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MAT330:Complex Analysis - HW3 Sol- us

1. Chine:D is simply-connected.
Proof:Clearly D is path-conn,

Next, given any furypains U,E: [0,1]
- K

cont

sie. V(x) =ICs for te90,13, deine

the homotopy Fico,-D via

M(s,t)i =(1-s)f(x) +sF(f) (s,fero,1
Claim:it is contr

Proof:(P(s,t -P(sa,f)( =((1-5)1(x) +s5(f)-
- (1-sA6 +s5(6)

=((1- s)8() - (1 - 56) 1(7) +(1-so(V(f)
- (1 - (0) (70) +

triangle
+E(f) - S. (7) +Solf) - So ELfo)

in eg. 6
< IS-5o1W(f) 1 + 11-5.1(8(7) -W(70)1+
+IS-sol15(7) 1 +1So/l -Ectos/

< IS-SolIU(o)1 + IS-sollUI) - N(0)1+

+ 11-5. (( U17) - U10)1+IS-SollY(f)1 +



+ IS-soll)-) - EL11+ISollCt)-EltoSI.

Now, since W,I are both cortis

18(7)-UlfoSI, 15(7)-Elfoll can be

made arbitrarily small, as can IS-sol.

Moreover, ↑((0,17 & D auch

P(,4) =V(+) 7e 0,13

40. =V

M(1,0) =
5.

=>I is the desired homotopy.
Since it were arbitrary, I is

simply-comn. N

Defo Aconnex set CID is a set

sit. V z,WEC, the path
(( =(1 - x12 +ww HE(0,1])

lios entirely within C.

Claim:If III is convexmen it is simply
Connectoc.

Proof! Use same homotopy as above. Convexity
quarantees straight line from will to

EC) lies in for any I tC0,1].



Claim:22903 is NOT simplyconnected.
Prof: Assume oerwise.

Let F:R20beR be given by

Mira),*3
x
2
+y2
I

Claim:Iis cost, diff

By the PoincareComma, if R2-303I were simply-conn., there would be

some Gir [0]- R:I =grad(G).
But Men, of [F0W, 81) = 0

for my closed pac
WiC0,1] -> R303.

However, a direct calc, shows!

Wit = =((0s(2π) ISin(2πt)

8"(t) =(-sincentI24Los(LTE)

(VII),W'(E)) =



- s)-snct?],[-]
=2π.

->fVoW,8' =2i to!
0

=>1.
D

Claim:D2 Byzlo) is NOT simply-conn.

Proof:Same as above,

2. See Section 4.6 in the

tecture notes,

3. See Example 4.26 in the

Lecture notes,

4. Log (- 1+ 1) =



-log (1 - 1+e)) =Arg(-z+i).
1 -1 +i1 =I =5. - 1+ [

Argl- 1 +i) =arcfga1, -1)
=3π/4

->Log) - 1 + i) =Elogs) + I3

( - 1 +i) = 1-1-2i = - 2i

Log ( (-1+ i)2) =Log 1-2 i)
=log(1-zi)) + iArg(-zi)

we

Arg(-zi) = -

-
I

= Log (1-1tilY-2 Log(1- 1 +i)) =

=log(2) - it-2) [log121+ ii)



=- i- i = - i2TO
5. Log1is)=Log)- i) =

=log(1) - i =- i.

Log(i) =it.
=>Logli)-Blogti)=- i-3i=- i2π

to

6. Want solus zCD:log(z) =i E,
↑
multi-valued

log(z) =log(1z1) +iarg1z)I i .
=>1z1=1 and argiz)=E.

=>z=I is the only sole.

7. it=exp(logii"((



=etp): log(i))
principal I
seal. =exp)iLog(i))

=exp)i(log(1) +i l(
e

o

= exp) - E).

8. a) Claim:If fire is halomorphic
and #mSf] =0 tent is const.

Proof!CRE say 2xfR=byfEE
2xf1 =- byfR

Plug in fr=0 to get

2xfR=0E
2yfR =0

E) grad(fr) =0

=>IR is const.

⑲

(b) Raim:Iffinte is holomorphic and

IfI is a const. When I is a



Prof: Write f=IfleiD I DiRR.
W.T.S. O is the const. f"
CRE for imply for 0!

2xfR = - If sind 2x0

2yfI =If)cos(d) by O

2xfI =If) coscOl 2x0

by FR =-1f/ sinLO) 2yD1
A const

2 x 0 =+fg(0) by0

-> E - If 1 sincol2x0
=If(cos10) by O

IfCos(d 2x0 =HIfl sinol by 0

If 1f1 =0 were finished anyway.

Otherwise, cancel itand get:

E- Ig(0)1x0
=byO

Adding from yields;

[igcol +al] Gx0 =0

and same for Gy0.



Claim?ligial + all 2 Vcar

-Proof:six sealintacoccal

-Ezal
But Isin(2d/S 1.

= (igcol +al] Gx0 =0I
I cos() t

=>>2x0 =0

B

implies (8g(o) + ea( 1601 =0
e
-2

=>216, 010.

->1801 10 => 1x01 =0

and same for 2y0.
->gradIO)

=0 => 0=0,
B



7. The following ratios of polynomials

may fail to be holomorphic if

the denominator is zero:

(a) f(z) =z
z =0, z =1 are roofs ofdenom.

23 +I
(b) g(z) = z =1,2

22 - 37 +2

22 - 37 +2 =(z - 1)(z - 2)

() G(z) =2
2
+1

(2 +2)(z2 +2z +2)

22 +2z +2 =(z +1 +i)(z+1 - i)

z = -1 - I

z =- 1 +1

z =
- 2




