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MAT330 - HW7 Sample Sol- us

#11 (a) I =Sxmi
fiz):=Ehas polo &z=-21.

If you try to create a closed contour

downwards to capture the polo you see

that the arc integral does notconverge.

Instead ifwe manage to close contour upwards
will show I=0,

this indeed can be done via

I Spor f(z)dz) =
somi-circle of
radius R

-It free point idol
=R)atidol



IRSRsina dO
(Rei+2i/

(Rei*+2:1X IRe-12i) =R-2

b
- manca de

Bige

Lemma A, 2

R-D
->O

Hence sin Who Camaly int, times

R-x

dezmasx =S f(z)dz - 0

&
upper
somi-circle of
radius R Example 7,31

↓
:

X=0is SixSet
in

=RedSaxl



f(z) :=it is meromorphic.

Close contour upwards:

ISRzdz/-)So free recidal

abros, sincedo so.
Now, I has 2 poles in upper half

plane:1tz" =0 # z =YT =Y
=(epis/nex
-Se, it is ins
↑ py
apper halflower
plane half plane

No thus find:Idx=exi/wesi, lf+
tres(f)



Let us calculate the resides at the two poles.

they are simple polos, so:

resglfl-hi, 1t-s f(z)

giei
-Ie_set-eit) (ein_s

and similarly at it.

->Sax=aifiseness enging t
i ei

t &

I-)(e--I =

-

-...-(cost+sin(l]

=> I dx=(cost-sin(tl).



(d) XER1x2+1x2+2x+2) dx =
z

f(z)i =(z2 +1)(z2 +2z +1)
has

four polosati
z =11 and at z = - 11 I

We may close contour up or down

since in either case the integrand behaves

like ↳

Anyway closing itup yiotels

-
X

dx = [res:(f)+ res__if)
I(x2+1)(x

2
+2x+2)

Those polos are simple so we find:

resift-isizzitat

rest) -min(cis-Fill
so that



5x(x2+1x2+2x+2 dx =-.

(e) Let A>0.

I wasdx =

= RehS-dx}
-

=F(x x2)(-)

In Example 8,7we saw

F(Xe (x2)(3) =Tep(-2;151)

so we find

Sadx=(-1a) (acR!

Ifa so

S X sinax
dX =

XeR 4 +X4



X &

-Fastin?Ire
Close contour up where integral behaves like

R-D↳ -> 0 Fusing a30).

So we may pick only the resides in two

suppor half plane.
z4
=
- 4 -zeei,,iy

as above.

No inc

Sxeia Yedx=zii[resme(f)+rese(f)
set glaremostei(f) =
/ei-rei)(ei-eit)...



and similarly how to other residue.

collecting and simplifying to pinch:
xgiax

dx =exp-alsincalSxeR 4 +x4

> S x sinax
dx= 8" sincalXeR 4 +X4

(g) Lot at D.

I: =S8dx = ?

Pick Log analytic on MOS7330].
different than usually...

to avoid pole at z = - 1. Hence Erg- /0,2).

then f(z).E =
exp1- a log (z1)
1 +E

is analytic on DV[zex1Re[z3>0yr[-13.

Define the following contour:



sm
L

-na
This closed contour has 4 legs,

In= fextisidx

-S galog (X+iE)
dX

1 +X+ iE

Tog(x+ i2) = log(x) +10
Log (X-is) = log(x) + 2i2

R-D

So I see Seab* dx =I-
-,

R-D
5- 0T -

- Inia
I

- 3 2-0 &

2π

IP=S gatesa ReitidO



2π

iO
- loto Batterre & i do

IERI 2T IRGH1
=2π

- Refab+
R

R - 1 R- 1

R-A

If Redabzo, IIR1->0.

Similarly,
2π

- a+1 - 190

Ery=fot 50 is
& i do

1 + 5eio

If Regal >1, IIM190 fusing the

dominated
convergence im.).

The residue & z = -1yields:

Ves -1(f) =(- 1)
-a
=

exp)-ag(- 1))

=expl-a in)

Thus the residue tom yields

-Ta
24i =

-

- Iiia
I

=I =
(n=3z=e/Rost3eco,3).



Raim:I may be analytically continued

10 I: K2x -> Dusing me

same formula,

Proof: Clearly Iis meromorphic on the

open sot QLT and

E1[z =D 1 Rot3e 10, 11]
=I.

By uniqueness ofanalytic contin.

we conclude.
b

=>I
=mal (a=(-X).

y =
=xx dy==dx

The Sixy dx etyby
was4
erroneouly 1.)ge dy
before



· i
=1.2π111 resziziy(

ztpoles in
upper half
plane

=4π:)!le*
I

-
-4=-

Note it is also possible to integrate this

of a similar contour as in question gl
to avoid the change ofyear.

(i) Let MeN.

I i= I 11+x2)ndx =?
XeR

f(z) = =11+z2jn-1 =(z - i)(z +i)
-



Close contour wil upper semicircle

since integrand - R-2+1
+1
-0.

thus we have

I =2π UPSi(f)

=2: 22 1z-imfiz-
pole of order
n+

-ei!2" 1ztis-n-

=eilen An-i(-n-2) ... (-2n)(ztit

=2Res-en-1(-) (n +1) ... (2u)
n!

=TKeitn(-1e
12

=

- 1

↳ In this



(j) I==1log(sin(ix)dx

f(z) = =Log(sin(z) +1z +Log(-2i)

Ifixdx=S' log (sincxIdx+ iT +Logt-ei)
e

lig(z) - i

=I log (sin(xidx + log(2).
Define now

*
iR

2
Iti

Pu IMs Ta

i2% i
- I ⑪

E M 1-E

Note f(z) =log(118'z) =log(etizi
is holomorphic within interior ofcontour, and



o f(zdz =0

=> =-
St-SpF =0 due to symmetry:

St =log(1-exiliyl/i dy
=slog(1- dy

Spf =ILog(1-snictig i dy
=Islog(1- dy

Small quarter circle into banish:

#2 chice", sei doSF =&Log(1--
E-0 essentially since logico->O



Samo oher quarter circle.

Fory_M:titiale
-ziR,2ix/Log (1-2
e

30
e

-
1
-

↳

No Rinch:
I = -log(c).

Note this integral may also be solved vice

real analysis and symmetries.



1 Claim:Ifthe, az"=eFhas a

roofs within B110).

Roof: Dehho f(z) :=az
g(z) i =az" - ot

By fund, tom, ofall, know f
has a roofs in 1. Actually the

roofs are all at z=0!

Note 1(2) - R(z)1 =1021

Xez1 =& on ztB,10).

OTOH, If(z)1 =a on z=8B, 10).

So Roucheapplies as soon as a.

1

Caim:If7: Dte is entire:I REN,
A,Bt10,0):

-PR (f(z)) - ARR +B (R20)

then is a poly ofdog, f,
Prof:If I is const them wire done.



Otherwise, by max. mod, principle,

za'z)I =If
(2))

=aEY
ARE +B

By Cauchy's ing thin. 6.30,

If (0)1_) i a'z
I CARR+B

for all Riso.

Taking R-D yiolds

fico) =0 vn> k.

the same is two also for F(z):=f(z -zd)

for any Zoe D.

= "(z) =0 vz +4, n <k.

Es f is a poly ofdog k. D



⑭Cim:IffiCADis entire:fa: DeR

is bold. Then I is const

Proof! Let G: =expof. q is entire.

then 1g1=&p ofR.

If fr is bold, I is bold,

By Lionville's thm. Thm. 6.32,

ifI is entire or bold, itis const.

It is const. Comerwise we could

say I takes only the values in

24iR and is hence NOT const.,

but to be continuous it can't jump!)
B

Ageproof:Let RDO. By max, mod, pain.

Ig) cannot aftain a maxon

BRIO) F R30, if I is non-const!

=>contradiction why bold.
So I is const, D



I Let E,:(($) -> T

Ecr) = =f
**

inOncoldo (nex
0=0

Claim:If C:LIT from EC is

unitary.

Roof:See proof of thm.8.5.

16 See thm. 8.5.

15 S00 Thi. 8.6.

⑯ See Lemma 8,4

⑭ To show a map is conformal,

suffice to show it is analytic and

injective on its domain 1 and then make

sure its image is its codomain EEsurjective).



*for the atz clearly his map is

enfire and we may take H=V=D.

*For the by, will have injectivity only

if b to, and analyticityalways. Then we

may take 1=v=2.

*For Zhe E, we musttake ri=D2Sob,

whence it is injective:E =E() z =E

F z,EEIt.

Surjectivity follows u/ I
=0240b:

Lot wet. Then Yul-w. w

Note t=VE OpenCK as required.

(*epp:DCD is entire but not injective.

No may define

2: =Gz =4) 7m9z3 =(0,25) 3eOpenIDI.

I==(< [0,0) eOpenICI

Claim:epithetis byective.



Proof:(p(z) =exp(E)- z =E +2πin

In:K

Butsince z,zEH, n=0 and z =E,

-> exp is injective.

Next, let wet. Then define
zi =log(1wI) +i Frg(w) =log(w)

↑
argument wil branch
on positive real

axis taking values in
(0,25).

Then zett since We RL(0,01, so

Erg(w) =(0,24).
=>exp(z) =W and so app issurjectives.

I

* This shows That Logit-e LE is also a

conformal equivalence.

⑰ For the zat=epltg(z) +i Tog(z))
where log is holomorphic on its domain



H to be specified below,

f(z) =aplatg(z) +i[og(z))

=exp(alog(z) +iArg(z) +ilog(z) -Arg(z)
=1212 grg(z) &Pli(arg(z) +log(z)(

Define
21: =(z =e/0>Arg(z) +Blog(z) <2π)

which is an
open set of4.

Dono v: =4X (0,0).
Can we pick a branch out for

Eng which is outside of18

00 +log(r) > 2π

So noch -logcr> 0 < 2π-Blogir)
For every , this delines a range of 0

which are allowed. So in principle we



may define try to have an a-dependent

branch out to make sure the aut

would not intersect th so thatof is

holomorphic on it. Furthermore, as we

always land in 10.25) in to argument
we poor wrap around is injectivity.

the codomain is thus v:=D20,25)

and we getconformal equivalence.


