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MAT330 D-Anal. - HN8 Sample Sol -ns

⑭(a) Lot ass

ICa):=S2(atroscol]dO

Depho x =

=0 = cos(O) = = (x+ 5)

dx =eoido

do =I da

(a+cos10)Jdo =(a+ (x+1)]-2d

=(x)2ax +x2 + 1)]
-dx

=

(x2 +2ax+1)
-

2(-4ix) dX

and the inte is over XE2B, 10).
- 41x

f(x) !=

(x2+2ax +1)2

-I(x) =0) f
2B, 10)

f is moromorphic and has two



2nd order poles at -AIN.

Clearly, since as, -a-ratts-1

and that polo is outside ofBild.

OTOH, I-a+ faz/< 1,

Indeed, - a +rat>-1
raca-1
a2-1 > (a- 172

(a- D(a +1) > (a-1)2

A+ 1 > ar1. U (always)

Also, -a+faz <1
raz (a + 1

a- 17a +1 / (always).

For simplicity, X1 i = -AINA.

reseflbt 82(z - x +(f(z)
I order=him 2z

-4iz

2- X+ 12 - 1-12

-lim 41 1z +x_)
z+x+ 12 - 1-13

4i(x+ +x -)-

(x+ -1-13.



No find:
I1a) =0f =eines f

2B,(0)

4i(1
++1-1

=2H (x+ - 1-13.

X
++x=-

2a

x
+-
x
=
2Xa

Ii(-2a) 2πa
-> I(a) = 2πi

8 (a2-=a.

Cf.: D HWSQIS

& HWGGG

(b) Lota,beR:as1b1.

Ilab):=S*[a+bcosco]"do
Following a similar scheme we have

D = =ei0 -> do= dx

=>Ilab) =f (a +tbk+))i di
28,10

2+b+2ax)-



21: b =0, whence I1a,01=2.

2:b to, whence

plz := 2: =b

is moromorphic, has two poles at

x
=
=-c

and as 1b1 5 471 Es 19131.

If by the situation is as before

(X+ e B, 10), X-EB, ld.)

If bo, CO and then

X
+3 1

=x
+B,(0)

1X-K1 => 1- E B, CO).

No Rinc
Flab) =S* =eerie
Since those poles are simple wo Rinch:
verx

+(f) =b
+
1z -x +f(z)

-



and nesx_If)=t
thus together,

b) =Ila, ---.

(C) Letaso.

ICal = =1logsdx
abs.

First ofall, clearly two integralconverges:
at xto, ifbehaves like So lastex

men

E-1)
2ta

2-0
- O

at X=x, it behaves like

I1.5
X

which is integrable atD,

For the actual explicit integration:
First route:Seek change ofnear y =f(x)



sit. dy=f(x) dx = log(xidx
so f(x) =log(x)

or f(x) =(log(x) - 1] x
Invent this relation?

x =fy) =NOT GOOD.

Second route:Consider the function

f(z) = (z
which has a

branch out at our

choice and two polos at z =IA.
-

E.g. if we pick log to have

a cut on negative imaginary axis and

take values (-E,) then for xDO,

Gog(-x) =log(x) + iπ
and so, sax Schrag

yi
=
- x



-Is logsare

=Ica) +instally
converges to Smith.

3=> ReLISadx=Icas.

f(z) = =2 moromorphic on

(BlO)-B, (a) (nH.

Integrate then the indented appor-semicircle:

Gf =2ii reSialf)

s
ETFtoal =(log(a) +il

simple
pole

OTOH, on the big Semi-circle we have:
T

1Sf) =1S
=0

↳RED Retoido/
R222i0+ a



-> ar S llogistic do
I T log(RR + R 140.
R2 - q2

and on the small semi-circle

I

Iff1 =1/0
=0
↳glass asa

I logistof 2to0.
(Note small semi-circle was necessary since

-

Log is NOT analytic at zero, where

ithas a branch point! (

zIcal =Roh f(xdx]
= Re((log(a) +i)}

-Flaga



(d) Let act.

Ica). =folog(1-actoldo

=RoS(g(1-a do 3
f(0) ==1-ai
8 '(0) =-ao; =Ref.Zog (ercoll as Wild da3

=i)- 1+Fa

=is- 1 +V(0) =RefSogeala-1 Wada)
=Reho Lg(z) Idz)i) - 1)

B,ai1)

If 1911, and we fake log to

have a branch out away from

right half space,

we get the integral ofa meromorphic

or on a closed contour

grani



=>I(a) =2res_(zn) =g =0.

(Note we could have also used HWURIO

as a shortcut.

Next, if Ia1=1, the confour passes

through a branch pt. Now log.
Hence deform the contour around zero:

D
La= The angleOn small save no find: determined

ITogles sein;da I
by E

i(500 - 1)

- a Selllogicaldoo.



=>F(a) = 24irs1(f) =0 for 1911 too.

I⑮ SM) ==I (a+h)-2 (nx x- x)
NET

Let f((z) = =4Cfy(+2)
(n +z)2

This It is moromorphic we simple

polos on th w/ ros, equal to 1here.

Indeed, in Example 7.39 we saw

:g(n)=b8 g(z) Tcfg (iz) dE
PR

where PR is any
CCW closed contour

containing ER, RY and within which is

analytic. We have a pole oforder 2

at z =-M which we would need

to account for:



res_ulf) =b 8
=
(z +4)2 f(z)

-In 82 Crg(z)

--
-hin z=- T2

Sin(HU)2

Now an a bigcircle we have

ISFree Reis idol
=(2*Teg(ROS Retoido(

0=0 (RO +h12

IRe*+2K, R-I

=>(R*h74> (R-Ie1)2

↓
↓ Se*loglines, do
Aim:S* ICg(TN+erIdo< 0.
Proof:Divido (0,25] into two regions:



I: SOC (0,24] 1 Isincos) < 23

I:90210,253) Isincalk, 33.
We have

cfg1z) =a ==
and so

2TReO+
Cg(TRO, =

&

2iRpia
ice - 1)

=

&2TRcosCO -ziRsin(a)& + 1
-

i (etcostalg-2Rsinco) - 1)
On I,

-
y1.Iy/

g-ziR sino + (x+yk,((x)-1y1)kglides
11 --RsincalT

~2TRE
1 t &if sino), kiglimdesl
1-eTR3



ifsinol-a, ICtycieos) 1+ &2TRsinco
LTRsincol

1- &

- 2TRE

4It &

1 - TR2

ICAg(ie") / dO=> d40c(0,2) I isincalk, ab

42
1+g2πRa (T - 25)
1 - TR2

On I, we use R=NtE, since

Thon for 0 =0, 5,
CiRoSIO)
& * - 1

and the denominator avoids zero.

More precisely,
2

I itrcoscolg-2R sincol I&
- 1

-Lisino-4TRsinco)-2& cos(TRcoscal)=It &

= 11 - 5-2Rsincoy
2

+ 2 2TRSind(1-cos(iM coscoll]



-2TRSin(a)
4 (Sin (HRCOs (0))I7 &

-2HnSinO)
y g2Now, e

Sin(ARcos(0) =SinCi(N+E) coscOll

MT: (Sin((NE) Coscoll - 1) I TORR.HEER

I zitrcoscolg-2tsinco) - 1) D 2eTRE (1-HER).=> I

Hence

ICAgCie") / dO -00c (0.25) I isincall ab

1+4RE
< 2E

2 HRE (1-TER)

If we pick e.g. a = =s both forms

will be bold. F R large.
D

->hina Se Ic(e)/do =0.



=> o-Gesaa =h zuipe rezf
in BR(0)

z - results - result
=A!(e+h)-2.int
noth

Claim:fixRY is injectiveIgiYex:
got =1X

Roof:# If A =0 there's nothing to proves.

For
any y+Y, f(hy3=(x+x(f(x)=y3

&

is at ata one elementsets

Indeed, if x,xef-'14y3,

· f(x) =y =f("x =x.
Let yetbe the mine of in

flyb) if it5.



Deline GiY-X vin

xy My exists,

24 Xo f"(y31=0.

By the above, I is well-def.

Also, (90f)(x) =X!

15 Lef x,xEX:f(x =f(x).

Apply g on both sides to

get X=I. So of is injective.

⑬

Claim:I is furjection5 gilex:fog-1y.

Proof:I Since f(x) = Y, f-1993 =0

for any yet. So deline

giY- X
by picking for any yet an

arbitrary x=f"(43) (fixed once. 2.

This
g

is by construction a right

inverse to fo
17 Let yet. Then f(gly)=y.



So any point yet has an

origin g(y)+X which covers it.

I

A Seo Example 9.7.

I Want U,VEOpaIK):
sin:It -F

would be a conformal qquie,
Sin is entire so we just need to

vorify a bijection.

Sin(z)=since costly) +[cosx Sintly:
Pick 2 = =Gzex) RoSzto,El a #nt330}
I =

=(zex/ RoSt3, #mE73>0b=
Write sin(z= ileiz - piz, 1st

xtix- quadrant

--(ix- i4) =- Ilix+i).



Claim:7: B loin - H (Jnkowskimap
zr -(z+El Rom HW696)

is a conformal equivalence.

Roof:Ate: E+ 1

-
e

El-1

= - I(z +z) =f(z).

Define gitBico)-Q-
2nd quadrant

zr El
of
lower halfplane

S: Nz -> QQy

z- z2

hi Q3Qy -H
zn

f =hosog
So will show each ofthe three maps
is a conformal equine.
Claim:G:Bildn-Q2 is a conf, equire.
Proof:Were seen I in Example 4,4

Rat HH = B,(0) vic
zr



with inverse wire it--wi
↑g(ut
rotation

by 90°

restriction Hence by that same proof when

ofinjective restricting the inverse from B, 10)
estirl

map
is inj 4 to HB, 10) we obtain a map

whose range is Q2 and is still inju

were seen more eg. Imd-i}70
> Im9-ig1nG 30

>- Re[g(wI}>0
# Ro[g(WI} <0

=>imigle loft half plane.
Morpower,

#msgivly =ImSw =Fm)
=1W+11

-2 Im( (WR-1 +21#m[w3]
=
1W+11-2 2#mSw} > 0

->img)-Q2.
⑲

Cam:S: Q2- Q3rDY is a conf, equire.



Proof:Properly depining Ang yields the

correct inverse.
17

Chim:t:Q3rQy-> IH is a conf equire.

Roof: Am I=Hmd *E3
=12-11-24(1212-1-21#mEz3}

=12-11-2 (- 2) ImSz3 >Or
w

CO

=> will-dof.
2 a

w+

inverse is WT.
De

B

izClaim:240 is a conf, qquire,

From 1-> BildrQ,

Prof: picx+iy)
=giX-Y Xt 10,)=> Q

y =10,101- B, 1d

Since sin is the composition ofmaps
zreeiz ztiz zr-z(z+E)
H- B, l0In,-> B,ldrQ2- Q

we find the result,



16

By Lomma 9,16 we are looking how

a conformal equia, 2:S- B, 10) or

2iS --1H

since we know how to solo the Dirichlot

problem on Bild and on H.

Consider (2) ==Sin(z)2.

sin: S+ Q

and a 2:Q -> H I two conformal equip

Let f2S-R be given.

boundary valuesNe C --



x=0 gets mapped to [sinciy)]=-sinkings
<O

you gets mapped to [sincx)] =C0,17

X =gets mapped to [Sihltiy)]=Coshiy>, 1
Hence according to Comma 4.16 and 19.2),

H(z) = (NoC) (z)

where will-R is the soft of

-Ab =0 w/ B.C. plan =foct.

-> v(z) =" df (focl(*) iety:
en

I=- D

Poisson Kernet

Ci8H- 25 is as depicted in the picture
above.

Since f to only on pink region, where it

equals 1, we get

v(z) =1- 3 dteye



=> H(z) = (Poc((z)

Re[(Cinixty1]2y =2 - Ecos(2xcoshizy)

#m4 [Sinuxtiy)]2] =tSincex) sinkszy)

->

nextig) =font sincext sinking1 - Ecoscexcoshy-f)2+i sincex'sinhizy)

It is [extra] credit and its sofa will

appear later.



12eOpen(4) and bounded.

fig:-&analytic and extend

cont, to be.

Assume D((z1[Iy(z (zer

② g to on

Sam:If(z)1[19(2)) (ZE2).

Prof:Since If0 we may divide by

I to get hisfly also

analytic and botch,

If thisconst. were finished,
Elso, know thin on 22.

Want Ih121 on he

But
at
IC2s1L1, since is

compact and ih1:2 - (0,0) is

cont, the attains its max on E.

But apparently this maxis within it,

which is in contradiction to the max



mod, principle.
D

I

seein a

Lot f: Scabs - I analytic and bold, site it

extends cont. to Scabs.

Aim:For any fixed yet,

If(. +iy)1:(a,b) -> (0,x)

is log-convex, (Hadamard 3-line Commal

Roof: WTS F x,XzG(a,b), 110,1

log(If(+ x, + (1-)Xz+iy)1) < flog(f(x, +iys1) +
+Hx log(If (x2+ iy(1)

Taking an exp of dis
en we finch;

(f(+x, +) -)Xz +iy)! If(X+y)18if(xz+yf-



Deine
F:Scab) -> D vic

F(z) = =f(z) Iflatigifubtig
Raine!IF(z)I1 * 278 Scbs

Roof!If z =a +1y

=At=- 1t ia
z -9

=s b
A

/Flatiy)) =iflatings /brafubtig/
s

aix=epllogca"(
=exp(iclog(al)

->1941 = 1.=> IFlatigs 11/

Ifz =
b +iy,
E=i a

24 ==- 1 +ea-b



=>IF(b+iy1=iflatings,(fibtigs
Now we'd like to say (F(z)111

also in the interior.

But F is analytic on open domain,

and on the boundary (F141.

So by max mou, princ.) IFI) also in interior.

-> xta,b], yeR

IF(x+iy)/< 1

=Ifiz) iflatigifubtig(_
For pio, 1p21=/ep(ztogp1/

=exp(Re[z3 log(p)

=postb.

=>liflatig ifcbtig1=
-I flatigs* ifcbrigs



=>IF(z)1C1 implies

If(z)1 (flatigs
-*

ifbigs
-

- =Ea =Eta-x =1 +at

=1-a

and -- a

->

If(xtiy) if latiy-*,fibtiys/ta

this boxshows two things:

⑪ Since ab were arbitrary,
could replace them by XisXe

to get the log-convexity
we set outto prove.

② The more specific claim in the

problem:if If latiys12A

ifcb+iyl B
X-4 X -G
-

If(xtiys). AtEa B*
follows immediately. ⑲


