BRST Transformations
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0.1 Definitions
o [,,°=0,A,°—0,A,°+gA, A, febe
e The covariant derivative in its adjoint representation is: D, % = 8,67 + gf**¢4,,°.

e The covariant derivative in its fundamental representation is: D, = d,, — igA, *t*
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e The full Lagrangian is given by: | £ = _ZF’“’ CFH 4 (i) — m) o — gBaB“ + BYO" A, ¢ + ¢ (—0"D,, *°) ¢ | where ¢ is a gauge
fixing parameter, B® is an auxilliary Bosonic gauge fixing field, and ¢%, ¢* are ghost and anti-ghost fields used in the Feddeev-Popov

scheme.

— Note that the ordinary partial derivative inside é(—0"D,, *°) ¢¢ = ¢0* (—D,, *°c°) is to act on both the covariant derivative
and the following ghost field ¢¢. Thus explicitly the expression for this term is:
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— 9260 gfabcéaa,u,A# bc
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0.1.1 Claim
DB chBU c _ *gd_ﬂygtde 4 8aBd 4 gfdac (aaéa) c©
225 Otha, 107 ji = 225 225 ¥p, 5 (9 AL Y jit" pa — mbjidga) = 0

ivy"D,—m)y =0
The classical equations of motion stemming from this Lagrangian are: (i7" Dy )v

BY=1orA,"
D, %d°c =0
9Dy %°c® = 0

Proof In order to use the Euler-Lagrange equations, we must have a Lagrangian that depends only on the fields on their spacetime
derivatives. While that is usually the case, it is not the case in our Lagrangian at hand:
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The first term of the ghost field is differentiated twice, and if we pressed on with this Lagrangian, we would have modified Euler-
Lagrange equations. Instead of following that route, we can instead add a four-divergence to the Lagrangian (as that would not change
the equations of motion) so that there will be only at most first derivatives in the Lagrangian. To this end, we write:

—3%9%c* = —c?0,0"c"
= —9,0"c"
= —0, (¢ c*) + (9,c%) O
~  (9uc") "

and so instead, we will work with the following Lagrangian:
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L=~ Fu “F** 43 (iy" Dy = m) ¢ - gB“Ba + B A, (9,8) et — gf et (91 A,Y) ¢ — gf e A, PO

and use the usual Euler-Lagrange equations 8#5(275@ — % = 0 for each field ¢ € {A# @ ah, 1p, B, ¢, Ea}.
1. Start with the gauge fields A4, *:

(a) First the field strength tensor:
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7Fuyc = m(BII/AVC78VAIU‘C+gAlLaAl/bfabc)
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(a) Now the whole Lagrangian:
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(b) And for the derivative:
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(¢) Thus the equation of motion is given by
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(d) After simplifying a bit and using we obtain
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2. For the spinor field ¢, ; (where « is the spin-index and ¢ is the flavor index, both of which are usually implicit)

(a) For the field itself:

(b) For its derivative:

(c) Thus the equation of motion for v, ; is:

Dirac equation.

3. For the adjoint spinor field 77[;@7 i
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(a) For the field itself:
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(b) For its derivative:
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(c) Thus the equation of motion for v, ; is: ’ (iv"D,, —m)y =0 ‘ which is the Dirac equation, but with the covariant derivative

replaced with the ordinary derivative, to accomodate for gauge theory.
4. For the auxillary field B*:

(a) For the field itself:

6 6 é- a a a a
= —g (B*6™ + 6% B®) 4 60" A,
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(b) For its derivative, 55°55 L = 0.
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(¢) Thus the equation of motion for B is | B® = E@“AM bl
5. For the ghost field c¢®:
(a) For the field itself:
0 g abc—a b\ .c
sal = galefte (9MAL°) ]
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(b) For its derivative:
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(¢) and so the equation of motion is:
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(d) Finally .
6. For the adjoint ghost field, ¢ we have:
(a) For the field itself:
J J abc sa L b\ ¢ abc=a bap ¢
@E = @[—gf c (3 A, )c —gf*°c"A, 80]
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(b) For its derivative:
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(¢) and so the equation of motion is:
0y07c! + gf ™ (0" AL") ¢+ gf AL PO = 0
alt (au(sdc + gfdbcAp, b) cc - 0
7D, e = 0

(d) and so finally .

0.2 BRST Infinitesimal Transformations

e The infinitesimal transformation laws (where € is an infinitesimal anti-commuting parameter, which means €2 = 0) of BRST are

given by:
ALY = Ayt +eD, %t
v = (1+igect®)
1
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e As a result the covariant derivative in its adjoint representation transforms as:
Duac — 6H5ac+gfabc (A;4b+€(Duded))
_ a'u(sac_’_gfabcAub_i_gefabc (DM bdcd)
_ D/L ac +g€fabc (D“ bdcd)



0.2.1 Claim

The Lagrangian is invariant under BRST transformations.

Proof

e The non-gauge-invariant part of the Lagrangian, namely, B*0"*A4,, * + &* (—0"D,, “°) c°, transforms as:
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where we discarded all terms which contain twice €, because €2 = 0 due to anti-commutativity of e.

— The first line is equal to the original term in the Lagrangian, so to prove invariance of the Lagrangian under BRST transfor-
mations, we have to show now that 7" := %géaauDu ace feef ceel — gerote fabe (Du bdcd) c¢=0:
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— First we will show that $ f*/9,,c?c/ — fo%¢ (9,,c%) ¢¢ = 0:

1 J c
§faefaucecf_fabc (aﬂcb)c _
Leibnitz

%fabcaucbcc _ fabc (aﬂcb) €
1 1
5fabc (aﬂcb) c© + 5Jcabccbalucc o fabc (aﬂcb) €

1 aoc C 1 aoc C
fif b (8ﬂcb)c +§f becby, ¢

1 1
_'_ifabcccaucb + §fabccbaucc
1 acb ¢ b 1 abe b c
—= [P0 ” + S fC0, ¢
2 2

1 1
_ifabccbaucc + 5fabccba#Cc
0

[Note that even though ¢ and ¢ are Grassmann variables, the ordinary derivative with respect to a spacetime coordinate

commutes with those fields!]

— And now we will also show that %f“bcfcefAu beeef — f“bcbedAu ecdet = 0:
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zero by the Jacobi identity

where we have used the Jacobi identity | fo9e fbed 4 fbde pead | gede gabd _ (1 ip order to ascertain that:
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e [QED]| Thus we have shown that the Lagrangian is invariant under the BRST transformation.



0.2.2 Claim
The BRST transformation is nilpotent on all the fields.

Proof
1.
AH a BRST'_\;Vlth €1 Ap, a + elDu accc
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Caca' tata/ o }ifdaa'td _ tata Ca'tata/ _ licaca/fdaa/td
2 2 2
1aa aya’ a’ ajaza 1‘aa' daa’ 1d
= —cet tMY — = Mttt — —icc® [t
2 2
_ < a a tata a a'ta'ta _ ;icaca'fdaa'td)
1 1 /
_ Caca [ta ta :| S daa td
(2 2t

Ca' (ifdaa’td _ Z-fdaa’td>



. . 1
@ BRST}_‘?ch 1 @ — 7gelfabccbcc

2
1 1 1 1 ’ ! ’ ’ 1 " 1 1 "
BRST'_‘;VIth €2 & — 7g€2fabccbcc _ 7g€1fabc cb _ *g€2fbb c Cb © c© — *g€2f6b c Cb ¢

2 2 2 2
1 1 "o " " /! / ’

_ & — 59 (61 + 62) fabccbcc _ Z926162 (fabCfcb c Cbe & — fabCfbb c Cb € Cc)
1 1

_ @ — 59 (61 + 62) fabccbcc o Z926162 (fabc]ccde o facefcbd) Cbcdce

1 1
_ @ — 59 (61 + 62) fabccbcc + Zg26162fcebfadccbcclce

1
= sglate) e

where we have used the fact that — face febd 4 fabe fede — _ feeb fade 1y the Jacobi identity and also the fact that
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5. And the field B* trivially obeys this:
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e [QED]| Thus we have proven that the BRST transformation is nilpotent.
0.2.3 Claim

The conserved Noether current associated with the BRST symmetry is given by: jprsr# =



Proof Since the Lagrangian is invariant under BRST, we expect that under that transformation, AL = 0:

0

The Euler-Lagrange equations are:
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Thus the Euler-Lagrange equations are ;572 — 8“525;1‘ + 0,0, 5 ajgy py
equation in our derivation of the Noether current:
- X [geaera (635@ EM”) - ( - 6%@) Akt O (665‘03@

(/6L
= X _(&ma“aau@

oL

oL
>€A¢i+ap <58 (b €A¢z) +8/l, <6a
nPi

oL

0,01 GAM’) - <a" 00,0,

eA@,,gzL) — <6

"60,0,0;

) 8, 6Ad){|

for all ¢; € {4, % Ya,i, Va,i,

oL

oL

) eA@ydh}

B*, %, E“}. We can use this

Thus for

oL oL oL oL oL oL
= <. o L v T a . A i % A v@i | — V L e o L A i
Xi: P WA Ty Wl Kt (55—9“@6 Ot 0,0, ‘b) ((a, 53,,au¢i> ‘ ¢)
L 0
oL oL oL
€dy, zl: [58,#)1 A¢; + 75(‘%8,@ 0 Ad; — (&zdaﬂﬁy%) A¢i]
oL oL oL
. . g _ _
and so the conserved Noether current is generally given by |j zl: [ 50 A¢; + 58,0, @8 L AD; — ( b5 5.0, ¢l> Agbl} .

our BRST transformation we can compute the conserved Noether current corresponding to the BRST transformation, noting that ¢
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is the only field that has dependence on its second spacetime derivative, and so, for all other fields, the current is usual:

oL oL oL
jersT" = > [ Adi + Oy Ad; — <5u) A@}

58}L¢i 68;Lav¢i 5apau¢z

oL
= A a
50, A,

oL
+ ; ; (58“1/)0(7 ; (Swa,i

oL -
+zi:za: 58H1La,iwa,i

s 5L . 5L .
+; {mﬂcu ¢ Sy 0 (a”(sauayca> o¢ }

— Z (7F,u,a a + Ba no p,afbacébcc) (D(7 accc)

+ZZ ~p, i7" pa (igcatad)a,i)

+0
+0
+0

1 1 1
dba—dA/Lb _ = pabc b c U =a _—_fgabc b c | _ Ky za _ = fpabc b c
+za:{(gf ¢ )( S0f CC)+(77 c)ay( Saf CC) (@um )( 59/ CCH

— 1 1 1
— (_Fua a g Banua _ gnuafbacébcc) (-Do' accc) + gww”c“taw o §g2fcbafadeAu chCdCe o 5gfabcéaaucbcc + 5gfabc (auéa) Cbc

0.3 BRST Cohomology

Because classically there is a conserved current, when following the canonical quantization procedure, the classically conserved charge
(denote it by Q = [ d*Zjprst ") becomes an operator, and this operator is exactly the operator which “generates” the BRST transfor-

mation, in the sense that [Q, gﬁl] L= d¢; where ¢; — ¢; + d¢; under BRST and the commutator or anti-commutator is chosen based

on the Grassmannian nature of the field at hand. Because we have proven that the BRST transformation is nilpotent, Q2 = 0 as an

operator identity now. In addition, [Q, H ] = 0 because Q is a symmetry generator.

Now Q divides the eigenstate space of H into three subspaces:
L= {lw) e H: Q) # 0}

2. The image of Q: Hy := {|w> e : 3|Y) e Hist. ) =Q |z//)}.
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(a) Observe that Q |1)) = 0V |¢)) € Hy due to the nilpotency of Q.
(b) Observe that (¢ |¢') = 0V (|0}, |¢)) € Ha? because 3[¢") € Hy : [') = O [¢"") and then (| 4') = <¢ ‘ ) ‘ ¢”> —0. (Qis

Hermitian).

3. The cohomology of Q: Ho := {W) € H\Ha: Q) = 0}.

(a) Observe that (1| ¢') = 0V (J1b), [¢)) € Ho x Ha because I|¢p") € Hy : [¢') = Q [¢") and then (¢ |¢) = <’¢J ‘ Q ’ z//’> =0.

It is clear that H = Ho U Hq U Hs.

0.3.1 Claim

Only gauge Bosons with transverse polarization exists in Hy and all other particles are in H; U Hs.

0.3.2 Claim

The restricted S matrix (restricted to the subspace of transverse polarization gauge Bosons) is also unitary.

0.3.3 Claim

If the gauge group is Abelian, the requirement that Q |) = 0 on |¢) € Ho is equivalent to the Gupta-Bleuler subsidiary condition
(8, A")* |physical) = 0 (which replaces the classical Lorentz gauge condition).

0.4 Slavnov-Taylor Identities of the Effective Action
0.4.1 Claim
If £ is invariant under the BRST then sois £+, {QA, qgl

—

L

Proof This stems from the nilpotency condition we have proven above, which means that the variation of the fields, [Q, qgiL[, is
stable under BRST.

0.4.2 Remark
Recall that the BRST transformation is given by:

ALY = A4 €D, %
v = (14 igect®)
1
4 o et — 5gefabccbcc
c* — " +eB°
B* — B¢
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Thus we realize that the most general Lagrangian with the same BRST symmetry is in fact
L = 1F a puva 7 m gBaBa BaauA a ~a a;LD acy .c
= —1fw —|—¢(z —m)zb—i + p et (= L) e
- 1
+EKa"eD,, " +igKy iect? i — igKy ject® by — ich tefobechet + Kz "eB”

where K4 "%, Ky, K}; i, K% and Kz® are the corresponding arbitrary “sources” to the variations. Note that Ky 4, qu i, K% and
K; % are Grassmann-valued sources. Together with the usual sources, J, the Lagrangian becomes:

1 _
L= — Fuw "F" 4 (i) —m) v~ gB“B“ + BUOP A, + & (—0"D, ") ¢

- 1
+Ka D), " +igKy iect” ijb; — igKy ject® ijih; — §ch defabecbet 4 K, “eB®
FJA ALY+ Ty i + Jg b + J %t + J et + Jp “B®
where Jy ;, Jj i, Jo @ and Jz* are Grassmann-valued sources.

0.4.3 Claim
<0 } T {eis (z f d*x [JA HaeD,, *c® + igJy ject? 195 — ingZ jectt? ijiﬁj — %gJC “efabccbcc + J; “eBa])} | 0> =0.

Proof

. : - 1
T (e’s) — T {els (S +1 / d*z [JA HaeD,, *c® +igdy iect™ jji; —igdy iec™t® by — igJC agfabechee 4 g, aeBa}) }

Now use the fact that (0| O |0) = 0 where O is a BRST variation.
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