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WHAT IS ENTANGLEMENT?

The notion of entanglement dates back to 1935, and was introduced under that name
by Erwin Schrodinger in two papers, one published in English in the Proceedings of the
Cambridge Philosphical Society and another published in German in Naturwissenschaften.
The latter is the famous paper on the ‘cat paradox’, and both were written in response to
the line of debate opened in the paper of Einstein, Podolsky and Rosen. Schrodinger says
that entanglement “is not one, but the characteristic trait of quantum mechanics, the one
that enforces its entire line of departure from classical lines of thought.”

This ‘trait’ is that two physical systems that are brought into temporary interaction,
and then completely separated, can no longer be described, even after the interaction has
utterly ceased, by individual wave functions for each of the two systems. Schrodinger wrote
that “by their interaction, the two representatives (or functions) have become entangled.”
The quantitative theory of entanglement has begun to be developed surprisingly recently,

largely in the contexts of quantum information, communication and cryptography.
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Entanglement is now a very big topic (measured by journal pages and decibels, at least).
We shall say something about it and about von Neumann entropy of states in these lectures,

and why these topics are related.

First, we shall discuss entropy and its various properties. It is important to understand
these, their proofs, and to what extent they are the quantum version of classical entropy

notions.

Remark : | Entanglement arises from the fact that QM deals with several degrees of

freedom in terms of a tensor product of spaces, not a sum of spaces (which would be the
analog of the classical Cartesian product). More on this later. Put another way, it is a
miracle that the early founders of QM, such as Schrodinger, instinctively headed for the
tensor product (which resulted in a ‘linear’ theory for many-body systems, the Schrodinger
equation) instead of having a wave function for each particle as in Hartree-Fock theory,

which is a very non-linear theory (but much beloved by physicists and chemists).

Elliott Lieb —Topics in Quantum Entropy and Entanglement Nr. 3




SOME BASIiC FACTS ABOUT STATES (QUICKLY)

(Apologies to everyone who knows this stuff, but this is supposed to be a summer school.)
In QM each ‘degree of freedom’ is associated with a (separable) Hilbert space of finite
or infinite dimension. A d-o-f can be the the state of some subsystem of a larger system,
or it can be the momenta of particles in a domain. It can be the 'angles’ of a spin, or set
of spins. The Hilbert space associated to several degrees of freedom is the tensor product,
®, of the spaces. For simplicity here we take all Hilbert spaces to be finite dimensional.

Hio... = H1 QHo® - --.

The vectors in Hjs... are linear combinations of multiplets of vectors v;, w;, - - - where
Vi, Wj, - - - are orthonormal bases for Hi, Ha, - -x. These form an O.N. basis for H;s....
Note the simple, but important fact that His... = H1 ® (Ha...)

The observables are (bounded) linear operators on H15.... A state on the observables is
a positive linear functional (call it w) whose value on the identity operator is 1. In the
finite dimensional case states are given by

w(A)=TrpA ‘positive’ means that w(A*A) > 0 for any A
where A is an observable and p is a positive semi-definite operator with Trp = 1, called a
density matrix. Here Tr is the trace. In case there are infinitely many degrees of freedom
(as in a spin system in the thermodynamic limit), or when the Hilbert spaces are infinite
dimensional, we have to be a bit more cautious in our definitions.
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SOME REFERENCES

An excellent reference for matrices, traces, and other things we shall talk about is:

Eric Carlen, Trace Inequalities and Quantum Entropy: An Introductory Course, in
'Entropy and the quantum’, 73-140, Contemp. Math., 529, Amer. Math. Soc. (2010).

Also available on www.mathphys.org/AZschool /material /AZ09-carlen.pdf

Another useful (short) reference is: Matrixz and Operator Trace Inequalities on both
Wikipedia and Scholarpedia
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PARTIAL TRACE
An important concept is partial trace. Given an operator (observable or a density matrix)
A1 on Hqo there is a unique operator (observable or density matrix) on H;, called

Al = Tr2A12
with the property that for all observables By on H;
TI'H12A12(Bl X ]12) = TI’H1A1B1

The matrix elements of this operator can be written explicitly as

(0] A1) =) (v @ w;|Ara|v @ w;)

J

where the w; are an O.N. basis for H2 (the result is basis independent). The symbol ®
has been extended here to operators. Previously it was defined for vectors. The extension
is obvious:

(A1 ® By)(v1 @ we) = A1v1 ® Baws
Note that TI'H12 = TI'Hl (TI'H2), so that TI'lAl = TI'12A12.
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SCHMIDT DECOMPOSITION

A simple example of a (bipartite) state is a rank-one density matrix on Hio given by
p12 = |U)(V| with |¥) € Hi5. This gives us a p; on H; with p; = Trypi2, and
p2 = Tr1p12.

Choose orthonormal bases for the two spaces and consider the coefficients of |¥) = ), ;
in these bases. Thus, |¥) looks like a matrix, which we shall call R. Then the matrix ps
in this basis is simply RTR, while p; = R R'. By a well known theorem of linear algebra,
the non-zero eigenvalues of p; and py are identical. Call them A; > 0 and let gb{, gb% be
the corresponding eigenvectors of p1, ps. Then, the usual eigenvector decomposition of

p1, p2 tells us that

w) =3 6] @ o)

The \; are called Schmidt numbers.

mln{d1 y d2
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PURITY AND PURIFICATION

A density matrix can be expanded in its orthonormal eigenvectors |v;) and its eigenvalues
Aj (which satisfy A; >0, >, A; =1):

p=> Alv) (vl - (%)
J
We say that p is pure if there is only one non-zero term, i.e. p = |v){v| with ||v|| = 1.

Very Useful Purification Lemma: For any H1 and and density matriz p1 on Hq there

18 another Hilbert space Ho and a pure state pio on His = H1 ® Ho such that

P1 — Tr?'[2p12-
p12 is called a purification of p;. One way to construct it is simply to use (*) and think

of the index j as vector components in a second Hilbert space 5 and think of Zj as a
partial trace over that space and to think of |v;)(v;| as a vector in Hio that happens to

be diagonal in the j basis of H5.
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Purification was introduced in Araki, L, Entropy Inequalities, Commun. Math. Phys.
18, 160-170 (1970).

As we said, whenever pi5 is pure the spectrum of p; = Trs p12 equals the spectrum of
p2 = Trip12. This is the same statement (in another language) of the well known theorem
of linear algebra that specXTX = specX X' (except for possibly extra zero eigenvalues to
make up the difference of dimensions).

Consequently, Try F'(p1) = Try F(p2) for any function, F', when p1s is pure.

This simple fact (together with purification) allows us to get new inequalities from old
ones.

EXAMPLE: Suppose We know that | Tri5F'(p12) < Tri F(p1) + TroF'(p2) | for all p1o.

Now purify p1o2 — p123 (pure). Then

TriaF (p12) = TrsF(ps3), TraF(p2) = Tri3F (p13)
and our inequality becomes

Tr3F(ps) < Tr1F(p1)+Tri3F (p13), equivalently, | TrizF'(p13) > TrsF'(p3) — TriF'(p1) |
Since the indices are 'dummy’, replace 3 by 2 in this inequality and obtain

TI'QF(pQ) — TI'lF(pl) S TI‘lQF(,Olg) S TI'QF(,OQ) + TI'lF(pl) Woweee !
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HOMEWORK PROBLEM: This new inequality, which was obtained from the old one by
purification, might seem to be valid only for special matrices p12, p1, p2 that arise after

purification. In fact, it is general. Prove this!

(It is easy if you keep calm.)
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SOME FAacTSs FROM THE LAST MILLENIUM — TO BE EXPLAINED

The (von Neumann) Entropy of a density matrix p is

S =8(p):=—Tryplogp .

2. Definitions: If p1o is a DM on Hi2, then we can define p; := Try p15 on H;, etc.,

We can then define Si2, S1, S, etc.

3. Subadditivity(classical and quantum): S19 < 571+ 9s.

4. Using purification, as just mentioned, we deduce from 3 the Araki-L. Triangle

Inequality: (No direct proof is known!)

S3 < So3 + 55 and hence |Sl — Sgl < S19 <51+ 55

This is the closest one comes in QM to the classical monotonicity:

512 Z HlaX{Sl, SQ}
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SOME MORE ANCIENT FACTS

5. Strong Subadditivity SSA (L, Ruskai) :

l.e., Conditional entropy, (S12 — S2), decreases when a third space (3) is added.

S123 — Sa23 < S12 — Ss.

We can also write this as

6. By ‘purification’ (pure p1234) SSA becomes:

Remarkable!!

SayBt+Sans <S54+ SB.

S14 + S12 > 54+ 5o.

7. Recall Golden-Thompson inequality: Trelog4+loe B < Tr AR

The L, Ruskai proof of SSA was based on a triple matrix inequality (L, 1973 **):

(A, B > 0)

o0
Trelog A—+log B—log C < / Tr A
0

1 1

B dt
C+t C+t

Note that there is no G-T inequality Trelog Atlog B-log €' < Ty AC—1 B,

¥ L, Convex Trace Functions and the Wigner-Yanase-Dyson Conjecture, Adv.

Math. 11, 267-288 (1973).

In
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Essential PROPERTY OF ENTROPY

Concavity and convexity is what makes thermodynamics work. Nowadays they don't
tell you this in a course on stat-mech/thermodynamics, but Maxwell and Gibbs understood

it very well. Let's discuss the concavity of entropy.

A function f(x) is concave if f(Az+ (1 —=N)y) > Af(x)+(1—=X)f(y) forall 0 < A <1

4 is convex and /7 is

and x, y. It is convex if the inequality goes the other way. Thus, x
concave for x > 0.

Note that = can stand for two variables (e.g., energy and volume) and the statement
that entropy is a jointly concave function of energy and volume is a much stronger state-
ment than that it is concave in energy for fixed volume and concave in volume for fixed
energy. It is important to understand this very important principle as being at the heart
of thermodynamics and the second law.

For our purposes we want to note that the quantum entropy, S(p), is a concave function
of p. Indeed, if f(x) is a concave function of z € R™ then Trf(p) is a concave function

of density matrices. (The function f(x) = —x Inx is concave, of course.)

HOMEWORK: Prove this by evaluating the traces using the eigenvectors of Ap!+(1—\p?).
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SUBADDITIVITY, (SA) Si2 < 851+ 55

Golden-Thompson: | Tr e4t8 < Tr e e | for A and B Hermitean.
This is NOT true without the trace Tr. It can be proved by Trotterizing ™% and then
using the Cauchy-Schwarz inequality for traces: |[Tr XY |* < Tr X*X TrY*Y.

Peierls-Bogolubov: | TreA ™5 > (Tr eA) exp{(B)a} = (Tr eA) exp{TrBe” /Tre*}
for A and B Hermitean.

We define Mutual Information as | M (p12)= S(p1) + S(p2) — S(p12) |.

P’I“OOf Of SA: Now set A = —Mi5 = S1o — S7 — S5. We want to show that e < 1.
A = Trio p1o{—Inpi2 +1Inp; +1Inps}, whence (by Peierls-Bogolubov),

e” < (Tri2 p12) texp{lnp12 —Inpia +Inp; +Inpa} = Triz exp{lnp; + Inps}
= Trio p1 p2 = 1. QED Thus, mutual information is always > 0.
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STRONG SUBADDITIVITY, (SSA) Si23 + S3 < Si3 + Sos

Let's try the same idea as for SA. Set A = Si93 + S3 — Si3 + So3 and try to prove
e < 1.
By following exactly the same route we end up with trying to validate the last line, namely,
Triz3 exp{lnpiz +Inpez —Inps} < 1.

If we could say that this is less than Tryo3 {p13 po3 ,03_1}
we would be done (because doing Try gives Triz{p13p3ps '} = 1. ) Unfortunately we
can't say this. In fact it is nonsense because Tri23 {p13 p23 ,03_1} is not necessarily real.

One could try to play with
Golden-Thompson inequality: | Tr T8 < Tr e” eB | for A, B Hermitean. But this is

only 2 matrices, A, B, while we have 3, namely In pi3,1n po3, —In p3. The remedy is

Triple matrix inequality:

TrelogAHOgB_IOgC</oo TrA ! B ! dt
=/, C+t C+t
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Inserting In p13,1n pa3, —In p3 for A, B, C' we have

A o [ 1 1
e> < Jo Trios pias s mdt

— [*° 1 1
_ fO Tr23 103 pg—l—t’O23 p3—|—tdt

= [ Trs ps p31+tp3 p31—|—tdt' = Trzp3 =1 QED

CONCLUSION: A <1 —=— SSA is true. Sys3+ 53 < 513+ So3
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MATRIX CONCAVITY THEOREM

The triple matrix inequality is useful in more than one context. For example it can be
used to improve the celebrated Maassen—Uffink generalized uncertainty principle, which

we will get to later.
For now, let us note that it is a consequence of the following Matrix Concavity

Theorem. See Nielsen—Chuang (appendix).

Let A and B be arbitrary positive semidefinite operators (matrices), let 0 < p < 1
be fived, and let K be any fized matrixz. Then the function of A and B given by
f(A, B)=Tr (AP KT B P K)

1s jointly concave.

(Jointly concave means that when A = AA; + (1 — M)Az, B=AB1+(1—)\)By
then f(A7B> > Af(A17B1) + (]‘ o )\)f(A27BQ))

This mathematical inequality is the starting point of strong subadditivity and other
theorems that allow the subject of quantum entropy and entanglement to go forward.

Reference: "Convex Trace Functions and the WYD conjecture’
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MATRIX CONCAVITY THEOREM (CONTINUED)

The original proof in “Conver Trace Functions” used complex variable techniques
which, while simple in principle, is tricky to set up. It took about 5 years for another
proof (B. Simon, given in Nielsen-Chuang) and now there are several. They are all tricky
and many claim to be the shortest. It all depends on what prior knowledge you take for

granted.

The steps from the concavity theorem to the triple matrix theorem are only in “Convex
Trace Functions”. They are sort of elementary but not obvious. It would be nice to have

a more direct proof.

There is another route to SSA (discovered by Lindblad) directly from the matrix con-

cavity theorem via monotonicity of relative entropy. We discuss that next.
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MONOTONICITY OF RELATIVE ENTROPY
If p and o are two density matrices we define (Umegaki) their Relative Entropy to be
S(pllo) =Trp(lnp —Ino).
which is a quantum analog of the classical S(p|lo) = [ p(x) x)/o(x))dx

It measures the closeness of p and 0. Note that S(p12]|p1 ®p2) = M(,Olz) = S51+S55—515.

First, we note that S(p|lc) > 0, and =0 iff p = 0.
HOMEWORK problem: Prove this using Golden Thompson and Peierls Bogolubov.

Second, we note that (p, o) — S(p||o) is jointly convez. This follows by differentiating

the concave function f(p) = Trp? o'~ at p = 1. The derivative is —S(pl||o). Since f(1)
is linear in (p, o) this derivative must be concave. HOMEWORK: Check this out!
Monotonicity says that relative entropy increases after partial trace p12 — p1, 012 — 01
S(p1llor) < S(pizlloiz)
But this follows from the joint convexity of S(-||-). Why? Because going from p12 to

p1 means taking the trace over H; of the sum of the matrix elements (w.r.t. 2) instead

of taking the sum after the trace over H;.
HOMEWORK: Write out this remark formally.
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MONOTONICITY OF RELATIVE ENTROPY = SSA

Recall S(palloa) < S(paslloas).

Now, make the following choices: Ho — Hi2, Hpg — Hs
and PaB —7 P123, OTap —7 P1 X p23. We get SSA:

S123 + 52 < S12 + Sa3

Cute, isn't it! HOMEWORK: Check this.

MORAL: Lots of important inequalities arise from each other, so it is really only
Important to get one of them in order to enter the club. The Matrix Concavity Theorem

Is such an entry point.

Useful reference: ‘Strong Subadditivity of Quantum Entropy’ in Wikipedia
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CPT MAPS

We just proved that tracing out degrees of freedom (which means, physically, ignoring

them in a measurement) lowers relative entropy. This can be generalized to arbitrary

CPT maps, which we first explain. The generalization is sometimes called the Data Pro-

cessing Inequality and it has something to do with the connection between entropy and

entanglement. First, CPT:

Let ‘H and X be Hilbert spaces and let B(H), B(K) be the bounded linear maps (i.e.,
matrices) on H, resp. K (aka “superoperators’). Let ® be a linear map from B(H) to
B(K). We say that ® is a PT Positive, Trace Preserving map if

1. | P| ®(A) is positive whenever A € B(H) is positive. (positive — positive).

2. |T| ® preserves traces: Try A = Tri ®(A).

We say that a PT map ® is a CPT (Completely Positive, Trace Preserving) map if for any

other Hilbert space L,

P ® ]lB(L)

s PT.

A CPT map is also called a channel.
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Crazy! But don't give up. Don't head for the exit. Hang in there.
What does this mean?

Quantum communication and information is all about CPT maps. When we do some-
thing to a density matrix of a system (such as adding or removing degrees of freedom)
we want to be sure that we preserve positivity and the unit trace, of course, but we also
want to preserve these properties when we think of our system as being a subsystem of
the universe (the ®1 is the environment).

If you think about it for a while, you will see that this latter condition is that when we

tensor on the identity we preserve positivity. (The trace condition is automatic.)
Stinespring’s theorem shows how to view this as ordinary unitary time evolution followed

by tracing out the environment.

A simple example of a PT but not CPT map is ®(A) = Atranspose,
HOMEWORK: Check what happens for this transpose map when H, K and L are just

two-dimensional. (* If you understand this you will have understood a lot.)
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KRAUS OPERATORS AND STINESPRING’S FACTORIZATION THEOREM

K.Kraus figured out that ® is a CPT map from B(H) — B(K) if and only if it can be
represented as:

D(A) = Zj F; AF]
for some (non-unique) operators F), called Kraus operators, from K — H satisfying
> FIFy =1y

HOMEWORK: What if > . FJ-F;r = 1lx instead? What is preserved then? (Hint:
CPT maps do not generally preserve the identity 1)

Earlier W. Stinespring found a general characterization of CPT as follows: There is
another Hilbert space £ and a unitary U :  — H ® L, with Trp UUT =14 , such that

O(A)=Tr, UM (A@1,)U| with Tr, UUT = 14
This says that a CPT map can be thought of as first embedding A in a bigger space,

then rotating with U, and finally bringing A back with a partial trace. We shall now use
this to extend the monotonicity of relative entropy to the DPI for general CPT maps.

The extra space £, which helped us effect the CPT map and then disappeared, is called
an Ancilla. Such assistants are used often in QIT.
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DATA PROCESSING INEQUALITY OR COMPLETE MONOTONICITY OF
RELATIVE ENTROPY

Recall the relative entropy: S(p|lc) = Trp(Inp —Ino), and its monotonicity under
partial traces: S(p1]|lo1) < S(piz|loi2), (*)
where P1 — TI‘2,012 and 01 — TI'20'12.

Partial trace Trs is, of course, a CPT map from B(H12) = B(H1 ® Hsz) to B(H1). We
want to generalize this to arbitrary CPT maps, which has been called the data processing
inequality: p12 becomes simply p and p; becomes ®(p), etc.. Thus, monotonicity or DPI
iIs the following for all CPT maps ®.

S(@(p)||[@(a)) < S(pllo)

CPT maps can raise or lower entropy, but they always lower relative entropy. They make

it harder to distinguish p from o.

Stinespring says we can write ®(p) = Trz UT (p®1,) U and (o) = Tr, UT (o®1,) U.
If we think of His = H ® L and p1o = UT (p ® 1)U (and similarly for o13), then the
S(p|lc) = Trp (Inp — In o) inequality (*) becomes the DPI inequality. QED.
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ENTANGLEMENT

We will be concerned with two objects (degrees of freedom, particles, systems, etc.)
described by states (density matrices) on Hilbert spaces H; and Hs, respectively. The

combined space is H12 = H1 ® Ho, and the density matrix on His is pio

A simple example of a state with no correlations or entanglement is p1o = p1 ® po.

Others are possible, however.

We say that p15 is not entangled if it is separable, i.e., if it is possible to write

P12 = Zj Aj p{ ® p*; with all A; > 0 and ,0{ and ,0% are density matrices.

If such a decomposition is not possible we say that pi5 is entangled.
The size of the summation Zj is at most dy do + 1. (Note: It is always possible to

decompose pio into a sum of products, but not always with positive \;.)
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Notes:

1. Since each pg can be written as a sum of pure states (the eigenvalue decomposition)

we may as well take the pg to be pure.

2. We do not assume that the p;z are orthogonal for different j (meaning Tr P?Z pr £ 851).

3. A pure state is entangled unless it is a simple product:

p12 = |¥)(¥

Physicists often pretend that the states of interest are pure, but that is not always
justified. Consider the optimum situation, that our laboratory is in a pure state pr, = L) (L.
The pg of the system on our lab bench, which is obtained by partial trace of pr, cannot

,and U = ¢ ®)s (= |¢1) |[1p2) in some papers and books).

be expected to be pure.
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ENTANGLEMENT QUESTIONS

How do we measure entanglement when it occurs?

What does entanglement have to do with measurements or with communication or other

physical quantities? This will involve Bell states (discussed later on).

If we have a measure, is it Faithful? That is, does the measure give us a positive value

if and only if p12 is entangled.

As one might expect, such good measures turn out to be complicated to evaluate, Can
we find useful, simple tests (entanglement witnesses) that tell us incomplete, but useful

information about entanglement.
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ENTANGLEMENT OF FORMATION

The following definition of entanglement has something to do with the number of Bell
states needed to form our given state p15. This will be explained later. For now we look
at its mathematical properties.

n

Ef<p12) = inf { 2;21 >\j51 (Tl'gwj) D P12 = Z - )\jwj}

where the w; are density matrices and the \; are positive and sum to 1. This means we try
to decompose p15 into lots of pieces and add up the entanglement of each. Since entropy
Is concave, we can take the w; to be pure states. If piy itself is pure then there can only
be one term in the sum, in which case E7 is just the usual entanglement as normally used
(namely E(p12) = S1(Trap12)). Our definition of E/ transports this usual definition to
density matrices.

It is easy to see that £/ (p12) = 0 if and only if pyo is separable.

Thus, E/ is a faithful measure of entanglement! HOMEWORK: Prove this!
We know that E/ is not additive. (meaning E7 (pi1a ® 012) = Ef (p12) + Ef(012) ) but
no counterexamples are known!
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SQUASHED ENTANGLEMENT

Another definition of Entanglement is the squashed entanglement, introduced by Tucci
and Christandl-Winter. It has something to do with the number of Bell states that one
can extract from a given state pqs.

E*(p12) = % inf  (S13 + S23 — S123 — 53) .

P123—7pP12

The quantity in parenthesis is always positive by Strong Subadditivity. One is asking for
an extension of p15 with minimum SSA difference.

Brandao-Christandl-Yard proved that E®? is faithful. It is zero if and only if p12 is
separable. It is also additive (hint: use Hs ® Hg3 in place of Hs.)

HOMEWORK: 1. Find one simple extension of p5 that will demonstrate that

E'(p12) > E*(p12) |
2. Show that E*%(p12) = 0 if p1o is separable. 3. If p15 is pure then E*9(p12) = S;.

Clearly E*? is even harder to compute than E/. We will next prove a simple lower bound
for %9 (and hence E/), which is easier to compute. It is not faithful, unfortunately. It
was derived together with Eric Carlen.
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SQUASHED ENTANGLEMENT LOWER BOUND

Recall our earlier result, obtained by purification , that SSA is equivalent to:

514 + 512 Z S4 + 52. for any pi24.

Now exchange the dummy indices 4 and 1 to get S14 + So4 > S71 + 55. Add the two
inequalities and get S5 + 2514 + Soq4 > S1 + 255 + 54.

Purify this last inequality (pure p1234) and get, believe it or not, an extended SSA ! :
5 (S13 + S23 — S123 — S3) > S1 — Sq2,

which implies that Ef(plg) > E°Y(p12) > max{S; — S12, S2 — S12, 0}
(Christandl-Winter had this with just the average %(Sl +.55) — S12, which is very different.)

MORAL : Define the Extreme Quantum Regime by negative conditional entropy
(i.e., S1 > S12 or S3 > S12). This never happens classically. This is the regime of most

interest to physicists (e.g., the ground state). In this regime there is always squashed
entanglement.
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PINSKER’S INEQUALITY AND QUANTITATIVE SUBADDITIVITY

We just talked about extended SSA.

While on this topic, we mention (an improved) Pinsker's inequality, heavily used in QIT,
and quantitative subadditivity (Carlen, L).
Recall relative entropy: S(p||lc) = Trp(Inp — Ino).

S(plle) > —2InTr {,01/201/2} > Tr [/p— \E]Z .

By taking p = p12, and 0 = p1 ® po we get quantitative subadditivity:

S1 4 52 — S12 2 —2InTr12 /p12 Vp1 @ p2

With A = 25(pl||o), by the Peierls-Bogoliubov and Golden-Thompson inequalities,

e > =exp [Trpi(lnoc —Inp)| < Trexp [ (Ino + Inp)]

< Trexp [% In 0] exp [% In p} = Tr [01/2,01/2} :
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ENTANGLEMENT WITNESSES

We have discussed two examples of faithful entanglement measures. They are not
so easy to use, however. We also need simpler, partial measures, called entanglement
witnesses which can be used to help us decide if a state is entangled or not.

The set of non-entangled (= separable) states on a given product of Hilbert spaces H
and KC is a convex subset of the set of all operators on H ® K (Why?). (Meaning that if
p12 and oo are separable then so is Ap1o+ (1 — X)oqo, for all 0 < X\ < 1.) Call this convex
set Sepis.

Because it is convex, given pio that is not in Sepio there is a separating hyperplane (a
linear functional) such that pi5 is on the negative side of the plane. More specifically:
There is a Hermitean operator A15 on H ® K so that Tri2A12p12 < 0| and that
Tri5A12012 > 0 for all product density matrices 012 = 01 ® 03.

An entanglement witness may be described as follows (Horodecki's): Let ® be a Positive
(not completely positive) map on H;. Then, if p15 is separable ®; ® 15(p12) is a positive
operator (i.e., no negative eigenvalues).

Conversely, if @1 ® 15(p12) is positive for all such ®; then pq5 is separable. Not Trivial!
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BELL STATES

Let's try to relate the definitions of entanglement to familiar objects, namely Bell states.
A qubit is just a system where the Hilbert space is H = C?. The four Bell states are pure
bipartite 2-qubit states |¥)(¥| defined by the four vectors in C? @ C?:

o=l helh+Inel) oo=(h -1 1)
Up=—25(ne[h+hHeln) Vo =5(Ne[h-1hHeln)

provide an orthonormal basis of H1 ® Ho consisting of maximally entangled states.

Definition: A maximally entangled state on H; ® Ho has the form

min{dy, d
P12 = mmrd o) ijl{ b e @ )E @ Xyl

where the |£;) are from an orthonormal basis of H;, and similarly |x;). The reason such

an pig is maximally entangled is that E/(p12) = In(min{d;, d2>}) which is the most it

can be.

Warning: In this business one usually uses logarithms to base 2. | have been using natural
logs, so that E/ (|®)(®,|) = In(2). The next definition we need is (LOCC).
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LocAL OPERATIONS AND CLASSICAL COMMUNICATION = LOCC

Any p12 on any H; ® Ho and be converted to 01 ® g2 on any K1 ® Ko by some CPT
map. But we are interested in CPT maps that act on only one factor. That is it maps
B(H1) — B(K1) or it maps B(Hz2) — B(K3). The first kind of map is ®; ® 15 and the
second is 1; ® ®5, These are “Local Operations”. Maps of the form ®; ® ®, are also

called local operations.

In quantum communication we are usually interested in H; = K1 and Hy = K9,

There is a soap opera that goes with this in which ‘Alice’ and ‘Bob’ are actors
who are interested in finding out what pq2 is by making measurements on it using local
operations. Alice on ;1 and Bob on Hs. They communicate their results to each other by

carrier pigeon, for example, or any other classical communication system. p1a —> paB.

Let us begin by defining a measurement. (What! Does he never stop defining things

and get down to business?)
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MEASUREMENT

The measurement apparatus on a state p is defined by a CPT map which, according to

Kraus, is

d(p) =St _ M,, pMI with b M M, = 1.

m=1 m=1
The M,, are the possible ‘measurement outcomes’ . A measurement outcome is a choice
of one m (and the reduction of the state to (Tr M*_, pM )~1M,, pM? , but we won't
need this.)

For a pure state, this reads |U) — (U|MT M,,|¥)~1/2 M,,| ).

(Technically, a local operation is a CPT map to operators on a Hilbert space. To make
the measurement apparatus into such a map we can define it as a map to H ® L, where
L = CH is an ancilla, and the map is into the set of diagonal p X 1 matrices on CH*. Thus,
a measurement apparatus maps p into a block-diagonal matrix, each block belonging to
B(H). If you don't get this, forget it.)

Now the commercial is over and we take you back to Alice and Bob.
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MEASUREMENT AND ENTANGLEMENT

Schrodinger again:

By interactions the two representatives (or -functions) become entangled. To disen-

tangle them we must gather further information by experiment, although we knew as much
as anybody could possibly know about all that happened (during the interaction).
Of either system, taken separately, all previous knowledge may be entirely lost, leaving
us but one privilege: to restrict the experiments to one only of the two systems. After
reestablishing one representative by observation, the other one can be inferred simultane-
ously. In what follows the whole of this procedure will be called the disentanglement. Its
sinister importance is due to its being involved in every measuring process and therefore
forming the basis of the quantum theory of measurement, threatening us thereby with at
least a regressus in infinitum, since it will be noticed that the procedure itself involves
measurement.

Another way of expressing the peculiar situation is: the best possible knowledge of a
whole does not necessarily include the best possible knowledge of all its parts, even though
they may be entirely separated...
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AN EXAMPLE

A&B know that p1s is a pure state whose |U15) is one of the following Bell states. They

want to decide which one it is.

o, =(Hel )+ NHeln) Ve =Nl +hel )

Here, H; is a qubit in Princeton and sy is one in Timbuktu. Classical communication
Is not easy but that doesn't stop this dauntless pair.

With a local operation Alice measures spin up. She could have measured something
else, (such as the spin in the X direction) which would make the story more interesting.
However, her measurement, indeed no measurement she could have made, distinguishes

the two states.

But now Bob measures spin down and that clinches the matter. W, wins!
The state has been reduced to | 1) ® | {).
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NIELSEN’S THEOREM

We can ask how powerful an LOCC operation can be. That is, given p15 and o152 on the
same H12, can we find a LOCC that maps p1s to o12. The general answer is not known,
but the necessary and sufficient condition is known (Nielsen) if these are both pure states.
It is stated as follows.

Suppose A and I' are two ordered, finite sequences of d real numbers with the same
sum. A\p > Aa > ... > Agand 41 > y2 > ... > g with YA =D ;.

We say that I' majorizes A (in symbols I' > A) if the partial sums satisfy:

Z§:1 v > Z?:l Aj for every k =1, 2, ..., d.

If both bipartite states are pure and if p1, o1 are the one-system reduced density matri-

ces, let A (respectively I') be the ordered sequences of eigenvalues of p; (resp. o1). There
is an LOCC that takes p12 — o012 if and only if |[I" = A |. (And hence S(p1) > S(01).)

This is a very good theorem and hard to prove. A similar majorization theorem relates
the diagonals and the eigenvalues of a hermitean matrix. (Did you know this fact?)

Now that we have explored LOCC, let's get back to Bell states and entanglement.
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THE OPERATIONAL MEANING OF ENTANGLEMENT

If Alice and Bob have n copies of an entangled bipartite pure state V1o, i.e., \I!%", how
many copies of a Bell state, say W, can they produce from it using only local operations
and classical communication? Conversely, to produce U¢,* from a ‘stream’ of Bell States
\If?m, using local operations and classical communication, how large does m have to be?

In the large n limit, one can define two operational measures of entanglement,
distillable entanglement £? and entanglement cost E° that quantify, respectively,
the rate at which one can ‘distill’ ebits (maximally entangled states, Bell states) from
W45, and how many ebits does it takes to build V5. Both are shown to coincide with
E(¥5) = E/(p12) = S, for pure states.

The situation for mixed states is much more complicated. It was conjectured that
E¢ = E7 but this is now known to be false, although no explicit counterexamples are
known. It is easy to prove that E¢ < E/, and it is conjectured, but not proved, that

E°¢ = EJ in ‘most’ cases.
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ENTANGLEMENT DISTILLATION AND ENTANGLEMENT COST

Alice and Bob have a state p15. They make (in principle) a large number of copies of

this state and form the n-fold tensor product p12 = p12 ® P12 ® ....p12. They ask if they

XN

can find an LOCC that maps n’ copies of a Bell state |¥){W_| into the state pi," and
try to make n’ as small as possible. (Note: It doesn't matter which Bell state we use.)
To be honest, they have to produce the n’ copies to within a small tolerance, but we won't

quibble about that. Then, in general,

E€(p12) = lim,, oo n'/n. It is also | E(p12) = lim,, o0 ~ Ef(p12 ).

As mentioned above, E¢(p13) = E7(p12) for pure p1o and E€(p12) < E/(p12) generally.

For entanglement distillation we do things the other way around. We LOCC map a

product of n copies of p15 into n’ Bell states, with n’/n as large as possible. Then

Ed(ﬂu) = lim,, o0 ' /7. In general, £(p12) < E(p12)

Elliott Lieb —Topics in Quantum Entropy and Entanglement Nr. 40




THE CONNECTION BETWEEN ENTROPY AND ENTANGLEMENT

You may wonder why entropy plays such a dominant role in the quantification of entan-
glement. For pure states we can use Nielsen’'s theorem to make this very clear to anyone
familiar with elementary equilibrium statistical mechanics, where the difference between

energy and free-energy is T'S (by definition) and S = — ) plnp.

A Bell state has p; = 11;. This maximally entangled density matrix is dominated by

2
any other C? density matrix since its eigenvalues are %, % The eigenvalues of n’ tensor
copies of this Bell state (which has dimension = 2"/) are easily seen to have only the

eigenvalue 2™ and this occurs with multiplicity 2" (thus making the trace = 1).

Now suppose Alice & Bob share a bipartite pure state pjo = |¥)(¥| of dimension d=.
Let \; denote the set of Schmidt numbers (eigenvalues of p1) by A1,..., As. Now look
at n tensor copies of p;o, which is a pure state, of course, with the p;(p55") = Try"™ psy"
density matrix equal to the n-fold tensor product p?” of p1. What are the eigenvalues
of this “p;"? Each eigenvalue is a product of Schmidt numbers, one from each factor,

without any restriction. A\;; A;, - A; .
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CONNECTION BETWEEN ENTROPY AND ENTANGLEMENT (CONT.)

Now, think of a stat-mech problem of n independent particles with one-body eigen-

values —In Ay, ---,—In )y at inverse temperature 5 = 1. The partition function is
Z = (ijl A;j)" = 1, whence the free energy is F' = InZ = 0. We can compute

the entropy per particle, which, as always, is S = —> plnp = — 25:1 AjIn A

Aj

We used the Boltzmann factor e A5 and not e® (1/d) 3¢ you might wish, because we

are interested in estimating errors in Trp; caused by perturbations, and not in Trd—'1.

In this problem the average energy/particle is E = S, since F' = 0. Physics (actually the
law of large numbers, a.k.a. the ‘asymptotic equipartition theorem’') tells us that the
distribution of the n-body energy values is sharply peaked around nE. Except for a small
probability (i.e., a small change in the trace) all nonzero eigenvalues of p; lie in the interval
(en(=9=¢) en(=5+€)) for any € > 0 as n — oo. Since the Tr “p; “ = Tr p®" = 1, there

n(S—

are between e ) and e™(5t€) eigenvalues in this interval. The missing eigenvalues are

rare or close to zero.
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CONNECTION BETWEEN ENTROPY AND ENTANGLEMENT (END)

Let us summarize the situation. If we have n’ Bell states the non-zero eigenvalues of

p?”/ is 27" (with 27" degeneracy).

The non-zero eigenvalues of p$°™ for our pure bipartite state lie (except for a vanishingly
small number) somewhere between e~"(5~¢) (with e*"(5=¢) degeneracy) and e="(5+¢)

(with etn(S+e) degeneracy), for any € > 0 and very large n. The entropy of p%" is nS

with § = — 327, A; In ;.

Nielsen's theorem tells us that we can find an LOCC map from Bell state to our pure
p12 if spectrum (p12) majorizes spectrum (Bell). This occurs if etn(S—e) < on’
Conversely, we can LOCC from pia to Bell if et™(5+€) > 97" Since ¢ is arbitrary (as

n — oo the two conditions coincide, and we conclude that

E(p12) = E(p12) = limy 00 (n'/n) = S(p1)/In2 = E' (p12)/In 2|
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ENTROPY AND QUANTUM UNCERTAINTY

We switch now to a use of entropy as a measure of quantum mechanical uncertainty. It

has much more to say than does the Heisenberg uncertainty principle.

Given a density matrix p on ‘H and an O.N. basis of vectors A = {a,;} of H, define
probabilities p; = (a;, pa;) . Then define the ‘classical entropy’ H(p) = — Zj p;jlogp;.
H(A) can be quite small, even if S(p) is large, but Maasen & Uffink (PRL 1988) found
an uncertainty principle: Let B = {b;} be another O.N. basis. Then

H(A) + H(B) > —2log {sup, ;. [(a;, bg)|}. ()
This can be generalized to continuous bases, e.g., delta functions and plane waves:
—/,O(SU,ZC) Inp(z, z)dx — /ﬁ(k,k) In p(k, k)dk > 0, with p(x, ) = (z|p|zr), etc.

NOTE: The entropies on the left can be arbitrarily negative!

Following a conjecture and result of Rumin, Rupert Frank and | improved this to:
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—/p(az,a:) lnp(yc,a:)da:—/ﬁ(k:,k) Inp(k, k)dk > S(p).

The quantum entropy S(p) is bounded above by two classical entropies!.

Even more generally, we can generalize to any two spaces L?(X, i), L*(Y, v) and with

a unitary U : X — Y having an integral kernel U (z,y) that is bounded.

As before, we have p = U*pU (like the Fourier transform), and then
~ [ plw.) npo2)du(e) = | ploy) Infly. p)dv(y) = S(p) ~ 21og {sup Uz )]}
X Y T,y

Note that X and Y can be quite different. E.g., X = Z (the integers) and Y = [—7, 7]
(the Brillouin zone). Thus, the X integral is a sum and the Y integral is continuous. (This

is reminiscent of strong subadditivity: S7 + S > Si2.)
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Our proof of this last theorem uses only two simple, well known tools:

1. (usual) Golden-Thompson inequality: Tre/At? < Tre4 5.

2. Gibbs' Variational Principal (or Peierls-Bogolubov inequality): For self-adjoint H
TrpH + Trplogp > —logTre .

HOMEWORK: Prove the theorem or look it up in Annales Inst. Henri Poincaré 13 (2012)

Now we turn to more serious matters, which are truly quantum mechanical and use

strong subadditivity and the ‘triple matrix inequality’.
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TwO HILBERT SPACE THEOREM

By definition, a classical measurement on a density matrix p on H; is a

collection of operators M, on H; such that ) M}* M,, = 14,; the probability of

measurement m is Try M, p M. .

Now we suppose that we have the usual p13 on Hio = H1 ® Ha. We also suppose that
we have two kinds of measurements, which we shall call A and B, and we want to find
some kind of uncertainty principle relating the two. The measurement operators will be
denoted by A,, and B,,.

Recall that the usual conditional entropy of p1s is S(1]|2) := S12 — S2. In its place we

define the classical /quantum conditional entropy for the A measurement by

(1A‘2 Z Tr2 TI'lAmplgA )log(TrlAmplgA*) SQ.

and similarly for a B measurement.

Note where the 33, is! This is not the conditional entropy of Zj Amp12AL,
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Two-Space Theorem: Suppose we have two measurements {A,,} and {B, }. Then

H(142) + H(17]2) > S(1]2) — log ¢4,

where ¢; =sup (Tr1 B, A} A, B)

m,n

Note that if p1o = p1 ® p2 then this theorem reduces to the generalized Maassen-Uffink

theorem mentioned before.
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Two HILBERT SPACE THEOREM (CONTINUED)

This theorem is difficult because it brings out the terrors of “entanglement”. It was
conjectured by Renes and Boileau in 2009, who realized that the SSA theorem, or an
equivalent, would be needed in its proof. Berta et. al. proved the special 'rank-one’ case

where all {A;}, and all { B} are O.N. rank-one projectors.

Subsequently, Coles, Griffiths, et.al. and Tomamichael and Renner eliminated some of
the rank-one conditions. All these proofs were quite long, however. It turns out that the
theorem can be proved in a few lines by merely adapting the original proof of SSA! That

is, by using the triple matrix inequality.

There is also a 3-space theorem, but better to stop this while we are ahead.

But it is worth mentioning the continuous version of this theorem (Heisenberg like).
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CONTINUOUS VERSION (E.G., FOURIER TRANSFORM)
We can now formulate the entangled version of the Maassen-Uffink theorem,
which relates the classical entropies in Fourier and in configuration space. This is done
by allowing the measurement operators A,, and/or B, indexed by discrete m,n to be-
come indexed continuously. Sums are replaced by integrals in this case. For the Fourier

transform, for example, we apply the 2-space theorem and infer that

H(1412)+ H1P|2) > S5 — 5o

where
H(1A]2) = — / i T (xlpaslx) 0, Tos(xlpialx), — S
R

and
H(17]2) = - / dic Tra (Klpr2lK), Tog(klpa k), — S
R

In this case ¢; = sup,, |e2™RT| = 1 and, therefore, Inc; = 0.
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FERMION ENTANGLEMENT

Here, solely for your amusement, is an exercise (with E. Carlen) in computing entan-

glement. It is where one is led by just following the rules.

Bosons are sometimes thought to be more complicated than fermions because they can
‘condense’. But condensed bosons that are in a product, or ‘coherent’, state

U = ¢(x1) p(x2) - - - d(xn) are not entangled in any way (by usual definitions of entan-

glement) whereas fermions are always entangled by the Pauli principle. Our goal is to
quantify the minimum possible entanglement and, as folklore might suggest, show that

pure Slater determinant states give the minimum entanglement. If this is the case then
Slaters can be said to be the fermionic analog of boson condensation!

We study the bipartite density matrix of 2 fermions embedded in a sea of N fermions.

Some results depend on N, while others do not.
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THEOREM #1

We return to the quantitative investigation of fermionic entanglement. We naturally as-
sume, going forward, that H, = Hs.

Our first theorem expresses an extremal property of Slater determinants for E.

Theorem 1. Let p15 be fermionic, i.e., suppose that the range of p12 s contained in
HAH. Then,

E¢(p12) > In(2),

and there 1s equality if and only if p12 1s a convexr combination of pure-state Slater

determinants; i.e., the state 1s fermionic separable.

In other words,
E;nt%symmetmc<p12) — Ef (p12) . 1Il(2)

is a faithful measure of fermionic entanglement.
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THEOREM #£2

We all know subadditivity of entropy (positivity of mutual information): S; + So—S12 > 0,

and that equality occurs only when p15 = p1 ® pa. This cannot happen for fermions.

Theorem 2 (Mutual Information of fermionic pis: ).

2
So — S5 >1
S1 4+ 55 12 = n(l—Trp%)

and there 1s equality if and only if the N -particle fermionic state is a pure-state Slater

determinant. (not a convex combination of Slaters)

Recall that for N fermions p; = po < % Id, and equality occurs only for an N-particle

Slater. For a Slater S = So =In N.
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DO SLATERS MINIMIZE SQUASHED ENTANGLEMENT?

We cannot find the minimum of E,, over all fermionic states but
We conjecture that the minimum Eg, occurs for Slaters

We conjecture that Esq for a Slater is given by:

(%ln% if NV is even
Esq(ﬂl2) = 9
\%ln% it NV is odd

SERIOUS HOMEWORK: Prove or disprove these conjectures.
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SQUASHED ENTANGLEMENT CONTINUED

At first we thought that the minimum was the same as for the entanglement of formation

E¢, namely, In(2). This is grossly incorrect! The minimum is at least as small as the value

just mentioned, i.e.,

‘ 2

if N is even
if N is odd.

22
|+ | H
IV

In
In

N DN

= ‘

Esq(P12) — {

This upper bound shows that E, for a Slater depends heavily on N, namely ~ 2/N.
It is obtained by starting with an N-particle Slater (which is pure and which gives us the
required p12) and then taking pio3 to be the (mixed) IN/2-particle reduced density matrix

of this Slater state. Thus, dimHs = (N/2 2) Then

N N N
5123—1n (N/2>, Sg—ln (N/Q_Q), 513—523—11& (N/2—1>

and %(513 + So3 — S123 — S3) is as above.
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ENTROPY MINIMIZING PROPERTIES OF SLATER DETERMINANTS

Let p1..n be an N-particle fermionic density matrix. Let p;1 = Tro. np1.. N denote its
single particle density matrix. Let p1s = Tr3. npi1...n denote its two particle density
matrix.

It is well-known that

{p : p1 ="Tra. n(p1..~n) with p;. N fermionic} ={p : p < %IL} .

The extreme points of this convex set are the normalized projections onto N-dimensional
subspaces, which are precisely the one-particle reduced density matrices of N-particle
Slater determinants. Hence S(p1) > In N with equality if and only if p; comes from an

N-particle Slater determinant.
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ENTROPY MINIMIZING PROPERTIES OF SLATER DETERMINANTS
CONTINUED

No such simple description of the set of all density matrices on H ® H of the form
p12 = Trz. n(p1..n) is known. Yang proved a sharp upper bound on the largest eigenvalue
of p12 depending on the dimension of H. As the dimension increases, this approaches
N(g)_1 = 2/(N —1). If there were O(IN) eigenvalues nearly as large as this, one might
have S(p12) close to In N. However, producing the single large eigenvalue in the Yang
state produces many more very small eigenvalues, resulting in a large entropy. The Yang
pairing state (which is at the basis of superconductivity and superfluidity) has an entropy

of order In(dim(H)).
A Slater pi5 has (g) eigenvalues 1/(];) and thus Si2 = In (g) ~2In N —In(2).
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THEOREM #3

We believe that a Slater minimizes S15. What we can prove is:

Theorem 3. The 2-particle reduced density matriz of any N -particle fermionic state

satisfies

and, therefore, a Slater is at least asymptotically close to the minimum.

FINAL EXAM: Prove the conjecture
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