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Model: heteroscedastic low-rank Gaussian mixture (GM)
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DGMM: fast moment computation

N
Example of a heteroscedastic low-rank GM
> K-component GM: 20xan.1péi)1.a _eojozcias e {DGMM objective, gradients, weights are obtained without explicitly computing}
o o2 m-m e or storing the O(d”) moment tensors or the N x N kernel Gram matrices.
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. i 1. Moment-cumulant-Bell-polynomial identities (building on [PKK22])
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Goal: to estimate 0* = (n},..., 75, py, ..., w0 VI ..., VE) € © C RP
from IV observations, given K and R, . > Model term ¢¥)(0), V¥ (6): O(k2K2 4+ kK2dR12naX)'
» Model-data cross term (%) (0;y,), Vo)) (0;y,): O(kK + KdR,.y).
[Weak separation / low signal-to-noise ratio (SNR):  [|X;|| -~ > ||l ] o ) O )
\ / 2. Randomized Nystrom low-rank approximation (building on [OG17])
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Generalized method of moments (GMM) . ZHfm>7 HY) = (y2F y oY =y, yu)".
» Moment function: for k-th model moment M¥)(0) € S*(R%) and n
y € RY, define : : : .
: » Data term: the inner-product sum above (used in the weight computation)
T .
. 1 L L takes O(Ndm), with m < N k-means++ landmarks.
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_ o o » Under polynomial spectral decay of the kernel (\; (H")) € O(i™%),a > 1) and
g=d+---+d"=0(d"). clustering potential condition, the expected error is
» Classical method of moments [Pearson, 1894]: solving for 8 using the W o 1/
sample moment conditions E [ HY — Hi ] €0 (ln(m) N —m (m ) )) :
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N nz_; ! DGMM: theoretical guarantees
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GMM estimator: solving a weighted least-squares problem Statistical guarantees ((ZMXS25, Thm. 4.1])
n(GMM) __ - = T 7 : e .
QMM _ argergm Qn(0) = gn(0) Wan(0). Under standard global and local identification conditions,
» Consistent: R
» [Hansen, 1982]: 8(°MM) is asymptotically efficient when W = ¢S~! for gPCMM) Ly g~
any ¢ > () and N » Asymptotically normal:
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> Multi-step GMM optimization: » Intermediate asymptotic efficiency:
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9€O Computational guarantees ([ZMXS25, Thm. 4.11])
Computational bottlenecks: » Overall computational complexity of DGMM:
» Moment tensors: O(d*) entries. 9 -9 9 1192
» Full GMM weighting matrix: requires inverting an O(L K*+ LK dRmaX + NLK + NKdRHl&X T NLdm)
L L . r . o
i O(d")-by-O(d"), often ill-conditioned covariance matrix. ) for constant-sized Gaussian mixtures:
~ 7 fixed K, L, Ry.x, m = linear in N and d
Idea. Optimal order-wise diagonal . » GMM: O(Nd* + a3l + Nd" K Ry + PP K Ry )
_— " | approximate inverse:
e 2 cops i, ) DGMM numerical results .
T A[t] — aro min H A[t] _ [H . . . 5
u ) v Wew We P’ Covariance estimation error across four cases lower is better
I- W = {diag(zul, o0 W0 o W oo ,wé)}. Regime MM GMM DGMM
& PR = d = 10, same rank 0.01244 0.05239 0.00581
d"L copies of w, copiles
m ’ P d = 100, same rank 7.4772" NAT 0.01556
) d = 10, diff. ranks 0.13736 0.33879 0.01986
— d = 100, diff. ranks 0.08657* NAT 0.00744
t] Z'EI Sz'[?
~ 7 . .
closed form: @} = ‘ el k=1,...,L. Runtime across four cases lower is better
q .
ZieIk i1 (SZ.].) Regime MM GMM DGMM
d = 10, same rank 28.3s £+ 2.71s 11m43s £+ 12.1s 14.3s + 0.089s
Advantages. d = 100, same rank 17m29s 4 24.9s* NAT 2m51s £+ 2.31s
» down-weight noisier moment orders d = 10, diff. ranks 2m29s + 1.66s 7m39s + 10.7s 42.2s + 0.396s
< A th table i 3l -1 d = 100, diff. ranks 17m4ls + 2.4s* NAT 6m24s + 11.9s
avol € unstable Inverse ( ) T Standard MM and GMM are computationally infeasible in the two d = 100 cases;
» reduce weight-estimation noise by only using L weights ) \* The reported d = 100 MM uses Bell-polynomial moment computation with identical weights. )
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