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1 Hilbert spaces

In the following exercises, # is a Hilbert space and ¢, ), ... are vectors in it.

1.
2.

Show that £ (N — C) is a Hilbert space: define an inner product on it and show that the induced metric is complete.

Show that L? (R) (with the Lebesgue measure) is a Hilbert space. Define an inner product and show that the induced
metric is complete.

Let B (#) be the Banach algebra of bounded linear operators on #. Show (in a concrete example, e.g., # = C?)
that B (#) is not a Hilbert space by showing the operator norm violates the parallelogram law.

Show that when dim (#) = oo then
HQH T B(H) .

Note: this may be hard.

Show that if M C # is a closed vector subspace of it then (MJ-)J' =M.

Show that if { ¢, }, o\ is @ sequence of pairwise orthogonal vectors in #, then the following are equivalent:

(a) D onen Pn exists in ||| .
(b) ZneNHQOn”;e < Q.
(c) Forany o € #, Y .\ (¥, 0n)y exists.

Show that if { ¢, }, cN is @ sequence of vectors in #, then item (a) above implies item (c) above. Find an example
where item (c) does not imply item (a).

Let N € N, o € C with o =1 and o? # 1. Show that in #, for any ¢, € #:

N
1 n n
(00 = 5 D_ a"llv + "¢l
n=1
Show also that
w—i—eiggoHQdQ.
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Let
{ontnen {¥n bpen S{E€H|IE][<1}.

Assume further that lim,en (¢n,¥n) — 1. Show that

}Llenll\lnﬂﬁn —n| =0.



10.

11.

12.

13.

14.

Let { ¢n },, € # converge to some ¢ € # weakly (i.e., for any & € #, (£, pn) — (£, ¢) in C). Assume further that

lenll = llell in R. Show that
lim ||, — | =0.
n—oo

Let V' be an inner product space and { ¢, }ﬁle C V be an orthonormal set. Show that, for fixed 1, the functional

N
F(oy,...,an) = Hw - Zancpn
n=1

of the N numbers aq,...,ay € C is minimized with the choice a,, := (¢n, V).

Prove that if A and B are two disjoint measure spaces then
L*(AuB) = L*(A)eL*(B).

Prove that if A and B are two measure spaces then

IR

L* (A x B) L? (A)® L* (B) .

Show that
%:zEQ(R)E{f:R%C

zeR

is a non-separable Hilbert space.

f7H(C\{0}) is a countable set and Z |f (@)]* < o0
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