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. Provide an example of a measure p : B (R™) — C and a point « € R™ such that

i BB (@)
50+ A(B. (1))

does not exist.

. Let p1: B (S') — C be a measure (here we parametrize S' = [0, 27) with end points identified) and define
n:Z—C

via

n— /e*i"tdu (t).

(a) Prove that if lim, o & (n) = 0 then lim, o & (n) = 0. Hint: argue why p may be replaced by |u| by
replacing p with f where f is a trigonometric polynomial, a continuous function, or a bounded Borel function.

(b) What is a condition on p so that there exists some & € N such that
pntk)=pm)  (ne2)?
. Show that if f € L' (R® — C,\) and x € R" is a Lebesgue point of f then |f (x)| < (M) f) (x).

. Find a continuous monotone function f : R — R so that f is not constant on any interval although f/ = 0 A-almost-
everywhere.

. Find a monotone function f : R — R so that f’ exists and is finite on R, but f’ is not a continuous function.

. Let f € L' (R® — C,\) such that M, f € L' (R® — C,\). Show that f = 0 M\-almost-everywhere. Hint: For every
f € L' (R") show there is a constant ¢ > 0 such that

(MAf) (@) Z cllzl|™™  (large z) .
That means that 71 f is not in L'.

. Define f by

o Ve T€(03)
0 else

Show that f € L'. Show that
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> Z
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and hence



8. Calculate both the symmetric derivative and the Hardy-Littlewood maximal function for the following measures:

(a) 0y, for some zy € R™.
(b) ¢, the counting measure on R™.

(c) @, for some f € L' (R™ — C,\), i.e., dpy s = fd\. Make your calculation more explicit assuming that f is
continuous.

9. Let
¢ :[0,00) x [0,27) — R?

be given by
__|rcos(0)
v (r,0) = [r sin (9)] '
(a) Show that ¢ is continuously differentiable and injective.

(b) Calculate D¢ and |det (Dy)].
(c) Let f:]0,00) x [0,27) — C be given. Calculate the right hand side of

fdr = / (f o @) (1 6) |det (D)| (r 6) dA ().
R2 [0,00) % [0,27)

10. A map ¢ : R® — R" is a contraction iff

L, = sup e (x) =2 Wl

<1.
zy e =yl

(a) Let 1:R™ — R™ by the identity mapping x — x. Show that if 1 — ¢ is a contraction then ¢ is injective.
(b) Show that if |1 — D¢| < 1 then ¢ is injective.

11. Prove that if g : 9t — C is a measure such that p (X) = |p| (X) then p = |u|.
12. Let p: 9 — C be a measure. Show that for all A € 9,

sup ({ Z jaen]

o { 0]

|l (A)

ne€NAAp,--- A, is a finite pairwise disjoint partition of A })



