
ARITHMETIC CYCLES, MODULAR FORMS, AND L-FUNCTIONS
(DARMONFEST)

1. Lilienfeldt (notes by: Kenz Kallal)

I have made every attempt to provide enough technical detail to make exactly correct statements,
but do not guarantee that every statement in these notes is correct on the nose. For those purposes
I defer to the actual literature on the topic. Lilienfeldt’s talk was about his recent preprint with
Shnidman [LS24] which generalizes Gross–Zagier and Zhang’s higher weight Gross–Zagier formula.
It was situated in the broader context of a series of works by Bertolini, Darmon, Lilienfeldt, and
Prasanna involving the generalized Heegner cycles, and came along with an explanation of what is
in those articles and how this fits in.

1.1. Recall of Gross–Zagier and Zhang’s higher weight height formula. Let f be a nor-
malized newform of weight 2k ≥ 2 for Γ0(N), where N ≥ 3. Let K be an imaginary quadratic
field, and let χ be a character Cl(K) → C×. In other words, χ is the same as an unramified Hecke
character for K of infinity-type (0, 0). Assume that K has odd discriminant, and that all rational
primes p dividing N also split in K (this is the Heegner hypothesis). In this context, the Heegner
hypothesis is important for at least two reasons:

(1) It ensures the existence of Heegner points of discriminant ∆K in X0(N), that is, cyclic
degree-N isogenies of elliptic curves E → E′ such that both E and E′ have CM by OK . In
particular, there exists an integral ideal n ⊂ OK such that OK/n ∼= Z/N ; so we can always
form the CM elliptic curve A := C/OK and take the isogeny with kernel A[n].

(2) It ensures (via the functional equation, which can be proven by the Rankin–Selberg method,
as in [GZ86, IV]) that the Rankin–Selberg L-function L(f × χ, s) has a zero at the central
point s = k. It therefore makes sense to study the central derivative L′(f × χ, k).

The whole point of this subject is that the two types of objects (1) and (2) whose existence is ensured
by the Heegner hypothesis are supposed to be related to each other via some height pairing. As
the context becomes more and more general, more and more technically sophisticated arithmetic
geometry is required to define and study that height. The most nontrivial part of that analysis occurs
at the archimedean places and typically involves explicit computation with Green’s functions.

1.1.1. Gross–Zagier: the case k = 1, and Heegner points. Fix a Heegner point x ∈ X0(N)(C),
for example the point (A := C/OK , A[n]). By basic CM theory (e.g. [Sil94]) we really have
x ∈ X0(N)(H), where H is the Hilbert class field of K. The curve X0(N) admits an embedding into
its Jacobian J0(N) given on closed points by p 7→ (p)−(∞) (the image of any p is a divisor on X0(N)
of degree 0). We abusively denote by x the point in J0(N)(H) corresponding to x ∈ X0(N)(H).
By class field theory the character χ can also be interpreted as a character of Gal(H/K), so (using
the group law on J0(N)) we can form the average against χ−1

Cχ :=
∑

σ∈Gal(H/K)

χ(σ)−1σ(x) ∈ J0(N)(H)⊗C.

Up to a factor of the class number of K, the object Cχ is just the projection of x to the χ-isotypic
component of J0(N)(H)⊗C under the action of Gal(H/K). There is a further action of the relevant
Hecke algebra T, and one also needs to project Cχ to the f -isotypic component of T acting on J0(N)
to have any hope of obtaining a Heegner object that is related to the L-function of f × χ. We call
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this projection Cχ,f , and note that its definition involves projecting our fixed Heegner point x to
the (f × χ)-isotypic component of J0(N)(H)⊗C under T×Gal(H/K).

The Jacobian is an abelian variety over Q, so the H-points J0(N)(H) admit a Néron–Tate height
pairing [Ser97], a quadratic form which is denoted by ĥ. The celebrated theorem of Gross–Zagier
[GZ86] is the precise relationship between Cχ,f and L′(f × χ, k) that was promised, restricted to
the case k = 1.
Theorem 1.1 (Gross–Zagier, 1986). Under the hypotheses of this section and the added restriction
k = 1 (so that f is a modular form of weight 2), we have

L′(f × χ, 1) =
8π2(f, f)Pet
|Cl(K)|u2K

· ĥ(Cχ,f ),

where u is half the number of roots of unity in K (so that u = 1 for all but finitely many possible
K).
Remark 1.2. Since it will set the stage for what follows, I choose to emphasize the following point
right now. The relevant Heegner object in Gross–Zagier is essentially the image under a certain
projection operator of an element of J0(N)(H). The significance of J0(N) here is twofold, with an
emphasis on the second point:

(1) It allowed us to access the Néron–Tate height, which is at the very least one of the simplest
possible heights to define, so that Theorem 17.1 could be stated.

(2) Since f is of weight 2, Shimura (though I will just cite Deligne [Del71]) associated to f an
ℓ-adic Galois representation which is the f -isotypic component under T of the cuspidal part of
H1

ét(X0(N)Q,Qℓ). By “Kummer theory” in étale cohomology, this is dual to the rational ℓ-adic
Tate module of J0(N), where again the ℓ-adic Galois representations associated to f can be found
by applying the projection to the f -isotypic component under T.

These two points suggest a structure for the general theory (e.g. as we progressively loosen the
hypotheses on f and χ): The relevant “Heegner objects” will be special cycles (after projection to
the (f ×χ)-isotypic part) on some variety whose ℓ-adic cohomology has (f ×χ)-isotypic part equal
to the tensor product of the ℓ-adic Galois representations associated to f and χ. A more refined
thing to say is that there is a motive h(f × χ) = h(f) ⊗ h(χ) attached to the data of f × χ; the
Heegner objects will be cycles on the variety that defines that motive, after projection under the
correspondence that is also part of the definition of that motive (see [BDP14, §2.1] for definitions
regarding motives). Finally, one will have to define and study a height pairing that applies to those
cycles, spread out to an integral model of the relevant variety (i.e. the height pairing will come from
some form of arithmetic intersection theory). This is the program that is carried out in [Zha97] and
[LS24].
1.1.2. Zhang’s higher weight formula: the case k > 1, and Heegner cycles on Kuga–Sato varieties.
We now consider the case where k > 1, with the exact same setup, including the Heegner hypothesis.
The relevant generalization of Theorem 17.1 is due to Zhang [Zha97]. Following the program set up
in Remark 17.2, we first state what the right cycles are and where they live. These now seem to be
called Heegner cycles, though Zhang sometimes called them CM-cycles in his paper.

Deligne [Del71] associated to f a system of ℓ-adic Galois representations for all ℓ not dividing
the level of f . The point of that work is that these Galois representations are found in the étale
cohomology of certain ℓ-adic local systems on the modular curve X0(N). From now on we augment
our notation a bit by letting M be a positive integer divisible by N and construct the right variety
over X(M), which in turn has a natural projection map πM,N : X(M) → X0(N).

Scholl [Sch90] refined [Del71] by associating to f a Grothendieck motive1 h(f) over Q with
coefficients in the field of definition Lf of f . The data defining h(f) are:

1See [BDP14, §2.1] for the exact definition of Grothendieck motive. The main point is that the ℓ-adic realization
of this motive, which is just the projection under εfof the ℓ-adic cohomology of W2k−2, is precisely the ℓ-adic Galois
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• The Kuga–Sato variety W2k−2, which is a desingularization of the (2k − 2)-th power of
the universal generalized elliptic curve E/X(M) fibered over X(M). Here the notion of
generalized elliptic curve is that of [DR73], and this desingularization is the one defined in
[Del71, Lemma 5.4, 5.5]. Since E is smooth over Y (M), for all points p ∈ Y (M), the fiber
W2k−2|p is just E|2k−2

p .
• A certain idempotent2 εf ∈ Corr0(W2k−2,W2k−2)Lf

which can actually be defined as an
explicit element of the group ring Q[AutW2k−2] (see [Sch90, §1.1.2]) composed with the
extra projection to the f -isotypic subspace under T.

Therefore, following Remark 17.2, the Heegner cycles we are looking for should live on the Kuga–
Sato variety W2k−2. By adding up all the relevant εf (or just directly using the idempotent of
[Sch90, §1.1.2] instead of also taking the f -isotypic component), one obtains an idempotent ε2k
defining the motive of weight-2k cusp forms.

Definition 1.3. Fix as before a Heegner point x ∈ X(M) of discriminant |∆K |. This time, we
choose x to be such that πM,N (x) is given by some integral ideals a, n with OK/n ∼= Z/N , as before:
its underlying curve is Aa := C/a−1, together with the isogeny with kernel Aa[n]. Also one has to
make sure that a is coprime to M . Since W2k−2 is fibered over X(M) via π : W2k−2 → X(M),
we will define our starting cycle to be in π−1(x), which is E|2k−2

x = (Aa)2k−2 = (Aa)k−1 × (Aa)k−1.
There is a reasonably canonical choice of cycle in here that has to do with the CM structure of Aa,
namely the graph of the endomorphism [

√
∆K ] : Aa → Aa given by the CM-by-OK that Aa admits,

and the choice of
√
∆K ∈ OK . The Heegner cycle Sk,χ(x) corresponding to our original choice of x

is precisely the projectors ε2k and
∑

σ∈Gal(H/K) χ(σ)
−1σ applied to this graph in the fiber over x.

To be precise, the cycle Sk,χ has codimension k in W2k−2 (you pick up one complementary
dimension from X(M) and one more from each copy of Aa involved in the codomain of [

√
∆K ]), i.e.

Sk,χ(x) ∈ CHk(W2k−2/H)C.

(the complex coefficients are required here in order to accommodate the values of χ).
If x denotes a CM point in X0(N) instead of X(M), then by Sk,χ(x) ∈ CHk(W2k−2/H)C we

mean
Sk,χ(x) :=

1√
deg πN,M

∑
i

Sk,χ(xi),

where the xi’s are the preimages of x under πM,N .

These are the appropriate generalizations to the case k > 1 of the Heegner divisors Cχ used in
Section 17.1.1. The reason for the extra parameterM is that havingM be such thatM = N1N2 with
(N1, N2) = 1 and N1, N2 ≥ 3 guarantees the existence of a sufficiently nice Z[ζM ]-integral model of
E → X(M) — see [Zha97, Theorem 2.1.1], which is necessary for the arithmetic intersection theory.

Now it is time to discuss the appropriate intersection theory. Zhang proved that the image of
Sk,χ(x) in H2k(W2k−2(C),C) vanishes, so that there is a Green’s current associated to it. Note here
that W2k−2 has arithmetic dimension 2k, so k is the middle dimension: after producing integral
models by taking Zariski closures from the generic fiber, we should be able to pair two Heegner
cycles together via an arithmetic intersection theory to get a number. Indeed, the existence of
Green currents for the Heegner cycles allow Zhang (after also choosing OH -integral models of the
cycles) to upgrade Sk,χ(x) to an element Ŝk,χ(x) of the arithmetic Chow group of W2k−2/OH , which
admits an arithmetic intersection theory due to Gillet–Soulé [GS90]. For this to be well-behaved,
Zhang verified that the cycles Sk,χ have trivial intersection number with all other cycles of the

representation associated to f by Deligne — this is what [Sch90, Theorem 1.2.1], which provides the exact link
between (W2k−2, εf ) and the f -isotypic component under T of the cuspidal part of H1

ét(X0(N)Q, Symk−2R1π∗Qℓ)

(Deligne’s thing), says.
2See [BDP14, §2.1] for the exact definition of this ring of correspondences.
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appropriate codimension supported in the special fibers of W2k−2/OH : as a result, all the relevant
Gillet–Soulé intersection pairings do not depend on the choice of integral model of the cycle (which
is ambiguous up to adding some fibral divisors). The same observation is also necessary in [GZ86]
(see [Sri, Proposition 5.2]).

I abusively denote the Gillet–Soulé intersection pairing by ⟨−,−⟩BB when applied to these cy-
cles, because (thanks in part to the well-definedness mentioned above) it is known to coincide
with the conjectural Beilinson–Bloch height pairing [Bei87, Blo84]. For example, the notation
⟨Sk,χ(x), Sk,χ(x)⟩BB is really the Gillet–Soulé arithmetic intersection pairing of the arithmetic Chow
group element Ŝk,χ(x) with itself, and this doesn’t depend on the choice of integral model implicit
in the upgrade Ŝk,χ(x).

Zhang proved the following generalization of Theorem 17.1:

Theorem 1.4 (Zhang 1997). In the general situation where k ≥ 1, the heights of Heegner cycles
on W2k−2 satisfy (up to scalars having to do with the right normalizations of the Heegner cycles)

L′(f × χ, k) =
24k−1π2k(f, f)Pet

(2k − 2)!u2K |Cl(K)|
√
|∆K |

⟨S′
f,χ(x), S

′
f,χ(x)⟩BB

for all CM points x in X0(N) of the form used in Definition 17.3. Here S′
f,χ denotes the f -isotypic

component under the Hecke algebra of the image of Sk,χ in the quotient of Span(m,N)=1(TmSk,χ) by
the kernel of the height pairing.

Zhang’s proof of Theorem 17.4 is a calculation after splitting up the Gillet–Soulé pairing into
local contributions. The decomposition into local height pairings is only possible when the cycles
involved (which, in the details of the proof, are Ŝχ,f (x) and its conjugate under the Hecke action
Tm for m ≥ 1) do not intersect in the generic fiber (else the local intersection pairings will not all
be defined). When they do intersect in the generic fiber, one has to be more careful when defining
the local heights by considering limits along archimedean and nonarchimedean deformations along
the base, as in [Zha97, Theorem 1.2.2]. This is exactly the same as the extra technicalities in
deformation theory that must be dealt with in Gross–Zagier when “rA(m) ̸= 0.”

1.2. The generalization of Lilienfeldt–Shnidman: more general χ, and generalized Heeg-
ner cycles. David Lilienfeldt’s lecture at Darmonfest was about his recent preprint [LS24], which
is joint with Ari Shnidman. The main theorem of the lecture was the even further generalization
of the program described in Remark 17.2 to the case where the algebraic Hecke character χ is not
necessarily of finite order. In the previous section, χ was taken to be an algebraic unramified Hecke
character of A×

K with infinity type (0, 0). Now, we let it be an algebraic unramified Hecke character
of A×

K with infinity type (2t, 0), where 0 < 2t ≤ 2k − 2. We retain the Heegner hypothesis and the
setup in which f is a newform for Γ0(N) of weight 2k.

To access the L-function for f × χ, the relevant motivic information is not just h(f) but also
the motive h(χ) that is associated to χ. For the exact meaning of this, see [Del79, Conjecture 8.1]
and [Sch88, Ch. 1]. In [BDP12, §2] and [BDP14, §2.2] exactly the necessary material about how to
think about this motive as having defining datum involving the 2t-th power of a CM elliptic curve
is explained, which I follow below anyway. The basic points here are as follows:

(1) Weil [Wei56] gave a recipe to associate a system of ℓ-adic Galois representations to algebraic
Hecke characters. That is, if χ|A×,∞

K
has values in a number field Eχ ⊃ K, then for all ℓ

there is an associated ℓ-adic Galois representation Gal(K/K) → (Eχ ⊗Qℓ)
×. These should

be related to the ℓ-adic realizations of the motive h(χ).
(2) Let A/F be an elliptic curve with CM by OK , where F is a number field containing the

Hilbert class field of K. By CM theory (see for instance [Sil94, §II.9]) there is then an
assocated algebraic Hecke character ψA : AF → C× such that L(s,A) = L(s, ψA)L(s, ψA)
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(the L-function on the left is the one that only has to do with H1). The infinity type of ψA

is the pullback to F of some CM type on K (see [KS25, §1.1]). In other words, it is just the
sum of the complex embeddings of F that lie over a choice (which we make once and for all
depending on that of χ to make the next point true) of complex embedding of K.

(3) We can also form the Hecke character χ ◦ NF
K from χ, whose infinity type is exactly the

same as that of ψ2t
A , namely the pullback to F of (2t, 0). In particular, (χ ◦ NF

K) · ψ−2t
A is

a finite-order Hecke character for F , which can be made trivial if F is taken to be large
enough (as its associated Galois character has finite image). In other words, F can be taken
such that

χ ◦NF
K = ψ2t

A .

(4) It follows that we can define a motive associated to χ using the variety A2t, namely (taking
K = Q(

√
−D))

(A2t, e2t, 0)

where

e2t :=

((√
−D + [

√
−D]

2
√
−D

)⊠2t

+

(√
−D − [

√
−D]

2
√
−D

)⊠2t
)

◦
(
1 + [−1]

2

)⊠2r

.

This motive is defined over F and has coefficients in Q, and it can be extended to a motive
h(χ) defined over F with coefficients in K by having K act via the diagonal CM action
(using Language A of [Del79, p. 9] instead of Language B). The point of the idempotent
that projects to the ([−1] = −1)-eigenspace is that it isolates H1

dR(A/F ) from H0
dR(A/F )

and H2
dR(A/F ) (it kills H0 and H2 since [−1] acts by 1 on those). So in the Künneth

decomposition of H•
dR(A

2t/F ), this idempotent projects onto H1
dR(A/F )

⊗2t. The point of
the idempotents projecting to the [

√
−D] = ±

√
−D eigenspaces is that they isolate the

(∗, 0) and (0, ∗) parts in the Hodge decomposition after ⊗C. So the base change to C of
the de Rham realization of the motive h(χ) (recall that we are using Language A) is

H2t,0
dR (A2t/C)⊕H0,2t

dR (A/C).

All of this comes from H1,0(A/C)⊗2t or H0,1(A/C)⊗2t, since A is a curve. In particular,
the de Rham realization of h(χ) is of rank 1 over F ⊗K and everything is concentrated in
degree 2t. The ℓ-adic étale realization of h(χ) is then of rank 1 over K⊗Qℓ. More precisely,
Künneth still applies to ℓ-adic cohomology, and the idempotent e2t singles out (for the same
reasons outlined above except applied to étale cohomology) the part of H2t(A2t

/Q
,Qℓ) given

(over a suitable extension of Qℓ) by the subset (L+)
⊗2t⊕ (L−)

⊗2t ⊂ H1(A/Q,Qℓ)
⊗2t, where

L± is the line in a suitable base change of H1(A/Q,Qℓ) given by the ±
√
−D-eigenspace of

the action of [
√
−D]. Note that even though L+, L− ⊂ H1(A/Q,Qℓ)⊗Qℓ are not necessarily

individually defined3 over Qℓ, their sum is, because the idempotent defining it is fixed by
Gal(K/Q). This is the same reason why that idempotent actually does a priori define a
motive with coefficients in Q instead of K, even though its two summands individually do
not.

(5) Since the motive h(χ) is defined over F , its ℓ-adic étale realization (L+)
⊗2t⊕(L−)

⊗2t, which
is a rank-1 free module over K ⊗Qℓ, admits an action of Gal(F/F ), in other words it is a
character

Gal(F/F ) → (K ⊗Qℓ)
×.

3This depends on the splitting behaviour of ℓ in K. The group H1(A/Q,Qℓ) is a rank-1 free K ⊗Qℓ-module. So
if ℓ is split in K, then that cohomology group is just Qℓ ⊕Qℓ with [

√
−D]
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The main theorem of complex multiplication says that this character is exactly the same as
the one coming from ψ2t

A via (1), so (up to definitional issues regarding what it means to
descend from F to K) h(χ) is the correct motive to associate to χ.

(6) One also has a theta series θχ associated to χ, which is of weight 2t+ 1. The motive h(θχ)
associated to it by Scholl turns out to have the same ℓ-adic realizations as h(χ), considered
as 2-dimensional Qℓ-representations of Gal(F/F ): see [BDP14, Proposition 2.7].

Having put our hands on idempotents defining a suitable motive for χ, we are ready to define
the generalized Heegner cycles that will generalize the role of the Heegner cycles in Theorem 17.4.
They were originally defined by Bertolini–Darmon–Prasanna [BDP13].

Definition 1.5. The generalized Kuga–Sato variety that is relevant to our starting datum is

Xt,k =W2k−2 ×H A2t.

The generalized Heegner cycles are the following generalization of Definition 17.3. Take the Heegner
point Q ∈ (X(M))(H) and its fiber

π−1(Q) = E|2k−2
Q ×H A2t = (Aa)2k−2 ×A2t = (Aa ×Aa)k−t−1 × (A×Aa)2t.

Here we have retained the notation from Definition 17.3, Aa = C/a−1 and A = C/OK , so that
there is a standard isogeny φa : A→ Aa. In particular, we can define the dimension-(k+ t−1) cycle

γaQ := (graph of [
√
−D])k−t−1 × (graph of φa)2t ⊂ (Aa ×Aa)k−t−1 × (A×Aa)2t = π−1(Q),

and the generalized Heegner cycle coming from this choice of data is

∆a := (ε2k ⊠ e2t) · γa ∈ CHk+t(Xk,t/H)C.

To define the cycles that actually intervene for x ∈ X0(N) defined using n as in Definition 17.3,
we have to take a χ-weighted average. To be more precise, let ϵ, ϵ be the two summands defining
ε2k ⊠ e2t coming from the two summands of e2t. Then one defines

Za :=
∑

Q∈π−1
M,N (x)

ϵγaQ.

and
Z

a
:=

∑
Q∈π−1

M,N (x)

ϵγaQ,

and finally the generalized Heegner cycles that are actually used are

∆k,χ =
1√

deg πM,N

∑
a

(
χ(a)−1Za + χ(a)−1Z

a
)
,

where a runs over representatives of the elements of the class group of K with a coprime to M . Gen-
eralizing the analogous fact for the Heegner cycles, this is a null-homologous element of CHk+t(X)C
[LS24, Lemma 5.1].

The theorem presented in Lilienfeldt’s talk was:

Theorem 1.6 (Lilienfeldt–Shnidman, 2024). With starting data χ, f where f is a newform of weight
2k and χ an unramified algebraic Hecke character for the imaginary quadratic field K of infinity type
(2t, 0) where 0 < t ≤ k−1, and where the Heegner hypothesis is satisfied, the L-function L(f ×χ, s)
vanishes to odd order at its center s = k + t, and we have

L′(f × χ, k + t) =
4k+tπ2k(f, f)Pet

(k − t− 1)!(k + t− 1)!|Cl(K)|u2K |∆K |k−t−1/2
⟨∆′

f,χ,∆
′
f,χ⟩BB

where ∆′
f,χ is the f -isotypic component for the Hecke algebra of the image of ∆k,χ in the quotient

of Span(m,N)=1(Tm∆k,χ) by the kernel of the height pairing.
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Figure 1. The diagram from Lilienfeldt’s slides

So the Gross–Zagier formula has been generalized to the case where f has arbitrary even weight
(as opposed to weight 2) and χ is an arbitrary unramified algebraic Hecke character for K of infinity
type (2t, 0) (as opposed to (0, 0)).

1.3. Broader context of BD(L)P works. The paper [LS24] that Lilienfeldt spoke about fits into
the context of a series of five other papers by Bertolini–Darmon–Prasanna and Bertolini–Darmon–
Lilienfeldt–Prasanna [BDP13, BDP12, BDP14, BDP17, BDLP21] that all involve the generalized
Heegner cycles. Since the conference was in honor of Darmon’s 60th birthday and these papers
constitute a very influential part of his research program (as evidenced by 258 citations on Google
Scholar for [BDP13] and 20 papers containing the words “generalized Heegner cycles” in their title
at the time of Darmonfest), Lilienfeldt gave a general overview of the contributions made by the
BD(L)P papers to Beilinson–Bloch–Kato for generalized Kuga–Sato varieties using the generalized
Heegner cycles, using the diagram in Figure 1 (copied here directly from Lilienfeldt’s slides).

Here is a slightly more detailed explanation of each link in Figure 1.
(1) [BDP13]: defined for the first time the generalized Heegner cycles of Definition 17.5, and

established a p-adic analog of Theorem 17.6 where χ is algebraic and has infinity type of a
certain form (not necessarily finite-order but also not the same ones as in Theorem 17.6). For
cusp eigenforms f of weight k ≥ 2, they use the étale Abel–Jacobi map for rational primes
p not dividing N and split in K to map the generalized Heegner cycles in the generalized
Kuga–Sato variety Wk−2 × Ak−2 to the Bloch–Kato Selmer group H1

f (F,H
2k−3((Wk−2 ×
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Ak−2)/Q,Qp)(k − 1)). Using the standard comparison theorems, one ends up with the
images of the generalized Heegner cycles in (Filk−1H2k−3

dR (Wk−2 × Ak−2)/F )∨. The main
theorem of [BDP13] is that those images, when evaluated on specific differential forms,
produce (up to normalization by the appropriate period) special values outside the range of
classical interpolation of p-adic L-functions interpolating the central values L(f × χ−1, 0)
for p-adically varying χ. The proof uses integration à la Coleman of p-adic modular forms.

(2) [BDP12]: generalizes a theorem of Rubin by starting with an arbitrary algebraic Hecke
character χ for K of infinity type (1, 0) satisfying certain technical conditions, associating
to it a CM abelian variety Bχ/K by a recipe due to Casselman [Shi71, Theorem 6], and
then proving a relationship between a p-adic L-value at χ∗ (the Hecke character χ ◦ c,
where c denotes complex conjugation of ideals) and the formal group logarithm of a certain
Pχ ∈ Bχ(K)⊗Q. Thus a non-torsion point for Bχ is produced, when the order of vanishing
of a certain L-function is equal to exactly 1 — hence the “BSD” label in Lilienfeldt’s diagram.

(3) [BDP14]: introduced the idea that there should be a “generalized modular parametrization”
CHk−1(Wk−2×Ak−2)0,Q → A⊗Q, generalizing the modular parametrization CH1(X0(N))0,Q =
J0(N) → A; and that this generalized modular parametrization should come from a special
algebraic cycle Π? in CHk−1(Wk−2 × Ak−2 × A)Q. Assuming such a cycle with the right
properties exists, one obtains the Chow–Heegner points in A by taking the image of the
generalized Heegner cycles. The Chow–Heegner points generalize the usual Heegner points
on elliptic curves that occur when k = 2 as images of Heegner points on a modular curve
under the modular parametrization coming from the modularity theorem for that elliptic
curve [BCDT01]. Even though the existence of the Π? they need is conditional on the Tate
conjecture, by passing through the p-adic Abel–Jacobi map of [BDP13] and the Kummer
map in Galois cohomology, they non-conditionally produce a local map

CHk−1(Wk−2)0,Fv → A(Fv)⊗ Lθχ

for places v of F over p. Their main theorem is that the images of the generalized Heegner
cycles can be lifted to global rational points of A. There is a criterion for that global point
to be of infinite order in terms of the non-vanishing of certain L-values. This uses both
[BDP13, BDP12]. They also provide a complex-analytic analog via the complex Abel–Jacobi
map to the intermediate Jacobian,

CHk−1(Wk−2 ×Ak−2)0,C →
Filk−1H2k−3

dR (Wk−2 ×Ak−2/C)∨

ImH2k−3((Wk−2 ×Ak−2)(C),Z)
,

which ends up providing Chow–Heegner points in A(C) corresponding to the generalized
Heegner cycles, by explicit integration of differential forms. The Chow–Heegner points are
conjectured to actually be in A(H)⊗Q, and numerical evidence for this is gathered.

(4) [BDLP21]: contains the bulk of the proof of the explicit formula for the complex Abel–
Jacobi map in terms of integration of differential forms which is used in [BDP14] to carry
out the explicit verification in special cases of the conjecture that the values of the complex
Abel–Jacobi map on generalized Heegner cycles are in A(H) ⊗Q. Note that the reference
to “[BDP14, §3]” in the introduction to [BDLP21] should be “[BDP14, §4].” The results of
[BDLP21] have been further generalized by Lilienfeldt in a more recent work [Lil24].

(5) [BDP17]: The Beilinson–Bloch and Bloch–Kato conjectures together predict that the Abel–
Jacobi map

CHd(X)0,Qℓ
→ H1

f (F,H
2d−1(X/Q,Qℓ(d)))

is an isomorphism of Qℓ vector spaces of dimension equal to the order of vanishing of
L(h2d−1(X), s) at the central point s = d. The main result of Lilienfeldt’s talk Theorem 17.6
constitutes partial progress towards this goal when d = k + t, because in the case where
the central order of vanishing of L(h(f × χ), s) is exactly one, it says that the generalized
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Heegner cycles have self-height-pairing that is nonzero, and hence produce nonzero elements
of CHk+t(X)0,K . The fourth BDP paper [BDP17] also uses the generalized Heegner cycles
in X = Wr+i × Ar−i (i ≡ r − 1mod 2) to produce evidence of a further refined version
of Beilinson–Bloch–Kato conjecture involving the coniveau filtrations on the Chow group
and on the ℓ-adic cohomology groups H2j−1(X/Q,Qℓ(j)) compatible under the ℓ-adic Abel–
Jacobi map (see [Blo85, Jan00]). The refined Beilinson–Bloch–Kato conjecture says that the
rank of each graded piece of the Chow group is predicted by the order of vanishing of the L-
function for the graded pieces of the relevant motive. And [BDP17] provides evidence for this
by using the generalized Heegner cycles to produce, under certain L-function nonvanishing
conditions, two nontrivial elements of the first graded piece of a Chow group of a certain
generalized Kuga–Sato variety.

We take the opportunity here to remark that there is obvious flexibility available in the definition
of generalized Heegner cycles. We refer to the various papers above for the exact definition that is
convenient in each application.

1.4. New inputs from arithmetic intersection theory in the Lilienfeldt–Shnidman proof.
Finally, I provide some information about the proof of Theorem 17.6. Just as in [GZ86] and [Zha97],
by using the Rankin–Selberg method, the statement is reduced to calculating

⟨∆k,χ, Tm∆k,χ⟩BB,

and (after upgrading to integral models of all the cycles) splitting it into local components which are
computed individually. Again as in [GZ86] and [Zha97], after upgrading to integral models ∆k,χ,OF

,
one wants to decompose into local heights. When the cycles involved intersect in the generic fiber,
this becomes more involved and one needs to consider certain limits along deformations along the
base. Lilienfeldt–Shnidman carry this out using the archimedean local heights for local systems due
to Brylinksi [Bry89], applied to the PVHS on X0(N)C given by

(Sym2k−2R1πE,∗Z)(k − 1)⊗ (ε2k ⊗ e2t)H
2t(A2t(C),Z)(t).

Explicit calculations using Brylinski’s formalism, including explicit determination of the required
Green’s kernels in terms of Jacobi functions of the second kind constitute the bulk of [LS24]. The
nonarchimedean computations are done with the same definitions and tools as [Zha97].
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