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1. Let a,b € R with a < b. Let f : [a,b] — C be bounded.

(a) Prove that if f is Riemann integrable then it is measurable w.r.t. the o-algebras . ([a,b]) and B (C) on its
domain and codomain respectively.

(b) Prove that if f is Riemann integrable then its Riemann integral fai):a f (z)dz equals its Lebesgue integral
f[a . fdA.

(¢) Find an example of such a bounded f which has finite Lebesgue measure yet is not Riemann integrable.

2. Let f: I — C where I C R, a (possibly unbounded, not necessarily proper) interval. We say that f is improperly
Riemann integrable on I iff there exists a increasing sequence { I, }, .\ of bounded intervals such that:

o [ = UnGN In
e fxr, : In = Cis bounded and Riemann integrable.

e lim, [, fxr, exists and is finite.

(a) Show that if im (f) C (0,00) and f is improperly Riemann integrable then it is Lebesgue measurable and has
a finite Lebesgue integral.

(b) Find an example of a function f : I — C that is improperly Riemann integrable yet f ¢ L' (I — C,\).

3. Let 9 € R and J,, be the Dirac measure on B (R). Let ¢ : R = R be measurable. Calculate the push-forward
measure
(6$0)gp

on B (R).

4. Let ¢ be the counting measure on N w.r.t. the o-algebra & (N). Let ¢ : N — N be a measurable bijection. Calculate
the push-forward measure

Cp -
5. Let ¢ : (a,b) — R be convex. Prove that it is Lebesgue measurable.

6. (Jensen’s inequality) Let ¢ : (a,b) — R be convex and g : Msrbl (X) — [0, 00] a measure on a measure space X.
Assume that p is a finite measure.

(a) Prove

(b) Assume p (X) # 1. Find an example for f € L' (X — (a,b), 1) such that

sa(/xfdu) > [ o rdu.

(¢) Find an example of (0.1) where the RHS equals +oo.



7.

8.

10.

11.

12.

13.

(Minkowski) Let p € (1,00) and (X, Msrbl (X), 1) a measure space. Let f,g: X — C be measurable. Recall

17l = (/ |hpdu) " (h:X = Cmstbl) .
X

Prove
1f+9lle < Ifllps +llgllzs -

older) Let (X, Msr , 1) be a measure space with p : Msr — [0, o0].
Holder) Let (X, Msrbl (X b ith g : Msrbl (X 0
(a) Let p € (1,00) and ¢ := ;5 its conjugate. Prove

1ol < Wfleellgllpe  (f,9: X — Cmsrbl) .

(b) Let r € (0,00] and p1,- -+ ,py € (0,00] such that 37, 1% = 1. Prove

Hfj gHHfjHL,,j (fj : X > Cmsrbl. forall j=1,---,n).
nh R

-1
(c) Let p1,--+ ,pn € (0,00] and 0y, - ,0, € (0,1) such that Z?Zl 0; =1. Let p:= (Z"_ 9—]) . Prove

j=1 Pj

T15% ) <TI0 (F:X = Cmstbl).
L1 U

Lp

(d) Let p € (1,00) and assume u (X) # 0. Then

IFglle = WA 2 llgll, = (fig: X — Cmstbl. and g # 0 pp—ace.) .
(Young) Let p,q,r € [1,00] are such that % + % = % + 1. Let X := R with the o-algebra £ (Rd) and p := \. Then

1f gl <Uflleellgllps  (f,9: X — Cmsrbl)

where f * g is the convolution,
(F9)@=[ fWek-nae) (<R
yeRd
Let (X, Msrbl (X), i) be a measure space. Prove that if p € (1,00) and L? is understood as equivalence classes of

functions that are equal p-a.e., then ||-||,, is a complete norm which makes L” into a Banach space.

Show that iff p = 2 then the above norm satisfies the parallelogram identity (i.e. for p # 2 you need to find a
counter-example).

Show that iff a norm satisfies the parallelogram identity then there exists a unique inner product (-, -) such that
[oll = v/ (v,v).

(Riesz) A bounded linear functional on a Banach space V is a C-linear map A : V' — C such that

sup  |Av| | < o0
veV:||vll, <1

Prove that if V' is a Hilbert space (A Banach space whose norm obeys the parallelogram identity) then for any
bounded linear functional A : V' — C there exists a unique vector uyg € V such that

A= (u,-)y .



14.

15.

Let (X,Msrbl (X), u) be a measure space. Let f: X — C be measurable. A number M > 0 is an essential upper
bound on f iff

u (I£17H (,00))) = 0.

The essential supremum of a measurable function is its least essential upper bound. We define L*>° (X — C, ) as
(equivalence classes of) functions which are measurable and which are essentially bounded. The L norm is the
essential supremum.

(a) Show that it is indeed a complete norm making L also into a Banach space.

(b) Extend Holder’s and Minkowski’s inequalities to the case p = co.

Let X be a locally compact Hausdorft space and p : B (X) — [0, 00] be o-finite. Let p € [1,00) and C, (X — C) be
the set of continuous functions whose (closure of their) support

f7r 019

is compact. Show that
LP(X—C,u)

C.(X -0 =L’ (X —>C,u).



