
MAY 4 7023

MAT 330 - K-Analysis - HWC Sample Sel-ns

⑰(Ff)(3) =S(- 2xixf(xdx(5eR)

fix:
(Ff)(5) =SdgiYfxSisyye
wi= y

iySwe (-2nisyw) fordwdw =5dX

Example 8,7
= #ex1-21451)

=exp)- 2i (y1151).

1221p(z) =(z - x)1z -12) ...(z-An) nx2

ExibEDR:Nix; Fitj,



# (s) = be inan ex
-

=:f(x)

f extends to a meromorphic F(z),

If 530, we may add "free ofcharge"a

lower semicircle w/ arbitrarily large radius, sinco;

18 feet, Reisidal=
exp) -2RO

-I So-(Reio_x) (Red-be) ... (Reid-in) Robicha)
< S.PHERsincaS A dO

(R-11,1) (R-(x2)) ... (R-1n1)
Big arc
Lomma ↳ R R-D

<
(R-1xD ... (R-1xn1) Ye -> 0.A, -

Similarly if so we may and

a large upper semi-circle.

Note these are merely upper
bounds which allow



us to proceed, but if one had chosen closing
the semicircle in the other direction one could

not have closed the contour.

Hence we find the following:

T

(54(12) = 24 I "mEr;3>0 Vesaf) 30

T
-

1A centeres j: ImExj3<0 Vesyf) 330.

IfE=0 then we may actually add either

one ofthe semicircles since 2D2:

ISt*fare, retical e
TR R-D

- -> 0
(R-11,1)... (R-1Xn1) X

then we get

IF () (0) =24TX! MeSx,/zN(z-x,I...(z-xn)")
j:#m4x;370

=>
- 2πinssebe, 1zr(z-x... z-ans(



Let us calculate these residues:

*if 20 and all Xis are different:

&X)- 2+i3xi)
resx;(f)=
l j-xil

*if 5 =0 and all Xi's are different?

resx;(f) =(s (Xj-xi)]

*if some Xi's come no higher

mul. then we need the more general

residue formula:

say we have

list ofmul

f(z) =exp) - 2+i3z) d

#(z - xi)*i 2;E Ne, ,

Fj= 1 ..., R.

Then

rese; (f) -be Gaitexp(-ztiz↑1(z - xi)*:
i=1
if j



[2z? exp(-2igz)]x-hi,e.ten=) 12 - xi)-s
itj

- ! i (E21-413x;]x
+,t... +en =25-1

x(-2i)(-xi-1) ... (-2:-e!) (1;-1,)-di-t:
itj

and a similar expression if2=0.

By the way
when Imbx;30we

may still do the Cauchy pie, integration.

Now, if p(x)
=i9,xsthem

to calculate Ep we really only
nocch F(xrex).
To do so, observe:



If j=0,

(F(1))) =S 8243* dx = ???
XER

this integral does Notmake sense since

S g2i2xdx =li Sexis dx
XER

R

-lim -zine Ix
=- n

RED

But tim gI2HisR DNE!
R- D

To still give meaning to the integral

(beyond an 22 function ...) we regularize it,

in a very similar manner to the process in

which lauchy principal value is defined:

=eco, define the erregularized Fourier

transt. As



((f) (s) =
= pl-zisx-E(x) fexdx.

Then (Faxr 11) (9) =R1-24isx-E1x1) dx

- Spl-zisx-Ex) dx+pl-zisx+x) dx

=epl-ctix-ex)(8 +ep)-2Hiqx+ax
- 2+is - E -2His + E

X=-D

I

=24i+ 2
I

- is +a

=

- is + 2 +is+2
- 92-s(245)2 +E2

= 2π 1m)-is) =2T (255,E)
↑
Poisson kernet on
H =(ze(1#mEz330}
See eqn 1,2) im
tecture notes.



Recall the Krammers-Kroningrotation, egen (7.12)

in the lecture notes and in particular its imaginary

part, eye (7.13):

fix
=S(x,2).

Thus formally we find:

him (F,(xr1)) (2) =2π8(242)
E- ot

This
eye is to be understood in two distributional

sense, just like the Krummers-Kroningrotation itself that

isis equivalent to:for any "nicell function

fieD,

St Se (Xe1)(3)f15945 -Gf19)2dnds.
Note the RIS may

be simplified using the scaling

properties ofthe defunction:



Sam:18K.) =5 for any x > 0.

Proof:for any fiRtD which is "nice"s
UK ret,

de fix a dioxidea fee asam

abGeflge dy

KK. rot, KK. ret,

=

f(%) =f(a)h dei fix it an ex
D

Hence we find

Gt Fa(Xre1) =&

Cf. Example 8, 10: F1G =3M1.

We Good one more "trick" to do 5p:

2
- 24iY=
(-24ix) 24i3x

->Xg23* =G,23x
Iteration of this yields;



xezis_n; 2, Enix (jeN,)

Hence (Faxrexil) 13) =x etisy-six

-I dx 2, g-eigx-six
XER

Leibniz
intree is 2,eisx-sx dx

above
calc.

il; 8,5 2T(25s, 2)

No find finally, for pix =9;x5,
(a) Is) =A; (Faxrexis) Is)

-9;8 2T(2ns,E)

not Eid; s2, 15).
So in that sense, Ep =p(i)d.



11 fix:- (ER).
NOT L2 @ No

(Ff)12) =(***dx

-I stis dx+tixax

Iaxe)" onisydy + 2)stanisy byy
=0

= 4I cossensyy
Note that this fast expression is manifestly an

mon your ofG. Hence we have

(*f)19) =4 cos(2x1ly2) dyGo
e=24191yScoscendeu =reins,y
=isdy



in e.Exam,
638

is*
->If =f-

One
may

think of t as an eigenvector of

the linear operator Fwith eigenvalue 1.

However f(L2!

Indeed, =Sm *dX
=S4dx =0

XER

lactuallyboth at Zero and 27 -l
-

14) L2 eigenvectors and eigenvalues of F

G(,x):=ex) +2x+ -72)
is an entire or of t, so ithas a Taylor
expansion about 7 =0:



417,x) = (8-1G1x,x) fu
en

: Hux) hi Hermite
polynomial.

Aim:(5(Xrex Hnx)) (s) =-4 An12)

profs (F(Xe **G1x,x1)(5) =

-

- x2 +2x-2-2igx)dX

Complete the square
- 2x2 +2x+ - 24izX =- z(x2 - 2x(27 - 2xis))

=

- I(X-(27-zxis)) +(27- exig

=>(ElxGit,x))(5) =

=exp(-f2 +127-zigtax(- (X-12f- ziglt

↳

= exp)+ t2 -4+i+3 - 24232).
*din:Ser PS-E(X-z)YdX=FZEK



Roof:WLOG since RA=R F aeR,

Then shift the contour of int

as follows:
-Re RtiI
we may assume = =i 7 BER.

I I
-↓

To do so we must verify the

perficial logs teanish as RA:

((R
+

ep) -( -(dz) =

-I expl-Rtit-i(widt
-> tsteen

Yo
constant,

-SeR PS-I(X-z)Ydx=SREx44x=



=>(ElxGit,x))(5) =
=( exp)+ t2 -4+i+ 3 - 24232

Taylor
-pann expl-2T2924NE
in t

Gtit, 2π5)

Taylorbetitcann*?!G(if,etcete
21
=
G(-it,243) =(24)

=

G(7,24517 -im

=Hn(25) (-in.

On the other hand,

(E(x*Git,x))(5) =

-I5(xr gx! Aux +(((5) =
F is

linear 6 int" (F(x *Hn(x)((5).=

and contr



Comparing the two power sories form by

form in t we finali
(F(xExHn(x))(5) =(i)&pl-GEMHn(ens)

Baline:Incx = =exptrex2) Auexl.

(f)(z)i =f(=5).
No learn that

GFIn=ri Flm.

=>In are 22 eigenvectors ofGyoF
ur/ eigenvalues (-i)".

Note ifwe had used two unitary version

ofthe fourior transf,

1f(s):=S*fadx



we wouldine Round:
EFn = (ign En (EN).

I.e., the eigenvalues would indeed be of

modules 1.

⑮ f(x) =x2

q(x) = E
X
2

X O

S X=0

By 1,

(f)(5) =8"(s)

15-F f(x) =Stix ric" (51 dE
twineIBP
E

Chea 2 = X2.
regularization)

OTOH, since to integral in Eg cannot

depend on the value ofg at one isolated

point, Eg =FF and house IFF g(x)= x2!



(FXaby)Is) =12xis dx

-isxa
gatiga_-zisd

I

24iE -

Note ifa=-R, b =R we get

(FXzR,M3) 191 = Sin(24R[)

HE

SinCeTRS) Sin(is)
=

Sin(its) ↑E

Rex, 2T8(4)

But we won'tshow how...

/S00"Dirichlet kernel").



147 (FIs) = *is*ex dx

-Sa ettist Rex dx

=(Ff)1-31.

-> FF =(Ff)(- .).

(f( - a)) (z) =m ** f(x-adx

- 24f(x)dX

=g45(Ff)(5)
=>(Pf(-a)(15) ==24i5a(Ff)15).

18) (Ff")2) =Ge ****f(xdX
e.on? - Serlaxe-zisx(f(xdx



-- etnis) is fede

= 2i(ff(15)

=>Ff=(2tia) FF.

⑭) Assumo A:L(R-LCR has an

integral kernel site

Alx,y) =A(x+2,y +z) F XY, ZER.

Rain:(FAF-f((z1 =a(s)f13)

where algl:=3*Alx,ddx.

Poof:IFAF-'IsI=der**(A=-f((x) dx

=X(ypA(x,y) (F-f(ydy]dx



e. g (der** A(x,y) dx)(s-f)Bdye

-A(X-y,0)

Wixrexit

S*" A(X,ddX=

=g-zisys* Ax,dax

=24i3ya(s)

-assistsas
it

Justify *: integral converges

absolutely iffell and

SRXER lAys1dx
which is the case ifAtL710. B



#) (FFF)(5) =Er ****(DFI(IxdX
= 23x(8-f)"(x)]dx

IBB

twice

wI E-reg.

=
- Xem(2,24isx) (5-f(xdx
-

(-2πi5)2924i3x

=Kis*(sfxd
(55- 'f)(3)

=44252(3)

-> =(1) = -1 =mme, by E(z)

where (131:=442,2,

(1) R(z) = =( - - z1)1

FRIz)=+=Mul,by 32 (4422-z)%.

Hence the integral kernet is



(R(z) ((xy) =Se ot2***-3)(R(z)(151d5

=(,24sx-y)/4425-2)+d5
SER

44232 - z =42- )13+)

We are interested in real Xyrex.

Depending on the sign of X wo eitner

close the contour up or
down w/ a

semi-circle, if X30, close it up so that

only one polo in

I 2Hisx (4425-z)+d= upper halfplane as

#m2z} tO.
SER

= 2resY (4425-2)-)

-

=Exp(ix)
=exlix



Had we done the same exercise wil XO

will have found explici

No find

& IX (x-y)

R(z)(xy) =
12

2
(2EXR]

XYER.

Note Ifz =Itis, Eye, &hen!

E-tie

=>RIE+iE) (y) ** giCEtia)
IX-y

2(e+is)

=>I gi -ygax-y

2+2iE

2-ot
⑤ i(X-31
t &

->

2 -



ifE0 Iep, decay still!

12 Claim:22(10, 131-L'(0,1

Proof:Let = 1210,13).

> SIR < 0.

[0,1]

if =i1f1.1
Saly-Schwarts
( )"(72)
-

me =1
=Ilfllz

< *
e

⑱

1 are is 4& 0 (bes.

Are tis int. & 0) and @
-

bes. The it is into D.



squared, this is no longer integrable!

I NOT L2,

It is not 20 since it is not

bounded at 0.

11 fix =x

Claim:f() (0,0)
Prop: Yix)"dx

>(2x4x =
- x1,==

Clam:I AL'(0,0))

Prof. S." x dx 1" x dx
IX2X 6

↳S* x ax

=log(x) =P,



L15 mins is (Frixell in
a30

Poisson
summa

ll -II I &x(- 24a(n)-
nCT

=1 +2ozan
geometric 6series

=1 +2zit

=cIgh(a).

T
;
in2=aighstal.

6 (2+2)-t =2w/ eeNye, An37370

Using Poisson summation we need

(F(Ur (2 +n)-e(((z) =



=S g-2HizY (z+x)-tdX
XER

Say 330. Close contour downwards

to get zero since Im22370.

Say 340, close contour upwards to get

24ireS_z(xhe
ezisx

I
12 +x)t

↑
pole oforder 132

reS-z(Xt
g-2413x

I -
12 +x)t

-zin! 2 1z +xe 9

- 2415X

12 +x)t

-he is Anisiertganiex

-

(-24iz)9-1+25132
(1- 1!

D

-IT I 2π1(2Hingrlt2inz
=>hy (2+h)-1 = - (1- 1!

u=1



= (2Hit (-11t exinz
(1- 1!

= Eyciginz(e-1!

IC-12
-

24i +- 1 = zinz- 2 L
(e-1! z - &

n
=

1

e
geometric series

2Hiz
&

1 -g2iz

Rotate to poly logarithm & Hurwitz Zeten.

T - Ix(n-x)217fix: =wih & (1>0)

Poisson
summationEl(-n-zix).

> If(x)epl-n).
Wentofx!



=1+2t
-

- dx
-

integral test
for convergence

-
=

2π

-((1+2):* +))

H+1 +2


