Complex Analysis with Applications
Princeton University MAT330
HW1, Due Feb 10th 2023

The field C

. Find the real and imaginary parts of the following:

(a) z=(1—1)"
(b) z= i:g for real z,y, a,b.

i

() 2= =5

. Sketch the regions of the complex plane defined by the following constraints:
(a) |z +4i| <.

(b) |z+2| < |z+1].

. Find the minimal constant ¢ > 0 such that

clz| > |Re{z}| + |lm {z}| (z€C).

. Show that
1— Zn+1

n
= C\{1}).
Y=~ eec\{1))
7=0
Using this, prove Lagrange’s trigonometric identity

oo sin ((2n + 1) 16)
jgocos(.m) = 5—1— 28111(%0)2 (0 ¢ 277) .

Note that an earlier version of the HW had a type in the above equation (it had cos (nd) instead of cos (j#) on the
LHS).

. Find the zeros of the equation z° + 32 = 0 and mark where they are positioned in the complex plane.

. Prove that
zl = max Re {ze'? zeC
| | oe(—m,m) { } ( )
and use this to prove
lz+w| < |z|+ |w| (z,weC).



2 A bit of topology

For reference, see the corresponding section of the lecture notes titled “a bit of topology”.

7. Find the accumulation points (if any) of

8.

10.

S = {(@2)"|neNs;}CC.

Find the closure, interior and boundary of the following sets within C:

S1 = R
1
Sy = {weC’|w—1|<2}EB;(1)
i
S3 = { n€N>1}
n >
Sy = {z+iylz,yeQ}.

Conclude if these sets are open, closed, neither or both.

Let f,g : C — C be two functions and zg € C be given. Say g has a limit lim,_,,, g (z
limy,—g(z) f (w) = f (g (20)). This means that for any £ > 0, there are some dy (), dy (

w € Bs, (o) (9(20)) = f (w) € B: (f (9(20)))

) = g(z0) and f has a limit
) > 0 such that

and
z € Bs,(e) (20) = g (2) € B: (g9 (20)) -
For a given ¢ > 0, find some d, (¢) > 0 (in terms of §,d,) which would satisfy the ¢ — § definition of existence of

the limit of fog: C — C at zg, i.e.,:

lim f(g(z)) = f(g(20)) -

zZ—r20

A modulus of continuity is a function w : [0, co] — [0, oo] which is continuous at zero and obeys w (0) = 0. A function
f:A— C (where A C C) admits a modulus of continuity w iff

f(2) = fw)] < wlz-w)  (zweA).

Find a modulus of continuity for the function f : Bj (0) — C given by the formula f(z) = z2. What about
g : B2 (—3) — C given by the formula g (z) = exp (2)? What happens to the moduli of continuity of these functions
if their domains were extended to the entire complex plane?
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