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MAT330-HN - Sample Solutions

1. (n)2 =(1 -2)3. Its real and imaginary parts
are obtained by expanding (a +b)3 =a3+b3 +3[a-b +abz]:

z =13 +(- j(3 +3.1.i( +3.12.(i)
--

~ 1 -1(1)(i)
- 3i
-

i

=

1
-3 +i(1- 3) =- 2 - 28.

Honco ROSES =- 2 and ImGz3 =- 2 .

(b)z =ty Ery.aibxatybigalyone
-

HoncoIRoaty-aswe
(C) z =Tzi) is given.

Its donor, is (1 - i)(2 - i) =2 - 1 - i - 2i = +1 -3i.

⑮ + 1 +3i πi(1+3i)
-Honco z = 23i =+ 1 -3i +1 +3;

=*32 =



=Hi-3i = ++
No find Robz3:"and Farsz3 =7.

2. (9) Wo want to shotch the sof

S:=4ze/ A +4i1+).

We interprof EthilT Us z being distance

atmostit away from whi

7.0, itis a coed ball ofradius it around

-42. AAmhz}

↑

Roz3

·T
-4i

Soincludes boundary circle.

(b) Now we have the sof

S =4700 / 12 +2KE+11].
No co-write the constraint as follows:



12 +2/ (1z + 1/

(7 12 +2P>12 + 1)/ztWR =12R+1WR +2RodEw}

#1+4 +4R0z} <1 +1 +2R0473

3 +2R05z3 <0

IROSAS > - .

No find a half-plane to the loft ofthe

Hortical line x=-E, not including that boundary
lind.
/ * Imz3

* ·

RoGE)
//

X= -z

3. No sooth the minimal const. 220 sit.

CH1>/ROSZ31 +1ImGz31.

Rowrifo This using z=xtiyto got:

c(x-y>(x) +(y).

Square to inog(both sides are posified to
907:



R(y2 +yz)>((x) +(y))= =xz+yz +2(x/(y)

((2 - 1)(yz +y2)> 2(x)(y).
Now complete the square:

x2+yz =(x( +1yp =((x) - 1y1)" +2(((y)
to getto equivalent inequ

(x - 1/( x1 - 1y1)" +2(x11y1]>2(x1(y).
For whatc is this always fro (i.e., ExigeR&

① Dearly CIA is necessary,

② (1x1-1y12 is always position and

by choosing xy appropriately can bo

made arbitrarily small, so we can't

I 11

roly on it,

In other words, we may ask

instead whom

2(2-1) (x1(y1 > 2(x((y) .

③ WLOG MIyO so no got
22 - 1X1

#> (2x2

= Cxπ.



4.(aW.T.S. I =
n+1

1 1 - z
(2tDX(13).

j
=
27 1 - z

No start
1

homn Sulz:-nizi.
28Calculalo 2S(z) =2

j=0

= izi
n+1 n+1

=Eiz)
= - 1+x,z)= -1+Sn(z)+zn
j=0

Honce (1 - z)S'n(z) = 1-2n+1 Since 271 this

implies the result,

(b) W.T.S icoS(0) =2 +siu10)
2sin(02)

We use two following frick":

#,
-(S(j) =FRoSSs
RoSItwsiE Roliniisa

=RoSE; (pi8s3



part(a) ]
Ohas BCCI =RG A-scuie
so 50 +1.

= RoS Sicuio_. oilis
= RoG gichilo-iole-tosee

=Ro
&ichtzl0-gi0k]
zisin(0)

=coioisImG gintzlO-giOk]

= 10k) [sin(n+210) + sin(02)]

=I (1+ sims"8)]
sin(0k) · T

5. No sook to zeros ofthe on
25+32=0.

Noting 15 = 32 wo got

25 = -25 () =
- 1.

1-E =.



= z
=25I.

the problem with this is 7 is a

multialual function. One
way to

understand

This is esia the polar Roman:

S =S

=5F7j8/ ↓

Since PCRhas a CTTC ambiguity, once

wo disside by 5 wo got a possibilities:

8 =0+2Th; Oeoii), nEYL

E =8 +1n.

So the line possibilities for the rootare

\E,8 +1,2 +1.2,8 +23,5+7Tem,
No good ITso we have-1=1.0,

i.e., O=π and so

=I =(5,3,5,I,*)
Hence we get the live soles ofthe qui



A

z72955,55,...,j*).
6. Claim:121- max Robzxios.

OECH,π]

Proof:Writo z =ro so we W.Tis.

1voix =maxRoqoicatoly
8t(-π,π]

finso 230 and indop. atathis is

oquic. 20

1 =max Ro(gi(x
+a))

OECT,π]

1 max Cos (X+8)
Ot (-T,TT]

which is a manifestly correctstatement,

↑

Claim:1+Wl < (21 +(w/

Proof!Using the abous,

1z +w =

max Roh(z tw)80)



=

max RoSzOtway

=max (Robzsios +Rowoes).
FACT:max[f(0) +g10)] -> (max(0)) +(maxg(0)-

(Prove it...

Using this pack,
12 +w/< (maxRoSzxioz) +(mgyRoSwooz)
part (a) ]

-(21 + 1w).
↑

8. Looking for accum. pts. of

S =4(2i(2/ n+ Nx} CD.
Recall in =4

= n +47L

i nt47L+1

- 1 n +472+21
- j n +47L+3



whoreas 2->0. So this set has no

accumpts, since its stomonts become

increasingly scattered,

9. A) Delino Si- R = D.

FACT:R
= DXR = Opon (K)

log, via open ball def

Honco Re Closed (41.

Thus:* do (R) = R I closure ofclosed set is

The setitself).

# inf(R1 =0 bes. I open balls

Within R.

*GR =clO(R) - inf(1) =R.

=> R is closed in D.

(2) Sz =By(1)

*clo(Bye(11) =[z=4/12- 11kz}



i.e. a closed ball including its

boundary circle.

* inf (By(1)) =Byz(1) Since Byz(Dton(K),

*2By2(1) =d0(B-p(N)> int (B,/z(1))

=(z =4/12 - 11 =E5

=boundary circle.

B(I) is
open

in D.

A

(3) Ss =4E /neNsi] i M

#
D

9 *

#do(S3) =53090) using the charactorization

thata closed setcontains all its

limitpoints,which Iis for SS,

#int(s)=0 since Se contains no open
balls,

④8S3 =do(S3)- inf (53) =S3u503,



Honco S is not closed nor open.

(4) Sy =<x+iy =D/ x,y + rational
#s

Kaim:do (S4) =4

Proof:Any pts. ZCRis a limitpt. of

Syc

Claim:inf (S4) =0

Proof:Sycontains no open balls!

=> 2Sp =co(sy)/ inf (s,) =0.

So is notclosed neither open.

10. Woo given figiD-D and 200D, s.f.

him g(z1
=g120), hisgiz f(w)

=fg) ·

Lotof, sybobo two retooant 5's from
the existence ofthose limits respo

W.T.S. lime heg(z) =f(g1z0))7 ·



I.e. want8(5770:if ZEBlaEd

Thou f(giz)(Bs1f1g1z01).

Pick 5x(2)i=5,108(91).

then, if(2-701784(5) =5,188(9)
↓ lim 9 7

(g(2) - y(z0)) > 8(a)
↓ lim 7 7

If(g(z)) - f(g(z0)) / E.
⑮

11. (a) Consider B, 101625822c D.

No sooth a moculus ofcons, for it.
Start backwards:

If (2)- f(w) ) =122 -w2)
=12 - w//z+w/

K 1211Z -W1 + 1W//Z -W/
z,w -B,(0) &

< 212 -W).

Honco W(x):=2x will do the job.



A) Nowwehasreplace
Since B253) < B, 10), will work w/

1715 instead,

Following to same procedure, wo

have

19(2) - g(v)1 =102 - 04)

=187/11- qw-z/

\((z)(1 - pw
-

z/

(215SXj(1- 82
-

z)

Now, 11-gatib(2 =11 - 2cos(b) - 109sincbi/2
-

a,bER
=(1- 892sb1)"+029sin(b)2

=
1 +12a

-2&cos(b)

=1 +12a - 28a +20(1 - coscbs]

=(1- 89)4 + 40sin(E)2.

from the mean value himon expiR



we have on-1 =(a -0)05cetaa].
20

- 11-81< 1a)8" Xlalga.

For the since, we have (sin(x((((x).

Combining the two estimates we got
a+ib

11 -012K 19R,219) +0a)16R

- (210) (1912+1b1).
-

& increasing

Honco (1- 82-w/ -817-w)(z -w)
121+1w)

- 12 -w/
121, 1w/[5 b 18

↓ & (2-W).

No find 19121-g1w1 < 812-w) so that

W(x) =
= 0s a would do the job.

Since fig are NOT uniformly cante, extending

their domains too I would eliminate their moduli

of conf, since itimplies uniform cont


