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SGR-GMM

Model: heteroscedastic low-rank Gaussian mixture (GM)
▶ K-component GM:

yn | (hn = j) ∼ N (µj,Σj), P(hn = j) = πj,

for n = 1, . . . , N, j = 1, . . . , K ,

▶ Heteroscedastic:
component-specific covariances Σj,

▶ Low-rank:
Σj = VjV

⊤
j , rank(Σj) = Rj ≤ Rmax ≤ d.

Goal: to estimate

θ⋆ = (π⋆1, . . . , π
⋆
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Example of a heteroscedastic low-rank GM

j = 1 : π1 = 0.60, R1 = 1

j = 2 : π2 = 0.30, R2 = 1

j = 3 : π3 = 0.10, R3 = 2

µ1
µ2

µ3

Additive noise + strong ϵ-contamination

ξn
i.i.d.∼ N (0,Σξ), y̌n =

{
yn + ξn, (if n ∈ Iin)
an, (if n ∈ Iout) ,

with a partition {1, . . . , N} = Iin ⊔ Iout, |Iout| ≤ ϵN .

Generalized method of moments (GMM): outlier sensitivity
▶ Multi-step GMM optimization:

Ŝ [t] =
1

N

N∑
n=1

g(θ̂[t−1];yn)g(θ̂
[t−1];yn)

⊤,

θ̂[t] =argmin
θ∈Θ

Q
[t]
N(θ) := ḡN (θ)⊤ Ŵ [t]ḡN (θ) , Ŵ [t] =

(
Ŝ [t]
)−1

.

Outlier sensitivity:
▶ Sample moment conditions ḡN : each observation has equal contribution.
▶ Effects of outliers get amplified.

SGR-GMM: motivations

Spectral principle (e.g., [LRV16; DKKLMS19;
DKKLSS19; DM22; DK23]) for moment gradients:
if a subset of outliers substantially shifts the gradient

mean, it must create a large spectral direction in the

gradient covariance.

largest spectral directions

fixed center µ̂

▶ The feasibility problem is nonconvex in w: to find w ∈ ∆N,ϵ, such that∥∥∥∥∥∑
n

wn

(
ǧ(k)
n − ǧ

(k)
w

)(
ǧ(k)
n − ǧ

(k)
w

)⊤∥∥∥∥∥
op

≤ Cstop,k, ǧ
(k)
w =

∑
n

wnǧ
(k)
n .

▶ For a provisional fixed-center µ̂, the feasibility problem is convex in w:

γ(w; µ̂) =

∥∥∥∥∥∑
n

wn(ǧ
(k)
n − µ̂)(ǧ(k)

n − µ̂)⊤
∥∥∥∥∥
op

≤ Cstop,k.

▶ Rewritten as a convex-concave game:

OPT(µ̂) = min
w∈∆N,ϵ

γ(w; µ̂) = min
w∈∆N,ϵ

max
ρ∈Dp

∑
n

wn(ǧ
(k)
n − µ̂)⊤ρ(ǧ(k)

n − µ̂).

▶ Entropy-regularized coupled multiplicative-weights (MW) - matrix
multiplicative-weights (MMW) algorithm (building on [AHK12]):
• Density-matrix player: expose the spectral directions with the largest

weighted energy.

• Gradient-weight player: suppress the gradients most responsible for the

exposed directions.

SGR primitive: solve, recenter, certify

Initialize center:
µ̂[1] =

geometric median

Solve fixed-center game:
run T MW–MMW
rounds to obtain

ŵ[s] ≈ argminw∈∆N,ϵ
γ(w; µ̂[s])

Recenter:
µ̂[s+1] =

∑
n ŵ

[s]
n ǧ

(k)
n

repeat until the stopping certificate is met

inspired by iteratively reweighted least squares [LM18; LLMZ25]

Stopping certificate: γ(ŵ[s]; µ̂[s]) =

∥∥∥∥∥∑
n

ŵ[s]
n (ǧ(k)

n − µ̂[s])(ǧ(k)
n − µ̂[s])⊤

∥∥∥∥∥
op

≤ Cstop,k.

SGR-GMM: robustify, reweight, certify

GMM optimization
via L-BFGS

Whenever L-BFGS locally
stabilizes, run SGR on
the moment gradients

Update gradient
weights, reset L-BFGS

continue GMM optimization until the stopping certificate is met

Stopping certificate: i = imax or

∥∥∥θ̂[i] − θ̂[i−1]
∥∥∥ ≤ ϵtol.

SGR-GMM: theoretical guarantees

1. Fixed-center game regret bound ([ZS26, Thm. 3.14])

γ(ŵ[s]; µ̂[s])− OPT(µ̂[s]) ≤ 4ν

[√
log(1/(1− ϵ))

T
+

√
log p

T

]
.

2. Convergence of the fixed-center updates ([ZS26, Thm. 3.23])

e[s+1] ≤ αϵe
[s] +Rϵ,T , e[s] =

∥∥∥µ̂[s] − µ(k)
g

∥∥∥
2
, αϵ =

√
ϵ

1− 2ϵ
< 1 ⇐⇒ ϵ <

1

3
.

3. Local finite-sample parameter error ([ZS26, Thm. 3.33])∥∥∥θ̂(SGR-GMM) − θ⋆
∥∥∥
2
≤ 2

λ⋆

[
L∑
k=1

ak
(
δµ,k(ζ) + αϵ

√
Ck
)
+ δopt

]
.

inlier gradient stability

local GMM identification

▶ λ⋆: local GMM identification strength,

▶ δµ,k: inlier gradient stability,

▶ δopt: numerical optimizer accuracy.

Note. Theorem 3.33 is a local theorem and does not claim global convergence of the

nonconvex GMM objective from arbitrary initialization.

Robust DGMM

DGMM weights: ŵ[t]
1 , . . . , ŵ

[t]
L ∈ R

SGR-GMM weights: ŵ(k) =
(
ŵ

(k)
1 , . . . , ŵ

(k)
N

)
∈ ∆N,ϵ

Robust DGMM gradient:

∇θQ
[t]
N(θ) =

L∑
k=1

ŵ
[t]
k

(
∇θϕ̌

(k)(θ; ξ)− 2

N∑
n=1

ŵ(k)
n ∇θψ̌

(k)(θ; ξ, y̌n)

)
ϕ̌ and ψ̌ incorporate Σξ through the Gaussian cumulants.

SGR primitive numerical results
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Algorithm SGR

Isolated SGR experiment
▶ p = 10,

▶ N = 600,

▶ directional Gaussian

replacement outliers.

Near-oracle weighting
Even with increasing ϵ, the

SGR error differs from the

oracle inlier-mean error by

at most 7.24× 10−5
.

Robust DGMM numerical results
Baseline DGMM [ZMXS25] vs. RobustDGMM: d = 5, K = 2, N = 1000, L = 4, five random trials.
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Clean GM
Numerically identical.

GM + additive noise
baseline DGMM error vs. RobustDGMM error:

5.4× (Errπ), 2.7× (Errµ), 2.9× (ErrΣ).

GM + contamination
baseline DGMM error vs. RobustDGMM error:

17.1× (Errπ), 2.9× (Errµ), 15.6× (ErrΣ).

GM + additive noise + contamination
baseline DGMM error vs. RobustDGMM error:

6.2× (Errπ), 3.5× (Errµ), 12.6× (ErrΣ).
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