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MAT330- D Analysis - HW5 Sample Solus

l f:AR2-R
(x,y)> (*y x + -y

L 0 x =- y

a b fixyl-y ty =0.

=>Rxy) =hs0 =0.

B)fy)ty =1

Besexig-1=1
i bs flit ==

-bs =t.



Conclusion:exchanging limits must

be justified!

M fai- M (neN,o

xie

GrieR INGN,

xifex
GNx=limerN-A

N
-

Now, I (1fx2)
-4

=

1+x2 - (1+x2)
- N

/ x2-
n =0

So GN(x) =1 +x2-11+x2)-N.

Note GNCOL
=

0, so SINIO-b =0.

If XFO, IX231 so (1+X2JN * 0 So

him N(x) =1+x2.
N- O X=0

No find GuxI=b* Bwix =[1
+x2 xto



Claim:GNIXYN does notconverge uniformly in X.

Proof:Assume otherwise. Than FES0 J NatN:

if NDNE them

19N(x) - g(x)) < 2 rx-
-

-

-

11+ x2)
-N < E

Take log of bo sides

- Nlog(H x2) < log(s) assua
But log 20 on 10,13, so logic 10
and log(1+ x21x 0. Hence

N log(x2) - log(2) =logit (

NC xt
Take X:2Na= egi

log(1 +x2) =be
x =9-1.

This X, for any E-31, will violate .
Indeed, then



11+exple")-1)* =
=exp(log(21)=

2

--
-

So Egnexin does Not converge uniformly.
1

For any Red N,

RDXma ANCx) =1
+X2-C1+2JN is continuous.

The limit fr, 90x)= E
O X=0

1+x2 x *0

is NOTcontinuous. It has a jump discont,

at X=0.

Conclusion:The pointwise limit go of

a sequence of continuous this

ENBN is NOT continuous. This

isbes. The limit is pointwise



butnot uniform.

Beware that Ikneorem that says:

"The uniform limitofcont. A "s is

cont."(See Rudin Ch. 7).

⑬ fu:l0,1-R (n=N)
xt U2x (1 - x2n

cas in full-his x-x =0.
I

/
ifXel0,11, e
not (1-x2)* =

=2xp(nlog(-x)
n

↳O

beats poly. nrent

if x=0, 1 we have

the limitofthe

zero sequence.

(b) Ram:Stuba->0 but the convergence



is merely pointwise, not uniform,

Roof:Ifs v eso, more were some

NatN s.1. any UDNa would imply

fu(x)-OKE
142x(1-x24 /E

EsI &x (1-x2)" < E

E

Take log ofboth sides:

zlog(n) + log(x) +2 lag (l-x2) (log(s).
Since 34I (WLOG), log(s) = 0, and
similarly, log(-x0. So mi, both

sides by (-1) to get
-Mog(n)-log(x) +Hlog(lag ()
t -> 1, so logital to,As yeo, 1 - x2

and itbecomes harder and harder to satisfy
the inog, for fixed a

Moro formally, since

log(n) I *S40, 150

log(ni 2i Xn>0
-



So if ny Iaso,

zlog(n)_4_ an

Use this with 2 =log(x).
Hence if nx,fe
zlog(n) log()i

whence

-Mog(n)-log(x) +Hlog(x)

↳ Ilag(xz)x-logix); logitalI
We see that as X-0, this becomes

> Ilogix + log it
n>

↓log(xel

hander and harder to satisfy. No one

NEEN may work for one X.

D

&Note:Iwrote the above for
the sake ofcompleteness. To obtain



full creditit was certainly enough

to
argue

less explicitly, just

indicating the constraint becomes

harder to satisfy as X-0.

I

I ! fr = 6 nox-xdx

y = =
u2sitelyby

dy = -2xdx

=I y'dy
=Inyn+1!=In, 0.

Conversely, shirtr =100 =0.

Conclusion:Iffuf pointwise but

not uniformly it may containly
happen that lim Sfr*Slinfn.



Call If we replace for as enter,
wo inch

hi r =0 still

but now

himS'Fr= I IShinr =0.

Conclusion:Even if all limits are

linite this problem may occur,

ofnot being able to exchange into

and limits.

⑭ Let NEN, Sanz. Eb] ER,
BR = =xib ck>1; B: =0

Claim:For any M =41.. . , N-13s
N-1

:Anbe= ANBN-Amm--lanziArn
=bpProof: Note Baby- SO



-
N--IiAnb =siar(Bu-Bn-i) open

-
I
N dur-AnBu- ! bracket

-r n=M

separate 1stD
↳

N+

lastform Prom =ApBN+X! Ann-AmBM-i-ann
both sums resp. n=M

->ANBr-AmBm-tanButane Bu
Shift zum war,

in 2nd sum
=Apr-AmBr-, -int-an) Br.--

combine two

sums

1

D
-I
I an <A.Claim:Let SanDis-
n=1

Then him Pillaan=A
Fan =0.IProof!Sp1:Assume -
n
=1

then we're trying to prove

him Cram 5and equals zoe

Apply 1 on Anicratan but

w/ annealam, butan to get



Cr-Ean=(H-ENAN-[ra*-GYAn
-
Ao=O

I=(l-E)NAN +ar-s An
use n

=1

Yo Yo
-

↳o

Letso. Pick NEN:ife, Ns, lAnk&.
/Possible since An-0).

Them
Ne
-gl-s An =SX,Cr-El"An +a (l-2)"An

n
=1 n

=1 n
=N+1

nee

=:I :I

(I)a** (1-2) =8(11- s)Nw+-(1-5)N]
n =Ng + 1

=
8(1-2)N5+)(1 - (1- a)N-N8-1)

(II - /e-sMAn) - a CalAl
A

No finch

IiCrean) CHEINAN1+EAn+(1-a)Nrty_(a)



Take now the limit N-A to get:

/cream 1- Anl+dCl-s)Nt
(Note &NE are indop, ofN!)

Take now to limit to to get!

fricraianld
(Note &, NS are indep. of E!)

Since ISO was arbitrary, we conclude

him himare =O,

Step 2:IfIcan to, define
I,
I

A.:=-1An
n =1

WiT.S. Cim ilaan=ae
D O

> Nohn Ella an=aotian
I

I limicl-alan=ae



Define ton:=Ans Vnx, I

X

Note Eibn =0 by construction.

WIT.S.

Ilimitsban= but
n=0

I havebutinre
Now since we've just shown in step 1 that

D

Ihim icrabn= e

and since healt=1, were finished.
B

A [extra] Q's will be solved in the end,

1,
I⑰ Let f(z) =xAnz" 7 Gan3 = D,
n=0

w/ some radius Ryo of convergence.



> I is analytic on BRCO)

So we may choose any
other point in Bald to

make an expansion, justso long as we make the

now radius ofcome. Smaller;

⑪ 2 i=R-1Zo

though this was notexplicitly asked (and not

required for full credit), let's calculate do

new cookf.8

anzu! ibniz-zo
To find bus letus calc.

A(z) =f(z - z0 +20
*

-In (z - zo +2

-An(?) (z-20; zo
e



-ian()(z-205z
i

Sum on j4x:

j

..-·
⑰

! I' N

0

ISmijl=ix SwigI

n=0
=0
I

=>fia isan( (z-zdzot

-(an(;) zo) 1z-zos
j=0
en

=:bj

⑮8) Want a power series expansion of(1-2)
m

I meNxA tp =0.

f(z) :=(1-2)-m FIEK1.



Taylor's Ohm, says

P(z) =fz

f ((z)
=1(1-z

=(-m)(- m- 1) ... (- m -x+1)(1 -z)
m-n

Hence &(0) =(- 1)"m(m+1) ... (m+n - 1)

=(-1"(m+n - 1)!

(m-1)!

Hence ~ e zu
f(z) =ic

=
(n+m)
noone

desired expansion

cooff.

⑭1 fiRe, x E
0 X0

expl-Yx2) x >0

Want Taylor cooff, about zero.

f
M
10) =0 bcs. f(x) =exp- xx2). polynix

for some polyncy) which will always lose



againsthow quickly expl-/x2) to as x-90,

=>dxe for IXI small

But we know of to for x20 small!

/exp is never zerol so of cannotbe

analytic at X=0, though itis smooth on R

and analytic on R230], and has an ess,

sing. on X=0,

1 cal Define ins ISER.

sock phase diagram of s (come, abs.

conw.,(

This is to famous Riemann zeta Al.
Chim!It converges as long as 521.

Prof.By the integral testfor convergence of

a series (see ... ), we have
X

ins converges



So x-sdx <

Since ure is is decreasing.

But J,x-sdx=t x-st 1,
-Is 5) I

S
A S11.

Since vs so, the come, is abs.

Claim:IfSI series diperges.

Proof:Same integral comparison fest,

(b) Do the same her
Note this is minus the famous Dirickest

ear.
By the above clearly if 541, we got

abs, come, and if S4I, no abs, come.

Claim: If so we have convergence.

If I so we getdivergence,
Proof? By the alternating series test (see ... (



i am converges if

(1) n+(u) is monotone door,

12) by an = 0.

(1) and (2) hold if330.

Now ifso we cannot converge since

Men's is not-to us n-0,

I

1) The CAS is (b) cyst lap to a

minus sign).

Also,
A

Xi =1 - 2 +5 - 4+5-...
n=1

=En-nI

ne

(2n-2n-11] n=men-1

Since to two are equal, the RHS <N too.

12) for
any GeR, want a rearrangement

fiN-N (i.e. a permutation, bijection)



...
(This is the famous Riemann an.)

Proceed as follows:
By the integral testhow come ofseries,

N

j1dx ↳Kit 1+dx
i

u=1

log(N)
Rag(N)

N ->A->withthe -> 1
N

So write Ein =A+login + EN

I A10,1) and Entlo,1) depends on N but

Site M to as N-D.

I
=>ict= a+ login + in



,1 !
-

l I
!2n

-1=

! / zu
-

n=1

=
A +log(2N-1) + EcN-1
- a - log(N-1) - EN-1

= a +log) + Ear-Er-
2N-2 +1
- -

F 2

=a +log(2+) +Esr-iEN-

== =a +log(2)+ = log (N) +En
so

So letus make the rearrangement:

N od spositive forms

M even (negativel forms

N odd spositive forms

·

We get:
M 2N+1 2M+ 1

- I
- I Iint-in-ear Enant...

n =N+1

Ifwe take now a partial sum w/ fixed



ratio ofthose forms, say, L:=KNAM forms,

/N,M fixed, butkey, how that

partial L sum equals:

Ea +log(2) + log(kN) +EN -

- a - log(km) +3 xm

=: log(2) +1 log/N/m) +Ex

so as kex wo find

log (2m (

->can getany ofthis form,

More generally, let EN3n, EMBn be

pariable lengths, so that

k-D- ③ =R

then we get log() 2.



Pick=

1) See Example 7.32 in to tecture notes.

1) ICR) = =0 dz
z1z-512

GBen
-:f(z)

*IfReco,s), 5only one polo (agz=d

so by residue formulas
ICR) =24i resolf).

I
resof)=limz=s

=>ICR) =2iis.

⑰If R35, atwo poles so we need to

add also the other contribution:

Vesgifl=bs 6 1z-5=

-s8zz -

-Es(-* -z]



=L
25

-> F(R) =2 x 2its=Es
closed

st Let i be a simple//CCW contour.

Claim:sdz= 64iw E
0 ~Einf(r)

1 ~- int(r),

how any to D.

Proof: Since f(z):-ti is analytic if

Wein(M we got the result by
lamchy,
IfWeintCM), this is covered by
the reside them,

roswif) =w 6=
(z -w) f(z)

- (25 ++ z)

- hw z =3w.



Hence Men ff(zIdz =2Hi.3w=64iw.
N

I claim! Lot fine D be an analytic
non-const. A"on REOponI4InConn. (K).

Then fre cannothave a max

on .

Prof! Let firme
zreexp1f(z).

Since etis analytics I is.

Moreover, 19(z)1 =10xp/fm 121+ if1 1z1 (

=exp(fR(z))

Apply max principle (Corollary 7,32
in the notes) on I to get that

the explfr(z) cannothave a

max on , and since app is

monotone incr, and injection on R,

our result,
1



Extras

PS and Q12 have already appearedabove.

Gol No call. The radius ofcome ofseries via

The Cauchy-Hadamard formula:
R =(lsup 19nil).

Note:One may
also use the ratio test:

I,
zr ↳Anz" converges when him).

n=0

&Cauchy-Hadamand comes from roof test:

24 lanz"
converges when (himsupi) (1n

=0

1901" 121

# 121 a (him laul"n)"

(a) An=(logcni)
2

lu/n=login= = exp(log(lagins*(I
=ep( log(log(nil(
nee

Yo -> o

Bit poly wins over logolog. Knle=1



B) Am =n!
ratio test:

(ant2**) =!(2) =(n+1) 12e
->R =0.

(2) An =1
-2

lan=(n-2(M =n-4 =oxpl-E logcal)

->I =1. -RI.

id dn =in
lanim =expIn log(sall

=ep((n) - logth
Yo

~&p(-log 14(1+ 3.l
Zo

~ ep(-log (41) =

->R =4.

e) an = (n!)
(3x)!



No have by one Stirling approx.

!-E()"

-Ein expenlog(I)
-Ein xp(nflog(n) - 1))
~ enlogens

Hence an wieulogini
(32)3nlog(3n)

~ Re xp13nlog (n1)
~ xexp)- 3 logis/2)

ant-exp/-stogis1)
=>R =ex(3log,3)) =27

11 An=e 2,- 4, NEDV-Nxo

fuls) =(3 +j) =3(3 +1)(5+2)...(+4 -1)
j =0

this corresponds to the hypergeometric series.



lat**)=121 (Ellil/fli!

Iiil= 1stm

So we find

I antizn+(=1211xtaltt nex,z =121.
18+2/(n+1)

->R =1.

(g) 92n+1 =0 and am-tre! in I rew.

Using Stirling again we have

192n1-ep(-nlogin) - M+r) logan+ -2hlog(21)

19c1*n-exp(- Elogen) - "logenes - log(21)

-> 0
=0

=>R =0.



161P1
z =KX [0,4]

I(z) = =I(212cossk)-z]+dk.
Rewrite as a contour int. Vein X:=eik:

dx=sikidk =idk

I(z) =1 12-x - 5 - z)"dx
-2B,(0)

=- io ((- z) X - 1 - x)
+dx

X2B, (0)

Write i =12
- z) - z =2-2

-> (2-z1X-1 -x2 =2BX -1 -x2

= (X - B -*)(x)un
=:-2+() =:-

[-(P)

=>F1z)=-ifd (x-afl
xt2B,(0)

Now there are cases to be considered according to the

value of BC K:

Aim:IfBEC-11] then k11)1=1.



Proof:IPEto pets

121(R =B2 +1-2 =1.

Claim:If BEGLL-KB then Lille, co

2j(p)= Ba.

where 11,j) =21+, -1, 1-5+ 1].

Proof:Consider f(x) = =28x-1 -x2
and f(x):

=

2Bx - x2

I
has two roots:1 =0 and

X =2B
I

So if IKE, g has he desired

proporty ofhaving only one root within Bild.

then applying,Rouches via
If(x) - g(x))[(g(x)) F(x) =1

e u
=1 1x112-x/
wh

<21 -1

=>

If 131, we establish the desired

property how f thanks to Rouche.

If B =x+ia 7 xeYD, EER:18KS1,

IB =X+iz! x-1
-

~X +is F(1-x4) +2iex



=X+iz!IriEX

~Nia

I=x1+(EI
=X2(11)+1-x =2a

.

=1 =22)+r)

=1 =22 +0162

=>The property is established on a

stiller around [-I, 1].

Ese
gf(x):=2x(X +it) - 1 - x2

19q(x) - gf+ q(x)) =12x1+)=2(t)
21 =1 (ya(x) =

1x= 1

(TODO...]



Since IIB) are infoutofBild),

using the reside formula wo inche

I1z) = -ifdx (x-x) =
xt2B,(0)

=-2πecoding
on which one

is infout of,a

=I2π ---+
Ii

-

I I

I At least
=>I(z) =N- 1 low is.



P2

I 13) =Spxdx
f(z)= =isz Moromo

2i-
zi+R

↳
-R R

coshIz =0 F g42+g* =0

* 1 +gz =O

# ITz= +2in (ex

z =i+ in (n +x)E

z =iht,, , ...)
Ur includes only the poles at I and .

Each pole issimple:



12- 2(f(z) =(z - 1) ex1-24i3z
-

&p(-xz)(1+ex/2z))

=2g2ig2+42
e f

->Pzlz
= 2zis+E(24)
-

- I

4*
52+i
eI---- e=1

↳1=3

Verticallegs:

I isinthe
1)Sixix) dx - e-tro
e

x gTR_TR



the top log equals!

mislaidx =eeiseI I
e

periodic

R-A

-> e443 I (s).

Hence ros. formula says

1- *)I =2πi)-
= -2&43(944 - +3)

=-4e* sinh(?).

No find I(z) =-4&* sinh(s)

1 - 0445

-has



1) First define

M(z) = =d=Tfzdt (z(d

Since the into come, near 7 =0

and = =0, R, is well-def,

① ↑, extends to an analytic e

niReSt3203
-e

(Stein & Shakarchi Ch.6 Prop. 1.1)

& Deine iLENs)-D esia

F(z):-itz ofof t
where G is the so-called "Hankot

-RtiE Icontour": -C
- R-is

radius ofcircle: r

width of corridor:22



Vertical line:

Is-tigt-Rtit iat(_
↳ em." (p) z-1) logsuR+i)/ df
e

<240(12-1) (log(-R+ifs1)
-

nlog(2,2+i

&xp(1z-1) log(R) (

-> O

Circle:

1(*-
9

(pgio,z-l e-rein weis;do)
0 =-T+2

-) Kinze (elio-rot e
pyz-1 =pat ib z=atib, 0



182-11 = 1exp(/a +ib) log(ri)/
=exp(atogirl) -to as reo

sinceaso.

I i0(2-1) I -eio(a-1+ib) I =-ob Tbl.&

the two vertical lines converge to

The gamma A:

fit-rast-et-is df+
- R

+ S* Iftis- ettig df

| - i2)*
*

=
0xp)(z- 1) log(t-isl

log(t-i2) =log (17-i2i) +1arg(-+2)
-

=>Iit-iajtet-is at fateitlz-,zt
- R



and similarly,

in 12- 1) R,yz-gt dtj* is)tied Ir
-

Summing up we get the sinctizl,

->It extends of since they agree on

Re4z3>0.

Itis meromorphic since it is the inte

ofa moromorphic AM. The poles are

the zeros ofSin(iz).

Note when ZEN, we get removable

singularities i

P(z) =F(z) fow ROGZ3L0

and to itselfis analytic for Redz3,
so srtz can only generate polos on

R027420.


