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Abstract. In the case of the totally degenerate split degenerations given by fibered pow-

ers of Tate curves over ZJq1/wK (which we call Kuga–Sato degenerations), this article proves

a Fourier expansion principle that applies to higher coherent (equivariant) cohomology

classes of rigidified line bundles on the Z((q1/w))-fiber. We do not require any ampleness

hypotheses. This generalizes a previous Fourier expansion principle due to Faltings–Chai

that applies only to sections of ample line bundles; that version was used as a key step in

their proof of their classification of polarized degenerations and thus in the construction of

toroidal compactifications of moduli spaces of polarized abelian varieties. This article can

be considered as a theory of Fourier expansions for algebraic theta cocycles associated to

possibly indefinite quadratic forms, and has application to arithmetic: in joint work with

Venkatesh, we have used it to produce an algebraic theory of Kudla–Millson indefinite

modular theta functions.
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1. Introduction

The purpose of this article is to prove a Fourier expansion principle for higher coherent

cohomology classes of line bundles on certain arithmetic (meaning: over Z or other number

ring or localization thereof) degenerating families of abelian varieties.

1.1. An illustration in a simple analytic case. To illustrate what we mean by a Fourier

expansion principle in this context, we begin with the simplest possible degenerating family

of abelian varieties — the familiar analytic family of elliptic curves occurring near a cusp

of a modular curve. Over a small punctured disc ∆∗ around 0, it is given over q ∈ ∆∗ by

Eq := C×/qZ ≃ C/(Z+ τZ), q = exp(2πiτ)

(In this article we will always take the point of view of multiplicative uniformization of

abelian varieties, and use Z to denote the variable in C×). The family Eq degenerates as

q → 0 to a copy of C×, and it admits a family of principal polarizations [Mum2008, p. 36],

that is, isomorphisms Eq ≃ E∨
q which may be induced by the ample line bundle1 Lq on Eq

whose global sections are

(1.1) H0(Eq,Lq) = {holomorphic ϑ : C× → C such that ϑ(qZ) = q−1/2Z−1ϑ(Z)}.

We consider (1.1) to be a Fourier expansion principle for global sections of the ample line

bundle Lq, since it allows one to calculate an explicit Laurent series basis for the global

sections of Lq. In particular, (1.1) implies that H0(Eq,Lq) is spanned by Jacobi’s theta

series

ϑ3(q, Z) :=
∑
n∈Z

qn
2/2Zn.

This Laurent series expansion around Z = 0 can be viewed as a family parametrized by

q1/2 of Fourier series, because Z is already defined to be

Z = exp (2πi (the additive coordinate on C)) .

The main result of this paper is the generalization of (1.1) in multiple simultaneous

directions:

1To be precise one defines L by defining its total space to be the quotient of C× × C by a suitable

action of qZ. In order to define it, one has to access q1/2 in a family over all of ∆∗ — so we really define ∆∗

to at least be a double cover parametrized by q1/2 of the punctured disc parametrized by q. For a modular

curve, this would be a neighborhood of a cusp of even width.
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• The degenerating family Eq is replaced with its arithmetic analog, the Tate curve

over Z((q1/w)); and the higher rank version Eg
q is also considered.

• The choice of line bundle L on Eg
q can be arbitrary : there is no longer any ampleness

restriction.

• The degree of cohomology can be arbitrary : our Fourier expansion principle applies

simultaneously to all H i(Eg
q ,L ).

The last two points are well-known in the analytic context — it is our transfer of them

over to powers of the Tate curve in the arithmetic context that is novel. We refer the

reader more interested in the full detail of the statement to (1.6) and Definition 1.1. We

also provide translations of two other canonical pieces of structure into the explicit world

of the Fourier expansion principle: the theta group action on the higher cohomology of

a line bundle (Section 8), and evaluation morphisms on equivariant coherent cohomology

(see Section 4 for the statement, and Section 7 for the proof). These other results are also

briefly outlined later in this introduction, in Section 1.6.

Let us now provide simple cases of the second and third points in the analytic setting,

in order to show the interest and basic form of such a statement — the rest of this article

is devoted to making them apply in the arithmetic setting described in the first point. The

family of elliptic curves Eq admits families of line bundles that are not ample. For instance,

one can simply take the family of bundles L −1
q on Eq. Its coherent cohomology can be

studied abstractly via [Mum2008, §16], but this article is more concerned with explicit

computations generalizing (1.1), which we now perform in this case. If L −1
q had global

sections, its global sections would consist of holomorphic ϑ : C× → C with the property

that ϑ(qZ) = q1/2Zϑ(Z). Considering the effect of ϑ 7→ q−1/2Z−1ϑ(qZ) on Laurent series

ϑ in Z, the only possible such ϑ would be the näıve theta series for the negative-definite

quadratic form −X2, that is, the series∑
n∈Z

q−n2/2Z−n.

For any fixed value of q1/2 ∈ ∆∗, this series does not converge, so it cannot define an actual

global section of L −1
q — hence L −1

q has no global sections. Instead, it has nonvanishing

cohomology in degree 1. A standard spectral sequence argument based on the vanishing

of the coherent cohomology of the structure sheaf of C× (as C× is Stein) and the fact

that L −1
q pulls back under the covering map C× → Eq to the holomorphic structure sheaf

of C× endowed with a qZ-equivariant structure which acts on sections f : C× → C by

(q · f)(Z) := q−1/2Z−1f(qZ) shows that

(1.2) H1(Eq,L
−1
q ) ≃ H1(qZ,O(C×)), where (q · f)(Z) := q−1/2Z−1f(qZ).

This generalizes the Fourier expansion principle (1.1), because the right hand side of (1.1)

can equally be interpreted as H0(qZ,O(C×)), where q acts on O(C×) via (q · f)(Z) :=

q1/2Z1f(qZ). The higher-cohomology version equally deserves the name Fourier expan-

sion principle, because the group cohomology H1(qZ,O(C×)) admits an explicit basis of
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elements represented by explicit cocycles whose values are Fourier series. In fact, for this

particular action, H1(qZ,O(C×)) is spanned by the class of the explicit homogeneous 1-

cocycle

(qy0 , qy1) 7→
∑
n∈Z

(1n≤y1+1/2 − 1n≤y0+1/2)q
−n2/2Z−n,

where the finiteness of the oriented sums (enabled by the fact that this is an H1 class rather

than a global section) salvages the non-convergence of the näıve theta series. This explicit

construction of cohomology classes is generalized in [KV2026, §I].

There is an obvious generalization of (1.2) (with exactly the same proof as indicated

above) for an arbitrary line bundle on an abelian variety. In fact, Zharkov [Zha2004] has

studied explicit bases of the resulting group cohomology.

1.2. Statement of main result. Fix positive integers g and w. This article provides a

generalization of (1.2) in a different direction: as mentioned in the first sentence of this

introduction, we prove an analog of it in the case of certain arithmetic degenerating fami-

lies. Although there is a theory of such degenerating families in a large level of generality

[FC1990, Lan2013], we will content ourselves with studying the arithmetic analog of an

analytic situation only slightly more general than that of (1.2). Namely, we consider the

analytic family parametrized by q1/w ∈ ∆∗ whose fiber over q1/w is Eg
q . The arithmetic

analog of that family is just the g-th fibered power of the Tate curve Ew,Tate over Z((q
1/w)).

The core of this article consists of the following two steps:

(I) Following [FC1990] and [Lan2013], we will classify the rigidified line bundles L on

Eg
w,Tate in terms of linear-algebraic data analogous to the descent datum for the

periods qZ acting on C× that defines Lq.

(II) We will calculate the coherent cohomology H i(Eg
w,Tate,L ) in terms of group co-

homology of Zg = (qZ)g on a certain module of “very convergent” Laurent series,

where (as in (1.2)) the group action of Zg will depend on the linear algebraic data

from (I) that defines L . In symbols, we prove :

(1.3) H• (Eg
w,Tate,L

)
≃ H•

(
Zg,

a module of convergent power series

in Z1, . . . , Zg over Z((q1/w))

)
.

where the group action on the right hand side depends on L . This is the claimed

Fourier expansion principle for higher cohomology of line bundles on the g-th power

of the Tate curve, and constitutes the main theorem of this paper. We delay the

exact definition for the module of convergent Laurent series in Z for Definition 1.1

and (1.6), by which point the definition will be better motivated.

The explicit Fourier expansion principle (1.3) has more utility than the knowledge of the

Z((q1/w))-rank of H•(Eg
w,Tate) (which is standard — see [KV2026, Lemma 3.2]). Indeed, it

allows one to construct explicit elements of H•(Eg
w,Tate), which are explicit algebraic theta

cocycles near a cusp of a modular curve. This is the point of view taken in [KV2026], where
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the Fourier expansion principle (1.3) (along with some somewhat more refined information

— see Section 1.6 for details) is used to prove an integral version of Kudla–Millson theory,

as well as a version of the theory of algebraic theta functions [?mumfordeq,Mum2007] that

applies to higher cohomology of non-ample line bundles.

We now further explicate both steps in the case g = 1, in order to give a clear overall

picture of what will take place in the body of this article. The arithmetic replacement in

[FC1990,Lan2013] for the multiplicative uniformization of Eq by C× is a relatively complete

model P̃ , which is a kind of compactification of Gm for which a quotient by the periods

“qZ” may actually be defined. In fact, since we are taking g = 1, the standard choice of

relatively complete model P̃ and the procedure for quotienting by qZ date back at least to

[DR1973, §VII]. For the purposes of this introduction, we omit some features of P̃ , but it

is relevant for now that P̃ is ZJq1/wK-scheme containing a Zariski-dense copy of Gm,ZJq1/wK

such that the Z((q1/w))-fiber of P̃ is identified with Gm,Z((q1/w)). On the other hand, the

q1/w = 0 fiber of P̃ is a Néron∞-gon: an infinite chain of copies of P1
Z glued together along

0 and ∞. The scheme P̃ also admits an action of the abstract group of periods Y := Z

restricting on Gm,Z((q1/w)) to the action of Y given by the inclusion y 7→ qy and the group

law of Gm. A relatively complete model P̃ uniformizes the Tate curve over Z((q1/w)) in the

following sense:

(1.4)

The formal completion P̃∧ of P̃ along q1/w has a quotient by the action of

Y , P̃∧/Y , which algebrizes uniquely to a ZJq1/wK-scheme denoted by Xw

whose Z((q1/w))-fiber is precisely the Tate curve. The q1/w = 0-fiber of Xw

is a Néron w-gon.

The process of taking a relatively complete model, formal completion and algebrization is

the workaround for the fact that one cannot literally take the quotient of the scheme Gm by

the action of Y . The algebrization step is provided by formal GAGA [EGA III1, Théorème

(5.4.5)], which requires the auxiliary data of an ample line bundle — this is discussed in

detail in the body of this article. We refer the reader unfamiliar with this story to the

extremely satisfying diagrams of [Mum1972, §5]. Indeed, the uniformization construction

of (1.4) was originally worked out in generality by Mumford in [Mum1972], which was the

basis for much of [FC1990,Lan2013].

The classification of line bundles on degenerations in [FC1990,Lan2013] assures us that

for all rigidified line bundles L on Ew,Tate, there is a Y -equivariant line bundle L̃ on P̃ in-

ducing (by algebrization following the quotient procedure of (1.4)) L . That Y -equivariant

structure on L̃ , restricted to (Gm)Z((q1/w)) (where the restriction of L̃ is just the structure

sheaf) is the linear-algebraic datum alluded to in (I) — indeed, it adapts the procedure of

uniformizing a line bundle on Eq by an action of the periods qZ on the trivial line bundle

on C× to the quotient procedure of (1.4).
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It remains to explain (II), where we will for now put the emphasis on an explanation

that allows us to arrive at the correct definition of the module of Laurent series required in

the right hand side of (1.3) rather than on the exact method of proof that we will end up

using. For the purpose of convincingly arriving at the correct answer for that definition,

there is a more convenient viewpoint than that of (1.4): P̃∧ is a formal model for Gm the

adic space over Spa(Z((q1/w)),ZJq1/wK) — to avoid confusion, we denote this adic space by2

Gan
m , and remark that one of Huber’s first intended applications of his theory of adic spaces

(see [Hub1994, §5]) was to create an analytic theory of uniformization of degenerations of

abelian varieties over rings like ZJq1/wK. Indeed, Tate’s rigid spaces [Tat1971, BGR1984]

were invented to provide a nonarchimedean analytic theory over the field k((q1/w)) over

which the Tate curve could literally be considered as a quotient of rigid-analytic Gm by the

periods qZ. Then Huber [Hub1994, §5] showed (as a special case of his more general results)

that the Tate curve produced by means of (1.4) also algebrizes the adic space Gan
m /Y where

again the abstract group of periods Y = qZ acts on Gan
m by multiplication by qy.

Our technique in (II), restricted for this introduction to the case g = 1, is to emulate

the analytic strategy of using a spectral sequence and a cohomology vanishing result for

the uniformizing cover — namely, a version of Cartan’s Theorem B that applies to the adic

space Gan
m . That version has been proved by Kedlaya–Liu [KL2019, Theorem 2.6.5] using

ideas closely related to the proof of Cartan’s Theorem B for rigid analytic spaces [Kie1967].

One plausible way to deduce a Fourier expansion principle from this cohomology vanishing

result is to apply a GAGA result for adic analytifications of proper morphisms of schemes:

then the cohomology of a line bundle L on Ew,Tate is the same as the cohomology of L an

on Gan
m /Y , which fits into a spectral sequence

Ep,q
2 = Hp(Y,Hq(Gan

m ,O)) =⇒ Hp+q(Gan
m /Y,L

an)

assuming L an is obtained from the structure sheaf of Gan
m by descent under the Y -action.

The vanishing of the higher cohomology of the structure sheaf of Gan
m implies the desired

arithmetic Fourier expansion isomorphism

Hp(Y,O(Gan
m )) ≃ Hp(Tate curve,L )

the left hand side of which tells us exactly how to specify the full detail of the Fourier

expansion principle for the Tate curve — what the module of Laurent series should be on

the right hand side of (1.3). It should be the global sections of the structure sheaf of Gan
m .

In concrete terms, the ring of global functions on Gan
m is the Z((q1/w))-algebra of Laurent

series
∑

n∈Z anZ
n with coefficients an ∈ Z((q1/w)), which are required to converge q1/w-

adically over all of Gan
m considered as an increasing union of affinoids. That requirement is

2As opposed to Gad
m , to emphasize that we are taking the analytic points of Gm, which is an adic space

over Spa(Z((q1/w)),ZJq1/wK) rather than the larger Spa(ZJq1/wK,ZJq1/wK).
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interpreted concretely as requiring that

(1.5)
The q1/w-adic valuation of an goes to ∞ as n→ ±∞, faster than any linear

function n 7→ xn, x ∈ R — in the sense that vq(an) + xn→∞ as n→ ±∞
for all x ∈ R.

In general, for the rank-g version, the required moduleO(Gan,g
m ) of global sections is defined

by

Definition 1.1. O(Gan,g
m ) be the Z((q1/w))-module of Laurent series in Z1, . . . , Zg consisting

of ∑
χ∈Zg

aχZ
χ

such that for all x ∈ Hom(Zg,R),

vq(aχ) + ⟨x, χ⟩ → ∞

as |χ| → ∞, in the sense that all but finitely many vq(aχ) + ⟨x, χ⟩ are bounded below by

any given constant. We call such Laurent series very convergent.

And a choice of rigidified line bundle L on the g-th power of the Tate curve on Z((q1/w))

defines a specific action of Zg on O(Gan,g
m ), after which (by exactly the same argument as

above, applied to Gan,g
m instead of Gan

m ) our main result may be concisely stated as the

Fourier expansion principle

(1.6) Hp(Zg,O(Gan,g
m )) ≃ Hp(g-th power of Tate curve,L ).

Here the action of Zg on O(Gg,an
m ) depends on L and is of the form

(1.7) (y · f)(Z) := f(qyZ)qQ
′(y)ZBy ·

g∏
j=1

aj(q
1/w)yj ,

where Q(x) = 1
2
x⊤Bx is a quadratic form on Zg with B a symmetric g × g Z-entried

matrix; aj(q
1/w) ∈ Z((q1/w))× are data that determine the choice of L ; and Q′ denotes the

integer-valued quadratic function Q(x)− 1
2

∑
i biixi.

Since it requires more input from [FC1990,Lan2013] or otherwise some theory of descent

of coherent sheaves on adic spaces, we delay the full detail of the classification of possible

L in terms of Q and a1, . . . , ag until later in this article.

1.3. Some ideas of our proof. Wanting to minimize the amount of theory of adic spaces

that we must use we do not literally use the technique of proof indicated in Section 1.2.

Without using adic spaces, one can consider P̃∧ to be an object in the category of “rigid

spaces over ZJq1/wK”, that is, a category of certain formal ZJq1/wK-schemes localized by cer-

tain blow-ups [BL1993,Bos2014,Abb2010]. Huber [Hub1996, (1.1.12)] [Hub1993, §3.9] pro-
vided a functor from such a category to a category of adic spaces over Spa(Z((q1/w)),ZJq1/wK)
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which is an equivalence. For that equivalence as literally proved in those works to apply in

this setting, one would have to weaken the “finite type” hypothesis in [Hub1996,Hub1994]

to “quasi-paracompact,” following an argument that already exists in the rigid analytic

setting [Bos2014]. This is because P̃ is not of finite type over ZJq1/wK, being an infinite

union of affine schemes that are individually formal models for annuli in Gan
m . Rather than

establish such an equivalence, we simply use the fact that it is likely true to motivate the

idea that we may work directly with the formal models and the procedure (1.4) following

[FC1990,Lan2013] to prove the result (1.6). This is in contrast to the fact that the most

expedient way to motivate the statement of (1.6) was purely in terms of adic spaces.

Working directly with a relatively complete model P̃ , we will apply formal GAGA from

[EGA III1, Théorème (4.1.5)] to equate the base-change-to-Z((q1/w)) of the cohomology of

L with the same base change of the cohomology of L ∧ on P̃∧/Y . We will show that this

cohomology is converged to by a spectral sequence with E0-page

(1.8) Cp(Y,Z((q1/w))⊗ (completed Čech complex for P̃ ))

and vertical differentials. We stress that the informal notation Z((q1/w))⊗(completed Čech complex for P̃ )

should be understood to mean the complex whose terms are
∏

i Z((q
1/w))⊗Γ(Ui, L̃ )∧. Con-

trary to what is easy to express in natural language, base-change to Z((q1/w)) should occur

on the inside, not the outside, of the infinite product.

We will explicitly identify the inner complex Z((q1/w))⊗(completed Čech complex for P̃ )

with a Čech complex that computes the cohomology of the structure sheaf onGan,g
m —which

allows us to employ the higher cohomology vanishing result [KL2019, Theorem 2.6.5] as

above to conclude (1.6). The advantage of this version of the method is that the argument

can be made to work with minimal input from the theory of adic spaces — the only time we

use them is when invoking the cohomology vanishing result from [KL2019], but this requires

no additional machinery besides explicitly identifying Čech complexes on the formal and

adic sides, and could easily be replaced at the cost of additional notation by copying the

proof of [KL2019] to directly prove the vanishing of the higher cohomology of the inner

complex.

1.4. Why, and how to invert q1/w ? In the previous paragraphs, all of the calculations

are made after passing from ZJq1/wK to Z((q1/w)), that is, away from the locus q1/w = 0

in the proper ZJq1/wK-scheme Xw algebrizing P̃∧/Y . Recall that the q1/w-fiber of Xw is

a Néron w-gon, identified as the quotient by Y of the Néron ∞-gon that is the q1/w-fiber

of P̃ . In the logic of the proof described above, this restriction is important because the

nonarchimedean function theory used to prove Cartan’s Theorem B in [KL2019] does not

go through without first inverting q1/w.

Let g = w = 1 for simplification. If q is not inverted, it is not just that our proof

fails. The proper ZJq1/wK-scheme X whose cohomology we would like to calculate would



10 KENZ KALLAL

now depend not only on the choice of w, g, but also on the choice of relatively complete

model P̃ . Once P̃ is chosen, there is no reason for the spectral sequence calculating the

cohomology (the one from (1.8) but without the base change to Z((q1/w))) to have second

page concentrated in the first row and give a result resembling (1.6). Indeed, let us take

the standard choice of P̃ described in Section 1.2, and let L be an ample line bundle on

Ew,Tate inducing a principal polarization, with model L̃ on P̃ , so that L̃ −1 is a model

for the non-ample line bundle L −1. The problem is that the higher cohomology of L̃ −1

on the q = 0 fiber P̃0 does not vanish, as we now prove. The restriction of L̃ −1 to P̃0 is

obtained by gluing together copies of O(−1) on each copy of P1
Z making up P̃0. Reflecting

this, there is an exact sequence

0→ H0(P̃0, L̃
−1)→

∏
n∈Z

H0(P1,O(−1))→
∏
n∈Z

Z→ H1(P̃0, L̃
−1)→

∏
n∈Z

H1(P1,O(−1))→ 0,

from which one obtains the isomorphism

0→
∏
n∈Z

Z
∼→ H1(P̃0, L̃

−1)→ 0

and the fact that H1(P̃0, L̃ −1) ̸= 0 (in fact it is infinite-dimensional). By vanishing of

H2, this implies that the Čech complex on the inside of (1.8) does not have vanishing

cohomology in degree q = 1.

It is interesting to note that this phenomenon does not occur when dealing with L
instead of L −1: the relevant exact sequence is then

0→ H0(P̃0, L̃)→
∏
n∈Z

H0(P1,O(1))→
∏
n∈Z

Z→ H1(P̃0, L̃)→
∏
n∈Z

H1(P1,O(1))→ 0,

which is

0→ H0(P̃0, L̃)→
∏
n∈Z

(Zx0 + Zx1)→
∏
n∈Z

Z→ H1(P̃0, L̃)→ 0,

where the map
∏

n∈Z(Zx0+Zx1)→
∏

n∈Z Z is by sending the tuple of linear forms (anx0+

bnx1)n to the tuple (bn − an+1)n. This is surjective, so H1(P̃0, L̃) = 0. It is true that the

ample version of the Fourier expansion principle established by Faltings–Chai [FC1990, Ch.

III, Theorem 6.2] (see also [Lan2013, Corollary 4.5.4.24]) still requires one to pass to the

generic fiber of a degeneration before taking cohomology; it would be interesting to see if

versions of their result or ours could be established without inverting q1/w in some cases.

The need to invert q1/w introduces another technical issue related to “unbounded denomi-

nators”: tensoring a Čech complex of infinite products of ZJq1/wK-modules by Z((q1/w)) does

not commute with the infinite products. We bypass this issue by carefully using a funda-

mental domain for the action of Y where the Čech complex consists only of finite products;

much of this is conveniently absorbed into the use of Shapiro’s lemma. It is for this reason

that we must be so careful in the definition of the double complex (1.8) to make sure that

the base change to Z((q1/w)) occurs inside all of the infinite products.
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1.5. Relationship to Faltings–Chai’s Fourier expansion principle. In the general

context of degenerations of abelian varieties, Faltings–Chai proved the special case i = 0

of our main result (1.6) — we have already referenced this appearing in [FC1990, Ch. III,

Theorem 6.2] and in [Lan2013, Corollary 4.5.4.24] in a form more similar to our statement.

In order to make clear the relationship between their proof and ours, we now briefly explain

their technique. Let G/ZJq1/wK be the connected component of the smooth locus of the

Tate curve over ZJq1/wK, and let L be a rigidified ample line bundle on G. In particular,

the q1/w = 0 fiber of G is just a copy of Gm/Z. Then Faltings–Chai prove the i = 0 case of

(1.6) by taking the formal completion of G along q1/w = 0. Being a formal deformation of

Gm, that formal completion is automatically Gm/Spf(ZJq1/wK). Therefore, global sections
of L automatically induce sections of the structure sheaf of Gm/Spf(ZJq1/wK), that is,

elements of the q1/w-adic formal completion of ZJq1/wK[Z,Z−1]. So any global section s of

L is identified via this procedure with its Fourier expansion

ŝ =
∑
χ

aχZ
χ, aχ → 0 as χ→∞.

Similarly, global sections of L over the base change to Z((q1/w)) induce Laurent series

in Z with coefficients in Z((q1/w)) whose coefficients go to zero q-adically. Faltings–Chai

[FC1990, Ch. II] use the addition formulae for algebraic theta functions to prove that

the Fourier expansions associated to global sections over the base change to Z((q1/w)) are

exactly the Laurent series as above satisfying a certain quasiperiodicity condition amounting

to being fixed by a certain action of Y = qZ. That is, they prove exactly the statement

(1.6) in the case where L is ample and i = 0. This method is highly sensitive to the fact

that one is considering global sections and not higher cohomology, which is why the method

described above at least seemed necessary despite the previous result of Faltings–Chai.

It is worth noting that their Fourier expansion principle for global sections was a key

step in establishing their classification of ample line bundles on degenerations. But their

strategy for extending that equivalence to arbitrary line bundles was just to extend linearly

from the ample case, so they had no need for any analog in the case of higher cohomology.

And in any event, the main purpose of their classification of degenerations at the time of

[FC1990,Lan2013] was to construct arithmetic compactifications of PEL Shimura varieties

— so they only needed to classify degenerations of ample line bundles. Due to arithmetic

applications that are surfacing (such as the algebraic theory of indefinite theta functions

[KV2026] and the general principle appearing in [KS2025,BCG2023,Kop2025] that higher

equivariant cocycles are relevant to problems in arithmetic), the higher cohomology version

has now become relevant.

1.6. Further results also present in this article, and applications to arithmetic.

We also provide a number of auxiliary results related to how various other canonically-

defined structures interact with our Fourier expansion principle.
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(1) Line bundles L on the abelian schemes Eg
w/Z((q

1/w)) acquire additional structure (as

they do for general abelian schemes), namely a theta group scheme G(L ) consisting

of automorphisms of L covering translations on X. The group G(L ) naturally acts

on the cohomology of L . In the case where L is symmetric and Q is nondegenerate,

we calculate an explicit model for this action.

(2) When L is defined by twisting a given symmetric rigidified line bundle on Ew by a

quadratic lattice Q as in [KV2026, §3], it admits a canonical action of any subgroup

Γ of the orthogonal group of (Q,Zg). In that case, we extend our Fourier expansion

principle to also apply to the Γ-equivariant coherent cohomology of L .

(3) One advantage of considering the Γ-equivariant cohomology of a line bundle is that

it offers a way to evaluate coherent cohomology classes for L : even in degree i > 0,

such an evaluation produces a group cohomology class for Γ, as opposed to zero. In

symbols, there is an evaluation map

H i
Γ(E

g
w,L )→ H i(Γ,Z((q1/w))),

as Γ acts trivially on the rigidification. Under the Γ-equivariant Fourier expansion

principle that we will prove, we provide the exact explicit interpretation of the

evaluation map.

All three of these extra points are used in [KV2026] to prove an algebraic version of

Kudla–Millson theory [KM1990] with coefficients in Hs(Γ,Z[1/disc(Q)]), thus algebrizing

what Kudla–Millson constructed with coefficients in Hs(Γ,C). (1) is used there to study

the monodromy of a deprojectivized algebraic version of Hitchin’s connection; (2) is used

to produce explicit Γ-equivariant cohomology classes which are globalized by means of

trivializing the monodromy of Hitchin’s connection, and (3) is used in order to evaluate

the aforementioned cocycles along the identity section and calculate explicitly the resulting

modular form valued in the cohomology of Γ, so that it may be compared with the ones

defined by [KM1990].

1.7. Outline of this article. Section 2 contains a summary of notation to be used in this

article, for convenience.

In Section 3, we review the analytic theory of Fourier expansions in higher cohomology,

to make explicit the analytic analog of the general situation considered in this article,

including the classification of line bundles. This section contains well-known material and

is not logically necessary for what follows, but might be helpful.

In Section 4, we give the definition of the Kuga–Sato degenerations over ZJq1/wK including
the line bundles L on them; and we restate our Fourier expansion principle (1.6) for them,

in the notation that we set up in that section.

In Section 5, we recall the general theory of the arithmetic degenerating families con-

sidered by Faltings–Chai, including the arithmetic analog of (3.2) that they proved, and
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how it was used to classify the degenerating families that they considered. We also show

how the Kuga–Sato degenerations and line bundles on them fit into that classification, thus

certifying that the Fourier expansion principle stated in Section 4 exhausts all the rigidified

line bundles on Kuga–Sato degenerations.

Section 6 contains the proof of the promised Fourier expansion principle (1.6), and Sec-

tion 7 contains an augmented version of the proof that upgrades the result to a Fourier

expansion principle for equivariant cohomology.

Finally, Section 8 contains a short remark on the explicit detail of how the cohomology

provides a model of the Stone–von Neumann representation of the relevant finite Heisenberg

group.
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2. Notation

We have already introduced much of this notation in Section 1, but we store all of our

conventions here for the convenience of the reader.

• Gg,an
m denotes the base-change to Spa(Z((q1/w)),ZJq1/wK) of the ZJq1/wK-scheme Gg

m,

in the sense of [Hub1994]

• Ew,Tate denotes the Tate curve over Z((q1/w))

• G̃ is a rank-g split torus over ZJq1/wK with character lattice X ≃ Zg.

• Y ≃ Zg is an abstract lattice of periods admitting an inclusion i : Y → G̃Z((q
1/w))

given by (y1, . . . , yg) 7→ (qy1 , . . . , qyg).

• P̃ is a ZJq1/wK-scheme defining a relatively complete model as in [FC1990,Lan2013].

In later sections, it will depend on a choice of fan Σ and will be denoted by P̃Σ or

with other subscripts if Σ depends on something else.

• L̃ and Ñ denote line bundles on P̃ . We always require that Ñ be ample.

• Xg,w is the projective ZJq1/wK-scheme algebrizing P̃∧/Y . Its Z((q1/w))-fiber is pre-

cisely Eg
w,Tate.

• B is a symmetric g × g Z-entried matrix, and Q(x) = 1
2
x⊤Bx is the corresponding

quadratic form on Zg.

• a = (a1, . . . , ag) ∈ (Z((q1/w))×)g is a tuple of Laurent series.

• L Q,a is a line bundle on Eg
w,Tate that depends on the choice of B and a.

• O(Gg,an
m ) is the ring of very convergent Laurent series in Z1, . . . , Zg over Z((q1/w))

as defined in Definition 1.1.
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3. Recap of the analytic theory

A general abelian variety over C of dimension g is of the form VΩ = Cg/(Zg + ΩZg) ∼=
(C×)g/Y , where Ω is a symmetric g × g matrix with positive-definite imaginary part, and

Y is the relevant lattice of periods in (C×)g, which is generated by the g periods

(exp(2πiΩ1,i), . . . , exp(2πiΩg,i)), i = 1, . . . , g.

The Appell–Humbert theorem classifies the line bundles L on VΩ in terms of certain

multilinear algebra data, where the strategy of the proof (at least in [Mum2008, Ch. 1]) is

to pull an arbitrary line bundle L on V to the universal cover Cg, where it must be trivial

because H1(Cg,O×) = 1, and then classify the possible (Zg + ΩZg)-equivariant structures

on the holomorphic structure sheaf on Cg. There is in general an obvious degenerating

family of polarization-inducing line bundles L given on VΩ (as the period matrix Ω itself

degenerates in some direction) via the Appell–Humbert theorem by the hermitian matrix

(ImΩ)−1.

Let w, g be positive integers. This article only considers the arithmetic analog of the de-

generating family of dimension-g abelian varieties given by Eg
q := (C×/qZ)g = (C×)g/(qZ)g,

parametrized by q → 0 in a small punctured disc ∆∗ around zero. Away from q = 0, Eg
q is

the g-th power of the elliptic curve C×/qZ, and it degenerates to the torus (C×)g at q = 0.

In this complex-analytic setting, our basic object of study is a family of line bundles on

the degenerating family (C×)g/(qZ)g, q ∈ ∆∗, with q → 0; though we also permit studying

families defined over the finite covers of ∆∗ parametrized by q1/w, which we abusively also

call ∆∗. In this section we will perform the steps (I) and (II) of Section 1 in this analytic

context, thus providing the full generality version of (1.1) and (1.2). None of this is new,

but its presence here is intended to set the stage for the arithmetic version later on.

As a consequence of the Appell–Humbert theorem [Mum2008, Ch. 1], for generic values

of q, the line bundles on Eg
q = (C×)g/(qZ)g = Cg/(Zg + diag(τ, . . . , τ)Zg) are classified

up to Pic0-twist by quadratic forms Q ∈ Sym2(Zg)∨ = NS(Eg
q ). We take the convention

that an element of Sym2(Zg)∨ is represented equivalently by a symmetric n× n Z-entried

matrix B = (bij), a symmetric pairing ⟨x, y⟩B =
∑

i,j bijxiyj on Zg, and a quadratic form

Q(x) = ⟨x, x⟩B/2 = 1
2

∑
i,j bijxixj =

1
2

∑g
i=1 biix

2
i +

∑
i<j bijxixj valued in 1

2
Z.

We will modify Q by a linear form so that it is guaranteed to be integer-valued regardless

of B. Namely, we will take the quadratic function Q′ : Zg → Z given by

Q′(y) := Q(y)− 1

2

g∑
i=1

biiyi.
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The specific form that the Appell–Humbert classification takes in this case is that for

generic values of q, the line bundles on Eg
q with Chern class Q ∈ NS(Eg

q ) are Pic
0-twists of

L Q
q := ((C×)g ×C)/(qZ)g,

where the (qZ)g-action on (C×)g ×C depends on Q and is given by

(qy1 , . . . , qyg) · (Z, t) := ((qy1Z1, . . . , q
ygZg), q

−Q′(y)Z−B(y)t).

Here the notation Z and y stand for (Z1, . . . , Zg) ∈ (C×)g and (y1, . . . , yg) ∈ Zg, respec-

tively. We now impose the additional hypothesis that the line bundle pulls back to the

structure sheaf of (C×)g, since this assumption will always hold in the arithmetic context

and therefore allow us to produce formulas in the analytic setting that are most relevant.

The analysis of this section could be done without this by pulling back to the universal

cover Cg, as is done in [Zha2004].

Under the triviality restriction on the pullback, the Appell–Humbert theorem also pro-

vides the explicit detail of how to twist by a Pic0 bundle that is trivial upon pullback to C×,

which corresponds to a choice of Hom((qZ)g, S1), that is, a collection a1(q), . . . , ag(q) ∈ S1.

The resulting twisted line bundle is given by

L Q,a
q := ((C×)g ×C)/(qZ)g,

where the action is by

(3.1) qy · (Z, t) := (qyZ, a−y1
1 · · · a−yg

g q−Q′(y)Z−B(y)t).

Note that since we used Q′ instead of Q, this line bundle gets to vary over the family Eg
q

where q itself parametrizes the punctured disc ∆∗, if a varies over that disc.

The space of global sections H0(Eg
q ,L

Q,a
q ) is canonically isomorphic to the vector space

of holomorphic functions f ∈ O((C×)g) satisfying the quasiperiodicity condition

f(qy1Z1, . . . , q
ygZg) = ⟨a, y⟩−1q−Q′(y)Z−B(y)f(Z) for all y ∈ Zg.

In other words, the i = 0 case of the Fourier expansion isomorphism (generalizing (1.1) to

a general line bundle on Eg
q trivial on (C×)g) is established:

(3.2) H0(Eg
q ,L

Q,a
q ) ∼= H0((qZ)g,O((C×)g)),

where the lattice of periods (qZ)g acts on O((C×)g) via

(3.3) ((qy1 , . . . , qyg) · f)(Z) := ⟨a, y⟩qQ′(y)ZB(y)f(qy1Z1, . . . , q
ygZg).

Note that we have established (3.2) regardless of whether L Q,a
q is ample. If Q is positive-

definite, then L Q,a
q is ample and induces a polarization Eg

q → (Eg
q )

∨. An explicit basis of

size d for H0(Eq,L Q
q ) is classically constructed using the theta functions with characteristic

associated to the quadratic form Q — see for instance [Mum2007, §6]. For example

ϑ(Z) :=
∑
λ∈Zg

qQ
′(λ)ZB(λ) ∈ H0(Eg

q ,L
Q),
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which is a Fourier expansion in the Z-variables with coefficients in CJqK, providing a for-

mula for a valid family of elements of H0(Eg
q ,L

Q
q ) for q ∈ ∆∗. An important arithmetic

application of this function is that if it is evaluated along the identity section Z = (1, . . . , 1),

one obtains a modular form of weight g/2 whose q-expansion is a generating function for

the number of ways to represent integers by Q′ — that is the idea behind the proof of

modularity of the integral Kudla–Millson series in [KV2026].

The analytic analog of Section 1.5 — that the period lattice underlying Eg
q is (qZ)g can

be recovered from the abstract abelian variety Eg
q — is much more classical, as the period

lattice can be viewed as the non-real part of the kernel of the exponential map from the

universal coverCg. But a key observation of Faltings–Chai that underscores the importance

of their Fourier expansion principle in the ample case is that the periods can be recovered

directly from the coefficients of ϑ. The mechanism for this is as follows. The line bundle

L Q
q induces the polarization Eg

q → (Eg
q )

∨ which is given on the uniformizing tori by the

map (C×)g → (C×)g corresponding to the map B : Y → X, where Y ≃ Zg is the character

lattice of the torus uniformizing (Eg
q )

∨ and X ≃ Zg is the character lattice of the torus

uniformizing Eg
q and both have been identified with Zg using the standard coordinates on

(C×)g. More concretely (but equivalently), the polarization is uniformized by the map of

tori (C×)g → (C×)g given by

(Z1, . . . , Zg) 7→ (Zb1i
1 · · ·Zbgi

g )1≤i≤g.

The exact lattice of periods (qZ)g that one quotients by to get Eg
q and (Eg

q )
∨ can be

obtained just from looking at the coefficients of ϑ (or really any other nonzero element of

H0(Eg
q ,L

Q
q )) in the following way. For the coefficient in front of the character ZB(λ) (where

now λ can be viewed as an element of Y so that B(λ) ∈ X, and ZB(λ) is just notation for

it being viewed as a character of the torus with character lattice X) in the definition of the

series defining ϑ being denoted by

σχ(ϑ) := qQ
′(λ), χ := B(λ)

we have

σχ+B(y)(ϑ) = qQ
′(λ+y)(3.4)

= σχ(ϑ)q
Q′(y)q⟨λ,y⟩B(3.5)

= σχ(ϑ)q
Q′(y)qχ1y1+···χgyg ,(3.6)

from which one extracts the pairing Y × X → C× given by (y, χ) 7→ qχ1y1+···χgyg thus

defining the period lattice (qZ)g ⊂ (C×)g.

The definition of L Q,a
q and the Fourier expansion principle (3.2) are perfectly valid if Q

is not positive-definite — it’s just that L Q,a
q will not necessarily have any nonzero global

sections, as one can readily deduce from (3.2) itself. In fact, if Q is nondegenerate and of
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signature (r, s), then L Q,a
q still induces an isogeny3 Eg

q → (Eg
q )

∨, and it has nonvanish-

ing cohomology only in degree s [Mum2008, §16]. In general, the Grothendieck spectral

sequence and Cartan’s Theorem B, which yields the vanishing of the higher cohomology

of the pullback of L Q,a
q to (C×)g, show that (3.2) generalizes to the Fourier expansion

isomorphism for higher cohomology

(3.7) H i(Eg
q ,L

Q,a
q ) ∼= H i((qZ)g,O((C×)g))

for all i ≥ 0, q ∈ ∆∗, where the action of the periods is as already defined in (3.3). Explicit

bases for the right hand side of (3.7) were produced by Zharkov [Zha2004], who also used

the Poisson summation formula to prove modularity properties for them in global families.

In [KV2026], we prove an arithmetic variant of that with Poisson summation replaced with

an algebraic version of the heat equation, using the arithmetic variant of (3.7) proved in

this article.

4. Kuga–Sato degenerations over ZJq1/wK, and statements of main results

Fix positive integers w and g, a quadratic form Q = 1
2

∑
i,j bijxixj on Zg, and a collection

a1(q), . . . , ag(q) ∈ Z((q1/w))×. We also fix the notation

Q′(x) := Q(x)− 1

2

∑
i

biixi =
∑
i

bii

(
xi
2

)
+
∑
i<j

bijxixj,

which is a quadratic function Zg → Z differing from Q by a linear functional.

This article is about the computation of H i(GZ((q1/w)),L
Q,a

Z((q1/w))
), where G is a ZJq1/wK-

group scheme playing the role analogous to the analytic family Eg
q of Section 1 and Section 3,

and L Q,a is a line bundle on G rigidified along the identity section, analogous to the family

of line bundle L Q,a
q of Section 3.

In this section we give a suitable definition of G and L Q,a, and we state the main results

of this article in full detail. This fills in the gap in Section 1 where it was not explained what

the relationship between the data Q and a and the line bundle L were in the statement

(1.6) of our main result.

4.1. Definition of the Kuga–Sato degenerations. The scheme Spec(ZJq1/wK) replaces
the punctured disk ∆∗, as ZJq1/wK is the defining ring of a formal neighborhood of a width-

w cusp of a modular curve, at least before possible base-change to Z[1/N ] or Z[1/N, ζN ].

Let Xw be the Tate curve over ZJq1/wK — the one that restricts over q1/w = 0 to a Néron

w-gon over Z [DR1973, §VII, Définition 1.16]. By taking the connected component of the

3which does not get to be called a “polarization” if s ≥ 1, as it does not come from an ample line

bundle.
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smooth locus of Xw, one obtains Gw, which agrees with Xw over Z((q1/w)) and degenerates

to Gm,Z over q1/w = 0. We will consider the degeneration

(4.1) G := Gg
w

over ZJq1/wK. It plays the role of Eg
q from Section 1, since over Z((q1/w)) viewed as a

punctured formal neighborhood of a width-w cusp of a modular curve, it is the fibered g-th

power of the universal elliptic curve; and over q1/w = 0 it degenerates to a rank-g split

torus Gg
m/Z.

Definition 4.1. The Kuga–Sato degeneration of width w and rank g is the ZJq1/wK-scheme

G defined by (4.1).

The fibered power of the Tate curve Eg
w,Tate is nothing but the base-change of G from

ZJq1/wK to Z((q1/w)).

4.2. Definition of the line bundles. Let Q =
∑
bijxixj be a quadratic form on Zg,

with B = (bij) a symmetric Z-entried matrix. The idea of the construction of the relevant

line bundle on G corresponding to Q is that one “twists by Q” a basic symmetric ample

line bundle L on Gw. In particular, L should be chosen so that it provides a principal

polarization of Ew,Tate. The twisting procedure is the same one relevant to [Mum2007, §6],
and is also explained in [KV2026, §3]. We now explain both of these points.

Define the symmetric rigidified line bundle LZ((q1/w)) = OEw,Tate
([−1]). Here the relative

Cartier divisor4 [−1] in Ew is defined to be the image of the copy “−1” of Spec(Z((q1/w)))

in the group scheme µ2 under the inclusion

µ2 → Ew,Tate[2]

from [DR1973, Ch. VII, (1.16.3)]. The line bundle LZ((q1/w)) on Ew is the analog of the

line bundle on C×/qZ given previously in Section 3 by

L x2

q := (C× ×C)/qZ,

where we recall that the action is by

qy · (Z, t) := (qyZ, q−
y2−y

2 Z−yt),

since H0(C×/qZ,Lq) is spanned by the single global section∑
n∈Z

q
n2−n

2 Zn,

whose only zero in C×/qZ is Z = −1 (hence why the family L x2

q over ∆∗ is the complex

analytic analog of LZ((q1/w)); we had to choose L x2

q to be a Pic0-twist of the bundle Lq

from Section 1 because we needed only integral powers of q to appear, in case w is odd —

4We refer to [KM1985] for the notion of relative Cartier divisor. Later on this will be reconciled with

the viewpoint from Mumford/Faltings–Chai.
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if w is even then we could choose L = O([−q1/2]) which would be analogous to the bundle

Lx2,q1/2

q = Lq which has global section
∑

n q
n2/2Zn).

Then L Q

Z((q1/w))
can be defined following [KV2026, §3] by

L Q

Z((q1/w))
: = “Q-twist of LZ((q1/w))”(4.2)

=

(
g⊗

i=1

π∗
i L

bii

)
⊗

( ⊗
1≤i<j≤g

(m∗
ijL ⊗ π∗

i L
−1 ⊗ π∗

jL
−1)bij

)
,(4.3)

where:

(1) πi : E
g
w → Ew is the i-th natural projection,

(2) mij : E
g
w → Ew is the multiplication map of the i-th and j-th projections.

The additional data a defines by descent a specific Pic0-twist of L Q

Z((q1/w))
. An element of

Pic0(GZ((q1/w))) is always of the form ⊗g
i=1π

∗
iO([pi] − [−1]), where pi : SpecZ((q1/w)) → Ew

is a point of Ew. By algebrizing the sections of [DR1973, Ch. VII, §1.2, (d)], we obtain

such a point pi from the choice of ai(q) ∈ Z((q1/w))×. Thus, we may define a more general

rigidified line bundle on GZ((q1/w)), namely

(4.4) L Q,a

Z((q1/w))
:= L Q

Z((q1/w))
⊗

g⊗
i=1

π∗
iO([−ai(q)−1]− [−1]),

Note that if ai ∈ {±q1/2,±1} (the first two being possible only if w is even), then the

points SpecZ((q1/w)) → Ew they define are exactly the ones from [DR1973, Ch. VII,

(1.16.3), (1.16.4)], and the Pic0-twists being used here are precisely the ones by Pic0(G)[2],

making the resulting bundles L Q,a symmetric.

It isn’t relevant to actually stating our theorems, but L Q,a

Z((q1/w))
extends uniquely to a

rigidified line bundle on all of G, by [MB1985, Ch. II, Théorème 3.2.3]. In the next

section we will prove that these account for all rigidified line bundles on G (equivalently,

on GZ((q1/w)), by [MB1985, Ch. II, Théorème 3.2.3]).

4.3. Full statement of the non-equivariant and equivariant Fourier expansion

principles. Having now explained precisely how the line bundle L Q,a depends on Q and a,

we note that the statement we already gave for the Fourier expansion principle on GZ((q1/w))

in (1.6) is now fully well-defined. Recalling the definition of O(Gg,an
m ) from Definition 1.1,

and noting that its definition itself does not require any theory of adic spaces, we restate

(1.6) in full:

Theorem 4.2. Let i ≥ 0, w ≥ 1 and g ≥ 1 be integers, and let Q = 1
2

∑
i,j bijxixj be a

quadratic form on Zg. Let a = a1, . . . , ag be a tuple of elements of Z((q1/w))×. Then there

is a canonical isomorphism

H i(Eg
w,L

Q,a

Z((q1/w))
) ∼= H i(Zg,O(Gg,an

m )),
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where the action of Zg on O(Gg,an
m ) is as defined in (1.7).

In the case where Q is positive-definite, Faltings–Chai [FC1990, Theorem 6.2] (see also

[Lan2013, Corollary 4.5.4.24]) proved the analog of (3.2), that is, the special case of The-

orem 4.2 where i = 0 and Q is positive-definite. As discussed in Section 1.5, their proof

used the method of Raynaud extensions and thus only applies to global sections of ample

line bundles, because it relies on passing a global section to the formal completion and then

studying the properties of its Fourier coefficients as a section of the structure sheaf of a

torus (this will be described in more detail in Section 5).

As promised in Section 1, the second main theorem of this article is an equivariant version

of Theorem 4.2. Let Γ be a subgroup of the orthogonal group of (Zg, Q). Then Eg
w admits an

action of Γ for which L Q admits an obvious Γ-equivariant structure. Therefore, in addition

to the coherent cohomology H i(Eg
w,L

Q), one can also consider the Γ-equivariant coherent

cohomology H i(Eg
w,L

Q); our second main theorem is a Fourier expansion principle for the

Γ-equivariant cohomology of L Q and is stated here:

Theorem 4.3. Let i ≥ 0 and g, w ≥ 1 be integers. The isomorphism of Theorem 4.2 fits

into a commutative diagram

H i(Eg
w,L

Q

Z((q1/w))
) H i((qZ)g,O(Gg,an

m ))

H i
Γ(E

g
w,L

Q

Z((q1/w))
) H i(Γ⋉ (qZ)g,O(Gg,an

m ))

H i
Γ(Spec(Z((q

1/w))),O) H i(Γ,Z((q1/w)))

∼

e∗

∼

resΓ

∼

where:

• The vertical upwards-pointing maps are the natural restriction maps.

• The vertical downwards-pointing map on the left side is induced by pulling back

along e : Spec(Z((q1/w))) → Eg
w and using the rigidification e∗L Q ∼= OZ((q1/w)) that

is part of the data of L .

• The vertical downwards-pointing map on the right side is induced by restricting to Γ

and restricting the coefficients in O(Gg,an
m ) along Z = (1, . . . , 1) to obtain elements

of Z((q1/w)).

The statement is also valid as written with L ⊗ Q replaced with L a ⊗ Q for any a ∈
Z((q1/w))× such that L a is symmetric.
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5. The Faltings–Chai theory of degenerations

In this section, we recall the general framework that the Kuga–Sato degenerations fit

into, especially the classification of more general degenerations established by Faltings–

Chai [FC1990, Ch. II-III]. Although this is already present in the literature, there are four

reasons for doing this here:

(1) The Faltings–Chai classification is precisely the fact that Mumford’s relatively com-

plete models can be used to uniformize degenerations and line bundles on them.

Therefore, we will make explicit use of it in order to classify the line bundles on

Kuga–Sato degenerations, and to actually prove our main results Theorem 4.2 and

Theorem 4.3.

(2) The proof of the Faltings–Chai classification is in and of itself an illustration of the

arithmetic importance of the Fourier expansion principle in the ample case. Indeed,

the key idea of [FC1990, Ch. II] is that one can recover the lattice of periods

that determines a degeneration from the Fourier expansions of global sections of an

ample line bundle. A basic example of this was already discussed in Section 1.5.

(3) The proof of the Faltings–Chai classification in [FC1990] is missing a few explicit

statements when it comes to the uniformization of arbitrary line bundles, which are

worth making precise.

(4) The statement of the classification in the case of Eg
w,Tate requires significantly less

notation than the most general situation, so we hope that recalling it here will be a

convenience for the reader. We also hope that this concrete explication of Faltings–

Chai in the special case of powers of the Tate curve will be helpful for those first

learning the subject.

The Kuga–Sato degenerations are a special case of the more general concept of degenera-

tions of abelian varieties, which are the algebraic model for degenerating families of abelian

varieties that suffice for the construction by Faltings–Chai [FC1990] and Lan [Lan2013] of

toroidal compactifications of PEL Shimura varieties.

In the general Faltings–Chai–Lan theory of arithmetic toroidal compactifications of PEL

Shimura varieties, the universal families of polarized abelian varieties over the Shimura

variety naturally extend to families of semiabelian varieties (extensions of abelian varieties

by algebraic tori) over the choice of compactification. That this is the natural way for quite

general families of abelian varieties to degenerate at the boundary of their moduli space was

a priori known due to Grothendieck’s semistable reduction theorem [SGA 71, Théorème

3.6] decades before any arithmetic compactifications of the global moduli were constructed.

It is also clearly visible in the analytic theory of moduli of polarized abelian varieties: a

general family of abelian varieties over C is given by

VΩ := Cg/(Zg + ΩZg)
exp(2πi·)−→

∼
(C×)g/ exp(2πiΩZg)
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for a family of g × g period matrices Ω with positive-definite imaginary part. The abelian

variety VΩ naturally comes with a polarization coming from the Appell–Humbert theorem

[Mum2008, Ch. 1] via the Hermitian matrix (ImΩ)−1. Such a family degenerates to a

semiabelian family as Ω degenerates in different directions. The exact directions in which

Ω can degenerate is part of the data that determines the choice of toroidal compactification

— see [AMRT2010,Nam1977,Nam1979] for the full detail of how those degenerations are

constructed. The analytic Kuga–Sato degenerations Eg
q from Section 3 are easy to under-

stand from this point of view: they come from the choice Ω = diag(τ, . . . , τ), where the

parameter τ degenerates to i∞, and q := exp(2πiτ). In that case, the family degenerates

to a full torus at q = 0, since the entire period lattice (qZ)g degenerates to zero as q → 0.

Over formal neighborhoods of the boundary components of the arithmetic toroidal com-

pactifications, the aforementioned semiabelian universal families become degenerations of

polarized abelian varieties. The degenerations used by [Lan2013] can be over any affine

base

S := SpecR,

where R is a normal Noetherian domain complete with respect to an ideal I ⊂ R. Since

they apply to the only ring that we work over, R = Z[[q1/w]], so long as we are working

with a general ring R (only in this section), we also add the hypotheses:

• R is regular.

• R/I is a normal domain.

These are not essential but allow for parts of the theory to be written down using fewer

words and most importantly fewer steps involving gluing in the étale topology of Spf(R).

For the reader carefully following along in [Lan2013], we at least note that the regularity

hypothesis on R allows us to know a priori that all R-tori are isotrivial, and that all cubical

line bundles on Gg
m over R are trivial.

Let K be the field of fractions of R.

Definition 5.1. A degeneration over R is a semi-abelian scheme5 G → S, such that

the generic fiber GK is an abelian variety over K and such that the fiber G0 over S0 :=

Spec(R/I) is an extension of an abelian scheme A0 → S0 by a torus T0 → S0. The category

DEG is the one whose objects are the degenerations over R and whose morphisms are the

S-group homomorphisms.

In the general case, in either the analytic or arithmetic setting the exact description of

the degenerations near each boundary component of the relevant compactified moduli of

polarized abelian varieties requires fairly heavy notation to describe, as they depend on the

choice of data determining the toroidal compactification in order to specify the directions in

which the periods degenerate, and they might not be totally degenerate (meaning G0 could

5A semiabelian scheme over S is a smooth separated commutative group scheme G→ S such that for

all points s ∈ S, the fiber Gs is a semiabelian variety over κ(s).
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be a nontrivial extension of an abelian scheme by an algebraic S0-torus instead of just an

S0-torus). In the arithmetic situation one also has to contend with the possibility that the

torus part of G0 is not split. This article therefore enjoys simpler notational setup, since

we need only consider the split totally degenerate situation of Eg
w,Tate — the Kuga–Sato

degeneration G = Gg
w over S = SpecZJq1/wK is of relative dimension g and specializes to

split rank-g tori over S0 = SpecZ. We therefore further specialize to the following category,

following [FC1990, Ch. III, §2]:

Definition 5.2. The category DEGsplit
g,g is defined to be the full subcategory of DEG whose

objects are the degenerations G→ S of relative dimension g with the property that G0 is

a split rank-g torus over S0.

Obviously for our purposes one needs to consider degenerationsG along with the data of a

rigidified line bundle L on G. The most important ones are the ones inducing polarizations

of abelian schemes GK

Definition 5.3. The category DEGsplit
ample,g,g is the category whose objects are pairs (G,L),

where G is an object of DEGsplit
g,g , and L is a line bundle on G rigidified along the identity

section, with the additional property6 that LK is ample on the abelian variety GK ; the

morphisms are the S-group homomorphisms f : G1 → G2 such that L1 = f ∗L2.

Remark. A polarization on GK is always induced by a symmetric ample line bundle LK

on GK , which always extends to an object of DEGsplit
ample,g,g by [MB1985, Ch. II, Théorème

3.2.3]. Conversely, every object (G,L) of DEGsplit
amplegg restricts to an ample line bundle on

GK which induces a polarization on it.

Definition 5.4. The category DEGsplit
IS,g,g is the category whose objects are pairs (G,L),

where G is an object of DEGsplit
g,g , and L is any line bundle on G rigidified along the

identity section. The morphisms are the S-group homomorphisms f : G1 → G2 such that

L1 = f ∗L2.

The pairs (Gg
w,L

Q,a) from Section 4 are objects of the category DEGsplit
IS,g,g, and are in

DEGsplit
ample,g,g if Q is positive-definite.

One of the novel contributions of [FC1990] was a complete classification of all degener-

ations (including the line bundle data) as defined above in terms of so-called degeneration

6The lineage of this condition is as follows: as written in Definition 5.3, it agrees exactly with what is

in [FC1990, Ch. III, §2]. Lan remarks that it seems that Faltings–Chai should really require L be ample on

G [Lan2013, Definition 4.2.1.1]. The two coincide in the case when L is symmetric, by [MB1985, Ch. VI,

Proposition 3.1], but not necessarily otherwise — to be addressed in a short note. However, after recent

communication with Lan, the consensus is that the definition of [FC1990] is the correct one. With Lan’s

convention, [Lan2013, Corollary 4.5.4.9], which states that the “uniformization” functor MIS restricts to

give a functor from DDsplit
ample to DEGsplit

ample,g,g, fails to hold. We refer to later in this section for the relevant

definitions.
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data. In the case of the line bundles on Kuga–Sato degenerations, the degeneration data of

Faltings–Chai are exactly the promised linear algebraic data in step (I) of Section 1. We

will use that theory to prove that the bundles L Q,a exhaust all the objects of DEGsplit
IS,g,g

extending the object G of DEGsplit
g,g ; more importantly, we will use the viewpoint of how

L Q,a fits into that classification to prove our main theorems Theorem 4.2 and Theorem 4.3.

The idea of the Faltings–Chai classification of objects in DEGsplit
g,g is that in analogy to

the analytic case they may be written as a kind of quotient of Gg
m by an embedded lattice

of periods Zg ∼= Y ↪→ Gg
m ×R K. We will prove that, as expected from Section 3, the

Kuga–Sato degenerations fit into this framework using the specific choice of embedding

Y = Zg ↪→ Gg
m ×R K given by

y = (y1, . . . , yg) 7→ (qy1 , . . . , qyg).

Of course, there is no such scheme-theoretic quotient, as the Zariski topology is too coarse.

There are at least two closely-related ways7 to resolve this question. One is to consider the

adic space Gg
m over Spa(Z((q1/w)),ZJq1/wK) and take the quotient by Y following [Hub1994].

We will use this point of view in part of our proof of Theorem 4.2, but for the setup it

is more convenient (if only due to having more theory available surrounding it in the

literature) to follow the method of uniformization by relatively complete models, which is

due to Mumford [Mum1972] and used in the viewpoint of [FC1990] and [Lan2013].

This section is further organized into two subsections following [FC1990, Ch. II-III]. In

Section 5.1, we will summarize the content of [FC1990, Ch. III] and its counterparts in

[Lan2013], which explains Mumford’s construction generalizing that of (line bundles on) the

Tate curve from (1.4) to construct objects in DEGsplit
g,g (resp. DEGsplit

IS,g,g) as quotients of rank-

g split R-tori (resp. by descending Y -equivariant data to those quotients). In Section 5.2,

we summarize [FC1990, Ch. II] and its counterparts in [Lan2013], which explains how to

reverse the process, to prove that every object in DEGsplit
IS,g,g can be uniformized in the way

described in Section 5.1.

5.1. Mumford’s quotient construction. The objects used to uniformize objects of

DEGsplit
g,g are the degeneration data:

Definition 5.5. The category DDsplit
g,g of split degeneration data of rank g and torus rank

g over R has for its objects the tuples (G̃, i : Y ↪→ G̃K), where:

(1) G̃ is a split torus over R with character lattice X ∼= Zg the constant R-group

scheme. A section χ ∈ X interpreted as a character of G̃ by the notation (·)χ or Zχ

depending on whether the context demands that we view it as an abstract character

or evaluate it at a given point.

7Recall from Section 1: they should be related by Huber’s functor ta [Hub1996, Hub1993], but the

quasicompactness assumption in Huber’s work needs to be weakened to quasi-paracompactness.
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(2) Y ∼= Zg is also the R-constant group scheme, and i : YK ↪→ G̃K is an inclusion of

group schemes.

(3) The pairing τ : Y ×X → K× that is equivalent to the data of i : Y ↪→ G̃K via

i(y)χ = τ(y, χ) for all (y, χ) ∈ Y ×X

is nondegenerate, and satisfies the positivity condition: there exists a map of abelian

groups ϕ : Y → X with the property

τ(y, ϕ(y)) ∈ I for all y ∈ Y − {0}.

The last condition is related to the fact that objects of DEGsplit
g,g always extend to objects of

DEGsplit
ample,g,g by [Ray1970, XI 1.16], so the same should be true in the category of data that

uniformize those objects (we will see how the positivity condition is related to existence of

ample line bundle once we discuss degeneration data for line bundles).

The morphisms in DDsplit
g,g are defined to be the morphisms of group schemes G̃1 → G̃2

such that the diagram

Y1 G̃1

Y2 G̃2

i1

f f

i2

commutes.

The purpose of this section is to define the functor M : DDsplit
g,g → DEGsplit

g,g which is

the “quotient by the period lattice Y ”, as well as its variant M : DDsplit
IS,g,g → DEGsplit

IS,g,g

that also takes into account the ability to produce line bundles on the quotient by pro-

viding Y -equivariant line bundles on the uniformization. This is Mumford’s method of

uniformization by relatively complete models [Mum1972] — it works by producing a kind

of compactification P̃ of G̃ whose quotient by Y can be taken, after formal completion,

exactly as in (1.4).

Definition 5.6. Let (G̃, i : YK ↪→ G̃K) be an object of DDsplit
g,g . A relatively complete model

for (G̃, i : YK ↪→ G̃K) is the following data:

(1) An integral R-scheme P̃ locally of finite type over R containing G̃ as a Zariski-dense

open subset.

(2) An ample8 line bundle Ñ on P̃ . We remark that Ñ |G̃ ∼= O by [Lan2013, Corollary

3.2.5.7].

(3) An action of G̃ on P̃ extending the action of G̃ on itself by translation.

8The definition of ample requires some care because P̃ is not of finite type over R. For these purposes

one always takes it to be that the nonvanishing loci of all global sections of all positive powers of Ñ

generate the topology of P̃ .
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(4) An action of Y on P̃ extending the action on G̃K via i and the group law of G̃K .

(5) A Y -equivariant structure on ÑK . We remark that this is the same as a Y -

equivariant structure onOG̃K

∼= Ñ |G̃K
, which is given by a cocycle σ forH1(Y,O(G̃K)

×).

(6) A G̃-equivariant structure on Ñ extending the translation action on OG̃
∼= Ñ |G̃.

The above data are required to satisfy some conditions:

(i) There is an open G̃-invariant subset U ⊂ P̃ such that

P̃ =
⋃
y∈Y

y · U.

(ii) P̃ satisfies the following variant of the valuative criterion for properness: For all

valuations v (possibly not of rank 1) on the field of rational functions of G̃ for

which v(R) ≥ 0, v has a center on P̃ if and only if

(5.1) for all χ ∈ X, there exists y ∈ Y such that v(i(y)χZχ) ≥ 0.

(iii) A positivity condition: the map of abelian groups ϕ : Y → X such that

σ(y1 + y2)

σ(y1)σ(y2)
= τ(y1, ϕ(y2))

for all y1, y2 ∈ Y satisfies the property that τ(y, ϕ(y)) ∈ I for all y ∈ Y − 0. This is

to make sure that Ñ is an extension to P̃ of a genuine object of DDsplit
ample,g,g.

We give credit to Mumford [Mum1972, Definition 2.1] for the exact statement of the

completeness condition, which is the specialization of [FC1990, Ch. III, Definition 3.1] to

the totally degenerate situation that we have put ourselves in.

Proposition 5.7. Every object (G̃, i : YK → G̃K) of DDsplit
g,g admits a relatively complete

model.

Proof. See [Mum1972, Theorem 2.5], or [FC1990, Proposition 3.3 and remarks above

Lemma 3.2], or [Lan2013, Proposition 4.5.1.15 and Corollary 4.5.1.8]. These references

prove it in the most general situation for the same reasons, but we do not go into it be-

cause the Proj construction of relatively complete models that is used here will not be

convenient for our ultimate goals. Instead, in the specific case of the Kuga–Sato degenera-

tions, we will construct bespoke relatively complete models by means of infinite-type toric

geometry, as suggested but not carried out by [FC1990] and [Mum1972]. □

Mumford’s construction provides a functor

M : DDsplit
g,g → DEGsplit

g,g

given as follows (we already summarized this in the special case of the Tate curve, in (1.4)).

Construction 5.8. Let (G̃, i : YK ↪→ G̃K) be an object in DDsplit
g,g . Let (P̃ , Ñ ) be a

relatively complete model for it.
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(1) Let P̃∧ be the formal completion along the ideal I, which is formed from the system

of R/Ik-schemes P̃k := P̃ ×R (R/Ik) over all k ≥ 1.

(2) The action of Y on P̃ induces an action of Y on each P̃k. Unlike P̃ , the quotient

of P̃k by Y as an fpqc sheaf is a scheme Pk such that the quotient map is an étale

surjection P̃k → Pk. The ample line bundle Ñk = Ñ ×R R/I
k descends through

the quotient to a line bundle Nk on Pk which is ample by the Nakai–Moishezon

criterion. The most complete available explanation of this step may be found in

[Lan2013, Proposition 4.5.2.15], and we note that it uses both conditions (i) and

(ii) in the definition of a relatively complete model.

(3) The formal scheme P := (P̃k)k≥1 is proper over Spf(R) and admits an ample line

bundle (Nk), so by Grothendieck’s algebrization theorem [EGA III1, Théorème

5.4.5], it is uniquely the formal I-adic completion of a proper R-scheme X.

(4) We define a closed subscheme C ⊂ X via [EGA III1, Corollaire (5.1.8)] by defining

Ĉ ⊂ X̂ = P over R/Ik to restrict over Spec(R/Ik) as

Ck :=

(
P̃ −

⋃
y∈Y

y · G̃

)
/Y ⊂ Pk.

One then obtains an R-scheme G := X − C.

Mumford [Mum1972] proved the following facts about G, for which again we cite the

very detailed exposition of [Lan2013]

(1) G is an object of DEGsplit
g,g — see [Lan2013, Corollaries 4.5.3.8, 4.5.3.9, and 4.5.3.13]

for the fact that it is an object of DEG. The fact that it is split and totally

degenerate of torus rank g is a consequence of the canonical isomorphism Ĝ ≃ G̃∧.

(2) The construction of G from (G̃, i : YK ↪→ G̃K) does not depend on the choice of

relatively complete model (P̃ , Ñ ) — see [Lan2013, Corollary 4.5.3.7].

(3) Now that (1) and (2) have established that M provides a map from objects of

DDsplit
g,g to objects of DEGsplit

g,g , it is suitable to remark that both of them require as

main input [Lan2013, Theorem 4.5.3.6], which also establishes the functoriality of

M : DDsplit
g,g → DEGsplit

g,g . Again we leave the details of the proofs to [Lan2013], as

they are not relevant to the directions pursued here.

We now describe the variant for degeneration data of line bundles.

Definition 5.9. The category DDsplit
IS,g,g has as its objects the triples (G̃, i : Y ↪→ G̃K , L̃ ),

where the first two entries form an object of DDsplit
g,g and the last entry L̃ is a rigidified

line bundle on G̃. By [Lan2013, Corollary 3.2.5.7], there is only one choice for L̃ , namely

OG̃ with the canonical rigidification. But in a degeneration datum, the symbol L̃ also

contains the data of a Y -equivariant structure on L̃K , for the action of Y on G̃K given

by the inclusion i and the group structure on G̃(K). The Y -equivariant structure is also

required to satisfy a finiteness condition which is given further down in (5.2) once a bit

more notation has been set up.
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The set of isomorphism classes of equivariant structures as in Definition 5.9 is in explicit

bijection with the group cohomology H1(Y,O(G̃K)
×), where Y acts on O(G̃K)

× via y :

f(Z) 7→ f(i(y) · Z). Since every α ∈ O(G̃K)
× is of the form r · Zχ for χ ∈ X and r ∈ K,

such a cocycle must be of the form

y 7→ α(y) := ζ(y) · Zϕ(y)

where ζ : Y → K× and ϕ : Y → X are maps of sets. The cocycle condition on α works

out to the additional hypotheses that

ζ(y1 + y2)

ζ(y1)ζ(y2)
= τ(y1, ϕ(y2)) and ϕ is a group homomorphism.

We retain the notation ζ for the K×-part of the cocycle and ϕ for the X-part of the

cocycle, and we consider those to be part of the degeneration datum (that is, part of the

data of L̃ , which includes the Y -equivariant structure on its generic fiber). The finiteness

condition is related to the fact that degenerations always admit an ample line bundle N
[Ray1970, XI 1.1.16], and a line bundle L on a degeneration always has the property that

L ⊗N n is ample for n≫ 0 [EGA II, Corollaire (4.5.8)]. It is given by:

(5.2)
there exists n ≥ 1 and ϕ′ : Y → X such that ζ(y)τ(y, ϕ′(y))n ∈ R for all

y ∈ Y

Remark. The isomorphism class of L̃ as a Y -equivariant structure on OG̃K
is determined

by α as a cocycle for H1(Y,O(G̃K)
×). The coboundaries defining that cohomology group

are given by the 1-cochains of the form

y 7→ (i(y)∗f) · f−1, f = rZχ ∈ K×X.

This is the same as

y 7→ τ(y, χ).

So the map ϕ : Y → X is a uniquely determined property of an isomorphism class in

DDIS,g,g, and the quadratic function ζ : Y → K× is uniquely determined up to multiplica-

tion by multiplicatively linear functions of the form y 7→ τ(y, χ) for χ ∈ X. So the data

(ζ, ϕ) that comes with an object of DDsplit
IS,g,g is well-defined up to multiplication of ζ by

functions of the form y 7→ τ(y, χ).

As indicated above, the finiteness condition (5.2) (by [Lan2013, Lemma 4.4.14]) implies

that L̃ is a difference L̃ = L̃1 ⊗ L̃ −1
2 , where (G̃, i, L̃1) and (G̃, i, L̃2) are objects of

DDsplit
ample,g,g, the category defined by

Definition 5.10. DDsplit
ample,g,g is the full subcategory of DDsplit

IS,g,g whose objects are the triples

(G̃, i : YK →↪→ G̃K , L̃ ) forming objects of DDsplit
IS,g,g but also satisfying the positivity condi-

tion,

(5.3) τ(y, ϕ(y)) ∈ I for all y ∈ Y − {0}.



FOURIER EXPANSIONS FOR KUGA–SATO DEGENERATIONS 29

In particular, the positivity condition we required in the definition of the objects of DDsplit
g,g

(Definition 5.5) amounts to requiring that the objects of DDsplit
g,g all admit an extension to

DDsplit
ample,g,g, as suggested in the text after Definition 5.5.

The functor M : DDsplit
g,g → DEGsplit

g,g constructed in Construction 5.8 is extended by

[FC1990, Ch. III] to functors Mample and MIS fitting into the diagram

(5.4)

DDsplit
g,g DEGsplit

g,g

DDsplit
ample,g,g DEGsplit

ample,g,g

DDsplit
IS,g,g DEGsplit

IS,g,g

M

Mample

MIS

The definition of the functors Mample and MIS is a somewhat more subtle point than one

might expect. We discuss this in detail, because our proof of Theorem 4.2 and its relatives

are most conveniently proved using a slightly modified version of the original construction

— we do not claim it is an original idea, as the fact that it can be done this way is already

hinted at in [FC1990, p. 72]. In the remainder of this section, we recall the construction of

MIS,Mample [FC1990,Lan2013]; we will return to state our modified version in Section 5.3,

by which point we will have introduced enough material from [FC1990,Lan2013] to be able

to prove that our version agrees with the original functors MIS, Mample.

Definition 5.11. AMumford-ample relatively complete model (P̃ , Ñ ) for an object (G̃, i, Ñ )

of DDsplit
IS,g,g is a relatively complete model (P̃ , Ñ ) for (G̃, i : Y ↪→ G̃K) with the property

that the Y -equivariant structure on Ñ extends the one that is part of the data of (G̃, i, Ñ ).

Let DDsplit,Mumford−ample
IS,g,g denote the full subcategory of DDsplit

IS,g,g whose objects are those ad-

mitting a Mumford-ample relatively complete model. A priori, we already know that

DDsplit,Mumford−ample
IS,g,g is a full subcategory of DDsplit

ample,g,g, because of the positivity condition

in Definition 5.6(ii).

Construction 5.12 (Faltings–Chai definition of MIS). Let D = (G̃, i : Y ↪→ G̃K , L̃ )

be an object of DDsplit,Mumford−ample
IS,g,g . Then M(D) is the object (G,L ) of DEGample,g,g

whose underlying degeneration G is defined by Construction 5.8 for any Mumford-ample

relatively complete model of D. To define a line bundle L on G extending G to an object

of DEGsplit
IS,g,g, note in step (3) of Construction 5.8 that by [EGA III1, Théorème (5.4.5)], the

line bundle Ñ ∧ on P algebrizes to an ample line bundle on the proper R-scheme X (in

fact we used the existence of Ñ ∧ to produce the algebrization of P to begin with, by [EGA

III1, Théorème 5.4.5]). By restriction to G ⊂ X, one then obtains an ample rigidified line

bundle L on G, thus defining the object MIS(D) := (G,L ) of DEGsplit
ample,g,g.
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An arbitrary degeneration datumD in DDsplit
IS,g,g can be written as a difference of Mumford-

ample degeneration data given by L̃1, L̃2 — again, this is a consequence of the finite-

ness condition (see [Lan2013, Construction 4.5.4.6]). Then one defines MIS : DDsplit
IS,g,g →

DEGsplit
IS,g,g to be

MIS(L̃1 ⊗ L̃ ∨
2 ) :=MIS(L̃1)⊗MIS(L̃2)

−1.

It is known that this does not depend on the choice of L1 and L2 and defines a functor

MIS : DDsplit
IS,g,g → DEGsplit

IS,g,g [Lan2013, Corollary 4.5.4.9].

One point that is implicit in [Lan2013] but not explicitly stated in the proof of [Lan2013,

Corollary 4.5.4.9] is:

Lemma 5.13. The functor MIS, when restricted to objects in DDsplit
ample,g,g, outputs objects

of DEGsplit
ample,g,g.

Proof. Let D = (G̃, i, L̃ ) be an object of DDsplit
ample,g,g. Now let (G,L ) =MIS(D); our goal

is to prove that LK is ample. This follows from [Lan2013, Lemma 4.5.4.5], which says that

for all sufficiently large n,

Dn+1 ⊗ ([−1]∗D)n ∈ DDsplit,Mumford−ample
ample,g,g .

We deduce by the existence of a cubical structure on L that

[2n+ 1]∗L ≃
(
L n+1 ⊗ [−1]∗L n

)2n+1

and thus that [2n + 1]∗L is ample. So far, this does not require passing to the generic

fiber. On the other hand, it is only by passing to LK does this imply that LK is ample,

by [EGA II, Corollaire (6.6.3)] and [?CS, Ch. V, Proposition 8.2]. □

We have therefore established the existence of the promised compatible functors MIS

and Mample (defined as the restriction of MIS to DDsplit
ample,g,g), fitting into the diagram (5.4).

5.2. Uniformization and Fourier expansions. In this section, we summarize from

[FC1990,Lan2013] the construction of an inverse functor FIS : DEGsplit
IS,g,g → DDsplit

IS,g,g, which

is constructed by extending linearly from DEGsplit
ample,g,g. It is only by constructing this

functor and proving that it is a quasi-inverse to MIS that one knows that the Mumford

uniformization procedure actually uniformizes all objects of DEGsplit
IS,g,g — so it is logically

necessary in order to know that the line bundles defined in Section 4 account for all of

DEGsplit
IS,g,g covering the Kuga–Sato degeneration of width w and rank g. Both steps (the

construction of FIS as well as the proof that it is quasi-inverse to MIS), due to Faltings–

Chai [FC1990, Ch. II], use in an essential way the Fourier expansion principle established

in [FC1990, Ch. II, Theorem 4.1] (closely related to the special case of Theorem 4.2 in the

case i = 0 and L ample, but for a general degeneration — see [FC1990, Ch. III, Theorem

6.2] and better yet [Lan2013, Corollary 4.5.4.24]).
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Since the construction of M is not literally by quotienting G̃ by Y , it is not a priori

obvious that every object of DEGsplit
ample,g,g can be uniformized usingMample, nor is it obvious

that the basic functorM : DDsplit
g,g → DEGsplit

g,g is essentially surjective. Therefore, Faltings–

Chai devised the following method, based on the technique of Raynaud extensions. Given

an object (G, L̃ ) in DEGsplit
ample,g,g, one canonically associates to G a split torus over R by

taking the formal completion Ĝ along I, which yields a formal split torus over SpfR since

the deformation theory of a split torus is trivial by [SGA 3, Exposé IX Théorème 3.6].

That formal split torus is uniquely algebrizable as the formal completion of a split torus G̃

defined by character lattice X, which is the torus that we expect to uniformize G via M .

In order to uniformize G using G̃, one still needs to determine the correct periods i : Y →
G̃K to quotient by (i.e. plug into the functorM). This is the non-obvious part that Faltings–

Chai innovated to solve. The key idea in [FC1990, Ch. II] is that, analogously to the

analytic case as explained in Section 3, the extra data of i : Y → G̃K can be read off of the

Fourier expansion (a concept we explain in the next paragraph, expanding on Section 1.5) of

algebraic theta functions on G, that is, nonzero global sections in H0(GK ,LK). A relevant

subtle technical point9 [Lan2013, §4.3.4 and §4.5.5] is that while reading i off of G requires

a choice of extension (G,L ) of G to DEGsplit
ample,g,g, it is not sensitive to the choice of L and

is in fact functorial.

Having replaced the analytic mechanism of pulling back to the universal cover via the

covering map with the algebraic mechanism of passing to
̂̃
G by taking formal completion,

the mechanism for the existence of Fourier expansions also changes along those lines: the

“Fourier expansion” map is the natural map

H0(G,L )→ H0(Ĝ, L̂ ), s 7→ ŝ

which also applies to the generic fiber just by applying −⊗R K to get

H0(GK ,LK) ↪→ H0(Ĝ, L̂ )⊗R K.

The data of a rigidification on L is the same as a cubical structure on it, by [MB1985, Ch. I,

§2.6]. By [MB1985, Ch. I, Remarque 7.2.4] applied over each R/Ik, the cubical line bundle

L̂ is trivial, that is, it is the inverse limit of copies of the structure sheaf with the trivial

rigidification on G̃×RR/I
k. So Ĝ being the formal completion of a split torus G̃ over R, and

L̂ being the formal completion of its structure sheaf, every ŝ ∈ H0(Ĝ, L̂ ) = H0(G̃∧, Ô)
has a “Fourier expansion”

ŝ =
∑
χ∈X

σχ(s) · χ,

where the σχ(s) ∈ R must converge I-adically to zero (this is another way of saying that for

all finite k ≥ 1, s|R/Ik lives in H0(Gg
m ×R R/I

k,O) and is therefore a finite sum of various

9We point the reader only to [Lan2013], as its arguments are a correction of a circular argument

originally appearing in [FC1990] — see [Lan2013, Remark 4.2.1.17].
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χ ∈ X weighted by elements of R/Ik, hence is an infinite sum that is finite mod Ik for all

k ≥ 1). Therefore, every

s ∈ H0(GK ,LK) = H0(G,L )⊗K

has a Fourier expansion which is an infinite sum

s =
∑
χ∈X

σχ(s) · χ,

where σχ(s) ∈ K go to zero in the I-adic topology on K.

To explain how Faltings–Chai extract the periods i : Y → G̃K from the functionals σχ,

we need some notation related to the dual of G, following [FC1990, Ch. II, §2]. The dual

abelian variety G∨
K extends to a degeneration G∨ for which the formal completion along I

is a formal rank g split torus with character lattice defined to be Y . And the polarization

ϕLK
: GK → G∨

K extends to a map of degenerations ϕL : G → G∨, which induces a map

ϕ : Y → X on character lattices after passing to formal completions as above.

In analogy to (3.6), Faltings–Chai [FC1990, Theorem II.4.1] proved that s ∈ H0(GK ,LK)

have Fourier coefficients σχ(s) satisfying σχ(−) ̸= 0 as a functional on H0(GK ,LK) and

σχ+ϕ(y)(s) = ζ(y)τ(χ, y)σχ(s)

where ζ : Y → K× and τ : Y ×X → K× is bimultiplicative and satisfies

(5.5)
ζ(y1 + y2)

ζ(y1)ζ(y2)
= τ(y1, ϕ(y2)) for all y1, y2 ∈ Y.

The function ζ has to do with the specific choice of line bundle L and the trivialization of

L̂ , but [Lan2013, §4.3.4 and §4.5.5] shows that the pairing τ only depends on G— indeed,

τ defines embeddings that we may suggestively call i : Y ↪→ G̃K and i∨ : X ↪→ G̃∨
K , where

G̃ and G̃∨ are the split tori whose formal completions are Ĝ and Ĝ∨, and whose character

lattices are defined to be X and Y , respectively. The embedding i is precisely the one

we would hope to extract from a degeneration in order to uniformize it by a degeneration

datum. And the function ζ : Y → K× further defines a Y -equivariant structure on the

G̃K-fiber of the structure sheaf on G̃; that is, ζ and τ together are equivalent to the data

of an object of DDsplit
ample,g,g (part of the content of [FC1990, Ch. II, Theorem 4.1] is that

they satisfy the required positivity condition) via the discussion after Definition 5.9. This

procedure defines a functor Fample : DEG
split
ample,g,g → DDsplit

ample,g,g fitting into a diagram

DDsplit
ample,g,g DEGsplit

ample,g,g

DDsplit
g,g DEGsplit

g,g

Fample

F
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Finally, the main theorem of [FC1990, Ch. II-III] is that F and M are quasiinverse

functors, thus proving the analog of the Appell–Humbert theorem for degenerating families

of polarized abelian varieties in the sense that every polarizing line bundle on a split total

degeneration G can be uniformized by a trivial line bundle. The proof in [FC1990] of this

theorem goes through [FC1990, Ch. III, Theorem 6.2], which is a complete construction

of a basis of Fourier expansions that can appear in H0(G,L ), where (G,L ) is already

given as M(G̃, i : Y ↪→ G̃K , L̃ ) for some input in DDsplit
ample,g,g. We pull the statement from

[Lan2013, Corollary 4.5.4.24] because it is stated in a way that is most notationally similar

to how we wish to view the Fourier expansion principle in terms of group cohomology of

the lattice of periods Y :

Theorem 5.14. The global sections H0(GK ,L ) are canonically identified with the Y -fixed

points H0(Y, V ), where V is the K-vector space of Laurent series

ϑ(Z) =
∑
χ∈X

σχ(ϑ)Z
χ

such that σχ(ϑ) ∈ K are such that there exists r ∈ R with r · σχ(ϑ) ∈ R for all χ ∈ X, and

such that rϑ(i(y) ·Z) has coefficients going to zero for all y ∈ Y ; and the Y -action on V is

given by

(y · ϑ)(Z) := ζ(y)Zϕ(y)ϑ(i(y) · Z),
that is, by sending the χ-th Fourier coefficient σχ to σχ+ϕ(y)ψ

−1(y)τ−1(y, χ).

When G is a Kuga–Sato degeneration, as previously mentioned, this is the i = 0, L
ample case of Theorem 4.2.

We have now finished explaining how the Faltings–Chai classification of degenerations

of ample line bundles includes as part of its proof the complete determination of Fourier

expansions of algebraic theta functions for ample line bundles. In the remainder of this

article, we will use the Faltings–Chai uniformization of line bundles on Kuga–Sato degen-

erations (and thus implicitly that i = 0 ample special case of Theorem 4.2) to deduce

Theorem 4.2 as well as the accompanying results promised in Section 1.6.

5.3. Relatively complete models for invertible sheaves. We now discuss the ability

to use relatively complete models to calculate “in one shot” the degenerations uniformized

by objects in DDsplit
IS,g,g rather than first decomposing as a difference of Mumford-ample

objects and applying Construction 5.12. The fact that such relatively complete models can

be used is surely well-known, and is mentioned without explicit detail in [FC1990, p. 72].

Definition 5.15. A relatively complete model for an object (G̃, i : Y ↪→ G̃K , L̃ ) of DDsplit
IS,g,g

is a triple (P̃ , Ñ , L̃ ), where (P̃ , Ñ ) is a relatively complete model for the object (G̃, i :

Y → G̃K) of DDsplit
g,g in the sense of Definition 5.6, and L̃ is, somewhat abusively, a line

bundle L̃ on P̃ with a Y -equivariant structure and a G̃-equivariant structure, such that
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L̃ |G̃K
agrees with the L̃ in the degeneration datum as a Y -equivariant structure on the

structure sheaf.

.

Definition 5.16 (Our definition of MIS). Let D be an arbitrary object of DDsplit
IS,g,g. If D

admits a relatively complete model (P̃ , Ñ , L̃ ), then MIS(D) = (G,L ) may equivalently

be defined by constructing the line bundle L̃k := L̃ ×R R/I
k on P̃k for all k (as is done

for Ñ in step (2) of Construction 5.8), then use the ample line bundle (Nk)k≥1 on P to

algebrize (L̃k)k≥1 to a line bundle on X (as in step (3) of Construction 5.8 except now the

structure L̃k is also being algebrized — this time via [EGA III1, Corollaire (5.1.6)]), which

can then be restricted to G ⊂ X which is defined by step (4) of Construction 5.8. That

restriction is a line bundle L , and MIS(D) is defined to be (G,L ).

Lemma 5.17. Let D be an arbitrary object of DDsplit
IS,g,g. Then:

(1) D admits a relatively complete model.

(2) MIS(D) as defined in Definition 5.16 indeed agrees with Construction 5.12.

Proof. The argument of [Lan2013, Construction 4.5.4.6] proves that there are Mumford-

ample objects (G̃, Y → G̃K , L̃1) and (G̃, Y → G̃K , L̃2) in DDsplit
IS,g,g such that

L̃ = L̃1 ⊗ L̃ −1
2 .

Let (P̃1, L̃1) and (P̃2, L̃2) be the relatively complete models for L̃1 and L̃2 that are guar-

anteed to exist by the definition of a Mumford-ample line bundle on a degeneration. If P̃1

and P̃2 were secretly the same, then we would immediately have a proof of (1): we could

just form L̃ = L̃1 ⊗ L̃ −1
2 and combine it with Ñ = L̃1 (or L̃2) to obtain our desired

relatively complete model. More generally, we can apply the technique (already present in

[Lan2013,FC1990]) of mimicking the construction of L̃1⊗ L̃ −1
2 by restriction of L̃1⊠ L̃ −1

2

along the diagonal: define P̃ to be the Zariski closure of G̃ along the diagonal embedding

G̃ ↪→ P̃1 × P̃2. The restriction of L̃1 ⊠ L̃ −1
2 to P̃ is denoted L̃ , as it provides a relatively

complete model (P̃ , L̃ , Ñ ) for L̃1 ⊗ L̃ −1
2 , where Ñ is the restriction of the ample line

bundle L̃1 ⊠ L̃2 to P̃ . We refer to the proof of [Lan2013, Lemma 4.5.4.8] for an extremely

similar argument. This proves (1). Moreover, MIS(D) defined using this particular choice

of relatively complete model in Definition 5.16 agrees with Construction 5.12.

To prove (2), it therefore suffices to prove that Definition 5.16 doesn’t depend on the

choice of relatively complete model. Let L be the algebrization of L̃ ∧ on X. Similarly, let

N be the algebrization of Ñ ∧ on X. Since N is ample, by [EGA II, Corollaire (4.5.8)]

there exists a positive integer N such that

L ⊗N ⊗N is ample.

It follows from the same arguments using Fourier expansions that show Fample and Mample

are quasiinverse (Section 5.2) that Fample(L ⊗N ⊗N) = L̃ ⊗ Ñ ⊗N , i.e., our MIS(L̃ ) ⊗
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MIS(Ñ )⊗N agrees withMIS(L̃ )⊗MIS(N )⊗N defined by Construction 5.12, henceMIS(L̃ )

agrees with it defined Mumford’s way as well. □

5.4. Line bundles on Kuga–Sato degenerations, from the point of view of Faltings–

Chai. We now use the characterization ofMIS from Definition 5.16 to explicitly uniformize

the Kuga–Sato degenerations. We will use this to prove the main theorems of this article

in the subsequent sections.

Fix positive integers g, w, and let R = ZJq1/wK (complete with respect to the ideal

I = (q1/w)), so that the split R-torus G̃ = Gg

m,ZJq1/wK is a valid uniformizing torus for a

degeneration datum. The character lattice of G̃ is X = Zg, where χ = (χ1, . . . , χg) ∈ X
represents the character given on points by Z 7→ Zχ. We take the period lattice Y = Zg

to embed into G̃K via

i : Y ↪→ G̃Z((q1/w)), y = (y1, . . . , yg) 7→ (qy1 , . . . , qyg).

In other words, i is defined by the pairing τ , where

τ : X × Y → Z((q1/w))× ⊂ K×

is given by

τ(χ, y) := (i(y))χ = qχ1y1+···+χgyg .

Lemma 5.18. The tuple D := (G̃, i : Y → G̃Z((q1/w))) defines an object of DDsplit
g,g .

Proof. We need only verify the positivity requirement in Definition 5.5. So let ϕ : Y → X

be the “principal polarization” map sending (y1, . . . , yg) to the character Z 7→ Zy1
1 · · ·Z

yg
g ,

and note that

τ(y, ϕ(y)) = q⟨y,ϕ(y)⟩ = qy
2
1+···+y2g ∈ (q1/w) unless y = 0.

□

In the remainder of this section, we will accomplish two tasks:

(1) We will explicitly classify all the ways to extend D to an object of DDsplit
IS,g,g.

(2) For all of those ways, we will use toric geometry to produce explicit relatively

complete models in the sense of Definition 5.16. We will compare the resulting

objects in DEGsplit
IS,g,g to those defined more directly in Section 4 and see that they

are in fact the same.

To extend D to an object of DDsplit
IS,g,g is to produce a rigidified line bundle L̃ on G̃ and

a Y -equivariant structure on its generic fiber. We already used (from [MB1985, Remarque

7.2.4]) the fact that as a line bundle, L̃ is isomorphic to the structure sheaf of G̃. So the Y -

equivariant structure that we desire to construct is the same as a class in10 H1(Y,O(G̃K)
×).

10The following is standard, but we specify it here to make it unambiguous what the construction is:

to specify a Y -equivariant structure on O is to specify isomorphisms ι(y)∗O σ(y)→ O, which have to be



36 KENZ KALLAL

We already saw following Definition 5.9 that such a cocycle is always of the form y 7→ α(y) =

ζ(y) · Zϕ(y), where

(5.6)
ζ(y1 + y2)

ζ(y1)ζ(y2)
= τ(y1, ϕ(y2)).

and ζ : Y → K×, while ϕ : Y → X is a group homomorphism. For an arbitrary fixed choice

of ϕ (though only ϕ with finite cokernel will produce line bundles that induce isogenies

GZ((q1/w)) → G∨
Z((q1/w))

), we determine all possible ζ. First of all, if ϕ is given in the standard

bases of X and Y by a matrix B = (bij), then B must be symmetric, since the left hand

side of (5.6) is symmetric in y1 and y2. Otherwise, no ζ can possibly exist. This is the

degeneration datum manifestation of the symmetry property of the maps induced by line

bundles on abelian varieties.

On the other hand, once B is symmetric, there is a full Hom(Y,K×)-torsor of possibilities

for ζ satisfying (5.6). Namely,

τ(y1, ϕ(y2)) = q⟨y1,B(y2)⟩ = q
∑

i,j bij(y1)i(y2)j ,

so we may take

ζ(y) = q
1
2

∑
i bii(y

2
i −yi)+

∑
i<j bijyiyj = qQ

′(y)

which can be modified by any element of Hom(Y,K×), that is, any collection a1(q), . . . , ag(q) ∈
K× to produce

ζ(y) = qQ
′(y) ·

g∏
i=1

ai(q)
yi .

The only remaining condition that must be required is the finiteness condition: there has

to exist a positive integer n, a ϕ : Y → X satisfying the positivity condition with respect

to τ such that

ζ(y) · τ(y, ϕ(y))n ∈ ZJq1/wK for all y ∈ Y.

This is satisfied if and only if all the ai ∈ Z((q1/w))× ⊂ K×.

Therefore, we have shown that the following definition accounts for all of the objects of

DDsplit
IS,g,g extending D:

compatible in the sense that for y1, y2 ∈ Y , the isomorphism ι(y1 + y2)
∗O σ(y1+y2)→ O coincides with the

composition ι(y1 + y2)
∗O = ι(y1)

∗ι(y2)
∗O ι(y1)

∗(σ(y2))→ ι(y1)
∗O σ(y1)→ O, i.e. the σ indeed has to satisfy the

cocycle condition σ(y1 + y2) = σ(y1) · ι(y1)∗(σ(y2)). All of the isomorphisms σ(y) are to be viewed as

elements of H0(G̃K ,O×) = K[X]× = K×X. Two Y -equivariant structures σ, σ′ are equivalent if there

is an f ∈ K×X with the property that σ1(y)σ2(y)
−1 = ι(y)∗f

f for all y ∈ Y , meaning that it is exactly

H1(Y,K×X) that classifies the isomorphism classes of Y -equivariant structures on O.
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Definition 5.19. For a fixed symmetric Z-entried matrix B, and a tuple a = (a1, . . . , ag)

of elements of Z((q1/w))×, let DB,a denote the object of DDsplit
IS,g,g given by the cocycle

y 7→ qQ
′(y) ·

g∏
i=1

ai(q)
yi .

Now we begin the task of constructing a relatively complete model for DB,a, using the

theory of torus embeddings for the split ZJq1/wK-torus G̃. We refer to Section A for the

notations involving the basic theory of torus embeddings over ZJq1/wK.

Let P̃ = XΣ×Z[q1/w] ZJq1/wK, where Σ is the fan in (Z⊕Y )⊗R given by the cone over a

specific convex polyhedral decomposition of {1}× (Y ⊗R) (compare with [Mum1972, §6]).
The coordinate q1/w is the Gm character corresponding to the first coordinate in Z ⊕ X,

and the coordinates Z1, . . . , Zg are used for the characters in X as usual. Here we obtain a

Z[q1/w]-scheme XΣ in the first place by noting that by the definition of Σ as a cone filling

up an entire half-space, XΣ admits a natural map to A1
Z (the toric Z-scheme from the fan

given by a ray in Z⊗R) with coordinate q1/w. Importantly, P̃ is only locally of finite type

over ZJq1/wK, because Σ is infinite. This departs from the typical situation in most toric

geometry references like [Dem1970,Ful1993] so it requires some care to handle rigorously

— the necessary pieces of the basic theory are adapted in Section A.

In an attempt to avoid confusion, we use t1, . . . , tg as the coordinates of Y ⊗R ≃ Rg,

and we use t0 as the extra coordinate on (Z ⊕ Y ) ⊗R. We only use y1, . . . , yg to denote

the coordinates of an element of Y ⊗R if it is already in the lattice Y ⊂ Y ⊗R.

We now specify the polyhedral decomposition we use to construct Σ. It is taken to be

the standard triangulation of the standard tiling of Y ⊗R ≃ Rg. That is, we triangulate

the hypercube [0, 1]g by covering it with g! g-simplices indexed by the permutation group

Sg,

(5.7) σπ = {(t1, . . . , tg) ∈ [0, 1]g : 0 ≤ tπ(1) ≤ · · · ≤ tπ(g) ≤ 1}.

Then we triangulate Y ⊗R ≃ Rg by the infinite collection of g-simplices

σy,π = y + σπ, y ∈ Y.

The cone Σ in (Z⊕ Y )⊗R over this triangulation is defined by the collection of cones

σ̃y,π = R≥0 · (1× σy,π).

This notation being somewhat tiresome to parse, we provide some pictures of our choice

of Σ in the cases g = 1 and g = 2: Figure 1 and Figure 2.

The action of Y on P̃ is defined to be induced by base change to ZJq1/wK from the action

of Y on (Z⊕ Y )⊗R that is linear on cones and sends (1, t) to (1, t+ wy′).
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Figure 1. The fan Σ we use for g = 1
...

...

(0, 0)

Figure 2. The fan Σ we use when g = 2.

{1} × YR

(1, 0, 0)
(0, 0, 0)
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The basic reason for selecting this triangulation is the following

Lemma 5.20. The fan Σ is nonsingular.

Proof. We need to show that for all y ∈ Y = Zg and π ∈ Sg, the g + 1 vertices of 1× σ̃y,π
are a basis for Z⊕ Y . Those vertices are precisely the points in Rg given by (1, vi), where

i = 0, . . . , g, and vi has coordinates vπ(1) = · · · = vπ(i) = 0, vπ(i+1) = · · · = vπ(g) = 1. Using

the basis eπ(1), eπ(2), . . . , eπ(g) for Y ⊗R, this comes down to the fact that

det



1 1 1 · · · 1 1 1

1 0 0 · · · 0 0 0

1 1 0 · · · 0 0 0

1 1 1 · · · 0 0 0
...

...
...

. . .
...

...
...

1 1 1 · · · 1 0 0

1 1 1 · · · 1 1 0


= ± det



1 0 0 · · · 0 0 0

1 1 0 · · · 0 0 0

1 1 1 · · · 0 0 0
...

...
...

. . .
...

...
...

1 1 1 · · · 1 0 0

1 1 1 · · · 1 1 0

1 1 1 · · · 1 1 1


= ±1.

□

One embeds G̃ = SpecZJq1/wK[X] = Gg

m,ZJq1/wK into P̃ as the affine from the cone

R≥0 · (1, 0, 0, . . . , 0, 0).

.The fact that the maximal cones in Σ are smooth means that we can define a piecewise

linear function ψ ∈ PL(Σ) (and therefore a line bundle on P̃ ) by just specifying its values

on the vertices (1, y), y ∈ Y .

Remark. It will be convenient for some of what we do to remark that even after refining Σ

to a finer cone Σ′, we can still define a line bundle on XΣ′ by a piecewise linear function

ψ ∈ PL(Σ). Thus we can take advantage of the nonsingular nature of Σ to construct ψ

even if we ultimately do not work with the exact fan Σ.

We first construct the required ample line bundle Ñ on P̃ . Since it will be constructed

from a function ψ ∈ PL(Σ), the only things that actually require checking are:

• We have to arrange for Ñ to be ample.

• We have to produce a Y -equivariant structure on Ñ .

For the first point, we will use the ampleness criterion Lemma A.4 (one has to slightly

modify the usual ampleness criterion for line bundles on toric varieties because there is

no finite-type hypothesis available, as Σ is infinite). Let Q : Y → Z be the (quadratic)

function of the form

Q(y1, . . . , yg) =

g∑
i=1

aiiy
2
i + 2

∑
1≤i<j≤g

aijyiyj,

where aij ∈ Z and aij = aji. By smoothness of Σ, there is a unique ψ ∈ PL(Σ) with the

property that ψ(1, y) = −Q(y) for all y ∈ Y .
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Lemma 5.21. The line bundle N coming from ψ in the toric language is ample, if Q is

chosen appropriately.

Proof. We apply the ampleness criterion of Lemma A.4. The main thing is to prove that ψ

is strictly convex. First, it is clear that not any positive-definite Q will work. For example,

if Q(y) =
∑

i y
2
i (or any other diagonal form), then ψ is linear on all of ∪πσ̃y,π for all y ∈ Y ,

since if ϵ =
∑

i∈S ei, then

ψ : (1, y + ϵ) 7→ −Q(y)−
∑
i∈S

2yi − |S|

while (1, y + ϵ) =
∑

i∈S(1, y + ei)− (|S| − 1)(1, y) and∑
i∈S

−ψ(1, y + ei) + (|S| − 1)ψ(1, y) =
∑
i∈S

−Q(y + ei) + (|S| − 1)Q(y)

= (|S| − 1)Q(y)−
∑
i∈S

(Q(y) + 2yi + 1)

= −Q(y)−
∑
i∈S

2yi − |S|

as well.

The idea is that non-diagonal terms have to be added, while preserving the positive-

definiteness of the form.

For full rigor, let us begin with the g = 1 case, where this amounts to constructing

a Mumford-ample bundle on the Tate curve. In that situation, it is well-known that a

diagonal form actually works (and it has to for this approach to work — there aren’t

any other choices of rank-1 quadratic form). To be more precise, we use the continuous

piecewise-affine function φ0 on Y ⊗R ≃ R given by

φ0|[n,n+1](t1) = n2 + n− (2n+ 1)t1.

We also define the global affine-linear functions

Ln(t1) = n2 + n− (2n+ 1)t1

which extend ψ0|[n,n+1](−) globally. These are just the secant lines at integer points to the

concave continuous function t1 7→ −t21, so

φ0|[n,n+1](t1) = min
m∈Z

Lm(t1).

In fact, the minimum is attained by Lm if and only if y ∈ [m,m + 1]; and only by Lm if

y ∈ (m,m + 1). This makes ψ0 strictly convex even after extending to a piecewise-linear

function ψ0 on the cone over {1} × Z.
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y
−2 −1 1 20

−1

−4

L1(y) = 2− 3y

ψ0 −y2 Ln

The condition Lemma A.4(2) is obviously satisfied, because the numerator is linear while

the denominator grows quadratically as the cone σ varies in either direction.

In the higher rank g case, we consider the piecewise-affine continuous function on Y ⊗R

given by

φ(t) :=
∑

biiφ0(ti) +
∑
i<j

bijφ0(ti − tj)

for some choice of bij ∈ Z>0. When y ∈ Y = Zg, all the inputs to φ0 are integers, so φ is

integer-valued on Y , in particular agreeing with the quadratic form −
∑
biiy

2
i−
∑

i<j bij(yi−
yj)

2 on those values. In other words, ψ extends linearly on cones to a well-defined element

of PL(Σ) after extending linearly from σy,π to σ̃y,π for all y ∈ Y and π ∈ Sg. We mostly

just need to verify that the extension of ψ is strictly convex as an element of PL(Σ); that

is, φ|σy,π is not equal on σy,π to the affine extensions of φ|σy′,π′ for all (y
′, π′) ̸= (y, π), and

in fact dominates it on the interior of σy,π. This is true as long as the coefficients bij are

all positive, as we now prove. The cone σy,π is defined by various equalities ti ∈ [ki, ki + 1]

and ti − tj ∈ [kij, kij + 1], where the integers ki, kij depend on y, π, i, and j; so on σy,π, we

have

φ(t) =
∑
i

biiLki(ti) +
∑
ij

bijLkij(ti − tj).

A point t′ ∈ Y ⊗R not in σy,π satisfies t′i ∈ [k′i, k
′
i+1] and t′i−t′j ∈ [k′ij, k

′
ij+1], where at least

one of the k′i or k
′
ij is not equal to the corresponding ki or kij. Since the bij > 0, it follows

from this and the fact that minm∈Z Lm(y) is attained by Lm if and only if y ∈ [m,m + 1]

that ∑
i

biiLki(t
′
i) +

∑
ij

bijLkij(t
′
i − t′j) >

∑
i

biiLk′i
(t′i) +

∑
ij

bijLk′ij
(t′i − t′j),

which is exactly the desired strict convexity property for the extension of φ to PL(Σ).

Finally, the condition (2) in Lemma A.4 is obviously true, because the denominator is a
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quadratic function of ρ in the obvious sense and the numerator grows only linearly. So

Lemma A.4 implies that Ñ is ample on P̃ . □

The line bundle Ñ defined by ψ after base change by ZJq1/wK (that is, pullback to P̃ )

admits a Y -equivariant structure. Indeed, for y, x ∈ Y ,

(x∗ψ)(1, y) = ψ(1, y + wx)

= Q(y + wx)

= Q(y) + w2Q(x) + w⟨y, x⟩Q
= Q(y) + (1, y) · (w2Q(x), wx)

= ψ(1, y) + (1, y) · (w2Q(x), wx);

so for all x ∈ Y , there is an isomorphism

x∗Ñ ≃ Ñ , multiplication of sections by qwQ(x)Zwϕ(x)

which indeed defines the desired Y -equivariant structure. From now on it only matters

that we have this auxiliary Y -equivariant ample line bundle on P̃ so that we may use it to

produce relatively complete models in the sense of Definition 5.16 — the exact choice of

Ñ will not matter.

We now produce the remaining datum L̃ in a relatively complete model for DB,a. The

invertible sheaf L̃ on P̃ is constructed using the piecewise-linear function ψ ∈ PL(Σ)

which satisfies

ψ(1, wy) = −w

(∑
i

bii
y2i − yi

2
+
∑
i<j

bijyiyj

)

and is linear on the cone over the decomposition as defined in (5.7) except with [0, 1]g

replaced with [0, w]g and the cubulation Y + [0, 1]g replaced with the coarser cubulation

wY + [0, w]g ⊂ Y ⊗R. The multiplication by w was necessary to ensure that ψ is given on

the simplices σ̃y,π by elements of Z⊗X. Indeed, we have ψ(1, wy) ∈ wZ for all y ∈ Z, so

the various ψ(1, y) are defined by affine-linear interpolation of these and can be deduced

to be in Z.

The Y -action on P̃ is induced by the action of Y on Y ⊗ R given by y · t = t + wy.

After taking Z((q1/w))-fiber, this becomes the multiplication action of ι(y) on G̃Z((q1/w)) =

Gg

m,Z((q1/w))
. Since it comes from a ψ ∈ PL(Σ), the line bundle L̃ also has a G̃-equivariant

structure, which is just the multiplication structure on OG̃ when restricted to XR≥0·(1,0) =

G̃, since ψ(1, 0) = 0 so the Cartier divisor defining L does not intersect X(1,0).
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The line bundle L̃ enjoys the property of being Y -equivariant, because y∗L̃ is defined

by y∗ψ ∈ PL(Σ), which satisfies

ψ(1, wx)− (y∗ψ)(1, wx) = ψ(1, wx)− ψ(1, w(x+ y))

= −wQ′(x) + wQ′(x+ y)

= wQ′(y) + ⟨wx, y⟩B.

A Y -equivariant structure on L̃ can therefore be given by the isomorphisms

y∗L̃ → L̃

which are multiplication by

(5.8) (q1/w)wQ′(y)Zϕ(y) = qQ
′(y)ZB(y).

In fact, to actually get a relatively complete model for DB,a we can take a slightly more

general Y -equivariant structure on L̃ , namely multiplication by

qQ
′(y)ZB(y)

g∏
i=1

ai(q)
yi .

Lemma 5.22. The tuple (P̃ , L̃ , Ñ ) is a relatively complete model for (G̃, L̃ ) = DB,a.

Proof. Once we prove that P̃ with the open embedding of G̃ that we already defined satisfies

the conditions (i)-(iii) of Definition 5.6, we are done; as the fact that L̃ is compatible with

the L̃ of the degeneration datum is immediate from (5.8), and the requisite properties of

Ñ have already been proved above. We deal with the properties of a relatively complete

model one at a time:

(i) There exists an open G̃-invariant subset U ⊂ P̃ of finite type over Z[[q]] such that

P̃ =
⋃

y∈Y y · U . Simply take

U =
⋃
π∈Sg

y∈Y/wY

Xσ̃y,π ×Z[q1/w] ZJq1/wK.

This has the desired property because the action of y′ ∈ Y maps Xσ̃y,π isomorphi-

cally to Xσ̃y+wy′,π
, and XΣ is covered by the affines Xσ̃y,π which are finite type over

Z((q1/w)).

(ii) For all valuations v (possibly not of rank 1) on the field of rational functions of G̃

for which v ≥ 0 on ZJq1/wK, v has a center on P̃ if and only if

for all χ ∈ X there exists y ∈ Y such that v(i(y)χZχ) ≥ 0.

This form of the valuative criterion for properness essentially amounts to the fact

that the infinite fan Σ is complete over the fan for SpecZ[q]. However, we cannot

argue as in the classical setting ([Ful1993, §2.4]) just by looking at the vector for

the valuations in N ⊗ R and noting that they have centers if and only if their
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corresponding vectors in N ⊗R are in the support of the fan; this is because of the

requirement that we also consider valuations of rank ≥ 1.

Note also that we are requiring an old-fashioned version of the properness con-

dition from [FC1990, Mum1972]. A weaker version is proven in [Lan2013] to be

sufficient, but the point of this proof is that (as expected from [Mum1972]) the

strongest form is true for the relatively complete models constructed by toric ge-

ometry.

Let v : K(G̃)→ Γ be a valuation, where Γ is a totally ordered abelian group. We

prove each direction separately. Suppose the condition

(5.9) for all χ ∈ X, there exists y ∈ Y such that v(i(y)χZχ) ≥ 0

holds. The element of Γ given by v(i(y)χZχ) is, in our case, the same as

(χ1y1 + · · ·χgyg)v(q) +

g∑
i=1

χiv(Zi).

If we could assume that v was of rank 1, then we could consider v as a vector in

N ⊗ R and easily conclude from (5.9) that v ∈ |Σ| and therefore has a center on

P̃ . The argument we end up doing essentially goes like this, but we have to be

extra careful. First, since Γ is a totally ordered abelian group, it is torsion-free; so

Γ ⊂ Γ⊗Q, which also admits the structure of a totally ordered Q-vector space. The

valuation v therefore induces an element of Hom((Z⊕X)Q,ΓQ), which generalizes

(Z⊕ Y )Q. The object generalizing the cone

σπ,y = {m ∈ (Z⊕ Y )Q : ⟨m,n⟩ ≥ 0 for all n ∈ σ∨
π,y ∩ (Z⊕X)} = (σ∨

π,y)
∨ ⊂ (Z⊕ Y )Q

(which in the rank-one valuation case would contain precisely the rank-1 valuations

with a center on Xσπ,y) is the cone

σ′
π,y = {m ∈ Hom((Z⊕X)Q,ΓQ) : ⟨m,n⟩ ≥ 0 for all n ∈ σ∨

π,y∩(Z⊕X)} ⊂ Hom((Z+X)Q,ΓQ).

If v with v ≥ 0 on ZJq1/wK has associated vector (a priori an element of Hom((Z⊕
X)Q,ΓQ)) in σ′

π,y, then it has a center on Xσπ,y ×Z[q1/w] ZJq1/wK (as it is ≥ 0 on

the coordinate ring of Xσπ,y ×Z[q1/w]ZJq1/wK, which is generated over ZJq1/wK by the

generators of σ∨
π,y ∩ (Z⊕X)). The condition (5.9) applied to the generators Zi for

X and their negations Z−1
i just says that v ∈ Hom((Z ⊕ X)Q,ΓQ) satisfies some

set of inequalities:

(5.10)
For all i = 1, . . . , g, there exist y+i , y

−
i ∈ Z such that y+i v(q)+ v(Zi) ≥ 0 and

y−i v(q) + v(Zi) ≤ 0.

which together with the omnipresent condition v(q) ≥ 0 define a set Ω′ ⊂ Hom(MQ,ΓQ).

The set Ω′ generalizes the set Ω ⊂ Hom((Z⊕X)Q,Q) given by the same inequal-

ities — an example of such a set (which depends on the values of y±i ) in the case

g = 1 is pictured here, superimposed on Figure 1 with horizontal axis standing for

v(q) and vertical axis standing for v(Z).
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Ω

...

...

(0, 0)

v(Z) + y−v(q) ≤ 0

v(Z) + y+v(q) ≥ 0

The property of Ω that is important in this context is that despite the infinitude

of Σ, the cone Ω is covered by finitely many cones σ of Σ, which we call σn for n in

a finite index set T . In other words, the finite system of linear inequalities defining

Ω − ∪n∈Tσn has no solution in N ⊗ Q. But those linear inequalities are exactly

the same as the ones defining Ω′ − ∪n∈Tσ
′
n (recall the definition of σ′), so by the

basic technique of elimination of quantifiers (see for example [Mar2002, §3.1]) there
is also no solution to that in Hom((Z⊕X)Q,ΓQ), i.e. Ω

′ is covered by the σ′
n. This

means that the valuation vector of v belongs to some σ′
n, i.e. v has a center on P̃ .

Now let us address the converse. Suppose v with v ≥ 0 on ZJq1/wK has a center

on P̃ . Let σ ∈ Σ be such that the center is on Xσ ×Z[q1/w] ZJq1/wK. Let χ ∈ X.

The coordinate ring of Xσ ×Z[q1/w] ZJq1/wK contains qkZχ, for all sufficiently large

k. This is obvious from the general toric geometry of the situation: you just have

to make k large enough to make the relevant inequality true at the finitely many

vertices of the polyhedral decomposition that Σ is the cone over. Therefore,

k ≫n,χ 0 =⇒ qkZχ ∈ O(Xσn) =⇒ v(qkZχ) ≥ 0.

In particular, by taking y such that y1χ1 + · · · + ygχg is large enough, we know

that v(qy1χ1+···+ygχgZχ) ≥ 0, hence (5.9) is satisfied.

(iii) The action of G̃ and Y on P̃ extends the translation action of G̃ and Y on G̃ given

by the group law.

The part about the action of G̃ is part of the data that comes with the toric

scheme XΣ. The part about the action of Y follows from noting (by definition of
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the action of Y in terms of the defining fan Σ) that after inverting q, all the Xσn

coincide and are equal to Gg

m,Z((q1/w))
, where y acts by multiplication by i(y) = qy.

□

5.5. This degeneration datum uniformizes the line bundle L Q,a. In Section 4,

the rigidified line bundle L Q,a on Eg
w,Tate (the g-th fibered power of the Tate curve over

Z((q1/w))) was defined in a fairly concrete way. In Section 5.4, we defined an object

MIS(G̃, i : Y → G̃K , L̃ Q,a) that depends on Q, a.

Lemma 5.23. In fact, MIS(G̃, i : Y ↪→ G̃K , L̃ Q,a) and L Q,a are isomorphic objects of

DEGsplit
IS,g,g extending G

g
w. Consequently, the line bundles L Q,a account for all of the rigidified

line bundles on Kuga–Sato degenerations.

Proof. First, the fact that M(G̃, i : Y ↪→ G̃K) is G
g
wis obvious in the case g = 1, as Gw is

by definition [DR1973] given by applying M to the g = 1 case of the degeneration datum

we constructed, using the g = 1 case of the relatively complete model we constructed. For

larger g, it follows from the standard fact that M respects products, since products of

relatively complete models (correctly fibered) are relatively complete models of products

(in fact the one constructed in Section 5.4 is the g-th fibered power of the one for g = 1).

Now we handle the line bundle part of the assertion. Let us begin with the case a =

(1, . . . , 1). Then both sides only depend on Q. The functor MIS respects tensor products

of degeneration data, so by definition of the twisting procedure defining L Q in (4.2) (and

the obvious relatively complete models of the maps mij and πi), this case is reduced to the

case of the quadratic form Q(x) = x2. The corresponding line bundle in either definition

is symmetric and therefore determined by its Z((q1/w))-fiber. That fiber in the definition of

Section 4 is nothing but OEw,Tate
([−1]). In the definition of Section 5.4, it is a symmetric

line bundle on Ew,Tate that induces a principal polarization Ew,Tate → E∨
w,Tate (since the

homomorphism ϕ : Y → X in the degeneration datum is an isomorphism). So there are

in reality only 2 or 4 choices, corresponding to the 2 or 4 2-torsion sections of Ew,Tate over

Z((q1/w)), depending on the parity of w. To see that this 2-torsion section is exactly [−1],
one way is to use the Fourier expansion principle Theorem 5.14 to produce a global section

with Fourier expansion ∑
λ∈Z

q
λ2−λ

2 Zλ

and note that it vanishes along the section Z = −1.

It remains to show that the Pic0-twisting procedure, which on both sides depends on a,

is the same. As before, this can be reduced to the g = 1 case, where it amounts to showing

that the degeneration datum corresponding to the cocycle y 7→ ay where a ∈ Z((q1/w))×

uniformizes OEw,Tate
([−a−1] − [−1]). Again, we wish to do this by explicitly comparing

Fourier expansions of global sections by Theorem 5.14, so it is more convenient to actually
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reduce to the case of twists of L Q with Q = x2. In Section 4, this meaning of L Q,a is

precisely OEw,Tate
([−a−1]), i.e., a∗OEw,Tate

([−1]). On the other hand, by Theorem 5.14, the

version defined in Section 5.4 has a global section given by∑
λ∈Z

q
λ2−λ

2 aλZλ

which vanishes on the relative Cartier divisor [−a−1]. □

6. Computation of cohomology over Z((q1/w))

This section concerns the proof of Theorem 4.2. By Lemma 5.23, the line bundle L Q,a

whose cohomology we wish to calculate is uniformized by the relatively complete model

(P̃ , L̃ Q,a, Ñ ) constructed in Section 5.4. For brevity, we treat Q and a as fixed and

use the notation L to denote L Q,a. Our technique of calculation of H•(Eg
w,L

Q,a) is

correspondingly to consider the double complex

Ep,q
0 = Cp(Y, Čq(UΣ, L̃ ∧)),

where

(1) The first Cp denotes group cohomology cochains with respect to the action of Y .

(2) UΣ denotes the cover of P̃∧ given by the (q1/w)-adic formal completions of the basic

toric affines Xσ ×Z[q1/w] ZJq1/wK in P̃ = XΣ ×Z[q1/w] ZJq1/wK, ranging over the cones

σ ∈ Σ.

(3) The second Čq denotes Čech cohomology of sheaves of abelian groups on P̃∧.

The cohomology of the total complex H•(Tot(E•,•
0 )) can be computed by either one of

the spectral sequences IE•,•
• or IIE•,•

• , where the first one has “horizontal” boundary maps

in the E0 page,

d : IEp,q
0 → IEp+1,q

0

which are just the boundary maps for group cohomology cochains; and the second one has

“vertical” boundary maps in the E0 page,

d : IIEp,q
0 → IIEp,q+1

0

which are induced by the boundary maps for Čech cochains.

We will first prove that the spectral sequence IE•,•
• degenerates at E2, where it calcu-

lates the ZJq1/wK-modules H•(Xw,g,L ). By flatness of localization, the cohomology of the

Z((q1/w))-fiber (the computation of which is the goal of all of this) is the cohomology of

the total complex of E•,•
0 ⊗ Z((q1/w)), which is computed by IIE•,•

• ⊗ Z((q1/w)). We will

then deduce Theorem 4.2 by proving that this spectral sequence also degenerates at E2

and converges to H i(Y,O(Gg,an
m )) where y ∈ Y acts by (1.7).

Here the notation is that Xw,g is the algebrization of P̃∧/Y = P involved in the definition

of Mumford’s uniformization functor. Recall thatXw,g is a proper Z-scheme, and it contains
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the Kuga–Sato degenerationGg
w as an open subscheme (they are in fact both equal to Eg

w,Tate

over Z((q1/w))).

6.1. Spectral sequence, first direction. We are meant to prove:

Proposition 6.1. The spectral sequence IE•,•
• degenerates at E2, where it converges to

H i(Xw,g,L ).

Proof. SinceXw,g is a proper ZJq1/wK-scheme, formal GAGA (for instance [EGA III1, Propo-

sition (5.1.2)]) says that

H i(Xw,g,L ) ≃ H i(X̂w,g,L
∧).

By construction, X̂w,g is the quotient by the action of Y of P̃∧, which is called Pw,g. And

L ∧ is the descent of L̃ ∧ (from Section 5.4) to that quotient. So our goal is to prove that
IE•,•

• degenerates at E2, where it computes H i(Pw,g, L̃ ∧/Y ).

The action of Y on the set of cones σ̃y,π in Σ is free. Letting I = Y × Sg be the index

set for those cones (so Y acts on I by x · (y, π) = (y +wx, π)), it follows that the diagonal

action of Y on Iq+1 is free for all q ≥ 0. Let Fq be a fundamental set for the action of

Y on the subset of Iq+1 consisting of i ∈ Iq+1 such that ∩qk=0σik ̸= ∅ (this is the same as

requiring ∩qk=0X̂σ̃ik
̸= ∅, since it means that ∩kσ̃ik = {0} so the corresponding affines in

XΣ only intersect over Z((q1/w))). The reason why we restricted to Fq is that it is a finite

set. In this notation,

Čq(U , L̃ ∧) =
∏
y∈Y

∏
i∈Fq

Γ(∩qk=0X̂ik , L̃
∧),

where Xi is shorthand for Xσi
. The action of Y on the Čech complex is by direct sum of

the collection of isomorphisms coming from the Y -equivariant structure on L̃ ,

y∗ : Γ(∩qk=0X̂ik , L̃
∧)→ Γ(∩qk=0X̂(−y)·ik , L̃

∧).

In fact the intersections ∩pk=0Xik are themselves affines in P̃ coming from the cone ∩pk=0σ̃ik .

The line bundle L̃ is trivial on those affines (it is locally principal given on affines by

divisor of the element of Z ⊗ X that defines the piecewise-linear function ψ on the cone

corresponding to the affine), and the pullback map may be concretely described by the

isomorphism

y∗ : Γ(∩qk=0X̂ik , Ô)→ Γ(∩qk=0X̂(−y)·ik , Ô)
given by

f(Z) 7→ f(qy1Z1, . . . , q
ygZg).

In other words,

Čq(UΣ, L̃ ∧) = coIndY
1

∏
i∈Fq

Γ(∩qk=0X̂ik , L̃
∧)

 .
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The next page of the spectral sequence is therefore

IEp,q
1 = Hp

Y, coIndY
1

∏
i∈Fq

Γ(∩qk=0X̂ik , L̃
∧)


=

{∏
i∈Fq

Γ(∩qk=0X̂ik , L̃
∧), if p = 0,

0, if p ≥ 1

by Shapiro’s lemma. The vertical morphisms on the E1 page are induced by taking Y -fixed

points from the Čech boundary maps

d :
∏
y

∏
i∈Fp

Γ(∩pk=0X̂ik , L̃
∧)→

∏
y

∏
i∈Fp+1

Γ(∩p+1
k=0X̂ik , L̃

∧)

given by

d((si)i∈Ip+1)j =

p+1∑
k=0

(−1)ksi0,...,̂ik,...,ip+1|∩kX̂ik

for all j ∈ Ip+2. For

(si∈Fp) ∈
∏
i

Γ(∩p
k=0X̂ik , L̂ ) ∼= H0

Y, coIndY
1

∏
i∈Fq

Γ(∩qk=0X̂ik , L̃
∧

 ,

its boundary

d((si∈Fp)) ∈ IEp+1,0
1

is given for all j ∈ Fp+1

d((si∈Fp))j =

p+1∑
k=0

(−1)ks̃j0,...,ĵk,...,jp+1
,

where s̃j0,...,ĵk,...,jp+1
is accounting for the possibility that (j0, . . . , ĵk, . . . , jp+1) ∈ Ip+1 might

not be in Fp: so it refers to the element of the Y -fixed points of the coinduced module

corresponding to s. In other words, if y ∈ Y is the unique element such that

(j0 + y, . . . , ĵk, . . . , jp+1 + y) ∈ F ,

then

s̃j0,...,ĵk,...,jp+1
:= y∗(sj0+y,...,ĵk,...,jp+1+y).

The page IE•,•
2 has IEp,q

2 = 0 for p ≥ 1, and

IE0,q
2 = Hq

∏
i∈F•

Γ(∩•k=0X̂ik , L̃
∧), d


for d as we have just defined. This is essentially the Čech cohomology of L̃ ∧, except

everything is taken up to the Y -action. In fact, this is exactly the Čech cohomology that

computes the cohomology of Xw,M with coefficients in L̂ , which is what remains to prove.

We will do it by proving it for Pℓ := P̂ /Y ×A A/I
ℓ for all ℓ ≥ 0 (this is precisely what is
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done below in Lemma 6.2) and carefully passing to the inverse limit. Indeed, since Xw,M

is proper over ZJq1/wK, by the theorem on formal functions [EGA II, Corollaire 4.1.7] the

cohomology we want is

Hq(Pw,M , L̂ ) ∼= lim←−
ℓ

Hq(Pℓ, L̃ℓ)

by Lemma 6.2∼= lim←−
ℓ

Hq

∏
i∈Fq

Γ(∩qk=0Xik ×A A/I
ℓ, L̃ℓ), dℓ


∼= Hq

∏
i∈Fq

Γ(∩qk=0X̂ik , L̂ ), d



To pass this projective limit past the cohomology, we invoke [EGA III1, Ch. 0, Proposi-

tion 13.2.3], which says that this is allowed because (1) the inverse system of complexes

involved satisfies the Mittag–Leffler condition, and (2) the Hq’s satisfy the Mittag–Leffler

condition (itself following from [EGA III1, Corollaire (4.1.7)]). In the last line of the above

computation, this was done, and the finiteness of Fq was also used to pass the inverse limit

past the product. □

Lemma 6.2. Let ℓ ≥ 0. The complex of A/Iℓ-modules∏
i∈Fp

Γ(Xσ̃i0
∩···∩σ̃ip

×A A/I
ℓ, L̃ ), d


defined in the analogous way to the previous proof computes the cohomology of Pℓ := (P̃ ×A

A/Iℓ)/Y with coefficients in the sheaf descended from L̃ .

Proof. Since one is now working with schemes, we are allowed to use the étale site to

compute Zariski cohomology of quasicoherent sheaves. This is useful because unfortunately

the action of Y on P̃ ×A A/I
ℓ is not always properly discontinuous (if w = 1 in particular

this is a problem), so the opens Xσ̃ ×A A/I
ℓ do not map isomorphically onto opens of the

Y -quotient. However,

Uℓ =
{
Xσ̃i
×A A/I

ℓ : i ∈ F0

}
is an étale cover of Pℓ ([Mum1972, Theorem 3.10]). Plus, the pairwise fibered products

over Pℓ of the various objects of the cover are disjoint unions of affine toric pieces,

Xσ̃ ×Pℓ
Xτ̃ =

⊔
y∈Y

Xσ̃∩y·σ̃,

so this is an acyclic cover. Finally, the Čech cohomology of L with respect to this étale

cover is by definition the same as the cohomology of the complex involved in the statement

of this lemma. Therefore, that complex computes

Ȟ•
ét(Uℓ,Lℓ),
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which is the same as

H•
ét(Pℓ,Lℓ)

since Pℓ is a projective A/Iℓ-scheme and Uℓ is acyclic. But since Lℓ is quasicoherent, this

is exactly the same as the Zariski cohomology of Lℓ, as desired. □

6.2. Spectral sequence, second direction after taking generic fiber. The previ-

ous subsection shows that IE•,•
• and IIE•,•

• both compute the cohomology of Xw,M with

coefficients in L .

The thing we actually want to compute is the cohomology of the restriction to Eg
w

H•(Eg
w,Tate,L |Eg

w,Tate
) = H•(Xw,g ×ZJq1/wK Z((q

1/w)),L )

∼= H•(Xw,g,L )⊗ Z((q1/w))

∼= H•(Pw,g,L
∧)⊗ Z((q1/w))

where the last line is by [EGA III1, Proposition (5.1.2)]. We proved in Proposition 6.1 that

this is the same as
IE0,•

2 ⊗ Z((q1/w)) = IE0,•
∞ ⊗ Z((q1/w)).

By flatness of localization and finiteness of the products involved in the Čech complex in the

proof of Proposition 6.1 whose cohomology is equal to IE0,•
2 , we deduce that H•(Eg

w,L |Eg
w
)

is converged to by the spectral sequence starting at

I,Z((q1/w))Ep,q
1 = Hp

Y, coIndY
1

∏
i∈Fq

Γ(∩qk=0X̂ik , L̂ )⊗Z[[q1/w]] Z((q
1/w))

 ,

and therefore equals the cohomology of the total complex of

I,Z((q1/w))Ep,q
0 = Cp

Y, coIndY
1

∏
i∈Fq

Γ(∩qk=0X̂ik , L̂ )⊗ZJq1/wK Z((q
1/w))

 .

A subtle point already alluded to in Section 1.4 is that due to the fact that tensor products

do not commute with infinite products, this is NOT the same as IEp,q
0 ⊗ Z((q1/w)). This

“unbounded denominators” issue is why we had to be so careful about choosing a finite

fundamental domain for the action of Y on our infinite cover. Our goal being to compute

the cohomology of the total complex of this double complex in some different way, we take

the same double complex but view it as the E0 page of the vertical-first double complex

spectral sequence with identical 0-th page

II,Z((q1/w))Ep,q
0 = Cp

Y, coIndY
1

∏
i∈Fq

Γ(∩qk=0X̂ik , L̃
∧)⊗ZJq1/wK Z((q

1/w))

 .

The proof of Theorem 4.2 is therefore reduced to



52 KENZ KALLAL

Proposition 6.3. The spectral sequence II,Z((q1/w))E•,•
• degenerates at E2 and converges to

the group cohomology of Y with coefficients in O(Gg,an
m ).

Taking cohomology in the vertical direction certainly commutes with group cohomology

cochains, so

II,Z((q1/w))Ep,q
1 = Cp

Y,Hq

 ∏
i∈I•+1

Γ(∩•k=0X̂ik , L̃
∧)⊗ZJq1/wK Z((q

1/w))

 .

All we need to do is calculate the Hq’s on the inside to recover the desired result.

It therefore suffices to prove the following two facts: the identification of the inner

H0 with O(Gg,an
m ) (in Proposition 6.4) and the vanishing of the inner Hq for q ≥ 1 (in

Proposition 6.5).

Proposition 6.4.

H0

 ∏
i∈I•+1

Γ(∩•k=0X̂ik , L̃
∧)⊗ZJq1/wK Z((q

1/w))


is canonically isomorphic to O(Gg,an

m ).

Proof. Let i = (y, π) ∈ I and let the cone σ̃ ∈ Σ be the cone over σi ⊂ Y ⊗ R. The

coordinate ring of the affine patch Xi ×Z[q1/w] ZJq1/wK ⊂ P̃ is ZJq1/wK[σ∨ ∩X], so

Γ(X̂i, Ô) = Γ(Xi,O)∧

is just the set of formal Laurent series f(Z) =
∑
aχZ

χ with aχ ∈ Z((q1/w)) with the property

that f converges q-adically for all input Z such that the vector (vq(Zi))
g
i=1 is in σ. Being in

H0 of this Čech complex therefore means (after multiplying by transition functions, which

are all just monomials and therefore do not affect the convergence properties at all) that f

converges q-adically regardless of the vector (vq(Zi))i, since the σ’s tile Y ⊗R. This is the

same as the assertion f ∈ O(Gg,an
m ) — see Definition 1.1. □

Proposition 6.5.

Hp

 ∏
i∈I•+1

Γ(∩•k=0X̂ik , L̃
∧)⊗ZJq1/wK Z((q

1/w))

 = 0

for all p ≥ 1.

Proof. At this stage it is convenient to outsource the bulk of the proof to the adic space

machinery. The idea is that we need a language to study the “generic fiber” of the formal

Spf(ZJq1/wK)-scheme P̃∧, which is exactly what the adic space Gg,an
m is. Using Huber’s func-

tor t from locally Noetherian formal schemes to adic spaces [Hub1994,Hub1996,Hub1993],
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we can construct the adic space t(P̃∧). It is constructed by patching together affinoids

constructed from affines in P̃∧. More specifically, from the affine

Spf(ZJq1/wK[σ̃∨ ∩X]∧) ⊂ P̃∧

one gets the affinoid

Spa(ZJq1/wK[σ̃∨ ∩X]∧,ZJq1/wK[σ̃∨ ∩X]∧)

whose analytic points (the points corresponding to valuations that are nonzero on an ideal

of definition) are

t(Spf(ZJq1/wK[σ̃∨ ∩X]∧))a = Spa(ZJq1/wK[σ̃∨ ∩X]∧ ⊗ZJq1/wK Z((q
1/w)),ZJq1/wK[σ̃∨ ∩X]∧).

Gluing all of these together to get t(P̃∧)a yields a copy of Gg,an
m covered by affinoids defined

by inequalities corresponding to the inequalities defining the various polyhedra σ ⊂ Y ⊗R,

and the complex whose cohomology we want to compute is manifestly the Čech complex

with respect to this cover for a line bundle on this analytic adic space. This cover being

acyclic for the usual reasons, we are done because any line bundle on Gg,an
m has trivial

higher cohomology, by Cartan’s Theorem B for quasi-Stein adic spaces [KL2019, Theorem

2.6.5]. □

7. Equivariant version

Let Γ be a subgroup of GL(Y ) that preserves the quadratic form Q defining the line

bundle L . The abelian scheme Eg
w admits an action of the abstract group Γ as a Z((q1/w))-

scheme. The action of γ = (γij) ∈ Γ is just defined by

(z1, . . . , zg) 7→

(
g∏

j=1

z
γij
j

)g

i=1

.

We now restrict to a very specific case that is chosen so that L has a natural Γ-equivariant

structure. We retain the arbitrary quadratic form Q determined by the arbitrary g × g

symmetric Z-entried matrix B = (bij). However, we now impose a very harsh restriction

on a = (a1, . . . , ag) ∈ Hom(Y,Z((q1/w))×):

Definition 7.1. From now on, L Q,a is taken to be one of the two to four symmetric

rigidified line bundles

(L x2,a)⊗Q, a ∈ {±1,±q1/2} ∩ Z((q1/w)),

that is, (
g⊗

i=1

π∗
i L

a

)bii

⊗
⊗
i<j

(
m∗

ijL
a ⊗ π∗

i (L
a)−1 ⊗ π∗

j (L
a)−1

)bij
where L a = O([−a−1]) with the implicit rigidification (and normalized symmetric struc-

ture) and [−a−1] is the relative Cartier divisor in Ew defined via [DR1973, Ch. VII, §1.2,
(d)] as in Section 4.
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Definition 7.2. The line bundle L Q,a admits a Γ-equivariant structure as a consequence

of the theorem of the cube, which ensures that for all γ ∈ Γ, there exists an isomorphism

γ∗(L ⊗Q) ≃ L ⊗ (γ⊤Qγ) = L ⊗Q.

We fix the Γ-equivariant structure coming from the isomorphisms that are rigidified, i.e.

that are isomorphisms of cubical line bundles.

It will be useful for our proofs to have access to a toric model for the Γ-action, that is,

a map of ZJq1/wK-schemes γ̃ : P̃1 → P̃2 between relatively complete models for the Kuga–

Sato degeneration Gg
w such that M(γ̃) = γ. We will need also a model that uniformizes

the Γ-equivariant structure on L using MIS.

7.1. Relatively complete model for Γ acting on the scheme Eg
w. It is a minor

inconvenience that we cannot use the relatively complete model P̃ for Eg
w from before,

because a putative toric model γ : P̃ → P̃ defined by a map Y ⊗R→ Y ⊗R would have

to be induced by γ : Y → Y . But the required map on (Z⊕ Y )⊗R does not necessarily

preserve the fan Σ.

One way to handle this is to define two different relatively complete models P̃1 and P̃2

for Eg
w. If all we want to do is uniformize the map γ : Eg

w → Eg
w, then we may take P̃2 to

be the same as P̃ as defined in Section 5.4, and, in order to make sure that we can define

a toric model for γ, we define P̃1 from the fan

γ−1Σ = the cone in (Z+ Y )⊗R over γ−1(the triangulation used to define Σ).

(on the left hand side one can interpret γ as acting on (Z ⊕ Y ) ⊗ R by the linear map

(1, γ)). An example of the two resulting triangulations of Y ⊗R is pictured in Figure 3.

Of course, one option is to take a common refinement of the two fans defining P̃1 and P̃2

— the proof of Lemma 5.22 ensures that the resulting fan Σγ provides a relatively complete

model P̃γ for Eg
w, and γ : Eg

w → Eg
w has a model as the toric map γ : P̃γ → P̃γ. An example

of this refinement (restricted to {1} × Y ) in the same context as Figure 3 is pictured in

Figure 4.

7.2. Relatively complete model for the Γ-equivariant structure on L . For all

γ ∈ Γ, we have a unique rigidified isomorphism γ∗L ≃ L . That is to say, we have an

isomorphism

(Eg
w, γ

∗L ) ≃ (Eg
w,L ) in the category DEGsplit

IS,g,g.

It will be useful for the proof of the Γ-equivariant Fourier expansion principle to have a

relatively complete model for that isomorphism, that is, for a relatively complete model for

D = (G, i : Y → G̃, L̃ ) in DDsplit
IS,g,g such that (Eg

w,L ) = MIS(D) in an explicit way, and

an isomorphism γ̃∗D ≃ D which induces the γ -action on L under MIS.
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Figure 3. The triangulations of Y ⊗R inducing the fans that define P̃1 and

P̃2 for a certain γ.

The chosen triangulation of R2
Example of the image under γ−1

Figure 4. An example of the polyhedral decomposition of Y ⊗ R ≃ R2

used to define P̃γ in the case of Figure 3

Fix γ ∈ Γ, and use the relatively complete model P̃γ adapted to γ for (G̃, i) as before.

After extending to DDsplit
IS,g,g, we already constructed the object

(G̃, i, L̃ ) ∈ DDsplit
IS,g,g, MIS(G̃, i, L̃ ) = (Eg

w,L ).
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This provides another point of view on the fact that L admits a Γ-equivariant structure

in the first place: recall that the Y -equivariant structure on L̃K is given by the cocycle

y 7→ qQ
′(y)ab11y1+···+bggygZB(y),

where whether a given a ∈ {±1,±q1/2} is allowed in the first place depends on whether the

required powers of q are in 1
w
Z. Let b = (b11, . . . , bgg).

Then (as a consequence of the fact that γ preserves Q and relatedly that γ⊤Bγ = B)

the pullback γ∗L̃ is defined by a very similar cocycle

y 7→ qQ
′(y)q(b

⊤y−b⊤γy)/2ab
⊤γyZB(y).

In particular, there is a rigidified isomorphism fγ : γ∗L̃ → L̃ given by

(7.1) [γ∗L̃ → L̃ ] = mult by

{
1 if a = ±q1/2

Z(b−γ⊤b)/2 if a = ±1

which is well-defined because γ⊤b− b ∈ 2Zg.

We now construct a relatively complete model for the morphism fγ in DDsplit
IS,g,g. Take

the relatively complete model P̃γ for Eg
w. It admits an ample line bundle Ñ obtained

by tensoring the pullbacks of the ample line bundles on P̃1 and P̃2 which we know exist

by Lemma 5.21. Since the fan Σγ defining P̃γ is a refinement of Σ, there is no problem

defining the piecewise-linear function ψ on |Σγ| which we previously used to define the

relatively complete models L̃ . The resulting line bundle (abusively called L̃ ) still admits

a Y -equivariant structure given by the same formulas, which makes it part of a relatively

complete model for L , (P̃γ, L̃ , Ñ ). Recall that ψ was defined to be piecewise-linear on

|Σ| (and hence on Σγ), and to satisfy

ψ(1, wy) = −wQ′(y).

Then γ∗L̃ is defined by γ∗ψ, which is given by

γ∗ψ(1, wy) = ψ(1, wγy) = −wQ′(γy) = −wQ′(y) + y⊤(γ⊤b− b)/2

and it has a Y -equivariant structure that makes it a relatively complete model for γ∗L̃ .

The same calculation as above with the Y -equivariant structures implicit in the definitions

(following Section 5.4) shows that we have an isomorphism γ∗L̃ ≃ L̃ given by the same

formula (7.1). The functor MIS sends that map to the γ-action on L as an object of

DEGsplit
IS,g,g.

7.3. Relatively complete model for the identity section. The following is implicit in

the construction of M(D). The identity section e : SpecZ((q1/w))→ Eg
w is the base-change

of e : SpecZJq1/wK → Xw,g coming from algebrizing the formal completion of the identity

section of G̃ ⊂ P̃γ over SpecZJq1/wK. The group Γ acts trivially on e, and the natural cover

of P̃γ restricts via e to a cover of SpecZJq1/wK which is just a finite number of copies of the
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entire scheme SpecZJq1/wK (one for every cone in Σγ touching the line through (1, 0)), and

countably many copies of SpecZ((q1/w)).

7.4. Calculation of the Γ-equivariant coherent cohomology and the evaluation

map in equivariant cohomology. We cannot carry out the refinement procedure that

we used to define relatively complete models for the γ-action on L infinitely many times

(that is, for all γ ∈ Γ)— so in order to build a complex that calculates H i
Γ(E

g
w,L ), we

need to use many different relatively complete models that individually allow one to build

complexes computing the maps γ : H i(Eg
w,L ). That is, we will take advantage of the

spectral sequence

Hp(Γ, Hq(Eg
w,L )) =⇒ Hp+q

Γ (Eg
w,L )

to allow us to compute Hp+q
Γ without having a single Čech complex that can compute the

entire Γ-action on H•(Eg
w,L ). To tell the truth: if all we wanted to do was prove the

abstract isomorphism

H i(Γ⋉ Y,O(Gg,an
m )) ≃ H i

Γ(E
g
w,L ),

then we could plausibly do with a lot less. We could just bootstrap from the isomorphisms

Hq(Y,O(Gg,an
m )) ≃ Hq(Eg

w,L )

to deduce the Γ-equivariant Fourier expansion principle by means of the spectral sequences

Hp(Γ, Hq(Eg
w,L )) =⇒ Hp+q

Γ (Eg
w,L )

and

Hp(Γ, Hq(Y,O(Gg,an
m ))) =⇒ Hp+q(Γ⋉ Y,O(Gg,an

m )).

which are identified (including the transition maps) by means of the fact that the isomor-

phism Hq(Y,O(Gg,an
m )) ≃ Hq(Eg

w,L ) is Γ-equivariant, which can be proved by looking at

a single γ ∈ Γ at a time and using the model P̃γ. But in the promised Theorem 4.3, we

need to prove further information, about the compatibility with the procedure of evaluating

at the zero section. Since this is not a statement that has any meaning11 at the level of

Hq(Ew,L ), at least when q > 0, we must take apart the spectral sequence a little bit more

in order to prove the full detail of the claim.

By “take it apart,” we mean to go all the way back to a suitable E0 page of the spectral

sequence. For this, we require a double complex replacing

Cp(Y,Z((q1/w))⊗ Cech complex for (P̃ , L̃ ))

which also takes into account the Γ-action. Since there is no single relatively complete

model that is adapted to the action of every γ ∈ Γ, the complex Cp(Γ ⋉ Y, · · · ) wouldn’t
make any sense. On the other hand, note that the group of Γ group p-cochains is nothing

but a product
∏

γ∈Γp+1(· · · ) — the inside can be adapted to the particular value of γ so

that the Γ-group cohomology differentials may be defined appropriately.

11In fact in applications such as [KV2026], taking Γ-equivariant cohomology is done in order to make

sure that evaluation at the identity section gives something that is meaningful.
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As a result, we can consider the double complex

Kp,q :=
∏

γ∈Γp+1

Totq(C•(Y, Č•
Z((q1/w))(UΣγ , L̃)))

where the fan Σγ0,...,γp is defined recursively by being a common refinement of Σγ1,...,γp and

γ−1
0 Σγ1,...,γp , and the vertical maps are defined by the alternating sum of

p∗i : Tot
q(C•(Y, Č•

Z((q1/w))(U
Σγi , L̃ ∧)))→ Totq(C•(Y, Č•

Z((q1/w))(U
Σγ , L̃ ∧)))

for γ = (γ0, . . . , γp) ∈ Γp+1, and

γi =


(γ1, . . . , γp), if i = 0

(γ0, . . . , γi−1γi, . . . , γp), if 1 ≤ i ≤ p− 1

(γ0, . . . , γp−1), if i = p.

.

Here p∗0 is defined to be the pullback-by-γ0 map (defined via the Γ-equivariant structure on

L̃), while p∗i for i ≥ 1 is just the pullback-by-id map, which has an obvious meaning here

because of the fact that the fan Σγi is a refinement of Σγ. And Č
•
Z((q1/w))

(· · · ) is shorthand
for a Čech complex where each individual group of local sections has been base changed to

Z((q1/w)) (recall the “unbounded denominators” subtlety from Section 6 that required us to

consider complexes like this). As we will see in the proof of Lemma 7.3, this is relevant to

the Γ-equivariant cohomology of L because it is related to the simplicial scheme Eg
w × Γ•.

The basic idea of our proof of Theorem 4.3 is to produce a commutative diagram

H•
Γ(E

g
w,L ) K•,• Hp(Γ⋉ Zg,O)

H•(Γ,Z((q1/w)))
⊕

γ∈Γp+1 Cq(SpecZ((q1/w)),O) H•(Γ,Z((q1/w)))

ev0

computes

computes

e∗ res

computes

computes

where each dotted arrow is an explicit certificate (for us, a zig-zag of quasiisomorphisms) for

why a certain complex computes a certain cohomology group. It is thanks to the explicitness

of those certificates that we can certify that the evaluation map on cohomology is given

by the explicit restriction formula on group cohomology under the Γ-equivariant Fourier

expansion principle.

Lemma 7.3. The Γ-equivariant cohomology H•
Γ(E

g
w,L ), is computed by the double complex

K•,•.

Proof. We consider the equivariant cohomology H•
Γ(E

g
w,L ) to be computed by a double

complex derived from the simplicial scheme

Xn = Eg
w × Γn+1,



FOURIER EXPANSIONS FOR KUGA–SATO DEGENERATIONS 59

which is the functorially-defined Godement resolution at each level. The horizontal maps

are just the Godement resolution maps, and the vertical maps are the ones that arise from

functoriality and the Γ-action on L (plus the specific definitions of the vertical maps in X•
given above). Then there is a zig-zag of maps of double complexes that induce isomorphisms

on cohomology of total complexes:

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ C•
Gd,L

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ C•
Gd,L ∧

Γ∏
γ∈Γp+1

Z((q1/w))⊗ Tot•Č•
(
Pγ, G •

γ

) Γ∏
γ∈Γp+1

Z((q1/w))⊗ Čn
(
Pγ, L̃ ∧

)

Γ∏
γ∈Γ•+1

Tot•C•(Y, Č•
Z((q1/w))(P̃

∧
γ , L̂ )

)

K•,•

GAGA

In this combination of zig-zags:

• The first vertical map is, at each level, the map induced by looking at the stalks

making up the Godement resolution inside their formal completion. Formal GAGA

says that this induces an isomorphism on cohomology, and it obviously respects all

the maps in the double complex.

• The zig-zag in the middle is the standard one comparing Cech cohomology to

the cohomology computed by the Godement resolution for (P, L̂ )— we refer to

[God1973, Ch. II, §5.4]. A comparison between the Γ-action on the stalks and on

our bespoke Cech complex shows that it respects the double complex maps. Techni-

cally, at this point one must be careful in the comparison between étale and Zariski

topologies, but this can entirely be skipped by simply refining the fan Σ until the

affine toric cover of P̃Σ is already a suitable Zariski cover. This kind of refinement

is performed in [Bos2014] for example.

• The final vertical map is the product over γ of the maps of complexes that are well-

defined thanks to the same Shapiro isomorphism used in the proof of the Fourier

expansion isomorphism.

□

Similarly:
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Lemma 7.4. The double complex K•,• also computes the group cohomology H•(Γ⋉Y,O(Gg,an
m )).

Proof. We replicate the technique of the previous proof, starting on the bottom-right corner

of the zig-zag diagram with K•,•. Previously, we used the fact (from Shapiro’s lemma) that

the E1-pages of the horizontal-first double complex spectral sequences of the complexes

C•(Y, Č•
Z((q1/w))

(P̃∧
γ , L̂ )) (the plural being over each γ ∈ Γ•+1) are concentrated in p = 0

where they are equal to Z((q1/w)) ⊗ Čq(Pγ, L̃ ∧). This implies that this complex maps

quasiisomorphically into the total complex of the double complex as theH0 of the horizontal

differentials.

We now copy this reasoning with the vertical-first spectral sequences for each γ, from

which we obtain the map of double complexes

C•(Γ, C•(Y,O(Gg,an
m ))) =

∏
γ∈Γ•+1

C•(O(Gg,an
m ))→ K•,•

inducing a quasiisomorphism on total complexes. The double complex on the left calculates

the cohomology of Γ⋉ Y , by the Hochschild–Serre spectral sequence [HS1953, Ch. I]. □

The proofs above show that H•
Γ(E

g
w,L ) ≃ H•(Γ ⋉ Y,O(Gg,an

m )) by explicitly identify-

ing both with the cohomology of K•,• via explicit zig-zags. On the equivariant coherent

cohomology side, that zig-zag starts with a functorial double complex derived from

Eg
w × Γp+1 p0,...,pp→ Eg

w × Γp

by choosing for row p a functorial complex (in particular the global sections of the Godement

resolution) computing in the γ-coordinate the cohomology of L , and where the vertical

maps are the ones induced by that functorial complex. We used the definition of the

equivariant cohomology as being the cohomology of that double complex. We are interested

in calculating the induced map on Γ-equivariant cohomology of pullback along the identity

section e : SpecZ((q1/w))→ Eg
w. The target of that map is

H•
Γ(SpecZ((q

1/w)), e∗L ≃ OSpecZ((q1/w))) = H•(Γ,Z((q1/w)))

where Z((q1/w)) is endowed with the trivial action of Γ, since Γ preserves the rigidifica-

tion. This cohomology is again naturally computed in two ways: (1) by the base change

to Z((q1/w)) of the q1/w-adic formal completion of the Cech complex on SpecZJq1/wK for

e∗L̃ , using the cover of SpecZJq1/wK derived in Section 7.3. And (2), by the functo-

rial double complex induced via levelwise Godement resolutions on the simplicial scheme

SpecZ((q1/w))× Γ•. The method (2) is the “official” functorial definition that is the defini-

tion of how the pullback e∗ : H•
Γ(E

g
w,L )→ H•(Γ,Z((q1/w))) is defined : one just pulls back

under the natural maps of functorial resolutions induced by the map of simplicial schemes
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Eg
w × Γ2 (SpecZ((q1/w)))× Γ2

Eg
w × Γ (SpecZ((q1/w)))× Γ

Eg
w SpecZ((q1/w))

coming from Γ•+1 copies of the identity section at each level. One verifies that under

the zig-zag that certifies the fact that K•,• computes H•
Γ(E

g
w,L ), e∗ is computed by the

pullback procedure from K•,• to the complex in (1). More specifically, there is a natural

commutative diagram

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ C•
Gd,L

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ C•
Gd,e∗L

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ C•
Gd,L ∧

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ C•
Gd,ê∗L̂

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ Tot•Č•
(
Pγ, G •

γ

) Γ∏
γ∈Γ•+1

Z((q1/w))⊗ Tot•Č•
(
SpfZJq1/wK, G •

ê∗L̂

)

Γ∏
γ∈Γ•+1

Z((q1/w))⊗ Č•
(
Pγ, L̂

) Γ∏
γ∈Γ•+1

Z((q1/w))⊗ Č•
(
SpfZJq1/wK, ê∗L̂

)

Γ∏
γ∈Γ•+1

Tot•C•
(
Y, Č•

Z((q1/w))

(̂̃
P γ, L̂

))
= K•,•

Γ∏
γ∈Γ•+1

Č•
Z((q1/w))

(
SpfZJq1/wK, ê∗L̂

)

e∗

formal GAGA formal GAGA

ê∗

ê∗

ê∗

ev

In particular, the map of double complexes ev computes the natural evaluation map

H•
Γ(E

g
w,L ) → H•(Γ,Z((q1/w))) under the explicit zig-zag used in the proof of the com-

parison.
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On the other hand, the map ev also computes the natural restriction map H•(Γ ⋉
Zg,O(Gg,an

m )) → H•(Γ,Z((q1/w))). Indeed, there is a commutative diagram extending the

zig-zag from the proof that K•,• computes H•(Γ⋉ Zg,O(Gg,an
m )),

Γ∏
γ

Tot•C•(Y, Č•
Z((q1/w))(P̃

∧
γ , L̃

∧))
Γ∏

γ∈Γ•+1

Č•
Z((q1/w))(SpfZJq1/wK,O)

C•(Γ, C•(Y,O(Gg,an
m ))) C•(Γ,Z((q1/w)))

8. The Heisenberg group action on Fourier expansions

We continue to assume that L is as in the previous section, except with the even further

hypothesis that Q is a nondegenerate quadratic form whose discriminant has absolute value

d > 0. We change the base ring from Z to Z′ := Z[1/(2d), ζd]. We assume that w is divisible

by d, though this can obviously be weakened to only requiring divisibility by the exponent

of the discriminant group of Q. We refer to [KV2026, §3, III] for much of this setup. Also

assume for now that d is odd.

The group K(L ) is a finite flat Z′((q1/w))-group scheme, and it even satisfies the con-

tainment of Z′((q1/w))-group schemes

K(L ) ⊂ Ew[d]
g ⊂ Eg

w.

In fact, since we have base changed to Z′, the group scheme K(L ) is constant and given

by the square of the discriminant group of Q,

κB × κB := (B−1Zg/Zg)× (B−1Zg/Zg) = (Y ∨/Y )× (Y ∨/Y ).

Specifically, there is an isomorphism

(Y ∨/Y )× (Y ∨/Y )→ K(L ) ⊂ Ew[d]
g

given in the Tate curve coordinates by a convention that will suit our calculations, namely

(x, y) 7→ q−xe(y), e(y) := (exp(2πiyi))
g
i=1.

Here exp(2πiyi) is treated as an abstract element of the ring Z′, that is, a specific power

of ζd.

By definition, we know that for all z = (x, y) ∈ K(L ), T ∗
z L

φ
≃ L . The group scheme

G(L ) fits into the short exact sequence

1→ Gm → G(L )→ K(L )→ 0,



FOURIER EXPANSIONS FOR KUGA–SATO DEGENERATIONS 63

which admits a unique symmetric theta structure, that is, an isomorphism with the stan-

dard Heisenberg group from [KV2026, III]

1→ Gm → HB → κB × κB → 0

that respects the symmetric structures of both and restricts on K(L ) to the isomorphism

given above. This uses the hypothesis that d is odd — see [KV2026]

Definition 8.1. A theta structure HB ≃ G(L ) induces “the” action of HB on H•(Eg
w,L ),

which is by (φ, z) ∈ G(L ) acting on H•(Eg
w,L ) by

H•(Eg
w,L )

T ∗
z→ H•(Eg

w, T
∗
z L )

H•(φ)
≃ H•(Eg

w,L ).

The purpose of this section is to calculate explicit formulas for this action on H•(Eg
w,L )

in terms of the Fourier expansion principle we already proved, Theorem 4.2. As usual,

we will make use of relatively complete models of all the objects involved, namely of Tz :

Eg
w → Eg

w and of the isomorphisms T ∗
z L ≃ L . This is extremely similar to the exercise

we already carried out of producing relatively complete models for the action of γ ∈ Γ on

Eg
w and the Γ-equivariant structure γ∗L ≃ L , so we are intentionally brief.

8.1. Relatively complete models for the action of K(L ). Let z = (x, y) ∈ κ × κ.
Take the relatively complete model P̃Σ for Eg

w. The toric scheme XΣ admits a self-map

given by (1, y) 7→ (1, y +wx). After base change to P̃Σ, this is a relatively complete model

for translation by qx ∈ (q
1
d
Z)g on Eg

w.

Similarly, XΣ admits a self-map given on each affine toric chart by Z 7→ e(y)Z. This

induces on P̃Σ the multiplication-by-e(y) map. Therefore, we may construct relatively

complete models for all the translation maps Tz : E
g
w → Eg

w, z ∈ κ× κ.

It remains to produce relatively complete models for at least some choice of isomorphisms

T ∗
z L → L .

We retain our prior choice of relatively complete model L̃ for L . Then T ∗
z L has a

relatively complete model, induced by the piecewise linear function z∗ψ ∈ PL(Σ), namely

the piecewise-linear function with

z∗ψ(1, wy + wx) = ψ(1, wy).

We then have a morphism T ∗
z L̃ → L̃ given by multiplication of local sections by Z−Bx.

After applying the formal completion and algebrization procedure, this induces an actual

isomorphism φ : T ∗
z L → L . Note that the exact difference between the piecewise linear

functions defining T ∗
z L̃ and L̃ is NOT zero — rather it is a bounded (even periodic)

piecewise-linear function that is zero on 1×Y . At least we can say that there is no problem

defining the morphism φ, and then check after the fact that it induces an isomorphism after

algebrization and taking the Z((q1/w))-fiber.
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As a result, there is a symmetric theta structure whose induced action onH i(Zg,O(Gg,an
m ))

is given on (t, z) = (t, x, y) ∈ HB, depending on a, by applying

ϑ(Z) 7→


tϑ(q−xe(y)Z)qQ

′(−x)Z−Bx exp(−(d+ 1)πi(⟨x, y⟩B + b⊤y)) if a = 1

tϑ(q−xe(y)Z)(−1)db⊤xqQ
′(−x)Z−Bx exp(−(d+ 1)πi(⟨x, y⟩B + b⊤y)) if a = −1

tϑ(q−xe(y)Z)qQ(x)Z−Bx exp(−(d+ 1)πi⟨x, y⟩B) if a = q1/2

tϑ(q−xe(y)Z)(−1)db⊤xqQ(x)Z−Bx exp(−(d+ 1)πi⟨x, y⟩B) if a = q−1/2

to the coefficients (the extra factor in front of Z−Bx is engineered to make it symmetric

and respect the group structure of HB — there is only one symmetric theta structure, by

[KV2026, III]).

A. Appendix on line bundles on torus embeddings

Let N and M be abstract finite-rank lattices. We view M to be the character lattice

of a split torus T over a ring R, and N to be its dual. For a (possibly infinite) fan Σ in

N ⊗R, as in the literature on toric varieties [Dem1970,Ful1993], we may produce a scheme

XΣ produced by gluing together the various toric schemes Xσ = SpecR[σ∨ ∩N ].

For a ray ρ = R≥0 ·vρ in σ, there is a way to associate a codimension-1 irreducible closed

subset Dρ of XΣ. This is by defining, for σ that have τ as a face,

Dρ ∩ Uσ = SpecZ[ρ⊥ ∩ σ∨ ∩M ],

which is a closed subscheme of Uσ = SpecZ[σ∨ ∩M ] via the (obviously surjective) map of

rings

Z[σ∨ ∩M ]→ Z[ρ⊥ ∩ σ∨ ∩M ]

given by sending all m ∈ σ∨ ∩ M which do not pair to zero with vρ to 0. The Dρ are

T -invariant divisors on XΣ.

LetPL(Σ) denote the abelian group of piecewise-linear continuous functions φ : |Σ| → R,

with the further property that for all cones σ ∈ Σ, φ|σ is the restriction to σ of a linear

function φ̃|σ : N ⊗R→ R, which itself arises from base-change from a linear m : N → Z

(i.e. φ is linear on all the cones and integer-valued on N).

The reason for considering such functions is

Lemma A.1. PL(Σ) is in natural bijection with the group of T -invariant Cartier divisors

on XΣ.

Corollary A.2. The Picard group Pic(XΣ) is in natural bijection with PL(Σ)/M , where

M maps to PL(Σ) (injectively if the cones of Σ span all of N ⊗R) via sending m ∈M to

the corresponding globally linear map on |Σ| ⊂ N ⊗R.
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The explicit bijection between PL(Σ) and CartierDivT (XΣ) is chosen to take ψ to

D =
∑

ρ−ψ(vρ)Dρ, so that the various mσ ∈M defining ψ are choices of single generating

sections of O(D) over Uσ. This is the negation of a more naive convention.

Everything above is restated from the standard literature to reassure the reader that it

goes through in the case where Σ is infinite. On the other hand, the ampleness criteria

in the literature do actually use the finiteness of Σ, which is why this appendix had to be

written.

Let Σ be a possibly infinite fan in N ⊗R. In the usual ampleness criteria involving strict

convexity of piecewise linear functions ([Dem1970, §4.4, Corollaire 1] and its descendents

including [Ful1993, Lemma on p.70]), one assumes that Σ is complete. The only reason to

do this is that the definition of “ample” technically only applies to schemes that are proper

over an affine scheme. Our goal is to construct ample line bundles using the definition from

[Mum1972]:

Definition A.3. A line bundle L on a scheme X is ample if the open sets Xs form a basis

for the Zariski topology on X, as s runs over all global sections of L ⊗N , N ≥ 0.

Lemma A.4. Let L be the line bundle on XΣ coming from ψ ∈ PL(Σ). Let aρ := −ψ(vρ)
for all rays ρ in Σ, so that the Cartier divisor corresponding to ψ is

∑
ρ aρDρ. Suppose

that both of the following conditions are satisfied:

(1) ψ is strictly convex, that is, for all maximal cones σ ∈ Σ and rays ρ ̸∈ σ,
(
ψ̃|σ
)
(vρ) >

−aρ; and
(2) The quantities

−⟨m, vρ⟩(
ψ̃|σ
)
(vρ) + aρ

are bounded above, as σ ranges over the maximal cones in Σ, ρ ranges over the

rays not contained in σ, and m ranges over a (fixed a priori) finite set of semigroup

generators for σ∨ ∩M .

Then, L is ample on XΣ.

Note that condition (2) is always true when the fan Σ is finite, as the set that we want

that quantity to be bounded over is finite.

Proof. For all maximal cones σ ∈ Σ, let mσ ∈ M be such that φ̃|σ = ⟨m,−⟩. Strict

convexity ensures that χmσ ∈ H0(X,L ), and that Uσ = Xχmσ where χmσ is considered as

a global section of L . If the fan Σ were finite then this fact (having the various Xs cover

X) would be enough to have L ample — the standard “QCQS” argument is made even

slightly simpler in this situation: the local sections of L over Uσ = Xχmσ , which are the

same as the regular functions on the affine Uσ (as L|Uσ = OUσ), generate the topology on

Uσ, and those local sections s ∈ OUσ have the property that s · (χmσ)N extends toa global
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section of L N for N ≫s 0; since s ·(χmσ)N has the same nonvanishing locus within Uσ as s,

adding in these global sections is enough to generate the topology on XΣ. The part of this

argument that fails when XΣ is not quasicompact is the assertion that s ∈ H0(Uσ,O) all
have the property that s · (χmσ)N extend to a global section of L N — this part is proved

by gluing together various s · (χmσ)Nσ′ that extend s to the affine Uσ∩σ′ , and you need the

finiteness of the fan Σ to take the maximum of the N ′
σ.

So our goal is to write elements of the coordinate ring H0(Uσ,O) as quotients of elements

of H0(XΣ,L ⊗N) by (χmσ)N , which we will just translate into part (2) of the hypothesis.

Taking N larger than the upper bound from (2), which doesn’t depend on σ (that is the

whole point of assumption (2)) we know that by (2), for all m in a finite generating set of

the semigroup σ∨ ∩M and ρ ̸∈ σ,

⟨m+Nmσ, vρ⟩ = ⟨m, vρ⟩+N⟨mσ, vρ⟩ = ⟨m, vρ⟩+N
(
φ̃|σ
)
(vσ) ≥ −Naρ.

Similarly, by definition of σ∨ and mσ, if ρ ∈ σ, then

⟨m+Nmσ, vρ⟩ = ⟨m, vρ⟩+N⟨mσ, vρ⟩ ≥ −Naρ.

In other words, χm · (χmσ)N is a global section of L ⊗N . Since m runs over the set of

semigroup generators of σ∨ ∩M , we deduce that σ∨ ∩M is generated by finitely elements

of the form u−Nmσ, where u ∈M is a global sections of L ⊗N . This proves that the ring

defining Uσ is generated as a Z-algebra by functions of the form global section of L ⊗N

mN
σ

, which

proves the desired very-ampleness of L ⊗N (since the bound N is uniform over the choice

of σ). □
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tions de l’Institut de Mathématique de l’Université de Strasbourg, vol. XIII,
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and M. Raynaud and J.-P. Serre, Schémas en groupes. Fasc. 3: Exposés 8 à
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matics, vol. Vol. 288, Springer-Verlag, Berlin-New York, 1972. Séminaire de
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