + 𝜷𝑀 , (if 𝑀 ↘ ≃in)
"𝑀 , (if 𝑀 ↘ ≃out)

,

with a partition {1, . . . ,𝑃} = ≃in ⇐ ≃out , |≃out| ↓ 𝜓𝑃 .
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Method of Moments (MM)

Classical method of moments [Pearson, 1894]
GM parameter estimation by matching the moments.

Generalized method of moments [Hansen, 1982]
Asymptotically e!cient when 𝑈 = 𝑉𝑊⇒1.

⊋ Target GM parameter: 𝜶𝜒 = (𝜑𝜒
1 , . . . ,𝜑

𝜒
𝐿 ; 𝜴𝜒1 , . . . , 𝜴

𝜒
𝐿 ; 𝑆𝜒

1 , . . . ,𝑆𝜒
𝐿 ) ↘ ε ⇑ R𝑋 .

⊋ Moment function: for 𝑌-th model moment ⇓(𝑌)(𝜶) ↘ S𝑌(R𝑅) and ! ↘ R𝑅 , define

𝑍(𝜶; !) ϑ
(
vec(⇓(1)

(𝜶) ⇒ !); · · · ; vec(⇓(𝑎)
(𝜶) ⇒ !⇔𝑎)

)↔
↘ R𝑏 , 𝑏 = 𝑅 + · · · + 𝑅𝑎 = ↖(𝑅𝑎).
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⊋ Target GM parameter: 𝜶𝜒 = (𝜑𝜒
1 , . . . ,𝜑

𝜒
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𝜒
𝐿 ; 𝑆𝜒
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𝐿 ) ↘ ε ⇑ R𝑋 .
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𝑍(𝜶; !) ϑ
(
vec(⇓(1)

(𝜶) ⇒ !); · · · ; vec(⇓(𝑎)
(𝜶) ⇒ !⇔𝑎)

)↔
↘ R𝑏 , 𝑏 = 𝑅 + · · · + 𝑅𝑎 = ↖(𝑅𝑎).

⊋ Population moment conditions: in expectation, model moments match data moments at 𝜶𝜒:

E
[
𝑍(𝜶𝜒; !)

]
= 0 ↘ R𝑏 .

⊋ Sample moment conditions: 𝜶(MM) is obtained by solving for 𝜶 using the sample analogue:

𝑍̄𝑃 (𝜶) ϑ
1
𝑃

𝑃∑
𝑀=1

𝑍(𝜶; !𝑀) = 0 ↘ R𝑏 .
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Generalized Method of Moments (GMM)

Classical method of moments [Pearson, 1894]
GM parameter estimation by matching the moments.

Generalized method of moments [Hansen, 1982]
Asymptotically e!cient when 𝑈 = 𝑉𝑊⇒1.

A GMM estimator is obtained by solving a weighted least-squares problem:

𝜶(GMM) = arg min
𝜶↘ε

𝑐𝑃 (𝜶) ϑ 𝑍̄𝑃 (𝜶)↔𝑈𝑍̄𝑃 (𝜶).
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𝑐𝑃 (𝜶) ϑ 𝑍̄𝑃 (𝜶)↔𝑈𝑍̄𝑃 (𝜶).

⊋ Reduces to 𝜶(MM) when 𝑈 = 𝑑,
⊋ [Hansen, 1982]: asymptotically e!cient when 𝑈 = 𝑉𝑊⇒1 for any 𝑉 > 0 and

𝑊 = lim
𝑃↙∝

Var

[
1

′
𝑃

𝑃∑
𝑀=1

𝑍(𝜶𝜒; !𝑀)

]
.
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Generalized Method of Moments (GMM)

Classical method of moments [Pearson, 1894]
GM parameter estimation by matching the moments.

Generalized method of moments [Hansen, 1982]
Asymptotically e!cient when 𝑈 = 𝑉𝑊⇒1.

Multi-step GMM optimization is often used in practice to alternately obtain a consistent estimator
𝑊[𝑒] and a consistent estimator 𝜶[𝑒]:

𝑊[𝑒] =
1
𝑃

𝑃∑
𝑀=1

𝑍(𝜶[𝑒⇒1]; !𝑀)𝑍(𝜶[𝑒⇒1]; !𝑀)↔ ,

𝜶[𝑒] = arg min
𝜶↘ε

𝑐[𝑒]
𝑃 (𝜶) ϑ 𝑍̄𝑃 (𝜶)↔ 𝑈̂ [𝑒] 𝑍̄𝑃 (𝜶) , 𝑈̂ [𝑒] =

(
𝑊[𝑒]

)⇒1
.

This terminates when 𝑒 = 𝑓 or
!!!𝜶[𝑒] ⇒ 𝜶[𝑒⇒1]

!!! < 𝜔𝜶 with stopping criteria constants 𝑓 , 𝜔𝜶 .
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Generalized Method of Moments (GMM)

⊋ Multi-step GMM optimization:

𝜶[𝑒] = arg min
𝜶↘ε

𝑐[𝑒]
𝑃 (𝜶) ϑ 𝑍̄𝑃 (𝜶)↔ 𝑈̂ [𝑒] 𝑍̄𝑃 (𝜶) , 𝑈̂ [𝑒] =

(
𝑊[𝑒]

)⇒1
↘ R𝑏∞𝑏 , 𝑏 = ↖(𝑅𝑎).

Computational bottlenecks

⊋ Moment tensors: ↖(𝑅𝑎) entries.
⊋ Full GMM weighting matrix: requires

inverting ↖(𝑅𝑎)-by-↖(𝑅𝑎), often
ill-conditioned covariance matrix.
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ill-conditioned covariance matrix.

Outlier sensitivity
⊋ Sample moment conditions 𝑍̄𝑃 :

each observation has equal contribution.
⊋ E!ects of outliers get amplified.
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𝜶[𝑒] = arg min
𝜶↘ε

𝑐[𝑒]
𝑃 (𝜶) ϑ 𝑍̄𝑃 (𝜶)↔ 𝑈̂ [𝑒] 𝑍̄𝑃 (𝜶) , 𝑈̂ [𝑒] =

(
𝑊[𝑒]

)⇒1
↘ R𝑏∞𝑏 , 𝑏 = ↖(𝑅𝑎).

Diagonally-weighted
GMM (DGMM) [ZMXS25]

⊋ Strategic weighting for moment conditions.
⊋ Fast moment computation.
⊋ Theoretical guarantees.

Spectral-Gradient-Reweighted
GMM (SGR-GMM) [ZS26]

⊋ Strategic weighting for per-observation
moment-matching gradients;

⊋ Robust DGMM specialization;
⊋ Theoretical guarantees.

Liu Zhang (Princeton University) SIAM AN26 | MS114 4/20



DGMM: strategic weighting for moment conditions

w1

w1

w2

w2

w2

w2

⋱

wL

wL

wL

wL

wL

wL

wL

wL

Moment order 1

Moment order 2

Moment order L

⋮

d copies of w1 

d^2 copies of w2 

d^L copies of wL 

DGMM weighting matrix.

Idea. Optimal order-wise diagonal approximate inverse:

𝑈̂ [𝑒] = arg min
𝑈↘∈

!!!𝑈𝑊[𝑒] ⇒ 𝑑
!!!2

𝑇
,

where ∈ is the set of diagonal matrices of the form

diag(𝑔1 , . . . ,𝑔1︸⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌︸
𝑅 copies

, . . . ,𝑔𝑎 , . . . ,𝑔𝑎︸⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌︸
𝑅𝑎 copies

).
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w1
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w2

w2

w2

w2

⋱

wL

wL

wL

wL

wL

wL

wL

wL

Moment order 1

Moment order 2

Moment order L

⋮

d copies of w1 

d^2 copies of w2 

d^L copies of wL 

DGMM weighting matrix.

Idea. Optimal order-wise diagonal approximate inverse:

closed form: 𝑔[𝑒]
𝑌 =

∑
𝑕↘≃𝑌 𝑊

[𝑒]
𝑕𝑕∑

𝑕↘≃𝑌
∑𝑏

𝑂=1

(
𝑊[𝑒]𝑕 𝑂

)2 , 𝑌 = 1, . . . , 𝑎.

𝑈̂ [𝑒] = diag(𝑔[𝑒]
1 , . . . ,𝑔[𝑒]

1︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
𝑅 copies

, . . . ,𝑔[𝑒]
𝑎 , . . . ,𝑔[𝑒]

𝑎︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
𝑅𝑎 copies

)

Liu Zhang (Princeton University) SIAM AN26 | MS114 5/20



DGMM: strategic weighting for moment conditions

w1

w1

w2

w2

w2

w2

⋱

wL

wL

wL

wL

wL

wL

wL

wL

Moment order 1

Moment order 2

Moment order L

⋮

d copies of w1 

d^2 copies of w2 
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Idea. Optimal order-wise diagonal approximate inverse:

closed form: 𝑔[𝑒]
𝑌 =

∑
𝑕↘≃𝑌 𝑊

[𝑒]
𝑕𝑕∑

𝑕↘≃𝑌
∑𝑏

𝑂=1

(
𝑊[𝑒]𝑕 𝑂

)2 , 𝑌 = 1, . . . , 𝑎.

𝑈̂ [𝑒] = diag(𝑔[𝑒]
1 , . . . ,𝑔[𝑒]

1︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
𝑅 copies

, . . . ,𝑔[𝑒]
𝑎 , . . . ,𝑔[𝑒]

𝑎︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
𝑅𝑎 copies

)

Advantages.
⊋ down-weight noisier moment orders;

⊋ avoid the unstable inverse
(
𝑊[𝑒]

)⇒1
;

⊋ reduce weight-estimation noise by only using 𝑎 weights.
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DGMM: fast moment computation

𝜕(𝑌)
(𝜶) ϑ

!!⇓(𝑌)
(𝜶)

!!2 𝜖(𝑌)
(𝜶; !𝑀) ϑ

⇓
(𝑌)
(𝜶), !⇔𝑌

𝑀
 𝑖𝑌 ,𝑀 ,𝑀∋ ϑ


!𝑀 , !𝑀∋

𝑌

DGMM objective 𝑐[𝑒]
𝑃 , gradients △𝜶𝑐

[𝑒]
𝑃 , and weights 𝑔[𝑒]

𝑌

∞ expensive
tensor computation

∞ expensive
tensor computation ∞ expensive
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DGMM: fast moment computation

𝜕(𝑌)
(𝜶) =

𝐿∑
𝑕 , 𝑂=1

𝜑𝑕𝜑𝑂𝑗𝑌

𝜗(1)𝑕 𝑂 , . . . , 𝜗

(𝑌)
𝑕 𝑂


𝜖(𝑌)

(𝜶; !𝑀) =
𝐿∑
𝑂=1

𝜑𝑂 𝑗𝑌

!↔𝑀 𝜴𝑂 , !↔𝑀 𝑆𝑂𝑆↔

𝑂 !𝑀 , 0, . . . , 0
 𝑖𝑌 ,𝑀 ,𝑀∋ ϑ


!𝑀 , !𝑀∋

𝑌

DGMM objective 𝑐[𝑒]
𝑃 , gradients △𝜶𝑐

[𝑒]
𝑃 , and weights 𝑔[𝑒]

𝑌

⫅̸ fast
Bell-polynomial computation

building on [PKK22]

⫅̸ fast
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building on [PKK22] ∞ expensive
kernel computation
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DGMM: fast moment computation

𝜕(𝑌)
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
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𝑌𝑘 landmarks
(representative points)
instead of 𝑃 points

DGMM objective 𝑐[𝑒]
𝑃 , gradients △𝜶𝑐

[𝑒]
𝑃 , and weights 𝑔[𝑒]

𝑌

⫅̸ fast
Bell-polynomial computation

building on [PKK22]

⫅̸ fast
Bell-polynomial computation

building on [PKK22]

⫅̸ randomized
Nyström approximation

building on [OG17]
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DGMM: theoretical guarantees

Statistical guarantees
Under standard global and local identification conditions,

⊋ Consistent:

𝜶(DGMM)
𝑋
⇒↙ 𝜶𝜒

⊋ Asymptotically normal:
′
𝑃

𝜶(DGMM)

⇒ 𝜶𝜒 𝑅
⇒↙ ↑(0,𝑆 (DGMM)

).

⊋ Intermediate asymptotic e"ciency:

𝑆 (DGMM) = 𝑙⇒1𝑗𝑙⇒1 ,

𝑙 =
𝑎∑

𝑌=1
𝑔𝑌𝑚↔

𝑌 𝑚𝑌 , 𝑗 =
𝑎∑

𝑌 ,𝑌∋=1
𝑔𝑌𝑔𝑌∋𝑚↔

𝑌 𝑊𝑌𝑌∋𝑚𝑌∋ .

[Zhang-Mickelin-Xu-Singer, 2025], Thm. 4.1.
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𝑋
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⊋ Asymptotically normal:
′
𝑃

𝜶(DGMM)

⇒ 𝜶𝜒 𝑅
⇒↙ ↑(0,𝑆 (DGMM)

).

⊋ Intermediate asymptotic e"ciency:

𝑆 (DGMM) = 𝑙⇒1𝑗𝑙⇒1 ,

𝑙 =
𝑎∑

𝑌=1
𝑔𝑌𝑚↔

𝑌 𝑚𝑌 , 𝑗 =
𝑎∑

𝑌 ,𝑌∋=1
𝑔𝑌𝑔𝑌∋𝑚↔

𝑌 𝑊𝑌𝑌∋𝑚𝑌∋ .

Zhang-Mickelin-Xu-Singer (2025), Thm. 4.1.

Computational guarantees
⊋ Overall computational complexity of DGMM:

↖

𝑎2𝐿2

+ 𝑎𝐿2𝑅𝑄2
max + 𝑃𝑎𝐿 + 𝑃𝐿𝑅𝑄max + 𝑃𝑎𝑅𝑘


.

for constant-sized Gaussian mixtures:
fixed 𝐿 , 𝑎, 𝑄max =▽ linear in 𝑃 and 𝑅

⊋ MM: ↖(𝑃𝑅𝑎+1𝐿𝑄max)

⊋ GMM: ↖(𝑃𝑅2𝑎 + 𝑅3𝑎 + 𝑃𝑅𝑎+1𝐿𝑄max + 𝑅2𝑎+1𝐿𝑄max)

Zhang-Mickelin-Xu-Singer (2025), Thm. 4.11.
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DGMM numerical results

Covariance error Errω across four cases lower is better

Regime MM GMM DGMM

𝑅 = 10, same rank 0.01244 0.05239 0.00581
𝑅 = 100, same rank 7.4772̸ NA† 0.01556
𝑅 = 10, di". ranks 0.13736 0.33879 0.01986
𝑅 = 100, di". ranks 0.08657̸ NA† 0.00744

† Standard MM and GMM are computationally infeasible in the two 𝑅 = 100 cases.
̸ The reported 𝑅 = 100 MM baseline uses fast Bell-polynomial moment computation with identical weights.

DGMM improves parameter estimation error across the four cases.
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DGMM: numerical results

Runtime across four cases lower is better

Regime MM GMM DGMM

𝑅 = 10, same rank 28.3s ± 2.71s 11m43s ± 12.1s 14.3s ± 0.089s
𝑅 = 100, same rank 17m29s ± 24.9s̸ NA† 2m51s ± 2.31s
𝑅 = 10, di". ranks 2m29s ± 1.66s 7m39s ± 10.7s 42.2s ± 0.396s
𝑅 = 100, di". ranks 17m41s ± 2.4s̸ NA† 6m24s ± 11.9s

† Standard MM and GMM are computationally infeasible in the two 𝑅 = 100 cases;
̸ The reported 𝑅 = 100 MM baseline uses Bell-polynomial moment computation with identical weights.

DGMM improves runtime across the four cases.
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Spectral-Gradient-Reweighted GMM (SGR-GMM)

⊋ Multi-step GMM optimization:

𝜶[𝑒] = arg min
𝜶↘ε

𝑐[𝑒]
𝑃 (𝜶) ϑ 𝑍̄𝑃 (𝜶)↔ 𝑈̂ [𝑒] 𝑍̄𝑃 (𝜶) , 𝑈̂ [𝑒] =

(
𝑊[𝑒]

)⇒1
↘ R𝑏∞𝑏 , 𝑏 = ↖(𝑅𝑎).

Diagonally-weighted
GMM (DGMM) [ZMXS25]

⊋ Strategic weighting for moment conditions.
⊋ Fast moment computation.
⊋ Theoretical guarantees.

Spectral-Gradient-Reweighted
GMM (SGR-GMM) [ZS26]

⊋ Strategic weighting for per-observation
moment-matching gradients.

⊋ Robust DGMM specialization.
⊋ Theoretical guarantees.
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SGR-GMM: motivations

Strong 𝜓-contamination

!̌𝑀 =
{
!𝑀 , (if 𝑀 ↘ ≃in)
"𝑀 , (if 𝑀 ↘ ≃out)

,

with a partition {1, . . . ,𝑃} = ≃in ⇐ ≃out , |≃out| ↓ 𝜓𝑃 .
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Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

largest spectral directions
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SGR-GMM: motivations

Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

The feasibility problem is nonconvex in #:
to find # ↘ ϖ𝑃 ,𝜔, such that!!!!!

∑
𝑀

𝑔𝑀


$̌(𝑌)𝑀 ⇒ $̌(𝑌)#

 
$̌(𝑌)𝑀 ⇒ $̌(𝑌)#

↔!!!!!
op

↓ 𝑖stop,𝑌 , $̌(𝑌)# =
∑
𝑀

𝑔𝑀 $̌
(𝑌)
𝑀 .

largest spectral directions
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SGR-GMM: motivations

Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

For arbitrary fixed-center 𝜴̂, the feasibility problem is convex in #:
to find # ↘ ϖ𝑃 ,𝜔, such that

𝜘(#; 𝜴̂) =

!!!!!
∑
𝑀

𝑔𝑀

(
$̌(𝑌)𝑀 ⇒ 𝜴̂

) (
$̌(𝑌)𝑀 ⇒ 𝜴̂

)↔!!!!!
op

↓ 𝑖stop,𝑌 .
largest spectral directions

fixed center 𝜴̂
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SGR-GMM: motivations

Spectral principle (e.g., [LRV16; DKKLMS19; DKKLSS19; DM22;
DK23]) for moment-matching gradients: if a subset of outliers sub-
stantially shifts the gradient mean, it must create a large spectral direc-
tion in the gradient covariance.

Rewritten as a convex-concave game:

𝜘(#; 𝜴̂) =

!!!!!
∑
𝑀

𝑔𝑀

(
$̌(𝑌)𝑀 ⇒ 𝜴̂

) (
$̌(𝑌)𝑀 ⇒ 𝜴̂

)↔!!!!!
op

= max
𝜙↘↦𝑋

∑
𝑀

𝑔𝑀

(
$̌(𝑌)𝑀 ⇒ 𝜴̂

)↔
𝜙
(
$̌(𝑌)𝑀 ⇒ 𝜴̂

)
.

↙ classical entropy-regularized multiplicative-weights (MW) - matrix
multiplicative-weights (MMW) algorithm [AHK12].

Density-matrix player:
expose the spectral directions

with the largest weighted energy.

Gradient-weight player:
suppress gradients most respon-
sible for the exposed directions.

largest spectral directions

fixed center 𝜴̂
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SGR primitive: solve, recenter, certify

Initialize center
𝜴̂[1] = geometric median

Solve fixed-center game
run 𝑓 MW–MMW rounds to obtain

#̂[𝑛] ∀ arg min#↘ϖ𝑃 ,𝜔
𝜘(#; 𝜴̂[𝑛])

Recenter
𝜴̂[𝑛+1] =

∑
𝑀 𝑔

[𝑛]
𝑀 $̌(𝑌)𝑀

repeat until the stopping certificate is met
(inspired by iteratively reweighted least squares (IRLS) [LM18; LLMZ25])

Stopping certificate: 𝜘(#̂[𝑛]; 𝜴̂[𝑛]) =

!!!!!
∑
𝑀

𝑔[𝑛]
𝑀 ($̌(𝑌)𝑀 ⇒ 𝜴̂[𝑛])($̌(𝑌)𝑀 ⇒ 𝜴̂[𝑛])↔

!!!!!
op

↓ 𝑖stop,𝑌 .
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SGR-GMM: robustify, reweight, certify

GMM optimization
via L-BFGS

Whenever L-BFGS is locally
stabilized, run SGR on the
per-observation gradients

Update gradient weights
and reset L-BFGS

repeat GMM optimization until the stopping certificate is met

Stopping certificate: 𝑕 = 𝑕max or
!!!𝜶[𝑕] ⇒ 𝜶[𝑕⇒1]

!!! ↓ 𝜓tol.
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SGR-GMM: theoretical guarantees

1. Fixed-center game
regret bound

𝜘(#̂[𝑛]; 𝜴̂[𝑛]) ⇒ OPT(𝜴̂[𝑛]) ↓ 4𝜚


log(1/(1 ⇒ 𝜔))

𝑓
+


log 𝑋
𝑓



Zhang-Singer (2026), Thm. 3.14.
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SGR-GMM: theoretical guarantees

1. Fixed-center game
regret bound

2. Fixed-center updates
convergence

𝜘(#̂[𝑛]; 𝜴̂[𝑛]) ⇒ OPT(𝜴̂[𝑛]) ↓ 4𝜚


log(1/(1 ⇒ 𝜔))

𝑓
+


log 𝑋
𝑓



Zhang-Singer (2026), Thm. 3.14.

𝑜[𝑛+1]
↓ 𝜛𝜔𝑜[𝑛] + 𝑄𝜔,𝑓 , 𝜛𝜔 =


𝜔

1 ⇒ 2𝜔 < 1 for 0 ↓ 𝜔 <
1
3

Zhang-Singer (2026), Thm. 3.23.
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SGR-GMM: theoretical guarantees

1. Fixed-center game
regret bound

2. Fixed-center updates
convergence

3. Local finite-sample
parameter error

𝜘(#̂[𝑛]; 𝜴̂[𝑛]) ⇒ OPT(𝜴̂[𝑛]) ↓ 4𝜚


log(1/(1 ⇒ 𝜔))

𝑓
+


log 𝑋
𝑓



Zhang-Singer (2026), Thm. 3.14.

𝑜[𝑛+1]
↓ 𝜛𝜔𝑜[𝑛] + 𝑄𝜔,𝑓 , 𝜛𝜔 =


𝜔

1 ⇒ 2𝜔 < 1 for 0 ↓ 𝜔 <
1
3

Zhang-Singer (2026), Thm. 3.23.

!!!𝜶(SGR-GMM)
⇒ 𝜶𝜒

!!!
2
↓

2
𝑔𝜒

[
𝑎∑

𝑌=1
𝑝𝑌

(
↼↽,𝑌(⇀) + 𝜛𝜔


𝑖𝑌

)
+ ↼opt

]

Zhang-Singer (2026), Thm. 3.33.
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SGR-GMM: RobustDGMM specialization

Heteroscedastic
low-rank GM

Additive noise +
strong 𝜓-contamination

𝜷𝑀
i.i.d.
→ ↑(0,ω𝜷),

!̌𝑀 =
{
!𝑀 + 𝜷𝑀 , (if 𝑀 ↘ ≃in)
"𝑀 , (if 𝑀 ↘ ≃out)

,

with a partition {1, . . . ,𝑃} =
≃in ⇐ ≃out , |≃out| ↓ 𝜓𝑃 .

Liu Zhang (Princeton University) SIAM AN26 | MS114 15/20



SGR-GMM: RobustDGMM specialization

Heteroscedastic
low-rank GM

Additive noise +
strong 𝜓-contamination

𝜷𝑀
i.i.d.
→ ↑(0,ω𝜷),

!̌𝑀 =
{
!𝑀 + 𝜷𝑀 , (if 𝑀 ↘ ≃in)
"𝑀 , (if 𝑀 ↘ ≃out)

,

with a partition {1, . . . ,𝑃} =
≃in ⇐ ≃out , |≃out| ↓ 𝜓𝑃 .

DGMM weights: 𝑔[𝑒]
1 , . . . ,𝑔[𝑒]

𝑎 ↘ R

SGR-GMM weights: #̂(𝑌) =
(
𝑔(𝑌)

1 , . . . ,𝑔(𝑌)
𝑃

)
↘ ϖ𝑃 ,𝜔

Robust DGMM gradient:

△𝜶𝑐
[𝑒]
𝑃 (𝜶) =

𝑎∑
𝑌=1

𝑔[𝑒]
𝑌


△𝜶 𝜕̌(𝑌)

(𝜶; 𝜷) ⇒ 2
𝑃∑
𝑀=1

𝑔(𝑌)
𝑀 △𝜶𝜖̌(𝑌)

(𝜶; 𝜷, !̌𝑀)



𝜕̌ and 𝜖̌ incorporate ω𝜷 through the Gaussian cumulants.
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SGR-GMM: numerical results
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Estimation error for di�erent estimators under increasing contamination

Coordinatewise median

Geometric median

Oracle inlier mean

Sample mean

Algorithm SGR

Isolated SGR experiment

⊋ 𝑋 = 10,
⊋ 𝑃 = 600,
⊋ directional Gaussian

replacement outliers.

Near-oracle weighting
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SGR-GMM: numerical results

Baseline DGMM vs. RobustDGMM: 𝑅 = 5, 𝐿 = 2, 𝑃 = 1000, 𝑎 = 4, five random trials.
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Takeaways

Diagonally-weighted
GMM (DGMM) [ZMXS25]

⊋ Strategic weighting for moment conditions.
⊋ Fast moment computation.
⊋ Theoretical guarantees.

Spectral-Gradient-Reweighted
GMM (SGR-GMM) [ZS26]

⊋ Strategic weighting for per-observation
moment-matching gradients.

⊋ Robust DGMM specialization.
⊋ Theoretical guarantees.

[ZMXS25] L. Zhang, O. Mickelin, S. Xu, and A. Singer. “Diagonally-Weighted Generalized Method of Moments
Estimation for Gaussian Mixture Modeling”. In: arXiv preprint arXiv:2507.20459 (2025).

[ZS26] L. Zhang and A. Singer. “Robust Moment-Based Estimation via Spectral Gradient Reweighting”. In:
arXiv preprint arXiv:2605.27718 (2026).

DGMM

DGMM: scalable moment condition weighting
SGR-GMM: robust per-observation gradient weighting

SGR-GMM
Liu Zhang (Princeton University) SIAM AN26 | MS114 18/20

https://arxiv.org/abs/2507.20459
https://arxiv.org/abs/2605.27718


Future directions

⊋ apply DGMM to other parameter estimation problems, especially in low-SNR regimes,
⊋ apply SGR-GMM to other GMM procedures, e.g., Instrumental Variables (IV) estimation,

𝑞-estimation, ...
⊋ additional theoretical questions: sample complexity, moment identifiability, ...

[ZMXS25] L. Zhang, O. Mickelin, S. Xu, and A. Singer. “Diagonally-Weighted Generalized Method of Moments
Estimation for Gaussian Mixture Modeling”. In: arXiv preprint arXiv:2507.20459 (2025).

[ZS26] L. Zhang and A. Singer. “Robust Moment-Based Estimation via Spectral Gradient Reweighting”. In:
arXiv preprint arXiv:2605.27718 (2026).

DGMM

DGMM: scalable moment condition weighting
SGR-GMM: robust per-observation gradient weighting

SGR-GMM
Liu Zhang (Princeton University) SIAM AN26 | MS114 18/20

https://arxiv.org/abs/2507.20459
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Q & A

Thank you.
Questions and comments are welcome.

Contact: lz1619@princeton.edu.
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