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1. Let P,Q be two orthogonal projections onto subspaces M, N in a Hilbert space # such that [P, Q] = 0.

(a) Show P* =1 - P, Q%+, PQ, P+ Q — PQ and P + Q — 2PQ are orthogonal projections.
(b) What is the relation between the projections in the previous item and M, N7

2. Let P, @ be two orthogonal projections onto subspaces M, N in a Hilbert space #. Show that

s-lim (PQ)"

n—oo
exists and is the orthogonal projection onto M N N.

3. Let A € B(#). Show that the set of A € o (A4) such that A is not an eigenvalue of A and im (A — A1) is closed but
not the whole of # is an open subset of C.

4. Define the numerical range N (A) of A € B (#) via
N(A) = { (), A¢) |[p e HA[lPp]| =1} .
(a) Show that

oc(A)CN(A).
(b) Find an example where N (A) is not closed and

o (A) L N(A).

(¢) Find an example where

o(A)#N((A)=N(A).
5. Show that if A € B (#) has A = A* then

1
[l {2}

6. Show that if A € B (#) is an isometry then im (A) is closed in #.

H(A—z]l)_lug (z€C:|lm{z}| >0) .

7. Let V € B (L?([0,1] — C)) be give by
V(qlz)::/w (v € L?) .
0
(a) Show that V is well-defined (it is a bounded linear map) with
1
vw=[v wer).

(b) Show that the spectral radius of V, r (V'), equals zero and that o (V) = {0 }.
(c) Show that ||V = 2.



8. Let F : (*(Z) — L* (S') be the Fourier series given by

2 (Z) 39— ([0,%] Sk Y e Wy, =4 (k)) :

neZ

Let A € B (£*(Z)) be the discrete Laplacian:
A=R+R"

where R is the bilateral right shift operator
ROy = Opa1 (nez)
and { 8, },, . the standard basis of ¢? (Z). Calculate
FAF* € B (L*(S")) .
9. Call an operator A € B (82 (Zd)) local iff

log (|(64, Ady)|) > 0.

inf ———
vyezd |z =y

Show that if A = A* and A is local then (A — z1)~" is local too for any z € C : [lm {z}| > 0.



