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MATS20 - Funcral Analy. - HWI Sol-ns

I Claim : In D
, restor addition and scalar

und , are cont ,

Prof : Wis +i(Dy'- ( is cont
.

14 ,1)- +R

Suffice to fako some Br(z)-pon((n)
and show +'(Br(z1) =OpenCKY4 .

Since

open sets in the prod . top . are unious
-

of products of open balls .

+ "(Br(z) = G(n ,we((212) (19+0 -z(1m)
Let milee+"(Br(z) , i

. e
, UtheBr(z .

Since BrIzeOpenIC2) , I 330 : BaltelBrI2.

Claim : By(U) x Bals(e) & + (B
, Intel

Prof : If I , )e Bas, (n)x Bass Hal ,

14+-n-cell < 22/5 <5



-> Bays(a) x Bas (e) Nbhal (n+1e)

and Bays (h) x Bass(ie) E+ (Bg (n+res)
2 + (Br(z)) .

- + (BrIzIleOpenCI4"4 and honeo +

is cont.

Next
,
W

.
Ti S . :KxG-D is cont .

k
, n) + an

Again W
.

T
. S . "(Br(zI) -Open(Cx44 .

Let (2
,
n)c ."(Br(z)) > Ilan-zIkr

.

= antBr(z)

So J 330 : BaKU)[BrIt) .

Want 11 En-full <E :

IIE-cull=112-2n+ 2 - full

SI211-211 + 12-x1IUI

> (1-21+ (1) /E-all+12-211141

< (1 + 1x1) /E-all+1-x1Hull" <2
.

So pick It i = Bu /2) x Brinch1
, 33 (h) .



This guarantees (4) = H- (B
,
ke)

and hence · (Br(z) -Open (4x(n) .
V

I Claim ! & / the french moro matric

is NOT homomorphic to K /

Enclidean metric .

P Example 2 in feature notes
.

Since we know I only one IS

lup to homeomorphisms) in him <D
,
the

french meto metric's top , cannot make a

TVS out of K
.

1 Cham : At B &AB

Rof ! Let atAs AteVITIS
,

Let VeNbhlatb) ·
So W

.TS
.
WeAtBIO

Since addition is conts

= (2 , - Nbhd(a) - Nbhacb: U+V= W.

Since acA
, I G - Ar

↳ eB 5 t Br+



auch SO a +b = A+B and

a +5 - HV = W -

14 Shaim ! If AEX is a als/sp .
Men

so is A
.

Roof ! By Rudiu pp . 6
.,

SIX is a osip > 0
,
ES

-S+ S =SE
Va,e

Clearly Since OxeA and ALA
, OEA .

WIS GATBECA F ae D .

Claim : LA = &A F 2EK
-

Prof : If 2 = 0 Are .

Else : Let E = 1 F
FeClosed(X)

flul := N FI A

a -(A) =f(cosacx*)
FI A

I



- I f-(F)FeClosed(X)
FI A

Gi=f-'(f)
!
- I

FeClosed(X) F

F2f- (A)

-

- 2A
.

Hence a +BA= &A+ BA
alsIsp . & A + A
↳
1 +A

= A . 1

⑮ Sam : 2AA+A

Proof : Let acA
. then 29 = GAGATA .

D

# Clam: Unions and intersections of balanced

are balanced
.

Prof : Let EBaba be balanced
,
i . e
.,



zBaEBa <
,
12I .

Let now z =& : 121 1 . WiT , S ,

zBa Ba and

z1Bz = 1 Ba .

If z = 0
,
z B = Go) So OxtBa Fa

and & anything to prove .

Else
, Let Rez Ba

.
Then

EleBa Y < .

Since Ba is Balanced
, REBa F air

Similarly for to uniou.

I Gam : If A
,
B aro balanced

,
so is

A +B .

Proof : LIT ZEG : 12/1 and letz(A+B1 ·

Then 2 = z1a+b1 5 atA
,

be B
.

So
R = Za

+ zb E AtB as A
,
B arobal

.

10



# Ram : If A
,B aro bod . When AtB

is bel :

P,
8 Let NeNbhdlOX) . WTS

.

(A +B)< = N

for all I so large enough .

cont I MeNbhdCOx) : M+MEN
.By x

of t

them ASTM

BE /M

=> A +B [ +M+M = + (M+M)E N
.

I

Claim : If AB are apt . When AtB is opt .

P.

8 tix - X is cont .

AxBE (pECX4 by dop . of prod. top .

At B = +(AxBI and cont . imago of
cpt . is cpt.

Cham : 7 A
,
BeClosed (X) : A+ BAClosed (X) .



Proof ! Let AID be given by
A = = N =Closed (k)

B = = G - x + + /nENGE ClosedID) .

EA+B F neN and OEA+B !

/ Claim :
X , Y TVS / dimCyl D .

Aix-Y fin
. & Sarj ·

Then (II A is and
open

(2) kor(AeClosod(X) => N is cont

Proof : By Rein Thin .

1 . 21 (a)
,

Y = &
"
WLOG

Let ejhe be te stal . basis
.

Since & is surjis 5 fjtX : Afjzej

Define TiC+ X sin
n

R infs
By dof . I is lin .

By Rudin's Lomma 1 . 20 , ↑ is cont



By L . N
.
Claim 3

,
31
, suffice to

show that if NeNbhdIOX) Then AN

contains some MeNbhdCOGL .

Study N
: Since &PC = P F PeK :

M-IN= AMMIN CAN .

But M is conti
, so - IN -Open((n)

and by finearity , OqueN .

Hence N is indeed open .

-> (II
.

Next , assume KerneClosed(X) and

VTS Aix-K" is cont ,

Unfortunately , the easiest way
to do

this seems to involve quotient S ,

so no pis , will be deducted for
misfahes here .

-↑ : X/korIN + en is a US

isomorphism and hone a TVS isomorphism
.



-

Note XRerIM only makes sense

if kowcal is closel
, and

VS-> TVS iso . bes
. of Minite

dimensions
.

B

# 9 : = 4 filo ,+ & If is cont
. 3

aspigs)' e ex

Claim : d is a metric on & .

: (II If difig) = 0 ,

! e
dx = 0

Since integrand >O and court.
,

it must equal zero f = g .

V

(2) d is symm.

C31 Triangle ineg , follows From



The fact
e

d(a ,b) = b

obays At on kn .

Note Co
,= a is

increasing , and were trying to show

2)(a-b1) < r(1a -x1) + r((c- b))

Note U(2) + ri) > rict) .

Indeed
, at -

I+  +

a+ +2+= a ener
-

7
1 +2+ +xL
-a

So This follows his ordinary At

on C . 1



Claim ! I is a US
.

# Obvious
.

Gin : (C
,
d) is a NS

.

Pio() All metric spaces are T1
.

V

(H) We note d is frans-incear :

difig) = difth , gth) ·

Hence

df + , f+g) = d(f -= , j -g)

<d(f - , 0) + d10 ,g -g)

and the rest of of the proof

follows as in 1 .

↳ Ne don't have homogeneity, but

daf , ag) = (11) difig) ·

Indeed
,



= 11,z
It 1a11z)> HE1 if 1171 .

But if IXK1
,

1 + 121(E) - IHzl-
1x1

So > maxch ,as

(111)

The rest of the proof follows
similarly fo 1 .

T

Countable basis / [BynCOlIneN -

#21 Claim : Let VeNbhdLOx . Than I

fiXtR cont / q(0)
=0

f(x)
= 1 UXEV:

Proof : Let Van be a say , in Nbhdlox

which are all balanced and obey :

UntUn = Un-



Vi +V, =V

Define
D := (q=2)g =Eanz

and 2iN+40, 13 is

si . (9-19131 / 0] .

F qeD , let <191 be the corresp .

finite sage

Then q30 and

q) .

Dane A : Dull , a -> P(X)

qr S L

X q
*
-S

x(q)E: qeDii

f : X+ 10 ,1]

x re infi reDull, xAcr] .
Since Oxz Un F n

, OxtA(r) Fr.

-> fI0x = 0 .



If XEV , want fa=1
XEACH F RED .

But if XEV? X cannot tio in any

Un , and hence not in
an of its

sems .

Claim :

I is conte

P & f is cont . & Ox :

F E30 ,
Let N : 2

*
<E

.

Then Caplf[Tll-zN <.

② If(x) -fig) - f(x-y)
which follows as in the

proof of Ruclin 1
.
24 .

B

1 X = = 4 fi(0 , 1 + e) f cor . 3 vs .

VIf , r = = <ge X / gal-fex 2 Exelon



Claim : EVfirSex ,
ro

is NOT a basis
.

Pi Need V figex , risso :

VIf ,veVigis) #O ,

some VCh,) VIf , revigisI .

Take V(x
,DnVC-X , 1) which

intersect ad the Zero
M

.

But it is impossible to find
UChir) inside this as

#
area tends to Zero .

So This is 9 sub-basis
.



Claim : t is cont
,

Pi Delino for figex : f <g :

RCfg) = = Ghex 1 f < h<g} .

Then V(f ,r = 49ex/ 1g-fkr}
= 2g+x(frg)f +r)

= R(f-r, f + r)

Actually Rifig) is open .

then if the vifir ,

gtheVf; ) - VIf,
-

R(fj-5j , f; +(j)
re

R(minfj-r;,maxf+rj)j
ee

L H

4 : = G-z(9th - 1)

22 : = h - =(g+h-L)



A, :
= y

+ z(H - (y+h))

H2 :
= h + E(H - (g +h))

Then (g ,h) - RCL H
,)xRCL2,Hz)

=+Y(R(L , Hi) . 2

To see scalar mul . is Not

conti Consider (rx+X wh

mul , by 0
,

which yields the

zero
2

.

Howner
, D ubhal of 10

, xrE)

which will land in an arbitrarily
small ball of tho zero fr .

⑰ To 52 Rsfig) are open ,

VWrite Rsfig) = -if , res.




