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Abstract

This undergraduate thesis is broadly about the theme of applying the Arthur—Selberg trace formula in
various contexts to gain insight into the problems of arithmetic statistics. To this end, we develop, in
essentially full detail, the technical prerequisites in the spectral theory of automorphic forms for GL(2),
and we prove two specializations of the trace formula: the version at the infinite place using Selberg’s
language of point-pair invariants, and the adelic version specifically for traces of classical Hecke operators.
After fully setting up the technology of the trace formula, we proceed with the applications to arithmetic
statistics. We provide an exposition of one of the results of Sarnak’s thesis, in which he applied the
trace formula (in the guise of a prime geodesic theorem for hyperbolic surfaces of finite area) to prove
an asymptotic averaging law for class numbers of real quadratic fields which made an important stride
towards removing the dependence on the regulator of the classical Gauss—Siegel asymptotic formula.
Then, we move on to imaginary quadratic fields, where we present a new approach to proving the
existence of fields whose class group has trivial ¢-torsion for a small list of primes ¢. Our approach (the
original content of this thesis) uses congruences between modular eigenforms of different weight (those
induced by the holomorphic Eisenstein series E,_; and which were used by Deligne—Serre to extend
the construction of Galois representations associated to modular forms to the case of weight k = 1) in

conjunction with the trace formula.
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Chapter 1

Introduction

“It is good to be confused!”

Glenn Stevens

1.1 Historical background

Ever since the time of the ancient Greeks, Diophantine equations (polynomial equations for which the
solutions we seek are integers) have been of fundamental interest to number theorists. Elementary
questions about Diophantine equations, though stated in simple language, are responsible for much of the
vast modern corpus of algebraic number theory. Now that we have made this claim, we have no choice but
to back it up with some of the most famous examples of how the modern abstractions of algebraic number
theory have been motivated by questions stated hundreds of years ago in the elementary language of
Diophantine equations.

Question 1.1.1 (Fermat’s challenge to the English mathematicians). What are the solutions z,y € Z to
the Diophantine equation
2=y — 27

Question 1.1.2 (Fermat’s last theorem). The pythagorean triples (solutions to the Diophantine equation
22 + 32 = 2%) can be explicitly generated by parametrizing rational points on the unit circle, or by

Hilbert’s Theorem 90. Are there any nontrivial solutions z,y, z € Z to

ifn > 3?

Question 1.1.3 (Gauss’ quadratic reciprocity law). Given a prime p, which primes ¢ can divide the values
of 22 — p? Note that this is really asking about when the diophantine equation

2’ —p=qy

has solutions x,y € Z.



Question 1.1.4 (General reciprocity law). Given an arbitrary polynomial f(z) € Z[z], which primes ¢
can possibly divide the output? More generally, can we predict how the mod-¢ reduction of f in Fy[z]
factors?

Question 1.1.5. Given a fixed integer n, which primes p are of the form 22 +ny?? More generally, given
a quadratic polynomial
f(x,y) = az® + bry + cy® € Z[x, ]

(or eventually an arbitrary homogeneous polynomial in an arbitrary number of variables), which primes

p are in the image of f?

All five questions 1.1.1-1.1.5 are natural questions about numbers that only use the language of
prime numbers and polynomial expressions. They are also very old: Fermat studied Question 1.1.1 and
Question 1.1.2 in the middle of the 17th century; Question 1.1.3, Question 1.1.4 and Question 1.1.5 were
studied starting at least in the 18th century by Euler, Legendre, Lagrange, and Gauss (see [Cox2013] for a
reasonably elementary modern treatment, and [Gau1966] for Gauss’ famous work on these questions).
But at least in the current state of knowledge, none of them can be solved in generality without the
modern tools of algebraic number theory.

For Question 1.1.1, the key insight is to move the 2 over to the left hand side and factor it in the ring

Z[V-2] ={a+b/—2:a,bc Z},

at which point one has

P = (z—vV=2)(z +V-2).

One proves that every element in Z[/—2] factorizes uniquely (up to units) into irreducible elements,
from which it follows that # — /—2 and x + y/—2 both must be perfect cubes in Z[v/—2]. This turns
out to be enough information to deduce directly that the only solutions to the Diophantine equation
22 =193 — 2are

(z,y) = (5,4£3).

But here’s the rub: if we want to repeat this kind of argument to some slightly more general equations,
such as
2% =93 —n,

then we can repeat it verbatim only if Z[/—n] has the unique factorization property. For positive n, this
almost never happens. The failure of the unique factorization property for the ring of integers Ok of an
algebraic number field K is quantified by the ideal class group Clg, which is the quotient of the group of
fractional ideals of Ok by the subgroup of principal ideals (so Clx = 1 is equivalent to O having the
unique factorization property, by the general theory of Dedekind domains [Neu1999]). Gauss [Gaul966]
conjectured that the group Clg /= is trivial only for some finite list of . > 0, namely

n=1,23,711,19,43,67, 163.

Gauss’s class number 1 conjecture was finally proved by Heegner—Stark [Hee1952,Sta1969] (and inde-



pendently by Baker [Bak1968]) in the 1950s and 1960s, using the theory of modular forms and elliptic
curves with complex multiplication. But algebraic number fields and knowledge of their class groups
is not just useful for these concrete questions if the class group is trivial. In particular, one of the most
well-known steps towards answering Question 1.1.2 (Fermat’s last theorem) in the negative is due to
Kummer [Kum1850], and involves a similar strategy as the answer to Question 1.1.1 explained above. In
particular, the Fermat equation

can be factored over Z[(,] = Oq(,), where ¢, is a primitive n-th root of 1. Using the factorization
™ —1= H?:_ol (T — ¢b), the Fermat equation becomes

H z+ Chy).
=0

If Clg(¢,) = 1, then one deduces that the quantities = + Cty are n-th powers in Z[(,], and it is relatively
straightforward (though not trivial) to deduce Fermat’s last theorem from this information. After dis-
covering this argument, Lamé famously made the mistake of claiming that he had produced a proof of
Fermat’s last theorem'. Still, Kummer discovered that the argument could still be made to work when n
is prime and

n 1 #Clq(c,)-

Such primes n are called regular primes.

Class groups of number fields are also of key importance for Question 1.1.5. It is a standard fact
from algebraic number theory that for a quadratic field K = Q(y/n) of discriminant D, there is a
bijection between Clk and the set of G'L2(Z)-equivalence classes of primitive binary quadratic forms®
of discriminant D (the article of Wood [Wo002011] which also generalizes this much further and the book
of Cohen [Coh1993] on computational algebraic number theory are two good references). So it is no
surprise that the answer to Question 1.1.5 depends on knowledge of the class number of some quadratic
orders”. Surprisingly, Question 1.1.5 can only be answered in generality via class field theory, a part of
algebraic number theory developed over the course of the first half of the 20th century by Kronecker,
Hilbert, Takagi, and Artin, among others [Hil1896, Hil1902, Tak2014, Art1929, AT2009, CF1967]. As a
basic example (this argument is most of the content of [Cox2013]; I learned it from an exercise in B.
Conrad’s course [Con2009, Homework 9)), if Z[\/—n| = Oq(y/n) then a prime p is of the form z? — ny?
if and only if p splits into two principal primes (z — v/—ny)(z + /—ny) in Q(v/—n). By class field
theory, this is equivalent to p splitting completely in the the Hilbert class field of Q(y/—n), which is
a degree-#Clg /= extension of Q(v/—n). Therefore, the answer to Question 1.1.5 depends on how
some polynomial over Z[/—n| depending only on n splits modulo p, which reduces Question 1.1.5 to

! At least this story is part of number theory folklore, recorded for instance in [Edw1977].

2 A primitive binary quadratic form s just one of the quadratic polynomials of interest in Question 1.1.5, namely a homogeneous
quadratic polynomial in 2 variables such that all 3 coefficients are coprime.

*Here we have been sweeping a detail under the rug: the ring Z[,/n] is not necessarily equal to the ring of integers Oq(vm);
instead it is a non-maximal order (see [Neu1999, Ch. 1]). But this difficulty is not the central one in the theory, and we lose no
important ideas by ignoring it.



Question 1.1.4 with the added information that the degree of this polynomial equals #CIQ( J=n)-

Finally, Question 1.1.3 and the generalized version Question 1.1.4 concern the general notion of
reciprocity. Gauss [Gau1966] famously resolved Question 1.1.3 by elementary methods in many different
ways over the course of his life. The case of Question 1.1.4 where f has abelian Galois group is part
of the content of class field theory. From one lens, the reciprocity law of class field theory is about
a correspondence between abelian Hecke L-functions (analytic objects that come from 1-dimensional
complex representations of ray class groups, which are just a natural generalization of ideal class groups)
and abelian Artin L-functions (analytic objects that come from 1-dimensional complex representations
of Gal(Q/Q)). The idea that this should generalize to higher-dimensional representations and with
coefficients in other fields is a fundamental one fueling the Langlands program, and particularly modern
work on the Langlands reciprocity conjecture. In fact, Wiles and Taylor-Wiles’ resolution of Question 1.1.2
in the 1990s [Wil1995, TW1995] and the continuing work on modularity [Kis2009a, Kis2009b, KW2009] is
a central part of the Langlands program.

A common view is that the theory of automorphic forms and representations (key objects on one
side of the Langlands program; the Hecke L-function of class field theory are attached to automorphic
representations of GL(1)) began with Tate’s thesis [Tat1950], which set up the language and proved
the local and global functional equation in the case GL(1). This thesis essentially assumes familiarity
with that work, and explains the theory for GL(2) in all the necessary detail. The main theme of this
thesis is the development of the Arthur-Selberg trace formula in various forms for GL(2), and the
application of this to concrete questions about the distribution of ideal class groups of number fields.
Though it is not the main focus of this thesis, we remark here that the trace formula is a central tool
in the Langlands program in and of itself: for instance, it is used in the proof of the Jacquet-Langlands
correspondence [J.1970,GJ1979], and in the proof of the cyclic base change lifting for GL(2), which
itself was a key ingredient in the proof of Fermat’s last theorem (in the guise of the Langlands-Tunnell
theorem [Lan1980, Tun1981,CSS1997]). It is also the key ingredient in the Langlands—Kottwitz method
[Lan1973,Kot1984,Sch2011,Sch2013].

1.2 Brief overview

The purpose of Section 1.1 was to give some motivation for why class numbers of algebraic number
fields are interesting for the purposes of attacking concrete questions in number theory, and for why the
modern methods of algebraic number theory and particularly the Langlands program should be expected
to shed light on them. This section is meant to give more detailed information about the actual contents
of this thesis.

Given that Gauss’ class number-1 conjecture for imaginary quadratic fields has been resolved, one
might hope to eventually be able to have simple explicit formulas for class numbers of quadratic fields.
Having such convenient theoretical information about individual class numbers seems to be out of reach
thus far (though this does not mean there are not efficient algorithms for computing class numbers of
individual number fields [Coh1993]). In fact, it is not known whether infinitely many real quadratic
fields Q(y/n) for n > 0 have class number 1, though it is predicted that about 76% of them (ordered by
discriminant) do [CL.1984].



On the other hand, Gauss [Gau1966] saw that the class numbers have considerable regularity to them
when looked at on average. In particular, he proved

Theorem 1.2.1 (Gauss, 1801). Let Zryy, be the set of discriminants of imaginary quadratic fields. Then

™
B~ 1—p=2_ p=3 L A\T3/2
> ho 36 [[a-p2-p7?+p"
DEDm p

—-D<T
asT — oo, where the product is over the positive rational primes and hp denotes the class number of the
imaginary quadratic field of discriminant D.

However, Gauss found that no such asymptotic law seemed to hold for averages of class numbers of
real quadratic fields. This is due to the fact that the unit groups of real quadratic fields are infinite, and
one must account for this by weighting everything by the regulator. Gauss conjectured the following
statement, which was eventually proved in [Sie1944].

Theorem 1.2.2 (Siegel, 1944). Let Y, be the set of discriminants of real quadratic fields. Then

2
s
> hpRp ~ o [[(1=p2 —p~? +p")T??
36
DePRe p

—D<T

asl' — oo, where the product is over the positive rational primes and hp denotes the class number of the
real quadratic field of discriminant D.

Nowadays, the problem of the asymptotic behavior of class numbers, and more generally the asymp-
totic distribution of class groups of global fields in natural families, is an important part of a field called

arithmetic statistics. The most famous conjecture of arithmetic statistics in this direction is from [CL1984]:

Conjecture 1.2.3 (Cohen-Lenstra heuristics, 1983). Let £ be an odd prime. For any finite abelian ¢-group
G,

1 .
i>1

where kp denotes the imaginary quadratic field of discriminant D. The probability is meant in the sense

of natural density, ordered by discriminant.

Conjecture 4.2.1 seems to be very far out of reach, and so are its various generalizations to other
families of number fields [CM 1987, CM1990]. The question in arithmetic statistics that this thesis will

focus on is a consequence of Conjecture 4.2.1 which is still very open:

Conjecture 1.2.4. Let ¢ be an odd prime. Then

Pr[Cly, (] = 1|D € D] =Pr[hp 20 (mod £)|D € ] = [[(1 - £7) > 0.
i>1



To give an idea of how open this conjecture is: when ¢ > 5, it is unknown whether a positive
proportion” of imaginary quadratic fields K have Clg[(] = 1.

We will explain some special instances of the theme of applying information about automorphic
forms together with a powerful tool from the Langlands program called the Arthur-Selberg trace formula
[Sel1956,DL1971,Lan2001, Art2005] (the research program around various forms of the trace formula and
related issues of invariance and stabilization is ongoing and still being led by Arthur [Art1981, Art1983,
Lan1983,Art2002, Art2001, Art2003]) to make progress towards both of the questions in arithmetic statistics
we have introduced so far: Conjecture 1.2.4, as well as the question of how to generalize Theorem 1.2.1 to
the real quadratic case without having to weight the class number by the regulator.

One explicit way to write down the Arthur—Selberg trace formula for GL(2) is called the Eichler—

Selberg trace formula. The statement (in the case of full level) is as follows.

Theorem 1.2.5. Let k > 2 be an even integer, and Sy, the C-vector space of cusp forms of weight k and
level 1, equipped with the Hecke operators I,y for allm > 1. Then

1 1 . e
TTmls, = —3 > Pult,m)H(> — 4m) — 3 > min(dy, dg)* 7,
‘t|§2\/m dido=m
where Py (t,m) is defined to be
ph=1 gkl
Py(t,m) = ————,
p—7

where p is the quadratic algebraic number with norm m and trace t, and H denotes the Hurwitz class
number’. Note that Py,(t, m) is a polynomial int and m, and is equal to the coefficient of x*~2 in the formal
power series (1 — to +ma?) ™t € Z[m, t][z].

We recover some special cases (previously known but by different methods [Har1974, Wil2015]) of
Conjecture 1.2.4 by using Theorem 1.2.5 in conjunction with congruences between modular eigenforms
of different weight coming from the congruence of holomorphic Eisenstein series //,_1 = 1 mod p
(this type of congruence was notably used by Deligne—Serre [DS1974] to show the existence of Galois
representations associated to eigenforms of weight & = 1). This novel approach is the original content of
this thesis, and the present result is stated and proved in Theorem 4.2.27.

We also explain how to apply the Selberg trace formula at the infinite place to obtain a prime
geodesic theorem for finite-area hyperbolic surfaces and deduce one of the main results of Sarnak’s thesis
[Sar1980,Sar1982], namely

Theorem 1.2.6 (Sarnak, 1980). For D € DR, let hj{, denote the narrow class number of the real quadratic
field of discriminant D, and Rp the narrow regulator. Then

> hf ~ Li(T?)
DEDRe
eflb<T

*From now on we omit the fact that densities are computed by ordering by discriminant, since this is the only way it will be
done in this thesis.

The Hurwitz class number is defined just like the usual class number, except the quadratic forms are counted with weights
inverse to the size of the stablizer in SL2(Z)



asT — oo.

This thesis is organized as follows. In Chapter 2, we follow some of the standard references
[Bum1997, GGPS1969,Lan1985,Lan1976,Iwa2002] in establishing in full detail the basic spectral theory
of automorphic forms on GL(2), albeit only in the context of GL(2,R)". In the long Chapter 3, we
provide detailed proofs of both versions of the Arthur-Selberg trace formula we will use: the purely
analytic version for GLa(R) (essentially following [Hej1976,Twa2002]) which we will use later to prove
the prime geodesic theorem and Weyl’s law for hyperbolic surfaces; and the version for GLj/q used
to deduce Theorem 1.2.5 (essentially following [GJ1979,K1.2006]). Finally, in Chapter 4, we present the
applications of these tools to the problems of arithmetic statistics introduced in this section: Sarnak’s
result Theorem 1.2.6 [Sar1980,Sar1982] for asymptotic averages of class numbers of real quadratic fields,
and our new approach to Conjecture 1.2.4 (about torsion in class groups of imaginary quadratic fields)
using the trace formula in conjunction with additional congruence data (as briefly described above).

Parts of Chapter 2 and Chapter 3 have previously appeared in notes I wrote for the University of

Chicago graduate students’ seminar on automorphic forms and representations [Kal2020].



Chapter 2

Review of basic spectral theory of

automorphic forms

“Il a fallu Maass pour nous sortir du ghetto
des fonctions holomorphes”

André Weil

This chapter follows the references [Bum1997] and [Twa2002] closely, with occasional input from
[Lan1976], [GGPS1969], and [Lan1985].

2.1 Automorphic forms and representation theory

Let I' C SL2(Z) be a congruence subgroup and H = {z € C: ¥(z) > 0} the complex upper half-plane.
Then recall

Definition 2.1.1. Let £ > 0 be an integer and x : I' — C* a unitary character. A Maass form of weight

k and character x is a smooth function

f-H=>C
satisfying
1. A polynomial growth condition at the cusps';

2. the transformation law

k
10) =x) (o) 769

— a b e .
7_ e d 77

'What this means is that for any o € T'\SL2(Z) (these take icc to the other cusps of T\H), f(o(z + iy)) < y* for some

for all




3. and the differential equation

Arf=Af

for some constant A\, where Ay is the weight-k Laplacian
0? 0? . 0

Ay = =12 ( + > + iky—.

x Yy x

For this section and the next two, we assume I' = SL2(Z). This will make the theory easier to write
down (since we only have one cusp and therefore only one family of Eisenstein series), and it is the only
thing we will need in the archimedean theory in order to establish Sarnak’s theorem on class numbers in
Chapter 4. However, we note here that (with the exception of specific information about small Laplace
eigenvalues which is only important for the error terms in Chapter 4) all the parts of the theory presented
here generalize easily to general I'.

The reason for the strange-looking transformation law in Definition 2.1.1 is that the definition comes
from looking at functions on H from the perspective of representation theory. This perspective allows
one to go from the classical notion of modular forms to the modern language of automorphic forms and

representations. In particular, H is equipped with a transitive smooth action of GL2(R)™, and

-b a

Stabg,m)+ (1) = { ( “ b) a? + b2 > 0} =RZ%,S0:(R).

We write SO2(R) = K°, because it is the connected component of the maximal compact subgroup

K = 02(R) C GL2(R). So we may rewrite H as the homogeneous space
H=~GLy(R)T/Z°K° = SLy(R)/K°.

The point of this observation is that the Maass forms of weight” 0 which also enjoy the property
of being square-integrable with respect to the induced hyperbolic metric on I"'\H can be considered as

elements of the complex Hilbert space
L*(P\GL2(R)"/Z°K°, x) = L*(T\SL2(R)* /K®, X)
consisting of the measurable functions f : GL2(R)™ — C with the property that’

f(yvgur) = x(v)f(g)

forally €T, g € GLy(R)t,u € Z°, k € K° and

/ |f(2)|? dz < oo (2.1)
MN\SL2(R)

We are about to explain the representation-theoretic reason for the definition of Maass forms of general weight.

*We can also add a choice of “central character” w : Z — S* with the obvious change to the definition, but this is not very
relevant to the current discussion. The inclusion of the  is just to reassure us that modular forms with Nebentypus character
can be dealt with in this setting.



where dz is the Haar measure on SL2(R). One checks (for instance via the Iwasawa decomposition
for SLo(R)) that the measure on I'\SL9(Z)/K° = I'\H coming from the Haar measure on SLy(R)
coincides with the measure induced by the Riemannian metric on H, so since K° is compact and of
measure 1 when normalized correctly, Equation (2.1) is equivalent to f being of finite L2-norm when

considered as a function on H. In summary, we have

Lemma 2.1.2. There is an isomorphism of complex Hilbert spaces
o L*(T\H, x) — L*(T\SLy(R)/ K, X)
given by sending f to the complex-valued function
1/2 —-1/2 0 —sind
Y xy cos sin ,
= f(x +iy).
( 0y /2 ) <sin0 cos 0 ) flw+iy)

Proof. This is just the explicit realization of the isomorphism I'\H = I'\ S Ly (R)) / K°, using the Iwasawa

decomposition and the fact that this isomorphism is given by

9= 9(),
g2 gy1/2
and hence x + ¢y is the image of the coset of 0 BYNE As remarked above, one checks that the
Y

left Haar measure on the upper-triangular Borel subgroup is given by y% dxdy when using the coordinates
above, which shows that ¢ respects the inner product of the two L? spaces. O

This L? space is really only useful insofar as we can use representation theory to study it. We would
want to define a left action of GLo(R)™, via right regular representation (g- f)(x) = f(xg). The problem
with this is that K ° is not in the center of G Ly(R\)¥, so this action would not take L?(T'\SL2(R)/K°, x)
to itself.

So we remove the requirement of K °-invariance, and consider the larger Hilbert space
$H = L*(P\SL2(R), x),
which admits a left-action of GL2(R)™ (namely the right regular action). The Hilbert space
L*(T\SL2(R)/K°, x)

where the square-integrable Maass forms live then sits inside of ) as the set of vectors on which K°

operates trivially. Also,the space of smooth vectors for the Lie group action of GLy(R)™ on § is
C*(T\GLx(R)"/Z°, x),

defined in the obvious way®. It is a general fact that the smooth vectors in Hilbert space representations

*Though the “obvious” way still requires adding the requirement of square-integrability.

10



of Lie groups are dense:

Lemma 2.1.3. Let 7 : G — End($)) be a representation of a Lie group G into a Hilbert space §). The space

of smooth vectors for this representation, $)°°, is dense in 5).

Proof. The method is by convolution by a smooth function ¢ € C2°(G). Let

o = [ s,

which is well-defined for all v € §) because ¢ is compactly supported. In the toy model where 7 is the left
regular representation and §) = L?(G), this is the same as convolving a function in that L? space with ¢.
Let g be the Lie algebra of G. For any v € $), ¢ € C°(G), and X € g, we have

d d
|, eptX @ = G| wexnx) [ slg(o)vds
d
=, /G olg)m(exp(tX)g)v dg
d
T dt t:o/céf)(exp(—tX)g)ﬂ(g)v dg

~ [ (] otent-1x0) s
where the differentiation under the integral sign is okay because ¢ and % } t:Oqﬁ(eXp(—tX )g) are com-
pactly supported on G. So the action of g on 7(¢)v is well-defined and results in another thing of the form
7(¢')v, where ¢' = & ‘ —o®(exp(—tX)g) is also in C2°(G) and supported in the support of ¢. It follows
that the same argument we just did applies arbitrarily many times, which shows that 7(¢)v € H°°.
Now the point is that we can approximate a given v € §) with these smooth vectors 7(¢)v. Let v € ),
e > 0, and take an open set U C G around the identity with the property that |7 (g)v — v| < € for all
g € U. This is possible because the function g — |7(g) f — f| is continuous. By general theory of smooth
manifolds, there exists a ¢. € C°°(G) such that ¢ is supported on U, and |, ¢ ¢ = 1. Then

/(be g)v —v dg‘ /qﬁe Je < e.

Since we showed that (¢ )v € $H°°, this shows that ° is dense in ), as desired. O

t=0

‘ (2561)—1)‘

The square-integrable Maass forms of weight 0 live in the G Lo(R.) " -smooth vectors of
L*(T\SL2(R)/K°,x) € L*(T\SL2(R), x) = 9,

that is they are smooth vectors in the K °-isotypic subspace of $) corresponding to the trivial representation
of K°. But K° = SO3(R) has some other irreducible representations, which are all 1-dimensional (as

SO2(R) is abelian) and given by
cosf) —sinf ikt
sind cosf
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for k € Z. By the Peter-Weyl theorem [Bum?2013, Theorem 4.3], we have a decomposition

H= @ﬁk?

keZ

of representations of K°, where the direct sum is the Hilbert space direct sum” and $);, is the K °-isotypic
subspace corresponding to the irreducible representation e**?.

This is a general technique in representation theory: when you have a Hilbert space representation
of a group G, restrict it to a maximal compact subgroup K and use the representation theory of compact

groups to your advantage. In our case, there are two reasons why it is more convenient to think about
the connected component G = GLy(R)™ rather than GL2(R):

1. It is more naturally connected to the upper half-plane, since the fractional linear transformations

of negative determinant take the upper half-plane to the lower half-plane
2. The maximal compact subgroup K° C GLy(R)™ is abelian, whereas K = O2(R) is not.

These things don’t make a big difference, because PGL2(R)/O2(R) = PGLy(R)*T/SO2(R), and it
isn’t hard to write down the irreducible representations of O2(R) by induction from SO3(R).

The Maass forms of weight k are the smooth vectors in the corresponding K °-isotypic subspace
$7°. To get from a function on the upper half-plane to an element of the weight-k K-isotypic subspace,
we can’t simply transfer the function over using the isomorphism H = GLs(R)"/Z°K?°, since that
function would always be in the isotypic subspace corresponding to k = 0. Instead, one must twist by

the appropriate character of K °, using the Iwasawa decomposition. From this we recover the symmetry
condition satisfied by Maass forms of weight k: let L?(I'\H, x, k) be the subspace of L?(H) defined by

the condition i
d b
105 =xt) (i) 16 = (j d) er.

Lemma 2.1.4. The map
Ok : L2(F\H7X7 k) — ﬁk

given by
(orf)(g) = e s f (g + iy,),

where 0,4, 4,1, are defined via the Iwasawa decomposition
(v 2 y1/2 )
g = 0 y_1/2 0

Proof. We checked already in Lemma 2.1.2 that this map respects the inner product. To recover f from

is an isomorphism of Hilbert spaces.

o f, we just take f(z +iy) = (oxf) (g T) , which works because the K-component of this matrix

>So the claim is really that the algebraic direct sum on the right hand side is dense in £

12



k6O

in the Iwasawa decomposition is zero. It just remains to check that o, f being a e**’-simultaneous

eigenvector for the action of K is equivalent to f satisfying the symmetry property for Maass forms of
weight k. This is because if o, f = F € L?(I'\PGL2(R)™", x, k), then

, y o y T\ _ ke ,
fiy-(@+iy)) = F ((0 1)) =F <7 (0 1) ,_69,1) = XN f(z +iy),
where 2’ + iy’ := v - (x + iy) and ¢’ is defined by the Iwasawa decomposition
y «\ [y y )
"o 1) Vylo 1)

So we just need to compute ¢’ in terms of v and  + iy. I don’t know how to do it by pure thought, but
the computation isn’t that bad:

-1
o v (v 2 a b\ (y =z
““\ylo 1 ¢c d)\o 1
()12 1 —2'\ [ay ax+Db
0 v cy cr+d
ez +d| [ * *
oy cyy  cxy +dy

_ 1 * *
ez +d| \cy cx+d

1s)
cosf +isinf = m,
and thus B}
fOv-(@+iy)) =x() <m> flz +iy)
as desired. O

So we have provided a natural explanation of the symmetry condition satisfied by the Maass forms
of weight k in terms of the representation theory of S Ly(R). Where do the modular forms fit into this
picture? Actually the answer is very simple.

Lemma 2.1.5. Suppose that f : H — C is a modular form of weight k and character x forI'. Then
yM2f € C(D\HL X, k).

Proof. This is a straightforward observation about the relationship between the symmetry conditions

13



satisfied by modular forms and Maass forms. In particular,

k/2 cz
S D2 = e o) = (S04

k
L ) X

as required. 0

So from the perspective of representation theory, the theory of modular forms is subsumed by the
theory of Maass forms. Note that we haven’t yet accounted for the entirety of Definition 2.1.1: we are

still missing
1. The growth condition at the cusps.
2. The requirement of being an eigenvalue for the Laplace operator.

These conditions are useful because they guarantee the existence of a Fourier expansion (see [Bum1997,
§1.9]). We will see later that despite the growth condition, the Maass forms still provide a full decom-
position of ) into the discrete spectrum (coming from Maass cusp forms) and the continuous spectrum
(coming from non-holomorphic Eisenstein series®). The point is that we are looking to decompose the
spectrum of A, and the Maass forms are the basic building blocks of that.

Let g = Max2(R) be the Lie algebra of GL(2,R) ™. Since C*°(I'\SLy(R), x) are the GL(2,R)™-
smooth vectors in L?(T'\SL2(R), ), they admit an action of the universal enveloping algebra U (g).
The weight-0 Laplacian on the upper half-plane, which we might originally justify as being the Laplace-
Beltrami operator for the Poincaré upper half-plane, turns out to transfer over (via the map of Lemma 2.1.4)
to this setting as the Casimir element of U (g). In fact, it is generally true that if you choose a bi-invariant
metric on a Lie group G, then the Laplace-Beltrami operator with respect to that metric coincides with
the Casimir element corresponding to the induced inner product on the Lie algebra g.

The center of U(g ® C) is 3 = C[A, Zg], where A is the Casimir element with respect to the Killing
form, and Z; is the identity matrix and one of the two standard basis elements of the Cartan subalgebra

hc C g ® C, given by the diagonal matrices. Recall that the standard basis of ¢ is

1 1
Zy = Oy - 0.
0 1 0 -1

Note that Z° = RZ, the subgroup of GL2(R)™ is distinguished in our notation from Z, though the fact
that they are both involve the letter Z is suggestive of their relation, namely that exp(R x Z;) = Z°.
The real subspace of gc consisting of real diagonal matrices is also spanned over R by Z and H, and
is a Cartan subalgebra of g. We should be aware that the exponential map sends this choice of  to the
abelian subgroup of GLy(R)™ given by diagonal matrices with positive entries. This is inconvenient for
us, because we want this to contain a maximal compact of GL2(R)™ (so that we can compare the action

of H to the action of a maximal compact). It does contain such a maximal compact, but only of GLy(C):

Though the individual Eisenstein series are NOT square-integrable.
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those elements are

i0
exp(i6H) = (60 62‘9) :

We need to perform a change of variables to make the entries real. The canonical way of doing this is to
t+1 (7 1
C=-—
S0

cos(f)  sin(6)
—sin(f) cos(0)

conjugate by the Cayley transform

and if we set H = CHC ™! we have

exp(i0H) = ( ) =k_p € K°=5S02(R).

0 —

]

Despite the fact that the actual matrix H= is not as nice, we prefer to use this one because a

decomposition of a K °-finite representation of G Ly(R) into K °-isotypic subspaces should correspond
to a decomposition into eigenspaces of H. By our previous discussion on the irreducible representations
of K° = SO3(R), such a K°-finite representation V' of G decomposes as an algebraic direct sum

V=V

keZ

where V (k) is the isotypic component corresponding to the 1-dimensional representation of K given by
the character
Ko eik:G.

If V is the space of K°-finite vectors in § = L2(T'\SL2(R), ), then in the previous section we saw
that Maass forms and modular forms of weight k and character x for I' can be thought of as elements of
V (k). By virtue of the way we changed variables via the Cayley transform, this decomposition is also an
eigenspace decomposition for the action of H, since

A d S

iHv = 7 ‘t:O exp(itH)v

d ikt

- %‘tzoe
=tkv

for v € V(k), which means that V (k) is exactly the k-eigenspace of the action of H € g ®g C on V.
Back in the setting of H and Zj rather than their Cayley-transformed siblings, it is convenient that
g ® C is reductive: it splits into
sly(C) @ C - Z,

where we know that sly(C) is simple (e.g. from the theory of its root system) and CZj is abelian. In
particular, there is a maximal abelian subalgebra of sl3(C) spanned by H (or H), and a root space

15



decomposition

slh(C)=C-HpC-L®C-R,

() ()

span the —2 and +2 root spaces, respectively (since they are eigenvectors for the adjoint action of H with
[H,L] = —2L and [H, R] = 2R). This is just the standard root space decomposition for the semisimple
Lie algebra sl3(C). If we conjugate by the Cayley transform (which is in SLs(C) which of course has a

where

well-defined adjoint action on sy (C)) we get a slightly less standard root space decomposition
sL(C)=C-HeC-LaC-R,

which has the advantage that the abelian subalgebra C - H acts nicely on the decomposition of V' into
K -isotypic subspaces. We still have

[H,L)=—2L, [H,R]=+2R

so since the decomposition of V into V' (k)’s is a weight-space decomposition for V, the operator L
decreases the H-eigenvalue by 2, and R increases it by 2. Translating to the language of K°-isotypic
subspaces, and then to the language of functions on the upper half-plane, these produce differential
operators which raise and lower the weight of Maass forms by 2. Those differential operators are called
the Maass—Shimura operators.

When we think about GL2(R)" instead, the only difference is that the Lie algebra has nontrivial
center, namely C - Z;;. But since this is in the center, it necessarily acts on everything via the adjoint
action by 0. And in the case we care about, namely the space of K -finite vectors in L?(I'\ PG Ly (R) ™, x),
the action of Z and thus Z is also trivial. So these issues about the center will not be important for us,
and all the important features that have to do with the Lie-algebra are contained in the subalgebra sl C.

The Maass—Shimura operators also provide the key representation-theoretic distinction between the
Maass forms that come from (anti-)holomorphic modular forms (see Lemma 2.1.5) and those that don’t.

Lemma 2.1.6. Let f € C°(I'\SL2(R), x, k) be nonzero.
1. Lf=0 if and only ify_k/Qak_lf is a holomorphic modular form.
2 Rf=0 if and only ifyk/Qalzlf is an antiholomorphic modular form.

Proof. In the coordinates on GL2(R)™ coming from the Iwasawa decomposition

) u yi/2 12 .
u y~1/2 )

the Maass—Shimura differential operators may be explicitly given by

- - 0 0 10
20 . Y - =
h=e <Zyax Yoy 2¢ae>
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. , 0 o 10
_ 20 ( _ . Y i -
L=e ( Zy8$+y3y+2i89>

so for a function F' € C*°(I"'\H, x, k), we have

A .0 0 1
O'k+2RO'kF = <Zya’1,‘ + yaiy + 2k> F
0o 1

. 0
_oLoLF = | —iy— —_— = = F.
ok—oLoy, ( Zy8x+y8y 2k>

So as maps from C*>°(I"\H, x, k) to k £ 2, the Maass differential operators are given by

- .0 1
k=0(-25 13
. .0 1
L:—(Z—Z)£—§k

F e C°°(I'\H, x, k) being killed by R is therefore equivalent to y*/2F (considered abstractly as a
function on H) being killed by (z — %) %, since
(2 = 2) L (M2F) = M2 RF
0z '
By the Cauchy-Riemann equations, this is equivalent to y*/2F being antiholomorphic. Similarly, F
being killed by L is equivalent to 4 */2F being holomorphic. O]

2.1.1 Discrete decomposition of the cuspidal subspace

The ultimate goal here is to decompose the right regular representation (7, §)) into irreducible components.
We do this following the reference of Bump [Bum1997], which uses the strategy of applying the theory of
(g, K°)-modules originally due to Harish-Chandra [HC1953, HC1954a, HC1954b]. In the decomposition,
there is a serious distinction between the cuspidal part of §) and the rest: the cuspidal part will decompose
discretely as a direct sum of irreducibles. The rest will compose continuously as a direct integral of
subgrpresentations generated by Eisenstein series. So we begin with a more serious discussion of
cuspidality, and with the decomposition of the cuspidal subspace. Let N C SLy(R) be the upper-
triangular nilpotent radical in the Levi decomposition of the upper-triangular parabolic (Borel) subgroup
of SLy(R)’. The definition of cuspidal is obvious when X|rnny = 1: in that case, f is periodic under
horizontal translations, so we say that f is cuspidal at oo if its constant Fourier coefficient vanishes, i.e.

/ f(ng) dn=0
(TNN)\N

’Some general language is used here to suggest what the appropriate generalization is to automorphic forms on arbitrary
reducive Lie groups, but the point is that NV is the group of upper-triangular matrices with 1’s on the diagonal. You integrate
over (I' N N)\N = Z\R to compute Fourier coefficients.
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for almost all g. The function g — f(vg) = x(7)f(g) is also periodic, so f is said to be cuspidal at the

/ f (§_1ng) dn = 0.
(TAN)\N

This will not be relevant to us since we will restrict to the case I' = SLy(Z), and therefore to the case of

cusp &oo if

exactly one cusp at co. When x has finite image (true of the most important case, when Y is a nebentypus
character) and x|rnn # 1, f is periodic with respect to horizontal translations, but not by everything in

I" N N: one must restrict to the kernel, and the constant Fourier coefficient at oo is

1
J0) = lerx A ) /<kemN>\N fng)

1
= e VW) /mN)\N flmg)

~v€(ker xNN)\(I'NN)
1
_ > @) [t
p((ker x N N)\N) e (ker XN\ (PN (TNN)\N

=0.

If x does not have finite image, this exact argument doesn’t work: there are convergence issues. A
reasonable way to proceed is to use the Iwasawa decomposition G = N x A x K and define

F(nak) = x(n)~* f(nak),

which really is periodic with respect to the translations in I' " V. Since x has infinite image, any extension

to N = (R, +) must be of the form
Lt 27T
: —> X,

where A, is irrational. So f has a Fourier expansion which is e2™x times the Fourier expansion of f,
and thus has no constant term (here we are transferring over to H, i.e. fixing a coordinate in K, to be
able to talk about Fourier expansions in elementary terms).

So we define cuspidality in the following way for forms with character.

Definition 2.1.7. A function f € L?(I'\G, x) is cuspidal at co if x|y # 1 or otherwise if

/ f(ng)dn =0
(TNN)\N

for almost all g € G. It is cuspidal if g — f(£71g) is cuspidal at co as an element of L2((T¢~1\G/Z, x)
for enough ¢ € SL2(Z) such that {£oco} exhausts all cusps of I'.
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Now we proceed with the decomposition of the subrepresentation
L<2:usp (F\SLQ (R)) cH

consisting of cuspidal elements as a direct sum of irreducible components. This is an example of the
general technique of obtaining operators by convolving a representation with smooth test functions.

Definition 2.1.8. For the representation (7, §)) and a function ¢ € C2°(G°), we can obtain an operator
7(¢) on §) given by
(~(@))(a) = | oym(h)1(a) an.

The following two lemmas were proved in greater generality by Langlands, but the basic ideas are
contained in these proofs for GLo(R)™. The first is an obligatory estimate. The reader should feel free
to skip it, but be aware that it is the only place where the cuspidality is an input. So the difficulties of the
continuous spectrum are due to the failure of this estimate to hold when not restricted to the cuspidal
part.

Lemma 2.1.9. Suppose ¢ € C°(GL2(R)T) andT' C SLo(Z) is a congruence subgroup. Then there exists
a constant Cy 1 depending only on ¢, x and I such that

17 (@) fllLe < CorxllfllL2

forall f € L2, . (T\SL2(R), x).

cusp

Proof. The simplest way to carry out an estimate like this is to construct a crude approximation of a
fundamental domain for I'\ S Ly (R), from the standard knowledge of how I"'\H works. The Siegel set
defined via the Iwasawa decomposition

g2 12
Ged =14 u 0 y*1/2 k:0<ax<dy>cuecZ rekK

contains a fundamental domain for SLy(Z)\G° if ¢,d > 0 are chosen correctly. Choose them correctly,

and fix those values. Depending on the choice of T, there is a list of finitely many® ¢; € SLo(Z) which

U §iGed

contains a fundamental domain for I'\G°. Therefore, it suffices to show that

take oo to each of the cusps, and thus

sup [(m(¢)f)(9)] < Corllfllz2

gegc,d

for some Cy r,, only depending on ¢, I, x. This suffices, because for { € {§;} C SL2(Z), the function

F:gw f(&'g)

3since there are finitely many cusps

19



isin L2, (E0¢\SLy(R), x). Applying the bound over G, 4 to this function, we have

sup [(7(¢)F)(g)| < Cyere—1 || Fll2-
gegc,d

The right hand side is equal to Cg cpe-1,, || f|| 12, and the left hand side is equal to sup eeg, , [(7(9) f)(9)]-
So if we can establish this inequality for the sup over G, 4 for arbitrary congruence subgroups I" and
¢,d > 0, then we have

sup |(7(¢)f)(9)] < (max Cy ere-1 )| f]] 2
geGe 7

as desired. For convenience, suppose that I' N N is generated by

b

where ng € Z. Now we have a canonical choice of fundamental domain for (I' N N)\ N, namely

1
NF_{(O T>:0§x<no}.

Using the Iwasawa decomposition, there is a fundamental domain for (I' N N)\SLy(R) given by N x

A x K, where
y 0
A= ty>05p.

To carry out this estimate, we rewrite 7(¢) as an integral operator and estimate the kernel.

In particular, for arbitrary g € G°,

= fo
B /(I‘ﬂN)\SLz

Z /f’yhu (g7 *yhu) dy = udh

yeI'NN

HOBY X(’Y)/Z¢(uglfyh)dudh

/(FmN)\SLz(R) yeINN

Lo (6 ) Lo (7))

The integral over Z° is necessary even in the absence of a central character, since we need it to be

invariant under multiplication by elements of Z.

Since x extends to a character of N = (R, +), we can by abuse of notation define
1 ngt 1 (1 not
D, 5(t) = h| d
o= ((5 ) oo (o (3 0] )
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a smooth function on R. So we have written 7(¢) as an integral operator

(n(6)£)(g) = / F0) S @y n(n).

NrxAxK ne

The main task is therefore to estimate

> gn(n).

neZ

forh e Nr x Ax Kand g € G.q.

Since ¢ is compactly supported on some compact set 2 C G,
62:(0) = | o(ug)du
is supported on Z°€), where we can assume that 2 C SLy(R). Since ¢z is invariant under Z°, we can
also assume that g, h € SLy(R). Therefore
g(ZQ)h ' NN = gQn!

since everything in gQh ! and N has determinant 1. It follows that ®, j, is compactly supported. Hence

P, 1, € C°(R), which means Poisson summation applies:

S @gu(n) = Byu(n),

neZ nez

hence

(n(6)£)(g) = /N D) S )

neZ

Fourier transforms of smooth compactly-supported functions are nice, because they decay very fast, in
fact faster than any polynomial’. So when n # 0 the terms in this sum can be controlled, which is what
we do next. We need our bound to work over arbitrary y-coordinate for h and y, > ¢, though, so we
need to take this apart a little more. Writing

Yn Th Yg g
h: 5 =
’U,h<0 1>/£h g ug<0 1>/€g

we have (sine  is unitary and ¢z. is Z°-invariant)
) > L not . -1 t— .
‘q)g’h(n)’ = ‘/ X ((0 nf >> G0 (ugluh"igl (ygoyh Yg («Th +1n0 wg)) fih) e~ 2mint 1
—0o0
-1 -1
= ‘/OO X ((é nft>> G zo (ngl (yg Oyh Yq (n +1n0t - xg)) ﬁh) e—2mint gy
—0o0

°This is an exercise in integration by parts.
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> (1 net s lun vy not 4
= ‘/ X ((0 nf >> ¢z0 (Rgl (yg Oyh Yo 1n0 ) Fm) e 2mint gt
o0 1 t —1 t ,
/ N ((0 noflyg )) b0 (Kgl (ygoyh ’flf > Hh) e 2minygt g1
o y_lyh not 2mi(n—A\
/ ¢Zo H‘g_l gO . K, e~ 7rz(n— X’no)ygt dt

This quantity is |y4| times the Fourier transform, evaluated at y,(n — A, ng), of the function

-1
t
Fyp it dgo (mg—l (ygoy” nf ) mh>

which is compactly supported and smooth for fixed g and h by the same argument as above. Also, F} ,

= ’yg’

= ’yg’

is identically zero for y;lyh outside of some compact set in R~ q: ¢zo is supported on Z°(2 for some

compact Q2 C SLy(R), and
K(Z°Q)K N { (* *> }
01

is compact'’, which means that the set of (yg_lyh, t) € R>o x R for which Fj; ;,(t) # 0 is contained in a

compact set, hence the set of possible yg_lyh is contained in a compact set'' as well. We have shown

[@g,n(n)| = [ygl|Fg,n(yg(n — Axno))l,
so since Fy, ;, € Co°(R) and only actually depends on kg, K, yg_lyh and ¢, I, for any N

|[©g,n(n)] Lrigoinya Lun ygllyg(n — )‘xno)‘_N

where the implicit constant varies continuously in kg, K, Y Ly, (it also depends on N but we will only
need one value of IV). But we have shown that this constant may be chosen to be 0 when y; Ly, is outside
of a compact subset S C R+, which means (by taking the maximum of a continuous function on the

compact set K x K x S) there is a constant By r depending only on ¢, I" such that
[@g,(n)| < B,y — Agnol .

for all h, g (we haven’t yet used any restriction to fundamental domains). As a result, choosing N = 2 so

Tt is the continuous image of K x Q x K under the map that multiplies all the coordinates together and then normalizes so
that the bottom-right coordinate is 1. One then intersects this with the closed condition that the bottom-left coordinate is 0,
which is fine.

"'The image of a compact set under the continuous projection map is compact
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that the sum converges, there is a constant By r, such that

Z Oy n(n)| < lygl " Byr Z In — Ano| > < By lygl

neZz neZz
n—Ayno7#0 n—Ayno#0

Since we are assuming g € G, 4, we have |y,4| > ¢, so the contribution of this term to (7 (¢) f)(g) is

/ f) S Bgu(n)dh| < Byry / |F(R)| dh.
NrxAxK neZ NrxAxK

n—Ayno7#0
Unfortunately, this is not enough to bound anything, since f is not compactly supported. However, we
have already shown, for the purpose of controlling the constant, that the g, i such that ®, j (and thus the
same is true of @ ;) is nonvanishing must satisfy y, Ly, € S for some compact set S = [a,b] C Rxo.
Since we are only considering g with y, > ¢, this means that only 4 with

yh>ac

contribute anything at all to the integral defining (7(¢) f)(g). So in fact we have the bound

P ~1
/J\erAXK e Z q)g’h(n) dh| < ¢ Bory Aﬁxh<no |f ()] dh.

"*;\Lxenzo#l) yn>ac

The domain of integration here can be covered by finitely many translates of a fundamental domain
for I'\'SL2(R) (this is easily seen using the upper half-plane, and then taking products of everything
with K which doesn’t change the volume). So there is some positive integer N depending only on
I such that this contribution is bounded by ¢™*By , N| f|/z1. This L!-norm is actually finite and
bounded above by || f||;2 < oo, because the fundamental domain has finite volume (so it follows from
Cauchy-Bunyakovski-Schwarz inquality).

There is still a possibility that the restriction to n € Z such that n — A\, ng # 0 has forced us to leave

out a term. This is where cuspidality is used. There are two cases:
1. X|rnn has finite image

2. X|rnn has infinite image. This case is not relevant, because then A, is irrational, so n — Ang
cannot vanish, and the contribution we have already estimated accounts for everything.

If X|rn is trivial, then A, = 0 and this just means we have left out the n = 0 term. That term is
[ w0 - [ (b [ 629 nh) dn
(TNN)\G/Z (TNN)\SL2(R) N
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/¢Zg 'n=th) dndh

> dzlgT'n Ty h) dhdn
yeI'NN
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0

since 7(¢) f is assumed cuspidal at co. The same argument works as long as x has finite image. In that
case, we may replace I' with ker x and repeat the same argument (from the very beginning). In real life,
where x is a Nebentypus character, ker y is a congruence subgroup, but we have not depended on I

actually being a congruence subgroup anywhere in this argument. O

Proposition 2.1.10. Let ¢ € C°(G®). Then the convolved operator w(¢) is a compact operator on
cusp(F\SLQ( ) )

Proof. First, we consider the case of compact quotient. In that case, for f € L*(I'\SLz2(R), x) and
h € G°, we have

(m(¢)f)(h) = . ¢(9)(7(9)f)(h) dg

. ¢(g)f(hg)dg
¢(h '9)f(g) dg

/Z/¢h Y9u)x(7)f(g) dudg

'yEF

/ K(g,h)f(9)dyg,

Z/cbh ygu)x(7) du

and F is a fundamental domain'? in G° for I'\G°/Z° = I'\SLy(R). The fact that ¢ € C°(G°) means
that K (g, h) is smooth in g and h, and I'\S Ly (R)) being compact therefore implies that

where

K € L*(F x F).

So 7(¢) is a Hilbert-Schmidt operator on L?(T\SLy(R.),x) = L?(F) [where the isomorphism is as

Hilbert spaces], and is therefore compact.

'“These fundamental domains are already familiar from the theory of SL2(Z) acting on H. Starting with a fundamental
domain Fy for the action of I' on H, the construction of which is well-known, you can just translate over to G° using the
Iwasawa decomposition. This is the same reason why there is no question that if I'\H is compact, so is I'\ S L2 (R)).
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In the case of noncompact quotients, to prove the statement, we need to check that 7(¢) restricts to a
well-defined operator on L2 (I'\SL»(R), X). In other words, if

/ f(yng) dn =10
(CNN)\N

forall g € G and v € SLa(Z), then we need to check that

[ @@ emg dn=0.
(CAN)\N

This is not hard to check:

/ (m(#)f) (yng) dn—/ /(]5 f (yngh) dhdn
(TNN)\N TAN)\N

— ot [ Flomgh) dndh
el (TAN)\N

where the Fubini/Tonelli justification can be made using the fact that (I' N /V)\V is compact and ¢ is
compactly supported.

The argument we have written down so far is not a priori a valid argument for why 7(¢)| 2 L2, is
compact (indeed, if it worked without modification, then there would be no need to restrict to the cuspidal
part). The reason is that when I'\ S L2(R)) is not compact, K (-, -) is not guaranteed to be in L?(F x F).
The additional technical observation that must be made is that there is a constant Cy depending only on

¢ such that
[7(9) fllLe < Cyll fllz2

forall f € L2, (T\SLa(R), x). This is what we did in Lemma 2.1.9, and it is where the assumption of
cuspidality is used.

There are two ways of establishing the compactness of () L2, from here. The first, which I learned
from Lang, involves more functional analysis. The basic point is that for any x € G°, Lemma 2.1.9 says
that the linear functional

T, : L2, (T\SLs(R),x) — C

given by
[ (m(9)f)(2)

is bounded By the Riesz representation theorem, it follows that for all such =z, there exists a ¢, €

L2,sp(P\SLy(R), x) such that T;.(f) = (f, ¢z). The map x — ¢, from G° to L2, has bounded image,

cusp

because by Lemma 2.1.9

l4zll22 = V{do: @) = VT2(gz) = v (7(0)aa) () < 1/ Colldallr2
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50 |||z, < Cg for all z. Also, since L2, (I'\G®, x) = L2, (F) has a countable orthonormal basis"*

{u;}, we can write

=Y gi(w)us,

i>0
where g; is a priori just a map of sets G° — C. The fact that g;(z) = (g, w;) = u;(z) means that the
functions g;(x) are actually measurable functions on G° and, since measurability respects products and
limits,

x> Qe go) = Zgi(ac)2

is a measurable bounded function on G°. Restricting it to a fundamental domain F for I'\SL2(R),
which has finite volume, and using the Hilbert space isomorphism LZ ., (T\SLa(R), x) = L2 ., (F),
the function  + (q,, ) is therefore in L!(F). When g(z,y) is the characteristic function of U x V/

the product of measurable sets in X, we have

/f/fg(x,y)qx(y)dydx:/JTXU(x)/JTXV(y)%(y)dydx
_/FXU(Q?NXV,%) dx

- / s (@) (@) xv) () da
;

< 00

so this iterated integral is well-defined as long as g(z, y) is a step function on F x F. By the Cauchy-
Bunyakovsky-Schwarz inequality'* and Lemma 2.1.9, we have (still only as long as ¢ is a step function,

which is the only case in which we have established the left hand side is a real thing)

’/f/fg(x,y)%c(y)dydx < \g\LQ\//f/f‘%(y)dedx

where the right hand side is well-defined from our previous observation that = ~— (g,, g} is in L*(F).

So the linear map

L*(FxF)—C

densely defined on the step functions and given by

gH/f/fg(x,y)qx(y)dydw

is continuous where it is defined and is therefore extends to all of L?(F x F). By the Riesz representation

3L2(F) is separable by general theory, and Lzusp is a closed subspace and thus separable too.
"technically speaking, one has to repeat the proof to deduce what follows.
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theorem, there exists a Q(-,-) € L?(F x F) such that

[ [ stevimtayas= [ [ sov@vaas

for all step functions g. If we choose the step function g correctly, we see that this implies that g, =

Q(z,—) in L2, (F) for almost all 2 € F. Therefore, we really can write

(r($) f)(x) = Tof = /f F) Q) dy

for almost all z € F. Since @ is by definition an element of L?(F x F), this means that 7(¢) is
Hilbert-Schmidt and therefore compact.

Note that the only time the assumption of cuspidality was used was to establish the estimate
|7(¢) fll Lo < Cgl| f|| L2, and this was only used to show that the evaluation-at-z functional was bounded.
The rest of the proof is not dependent on the specifics of the situation at all, and is a general technique in
functional analysis. 0

It is the existence of these compact operators that allows us to decompose the cuspidal subspace
discretely. My understanding is that this argument was first written down in [GGPS1969]. It appeared
later in [Lan1976] in a more general context but containing essentially the same ideas.

Theorem 2.1.11 (Gelfand-Graev-Piatetski-Shapiro, 1966). Let (7, $)) be the right regular representation
of G° on Heusp = L2,sp(T\G°/Z°, X). Then we have a discrete decomposition of Hcusp as a Hilbert space
orthogonal direct sum of irreducible representations of G°

H= @W;m

Proof. The basic technique of the proof is the same as usual: let )’ be a nonzero closed subspace of
$Heusp Which is closed under the action of G°. We will show that 9’ contains a nontrivial irreducible
representation of G°, which will show by Zorn’s lemma'” (via the fact that 7 is unitary) that the desired
decomposition exists (though not a priori with finite multiplicity).

There exists a choice of ¢ € C°(G°) such that m(¢) is not only compact but also self-adjoint on
Heusp- Such a ¢ just needs to have

o(g7") = o(9)

for all g € G°, since then (again using the fact that 7 is unitary)

(m(@)v,w) = | d(g){m(g)v,w)dg

GO

5By Zorn’s lemma, there is a maximal set of mutually orthogonal closed subrepresentations of . Since 7 is unitary, the
orthogonal complement of the Hilbert space direct sum of all those subrepresentations is also a closed subrepresentation, and
showing that it has a nontrivial irreducible closed subrepresentation contradicts the maximality statement from Zorn’s lemma;
it follows that the orthogonal complement is zero, and thus the desired orthogonal decomposition into irreducible Hilbert space
representations exists.
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“Hw) dg

/ o(g)(v, (g
G
B(g) (v, m(g)w) dg
GO
= (v, m(¢)w).

A ¢ satisfying this condition is easily cooked up using the usual theory of bump functions on manifolds,
for instance, by taking a bump function ¢g supported on a compact set U C G° and then letting

¢(g) = do(g) + do(g7).

The fact that the multiplicities are finite does not lie deeper than the rest of the statement: by the
spectral theorem for compact self-adjoint operators, 7(¢) diagonalizes and has eigenvalues going to zero,
so each eigenspace with nonzero eigenvalue is finite-dimensional. Also, from its definition, 7(¢) restricts
to a well-defined G-intertwining operator on each irreducible component 7;, where it must act as a scalar
by Schur’s lemma. This scalar only depends on i, so the fact that the nonzero eigenvalues have finite
multiplicity implies m; < oo as well, as long as 7(¢) doesn’t act by zero on 7;. This could technically
happen, but can be avoided easily, by choosing some nonzero f € m; and then choosing'® ¢ € C°(G®)
such that |7(¢) f — f] is small enough that 7(¢) f cannot vanish.

Now for the construction of the nontrivial irreducible subspace of $)’. By assumption, there exists
some 0 # f € $/, so by choosing ¢ such that 7(¢) is compact and self-adjoint and 7(¢) f # 0 (which we
have already shown how to do), the operator

()]s

is also compact, nonzero, and self-adjoint. By the spectral theorem for compact self-adjoint operators, it
therefore has some nonzero eigenvalue A with finite dimensional eigenspace V), C $)'. It is true from
the definition of 7(¢) that 7(¢) has a well-defined restriction to any subrepresentation, but it is not true
that V), is G°-invariant: the action of G° does not actually commute with 7(¢). Still, V), is useful in the
construction, because 7(¢) is supposed to restrict to each m; C $) to something diagonalizable, where
the A-eigenspace is V\ N ;. Motivated by this, the trick is to take Ly C V) to be the minimal nonzero
subspace of V), of the form V) N $);, where 9], is a closed subrepresentation of §)’ (this is well-defined
because V) is finite-dimensional). The minimal ${, such that Ly = V) N $, ought to be irreducible and
nonzero. To construct it, just take the intersection of all such .66:

Y = ﬂ ,66.

nLCH'
Lo=Van$Hg

Since 0 # Ly C U, the definition guarantees that 2J # 0, and it remains to show that U is irreducible. It
is irreducible because of the minimal nature of its construction: if it had a proper subrepresentation 2,

To do that, just use the fact that 7 is continuous, so there exists a neighborhood U of the identity in G° such that
|7(g9)f — f| < eforall g € U. We may take ¢ compactly supported in U such that [, ¢ = 1, which is enough.
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then 2U; N V), has to be properly contained in Ly by the minimality of 0. Unless 2J; = 0, this contradicts
the minimality of Ly. So we just need to show that *J; can be chosen so that ; N V), # 0. Since 7 is
unitary, we actually have U = U & U, for closed subrepresentations J;. Taking intersections with Vj,

we have

Lo=20NVy= (01 V) NVy=(T1NV)) @& (VN Vy).

The key point is the last equality, which is because f; + fo € LB N V), for f; € U;, means that
w(P) f1 + 7(@) fa = Mf1 + \fa. Since the U; are acted on by 7(¢), this implies f; € V), too, as desired.
Since Lg # 0, at least one of 2U; N V), is nonzero, so we are done. O

The reason why this technical analysis-heavy argument (which uses in a crucial way the existence
of these compact operators and thus the fact that we are restricting to the cuspidal part) is necessary is
that one cannot simply construct an irreducible subrepresentation by taking the G-span of a nonzero
vector: the resulting subspace is not necessarily closed. So one must take the closure to obtain a bona-fide
Hilbert space subrepresentation, but this new object is not necessarily irreducible. One needs to show
that this closure has the Artinian descending chain condition. The canonical way to do this is to intersect
with V), and use finite-dimensionality of V), which is essentially the same strategy as the version of the
proof we have written down.

As a consequence of Theorem 2.1.11, after taking the appropriate K °-isotypic subspace, we have

Corollary 2.1.12. For any element f € L2, (T'\H, x, k), we have

cusp
f= Z<f , Uj ) U
u;
where u; runs over the Maass cusp forms of weight k.

2.1.2 The continuous spectrum and Eisenstein series

Because of the weight-raising and weight-lowering operators R and L, for the Maass forms not coming
from modular forms, it suffices to study those of weight 0 and 1. For our purposes, we will stick to
those of weight 0. In any event, to finish off the decomposition of L?(I"\H), we need to construct some
non-cuspidal Maass forms. The standard way to do this is via the Eisenstein series. This section mostly
follows [[wa2002].

From now on, take I' = SL2(Z) and x = 1. This will serve to make things slightly more convenient
for us, since normally there is one type of Eisenstein series for every cusp, and one has to consider all
of them at the same time. But the main ideas of the theory, as they are relevant to our case'’, will not

change.

Definition 2.1.13. For any given ¢ € C2°(Rx), the corresponding incomplete Eisenstein series is the
smooth function

E(zly) = > $(Sy2).

(CNN)T

In general there is an issue with the residual spectrum coming from residues of Eisenstein series. This issue does not really
come up in as serious a way for I' = SL3(Z).
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defined on H

These incomplete Eisenstein series are not exactly what we want to end up with, for example because

they are not necessarily eigenfunctions of the Laplacian, but they are a good starting point because of

Lemma 2.1.14. The span of the E(z|)) over all 1) is the orthogonal complement of L2, (I'\H).

cusp

Proof. First, the fact that F/(z|¢) is invariant under I" is clear from the definition (that is why we sum
over I'), and the fact that it is square-integrable is clear from the fact that v is compactly supported (in
fact E(z|1) is bounded, which automatically makes it square-integrable thanks to the 32 factor in the
hyperbolic measure on H). Let f € L?(T"\H). Then

_ ; dazdy

(f. E(z)) = /f — >We(§v)w¢< yz)
— dxd

. LI[F\H]f<z>w<y> y;’

~e(TNN)\T

g
/ [/fxw dx]w) 24y,

where F[I'\ H] denotes the standard fundamental domain in H for I"\ H. If this quantity vanishes for all
1), then it must have been the case that
1
/ flz+iy)dr =0
0

for almost all y, i.e. that f is cuspidal. The result follows. O

The actual family of Eisenstein series that is useful to us is the one given by Definition 2.1.13 except
with the non-compactly supported function ¥)(y) = y* for some s € C. The reason for this choice is that
x + iy — y® is the simplest example of a nontrivial eigenfunction for A:

Lemma 2.1.15. The Eisenstein series

is an eigenfunction of A with eigenvalue s(1 — s).

Proof. Since A is I'-invariant, it suffices to show that x + iy — y° is a A-eigenfunction with appropriate

eigenvalue. And indeed we have

s 82 82 s s
Ay =Y <8JE2+8y> :8(1—8)y.
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On the other hand, the Eisenstein series F/(z, s) are very much not square-integrable on I"\ H.
is because of what their Fourier expansions look like.

Proposition 2.1.16. For Rs > 1, we have the Fourier expansion
: S 1-s 1/2 2minx
E(z+iy,s) =y° +o(s)y'* + > pn,s) - 20K,y jo(27|n|y)e”™",
n#0
where K1 /5 denotes the K -Bessel function,
I'(s—1/2) _
w@ﬂwngwsz !
c a€(Z/cZ)>

and

(P(n 8) _ 27T1/2F 1‘71‘8 1/2 ZC—QS Z eQTri%'
a€(Z/cZ)*
Proof. First, observe that for

1 m a b I n\ ([a+mc b+ md+na+ nme
0 1 c d 0 1) c d+nc '

we have

This

This shows that the non-identity double cosets (I' N N)\I'/(I' N V) are determined by the bottom-left

entry c of a representative plus the value of d mod c. Computing explicitly, we can conclude that

E(z,s) = Z S(vz2)°

242y > Z@[( )z+n)

c2l de(Z/cZ)* nEZ

S

I

a
where the matrix (
c

e—27rmt dt

2/2 K >Hw
nez nEZ )
_Z/ [ t—l—x+1d/c—|—zy)] e dt

nezZ
d 1 s
= Z exp <27TZ <Tl.73 + n>> / & |:CL — 2t:| e~ 2mint gy
nez ¢ R ¢ c ( + ly)
d -2 7° .
= Z exp | 2mi | nx + n— YC | g-2mint gy
C t2 + y2
nezZ R

31

) is an arbitrary one in I" with bottom row (¢, d). By Poisson summation, we



Returning to the original computation, and putting the sum over n on the outside instead of the inside,

we see that the n = 0 term is

2Zc258[/t2+1y)dt] oL

>1 de(Z/cZ)*

and the others are

Z |:627rinx/ (t2 +1 2)86—27rint dt:| ys -2 Z o2 Z e271'1'7"061/0
R Y

n#0 c>1 de(Z/cZ)>

which proves the claimed Fourier expansion thanks to the standard definite integrals

1 _ 1/2P(3—1/2) 1-2s
/R<t2+y2>s S VP

and

1 —2mint -1 -1/2,,—s+1/2
e = T Ry R i)

O]

By the standard estimates on K -Bessel functions, for any fixed s, F(z, s) is dominated by the cuspidal
terms y° + ¢(s)y'~%. So the closest that E(z, s) gets to being square-integrable is when s = 1/2 (in
which case it barely fails to be square-integrable). But to even talk about that, we need to meromorphically
extend F(z, s) to the left of Rs > 1. Luckily, at least for our choice of I' = SLy(Z), this is a direct
consequence of the Fourier expansion Lemma 2.1.15, thanks to the fact that the Fourier coefficients

theselves have meromorphic continuations. In particular,

SO(S) = 7T1/2 ( F( 1/2 ZC_Q ¢Euler )

c>1
1 2) _
= 1/2 / H E p 2nSQbEuler )
p n>0
I'(s —1/2) Pt !
_ 1/2
=T -_— 7 1 + - -

B I'(s—1/2) Cos _og 1
_7T1/2F(S)IZI<1+(p1 2 —p 2)1_#_28>
B [(s—1/2) 1—p2

= H <1—p12s>

_ 7Tl/QF(S —1/2)¢(2s —1)
P(s)  C(2s)
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And

(,D(n, S) — 7_‘_81'\(5)—1|n|5—1 26—25 Z eQm'dT"

cz1 de(Z/cZ)>
=7T(s) " n|*? H 1+ Z p e Z eQﬂi:’%)
p m>1 de(Z/pmZ)
P -1 s T
= mT(s) Ml [T [ 1+ Yo w2 | 3D 2 - T )
p m>1 d=0 d=0
pm—1 pm’l—l
=)l {1 S e | 3 2T ) .
P d=0

m>1

The sum on the inside may be evaluated case-by-case. If v,,(n) > m, thenitis p™ —p™ 1. If v,(n) = m—1,

then it is —p™~!. Otherwise, it vanishes. So we may continue the computation, finding that

vp(n)

go(n, 8) _ WSF(S)_1|TL’S_1 H 1+ Z p—QmS(pm _ pm—l) _ p—2(vp(m)+1)spvp(m)
p m=1

) B . 1— p—25 1 _|_p(vp(n)+1)(1—25)
()] 1H(( ) )
p

1 _p1—2s
vp(n)

— ﬂ_sr(s)flg(zs)fl‘n‘sfl H Z pm(172s)
P m=0

:WSF(S)_1C(2$)_1\n‘_1/2 Z (Z)S_é-

ab=|n|

So we can deduce from our newfound explicit knowledge of the Fourier expansion

Corollary 2.1.17. E(z,s) extends meromorphically in s € C to a function with a single simple pole, at
s = 1. The residue at that pole is 3/ (in particular it doesn’t depend on z). Finally, it satisfies the functional
equation

E(z,1—5s)=p(1—3s)E(z,s).
Proof. This follows directly from the computations we have done for the Fourier expansion of F(z, s),
along with standard facts about the poles, zeros, and residues of the Gamma and Riemann ¢-functions.
The only nontrivial fact used is that {(s) # 0 when R(s) = 1 (which is standard and part of the proof of

the prime number theorem). O

This allows us to look at the family of functions on the upper half-plane F(z, s) with Rs = 1/2,
which still barely fails to be square-integrable because of the cuspidal terms in the Fourier expansion
(which are of order y'/2).

Finally we are equipped to write down L?(I'\H) as the discrete part plus a direct integral of Eisenstein
series with R(s) = 1/2. We already know (Lemma 2.1.14) that the general incomplete Eisenstein series
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E(z|1)) for compactly-supported smooth 1 span the orthogonal complement of L2 (I'\H). The key

cusp

manipulation to get from E(z|¢)) to E(z, s) is to use the Mellin inversion formula. In particular, if

(Mo)s) = [ e ly(a) da

0

denotes the Mellin transform of f (with a slightly different convention than usual), then by the Mellin

inversion formula, for o > 1, we have

L wnesesas= S oL [ 36 ds

2mi Rs=o ~e(TNN)\T 2my Rs=0o
= ) MTIMY)(S(2)
~ye(INN)\T
= > ¥(S)
~ye(CNN)\T
= E(z[y)

Therefore, we obtain F(z|t)) as an integral of Eisenstein series as s traverses a vertical line of real part
larger than 1. Shifting the contour of integration to the left until }¢s = 1/2 and using the fact that the

Eisenstein series all have a pole only at s = 1 of residue 3 /7, we obtain

(M) <; + it) E <z, % + it> dt.

From this, at the very least we may conclude that every element of L?(I'\H) is (arbitrarily close to) a

Beh) = (M) + o [

27

t=—00

linear combination of (possibly constant) Maass cusp forms of weight 0 plus an integral of Eisenstein
series along the line #s = 1/2. Notice that we have seen that even though E(z,1/2 + it) fails to be
square-integrable for any fixed ¢, it does become square integrable when integrated with respect to ¢
against appropriate functions (for instance the Mellin transform of compactly-supported ).

We aren’t completely done yet, because the numbers (Ma1))(1/2 + it) aren’t necessarily equal to
(E(z[Y), E(2,1/2+1it)). The problem is that the E(z, 1/2 + it) are not square-integrable, so their inner
products are not defined (which is a problem because we need them to be orthogonal). To fix this, we
compute (by the same technique as the proof of Theorem 2.1.21, exploiting the fact that non-cuspidal
terms in the Fourier cancel die when integrated horizontall, and the automorphicity of E(z, s))

FINH]\ yemnmnr

— /m¢(y)y_2 /2 E(x +1iy,1/2 —it) dzdy
: .

B /OO )y WP+ p(1/2 — i)y 2T dy
0
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:/ ¢(y)y_3/2_itdy+<p(1/2—it)/o ¢(y)y_3/2+itdy

0
= (M) (1/2 +it) + p(1/2 — it) (M) (1/2 —it)

Multiplying by E(z,1/2 + it) and using the functional equation (Corollary 2.1.17), we get

(EG|Y), E(2,1)2 + it)) E(2,1/2 + it) = (M) (1/2 + it E(2,1/2 + it)
(M) (1/2 — it E(2,1/2 — it),

which after integrating ¢ over the real line becomes

/OO (E(z|), E(2,1/2 +it))E(z,1/2 +it) = 2 - E /éR :1/2(Mw)(s)E(z, s)ds

oo )

= 4nB(ely) - -

(M) 1)

so we may conclude that

1 [ . .
BGA) — 3= [ (BGI0) B2+ i) B 12+ i
— 0o
is a constant function (for arbitrary congruence subgroups we would find that this difference is in the
residual spectrum coming from the residues of Eisenstein series), i.e. part of the 0-eigenspace of A. Thus,
we conclude, as a result of this computation along with

Theorem 2.1.18. Any f € L?(T'\H) decomposes as

=2 )y + ﬁ /OO (f, E(2,1/2 + it))E(z,1/2 + it) dt

where u;j ranges over an orthonormal basis of L?(T'\H) consisting of normalized eigenvectors of A, plus the

constant function uy which is normalized to have ||ug| ;2 = 1.

Still, the Eisensten series F/(z, 1/2 4+ it) are not square-integrable, and, as discussed above, their inner
products with each other (over varying ¢t € R) do not converge. The canonical way to solve this problem
is to approximate the Eisenstein series by truncating them. This discussion of truncation is necessary for
the development of the trace formula.

Iwaniec does the truncation in the naive way by just deleting the cuspidal term, but this has the
disadvantage that the truncated function is not automorphic. So we follow the convention of Arthur’s
truncation operator, which is just as well since that is the convention typically used when dealing with
truncation in the trace formula. In reality, the computations will be identical to those in Iwaniec, because
Arthur’s truncation operator agrees with Iwaniec’s on a fundamental domain where the integral defining
an inner product is defined.
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Definition 2.1.19. For large 7', define the truncated cuspidal term of E(z, s) as expected,

Y +o(s)y ™ ify>T
ify<T

Cgis(x + iyv 5) =

Definition 2.1.20 (Arthur’s truncation operator). For the Eisenstein series F(z, s), define the truncation
ATE(z,s) to be
A'E(z,5) = E(z,s) — Z ek (vz, s).
~E(CNN)\D

As promised, for T" large enough, we have J(yz) < T for all v # I in (I' N N)\I', which makes
Definition 2.1.20 equivalent to Iwaniec’s definition when restricted to the standard fundamental domain,
namely
E(x + iy, s) ify<T

ATE(z + iy, s) = :
B(x+iy,s) =y —p(s)y' ™ ify>T

In any event, the point now is that AT E(z + iy, s) decays quickly at the cusp and is therefore square-
integrable. Of course it isn’t smooth and is not an eigenfunction for A. We are ultimately interested in
making approximations with truncated Eisenstein series and computing inner products involving them.

The basic computation for this is
Theorem 2.1.21 (The Maass—Selberg relations). For si, sy # 1 with s1 # S3 and s1 + S3 # 1, we have

(ATE(2,51), ATE(2,52)) = (51 — 53) " 'p(52) " ™ + (52 — 51) " "p(s0) T
+(s1+m =) = (s m - 1) () p() T
Proof. Iwaniec’s proof is by applying Green’s formula, but I am not sure if this can be generalized as easily

as the standard proof, which is as follows. First, we compute (using the convenient fact that A7 (z, s) is

I'-invariant in z)

dxd
<ATE(Z7S)> Z Cljilﬂis(fyz>5)> = /]-'[F\H] ATE(x+Zy7 S) Z Cgis(’)/(x_‘_iy%*s) zQy

~e(TAN)\I ~E(TAN)\D

1
2 dxd
/ : / ATE(@ + iy, s)eh(a + iv.5) T

2 Jo
1
2 dyd
= [ [ ATEG it i) U
2
1
2 dydx
/ / ATB(@ + iy, )y + ¢ ) .

1
= 5 d
= / (y%2 + o(32)y' %) /21 A E(z 4 iy, s) dz y—:;/

T T2
Because of the Fourier expansion (Proposition 2.1.16), for any fixed value of y, AT E(z +1iy, s) is expanded
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in Fourier series with no constant term, and hence its integral on a fundamental domain for Z\R vanishes.

<ATE(,2,S), Z cgis(’yz,s)> =0,
N\

vye(I'NN)\I'

So we have shown that

and thus
(ATE(z,51),ATE(2,50)) = (AT'E(2,51), E(2, 52))

(which is well-defined even though F(z, s2) is not square-integrable, as we have just shown). Now we
may compute (using the fact that the Eisenstein series is automorphic and the fact that the cuspidal term

in the Fourier expansion is computed in the usual way)

(ATE(z,51),ATE(2,50)) = (A'E(2,51), E(2, 52))

1))t ; _ . dxd
:/[F\H] Z (S(v(z +1iy)) *Cgis(v(xqtzy),gl)) E(z,52)7y

~ye(TNN)\I'

dxd
/ /1 —cElS (x + 1y, s1))E(x + iy, 52) y2y
2

1

2 dxd dxd
/ /2 NE(x + iy, 52) v y / / yto VE(z + iy, 52) $2y

1 1 Yy

2 2

_ dy o
- / v YT+ ey ) g - w(81)/ v YR sy ) 5
0 Y T "
and the rest follows from direct computation of these definite integrals. ]

Recall that we are really interested in what happens on the line Rs = % Let s = 51 = s9 = 0 + it.
Then for o # % and t # 0 (so that s; + 353 # 1 and s; # 53 as required by Theorem 2.1.21), we have

shown that

(o —it)T? — (o +it) T2 N T2771 — (o +it)p(o — it)T 20

ATE ATE =
< <z78)7 (Z,S)) 2Zt 20__1

As o — 1/2, the problem is that we have some division by zero in the last two terms. Luckily, the blowing

up that happens in those two terms cancels out, as we have the Taylor expansions near o = 1/2
7?71 =14 (logT)(20 — 1) + O((0 — 1/2)?)

T1727 =1 — (logT)(20 — 1) + O((c — 1/2)?),

and

(o +it) = o(1/2 +it) + (0 — 1/2)¢'(1/2 +it) + O((o — 1/2)?)

which implies that ¢ (o + it)p(o — it) is

0(1/2 +it)p(1/2 —it) + (o — 1/2) (¢’ (1/2 +it)p(1/2 — it) — ¢’ (1/2 — it)p(1/2 + it)).
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With the added information that ¢(s) = ¢(1 — s)~! from the functional equation (Corollary 2.1.17), this
simplifies to

olo+it)p(o —it) =1+ (20 — 1) (1/2 +it)e(1/2 4+ it) "1 4+ O((o — 1/2)?).

Plugging this back into our previous expression for (AT E(z, s1), AT E(z, s2)) and taking the limit as
o — 1/2, we obtain

Corollary 2.1.22. For nonzerot € R, we have

1_ 2it 1_ —2it
5 —it) T*" —p (5 —it)T
<ATE<z,;+z‘t>,ATE<Z,;+@5>>:90(2 it) v (3 —it)

2it

(1 1 \!
+2logT — ¢ §+zt %) §—l—zt .
And fort = 0, we obtain (by taking the limit)

T 1\ 7 T\ o (1
<A E(z,2 A E z,2 =4logT — 2¢ 5 )
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Chapter 3

The Arthur-Selberg trace formula

“Now witness the firepower of this fully

armed and operational battle station!”

Emperor Sheev Palpatine to Luke Skywalker,
Star Wars Episode VI: Return of the Jedi

In this chapter, we follow the basic references [Hej1976,Twa2002,KL2006,GJ1979, Art2005] about the
various forms of the trace formula that will be necessary for this thesis.

3.1 The general approach of the trace formula and of its applica-

tions

Given a topological group G and a discrete subgroup I', we have spent the beginning of this chapter
studying the right regular representation 7 of G acting on L?(T'\ ). Prominently featured in the theory
of this representation were the operators

n(¢) = /G 6(9)(g) dg

for compactly supported functions ¢ on G (see Proposition 2.1.10).

The Arthur-Selberg trace formula is essentially a way of computing the trace of the m(¢) in two
different ways: one side is the spectral side and comes from decomposing L*(T'\G) into irreducible
representations and looking at the trace on each one of those. The other side is the geometric side and
comes from writing 7(¢) as an integral operator coming from a certain kernel and then computing its
trace as a sum of orbital integrals corresponding to conjugacy classes of 7.

Thus far, we have been only looking at real groups. In that scenario, we have had G = SLs(R) and
I' = SLy(Z), though in our more concrete analysis of Eisenstein series we restricted to the SO2(R)-
isotypic subspace corresponding to the trivial representation of SO3(R) (hopefully it was clear how to

generalize it to the subspace of arbitrary weight just by using the Iwasawa decomposition).
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Manipulating things formally without any regard to convergence, let 7 be a fundamental domain for

I'\G, and for g € G and f € L?(I'\G), observe that

(=@)1)(a) = [ 10 (S ota™vm)) ah,
so that m(¢) can be viewed as a Hilbert-Schmidt integral operator with kernel

Ky(g,h) =) ¢(g " vh).

vyer

In particular, even if F is noncompact, the fact that ¢ is compactly supported means that the sum defining
K, is finite. If we were to make the additional assumption that I'\G were compact', then the L? space
would decompose discretely (since there are no cusps), and we would have K, € L*(F x F). The
operator 7(¢) is compact (as shown in Proposition 2.1.10), so there is an orthonormal basis {u;} of
L?(T'\G) that diagonalizes it. If 7(¢)u; = a;u; for each i, then since 7(¢) is given by the integral kernel
Ky(-,-), we have

Kolg.h) = D aiui(g)ui(h),
and hence (if 77() is actually of trace-class) Z
Tr(m()) = Z a;
- Z ai (s, ug)
= /F Zz: aiui(g)ui(g) dg
= /ff%(g, g) dg.

In general, we are therefore interested in computing the integral of K along the diagonal, which is
supposed to equal the trace of (¢) in good circumstances. This integral in turn is best written as a sum
of orbital integrals corresponding to conjugacy classes in I'.

The basic statement in the case of compact quotient is as follows.
Theorem 3.1.1. Suppose that L>(T\G, x) decomposes into irreducibles as

L*(T\G,x) = P~

"The compactness assumption might omit a lot of spaces of arithmetic interest, such as the space SL2(Z)\SL2(R) we have
been studying so far, but by the uniformization theorem and Gauss—Bonnet, it still includes the compact Riemann surfaces of
genus > 2.
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If () is trace-class, then

St ([ otomtaras) = 3 i@ [ ote0)ds

ve{T} Gy

spectral side geometric side

where both are equal to Trr(¢), {I'} is the set of representatives of conjugacy classes of I', and and subscripts

denote centralizers.

Proof. The fact that the spectral side equals Trm(¢) is immediate from the spectral decomposition of
L?*(T'\G, x) and the fact that the integral operator 7(¢) restricts to a well-defined operator on any

G-invariant subspace.
The main part of the proof is the computation of the geometric side, which is, by the previous lemma,

/ Ky(g,9)dg
G

This computation is reproduced from [Art2005, §1]:

/qug, dg—/ > g Mg d

7€F

_ —1
_/F\Gz S 6o 6 1dg) dg

~e{Tl'} 6eT,\I

—Z/F ¢(g~"vg) dg

a computation of the integral

ye(ry /T
=> / / ¢((9192)~'79192) dgn dga.
~e{T} /T \Gy JGA\G

Of course, elements of G act by conjugation by the identity on 7, so the outer integral is the integral of

a constant function, hence we can ignore g; and the integral, simply multiplying by 1(I',\G). O

The trace formula Theorem 3.1.1 breaks down on both sides for reasons essentially related to the
existence of a proper parabolic subgroup in G. On the left hand side, this is related to the technicalities of
the continuous spectrum; on the right hand side, one sees that the divergence of the integral comes from
conjugacy classes of I' which meet a proper parabolic subgroup of G. Arthur [Art1978] has made this
principle explicit, showing that both sides converge if and only if G has a proper parabolic subgroup.
In this thesis, we are interested mainly in G Ly, where there tend to be nontrivial parabolic subgroups
(in particular the upper-triangular Borel subgroup). So we will have no choice but to deal with the
convergence issue by Arthur’s technique of truncation (which we have already discussed in Section 2.1.2
in the context of truncation of Eisenstein series).

In any particular realization of the Arthur—Selberg trace formula, there are basically three steps:

1. Choose the test function ¢.
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2. Simplify the spectral side.

3. Simplify the geometric side (usually this is done by case-by-case analysis of the different types of
conjugacy classes: elliptic, parabolic, hyperbolic, and identity).

One interesting thing about Theorem 3.1.1 is that it is a generalization of Poisson summation. Here is
how one obtains Poisson summation from the general perspective of the trace formula.

Example 3.1.2 (Poisson summation). Let G = R and I' = Z. By Fourier analysis (a.k.a. knowledge of
the irreducible representations of SO(R) = S = Z\R), we know that L?(Z\R) is the closure of the
span of the functions z — e2™"* for n € Z. These are eigenfunctions of the Laplacian A = —% with
eigenvalues 472n?. For a test function ¢ smooth on R with good decay properties, we have a well-defined
kernel
Ky(z,y) =Y ¢y —z+mn).
neZz

So the geometric side of the trace formula reads

Y H2Z\R)p(n) =Y d(n).

neZz neZ

On the other hand, 7(¢) acts on the eigenfunctions by

(ﬂ_((b)e27rin-)(x) _ / 627rin(:£+y)¢(y) dy = 627rinw/ e27riny¢(y) dy
R R
which means the basis we have of eigenfunctions is also a diagonalizing basis for 7 (¢), with eigenvalues
dA)(—n) The trace, equal to the geometric side computed above, is the sum of those eigenvalues, and

hence we obtain the Poisson summation formula

Y dn) =) é(n).

neZ neZ

Notice that all of the analytic issues associated with which test functions ¢ can be plugged in are all
absorbed into the convergence issues of the trace formula; once this is taken care of, the trace formula
becomes a powerful and systematic way to interpret spectral theory in terms of geometry.

There are generally two ways in which the trace formula is applied.

1. Apply it for a single group and exploit the resulting nontrivial identities. This splits into two
general strategies:

(a) Design a test function so that the spectral side is something we understand and the geometric
side is something we want. This is the strategy behind proving prime geodesic theorems
from the trace formula, and why the error term in the prime geodesic theorem depends on
whether there are small eigenvalues present in the spectral side. It is also how our approach
to Conjecture 4.2.1 will function: the class numbers will appear on the geometric side as a
result of thinking carefully about the orbital integrals, and we will use additional information
about modular forms to manage the spectral side.
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(b) Design a test function so that the geometric side is something we understand and the spectral
side is something we want. This is the strategy behind proving Wey!’s law for the distribution

of Laplace eigenvalues.

2. Apply the trace formula for two different groups, match up orbital integrals on the geometric side,
and use this to extract a correspondence between automorphic forms on the two groups. This is the
strategy that was intended by Langlands to be the way to prove his functoriality conjecture, which
seems so far to indeed be the most promising route [JL.1970,GJ1979,Lan1980, Tun1981,Ng62010].

3.2 The Selberg trace formula for SL;(R)

In this section, we follow Iwaniec [[wa2002] and Hejhal [Hej1976] in deriving the trace formula for
L?(SLy(Z)\SL2(R)). As discussed above, in this setting there is the added difficulty of the continuous
spectrum and the parabolic conjugacy classes in S La(R). We deal with these issues by Arthur’s method of
truncation. For convenience, and because we constructed the Eisenstein series in this setting, we restrict
to the weight-0 K °-isotypic subspace, so that we are really looking at L?(I'"\H) where I' = SLy(Z).
Again, we make the claim here that everything here will work for arbitrary congruence subgroup I, but
our proofs are only complete for I' = SLy(Z) because that is the context in which we developed the
theory of Eisenstein series (for convenience).

Before anything else, a discussion of the test function. In this setting, the choice of test function
¢ € C°(SLy2(R)) that actually makes a difference is somewhat limited, for the following reason. The
kernel whose corresponding integral operator we want to take the trace of is

Ko(g,h) =) élg™'vh).
yerl’
Since ¢((og)~(ovh)) = ¢(g~1vh), the data from ¢ that we care about is really the data of a smooth

function

¢ : SLy(R) x SLy(R) — C

with the property that ¢(g, h) = ¢(og,oh) for any o € SLy(R). This new perspective is convenient
for when we look at the K°-invariant subspace, since we don’t have to worry about multiplying the
underlying elements of SL2(R). In particular, the trace formula is meant to compute the trace of the

integral operator given by the kernel

Ky(z,w) =Y ¢z, 7w).

~yel

where

¢:HxH-C

is invariant under S Ly (R) acting diagonally. Since PSLs(R) = Isom(H), it follows that ¢(z, w) only
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depends on the hyperbolic distance between z and w, which meand we can rewrite it as

b= () = @ (Cdl()c:f!z)) ,

where & is a smooth function on R. In principle ® is compactly supported or at least has good decay
properties. In the literature on the trace formula in this context, such functions ¢ are called Selberg’s

point-pair invariants. For the geometric side, we are interested in computing the quantity

Ky(z2) du(z) = /F oy =77 dnC)

verl’

= 2,0 152 z
—/F\HZ > 62,07 16z) dp(2)

ye{l'} §€T,\I

:/F\H Z Z d(0z,702) du(z)

~e{T'} €T\

= Z/F > 6(02,702) du(2)

yery T\ H sep \r

-> [ RETCEELTE

ve{T'}

NH

where 1i(z) denotes the hyperbolic measure on H and subscripts denote centralizers. We will compute
these orbital integrals by casework on the type of conjugacy classes. For now, we go back to the spectral
side.

3.2.1 The spectral side

Recall from Section 2.1.2 that L2(I'"\H) is a direct sum of Maass cusp forms of weight 0 plus a direct
integral of Eisenstein series. To compute the spectral side of the trace, we therefore need to understand
the action of m(¢) on the Maass cusp forms and on the Eisenstein series (Example 3.1.2 is a good example
for why we should expect this to work). In fact, this computation is insensitive to whether the Maass

form is cuspidal.

Lemma 3.2.1. Suppose f : H — C is such that Ao f = \f for some A\ € C. Then

/H 6z OF(Q) du(C) = AN f(2),

where A(\) depends only on A and ® (and in particular not on z). In fact, A is an entire function of \.
This proof is taken from [Hej1976, Proposition 3.1].

Proof. Since Ag respects the action of PSL2(R), z — f(0z) is also a A-eigenfunction. So if we can

prove the lemma when z = i, then we are done, since then we may choose 0 € PSLy(R) such that
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o1 = z, and then we have

By the same argument we may actually choose o € P.SLy(C), and transform the situation to be situated
on the unit disc model of hyperbolic space, where z = 0. By the standard formulas for how the hyperbolic
metric on H translates over to this situation, it suffices to show that

drdy
4 /| B(|=/(2) T oz = A 0)

where f : {|z| < 1} — Cisa A-eigenfunction for the Laplacian on the the unit disc model. By averaging

and the fact that the measure only depends on |z|, we have

dx dy _ ; ; dx dy
/| 2D Ty /|| 2=DFE Ty

where F(2) 1= 5~ 027r

can rewrite the integral we are interested in as

f(ze") df. The new function F is useful because it only depends on |z|. So we

1 dr
271/0 @(r)F(r)rm.

The trick is now to use the same differential equation that let us to Green’s functions: by differentiation
under the integral sign, AgF' = AF, which in the language of functions on the disc model we have

already seen equates to

ZD)
(1 —17r2)2
with initial conditions F'(0) = f(0) and F’(0) = 0 (both of these follow directly from the definition of

F(r) as the average of f on the circle of radius 7). By the theory of regular singular points, we see that

F(r) + %F’(r) - F(r) =0

there exists a function G () [depending only on A, the only other thing coming up in the differential
equation] such that
This proves the result, because

1 1
271'/0 @(T)F(T)Tm = f(0) - 2”/0 (I)(T)GA(T)TW
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and the integral on the right hand side only depends on X and ®. O

It’s useful that this works without requiring that K is a Green’s function. The cost is that we need
to understand the function A. Also, note that G, (r) is different from the Green’s function we used in the
previous section: this one does not blow up near r = 0.

It isn’t obvious (to me) that A is entire from its definition as an integral involving a function satisfying
a differential equation depending on \. Instead, one uses the result of Lemma 3.2.1: to compute A, we

may choose any test function f we want’, as long as it has Agf = A\ f. This is what allows for

A (i - 7«2) = h(r),

A 00 o
h(r) := / e”“/ ®) dt du.
R ev+e U—2 \/t - (eu +e U — 2)

Lemma 3.2.2. Forr € C, we have

where

In fact, A is entire.

Proof. The point is to take the test function (on the upper half-plane, not the disc) f(z + iy) = S(y)*,
where s € C. Then

Aof = 8(1 - S)f
So by Lemma 3.2.1,
A(s(1 - 5)) = /H 60, )3(C)° du(C).

Taking
s = B +ar,
with € C so that ]
1—s)=— 41
s(1—s) 1 + e,
: - _ 22+ (y=1)? _
we may use this to compute (substituting ¢ = — and then u = log )

A (i i r2> — A(s(1 - %))
_ /H (i, O)S(C)° dpu(C)

o) 00 2 _1)2
— 2/ / ) (a:—l—(yl)) v 2 dr dy
0o Jo )
_ / / B (1) y2 LA
0 Jy-1)2/y (Vty—(y—1)2%)/y
=[] awee i A
—oo Jel4e t—-2 ( tet — (e“ — 1)2)6_u e~

_ / cu(s-1) / e®) dt du
—00 evte u—2 \/t —el —e U422

®this is not a typo. For a brief time, now f will be a “test function” rather than ®.
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as claimed. This at least makes s — A(s(1 — s)) an entire function, hence A\ — A()\) is holomorphic
away from A = 1/4. But A is defined and continuous at A\ = 1/4, so in fact A is entire. O

Definition 3.2.3. The function h is called the Harish-Chandra transform of the test function . From
now on, ® is considered to be fixed, and h is defined to be its Harish-Chandra transform.

Corollary 3.2.4. The integral kernel K, decomposes in L*(F x F) as

Ky(2,Q) = Zh(rj)uj(Z)uj(C) + ﬁ /Rh(r)E <z, % + ir) E <C, % + z'r) dr

where the r; are such that i + 7’? = )\j the A-eigenvalue of u;.

Proof. Direct consequence of Theorem 2.1.18 and Lemma 3.2.1. N.B.: one has to check that K really is
square-integrable in both coordinates as long as h satisfies the appropriate decay properties. This whole

time, we are implicitly restricting to test functions ® such that h satisfies those decay properties. O

Regardless, the integral operator induced by the kernel K 4 will likely not be of trace class. In particular,

according to Corollary 3.2.4 and our previous computations, if it was of trace-class, we would have
Trr(¢p) = / Ky(z,2)dp(z)
F[M\H]

= S he sl + el 0

2
dr.

1
E <z,2 —i—ir)

This does not make sense because E(z, s) is (barely) not square-integrable even when Rs = 1/2. So we

L2

are forced to compute the truncated trace, which is done by replacing this integral with an integral over

the truncated fundamental domain F[I"\H],<7 for large T'. In that case, we are after the quantity we
now call

Ta@) = 3 hir, 2 1 1.
Trim(g) = r hlri) /]—'[F\H}y<T i ()" du(z) + 4 /Rh(r) /}'[F\H]y<T b <Z’ 2 * ZT)
(3.1)

and since we are looking at the truncated fundamental domain, we might as well replace F with the

2
dp(z)dr

truncated Eisenstein series AT E (see Definition 2.1.20). Since the truncated fundamental domains are
compact, there are no issues with convergence here.

The terms coming from truncated Eisenstein series must now be estimated. By Corollary 2.1.22, we
have (for r # 0 which doesn’t contribute anything to the integral anyway)

/ ET (z, 1 + ir) du(z) < / ET <z, 1 + ir>
FIP\H), < 2 FIN\H] 2
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1_ . 2ir 1_ . —2ir /
:@(2 ir) T ,(P(Q ir) T +210gT—¢<1+ir>.
24r P \2

So the whole term in Equation (3.1) coming from Eisenstein series is bounded above by

1_ . T2ir _ 1_ . T—Qir !
[Pl ()

— 2logT — — dr.
i Jr 2ir +2log %) "

Only the first term is something we are interested in simplifying further. Indeed, we have (by the evenness
of h)

1 h(’l”) 1 . 24 1 —23

- - T’LT_ o T r
8mi Jn T [“’(2 ") S0(2 ”)
1 h(r) 1 . o 1

_ ) - T2 _ - d

i G e () o

where the (1/2) = 1 term is subtracted from (1/2 — ir)T?" to make r1h(r)(p(1/2 — ir)T?" —
©(1/2)) integrable for r ranging over R (and in particular the integrand does not have a pole at r = 0).

dr

Since
_ 7r1/2r(5 —1/2)¢(2s—1)
I'(s) 2s

©(s)

is bounded on small neighborhoods of the line s = 1/2, if h decays fast enough, we can move the
contour of integration up from R to R + €4, which then allows us to integrate both terms separately
(since h(r)/r no longer has any poles on the line of integration). There are no poles in the way, so we
are left with

1 h(r) I\,
- P2 i) T2 — 1| d

1 M) (1N oo 1 / h(r)
- Tty - T2ir o A4 )
dmi [5 r (p<2 W) A

STr=¢

Again, since @ is actually bounded on small neighborhoods of R8s = 1/2, for small ¢, the first term is

1 1 , ,
- / MQO ——r | T?dr < / MTQW
ATt Jgp—e T 2 S r

STr=¢€

and the second term is

by moving the contour of integration down to 37 = —e, using the symmetry of h and the fact that h(r)/r
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has only a simple pole at = 0 of residue /(0). Anyway, we conclude from this the upper bound
Tl (g) < Zh(r‘) +9(0)log T — x / h(r)ﬁl L +ar ) dr+ 1h(O) +O(T™%)
T4 I 4 Jn 0 \2 4 ’

where

© P(t 1 ;
g(u) = / ®) dt = — [ e "“h(r)dr
elte—u—2 \/t — (e’u _|_ efu _ 2) 27T R

is the (suitably normalized) Fourier transform of h.

In fact, this upper bound is supposed to be an equality, as we show now.

Proposition 3.2.5 (Spectral side of the trace formula). For large T,
Tlr(6) = 3 hr;) + 9(0) log T — — /h( V(L i) ar+ Lho) + o)
v w(p) = T - — r)— (= +ir) dr+ - :
- 1T & i Jr p \ 2 4

Proof. The upper bound in this equality was proven by integrating K (2, z) (except with Eisenstein
series replaced with truncated Eisenstein series) over the entire fundamental domain rather than the
truncated one. So it suffices to show that the contribution of the remainder of the fundamental domain is

absorbed into the error term. For the constant function ug (which makes up the residual spectrum in our
case I' = SLy(Z)), we have

/ o ()2 du(z) < u(FO\H],57)
FM\H]y>1

<<1
T

And since Maass cusp forms have exponential decay at the cusp (thanks to the Fourier expansion), the
same bound holds for all the u;’s (except the implied constant might depend on s;; this doesn’t end up
mattering — we just end up with an infinite sum of these implied constants times /(s;) which converges

thanks to the decay properties of h). As for the Eisenstein series term, the same bound

/ h('r)/ ATE (z, L + i'r)
R FI\H],>r 2

holds, again thanks to the fact that the truncated Eisenstein series decay exponentially at the cusp. The

2

1
dp(z)dr <5, T

extra T~ ! are absorbed in the O(T~2¢) error, as long as € was chosen to be sufficiently small. O

3.2.2 The geometric side

We are now meant to evaluate the geometric side of the trace formula, namely

() = [ Ky(z,2) du(2)

FIP\H]y<r
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-y / 6(2,72) dpu(2).
ey /PO \H <

It remains to compute the orbital integrals | FIO\H]y <1 &(z,7v2) du(z) for each type of conjugacy class
Y=

v. As a warm-up, we begin with the identity term. To do this, we need to make an observation about the

integral transform involved in the definition of g(u).

Lemma 3.2.6. If® € C>°(R), then for anyt € R,

oo A [P <I>(v) dv
(I)(t)— 1 dx Jz /v da

T ), \/xf
Proof. The proof of this formula is the main part of [Hej1976, Proposition 4.1]. I don’t know why it is not

a coincidence, but it seems related to the theory of the Abel transform . The fact that ® is compactly
supported makes all of our manipulations below kosher. First, observe that

d
— P (v) d —2/ x—i—u

dx V-1

So we may compute

oo P(v) oo (v
de ) AL dv dx_/Osz \/%d“drz
t vr—t t

I
8
=
=
~
;»\
—~~ <
8
|
~
\_/
L\.’)\»—i
—~
<
|
8
\_/
m
QU
8
U
<

again using the fact that ® is compactly supported on R and in reality replacing ¢ with ¢ + ¢ while taking
€ — 0 to deal with the improper integrals. O

50



Proposition 3.2.7. The identity term on the geometric side is

/ d(z,1z)du(z) = PF I ]y<r) /OO rh(r) tanh(wr) dr,
FIO\H], <1 2 0

where h is the holomorphic function defined as above.

Proof. By definition, we have
/ (2, 1z)dp(z) = @0)pu(FI\H]y<7),
FIM\H]y<r

and from Lemma 3.2.6 (substituting e" 4+ e~ — 2 for x),

o 4 [ 2(v) dv
@(0):_1/ & e e ooz
0

a v

1 [~ £
:/ L(u)djdu
T Jo \/e“—|—e—“—2du

R e A (D)
- _77»/0 eu/2 _ p—u/2 du.

Since the spectral side of the trace formula we only have in terms of the inverse Fourier transform & of g,
it is convenient to simplify this further using the formula for the derivative of the Fourier transform. In

fact, using the symmetry of the integral involved,

1 } 1 [
g(u) = / h(r)e """ dr = / h(r) cos(ru) dr
2m Jr T Jo
so differentiating under the integral sign yields
/ I :
g (u)=—— rh(r)sin(ru) dr
™ Jo
hence
1 [ ° sin(ru)
®(0) = 3 ; rh(r)/o = du dr
1 oo
=5 ; rh(r) tanh(7r) dr,
as desired. O

Since I'\ H has finite volume, the truncation really makes no difference to us for the identity term: as
T — 00, the identity term will converge to

p(\H)

/ rh(r) tanh(wr) dr
2 0
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anyway. This is part of the general theme that the divergence in the orbital integrals is caused only by the
proper parabolic subgroups, so the only thing truncation will be necessary for is the parabolic conjugacy
classes. For this reason, we do those last.

For now, we do the hyperbolic classes. For a hyperbolic v € I', we know that ~ is conjugate in
PSLy(R) to a transformation of the form z — N(+)z for some positive constant N (+y). That quantity
is also characterized by the fact that

inf du(z,72) = inf du(z,N(7)2)
/ /N MY gy
Bl z+iyeH Jy Yy
= log N (7).
Lemma 3.2.8. Ify € SLy(Z) is hyperbolic, then

_ log N(70) .
/I[FW\H} P(z,72) du(z) = N —N(y)*l/Qg(l gN(v)),

where 7y denotes a generator of the centralizer of v in T

Proof. when «y € T is hyperbolic, there is an 7 € PSLa(R) such that p~!vyn acts by z — N(7)z, and the
centralizer of ™17 is generated by ! ~on, where without loss of generality, N (n~1yon) = N(y0) > 1.
The orbital integral corresponding to 7 is

/ ¢(z,72) du(z) = / d(nz,ynz) du(z)
FLy\H] n—1F[,\H]
= / d(nz, ynz) du(z)
Fln='Tn\H]
= / P(nz,ynz) du(z)
FIy-1,,\H]
N / ¢z, 1~ yz) dp(z)
}—[Fn_lwn\H]
[ e )
‘F[FW*IW\H]
= / ¢(2, N(7)2) du(z)
1<S3(2)<N ()
_/N(”O) m¢(|($+1y)—N(7)(£B+iy)|2 dx dy
A —00 N(v)y? 32
1 0 N(v) y? 12
N [e'e]
— log N(70) (7) B(t) ”
NO) =12 | fr - G
Y
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This simplifies to the actual claim, using the fact that

O

It’s nice that these numbers N () show up: these are related to lengths of geodesics on I'\ H, and
hence the trace formula will allow us to study the distribution of those lengths.

Now, time for the elliptic term. This term basically never has any impact on anything, because there
are only finitely many elliptic elements of SL2(Z) or any other congruence subgroup — most elements
have no fixed points in H, which is why it is easy to define the Riemann surface I'\H. For an elliptic
element v € I, its centralizer is finite cyclic (it is the stabilizer of the fixed point of ) and generated by

some 7p.

Proposition 3.2.9. The elliptic orbital integrals evaluate to

/ 6(2,72) dp(z) = 5— /h(r)COSh(m"_zTT)dr’
FIr\H] A

2msin T cosh 7r

where T € [0, ) is the angle such that «y is conjugate in SLo(R) to a rotation by angle +7.

Proof. Every elliptic element is conjugate in SLo(R) to some

o — cosT —sinT
T \sint cost |’
So we have
v =0k,
and hence (by the same argument as in Lemma 3.2.8)
[ s = [ ) dut).
F5\H] F[lw \H]

The fundamental domain for I';,_ might not be as easy to describe as the fundamental domain for
hyperbolic elements, but we are saved by the fact that x, has finite order (as the stabilizer of 7 in I is
finite), namely 7 /7. So all of H is tiled by translates of F[I',., \H] by ., and the orbital integral over all
of these regions are the same thanks to the S Ly (R )-invariance of ¢. So in fact the value we are interested

in computing does not require us to understand this fundamental domain, and we just need to compute

z /H B2 rr2) du(2).

This is easiest to compute in the coordinates that come from the Cartan decomposition of SL2(R),

rather than the Iwasawa decomposition (makes sense, since we are interested in the action of K°). In
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particular, we have

SLy(R) = K°AK®,

where A is the subgroup of diagonal matrices. This gives us new coordinates
Z=kKs€e 1
for # € [0,7) and r € [0, 00). One checks that
du(z) = (2sinhr) drdf,
from which it follows that
-
| sandu) = [ o) duts)
F['4\H] T JH
= T/ / d(koe i, krkpe "i)(2sinhr) drdf
T™Jo Jo
= T/ / d(koe "1, kgkre 1) (2sinhr) drdd
T™Jo Jo
= 7‘/ o(e™"i, ke i) (2sinhr) dr
0

= T/ ®((sinhrsin7)?)(2sinhr) dr
0

sirTM' /Ooo \/%du
_ T/Oog(r) cosh(r/2)

™ coshr — cos(27)
T / hir cosh(mr — 277) dr
R

2w sin T cosh 7r

as desired. O

It is finally time to deal with the parabolic elements. We are saved in this case by the fact that the
parabolic conjugacy classes are very easy to describe: they have representatives which are in I' N N, i.e.
are just horizontal translations. The technical difficulty here comes from the fact that the truncation
is actually necessary: as we saw in Proposition 3.2.7, Lemma 3.2.8, and Proposition 3.2.10, all the other
orbital integrals converge as T — oo, which implies (by Proposition 3.2.5) that the parabolic orbital
integrals have to be of order log 7. So in this situation we need to keep track of the truncation.

Proposition 3.2.10. The sum of the parabolic orbital integrals is

1 1 I
Z / d(z,z+mn) =g(0)logT — g(0)log2 + —h(0) — / h(r)—= (1 +r) dr.
Jemy JFID\H < 4 21 Jr r
parabolic
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Proof. Every parabolic conjugacy class of I" has a representative in I' of the form

(1 n
Yn = 0o 1]
for n £ 0. The centralizer of -, is exactly

n
11
'NN = neld;,
0 1
so the sum we wish to compute is

T i 2
S Lo seeem=X [ [ e (f)
FI(TNN)\H] 0o J- Yy Yy

n#0

= T(X; (I)\;%) (log(T\/ﬁ) + YEuler + O (Tj/ﬂ)) du

where Ygyler is the Euler-Mascheroni constant. The contribution of the error inside the integral is of the

1 [ ®(u) 1
l Wy “logT
T/T_2 y <o plogd

order

and the rest is

/OOO (I)\;%) (log(T\/a) + ')/Euler) du

which is R
g(O)(IOg T+ 7Euler) + 5 A \5%) log(u) du.

Computing further, we have

1 [ d(u) B 1 1 o
: / =2 og(w) du = —g(0)mur + h(0) — 3= /R M) 3 (1 ir) dr

from which the desired result follows. O

Now that we have computed the spectral side and all the necessary orbital integrals, we can write
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down the final version of the trace formula in this context.

Theorem 3.2.11 (Selberg trace formula for SLa(R)). Let h(s) be an even holomorphic function defined
on a neighborhood of the strip |3's| < 1/2 satisfying the appropriate growth conditions such that the spectral
side below converges absolutely, and let g(u) = 5= [p e~"“h(r) dr be its Fourier transform. Then

> hry) - 417r/Rh(r)‘2 (; —l—z'r) dr
=—g(0)log2 — % /Rh(r)rrv (1+4ir) dr

n Z 7'.7 / hr) cosh(mr — 27,7) g
2wsinT, Jr cosh7r
vE{T'}en

log N (70)
) {Z} N2 — N1z e N 0)

+ ,u(]-"[zl;\H]) /000 rh(r) tanh(7r) dr.

Proof. Combine Proposition 3.2.5, Proposition 3.2.7, Proposition 3.2.10, Lemma 3.2.8, and Proposition 3.2.9.
Subtract the term proportional to log T" from both sides, and then take 7" — oo. O

Now is a good time to mention all the technical analytic conditions we have swept under the rug in
the proofs. In particular, we have been assuming this whole time (as made explicit in the hypothesis to
Theorem 3.2.11) that the truncated operators are actually of trace-class. This is true when & is compactly
supported, but as we see in Theorem 3.2.11, an attractive feature in this explicit version of the trace
formula is that it doesn’t depend on @ itself at all — only on & and its Fourier transform”. So it makes more
sense to ask what kind of growth condition we need to require of A to make the spectral side converge
absolutely (in which case it is a formal consequence that the geometric side will also). It turns out that if
is defined on the neighborhood |Ss| < 1/2 + 4, then it is enough to have h satisfy the growth condition

h(r) < (Ir]+1)77°. (3.2)

In the case where I"'\ H was compact, one could show convergence under the weaker growth condition
h(r) < (|r] + 1)~*7° by constructing a Green’s function, that is, a Hilbert-Schmidt integral kernel for
the resolvent of the Laplace-Beltrami operator. The existence of a Green’s function in that context (which

itself is a consequence of basic ODE theory) then shows that

ZA;Q < 00,

where the \; are the Laplace eigenvalues of the Maass (cusp) forms on I'\H (see [Bum1997, §2.3]). It is
harder to get this argument to work in the presence of the continuous spectrum, but luckily the following

3Of course, one can recover ® and thus ¢ from h (see the definitions) — otherwise the hypotheses to Theorem 3.2.11 wouldn’t
make sense.
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weak version of Weyl’s law for the finite-volume case is fairly easy to establish given what we have

developed so far.

Lemma 3.2.12.

3 1+/ 2 (1 +ir) dr < T2

Proof. By Bessel’s inequality, we have, for ( € H in the standard fundamental domain,

S OF + 3= [ B2+ inRdr< [ Ko R duta)

F['\H]

Taking ® to be a smooth approximation to the characteristic function of an interval [0, R], we find that
this yields
T
> u QP + / |E(C,1/2+ir)|?dr < T?> + Ty
|7’j|<T -T
where ( = = + ¢y is chosen to be in the standard fundamental domain (this choice is convenient because
it guarantees that y = sup.,cp (7 - (). Integrating this inequality over the truncated fundamental

domain F[I"\H],<7 and using Corollary 2.1.22 along with the decay properties at the cusp guaranteed
by Lemma 2.1.15, we get the desired result. O

The crude bound Lemma 3.2.12 (which we will improve to a precise asymptotic in the standard
application of the trace formula) is enough to establish the validity of Theorem 3.2.11 for test functions h

satisfying the condition Equation (3.2).

3.3 The Eichler-Selberg trace formula

The goal of this section is to prove the analog of Theorem 3.2.11 in the global setting, that is in the setting
of automorphic forms on GL2(Aq). The adelic setting is where the Hecke operators are most naturally
defined, and the point of this section is to derive the Eichler-Selberg trace formula for traces of Hecke
operators acting on the classical holomorphic cusp forms of level 1 and weight k. In doing this, we will
follow the references of Knightly-Li [KL2006] and Gelbart-Jacquet [G]1979].

In the language of Section 3.1, we are looking at the group G' = G'Ly(Aq) and the discrete subgroup
I' = GL2(Q). In reality, we are restricting to the case of trivial central character (since we are interested
inlevel 1), so the actual representation we are looking at is the right regular representation m of GL2(Aq)
acting on

L*(PGLy(Q)\PGLx(Aq))-

The automorphic forms in L?(PSLy(Z)\ PSLy(R)) embed in the obvious way in here. The trace formula

is a computation of

Trm (o)

where ¢ : GLy(Aq) — C is smooth (in the usual adelic sense) and is nice enough to that 7(®) is of
trace class.
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The standard notation for this setup (which will allow us to save a little space is as follows). Let
G = GLy)q, Z its center (the scalar matrices), and G =G/Z = PGL, /Q- As we have already seen, the
key feature of GG that brings all the technical difficulties is the existence of the proper parabolic subgroup
P (which we take to be the upper-triangular Borel subgroup), which admits the Levi decomposition

P = MN,
where
*
*
and
1
3.3.1 Choosing the test function

In real life, there are (like in the previous section) complications relating to the continuous spectrum, and
an analogous theory of Eisenstein series to account for those complications. But the test function we are
interested in will make sure that 7 (¢) kills the continuous spectrum, and in fact only acts on the space of
weight-k holomorphic cusp forms. Define

@b: H ¢U7

UEMQ

where each ¢,, is smooth on G, = G L2(Qy). Itis our job to define the ¢, so that 7(¢) gives us exactly the
Hecke operator we want (it needs to kill the orthogonal complement of S (I'(1), C) in L?(G(Q)\G(Aq))
and act as the Hecke operator 7}, on S;(I'(1), C)). Once we have done this, our life will be much easier
than in the general case: we will not have to worry about the continuous spectrum, and we will be

guaranteed that 7(¢) is of trace class (as it is a finite-rank operator).

Lemma 3.3.1. Suppose k > 2. Let

bool9) = di(m(g) fis fr)s

where dj, is the formal dimension of the weight-k discrete series representation of GL2(R) and f, is any
nonzero lowest-weight vector in that representation. For each finite prime p, let ¢, be the characteristic
function of the compact subset Z(Qy)T (n),, where

T(n), ={g € Ma(Zp)|detg € nZ;} C GL2(Qp).

Then (¢) kills the orthogonal complement of Sy, (I'(1), C) and acts on it by the Hecke operator n'=5T,.

Proof. The set T'(n),, is just the set of 2 X 2 matrices with coefficients in Z,, such that the p-adic valuation

58



of the determinant equals that of n. By the Cartan decomposition, we have

©0
GLA(Qy) = | GLa(2,) (]; pj

(2]

> GL?(Zp)v

which means that we can write 7'(n), as a union of double cosets

T(n), = L>J] GLy(Z,) <7; ;) GLs(Z).

i+j=vp(n)

This means that (ignoring the archimedean place for now) 7 (g, ) agrees with the global definition of T,
as a double coset operator (see e.g. [Bum1997, §3.6]).

The test function at the infinite place is meant to restrict this to Sx(I'(1), C). This is thanks to the
general theory of matrix coefficients. First of all, ¢ is absolutely integrable modulo center, as can be
checked from the standard explicit realization of the discrete series representation (see [Bum1997, Theorem
2.6.5]; note that this is where we use the fact that £ > 2). So (despite the fact that ¢, is not compactly
supported modulo center), the operator 7(¢) is well-defined.

Again by [Bum1997, Theorem 2.6.5], one checks that

/ ®oo(gnh)dn =0
N(R)

for any g, h € G(R), and hence that

/N (Aq)¢(gnh) dn = ( /N " <z>oo(goonhoo)dn) ( /N ( 1T 4v(gonphn) dn) =0 (33)

AQ,fin) p<oo

and as a result
/ d(gn~tmnh)dn =0 (3.4)
N(Aq)

for any m € M(Aq).
Therefore, for any f € L*(G(Q)\G(Aq)), we have

/ (v(6))(ng) dn = | [ bl (o) o
N(Q)\N(Aq) N(Q\N(Aq) JG(4)
#(g~tn"tox) dzdn

/N(Q)\N(AQ) /N(Q)\G(AQ) SEN(Q)

#(g~n"tox) dndx
Q)

= B f(x)/ (g n"tox) dndx
) N(Aq)

[
N(Q)\G(Aq) N(Q)\N(AqQ) scn
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thanks to Equation (3.3) (here we have used the integrability of ¢ modulo center and approximated f by
bounded functions to apply Fubini’s theorem). In other words, 7(¢) sends everything to the cuspidal
subspace. Recall (from above or from [Bum1997, Proposition 2.3.1]) moreover that the adjoint of 7(¢) is
given by 7(¢*), where

9" (9) = olg™1)

Since ¢ is given by a matrix coefficient, we know immediately that ¢ = ¢oo. The same is true for ¢,
at the finite places p, since complex conjugation doesn’t do anything to a characteristic function, and

dp(g") = dp((detg) - g7") = dp(9),

where det g is considered as an element of Z(Q)), since

det? g
det((detg) - ¢~ ) = = det g.
et((detg)-g7") dotg ety

Therefore, we conclude that 7(¢) is self-adjoint and that

(¢)L*(G(Q\G(AQ)) C L2\, (G(Q)\G(AQ)),

and thus
m(9) Lzusp(G(Q)\G(AQ)) " = 0.

Hence, 7(¢) acts only on the cuspidal subspace. Knowing this is convenient because of the fact that
L%, (G(Q)\G(AqQ)) decomposes discretely into irreducible representations of G(Aq) with finite

cusp

multiplicities. We proved this fact in the archimedean setting (Theorem 2.1.11), which is most of the

content of the general proof (see [Bum1997, §3.3] for more details). In particular,

™= L(Q:usp( ( \G AQ @7(1

where the 7;’s are allowed to repeat with finite multiplicity, and by the tensor product theorem (see Flath

Ty = ® T vy

UEMQ

or Bump) we have

where 7; ,, is an automorphic representation of G(Q,). One checks directly that via this isomorphism

7T(¢)|7r1 = 7Ti700(¢00) 0y 7Ti,ﬁn((lsﬁn)-

By Schur’s lemma for matrix coefficients (see [Bum?2013, Theorem 2.4]), we conclude that 7(¢) kills all of
the irreducible representations m; whose infinity-type is not the discrete series of lowest-weight k, and
otherwise acts trivially on the infinite part of 7r;. It follows (since the action of 7(¢) on 7; is then exactly

the same as the Hecke action of T}, up to the usual scaling factor) that

Eq
TrThls,ry,c) =n2 " Trm(e),
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as claimed. O

3.3.2 The identity term

For our purposes, Lemma 3.3.1 is the spectral side of the trace formula. In this section and the ones that
follow, we compute the geometric side, which will ultimately give a formula for TrT}, in terms of class
numbers of imaginary quadratic fields.

As usual, the easiest one is the identity term. That term is

[ olg1g) = 6()wl(G(Q)\G(AQ)
G(Q\G(AQ)

(thanks to the standard computation of the Tamagawa number of PG Ls). At infinity, we have

k—1
4

Qboo(l) =di =

(the formal degree of the discrete series representations of GL2(R) is a straightforward computation
from the explicit description [Bum1997, Theorem 2.6.5]). As for the finite places, recall that for a rational
prime p < o0,

1, ifleZ(Qp)T(n),

0, otherwise

¢p(1) =

Since det(zm) = 2% det(m), we know that ¢, (1) = 0 whenever v,(n) is odd. So if n is not a perfect
square, ¢,(1) = 0. On the other hand, if n is a perfect square, we have

l=—"
NG vn,
where the \/n € Q) = Z(Q,) and the n is also considered as an element of Z(Q,) C T'(n),. Hence,
we can deduce

Proposition 3.3.2. For ¢ defined as in Lemma 3.3.1, the identity term of the trace formula is

k=1 ifn is a perfect square

Lo g ={ .
G(Q\G(Aq) 0 otherwise

3.3.3 The elliptic term

Now we consider the elliptic conjugacy classes of G(Q) = PG L2(Q). These are the conjugacy classes
whose elements have zero eigenvalues in Q. The elliptic term is particularly nice because the elliptic
conjugacy classes have no intersection with the upper-triangular parabolic subgroup P(Q). As we know

from Arthur, there are never any problems with convergence on the geometric side for conjugacy classes

61



that do not meet P(Q). Lifting to GL2(Q) (by definition of ¢, each elliptic element of PG L2(Q) such
that ¢(g~1vg) # 0 for any g has exactly two lifts to GL2(Q) of determinant n), the elliptic term is

1
o(g 'vg)d / B o9 "v9)
/ (Q)\G(AQ) 2 " 2 Ja\oag 2

vEG(Q) ~eG(Q)elliptic
elliptic det y=n

1 1
=5 > / _ > blg 6 dg)dg
[] elliptic conj. class G(Q\G(Aq) 4G~ (Q\G(Q)
det y=n

:% > / _ > blg o y6g) dg

] ellidpt? conj. class GQ\G(AQ) 5eG,(Q\G(Q)
et y=n

=5 >, / g0 dg) dy.
[~] elliptic conj. class G1(Q\G(Aq)
dety=n

The computation of the orbital integral on the inside depends on whether 7 remains elliptic in G(R), i.e.
on whether the complex roots of the characteristic polynomial of 7y are not real. Since det v = n, the

characteristic polynomial is of the form
py(X) = X% —tX +n,

where t = Try.

Lemma 3.3.3. If+y is diagonalizable over R (i.e. the roots of p., are real), then

/ (gt vg)dg = 0.
G-(Q)\G(AqQ)

Proof. As one can check by linear algebra, the centralizer G, (Q) is equal to Q[]* = Q(Vt? — 4n)*
(this is true when 7 is elliptic or hyperbolic in G(Q)). The same thing holds if you replace Q with Aq.
In particular, G (Q) and G (Aq) are abelian, hence unimodular, so there are no issues with writing

/ 3 ¢(g‘1vg)dg:/ 3 / p(g 16 1dg) dédg
G-(Q)\G(AQ) G, (Aq)\G(Aq) /G, (Q\G,(Aq)
vl (QN\G(BQ) |_____élg~ 9 d.
G- (AQ)\G(Aq)

since elements of G, (Aq) commute with 7 by definition. Moreover,

/ _ #(g7vg)dg = (/ _ p(g7v9) dg> (/  deelg M) dg)
Gy(AQ)\G(Aq) Gy(R)\G(R) G~ (Agn)\G(Afn)

and the archimedean integral vanishes already, thanks to Equation (3.4) (since ~ is assumed to be

diagonalizable over R and the archimedean orbital integral is only sensitive to the conjugacy class of
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Y)- O

Now we suppose that v € G(Q) remains elliptic over Q, i.e. that p,’s roots are two distinct complex
numbers. By the proof of Lemma 3.3.3, we still have

/  dlgMvg)dg = </  pe(g79) dg) (/ (g M9) dg) :
G- (AQ)\G(AQ) G,R)\G(R) G A\ (Agn)

except the archimedean orbital integral has no reason to vanish. Instead, v is conjugate to one of the
standard elliptic elements of PG L2 (R), i.e. elements of K° = SO2(R), so since the orbital integral is

insensitive to the conjugacy class, and vol(K°) = 1, so we are reduced to computing

/ Poo(g1v9) dy,
G(R)

where we can assume that v € \/n - SO2(R), i.e.

cosf sinf
72\/5< . )

—sinf cosf

where 6 depends on . Since this has such an explicit form, we can use the Cartan decomposition
SLy(R) = K°M(R)K® plus the explicit description of the discrete series of which ¢ is the matrix

coefficient to explicitly compute

i(k—1)6 —i(k—1)0
e e

boo(g 1 vg) dg = — » —
/G( ) eu9 e 10

The complex eigenvalues of v are y; = y/ne’ and o = /ne™*, so we obtain

Lemma 3.3.4. Ify € G(Q) is elliptic, then

k—1 k—1

S i M if v remains elliptic in G(R)
| delgTMg)dg | = e .
</GW(R)\G(R) 0 otherwise

Since y remains elliptic over R if and only if its characteristic polynomial X? — tX + n has two distinct

complex roots, it follows that the elliptic term is

1ok -1 _
n' Z mo / _ banlg M) dg ).
Y -2 Gy (Aa)\C(Agn)

t2<4n

Note that v, and o only depend ont and nsince they are the complex roots of the characteristic polynomial

of 7.

The nonarchimedean orbital integrals are where the class numbers of imaginary quadratic fields

come in.
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Lemma 3.3.5. The nonarchimedean orbital integral corresponding to a given v which is elliptic in G(Q)
and remains so in G(R) with characteristic polynomial X? — tX + n is

$an(9 "9 dg= > h(O

/G,Y(Aﬁn)\G(Aﬁn) ODZ+Zy |

where the sum is over orders O of the imaginary quadratic field Q[vy] = Q(Vt? — 4n).

Proof. Consider the maximal compact

K= H é(zp)

p<oo

By definition,
¢p(9™'79)
is G(Z,)-invariant on both sides as a function of g (since the determinant of the input doesn’t change),

so we can split the orbital integral into double cosets on which ¢g,, is constant and then use the fact that

all the measures used are Haar measures to compute

rin(g~'v9) dg = > [ fin(9™ ' 79) dg

e TQNC(Agy)/ T O QFE G (Amn)\Gl(Asn)

= vol(G(Q)2K) ppin (v~ y) doe
2

2€G(Q)\G(Aqn) /K

- > vol(G+(Q)z Kz ") pgn (2™ 1yz) da

2€G(Q)\G(Aqn) /K

/G’Y (Aﬁn)\é(Aﬁn)

where G, (Q)zKz~! and G, (Q)zK are considered as subsets of G, (Ag,)\G(Agy). Conjugating the
whole thing by z, we see that vol(G,(Q)zKz™!) is the same as vol(z~'G,(Q)xK) using the Haar
measure on £G~ (Agy, )z~ \G(Agy). Since 271G, (Q)z is discrete in G(Agy), and K is a compact open
subgroup, this measure is equal to

vol(K) B 2
KNnz1G,(Q)z| [|KNa1G,(Q)x|

The set K Nz~ 'G,(Q)x has a natural interpretation as the set of elements gz for g € G(Q) such
that 2! gz restricts to a linear automorphism of ZIQD - Qg for each p < 0o. In other words, after undoing
the conjugation, it is in bijection with the set of g € G- (Q) = Q[y]* = Q(V/#2 — 4n) that act as a linear
automorphism on the lattice A, C Q(v/#2 — 4n) corresponding to*

v € Gy(Q\G(Am)/K = Gy (Q)\G(Agn/K).

“Recall that the double coset space G-, (Q)\G(Agn/K is in bijection with the lattices in Q[y] = Q(v/#2 — 4n) = Q? up
to multiplication by G~ (Q) = Q(v/t2 — 4n)*
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In other words, it is exactly the set of units in the order

Op, ={a e Q(Vt2 —4n) : alA, C A}

Putting this back into our previous computations, we have found that the nonarchimedean orbital integral
is 5
hin(9™vg) dg = > ¢ (z ).

/G”(Aﬁ“’\G(Aﬁ“) rea@\GAm)/K O3]

Since we are already assuming that det y = n, the definition of ¢, (x, 1,@,) is that it is 1 if and only
if x, 1@, has coefficients in Z,, i.e. if and only if 7, sends the lattice represented by z,, inside itself.
Putting this local fact together, we get

1, ifveO
bin(a ) = T
0, otherwise

hence the nonarchimedean orbital integral is

2 2
g = E h
[N |0 ©).
ACQ[Y]
v€OA

up to Q[v]*

as desired. O

Let the maximal order in Q[y] = Q(v/t? — 4n) be Oq|,] = Z+Z- 7, so that the non-maximal orders
are all given by Z + Z - f7 and have discriminant

diSC(Z +7Z- fT) = fQAQh}

The discriminant of the non-maximal order Z[y] = Z + Z -~y is t> — 4n. So the orders being summed
over in the formula for the nonarchimedean elliptic orbital integral in Lemma 3.3.5 are precisely the

imaginary quadratic orders of discriminants

2 —4n
m2

for all positive integers m such that
t? —4n

AQ[“/] .

By the usual correspondence between equivalence classes of quadratic forms of given discriminant and

m2]

fractional ideal classes for the quadratic order of that discriminant, and the fact that unit groups of orders

are in bijection with stabilizers of quadratic forms, the quantity




is the same thing as the Kronecker—Hurwitz class number of discriminant t2 — 4n, that is the number of
binary quadratic forms of discriminant ¢> — 4n, weighted by the sizes of the stabilizers in PSLy(Z). It
doesn’t really matter, but the viewpoint of quadratic forms is the one we will take in the next chapter
when we apply this to quadratic forms.

In any event, since an elliptic conjugacy class in PGL2(Q) is determined by its characteristic

polynomial, we have proved

Corollary 3.3.6. The elliptic orbital integral is

[SIE

1 _ —=k—1

3 PP e

D
t2<4n p=r

n'~
2

where H (t? — 4n) is the Kronecker—-Hurwitz class number, and p denotes a complex root of the polynomial
X?—tX +n.

Remark 3.3.7. The sum in Corollary 3.3.6 is finite and is guaranteed to converge. For the same reason
(the finiteness of the set of ¢ € Z such that t> < 4n), the elliptic orbital integral we started out only
had a finite sum in it to begin with (there are finitely many elliptic conjugacy classes for which the
corresponding term doesn’t vanish). Of course, one must still technically check the absolute convergence
of the orbital integral, which we didn’t bother to do (it is straightforward to check thanks to the fact that
the elliptic conjugacy classes do not intersect the subgroup P(Q)).

3.3.4 The hyperbolic orbital integral

Knightly-Li [KL2006] make the claim that for the actual test function ¢ chosen in Lemma 3.3.1, truncation
is not necessary and only done for pedagogical reasons. I do not think that the correct claim is quite as
strong as this. Truncation might seem unnecessary because the operator 7(¢) kills the Eisenstein series
anyway, but this does not change the fact that conjugacy classes intersecting the parabolic subgroup
P(Q) cause serious convergence problems on the geometric side.

Consider a nontrivial hyperbolic element v € M (Q). Its centralizer is again M (Q) (that is how

diagonal matrices work), so the corresponding orbital integral is

/  flgTMvg) dg.
M(Q)\G(Aq)

If this converged absolutely, we would be able to use Fubini to get

“Im~lymg) dmdyg.

M(AQ)\G(AQ) /M(Q)\M(AQ)

/ B f(glvg)dgz/
M(Q)\G(AqQ)

Since M (Aq) centralizes M (Q), the inner integral is the integral of a constant function, and thus equals
vol(M(Q)\M(A)) = vol(Q\AX),
which is infinite. So this is ABSOLUTELY NOT absolutely integrable, and we cannot actually apply the
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tricks that we would like to apply. To remedy this, we recall that in the classical situation (Section 3.2)
there was a natural truncation operator that cut off the cuspidal part of a function once it got near the
cusps. Motivated by this (see in particular Definition 2.1.20), we repeat essentially the same process and
then compute without asking too many questions.

Definition 3.3.8 (Logarithmic height function). For ¢ € G(Q,), define its height via the Iwasawa
decomposition by just looking at the M (Q,)-coordinate, and then defining

“(()-

Then define the global height on G(Aq) as the sum of local heights at all v € Mgq.

Note that when v = oo, we get the logarithm of the absolute value of the imaginary part of ¢(7).

Define the truncation of the kernel in the following way:

MEyg9)= D olg g~ Y D olg7 ¢ 9€)ximeo (H(E9))-

yeG(F) £eP(QN\G(Q) veP(Q)

This method of truncation makes the integral over g € G(Q)\G(Aq) absolutely convergent without
changing its actual value, as long as T is sufficiently large (this will become clear once we actually
compute it). This particular technique of truncation is due to Arthur and the resulting integral kernel
]XTK¢ is called Arthur’s modified kernel.

Rstricting to some hyperbolic conjugacy class v € [yo] in G(Q) where v € M (Q) (such a represen-
tative is guaranteed to exist by definition of hyperbolic — there must be two distict rational eigenvalues),
it is useful to note that

[v0] "M (Q) = {0, wyow ™"}

where w is the matrix that switches the two canonical basis vectors. Splitting up the v (in both terms)
based on their conjugacy class, we see that the truncation term in the definition of A K’ »(g,9) equals

- Y S ol DX o) (H (£9))

[v0] £eP(QN\G(Q) ve[v0]NP(Q)

= — D) (Bl ongg) + ¢lgTHE 0w nEg)) Xm0y (H (£9))

[v0] £eP(QN\G(Q) nEN(Q)

=> |- Z Z (g7 ' onég) + d(g e n wrow nEg)) X700 (H(€9))
EP

[v0] 3 G(Q)neN(Q

= — Y (BlgTE  8e) + B9 wrow T Eg)) Xm0y (H (£9))
ol \  €eM@Q\G(@Q)
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=> 1= D 07 089) (X (H(£9)) + X(r,00) (H (wEg)))
ol \  €eM(Q\G(Q)

thanks again to the Levi decomposition P = M N.
Since the centralizer of g is M (Q), we can split up K4 (g, g) in the usual way to finally obtain

ATKy(g.9) = Z $(9 "€ M 089) (1 = X(1.00) (H(£9)) — X[Ty00) (H (wEg))).
hol £EM(QM\G(Q)

The truncated hyperbolic term on the geometric side is the integral of this sum over g € G(Q)\G(Aq),
which we may commute with the sum over hyperbolic classes [yo] and combine with the sum over
M(Q)\G(Q) to get (by Fubini, crucially using the fact that the modified kernel is absolutely integrable)

Z/ Q)\G(AqQ) 997 709) (1 = Xir,00) (H (9)) = Xi.00) (H (w))) dg

- Z | o0 09) [ (1= xipoo(H(mg)) = Xiroe)(H(wmg))) dimdg
M(A) \G(AQ M(Q)\M(Aq)

(using again the fact that M (Aq) centralizes ).

Now we are lucky that the truncated terms prevent the inner integral (over a set of infinite measure)
from diverging. In fact, we can simplify it further: using the Iwasawa decomposition g = mgyngyk,, we
see that

H(wg) = H(wng) — H(g),

hence (as a result of the fact that Q*\A§ = R% x 7 so the finite places have no effect on heights)

/ (= X (H(m)) — X7y (H(wimg))) dim

M(Q)\M(AqQ)

e fon o )) o))
=vol(Q*\Agq) /OO L = X(7,00) (7 + H(9)) = X[T,00) (H (wny) — H(g) — 1)) dr
—vol(@"\Ab) [ 1 X)) — X{700) (H (wng) — 7)) dr

= vol(Q*\AQ) (2T — H(wg) — H(g)),

since the function being integrated is the characteristic function of the interval [H (wny) — T, T| and

H(wng) < 0. So we have essentially proved
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Lemma 3.3.9. The hyperbolic orbital integral for the test function introduced in Lemma 3.3.1 is
4 [«
/ S dlgT v = ), / (g 1( 1) g> (H(wg) + H(g)) dg.
Q\G(AQ) 4 7y, acQ*—{1} M(AQ)\G(Aq)

Proof. Since the hyperbolic conjugacy classes in PG L2(Q) are precisely those represented by some

)

for o # 1, our computations above tell us that the hyperbolic orbital integral is
4 [«
> Vol(QX\Aé)/ ¢ (9 ! ( 1) 9) (2T — H(wg) — H(g)) dg.
acQ*x—{1} M(AQ)\G(Aq)

But vol(Q* \A}Q) = 1 (as computed in [Tat1950]), and the 27 term integrates to 0 thanks to Equation (3.4).

So if we take T' — o0, in the limit we get the orbital integral we are interested in. O
Now we specialize Lemma 3.3.9 more explicitly.

Proposition 3.3.10. The hyperbolic orbital integral for the specific test function ¢ from Lemma 3.3.1 is

k
ath Y e

dln
d<y/n

()

o
is nonzero for some g if and only if ) has a representative in G(Q) with integer coefficients and

actually

Proof. For a € Q* — {1},

determinant n. So we can rewrite the orbital integral as

- 1 [n/d w
> /M<AQ>\G<AQ)¢(9 ( d) g) (H(wg) + H(g)dg

d|
d<y/n
The restriction that d < y/n (and thus the divisor sum is not quite oj_1(n)) comes from the restriction
that o # 1. We already computed the term where o = 1, and (as expected) saw that it vanishes whenever
n is not a perfect square.
Again, the strategy is to split this into archimedean and nonarchimedean orbital integrals. In particular,
if v € M(Q) with eigenvalues 71, Y2, then

[ elg e wg) + H(g)dg
M(AQ)\G(AQ)
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= / ¢ (97"9) (H(wgeo) + H(geo) + H(wysn) + H(ggin)) dg
M(AQ)\G(AQ)

= ( /  des(gT M vg)(H(wg) + H (g))d9> ( / N qbﬁn(glw))dg)
M(R)\G(R) M(Ain)\G(Agin)

+ ( / (g M9) dg) ( / b9 'v9)(H(wg) + H (g))d9>.
M(R)\G(R) M(Ann)\G(Agn)

Luckily, the second term here vanishes thanks to Equation (3.4), and we can focus our attention instead
on the archimedean weighted orbital integral and the nonarchimedean non-weighted orbital integrals.

One computes (using the usual explicit description of the discrete series and the fact that y is diagonal
with entries v1, v2 € Z with 12 = n) without difficulty that the archimedean weighted orbital integral
is .

[ bnla ) Hwg) + Hg)dg =52
M(R)\G(R) Y12

As for the non-archimedean non-weighted orbital integral, we have (thanks to the Iwasawa decomposition
for G(Q,) and the fact that K}, = GL2(Z,) is supposed to have measure 1 and ¢, is invariant on both

sides by K))

op(9” ' vg) dg = / ¢p(n”'yn) dn

/M(Qp)\G(Qp) N(Qp)

B "Yl - 72|p’

where the last step is because v; and 75 are supposed to be integers such that y1v2 = n, so f,, is 1 if and
only if t(y1 — 72) € Z,.
So we conclude that the full orbital integral is

S Iy e
1

T2 e I Yalp ™
d</n d<y/n
by the product formula. O
3.3.5 The unipotent orbital integral

The final type of conjugacy class we have yet to account for is the (non-identity) unipotent ones. These

are matrices conjugate over Q to something in N(Q) not equal to the identity.
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Definition 3.3.11. Let ' : Aq — C be given by

F(t) :/K¢ (k—l (1 i) k) dk.

The corresponding zeta function is

Zi(s) :/AX F ((1 i)) )7 d*t,
Q

which by the basic theory has a pole at s = 1. Let

f-ps=12F
be the constant term of the Laurent series development of Zp.

Even though the unipotent class manifestly has nontrivial intersection with P(Q), there is no need
for truncation to do the computation in this case. Everything in sight is actually already absolutely

convergent, and truncation would do nothing to the kernel anyway.

Proposition 3.3.12. The unipotent orbital integral is precisely

/ Z Aunlpotent )dg - fp cs= IZF

\G(AQ v uni.

Proof. For rational numbers ¢1,t5 # 0, one checks directly that

()

are always conjugate to each other by an element of P(Q). So there is in fact just one conjugacy class
involved here, and in fact conjugating an element of N(Q) by some g € G(Q) lands in N(Q) if and
only if g € P(Q). From this we may conclude that the unipotent orbital integral is

> > blg'¢ ngg).

£eP(Q\G(Q) neN(Q)—{1}

When integrated over G(Q)\G(Aq), this becomes

/ B > ¢lg " ng)dg,
P(Q\G(AQ)

neN(Q)—{1}

and applying the Iwasawa decomposition plus the fact that the integrand is not sensitive to translating g
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by anything in N(Aq), we see that the orbital integral equals

kB ()

:/ > F(at)|a|d*a
Q\A

Q teQXx

~ /[t ~
:/ Y F <> + F(0) = F(0)|a|| d*a
Q\AG | \;eqx N\
~ ([t %
= Y F (=) | -F(0)al| d*a
QN\AG | \reqx

- f'p-szl ZF,
as desired. Here we have used Poisson summation for F and the fact that F° (0) = 0 (by Equation (3.3)).

It remains to compute the constant term of this zeta integral. For v € Mq, let

Fu(t) ::/ bv (k:_l (1 i) k:) dk,

Zr =[]z,
v

as usual. So we just need to understand each of the local zeta integrals well enough. First of all,

szu):/RX%o((l j))\t\d*t:zpw<1>:/R¢m<<1 i))dt:o

thanks to the construction of ¢, (see Equation (3.3)). It is also possible to painfully compute

so that F'(t) = [[, Fy(t) and

1
Zp ()=~

using the explicit description of the discrete series representation and the matrix coefficient ¢.

Now we consider the nonarchimedean zeta integrals. For p { n, we have

E,(t) :/K bp (kl <1 i) k) dk

= X2,

by definition of f,. Therefore,
Z (s) = / )° <t
Zp
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which is the same as the nonarchimedean local factor in [Tat1950], namely

Zp,(s) = 1—ps

On the other hand, if p|n, then F}, and Z,, are identically zero if vp(n) is odd. Otherwise, ¢, just checks
whether \/nt € Z,, hence

1

1—-p—s

Zp,(s) = /mz |t d*t :p‘“P<")/2/ 1t]* d*t = pur(m)/2

P

so the finite part of Z is
1

Vn
which is meromorphic with a simple pole of residue n~
s = 1, it follows that

Cq(s),

1/2 at s = 0. Since Zp.__ has a simple root at

1 1
Dot Zp = —— T (1) = ———
Jps=1ZF NG Foe (1) NG

So we have proved

Proposition 3.3.13. The unipotent orbital integral vanishes if n is not a perfect square, and otherwise is

equal to
1 1 4

N
3.3.6 The final statement

We conclude by putting together all the work of the previous sections into the final formula for the trace
of the Hecke operator 7,.

Theorem 3.3.14 (Eichler-Selberg trace formula). Letn > 1 and k > 4. Then

1 k—1
TrThls, r(),c) = —3 Z min (d, %) (unipotent and hyperbolic)
dn
— = Z L% H@®—4n) (elliptic and identity)
2 t2<4n p=pr

where p denotes the imaginary quadratic irrational with trace t and norm n.

Proof. Apply Lemma 3.3.1, Proposition 3.3.2, Corollary 3.3.6, Proposition 3.3.10, and Proposition 3.3.13,
and divide by n'=5. Note that the convention

1

H(0) = —=

allows us to naturally combine the elliptic and identity terms by including the possibility where t? = 4n
(which is excluded from the elliptic case at first since the polynomial X2 — ¢tX + n would then have two
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rational roots), since that possibility happens exactly when n is a perfect square. Of course this way of

k—1_—-k—1
=P
pP—p

must be interpreted as a limit as the imaginary part goes to zero. O

stating the trace formula is made less attractive by the fact that p is rational, so the quantity 2
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Chapter 4

Applications to arithmetic statistics

“I cannot do’t without [computers]”

Clown, Shakespeare’s A Winter’s Tale

4.1 The archimedean case: Weyl’s law, prime geodesic theorems,

and real quadratic fields

This section concerns the application of the trace formula as stated in Theorem 3.2.11 to more concrete
problems.

One application is to further pinning down the asymptotic growth of the Laplace eigenvalues of
Maass cusp forms, say for I' = SLy(Z). This proof is taken from [Mar2012, Proposition 10], except I
have observed that the same proof works with the appropriate modifications in the finite-volume case (as

opposed to the compact case).

Theorem 4.1.1 (Wey!’s law for finite-volume hyperbolic surfaces). Let {\; = s;(s; — 1)} be the Laplace—
Beltrami eigenvalues of Maass cusp forms of weight 0 for I' = SLy(Z), arranged in increasing order.

Then . )
: 1 o (1 . p(P\H) o
cs; <TY 4+ — |~ (i) at~2 Ty
#Hies < }+4W/T ¢<2+Z> An

asT — oo.

Proof. Fix f > 0, and take the test function h(t) = ¢~ P The spectral side of the trace formula is the

heat kernel . - .
et — / ..d < + ir) e P dr.
~ dr | ¢ \2

If we can understand the asymptotic behavior of this quantity as 5 — 0, then we can expect to understand
the s; better (which is what we will do via the standard Tauberian argument).

The Fourier transform of h (using the nonstandard normalization convention we have been using
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thus far) is

Plugging this into the trace formula (Theorem 3.2.11), we get

log N (o )e—(08 N(1))/(28)
N2 N(7)-1/2

_gr2  w(I\H B2
Zn:eﬁ"— (27\7 )/0 re= " tanh(7r) 2\/7 Z

I#~e{T'}

lus a bounded contribution from the elliptic terms, plus — log 2 , plus the parabolic contribution, which
p p p 2v/xp’ P p

is
1 [ I L[>
o [Tl asima=om - L [T g
0

2 J_ o T

—YEuler — IOg 4ﬁ

4B

As B — 0, the negative exponential in the hyperbolic term dominates it: the norms of hyperbolic

=0(1) +

conjugacy classes are all at least 2 so the denominators are bounded below, and the exponential term
clearly dominates the log N (7o) since N(v) > N(v) as well as the 5~ /2 (because it is negative
exponential in 1//). So the identity term is the only one that makes a contribution. For that term, we use

the estimate tanh(7r) = 1 + O(e~2""). The upper bound on the error integrates to

o
< / re P2 g < 1,
0

The rest is

> 7BT2 o —1 BT2:| &0 1
re dr =|—e — +0(1

as 8 — 0. This shows the estimate on the heat kernel

—Bri . 1 ; —pr? — M -1 —YEuler —log4p
Ze +47r/ - <2—|—zr>e dr ym B+ 2 /Br + Wi +0(1)

as 8 — 0. The right hand side is dominated by the first term. This implies the desired asymptotic formula
for the \; by Karamata’s Tauberian theorem [Kar1931]. O

This was an application of an estimate of the geometric side to gain fine control over the spectral
side. Indeed, the previous bounds we had from the basic spectral theory (either Bessel’s inequality in the
compact case or otherwise Lemma 3.2.12) were nowhere near as strong as this.

Once one can control the spectral side, it is also possible to use it to deduce things about the geometric
side. Intrinsic to the compact Riemannian manifold I"\ H are the lengths of the closed geodesics on it. Of
course, given a geodesic 7y, we probably only want to know the length of 7, and not the geodesics 7(2t),

v(3t), ..., which trace over the image of 7 multiple times. In other words, we are interested in

Definition 4.1.2 (Prime geodesics). Let X be a Riemannian manifold. A prime geodesic on X is a closed
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geodesic that traces out its image exactly once.

Remark 4.1.3. On the other hand, if y(t) is a prime geodesic on X, then X is also equipped with the
time-reversal of 7, namely ¢ — ~(—t). For our purposes, these count as different prime geodesics even
though they trace out the same image.

Just as we are interested in the asymptotics of the prime numbers, we are interested in the asymptotics
of lengths of prime geodesics on I'\ H.
Moreover, we have a bijection

{hyperbolic conjugacy classes of I'} — {closed geodesics on I'\H}

taking a conjugacy class represented by a hyperbolic element v € I' to the closed geodesic given by the
projection to I'\H of the arc of the geodesic on H connecting the two fixed points (on the real axis) of
~ constituting a fundamental domain of the action of () on that geodesic. Note that the length of the
closed geodesic corresponding to a hyperbolic v € I is given by (for any z in the geodesic connecting

the two fixed points)
dp(z,7z) = log N(7),

and the length of the underlying prime geodesic is log N (7p), where 7y is a generator of the centralizer of
~ in I'. This provides an opportunity to apply the trace formula to study these quantities. The following
prime geodesic theorem for finite-volume hyperbolic surfaces appears (with this proof) in Sarnak’s thesis

[Sar1980], though Sarnak told me that the result with this error term was known to Selberg.

Theorem 4.1.4 (Selberg, 1956). Suppose ' = SLy(Z)"'. Then
#{prime geodesics T on '\H : len(7) < logT} ~ Li(T)

asT — oo.

This proof is reproduced from [Sar1980], and it is slightly different (in its choice of test function) from
the other proofs in the more readily-available literature.

Proof. This time, the test function of choice is a little more complicated. Let 1. > 0, and define the Fejér
kernel (or its Fourier transform depending on the convention) to be kr(x) =1 — |z|/T for 0 < |z| < T
and 0 elsewhere. Also, take an even (Schwartz) function ¢) € C2°(R) supported in [—1, 1] with [ 1 =1,
and define the dilations in the usual way

ve(z) = € p(a/e).

This way, the 9 (i.e. the corresponding convolution operators) are supposed to be an approximation to
the identity. Since v is Schwartz, so is 1/} and its derivative. For 1 < p < oo, the LP norms of those are all
Oy (1) (in particular, they are finite and depend only on ).

""The result is true for arbitrary discrete subgroups of S L2 (R) such that u(T'\H) < oo, but we can only prove it in this case
because we cut corners and only fully developed the theory of the continuous spectrum in the case I' = SL2(Z). Of course the
proof here works perfectly fine also if I is such that '\ H is compact.
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Also, since these functions are all even, there is no distinction between the Fourier transform and the

inverse Fourier transform. So we define

9(x) = gr.e(x) = (kr * ¥e) (@),
which is supposed to be a series of smoothed-out approximations to the Fejér kernel, and thus

. 2
) = g =7 (LD ) e

One checks that h(z) satisfied the required decay condition Equation (3.2) (this is why we have to use

a tent function as opposed to a characteristic function). First, we estimate the identity term. Since

tanh(7r) < 1 and
. 2
sin(7'r/2) <1,
Tr/2 -

we have
1 1
/ rh(r) tanh(mwr) dr <<¢/ T d(r?)
0 0
<Ly T.

And since h(r) < ﬁ?f)(er), we may also estimate via integration by parts

d(r?)

oo oo 9
/1 rh(r) tanh(mr) dr < /1 h(r)d(r?)
< 1 5V (er)

where in the last step we are using the fact that 1 is Schwartz. Adding up the two contributions fol + [ 100,

we have the estimate on the identity term

/OO rh(r)tanh(zmr)dr < T + = log(l/e)
0
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By the same integration by parts argument, combined with the classical fact that
x F/
/ T (1+it) dt < z*
—T

and Lemma 3.2.12 (or Theorem 4.1.1 if we feel like using the trace formula twice) which says that

T / 1
/ L (+ir> dr < 2,
—z ¢ \2

both of the extra terms from the continuous spectrum are absorbed in the O(T~! + T~ !log e~ !) error.
The test function is engineered to yield essentially a truncated (and weighted) version of a sum
involving the lengths of geodesics. In particular, the hyperbolic term is

log N (70) )
f#vze{r} N = Ny)129medos N0

All the terms with log N(v) > T + € vanish straightaway (because g7 = k7 * 1) vanishes for those
values by definition of the convolution), so this is a sum over the geodesics we are actually interested
in, namely those with log N(v) < T + € (the difference between 7" and T' + € won’t really matter).
Recall that convolution by 1) approximates the identity, in the send that e — 0,

g1 — krllpom) < €
independently of T'. So the geometric side of the trace formula reads

70 T0 1
Z eT/2 — o—7/2 kr(7) + 0 Z or/2 _ o2t T T'+5 log(1/e) | ,
T T7<T+e
where 7 ranges over the lengths, with multiplicity, of closed geodesics on I'\H, and 7y is the length of
the underlying prime geodesic. The spectral side is (after moving the term that is absorbed into the error

on the geometric side anyway)

S (i) v

n

Since the sequence of \,, > 0 is discrete and tends to infinity, all but finitely many of the r;, are real.

Moreover, the contribution of the terms where 7, is real to the spectral side is

> 1 (DY e = [ (LY iy v < )

n>0

An>1%

1 1
<Lpr T+ T log <€> ,

where this estimate is obtained using the fact that #{n : r,, < 7} <p r? (Theorem 4.1.1) and the same
technique we used to estimate the identity term. So the terms where \,, > 1/4 are absorbed into the
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O(T + T~ 'log(e~!) error. Writing r,, = it,, for the finitely many n with \,, < 1/4, the analysis of the
spectral side is now reduced to”

sin? Tltn/2) . sin” TZtn/2 e—€tny
—4 ) e Vet = —4 3 T2 /w ar

n>0 t ”ZO
An<3 An<i
sin (thn /2) et
=0 3 D g+ [ iy~ ar
nZO
A<}
2 .
B sin”(T'ity,/2)
n>0
An<k

=Y 1+ 0

n>0
An<3
Tt
e 'n 1
= Ol = 1+0
> [ o (r)]nroo
n>0
An<i
_ eltn O(eel/? 4+ 71
—ZTt%+ (eeT/2 4 T71).
n>0
An<3:

So the trace formula reads

Tty

¢ T 1 1 /2
2. T = 2 ef/z_ef/z(kT(THO(E)HO<T+Tlog(€>+ee .

n>0 n T7<T4e€
A<

Using the trivial bound®
#{r:T7<z}<gre’

(which also implies that there is a well-defined positive smallest length of a closed geodesic), we may
estimate

70 T+e 11T
Z m(F(T—FG)@ <e
7<T+e

®Using the assumption that ||| ;1 = 1 and suppy C [—1, 1], plus the fact that ¢, < 1/2 for eachn and e* — 1 < z for =
bounded above.

3See [Hej1976, Proposition 2.5]. The point is that every hyperbolic conjugacy class has a representative « whose underlying
geodesic on H meets the canonical fundamental domain F[I'\H], and we know that du(z,vz) = log N(v) for z € ~.
The conjugacy classes of log-norm at most x therefore all have the property that they have a representative ~ such that
du(z0,7F) < x + diamF where 2o is some point in F fixed beforehand. In other words, vF N Bztdiamr (20) # (0, and thus
~F C Bgiadiamr(70). The number of v € T that satisfy this last inequality (which we have shown is an upper bound for
the number we are interested in) is (by covering a subset of B, 2diam*(20) with disjoint translates of F and looking at areas)
at most p(Bzt2diamr (20))/1(F), so the trivial bound follows from the fact that the area of a hyperbolic disc of radius 7 is
asymptotic to me" as r — oo.
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where the dependence of the implied constant on I comes from both the implied constant from the trivial
bound and from the length of the shortest geodesic on I'\ H (also in the last bound we have used that
€ — 0). Setting ¢ = ¢ 11T the trace formula now reads

Ttn

Z eT’T% = Z 67/2 1—0677/2 (1 B %) + O(T)

n>0 T<T
An<:

as T' — oo. Note that (again using the trivial bound)

T0 T0 T T
Z eT/2 — e—T/2 o eT/2 S Z eT/2 — e—T/2 o eT/2

r<T <T

YT

o = e37/2 _ o7/2

<r /D eI d( e < o)
<r — /OOO ex% [xe_?’x/Q] dx
< /000(1 + x)e 2 dg

<1

so that difference is absorbed in the error and we have (after multiplying by T')

Ttn

> =2 ap @ - Ho(r?).
n>0 " TgTe
An<j

For small A > 0 (going to 0 as T" — oc), we can take the difference quotient of both sides as a function of
T'. On the left hand side, that is

6tn(T—i—h) _ etnT et"T(tnh + O(hz))

2 = 2

230 ht3, = ht2
An<i An<t

otnT
=) + O(he™?)
ty

n>0
An<i

(where we have used the fact that ¢ty = 1/2 is the largest of the ¢,,’s). And the right hand side becomes

S X S (FRET) o

T<T T<7<T+h
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which means that (since the terms in the sum ) ;. ., are all positive)

ISR L o(herens T
er/2 — tn ¢ h )
7<T n>0

An<t

Taking the difference quotient from the left, we get (by the same arguments) the same thing on the left
hand side and on the right hand side except for the > . 1, term is negated, so in fact

tnT 2
Z 70 Z er T/2 1
> + +
67_/2 tn O(h@ T—|—h+ h)

<T n>0
An<%
Setting h = T'e~ /4, we obtain
tnT
T e T/4
>oom= X o).
T<T n>0 n

A<}

The contribution of the non-prime geodesics here is bounded by

Z To ie—kmﬂ <r Z Toe™°
2

<T k= T0<T

T
_/0 xe “d(#{r < z})

T d B
<<FT+/0 e”% [ze™"] dx

<r T2

(using the trivial bound again) which is absorbed into the error term, and hence we can rewrite the

expression from the trace formula with the geometric side purely in terms of lengths of prime geodesics,

namely
E:l_ E:W+O(T€T/4) (4.1)
67'0/2 - tn : :
T0<T n>0
An<i

This lets us conclude via the usual technique of integration by parts. Let F'(T") be the quantity equal to
both sides of Equation (4.1). Then the thing we are interested in is (using both the left and right hand
sides of Equation (4.1) and the fact that F' vanishes for small enough inputs)

T
#{ro <T} = /0 =2 dF (x)
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=T 'eT2p(T) - /T F(ac)i [x_lexﬂ] dx
o dx

T tnx 1
=T 'eT2p(T) - / Z ) (:L'e’”/4> <—x_zex/2 + 2:):_169”/2) dx.
@ | n>0 tn
An<t

where o > 0 is smaller than the length of the shortest prime geodesic. The part of the integral that gets
multiplied by O (ze*/*) is

T 1 T
< / ze®/t (—x_Qex/Q + Qx_lea:ﬂ) dr < / (27t + 1)/ dx

Lo 63T/4

and the rest is

T n® 3
#{ro < T} =T"'e"2F(T) - / > e; d(z~e"?) + O(e1T)

@ n>0 "

tnT T
_ T0 en _ 3
ST\ 5 e S | e 8 e ot

70<T n>0 n>0
An<i An<j
1
T e(tn+§)x 3
=Y [ S+ o).
a €T
n>0
An<3:

Plugging in log T instead of T and changing variables (u = e(*»+1/2)%) in the integral, we get the desired

#{r <logTy = 3 Li (Tt“%) +O(T?Y

An<j
(which gives us what we want because tp = 1/2 and all the other ¢,,’s are smaller). O

Remark 4.1.5. The error term in Sarnak’s thesis is actually O(73/*(log T')?), which originates from the
fact that his error term after the Tauberian differentiation argument is O(7%¢’/4) as compared to our
O(Te™/*). The most likely explanation for this is that there is a mistake in my own replication of his
argument. Either way, the asymptotics are the same. In any event, the refinement of the final error term
is mostly about the exponent on 7', and is the subject of a lot of important and more recent work (see e.g.
[LS1995] where the key point is to use the Weil bounds on Kloosterman sums to gain information about

the cancellation in the error term) outside the scope of this paper.

Remark 4.1.6. By the uniformization theorem and Gauss—Bonnet, even when I is not a congruence
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subgroup and is instead a cocompact group, the surfaces I'\H account for all compact Riemann surfaces
of genus g > 2. So even this most basic form of a prime geodesic theorem is about something concrete
and interesting. Note, too, that for positive curvature there are usually too many geodesics for this to
make sense: take S? with the usual metric, for instance.

4.1.1 Class numbers of real quadratic fields

The Maass cusp forms are supposed to have something to do with arithmetic, at least those of Laplace
eigenvalue 1/4 (which are supposed to be attached to even 2-dimensional Galois representations [Lan2004,
BSV2006]). However, Sarnak [Sar1982] found another interesting application to arithmetic, via the prime
geodesic theorem for finite-volume quotients of H. He applied it to the uncompactified modular curve
Y (T"), where I' = I'(p). The lengths of geodesics on this modular curve are the same as regulators of
quadratic fields with discriminant divisible by p. Since the argument is essentially the same conceptually

but slightly less complicated, we will restrict our attention to Y (1).

Theorem 4.1.7 (Sarnak, 1980).

> h(d) ~ Li(z?)

efla<z
as x — 0o, where the sum is over discriminants d of orders of quadratic fields, Ryq denotes the narrow

regulator and h(d) denotes the narrow class number.

Proof. For any ¢ > 0, there is a natural bijection

S Lo (Z)-equivalence classes of primitive binary
— {prime geodesics on Y (1) of length ¢}
quadratic forms f such that 2Rgis.(5) = ¢

formed in the following way. Given a primitive binary quadratic form f = aX?+bXY +cY? € Z[X,Y]
of positive discriminant, the two roots of f(X, 1) have a canonical ordering as

<_b+¢w —b—M),

a

So you can take the geodesic ¥ on H going from the first root to the second root, then obtain a prime
geodesic on Y (1) by looking at a fundamental domain of the action of Stabgy,, (z) () on 7. One computes
directly that the length of the resulting prime geodesic is 2Rgjq() and that this is bijective. Note that
we are still following the convention that the time-reversal of a prime geodesic is not necessarily the
same one: taking the time-reversal on the right hand side of the bijection corresponds to negating all the
coefficients on the left hand side (since then the ordered pair of roots will be reversed). Now that the

bijection with prime geodesics is established, we may compute

> h(d)=#

{S Lo(Z)-equivalence classes of primitive binary}
Ry<logx

quadratic forms f such that 2Rgjs.(y) < log z?
— #{Prime geodesics on Y (1) of length < log z?}
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as a consequence of Theorem 4.1.4 (which we have remarked is also valid for finite-volume quotients). [J

This result was a big step towards the long-open question of decoupling the regulator from the class
number in the Gauss-Siegel asymptotic formula Theorem 1.2.2 for ), h(d)log e [Sie1944] and its
consequences and refinements (e.g. for I' = T'(p)) are elaborated on further in [Sar1982].

4.2 (-torsion in class groups of imaginary quadratic fields

For any fundamental discriminant D < 0, let (D) be the class number of the imaginary quadratic field
of discriminant D. The Cohen-Lenstra heuristics [CL1984] predict that A(D) is not evenly distributed
amongst congruence classes modulo /, i.e. that the /-power part of Cl is trivial with probability more
than 1/¢. In fact, they predict (repeating Conjecture 1.2.4 to refresh our memory)

Conjecture 4.2.1 (Cohen-Lenstra, 1983). Fix an odd prime /¢, and let F;;,, be the set of all imaginary
quadratic fields. Then

g U Fin A ST O £0 (mod O} _ py
T—o0 #{K € Fim : |Ag| <T} petet

The issue of the 2-power part of the class group is typically dealt with separately, thanks to genus
theory for the 2-torsion (and recent work of A.D. Smith [Smi2017] for the entire 2°°-torsion). This is
why there is no harm in assuming ¢ > 2. As far as I know, it is unknown for ¢ > 2 whether the limit
in Conjecture 4.2.1 even exists. One famous result towards this in the case ¢/ = 3 is the main result of
[DH1971].

Theorem 4.2.2 (Davenport-Heilbronn, 1971).

lim inf #{K € Fim : [Ag| <T|Clg[#0 (mod 3)}
e #{K € Fim : |Ak| < T}

>

[N

See also [NFH1988, Theorem 2], a similar positive-density result that further asks the discriminant
to satisfy some very specific congruence conditions. Some other important work on the Davenport—
Heilbronn theorem, though probably irrelevant to this situation, is Barghava—Shankar-Tsimerman’s
paper [BST2013] on the second-order terms in the actual Davenport-Heilbronn theorem, which is an
asymptotic formula for averages of sizes of 3-power parts of class groups. Note that the lower bound on

density resulting from Theorem 4.2.2 is still less than the expected

[[—-37) ~56.01%.

i>1

Setting our sights lower: can we show, analogously to Theorem 4.2.2, that for primes ¢ > 5, a positive
proportion of imaginary quadratic fields have class number not divisible by £? As far as I know, this too

is unkown.
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This section is devoted the technique of using the trace formula (in the form of Theorem 3.3.14)
to try and prove the infinitude of sets of imaginary quadratic fields K with Clx[¢] = 1, possibly with
certain ramification conditions. This is much weaker than Conjecture 4.2.1, but still essentially represents
the cutting edge in what is currently known (especially with ramification conditions). Without the
ramification conditions, the infinitude result is already known [Har1974] using a method related to the
trace formula applied in the quaternionic setting.

Theorem 4.2.3 (Hartung, 1974). Let ¢ > 2 be a rational prime. Then there are infinitely many imaginary
quadratic fields K such that #Clg #Z 0 (mod /).

Though we do not do better than Theorem 4.2.3, the method presented here (and particularly the
idea of using congruences between modular eigenforms of different weight in this context) is completely
new, as far as we are aware.

Wiles [Wil2015], also using the trace formula for modular forms on quaternion algebras (directly and
also in the guise of the Jacquet-Langlands correspondence [JL1970,GJ1979]), has also made substantial
progress on the generalization to arbitrary ramification conditions:

Theorem 4.2.4 (Wiles, 2015). Let £ > 2 be prime, and let P_, Py, , P1 be disjoint finite sets of odd primes,
with the property that P_ contains no prime =1 (mod ¢), Py contains no prime = —1 (mod ¢), and Py
contains no prime = 1 (mod ¢) and = —1 (mod 4). Then there are infinitely many imaginary quadratic
fields K such that |Clg | # 0 (mod ¢) and L is ramified at each place in Py, inert at each place in P_, and
split at each place in P,

In this section, we present a new technique that (for now, in its most naive form) manages to recover
the special case of [Har1974] where ¢ € {5,7,11}. Our proof is conditional on Bunyakovsky’s standard
conjecture on prime values of polynomials, though it seems promising to fix this gap using the standard
facts about squarefree values of polynomials.

The method of [Wil2015] is more precisely to combine the trace formula applied to Hecke operators
acting on weight-2 modular forms on Shimura curves associated to indefinite quaternion algebras with
additional congruence information about those modular forms (and hence about the trace) coming from
the existence of Galois representations associated to those modular forms. Ours can be viewed analogously,
though the automorphic information we use is strikingly different: we use classical holomorphic modular
forms instead of quaternionic modular forms, and we apply the additional information of congruences
between modular eigenforms of different weight induced by Eisenstein series (those which were used by

[DS1974] to prove the existence of Galois representations associated to modular forms of weight 1).

Remark 4.2.5. The reason why Wiles’ technique gives better results is that ours uses relations of the
form ) mgh, =0 (mod ¢), which makes it tricky to deduce that at least one of the A, is nonvanishing
modulo /. Wiles is able to get relations of the form ) m,h, # 0, which is why he can immediately
deduce the existence of some x such that the class number h, is not divisible by x. The cases that
Theorem 4.2.4 misses are precisely where the relation Wiles has is actually > °_ mgh, = 0. So even if
our technique using modular forms of different weight does not eventually prove to be useful, the fact

that we have dealt with the technical exercise of deducing the infinitude result from the more difficult
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information already means that Theorem 4.2.4 can be generalized to some of the exceptional cases, albeit
only one at a time (a computation must be done for each desired ramification type) and still conditional

on Bunyakovsky’s conjecture.

This final section is organized as follows. In Section 4.2.1, we get the basic prerequisites involving
Hurwitz class numbers out of the way. In Section 4.2.2, we carry out the promised proof of Theorem 4.2.3
in the case ¢ € {5,7,11}, and in Section 4.2.3 we very briefly propose an algorithm resulting from our
proof for computing the class numbers of imaginary quadratic fields modulo /.

4.2.1 Hurwitz class numbers and the Selberg trace formula

In line with the Cohen-Lenstra 1 /| Aut| philosophy, a natural way to count quadratic forms is by weighting
them by the reciprocal of the stabilizer under the action of P.SLy(Z). We saw in Theorem 3.3.14 that the
resulting weighted class numbers came up naturally in the explicit development of the Eichler-Selberg

trace formula.

Remark 4.2.6. The reader who is educated in the ways of the force will recognize that we are looking at
the P.SLo(Z)-action instead of the twisted G Lo(Z)-action (see [W002011]). So we unfortunately expect
the class numbers that show up to be narrow class numbers rather than bona fide class numbers. In our
situation, this makes no difference. The biggest reason is because we are looking at imaginary quadratic
fields, which have no real embeddings: so the narrow class group is the same as the class group. Even if
we were looking at real quadratic fields, we only care about whether the class number is divisible by 2,
and £ is an odd prime (the narrow class number and the class number can only differ by a factor of 2), so
it wouldn’t make a difference then either. We use the old convention of using S Ly (Z) instead of GL2(Z)

in order to agree with the vast majority of the literature.

Definition 4.2.7. Let D < 0 be an integer with —D = 0,3 (mod 4). The Hurwitz—Kronecker class
number of the quadratic forms of discriminant D, denoted H (D), is defined to be

HD) = Y !

FEVaiee—n(Z) [Stabpsr,z)(f)’

where Vgisc—p(Z) denotes the set of binary quadratic forms over Z with discriminant D.

Note that these stabilizers are mostly trivial, because of the fact that P.S Ly (Z)-stabilizer of a quadratic
form f(X,Y) of negative discriminant D is equal to the P.S Lo(Z)-stabilizer in the upper half-plane of
one of the roots of f(X,1). That stabilizer for most points in PSL92(Z)\H = X (1) is trivial. The only
two exceptions are the equivalence classes of ¢ (stabilizer of size 2) and e2™i/3 (stabilizer of size 3). So
H (D) simply counts quadratic forms f of discriminant D, with multiplicity 1/2 if f is a Z-multiple of
X? 4+ Y2, and multiplicity 1/3 if f is a Z-multiple of X2 + XY + Y. The Hurwitz-Kronecker class
number may not be an integer, but from this we see that it is guaranteed to be in Z[%]. This means that it
makes sense to talk about the quantities H (V) modulo any prime ¢ # 2, 3. This is one of the reasons

why we assume ¢ > 5.
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Definition 4.2.8. Aninteger D < 0is a fundamental discriminant if it is the discriminant of an imaginary
quadratic field, i.e. if —D = 4d where d > 0 is squarefree and d = 2,1 (mod 4) or —D is squarefree and
congruent to 3 (mod 4). For an arbitrary N < 0 which is the discriminant of a binary quadratic form
over Z (ie. —N = 0,3 (mod 4)), the fundamental part of N is the largest (in absolute value) negative
fundamental discriminant that divides it. In other words, if the squarefree part of — N is congruent to
3 (mod 4), then the fundamental part of N is the squarefree part of N. Otherwise (in which case the
squarefree part of — N is congruent to 1 or 2 (mod 4)), the fundamental part of N is four times the
squarefree part. We adopt the nonstandard notation f.p.(NV) for the fundamental part of N.

When D is a fundamental discriminant, another way to interpret the stabilizer of f(X,Y") € Vgise—=pD

in PSLy(Z) is via the fact that it is isomorphic to {+1}\O* Since D < 0, this group is trivial

Q(VD)'
except for when D = —4, —3. Since it is always finite, it is moreover isomorphic to the group of roots of
unity in Q(v/D). As a result, when D < 0 is a fundamental discriminant,
h(D
H(p) =2 2L
‘MQ(@)|

where 1Q(vD) denotes, as usual, the group of roots of unity in Q(\/T))
Even when N is not a fundamental discriminant, the Hurwitz—Kronecker class number has real

meaning in terms of class numbers of real quadratic fields:

Lemma 4.2.9. Suppose N < 0 with —N = 0,3 (mod 4), and write

N =fp.(N)- f%.

Then
H(N) =

p-(NV)
2|NQ ’C%: ( >Ul(fN/d)»

where ( ) denotes the Kronecker symbol.

Proof. One begins with the identity

Z MN/d) d2 (4.2)

where Oy /42 is the quadratic order of discriminant N/d® = f.p(N) - (fn/d)? and h(N/d?) is the class
number of that order. The d term here comes from taking the primitive binary quadratic forms of
discriminant f.p.(N') and multiplying by fx/d. The number |po,,| is equal to 2 unless D = —4, —3 (the
only new content here is that it equals 2 whenever O is a non-maximal order in Q(v/—1) or Q(v/=3)).

As a straightforward consequence of the analytic class number formula, we further have for any
discriminant D < 0, with D = f.p.(D) - f3,

h) _ wipo) oo () (™)

|M(9N| |MOQ(\/W)| plfp P
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so applying this to each term in Equation (4.2), using the fact that f.p.(N/d?) = f.p.(IV), we have

2
B \Mo |
d|fn N/d?

f.p. (N/dQ)
~ 30 h(f.p.(N/d*)) I (- ( )
B o |fN/d2 p

d|fn Q(f.p.(N/d2)) Plfng a2

fp(N)

_ h(f |ZfNH 17

’MOQ(vfp (N/d2)) d|fn |f1v

”LLOQ(\/fp(N/d% di|fn b do |fN

h(f.p | Z 1d2 (f.pc.l(QN)>

’MOQ(vfp N/d2) dida|fn
Ny [

_, Nt |Z
|2y

’HOQ(\/fp(N/dQ) d2|fn (

as desired. O

Corollary 4.2.10. If¢ > 5 is a rational prime, and H(N) # 0 (mod £), then h(f.p.(N)) = |Clgn| #Z 0
mod Z.

Corollary 4.2.11. If¢ € {5,7,11}, and d < 0 a fundamental discriminant, then H(d) = 0 (mod ¢) if
and only if H(4d) = 0 (mod 7).

Our strategy for recovering Theorem 4.2.3 will be to use the Eichler—Selberg trace formula to prove
the existence of some N (such that we haven’t yet proved that A(f.p.(N)) #Z 0 (mod ¢)) such that
H(N) #0 (mod /), and conclude from this some new imaginary quadratic field with class number not

divisible by ¢. Reproducing the statement from when we proved it in Chapter 3, we have

Theorem 4.2.12 (Eichler-Selberg trace formula). Let k > 2 be an even integer, and S}, the C-vector space
of cusp forms of weight k and level 1, equipped with the Hecke operators T, for allm > 1. Then

1 1
T, = — > Put,m)H( — 4m) — 5 > min(dy, do)F 7,
[t <2v/m didy=m

where Py (t,m) is defined to be
pk—l _ ﬁk_l
Py(t,m) = ———,
p—=p
where p is the quadratic algebraic number with norm m and trace t. Note that Py (t, m) is a polynomial int

and m, and is equal to the coefficient of *~2 in the formal power series (1 — tx + ma?)~! € Z[m, t][z].
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In the next section, we will exploit Theorem 4.2.12 together with congruences between modular
forms (and thus, in the right circumstances, traces of Hecke operators) of different weight in order to get
nontrivial relations of the form

> A{t,m)H(t* —4m)=0 (mod ¢)
0<t<2/m

4.2.2 Congruences and proof of infinitude

Our result is based on the congruences mod ¢ between cusp eigenforms of weight k£ and weight £ + ¢ — 1
induced by multiplication by the Eisenstein series £y_1. This Eisenstein series is very useful in the theory
of p-adic variation of modular forms (where p = ¢), because its g-expansion is congruent to 1:

Lemma 4.2.13. If ({—1)|k, then E;; = 0 (mod p), i.e. the g-expansion of E, = 1+> > | ang" € Qe[q]
as the property that vy(a,) > 1 foralln > 1.

Proof. This is a consequence of the standard explicit form for the coefficients of Eisenstein series, combined
with the Clausen—von Staudt theorem [Sta1840] on Bernoulli numbers mod ¢ (see [Ser1973, 1.1(d)]). O

Other than the fact that we want to reduce elements of Z[%] modulo /, another reason we want £ > 5

is that we need Ey_; to be a bona fide modular form.
Corollary 4.2.14. If f € Sy, then f - Ey_1 = f (mod ).

This is a nice congruence between modular forms of different weight, but note that it is not true that
if f is eigenform, then f - Fy_1 € Sk1¢—1 is an eigenform. That being said, thanks to a general lemma
[DS1974, Lemme 6.11], it is still congruent mod ¢ to an eigenform in weight k 4+ ¢ — 1.

Lemma 4.2.15 (Deligne-Serre, 1968). Let M be a finite-rank free module over a DVR O; denote by m the
maximal ideal of O, k its residue field, K its fraction field. Let 7 be a set of endomorphisms of M which
commute with each other. Let f € M /mM be a nonzero simultaneous eigenvector of the operators T € 7,
and let ar be the corresponding eigenvalues. There then exists a DVR O D O with maximal ideal m’ such
thatm’' N O = m, and with field of fractions K' finite over K ; and a nonzero element

flfeM =M@pO
which is a simultaneous eigenvector of the T € .7 with eigenvalues a/, = ap (mod )m/.

Corollary 4.2.16. Let f be a modular cusp eigenform of weight k. Then f - FEy_1 is congruent to a cusp
eigenform in weight k + ( — 1.

Proof. Here, M is the Zy)-module of cusp forms of weight k + ¢ — 1 over Zy), and .7 is the usual Hecke
algebra or at least a set of generators for it. We do this instead of Z, because we want the resulting cusp
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form to have rational coefficients rather than /-adic ones. The mod /-reduction of f in M /¢M is a mod
¢ modular form of weight k + (p — 1)Z (see [Ser1973, §1.2]), and thus lives in M /¢M. Since f is an
eigenform, Lemma 4.2.15 guarantees that it lifts to an eigenform of weight k& 4+ ¢ — 1, whose coefficients
are in some finite extension of Q, as desired. O

Corollary 4.2.17. Ifk and ¢ are such that
dim Sk = dim Sk+f_1,

then for allm > 1,
TrTn|s, = Tts, ., (mod £).

Proof. Both spaces of cusp forms have bases of the same length consisting of eigenforms with coefficients
in finite extensions of Q, say

Ss=EC-fi,  Ske1=EPC-g
=1

=1

From Corollary 4.2.16, the f;’s are each congruent to some g; modulo a prime lying over ¢. But the
multiplicity of a mod ¢ eigenform can only increase when increasing the weight, since multiplication
by E,;_; induces an inclusion My (Fy) C My, 1(F;). Hence, there is a bijection o : {1,...,n} —
{1,...,n} such that f; = g,(;y (mod £). This is just different language for a congruence of systems of
Hecke eigenvalues

A =29 (mod ¢

(or really modulo a prime lying over ¢) for all Hecke operators 7', which implies that
TiTwls, = Y A =3 AP = TiTuls,.,., (mod 0).
=1 i=1

This time the congruence really is modulo ¢ since the traces of these Hecke operators are guaranteed to

be rational integers. O

Combining Corollary 4.2.17 with Theorem 4.2.12, we have

Corollary 4.2.18. Let k > 4 be an even integer, and { > 5 a prime such that dim Sy, = dim Si4¢—1. Then
there is a function G : Fy x Fy — ¥y such that for allm > 1,

> Gt,m)H(* —4m) =0 € Fy. (4.3)
0<t<2y/m

Remark 4.2.19. The fact that ¢ > 5 is already used to justify inverting 2 in the reduction of the trace
formula Theorem 4.2.12 mod 4, and in applying Corollary 4.2.17, which depends on the existence of the
modular form F,_1.

The condition that dim S, = dim Sj4¢_1 is what prevents Corollary 4.2.18 from being useful when
¢ > 13, because of the roughly linear growth of the dimension with respect to the weight.
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The function G(, ) is given by

Pk(t,m)—PQk+e—1(tvm) ’ ift =0

G(t,m) = .
Pk(tam)_Pk—l—E—l(tam)a ift#o

For fixed /, it is straightforward (on a computer) to write down G explicitly as a lookup table, or by
writing down polynomials whose values coincide with those of Py (t,m) — Pxy¢—1(t,m) (mod £). These

tables and polynomials are written down in Section 4.2.4 for k = 12.

Remark 4.2.20. One might observe at first that Equation (4.3) gives information about the class numbers
mod ¢ for each admissible value of k. However, this is not the case: one can check that Equation (4.3)
is always a scalar multiple of the same equation if you vary k. This simplifies things, since it means
that we can simply choose k£ = 12, which happens to work for all £ that have any admissible k at
all: for dim S12 = dim S1g = dim S1s = dim S92 = 1. This is interesting because it means that the
congruences we are looking at aren’t just congruences between traces of Hecke operators, but actually
congruences between g-expansions of cusp forms, and the trace formula has provided a link between
those g-expansions and class numbers of imaginary quadratic fields. From now on, it is assumed that
k=12

Remark 4.2.21. The original question that Professor Kisin asked me was whether the congruence
between the traces would be evident directly from the trace formula. I found that when ¢|m, it is obvious
(in fact the G(t, m) are all zero). This is easy to read off of the formulas in Section 4.2.4 for £ € {5,7,11},
and in fact it is true in general (either by the general version of those formulas or by using the other
description of the Py in Theorem 4.2.12). I recently learned from Google that Koike [K0i1975] proved this
in 1975.

However, when m # 0 (mod /), the coefficients are in general nonvanishing, which means that the
class numbers conspire to make Corollary 4.2.18 true. It seems difficult to prove nontrivial identities like

this in the other direction, since the coefficients are not very easy to work with.

Our strategy for proving Theorem 4.2.3 is simply to start with an N < 0 such that H(N) # 0
(mod /), with the property that N = t2 — 4m and G(¢,m) # 0. Then the (¢,m) term in Equation (4.3)
is nonzero in Fy, so we deduce that there is an N’ # N of the form (¢')? — 4m for some other t. One
must also ensure that N’ actually has fundamental part that we haven’t yet deduced nonvanishing for
(otherwise this approach could just be giving us many redundant facts), and that the method can actually
be used inductively. That induction rests on

Lemma 4.2.22. Let (t1,m1), (t2,m2) € Z X Z witht? — 4my = t3 — 4m? < 0, andm; Z 0 (mod ¢).

1. If¢ =5, then with the above hypotheses,
G(t2,m2) =0 <= G(t2,ma) =0.

2. If¢ € {7,11}, then with the above hypotheses plus m1 = mo (mod ¢),
G(t2,m2) =0 < G(t2,m2) =0.
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3. Forany{ > 5,and0 # f € Fy, we have

G(ft, f>’m) =0 < G(t,m) = 0.

Proof. As far as I understand it, what happens in case (1) is a coincidence. It can be checked by looking
directly at the values of G, listed in Table 4.1 in Section 4.2.4: one sees thatif m # 0 (mod 5), G(t,m) =0
implies that 4m — t? € {1,4} C F5, while G(t,m) # 0 implies that 4m — ¢*> € {0,2,3} C Fs.

Case (2) is really true for all £ > 5, and it is a consequence of the fact that only even powers of ¢
show up in the polynomials Py (t,m) € Z[t,m|. For these special values of ¢, we wrote down these
polynomials explicitly in Section 4.2.4, but also it is true in general because (from the alternate description
of Py, in the statement of Theorem 4.2.12)

k=1 —k—1
Py(t,m) = CA——
p—p
f—2
— pk—2—zpz
i=0
e L k-2
=T Y |+ (op) 2
1=0

So all the monomial terms with a nontrivial power of ¢ come from the terms Tr(p*~272). Using the fact
that p is a root of X? — tX + m, one checks by induction that the fact that k — 2 — 2i is even implies

k=2-2i has even combined

that as a polynomial in ¢, m, p with p-degree 1, each monomial term in p
(p,t)-degree. Since Tr(p) = t, it follows that as a polynomial in m and ¢, every monomial in p*~2~% has
an even power of ¢.

If m; = my (mod ¢) and t3 — 4m; = t2 — 4my (mod ¢), then t; = +t5. But we just showed that
G(t,m) = G(xt,m) for all t, m € F,. Note that (2) is much weaker than (1), as we needed m; = mso
(mod ¢).

Now (3) is a consequence of the fact that P, (¢, m) is homogeneous in the variables 2, m. O
We will also need

Lemma 4.2.23. Let d < —7 be a fundamental discriminant, and p an odd prime such that there exist
x,y € Z such that
4p = 2% — dy?.

Then this representation of 4p as % — dy? is unique up to changing the signs of © and y.
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Proof. This is a variant of the usual standard things in algebraic number theory. If d = 0 (mod 4),
then = must be even, so we can divide x and y by 2 to see that it suffices to show that representations
p = 2% — dy? are unique, where d < 0 is squarefree with —d = 1,2 (mod 4) and is either —2 or < —5.
To do that, note that

so this is equivalent to asking, up to negation and conjugation, how many « € Oq( Va) have norm equal
to p. Any such « generates a prime ideal in C’)Q (V) by the multiplicativity of the norm, so by unique
factorization of ideals in Dedekind domains, if o, 5 both have norm p, then either (a) = (5) or (o) = (5).
Since conjugating « has the effect of changing the sign of y, we can assume that (a) = (). By the

assumption on d, namely that it is < —5 or equal to —2, we have 0(3 )= {#£1}, which shows that

/D

indeed « is unique up to change of sign and conjugation.
In the case where d # 0 (mod 4), we have —d = 3 (mod 4) squarefree. We have

1++4d
2

Oqva) =2

If 4p = x? — dy?, then z and y must have the same parity, so right away this is equivalent to finding,
up to conjugation and negation, elements of OQ( V) of norm p. The bound d < —7 ensures that
(’)(3 Wa) = {£1}, so the same argument as before goes through. O

Finally, our proof of Theorem 4.2.3 for ¢ € {5,7,11} is conditional on the standard conjecture
[Bun1857],

Conjecture 4.2.24 (Bunyakovsky, 1857). Suppose f € Z[X| has positive leading coefficient, is irreducible,
and has the property that there is no fixed prime p dividing f(n) for all n € N. Then f(n) is prime for
infinitely many n € N.

Example 4.2.25. The actual case of Conjecture 4.2.24 we will use is f(X) = d + X2, where d is a

positive integer. This clearly satisfies the three conditions.
For technical reasons, we will need

Definition 4.2.26. An integer d < 0 is an almost fundamental discriminant if it is a fundamental

discriminant or 4 times a fundamental discriminant.

Theorem 4.2.27. Suppose Conjecture 4.2.24 is true. Let £ € {5,7,11}. Then there are infinitely many
K € Fip such that |Clg| # 0 (mod ¢).

Proof. We proceed by induction. Suppose we have constructed, for 1 < ¢ < N, tuples of integers
(di, mj, t;) with m; > 0 and d; < 0 almost fundamental with f.p.(d;) pairwise distinct, satisfying the
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properties

H(d;) 20 (mod ¢)

G(ti,m;) #0 € Fy

d; = t? —4my

d; #—4

d; #0 (mod 3)

d; #0 (mod ¢)

dj === —-3,-8,—-11,—-12 (mod 16)

() = 1

Let ZN be the set of odd primes dividing at least one d; for ¢ < N but not dy. We will show that
there exists a tuple (dny1, mN+1,tN+1) satisfying Equation (4.4) such that dy1 is not divisible by any

primes in &y and f.p.(dn+1) # f.p.(dn). This statement is enough to deduce the inductive step (i.e.
produce such a list of length /N + 1; here the only problem is that dy 41 needs to have fundamental part
different from all the previous d;, not just dy): if dy 41 is divisible by some odd prime p not dividing
dy, then we are done because then p doesn’t divide d; for i < N either (else it would be in #y), so
f.p.(dnt1) # £.p.(d;) for all i < N; otherwise, the set of odd primes dividing dy 1 is a proper (since
f.p.(dy+1) # f.p.(dn)) subset of the set of odd primes dividing dy, so f.p.(dy+1) properly divides
f.p.(dn), since the odd parts of the fundamental parts are squarefree. Repeating this argument sufficiently
many times, the only problem is if d 4 constructed at each step always has fundamental part properly
dividing dp 1 _1. But in this case, we eventually reach the scenario where f.p.(dy ) = —p, —4p where
p is an odd prime (Equation (4.4) means that it must be divisible by at least one odd prime since it is not
—4). Now f.p.(dn+k+1) cannot be a proper divisor of this, so we conclude that it is distinct from d; for
all1 <7< N + k. The list

{(diymi, t) YN UL (AN tha1, MN k1 ENt1) }

is now a list of size N + 1 where all the elements satisfy Equation (4.4) and with the f.p.(d;)’s pairwise
distinct. By induction, this means there are arbitrarily large lists of pairwise distinct negative fundamental
discriminants with class number #Z 0 (mod ¢), using Corollary 4.2.10 to deduce h(f.p.(d;)) Z 0 (mod ?).

To complete the proof, it suffices to do the base case (construct at least one (d,m,t) satisfying
Equation (4.4)), and prove the above claim (which we showed suffices to prove the inductive step), namely
that there exists a tuple (dn41, mny+1, tn+1) satisfying Equation (4.4) such that d 1 is not divisible by
any primes in £y and f.p.(dyy1) # f.p.(dn).

We will do the base case at the end (it is an explicit construction). The inductive step is where the

trace formula comes in. By Corollary 4.2.18,

> Gt,m)H(t* —4m) =0 € Fy, (4.5)
0<t<2y/m

for any integer m > 0. For this to give us useful information to bootstrap off of, we need d to be one of

95



the t2 — 4m showing up here. First we show that conditional on Conjecture 4.2.24, that there exists a
t € N such that

1. —dy + t? = 4q, where q is prime.

2. 4q is not a sum of two squares (i.e. ¢ = 3 (mod 4))

3. ¢ =mpy (mod /).

4. q is not a quadratic residue or zero modulo any p € &y, mod, ¢, or mod 3.

Since —dy = 3,8,11,12 (mod 16), there is a congruence condition on ¢ mod 4 (depending on d) which
is sufficient for —dy + t2 = 12 (mod 16). Similarly, we already have dy = t?\, —4my, so —dy mod ¢
differs from 4mpy mod ¢ by a quadratic residue or zero in Fy, which means that —dy + 2 = dmy
(mod /) is also a congruence condition on ¢ mod ¢. Furthermore, there exists a congruence class t € F,,
such that —dy + t2 is not a quadratic residue or zero modulo p € Py, since if there wasn’t, then since
—d is invertible mod p (this is the reason for the less-than-ideal definition of &), every element of F),
would be a quadratic residue (start at one quadratic residue and keep adding —d to it). The same works
at the primes 3 and ¢, though at ¢ we are okay because (mTN) = —1 so this is already encoded in (3). So
proving (1)-(4) amounts to showing that subject to the congruence condition

t=a mod 12/ H P
PEXN

that forces —dy + t?> = 12 (mod 16) and —dy + t?> = 4my (mod £) and —dy + 2 to not be a

_ 2. o
quadratic residue or zero mod any p € #y, t can be chosen so that % is prime. This is the content

of Conjecture 4.2.24, applied to the polynomial

2

1
9(X) =7 | —dn+ [ | 120 I[r|X+a € Z[X],
PELN

which has integer coefficients because —dy + a? = 12 (mod 16) and is thus divisible by 4. The values
of g(z) for z € N do not have a common prime divisor, because _dN#'HQ = 3 (mod 4), so that divisor
can’t be 2; since ¢ has a condition mod p € &y such that —dy + t2 is not a quadratic residue or zero
mod p, and same with /, the only primes that could divide all the outputs are outside of {2, 3¢} U Zy.
But ¢ doesn’t satisfy any conditions modulo those primes, so —dy -+ t? can take on % > 1 distinct
values modulo p, hence it is not divisible by p for some ¢.

Armed with ¢ € N satisfying (1)-(4), whose existence we have conditional on Conjecture 4.2.24,
we may complete the inductive step. First, since t* — 4qg = t3, — 4my = dn, ¢ = my (mod ¢), and
G(tn,mn) # 0 € Fy by Equation (4.4), we also know that G(¢,q) # 0 € Fy by Lemma 4.2.22. Setting
m = ¢ in Equation (4.5), we have

Z G(x,q)H(z* —4q) =0 € Fy.
0<e<2./q
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Since

G(t,q)H(t* — 49) = G(t,q)H(dn) # 0 € Fy,

this implies that there is some 0 < z < 2,/g with = # ¢ such that G(z, q)H (z* — 4q) # 0 € Fy. Let
D = 2% — 4q,and d = f.p.(D) so that

D =df? = 2% — 4q.

The fact that 4¢ = 12 (mod 16) implies that —df? = —D = 3,8,11,12 (mod 16). Therefore, using
the explicit knowledge of perfect squares mod 16, we know —d = 3,8, 11,12 (if f2=1,9), or —d = 3
(mod 4), in which case —4d = 12 mod 16. Let d 11 equal either d or 4d, so that —dy 41 = 3,8,11,12
(mod 16). We will construct mpy41,tn+1 so that Equation (4.4) is satisfied for i = N + 1. First, we
prove the parts that only rely on dy41. By definition, dy 41 is an almost fundamental discriminant,
and by Corollary 4.2.10 and Corollary 4.2.11, we have H(dn4+1) # 0 (mod ¢). Also, the fact that
dni1|D = 22 — 4q and 4q is not a quadratic residue or zero modulo any p € &y or £ or 3 implies
that dy41 is not divisible by 3,4, or any p € Zn. Also, dy+1 # —4, since otherwise we would
have 4¢ = 4¢° + 22 for some g, which would imply that ¢ # 3 (mod 4). This plus dyy1 Z 0
(mod 3) implies that the fundamental discriminant d < —7, which lets us deduce by Lemma 4.2.23 that
f.p.(dn+1) # £.p.(dN) because

—dy +t* = 4q = —df* + 2,

since x # t (the relaxation of “fundamental” to “almost fundamental” is not a problem since the factor of
4 can be absorbed in the square multiplied by d or dy).

The only thing left to prove about dy 1 is that there are my1,tn41 such that dyy; = t?\, b1
dm i1, with G(tny1, my+1) # 0 € Fyand (m]\é“) = —1. All we know starting out is that

D =dy1g° = 2% —4q.
where ¢ = my (mod /) and thus () = (™A) = —1. Define m/y, |, )y, € Z such that in Fy,

q mod / x mod /

/
my., mod{ = )
* g g

Note that g is invertible in Fy because D = dyy19? # 0 (mod ¢). Then

dyi1 = (tyy1)? —4miy,,  (mod £).

We can change m’y_ | by a multiple of ¢ to make this an quality, as long as we further specify the
appropriate congruence mod 2 for ¢y, ; to make this a congruence mod 4/. Making that change, we have
constructed my1,tn41 so that

2
dyni1 =ty 1 —4myr.
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Division by g2 in Fy doesn’t change the Legendre symbol, so

(52) ()= (5) -

Finally, Lemma 4.2.22(3) guarantees that G(tn4+1, mn+1) # 0 € Fy. This proves the inductive step.

For the base case, we just need to find an almost fundamental discriminant d < 0 with d = > — 4m
satisfying Equation (4.4). For ¢ = 5, take e.g. d = —107,¢t = 1, m = 27. For { = 7, take e.g. d = —235,
t=1,m =59. For { = 11, take e.g. d = —76,¢ = 1, m = 19. 1 did this by eyeballing the tables in
Section 4.2.4 and a few lines of PART /GP for computing the Hurwitz—Kronecker class numbers. [

4.2.3 Computing class numbers mod /¢

The relations between class numbers given by Corollary 4.2.18 suggests that we might be able to use it to
compute tables of Hurwitz class numbers H (N) modulo ¢. The method of Hartung [Har1974] for proving
Theorem 4.2.3 also leads naturally to such an algorithm: see [Coh1993, Ch. 5]. There are two main issues:
first, the coefficient of 4 means that by solving systems of linear equations of the form Equation (4.3), we
can only get expressions for linear combinations aH (4N) + bH (4N — 1). This is solved in [Coh1993, Ch.
5] by introducing another set of linear equations. We could do this too (but note that once we do this, we
are using the same input to [Har1974] that proves Theorem 4.2.3 for all ). The other problem, which
would only apply to this approach, is that in our case we sometimes have G(0,m) = G(1,m) = 0, in
which case our equations do not yield much extra information (assuming we have already computed
H(N) for N < 4m — 4). For example, this always happens when m = 0.

For this reason, I am not sure whether my version of the trace formula approach can be used to
improve on the existing algorithms, or even match their performance. It may be the case that using
Equation (4.3) instead of [Coh1993, Corollary 5.3.9] whenever G(0, m) # G(1, m) speeds up the existing
algorithms in practice, since one does not need to compute a divisor sum and can look up the coefficients
in a hard-coded version of the tables in Section 4.2.4.

4.2.4 Explicit tables and formulae

This appendix contains explicit descriptions of the functions G(t,m) in Equation (4.3). This is not
logically necessary for any of the proofs in this paper, but is maybe useful for implementing the proposed

algorithms or checking things in general. Using the description of P (t,m) as the coefficient of =2 in
(1 — to +ma®)~t € Z[t,m|[x],
one uses a computer algebra system (this was 3 lines of SAGE) to obtain

10 _ 98 + 28t%m? — 35¢4m> + 1562m* — mb

Pyo(t,m) =t

Pis(t,m) = t** — 13t12m 4 66t1%m? — 165t3m3 + 210t°m* — 126t*m> + 28t2m5 — m”

Pig(t,m) = t10 — 15t"m 4 91¢12m? — 286t'%m3 + 495t3m?* — 462t5m° 4 210t*m® — 36t>m™ + m®
Py (t,m) = t20 — 19t8m 4 153t1%m? — 680t m3 + 1820t12m* — 3003t1%m> + 3003t3mS
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—1716t5m7 + 495t*m8 — 55¢2m? + m10

Reducing modulo the appropriate primes, and considering these as functions rather than formal polyno-
mials (i.e. applying Fermat’s little theorem), we get

Pig(t,m) = t* + 6t'm + 4t>m? + 4m*  (mod 5)

Pis(t,m) = t* + 5t>m + t*m3 + 5t>m* + m?  (mod 7)

Pao(t,m) =10+ 3t%m + 10t°m? + 2t*m® + 5¢*m* + m'®  (mod 11).

It then follows that

Pys(t,m) — Pig(t,m) = 4t*>m?* —m +m?> (mod 5)
Pys(t,m) — Pig(t,m) = 6t 'm3 + 3t>m* + 6m? + 6m® (mod 7)
Pio(t,m) — Pag(t,m) = 10t35m + 7t5m? + 9t*m3 — 2m* + 10m® — 2t*m3 — m'®  (mod 11)

which provides explicit descriptions of the functions G : Fy x Fy — F from Corollary 4.2.18. The values

of the functions are summarized in the following lookup tables.

mod

B O N R O T
_ W O R OlW Ut
O N R O

m mod 5

= W N =R O
SO N WO oo
_= WO Rk O

Table 4.1: The values of the function G : Fy x Fy; — Fyfor{ =5

t mod 7

01 2 3 4 5 6
0/0 0 0 0 0 0 O
;16010010
S 2(3 4000 04
3]0 6 1 0 0 1 6
S 405 00 2 2 0 0
500 0 5 2 2 5 0
6/0 4 0 3 3 0 4

Table 4.2: The values of the function G : Fy x Fy - Fyfor/ =7
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t mod 11

10

10

10 1

10

10 10 O

0

10

10

10

10

11

Table 4.3: The values of the function G : Fy x F; — F for /

100



Bibliography

[Art1929]

[Art1978]

[Art1981]

[Art1983]

[Art2001]

[Art2002]

[Art2003]

[Art2005]

[AT2009]

[Bak1968]

[BST2013]

[BSV2006]

[Bum1997]

Emil Artin, Idealklassen in oberkérpern und allgemeines reziprozitditsgesetz, Abh. Math. Sem.
Univ. Hamburg 7 (1929), no. 1, 46-51. MR3069515

James Arthur, A trace formula for reductive groups. I. Terms associated to classes in G(Q),
Duke Math. J. 45 (1978), no. 4, 911-952. MR518111

, The trace formula in invariant form, Ann. of Math. (2) 114 (1981), no. 1, 1-74.
MR625344

, The trace formula for reductive groups, Conference on automorphic theory (Dijon,
1981), 1983, pp. 1-41. MR723181

_, A stable trace formula. II. Global descent, Invent. Math. 143 (2001), no. 1, 157-220.
MR1802795

, A stable trace formula. I General expansions, ]. Inst. Math. Jussieu 1 (2002), no. 2,
175-277. MR1954821

, A stable trace formula. IIL. Proof of the main theorems, Ann. of Math. (2) 158 (2003),
no. 3, 769-873. MR2031854

, An introduction to the trace formula, Harmonic analysis, the trace formula, and
Shimura varieties, 2005, pp. 1-263. MR2192011

Emil Artin and John Tate, Class field theory, AMS Chelsea Publishing, Providence, RI, 2009.
Reprinted with corrections from the 1967 original. MR2467155

A. Baker, Linear forms in the logarithms of algebraic numbers. IV, Mathematika 15 (1968),
204-216. MR258756

Manjul Bhargava, Arul Shankar, and Jacob Tsimerman, On the Davenport-Heilbronn theorems
and second order terms, Invent. Math. 193 (2013), no. 2, 439-499. MR3090184

Andrew R. Booker, Andreas Strombergsson, and Akshay Venkatesh, Effective computation
of Maass cusp forms, Int. Math. Res. Not. (2006), Art. ID 71281, 34. MR2249995

Daniel Bump, Automorphic forms and representations, Cambridge Studies in Advanced
Mathematics, vol. 55, Cambridge University Press, Cambridge, 1997. MR1431508

101


http://www.ams.org/mathscinet-getitem?mr=3069515
http://www.ams.org/mathscinet-getitem?mr=518111
http://www.ams.org/mathscinet-getitem?mr=625344
http://www.ams.org/mathscinet-getitem?mr=723181
http://www.ams.org/mathscinet-getitem?mr=1802795
http://www.ams.org/mathscinet-getitem?mr=1954821
http://www.ams.org/mathscinet-getitem?mr=2031854
http://www.ams.org/mathscinet-getitem?mr=2192011
http://www.ams.org/mathscinet-getitem?mr=2467155
http://www.ams.org/mathscinet-getitem?mr=258756
http://www.ams.org/mathscinet-getitem?mr=3090184
http://www.ams.org/mathscinet-getitem?mr=2249995
http://www.ams.org/mathscinet-getitem?mr=1431508

[Bum2013]

[Bun1857]

[CF1967]

[CL1984]

[CM1987]

[CM1990]

[Coh1993]

[Con2009]

[Cox2013]

[CSS1997]

[DH1971]

[DL1971]

[DS1974]

[Edw1977]

, Lie groups, 2nd edition, Graduate Texts in Mathematics, vol. 225, Springer, New
York, 2013. MR3136522

Viktor Bunjakovskii, Nouveaux théorémes relatifs a la distinction des nombres premiers et d la
décomposition des entiers en facteurs, Sc. Math. Phys. 6 (1857), 305-329.

John Cassels and Albert Frohlich, Algebraic number theory, Proceedings of an instructional
conference organized by the London Mathematical Society (a NATO Advanced Study
Institute) with the support of the International Mathematical Union., Academic Press,
London; Thompson Book Co., Inc., Washington, D.C., 1967. MR0215665

Henri Cohen and Hendrik Lenstra, Heuristics on class groups of number fields, Number
theory, Noordwijkerhout 1983 (Noordwijkerhout, 1983), 1984, pp. 33-62. MR756082

Henri Cohen and Jacques Martinet, Class groups of number fields: numerical heuristics, Math.
Comp. 48 (1987), no. 177, 123-137. MR866103

, Etude heuristique des groupes de classes des corps de nombres, J. Reine Angew. Math.
404 (1990), 39-76. MR1037430

Henri Cohen, A course in computational algebraic number theory, Graduate Texts in Mathe-
matics, vol. 138, Springer-Verlag, Berlin, 1993. MR1228206

Brian Conrad, Math 249b: Class field theory (2009). http://virtualmath1.stanford.edu/ con-
rad/249BW09Page/.

David A. Cox, Primes of the form x? + nyz, 2nd edition, Pure and Applied Mathematics
(Hoboken), John Wiley & Sons, Inc., Hoboken, NJ, 2013. Fermat, class field theory, and
complex multiplication. MR3236783

Gary Cornell, Joseph H. Silverman, and Glenn Stevens (eds.), Modular forms and Fermat’s
last theorem, Springer-Verlag, New York, 1997. Papers from the Instructional Conference on
Number Theory and Arithmetic Geometry held at Boston University, Boston, MA, August
9-18, 1995. MR1638473

H. Davenport and H. Heilbronn, On the density of discriminants of cubic fields. I, Proc. Roy.
Soc. London Ser. A 322 (1971), no. 1551, 405-420. MR491593

Michel Duflo and Jean-Pierre Labesse, Sur la formule des traces de Selberg, Ann. Sci. Ecole
Norm. Sup. (4) 4 (1971), 193-284. MR437462

Pierre Deligne and Jean-Pierre Serre, Formes modulaires de poids 1, Ann. Sci. FEcole Norm.
Sup. (4) 7 (1974), 507-530 (1975). MR379379

Harold M. Edwards, Fermat’s last theorem, Graduate Texts in Mathematics, vol. 50, Springer-
Verlag, New York-Berlin, 1977. A genetic introduction to algebraic number theory. MR616635

102


http://www.ams.org/mathscinet-getitem?mr=3136522
http://www.ams.org/mathscinet-getitem?mr=0215665
http://www.ams.org/mathscinet-getitem?mr=756082
http://www.ams.org/mathscinet-getitem?mr=866103
http://www.ams.org/mathscinet-getitem?mr=1037430
http://www.ams.org/mathscinet-getitem?mr=1228206
http://virtualmath1.stanford.edu/~conrad/249BW09Page/
http://virtualmath1.stanford.edu/~conrad/249BW09Page/
http://www.ams.org/mathscinet-getitem?mr=3236783
http://www.ams.org/mathscinet-getitem?mr=1638473
http://www.ams.org/mathscinet-getitem?mr=491593
http://www.ams.org/mathscinet-getitem?mr=437462
http://www.ams.org/mathscinet-getitem?mr=379379
http://www.ams.org/mathscinet-getitem?mr=616635

[Gau1966]

[GGPS1969]

[GJ1979]

[Har1974]

[HC1953]

[HC1954a]

[HC1954b]

[Hee1952]

[Hej1976]

[Hil1896]

[Hil1902]

[Twa2002]

[JL1970]

[Kal2020]

Carl Friedrich Gauss, Disquisitiones arithmeticae, Translated into English by Arthur A.
Clarke, S. J, Yale University Press, New Haven, Conn.-London, 1966. MR0197380

Israel Moiseevich Gelfand, Mark losifovich Graev, and Ilya Piatetski-Shapiro, Representation
theory and automorphic functions, Translated from the Russian by K. A. Hirsch, W. B.
Saunders Co., Philadelphia, Pa.-London-Toronto, Ont., 1969. MR0233772

Stephen Gelbart and Hervé Jacquet, Forms of GL(2) from the analytic point of view, Auto-
morphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State
Univ., Corvallis, Ore., 1977), Part 1, 1979, pp. 213-251. MR546600

P. Hartung, Proof of the existence of infinitely many imaginary quadratic fields whose class
number is not divisible by 3, J. Number Theory 6 (1974), 276-278. MR352040

Harish-Chandra, Representations of a semisimple Lie group on a Banach space. I, Trans. Amer.
Math. Soc. 75 (1953), 185-243. MR56610

, Representations of semisimple Lie groups. I, Trans. Amer. Math. Soc. 76 (1954),
26—65. MR58604

, Representations of semisimple Lie groups. III, Trans. Amer. Math. Soc. 76 (1954),
234-253. MR62747

Kurt Heegner, Diophantische Analysis und Modulfunktionen, Math. Z. 56 (1952), 227-253.
MR53135

Dennis A. Hejhal, The Selberg trace formula for PSL(2, R). Vol I, Lecture Notes in Mathe-
matics, Vol. 548, Springer-Verlag, Berlin-New York, 1976. MR0439755

David Hilbert, Ein neuer beweis des kroneckerschen fundamentalsatzes iiber abelsche zahlkor-

per, Nachrichten der gesellschaft der wissenschaften zu géttingen, 1896, pp. 29-39.

, Uber die Theorie der relativ-Abel’schen Zahlkérper, Acta Math. 26 (1902), no. 1,
99-131. MR1554953

Henryk Iwaniec, Spectral methods of automorphic forms, 2nd edition, Graduate Studies in
Mathematics, vol. 53, American Mathematical Society, Providence, RL; Revista Matemaética
Iberoamericana, Madrid, 2002. MR1942691

Hervé Jacquet and Robert P Langlands, Automorphic forms on GL(2), Lecture Notes in
Mathematics, Vol. 114, Springer-Verlag, Berlin-New York, 1970. MR0401654

Kenz Kallal, Representation theory at infinity (2020).
http://math.uchicago.edu/ may/REU2020/REUPapers/Kallal.pdf.

[Kar1931] Jovan Karamata, Neuer Beweis und Verallgemeinerung der Tauberschen Sdtze, welche die

Laplacesche und Stieltjessche Transformation betreffen, J. Reine Angew. Math. 164 (1931),
27-39. MR1581248

103


http://www.ams.org/mathscinet-getitem?mr=0197380
http://www.ams.org/mathscinet-getitem?mr=0233772
http://www.ams.org/mathscinet-getitem?mr=546600
http://www.ams.org/mathscinet-getitem?mr=352040
http://www.ams.org/mathscinet-getitem?mr=56610
http://www.ams.org/mathscinet-getitem?mr=58604
http://www.ams.org/mathscinet-getitem?mr=62747
http://www.ams.org/mathscinet-getitem?mr=53135
http://www.ams.org/mathscinet-getitem?mr=0439755
http://www.ams.org/mathscinet-getitem?mr=1554953
http://www.ams.org/mathscinet-getitem?mr=1942691
http://www.ams.org/mathscinet-getitem?mr=0401654
http://math.uchicago.edu/~may/REU2020/REUPapers/Kallal.pdf
http://www.ams.org/mathscinet-getitem?mr=1581248

[Kis2009a]

[Kis2009b]

[KL2006]

[Ko0i1975]

[Kot1984]

[Kum1850]

[KW2009]

[Lan1973]

[Lan1976]

[Lan1980]

[Lan1983]

[Lan1985]

[Lan2001]

[Lan2004]

[LS1995]

Mark Kisin, Modularity of 2-adic Barsotti-Tate representations, Invent. Math. 178 (2009), no. 3,
587-634. MR2551765

, Moduli of finite flat group schemes, and modularity, Ann. of Math. (2) 170 (2009),
no. 3, 1085-1180. MR2600871

Andrew Knightly and Charles Li, Traces of Hecke operators, Mathematical Surveys and
Monographs, vol. 133, American Mathematical Society, Providence, RI, 2006. MR2273356

Masao Koike, On some p-adic properties of the Eichler-Selberg trace formula, Nagoya Math. J.
56 (1975), 45-52. MR382170

Robert E. Kottwitz, Shimura varieties and twisted orbital integrals, Math. Ann. 269 (1984),
no. 3, 287-300. MR761308

E. E. Kummer, Allgemeiner Beweis des Fermatschen Satzes, daf3die Gleichung x> + 3 = 2*

durch ganze Zahlen unlésbar ist, fiir alle diejenigen Potenz-Exponenten \ welche ungerade
Primzahlen sind und in den Zdihlern der ersten 1 /2(\) Bernoullischen zahlen als Factoren nicht
vorkommen, J. Reine Angew. Math. 40 (1850), 130-138. MR1578681

Chandrashekhar Khare and Jean-Pierre Wintenberger, Serre’s modularity conjecture. II,
Invent. Math. 178 (2009), no. 3, 505-586. MR2551764

Robert P. Langlands, Modular forms and ¢-adic representations, Modular functions of one
variable, II (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), 1973, pp. 361-
500. Lecture Notes in Math., Vol. 349. MR0354617

, On the functional equations satisfied by Eisenstein series, Lecture Notes in Mathe-
matics, Vol. 544, Springer-Verlag, Berlin-New York, 1976. MR0579181

, Base change for GL(2), Annals of Mathematics Studies, vol. 96, Princeton University
Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1980. MR574808

, Les débuts d’une formule des traces stable, Publications Mathématiques de
I'Université Paris VII [Mathematical Publications of the University of Paris VII], vol. 13,
Université de Paris VII, U.E.R. de Mathématiques, Paris, 1983. MR697567

Serge Lang, SLo(R), Graduate Texts in Mathematics, vol. 105, Springer-Verlag, New York,
1985. Reprint of the 1975 edition. MR803508

Robert P. Langlands, The trace formula and its applications: an introduction to the work of
James Arthur, Canad. Math. Bull. 44 (2001), no. 2, 160—-209. MR1827854

, Beyond endoscopy, Contributions to automorphic forms, geometry, and number
theory, 2004, pp. 611-697. MR2058622

Wen Zhi Luo and Peter Sarnak, Quantum ergodicity of eigenfunctions on PSLy(Z)\H?, Inst.
Hautes Etudes Sci. Publ. Math. 81 (1995), 207-237. MR1361757

104


http://www.ams.org/mathscinet-getitem?mr=2551765
http://www.ams.org/mathscinet-getitem?mr=2600871
http://www.ams.org/mathscinet-getitem?mr=2273356
http://www.ams.org/mathscinet-getitem?mr=382170
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=1578681
http://www.ams.org/mathscinet-getitem?mr=2551764
http://www.ams.org/mathscinet-getitem?mr=0354617
http://www.ams.org/mathscinet-getitem?mr=0579181
http://www.ams.org/mathscinet-getitem?mr=574808
http://www.ams.org/mathscinet-getitem?mr=697567
http://www.ams.org/mathscinet-getitem?mr=803508
http://www.ams.org/mathscinet-getitem?mr=1827854
http://www.ams.org/mathscinet-getitem?mr=2058622
http://www.ams.org/mathscinet-getitem?mr=1361757

[Mar2012] Jens Marklof, Selberg’s trace formula: an introduction, Hyperbolic geometry and applications

in quantum chaos and cosmology, 2012, pp. 83-119. MR2885182

[Neu1999] Jurgen Neukirch, Algebraic number theory, Grundlehren der Mathematischen Wis-

[Ng62010]

senschaften [Fundamental Principles of Mathematical Sciences], vol. 322, Springer-Verlag,
Berlin, 1999. Translated from the 1992 German original and with a note by Norbert Schap-
pacher, With a foreword by G. Harder. MR1697859

Bao Chau Ngd, Le lemme fondamental pour les algébres de Lie, Publ. Math. Inst. Hautes
Etudes Sci. 111 (2010), 1-169. MR2653248

[NH1988] Jin Nakagawa and Kuniaki Horie, Elliptic curves with no rational points, Proc. Amer. Math.

[Sar1980]

[Sar1982]

[Sch2011]

[Sch2013]

[Sel1956]

Soc. 104 (1988), no. 1, 20—-24. MR958035

Peter Sarnak, Prime geodesic theorems, ProQuest LLC, Ann Arbor, MI, 1980. Thesis (Ph.D.)-
Stanford University. MR2630950

, Class numbers of indefinite binary quadratic forms, J. Number Theory 15 (1982),
no. 2, 229-247. MR675187

Peter Scholze, The Langlands-Kottwitz approach for the modular curve, Int. Math. Res. Not.
IMRN 15 (2011), 3368—3425. MR2822177

, The Langlands-Kottwitz approach for some simple Shimura varieties, Invent. Math.
192 (2013), no. 3, 627-661. MR3049931

Atle Selberg, Harmonic analysis and discontinuous groups in weakly symmetric Riemannian
spaces with applications to Dirichlet series, J. Indian Math. Soc. (N.S.) 20 (1956), 47-87.
MR88511

[Ser1973] Jean-Pierre Serre, Formes modulaires et fonctions zéta p-adiques, Modular functions of one

[Sie1944]

[Smi2017]

[Sta1840]

[Sta1969]

variable, III (Proc. Internat. Summer School, Univ. Antwerp, 1972), 1973, pp. 191-268. Lecture
Notes in Math., Vol. 350. MR0404145

Carl Ludwig Siegel, The average measure of quadratic forms with given determinant and
signature, Ann. of Math. (2) 45 (1944), 667-685. MR12642

Alexander Smith, 2°°-Selmer groups, 2°°-class groups, and Goldfeld’s conjecture, arXiv
preprint arXiv:1702.02325 (2017).

K. G. C. Staudt, Beweis eines Lehrsatzes, die Bernoullischen Zahlen betreffen, ]. Reine Angew.
Math. 21 (1840), 372-374. MR1578267

Harold M. Stark, On the “gap” in a theorem of Heegner, ]J. Number Theory 1 (1969), 16—27.
MR241384

105


http://www.ams.org/mathscinet-getitem?mr=2885182
http://www.ams.org/mathscinet-getitem?mr=1697859
http://www.ams.org/mathscinet-getitem?mr=2653248
http://www.ams.org/mathscinet-getitem?mr=958035
http://www.ams.org/mathscinet-getitem?mr=2630950
http://www.ams.org/mathscinet-getitem?mr=675187
http://www.ams.org/mathscinet-getitem?mr=2822177
http://www.ams.org/mathscinet-getitem?mr=3049931
http://www.ams.org/mathscinet-getitem?mr=88511
http://www.ams.org/mathscinet-getitem?mr=0404145
http://www.ams.org/mathscinet-getitem?mr=12642
http://www.ams.org/mathscinet-getitem?mr=1578267
http://www.ams.org/mathscinet-getitem?mr=241384

[Tak2014] Teiji Takagi, Collected papers, Springer Collected Works in Mathematics, Springer, Hei-
delberg, 2014. With a preface to the 1st edition by Shokichi Iyanaga, Edited by Iyanaga,
Kenkichi Iwasawa, Kunihiko Kodaira and Késaku Yosida, With appendices by Iwasawa,
Yosida and Iyanaga, Reprint of the 1990 edition. MR3309918

[Tat1950] John Tate, Fourier analysis in number fields and Hecke’s zeta-functions, ProQuest LLC, Ann
Arbor, MJ, 1950. Thesis (Ph.D.)-Princeton University. MR2612222

[Tun1981] Jerrold Tunnell, Artin’s conjecture for representations of octahedral type, Bull. Amer. Math.
Soc. (N.S.) 5 (1981), no. 2, 173-175. MR621884

[TW1995] Richard Taylor and Andrew Wiles, Ring-theoretic properties of certain Hecke algebras, Ann.
of Math. (2) 141 (1995), no. 3, 553-572. MR1333036

[Wil1995] Andrew Wiles, Modular elliptic curves and Fermat’s last theorem, Ann. of Math. (2) 141
(1995), no. 3, 443-551. MR1333035

[Wil2015] , On class groups of imaginary quadratic fields, J. Lond. Math. Soc. (2) 92 (2015), no. 2,

411-426. MR3404031

[Wo002011] Melanie Matchett Wood, Gauss composition over an arbitrary base, Adv. Math. 226 (2011),
no. 2, 1756-1771. MR2737799

106


http://www.ams.org/mathscinet-getitem?mr=3309918
http://www.ams.org/mathscinet-getitem?mr=2612222
http://www.ams.org/mathscinet-getitem?mr=621884
http://www.ams.org/mathscinet-getitem?mr=1333036
http://www.ams.org/mathscinet-getitem?mr=1333035
http://www.ams.org/mathscinet-getitem?mr=3404031
http://www.ams.org/mathscinet-getitem?mr=2737799

	Abstract
	Acknowledgements
	Introduction
	Historical background
	Brief overview

	Review of basic spectral theory of automorphic forms
	Automorphic forms and representation theory
	Discrete decomposition of the cuspidal subspace
	The continuous spectrum and Eisenstein series


	The Arthur–Selberg trace formula
	The general approach of the trace formula and of its applications
	The Selberg trace formula for SL2(R)
	The spectral side
	The geometric side

	The Eichler–Selberg trace formula
	Choosing the test function
	The identity term
	The elliptic term
	The hyperbolic orbital integral
	The unipotent orbital integral
	The final statement


	Applications to arithmetic statistics
	The archimedean case: Weyl's law, prime geodesic theorems, and real quadratic fields
	Class numbers of real quadratic fields

	-torsion in class groups of imaginary quadratic fields
	Hurwitz class numbers and the Selberg trace formula
	Congruences and proof of infinitude
	Computing class numbers mod 
	Explicit tables and formulae


	References

