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https://personal.math.ubc.ca/~feldman/m511/
commutingNormalSpThm.pdf

Spectral Theorem for Commuting Normal Operators

Throughout these notes H is a Hilbert space and £(H) is the set of all bounded linear
operators with domain H and taking values in H. First recall

Definition 1 (Normal Operator) An operatorA € L(H) is called normalif A*A = AA*.
That is, if A commutes with its adjoint.

Remark 2 (Normal Operators)
(a) A self-adjoint operator A € L(#) obeys A = A* and hence is normal.
(b) A unitary operator U € L(H) obeys UU* = U*U = 1 and hence is normal.

(c) Any operator A € L(H) can be written in the form A = Re A+iIm A with, by definition,

ReA = 1(A+ A*) and ImA = £ (A — A*). Both Re 4 and Im A are self-adjoint. The
operator A is normal if and only if Re A and Im A commute.

In these notes we prove

Theorem 3 (Spectral Theorem for Commuting Bounded Normal Operators)
Letn € IN and let {Aq, Ag,---, A} C L(H) be a finite set of commuting, normal, bounded
operators. Then there exist

o a measure space (M, X, 1) and

o n bounded measurable functions a; : M — C, 1 <1 <n and

o a unitary operator U : H — L*(M, %, 1)
such that

(UAU"6)(m) = ai(m) ¢(m)

for all p € L*(M, %, 1) and all 1 < i < n. If H is separable, u can be chosen to be a finite
measure.

Proof: Step 0 (Reduction to self-adjoint operators):

By Fuglede’s theorem (proven below), if the normal operators { Ay, Ag, - -+, A, } commute,
then so do all of the operators {A;, A, -+, Ap, A}, AS,---, A¥}. Consequently we may
restrict our attention to commuting, self-adjoint, bounded operators simply by replacing
{A1,As,---, A, } with {Re A;,Im A;,Re Ay, Im Ay, ---,Re A,,Im A, }. So from now on
assume that {4y, As, .-+, A,} C L(H) is a finite set of commuting, self-adjoint, bounded

operators.
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Step 1 (f(A1,---,Ay) for some simple functions f):
Set, for 1 < i < n, I; = [—|Aill, ||A:|]] and then set [ = I1 x I3 x --- x I, C IR". Define
the set of “rectangles” in I to be

R:{leng-annCI‘BiCIi, Borel,foreachlgign}

There are quotation marks around “rectangles” because the sides of the “rectangles” are
Borel sets rather than intervals. We are about to define f(Aq,---,A,) for all simple
functions f : I — C that have the special form specified in

S:{f(x):;anRj(x)‘ajEC, R; € R, 1§j§m}

We have already defined, in the functional calculus version of the spectral theorem (The-
orem 27 in the notes [spectralReview.pdf]), x g, (A;) for each Borel B; C I, and 1 <i < n.
We also already know the following.
o xB,(A4;) is an orthogonal projection. (This is an immediate consequence of [spectral-
Review.pdf, Theorem 27.a].)
o xB;(A;) and xp,(A;) commute for all measurable B; C I;, B; C I;, 1 <i,j < n.
(This is an immediate consequence of [spectralReview.pdf, Theorem 27.g].)
o If the measurable sets B;, B; C I; are disjoint, then xp, (4;)xp;(A4;) = 0. (This is an
immediate consequence of [spectralReview.pdf, Theorem 27.a,b].)
We define, for each R = By X By X --- X B, € R

XR(A17 Ty An) = H XB; (Al)
j=1
and for each f =", a; xr;(z) €S
F(Ar - An) =)y xr; (Ar, -+, An)
j=1

From the above bullets
o xr(A1,---,A,) is an orthogonal projection for each rectangle R € R.
o If the rectangles R, R’ € R are disjoint, then xr(A1, -+, An) xr/(41,---,A4,) = 0.
Here is the main property that we need of the operators f(Ay,---,A4,), f €S.
Lemma 4 If f €S then

[f (A1, -5 Ap)| < sup [ f(2)]

zel
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Proof. Let f € S. We may always write f in the form f = Z;nzl aj Xr; (z) with all
of the R;’s disjoint (by possibly subdividing some of the R;’s) and with U?:l R; =1
(by possibly having some of the a;’s zero). Then every x € I is an element of exactly
one R; and the range of f is exactly { o ‘ 1<j<m } So

Suli;\f(w)| = max{|a;| [ 1 <j < m}
S

Now the xr,; (A1, -+, An)’s project onto mutually orthogonal subspaces of H and,
since U?:l R; = I, we have Z;nzl XRr, (A1, -+, Ay) = 1. So, for every v € H,
v = ZXRj(A17' ’ '7An)v
j=1

= VI =D lIxr, (Ar, -+, Ap)v ]
j=1

and

f(A17"'7ATL>V:ZanRj(A17"'7An>V
j=1

=
=
-
<
N
NE

o[ llxr, (Ar, - An) v

<
Il
=

< max{lay| [ 1 <5 <m}> > Ilxr, (Ar, -, Au)v]?
j=1

= max{|ay| | 1 < j < m}?||v]?

The rest of the proof is identical to the corresponding parts of the proof of the multiplication
operator version of the spectral theorem. Here is a very coarse outline of the remaining
steps in the proof.

Step 2 (f(A1,- -+, Ay) for continuous functions f):
By the Stone—Weierstrass Theorem, every continuous function f : I — C, is a uniform

limit of a sequence { fe of simple functions in §. So we can define

Ve

f(Alv o '7An) = gliglo f€<A17 o '7An) S £<H)

By Lemma 4 in Step 1, the right hand side converges in norm. Consequently the map

FEC) = f(Ay, -, Ay) € L(H) is
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o continuous and

o linear and obeys

© (fg)(A177An) :f(A17"'7An)g(A17"'7An) and

© f(A17vAn>* = (f)(Ah?An)

Step 3 (Construction of i ):
Let 0 # v € ‘H. Then

G () = (v f(Ax, - An) V)

is a positive linear functional on C(I). So, by the Riesz—Markov Theorem, there is a
unique, fnite, regular Borel measure p, on I such that

V(AL A Vo = / F() dyug (2)

for all f € C(I).

Step 4 (Construction of Hy and Uy, ):
Let 0 # v € ‘H and set

Hv: { f(A17"'7An)V ‘ fEC(I) }
Lemma 5 There is a unique unitary operator Uy, : Hy — Lz(uv) such that

Uv=1
(U AT ) f(2) = wi flx)  1<i<n

Proof. Set
Dy={ f(A1,---, An)v | feC() }

and define Uy, : Dy — L?(py) by
(O f(Ar -, A) V) (@) = f(2)

This operator is

o well-defined

o linear

o inner product preserving
As D, is dense in H,, we can use the BLT theorem to define U, as the continuous
extension of Uy, to Hy. Then U, has the required properties and is indeed uniquely
determined by those properties.

Step &5 (Completion of the proof by Zornification):
If Hy = H, we are done. If not Zornify. [ |
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Theorem 6 Let A,T € L(H). If A is normal and T commutes with A, then T'" commutes
with A*.

Proof: By induction A"T = T A" for all 0 < n € Z. As the exponential series eM =

0 1 /Y A\n .
Y o a1 (AA)™ converges in norm, we have

e)\AT — Te)\A s e)\ATe—AA —T s e—)\A e)\ATe—)\Ae)\A — e—)\A Te)\A

for all A € €. As A is normal, we have that e 4" M = =M A 414 furthermore that
U(N\) = e M M oheys U(N)* = U(=A) = U(A)~!. Thus U()) is unitary and is hence of
norm 1. So

le M T || = [[UN) TU (=N < (|7

—AA* TeAA*

This shows that the analytic operator valued function e is bounded uniformly

on all of €. So e Te*” has to be independent of A and

e MIPAAT = AAT AT _T
A=0
for all A\. Differentiating with respect to A and then setting A = 0 gives
—A"T+TA* =0

as desired. [ ]
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