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General relativity. Problem set 7.

HS 17 Due: Th, November 9, 2017
1. Charged dust
Consider a charged dust consisting of particles of mass m and electric charge e.

i) Derive the equations of motion for p(z) (mass density in the local rest frame) and u*(x)
(4-velocity) in an electromagnetic field F),,(z). Show that the electric 4-current J*(z)
satisfies

3 =0

without making use of the Maxwell equations.
Hint: The equation of motion of charged particle is (4.15).

ii) Let T T4 be the energy-momentum tensors of the electromagnetic field, resp. of

the charged dust. Show that
(T +T5")w = 0.

Hint: Apply the “comma ~» semicolon” rule to the special relativitic equation THY =
-1 1754
—c T FHg,,

2. On conservation laws

In special relativity the fact that currents and energy-momentum tensors are divergence-
free, j¥, = 0, T*, = 0, implies akin integral formulations as conservation laws: The
total charge, resp. energy-momentum vector

Q) = / iz PH(t) = / TPy
z0=ct 20=ct

are independent of time ¢, assuming fields decaying at spatial infinity (see Electrodyna-
mics). Not so in general relativity. Among the equations

J U;u ) T!w;z/ =0
only the first one admits such a formulation: The charge
Q) = [ Gy (1)
b
is independent of the spacelike 3-surface ¥ C M extending to spatial infinity (see below

for notation).

1) Derive (1) using Gauss’ theorem in the form (D € M a bounded domain, W a vector
field)

/T/V”;y\/—gd‘ix :/ (W, n)v/Fgap d*x | (2)
D oD

where (-,) = g(-,-) is the spacetime metric; g(z) = det(g(2)), and likewise for the
induced metric gop: (X,Y)ap = (X,Y) for X,Y € T,(8D), (p € dD); and n is the
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