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MAT330- AN4 Sample Sol-ns

⑰Deine filedby f(z) =x2y2.

(a) r =(z +c)y=2x2 ax=x1,23) ~
I I

Parametrization ofi

8: [1,2] -> R

V(7):=7 +i272

W(A) =1 + 147.

St=I, forcesat
= ([Vm(t)2-iN=C42]Wit dt
I=1

=(2(+2 - i4+4)(1 +in) at
= I (511-49i).

Other orientation will have a minus sign,

(b) i is the straightline from (1,81 to



12,8).

Parametrize & as

8(4) =(1 -7)(1 +8i) + 7 (2+8i) fE(0,1]
allect a

=(1 -4 +2 +8i =1+7 +81

V(X) =1

St=I fullsid
-(((1+- 2643d8

=I - 641.

(C) i is the straightline from (1,2)

to (2,8). So

((H =(1- 7)(1+2i) ++(2 +8i)

=(1- 7) +27 +[(1-7)2 +78]i
=1 ++ +(2 +64) I

Ulf) =1 +6i,

So



Sf =I flies we ar
= ([(1++2 - i (2 +6712] (1+bi) of
=

- 141.

12 V: C0, 24) -> I

f ↳ li+- ;git
= i +7 - i[cosH-isinit]
=
- - sinct+ i) 1-cos(4]

↑Im
(a)

I

I

y=2π
-=0 8@ ⑪

Re

(b) It is simple and NOT closet. Indeed,

8 is an injective for,
If7 -,se(0,2):11) =N(s)

I
↑ - sinc) = s-sin(s)E 1-ros(1) =1-COS(S)

=> =St2Th JU+K

from and eqn.



Plug into 1steque to get

stain-int2an)=$s
=>2T =0 => 1=0

=>S=Y.

Claim:I is piecewise smooth;it fails
to be smooth of ITT,

Proof:Consider the point 1 =0:

Calculate the one-sided devicative:

bt U(E) -I(0)
I

E

-ht(+s--(ito-i"]
-

1-iE+tialt... O

-h5(3 +0(24) =0

=>80+1 =0.

But we have demned (Def, 6,7)
8 to be smooth iff 8'F0.

Similarly a 1=2π.
1



To gain a bitmore intuition, write

the curve implicitly rather than

parametrically (i.e. y as a " ofXI:

X =7 - sinc

-7 =f(x) for some function fo
↳inverse oftrst-since)

Plug into y =1-cost to get

y as a in ofXi

y(x) =1 - cos(f(x)

Calculate the devinative;

y'(x) =Sinsf(x) f(x)
To find f(x), differentiate

X =7 - since =f(f)

wirit I to gett
1 - cos(t) =2 f

-(-

Now, since for1

((f)of]21 =1
E of-oft

Ne find:tof-s=1-cost
E> (Aflof)(t) =Eit



Hence

=
It is clear from this eque

that

y' explodes when Ef(x=LHYL, since

Then cost) =1!

(This has been a long-winded but

elementary explanation to the innerse

or ihm, which is sometimes explained
in Leibniznotation as

↳

* = =
R

and XR1) =7-sinit

URA=1-cos) =0 -> FEIT, I
I Dofino fix-e vin f(z) =1+z2

2π

If L (1+VIWIE de

= lalith-a-de



=2π+

13 Dofino f(z)==E-1 on enob.

a) f f =?

2B1(2)

Parametrize Wit =2+eit * ELD, 24].

WiA=ie
it

=>

of =S*faee at
2B1(2)

-+ 1) jet at o

This agrees of Cauchy's hum, since

I is hotomorphic in infl2B, 121)!

(b)

.



Now we expect that the into need not

be zero.

Paramotrizo two four logs:

U,lt) =1 +7i f((- 1,7

Uz(t) =i - 7 ↑ (- 1,17

UzIt) = - 1 -I +(( - 1,1]

84(t) =- i +f -((-,i]

I =1 - 1) imt =(x - 4

I =1=-) tat =2+
I
=((if - 1) (i)d== (4 +π)

I=- 1

In =11-(+ - 1)dt = - 2 +.
I, + Iz +Iz + Ip =2π1.

This could have been persoon w) Cachy's
into formula:241 is hotomorphic so its



int, would be zero and art obeys the

formula ,o E dz
=1.

aChim:IfI is a simple closed curve

Ten linfles-Edz
-

ara

Proof: Recall Green's Num,:

If VRTR2 is cont. diff. and

&ERI is simply-com. Then

ov =f
2 a

motors

We know (Equ (6,7,6,8) in tecture notes) that

If =fu +i
wih M = (EE) v= (b).
for as f(z) = E, i.e, fRlx,y) =X

fI(x,y) =-y
and so exy)=/] rixy=(,).



Now, curlih)(xy) =2x12-GyU1 =0.

curfCV(y) =2xVe-by VT=1+ 1 = 2,

No Rid:f = x +eov
Green II cartins + 1 I curtat

int(8) inf(1)

=2:
inf(8)

=2i lint18).

B

+by Claim:The area ofthe ellipse given by
X =acos(OlE
y
=bsincol

Of [0,2π]

I abso is tab.

Proof: Using the formula above we paramotrize

v(+) =acos(f) + ib sinc

v(X) =-asinit) + ib cost

Area=it)acose+ibsinca] x
x (-asiniz) +ib cost]df



=(zirab] =mab.

T
↑

⑮ Let Gila-lab] be smoo w 3140.

No know hat St =Saib 40W181
and furthermore under roparam. Wre804, we

have If=p (f0W0x) (ox(41.

who the factor 11 the
en

Saby for -Pass Powoy

is clearly palse!
Example:Take f= 1, N arbitrary,

4:(0,13 -> 10,2]
- is 27

4=230.

then dist=I yet

1,0231=2!



Vilo,2]-D girorby U1H=ZOTRY.

Aim:I 1z-zolkdz=2i&k,-1.
Proof:By Cauchy, ifR30, int=0.

If k =-1 get 24i explicitly.
If R<- 1, apply to landly form,
for derivations;

pic201= fndz
w/ f(z) = 1, whose derivatives are

all Zero,

D

I
As we know, 2->

z-Zo is No T

holomorphic & z =z0 and hence I contradiction

5/ Camely's im

1) Clam:ifdz =0 if

M

P =2 By, (0).



Proof; the It is holomorphic on BO).
⑭

Clan: ifdz =1 if

M

M =b Bs 10).

Proof!Apply Cauchy w/ f(z) =z2.

Then

ifdz =f(l) =12 =1.

M ⑮

Claim;o dz=1
2By(0)

Roof: Apply Cancry w/ f(z) =exp122)

whence of dz =0
=1,

2By(0)



I Cim!If F,GiRERare a pair of

harmonic cony. It's then

GV =0

M

where v =(E] and I is any

closed contour,

Proof? Since F.G are harmonic conjugates,

fi=F +iG

is holomorphic (Prop. 4, 15).

Hone by canclueofftore
equs (6.7,6,8))

87 =fn +ifv
M M

w/ M = (Ec7 v=(8].
↳



Claim!IffiCtD is holomorphic on

zo) then

f(z)=f(zot Reid da
Proof:Start

whiteatf(z0=
M

w/ P =2BpIzo:

U(t) =20 +Reit I[0,2π)
5) =Reit i

=>

Idz=* the peltide

T

By taking Re, Im ofhis formula we

arrive at

frizd=)*frzo+Rei daE falzd=r)fezo+Reida



Since failsare harmonic (Prop. 4.15)

we tearn a general fact about harmonic

functions FiR- R:

-AF=0 =F(z0) =c)fzo+Ren,da

⑭I Claim?Let fired be holomorphic
and non-must who pain-connected.

Then Ifli-lab has no max pis.
within int() (but may have mem

on 61).

Proof: Assume otherwise. Then 5 Etinfl-L):

If(z)1], If(wil X Wth.

Let wyo:Br(z) inf) (by openness).

Theu f(z)=2 *f1z+reies do.
0=0

=>If(z) tie,da
> If(z) by hypothesis

=If(z)1.



->.*(Ifiz-If(ztroi, 1] dO =0

But sg =
0 for so cont

implies g
=0.

Since OrsIf(zs1 -If(ztraits is conti
it musttherefore be zero.

E.e If(231=If(z+Wet V0t20,24].

Since I was any radius sit. BrizEintfel,

we find
If(z)1=If(z+re0)1 V 0 = [0,24]

rE(0,5]

where to TO:Br(z) [int(e).

I.e., IfI is const. On Brotz).

->By HW3Q8(b), f is const. on

Br(z).

This yields the claim if R =BRId

720C4, R30.

Now itis in NOT a disci



Still assume zeinthe is a max

for if
Letweinture) and yilo,s-infler) any
cont, pain (10)=z

y(1) =w.

Possible via pain-conn.

Let Roso be the largest:BRy(z) Einfiel
Pick z,tim(y(R,(z).
Then IfIz,)1=1R(z31 by the above.

·
Let R, so be the largest:BR, 12, intel.

Pick zu fimsy)eBR, (2,).
...

Like that we may recursively continue

along y
to get ((w)1=1f(z))

for any we infle). D



l !
*

cos)+2e"*(dO= cos) = I.

/I:i) ze dz =

2B,(0)

28

-) &
dz

(z - i)(z +i)
2B,(0)

Note The identity

(z-ilt-(z+i)"= 12-i)(z+il21.

I
=>ICH) =24i Jett((z-ilt-1z + i)-1]1z

2B,(0)

Canchy Eit(eit-git]=sintl.

(1
⑫of is a poly. w/ degif) < 1.

P. If I were a poly,itcould not

have dog 2 or higher since

I



I

Then I(z)1< 1+121"5would be

piolated of 121 arbit, large,

But couldn't be some

smooth or which grows like 1215

at?No:

By Canchy's estimate, FR

If(z)1-> sup If (z) 1
zt BR(0)

= 11+ R"5)

Hence for all 73,2, f(r =0.

This implies f(z) =a +bz Jaibex.

I

See Thm. 6.33.


