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. Prove Claim 2.67 in the lecture notes.
. Prove Claim 2.71 in the lecture notes.

. Prove that if ¥ C # (X) is countable then o (F), the o-algebra generated by F, is either finite or has cardinality
%o,

. Let C be the standard %—Cantor set.
(a) Prove that the Lebesgue measure A of the Cantor set C' is zero:
A(C)=0
using the definition of the Lebesgue measure A given in Definition 4.6 in the lecture notes.
(b) Prove that |C| = 2%o.

. (The Lebesgue-Stieltjes measure) Let F : R — R be increasing and right continuous. Let Ay and A be the elementary
set and the algebras defined in Claim 4.3 and Claim 4.4 in the lecture notes. Define now

on(S) = {Ozn_lej)—F(aj) gzg;;(aj,bﬂ Sea).

Show that pp is a premeasure on A. With the choice F' = z — x we get, using Caratheodory’s construction to get
P, , the Lebesgue measure and more generally this is called the Lebesgue-Stieltjes measure. Show that each of the
following equations hold:

te,p {a}) = F(a)— lim F(a—¢)
Heyp ([0:0) = lim [F(b—¢) = F(a—¢)]
Moo ([a:b]) = F(b) = lim F(a—e)
Hop, (ab)) = lim F(b—¢)~F(a).

e—0+

. Show there exists a Borel set A C [0, 1] such that

0<AANI) <) (I €[0,1] is an interval) .

Hint: Every subinterval of [0, 1] contains Cantor-type sets of positive measure.

. Give an example of an open set U € Open (R) such that A (GU) > 0.
Hint: Consider the set obtained by taking the union of open intervals which are deleted at the odd steps in the
construction of a Cantor-like set.
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Let
A:={z€0,1] |  does not have the digit 4 in its decimal expansion } .

Show that A is Lebesgue measurable and calculate A (A).

(The Borel-Cantelli lemma) Let { Ey, }-; be a sequence of Lebesgue measurable subsets of R such that

i)\(Ek) < 0.

k=1
Define
E := {zeR|z € Ej for infinitely many & } .
Show that

(a) E is Lebesgue measurable.

(b) A(E) = 0.
Hint: E =" Upsn Br-

(c) Let fy, :]0,1] — C be a sequence of measurable functions with
A{zel0,1]][fa(@)]=00})=0 (neN).

Show there is a sequence { ¢, },,cn € (0,00) such that

A ({ x €[0,1] | lim In (@) does not exist or does not equal 0 }) =0.
n—oo  Cp
Show that for every measurable function f : R — C there exists a sequence of continuous functions f, : R — C such
that
A({zer

Show there exist closed sets A, B € Closed (R) such that A (A) =\ (B) =0yet A(A+ B) > 0.

lim f, () does not exist or does not equal f (z) }) =0.

n—oo

Show there exists a continuous function f : R — R such that there exists a set A C R which is Lebesgue measurable
and yet f (A) is not Lebesgue measurable.

Show that does not exist a continuous function f : R — R such that
A({$€R|f(x)7é>([0,1}(x) })=0.

Assume A C E C B C R with A, B Lebesgue measurable such that A (A) = A(B). Show that E is Lebesgue
measurable.

(The Hausdorff measure) Let X be a metric space. Define for any S C X, § > 0 and d € [0, c0),

H{ (S) := inf ({ i (diam (U;))*

=1

{Ul };.il C X s.t. UU’ QS/\dlam(UZ) <5}> .

i=1
Here diam (U;) is the diameter of the set defined via the metric on X.

(a) Show that § — H¢ (S) is monotone decreasing.
(b) Define

Show that S+ H?(S) is an outer measure. The induced measure is called the d-dimensional Hausdorff measure
on X.

(c) Show that all Borel subsets B (X) (w.r.t. the metric topology on X) are H%-measurable (in the sense of
Caratheodory).



(d) Show that for any given set S,
[0,00) > d+— H(S)

is monotone decreasing. If it is not always infinite, its image equals { oo, H+(5) (§),0 } for some d, (S) € [0, 00)
such that H% () (S) € (0,00). The number

de (S):==1inf ({d>0] H*(S)=0})

is called the Hausdorff dimension of S.
(¢) Let d € N. Show that if X = R? and X : B (R?) — [0, 00] is the Lebesgue measure on it then

ANE)=pH"(E) (Ee®(RY)

for some constant 55 which depends only on d. Calculate the constant.



