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Abstract

We develop a set of tools for doing computations in and of (partially) wrapped
Fukaya categories. In particular, we prove (1) a descent (cosheaf) property for the
wrapped Fukaya category with respect to so-called Weinstein sectorial coverings and
(2) that the partially wrapped Fukaya category of a Weinstein manifold with respect
to a mostly Legendrian stop is generated by the cocores of the critical handles and
the linking disks to the stop. We also prove (3) a ‘stop removal equals localization’
result, and (4) that the Fukaya–Seidel category of a Lefschetz fibration with Weinstein
fiber is generated by the Lefschetz thimbles. These results are derived from three main
ingredients, also of independent use: (5) a Künneth formula (6) an exact triangle in the
Fukaya category associated to wrapping a Lagrangian through a Legendrian stop at
infinity and (7) a geometric criterion for when a pushforward functor between wrapped
Fukaya categories of Liouville sectors is fully faithful.
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0 Introduction

The goal of this paper is to develop a set of computational tools for wrapped Fukaya cate-
gories. The capstone result, called (Weinstein) sectorial descent, gives a Čech-type decom-
position of the wrapped Fukaya category W(X) of a Weinstein manifold (or sector) X from
a Weinstein sectorial cover X = X1 ∪ · · · ∪ Xn. In such a cover, all multiple intersections
Xi1 ∩ · · · ∩ Xik are Weinstein sectors. Sectorial descent (Theorem 1.27) is the assertion
that the following natural map is a pre-triangulated equivalence (i.e. a quasi-equivalence on
twisted complexes):

hocolim
∅6=I⊆{1,...,n}

W

(⋂
i∈I

Xi

)
∼−→W(X). (0.1)

Note that on the left hand side, in the definition of W(
⋂
i∈I Xi) both holomorphic disks and

wrappings are localized to the sector
⋂
i∈I Xi.

The descent formula (0.1) is a variation on Kontsevich’s conjecture [34] that the wrapped
Fukaya category of a Weinstein manifold X is the category of global sections of a natural
cosheaf of categories on any core of X; note that such a core is in general highly singular
and depends on a choice of symplectic primitive (Liouville form). Our formulation (0.1) of
this cosheaf property, on the other hand, has the virtue of neither requiring a discussion
of singular spaces nor depending on a choice of primitive. Roughly speaking, a choice of
primitive should induce a Weinstein sectorial cover; for example, a ribbon graph as the
core of a punctured surface determines a covering by ‘An−1 Liouville sectors’ (D2 minus n
boundary punctures) corresponding to the vertices of the graph (with n being the degree of
a given vertex). Our formulation (0.1) also refines Kontsevich’s original conjecture by giving
a Floer-theoretic interpretation of the local categories: they are partially wrapped Fukaya
categories.

The main tool in the proof of (0.1), and also our central object of study in this paper, is the
partially wrapped Fukaya category. Along the way to the proof of Theorem 1.27, we establish
a package of new structural results of independent interest concerning partially wrapped
Fukaya categories, including a Künneth formula, an exact triangle, generation results, and
geometric criteria for functors between such Fukaya categories to be fully faithful embeddings
or to be localizations.

The partially wrapped Fukaya category W(X, f) depends not only on a Liouville manifold
X but also a closed subset f ⊆ ∂∞X known as the stop. Its objects are (possibly non-compact)
Lagrangian submanifolds of X disjoint from f, with morphisms given by Floer cohomology
after wrapping Lagrangians in the complement of f. The idea that Fukaya categories of
non-compact Lagrangians with some sort of wrapping should exist and be of interest goes
back to early work on mirror symmetry. Fukaya categories of Landau–Ginzburg models
f : X → C, which were introduced by Kontsevich [35] and developed by Seidel [41], are
partially wrapped Fukaya categories with stop f = f−1(−∞). The wrapped Fukaya category
defined by Abouzaid–Seidel [6] is the case f = ∅. The general framework of partially wrapped
Fukaya categories was introduced by Auroux [7, 8], and precise definitions in the case that
the stop is a Liouville hypersurface F ⊆ ∂∞X are given in [42, 26]. In addition, the study
of Legendrian contact homology for Legendrian Λ, going back to ideas of Chekanov [13] and
Eliashberg [21], can be understood as the study of a partially wrapped Fukaya category with
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f = Λ (or equivalently a Liouville thickening thereof) [43, 18].
The enormous variety of possible stops f gives great expressive power to the partially

wrapped Fukaya category compared with the (fully) wrapped Fukaya category. The stopped
Liouville manifold (C, {±∞}) allows for a stabilization operation in the partially wrapped
context, namely there is a fully faithful embedding W(X) ↪→W(X × (C, {±∞})). By con-
trast, in the fully wrapped context there is no such embedding: W(X ×C) = 0; multiplying
by base or fiber in T ∗S1 gives a map W(X)→W(X × T ∗S1) which is faithful, but still not
fully faithful.

In this paper, we focus on stops f ⊆ ∂∞X which are mostly Legendrian in the sense of
admitting a closed-open decomposition f = fsubcrit ∪ fcrit where fcrit is Legendrian and the
dimension of fsubcrit is strictly smaller (see Definition 1.6). This class of stops is related to
Liouville hypersurface stops in that W(X,F ) = W(X, core(F )), and when F is Weinstein,
its core is mostly Legendrian. We emphasize, however, that mostly Legendrian stops arise
naturally in other ways as well (for example as conormals to stratifications), and it is highly
desirable to have a theory which does not require the stop to be the core of a Liouville
hypersurface.

The key property of mostly Legendrian stops f which we exploit in our study of their
partially wrapped Fukaya categories is that a generic isotopy of Legendrians inside ∂∞X
will intersect f at a discrete set of times by passing transversally through fcrit. The effect of
such a crossing can be quantified using the small Lagrangian linking disks Dp at the smooth
Legendrian points p ∈ fcrit. Namely, if Lw ⊆ X is obtained from L by passing ∂∞L positively
transversally through a smooth Legendrian point p ∈ f, then there is an exact triangle
Lw → L → Dp in W(X, f) (see Theorem 1.9). This wrapping exact triangle is fundamental
to our work in this paper.

As a first application of the wrapping exact triangle (and stabilization), we offer a supris-
ingly simple proof that the wrapped Fukaya category of a Weinstein manifold is generated by
its cocores (Theorem 1.10; another proof of this result is due independently to Chantraine–
Dimitroglou Rizell–Ghiggini–Golovko [12]).

The wrapping exact triangle also allows one to relate the partially wrapped Fukaya cat-
egories with respect to different stops, leading to a powerful computational method. This
should be contrasted with the fact that direct computation of W(X, f) involves understand-
ing explicitly the long time Reeb flow on ∂∞X \ f, which outside a small class of examples
is essentially intractable. However, perhaps counterintuitively, carefully enlarging the stop
often has the effect of simplifying the Reeb flow. That is, there is often a natural choice
of g ⊇ f for which the category W(X, g) is easy to calculate or has convenient categorical
properties such as properness, etc. The two categories are then related by the stop removal
formula Theorem 1.16: for stops f ⊆ g with g\ f mostly Legendrian, the pushforward functor
W(X, g) → W(X, f) is the quotient by the small Lagrangian disks linking (g \ f)crit. This
formula reduces the study of W(X, f) to the study of W(X, g) together with the linking disks
of (g \ f)crit. It is a direct consequence of the wrapping exact triangle; its precursors include
[5, 42].

Of particular importance is the use of stop enlargement to create fully faithful functors.
Given an inclusion of Liouville sectors X ↪→ Y , we may add a stop to Y along the ‘exit
set’ of ∂∂∞X to obtain a Liouville sector Y|X and a chain of inclusions X ↪→ Y|X ↪→ Y .
Now the induced functor W(X) → W(Y|X) is fully faithful, simply because Lagrangians
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in X, when wrapped in Y|X , fall immediately into the stop without exploring the rest of
Y|X \X. Corollary: if F is a Liouville hypersurface inside ∂∞Y , then there is a fully faithful
embedding W(F ) ↪→W(F × T ∗[0, 1]) ↪→W(Y, F t F+), where F+ denotes a small positive
pushoff of F . Even a complicated F may sit in a simple Y (e.g. a cotangent bundle).

In the factorization X ↪→ Y|X ↪→ Y , the same reasoning shows moreover that W(Y|X)
contains both W(X) and W(Y \X) as semi-orthogonal full subcategories. Adding appropriate
Weinstein hypotheses so as to know generation by cocores, this is moreover a semi-orthogonal
decomposition W(Y|X) = 〈W(Y \X),W(X)〉.

Applying this construction in the setting of a sectorial cover X = Y ∪ Z produces semi-
orthogonal decompositions

W(Z|Y ∩Z) = 〈W(Y ∩ Z),W(Z \ Y ∩ Z)〉 (0.2)

W(Y|Y ∩Z) = 〈W(Y ∩ Z),W(Y \ Y ∩ Z)〉 (0.3)

W(X|Y ∪Z) = 〈W(Y ∩ Z),W(Y \ Y ∩ Z)⊕W(Z \ Y ∩ Z)〉 (0.4)

from which it follows formally that

hocolim(W(Y ∩ Z)⇒W(Z|Y ∩Z)⊕W(Y|Y ∩Z))
∼−→W(X|Y ∪Z). (0.5)

Appealing to stop removal and the fact that homotopy colimits commute with localizations,
we deduce the corresponding formula for the covering X = Y ∪ Z. Arguing by induction
proves (0.1).

1 Statement of results

1.1 Partially wrapped Fukaya categories

Let us begin by fixing our notation and terminology for partially wrapped Fukaya categories
(see §2 for a full treatment); our setup is rather more general than that considered before
[7, 8, 42, 32, 26].

For a Liouville manifold X and any closed subset f ⊆ ∂∞X, henceforth referred to as a
stop, we denote by W(X, f) the partially wrapped Fukaya category of X stopped at f: this is the
Fukaya category whose objects are exact cylindrical Lagrangians inside X disjoint at infinity
from f and whose morphisms are calculated by wrapping Lagrangians in the complement of
f. For an inclusion of stops f ⊇ f′, there is a canonical pushforward “acceleration” functor

W(X, f)→W(X, f′). (1.1)

We will refer to a pair (X, f) as a stopped Liouville manifold. More generally, we can take X
to be a Liouville sector in the following sense:

Definition 1.1 (Liouville sector [26, Definition 2.4]). A Liouville sector is an exact sym-
plectic manifold-with-boundary (X,λ) which is cylindrical at infinity and for which there
exists a function I : ∂X → R which is linear at infinity and whose Hamiltonian vector field
XI is outward pointing along ∂X.
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Remark 1.2 (Coordinates near the boundary of a Liouville sector). The existence of the
“defining function” I above is equivalent to the existence of coordinates of the form X =
F ×CRe≥0 (or, equivalently, X = F ×T ∗R≥0) over a cylindrical neighborhood of the bound-
ary, where F is a Liouville manifold called the symplectic boundary of X (see [26, §2.6]).
The associated projection π : NbdZ ∂X → CRe≥0 prevents holomorphic curves in X from
approaching ∂X (for almost complex structures which make π holomorphic, of which there
is a plentiful supply).

Given a stopped Liouville sector (X, f) (meaning f is a closed subset of (∂∞X)◦), there
is a partially wrapped Fukaya category W(X, f) as above, where we compute morphisms by
wrapping inside (∂∞X)◦ \ f. For an inclusion of stopped Liouville sectors (X, f) ↪→ (X ′, f′)
(meaning X ↪→ X ′ and f′∩(∂∞X)◦ ⊆ f), there is a pushforward functor W(X, f)→W(X ′, f′)
(the case f = f′ = ∅ was described in [26, §3]).

There is a correspondence between Liouville sectors and certain stopped Liouville man-
ifolds which preserves the wrapped Fukaya category. To spell this out, let (X̄, F ) be a
Liouville pair [9, 22], meaning X̄ is a Liouville manifold and F0 ⊆ ∂∞X̄ is a Liouville hy-
persurface, namely a hypersurface-with-boundary along with a contact form α on ∂∞X̄ for
which (F0, α|F0) is a Liouville domain whose completion is F . By removing from X̄ a stan-
dard neighborhood of F0, we obtain a Liouville sector X = X̄ \NbdF0 [26, Definition 2.14].
Going in the other direction, X̄ may be obtained from X by gluing F × CRe≤ε onto X via
the coordinates X = F ×CRe≥0 from Remark 1.2. Up to contractible choice, this gives a cor-
respondence between Liouville sectors X and Liouville pairs (X̄, F ) (see [26, Lemma 2.32]);
X̄ is known as the convex completion (or convexification) of X and F as the symplectic
boundary of X.

Now for a Liouville pair (X̄, F ) and X = X̄ \NbdF0 the associated Liouville sector, the
natural functor

W(X)
∼−→W(X̄, F0) (1.2)

is a quasi-equivalence (see Corollary 2.11); in view of the invariance of the wrapped Fukaya
category under deformations of Liouville sectors, we may at times omit the subscript 0 and
write W(X̄, F ). The core cF =: f of F refers to the set of points which do not escape to the
boundary under the Liouville flow. The core is a closed subset, in general highly singular.
In the other direction, we call F0 a ribbon for f. The natural functor

W(X̄, F0)
∼−→W(X̄, f) (1.3)

is also a quasi-equivalence (see Corollary 2.11). It is frequently convenient to have at hand
both descriptions W(X) and W(X̄, f) of the same Fukaya category.

Remark 1.3 (Existence and choice of ribbons). It is likely a subtle question whether a given
closed subset f ⊆ ∂∞X admits a ribbon, and whether such a ribbon is unique. A choice of
ribbon is needed to define the corresponding Liouville sector (whose Fukaya category admits
a greater range of pushforward functors); though note that the pair (X, ∂∞X \ f) is an open
Liouville sector in the sense of [26, Remark 2.8] given only the existence of a ribbon for f. Of
course, the partially wrapped Fukaya category W(X, f) is defined without any assumptions
at all about ribbons for f.
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A deformation of Liouville sectors X or of Liouville pairs (X̄, F ) induces an equivalence on
partially wrapped Fukaya categories. Note, however, that during a deformation of Liouville
pairs, the core f of F may change rather drastically, and hence it is natural to ask the general
question of which sorts of deformations of a stop f induce equivalences on partially wrapped
Fukaya categories. Among other results in this direction, we show that constancy of the
complement of f as a contact manifold is sufficient:

Theorem 1.4. Let X be a Liouville sector, and let ft ⊆ (∂∞X)◦ be family of closed subsets.
If
⋃
t∈[0,1]{t} × ft ⊆ [0, 1]× (∂∞X)◦ is closed and the projection of its complement to [0, 1] is

(equipped with its fiberwise contact structure) isomorphic to a trivial family over [0, 1], then
there is a natural quasi-equivalence W(X, f0) = W(X, f1).

1.2 Künneth embedding

Floer theory is generally well-behaved under taking products of symplectic manifolds and
Lagrangian submanifolds, and this extends to the wrapped setting. Oancea [39] proved a
Künneth formula for symplectic cohomology of Liouville manifolds (see also Groman [31]).
The analogous problem for wrapped Fukaya categories was first studied by Gao [28, 29],
who constructed a Künneth functor after enlarging the target category to include product
Lagrangians.1

In §6, we construct the Künneth functor for partially wrapped Fukaya categories (which
moreoever does not require enlarging the target category). For stopped Liouville manifolds
(X, f) and (Y, g), we denote by (X, f)× (Y, g) the product X ×Y equipped with the product
stop

(f× cY ) ∪ (f× g× R) ∪ (cX × g), (1.4)

where cX and cY denote the cores of X and Y , respectively. To make sense of this definition,
note that if we let cX,f := cX ∪ (f × R) ⊆ X denote the “relative core”, then we have
c(X,f)×(Y,g) = cX,f × cY,g.

Theorem 1.5 (Künneth embedding). For Liouville sectors X and Y , there is a fully faithful
functor2

W(X)⊗W(Y ) ↪→W(X × Y ), (1.5)

and for stopped Liouville manifolds (X, f) and (Y, g), there is a fully faithful functor

W(X, f)⊗W(Y, g) ↪→W((X, f)× (Y, g)). (1.6)

Both these functors send (L ⊆ X,K ⊆ Y ) to a canonical cylindrical perturbation L ×̃K ⊆
X × Y of the product L ×K ⊆ X × Y . If λX |L ≡ 0 and λY |K ≡ 0, then L ×K is already
cylindrical and no perturbation is necessary.

1Recall that products of cylindrical Lagrangians are in general not themselves cylindrical—this is one
source of difficulties in establishing the Künneth formula in this setting; see §6.2 for further discussion.

2 We use the notation A ⊗ B → C to indicate an A∞-bilinear-functor from (A,B) to C in the sense
of [38], rather than an A∞-functor from “the tensor product of A and B” to C. These notions should be
quasi-equivalent for a suitable notion of tensor product of A∞-categories.
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The Künneth embedding immediately gives rise to “stabilization functors”

W(X) ↪→W(X × T ∗[0, 1]), (1.7)

W(X, f) ↪→W(X × C, (cX × {±∞}) ∪ (f× R)), (1.8)

(the former for Liouville sectors sending L 7→ L ×̃ [fiber], the latter for stopped Liouville
manifolds sending L 7→ L ×̃ iR), which are of particular interest and use.

1.3 Mostly Legendrian stops

In this paper, we are primarily interested in stops which are mostly Legendrian in the sense
of the following working definition:

Definition 1.6 (Mostly Legendrian). A closed subset f of a contact manifold Y 2n−1 is called
mostly Legendrian iff it admits a decomposition f = fsubcrit ∪ fcrit for which fsubcrit is closed
and is contained in the smooth image of a second countable manifold of dimension < n− 1
(i.e. strictly less than Legendrian), and fcrit ⊆ Y \ fsubcrit is a Legendrian submanifold.
When working with mostly Legendrian stops f, we will usually specify a decomposition
f = fsubcrit ∪ fcrit (though for the most part, one could also simply take fcrit to be as large as
possible, namely the entire smooth Legendrian locus of f). The notion of a mostly Lagrangian
closed subset of a symplectic manifold is defined similarly.

The key property of this definition is that a generic positive Legendrian isotopy will
intersect a given mostly Legendrian f only by passing through fcrit transversally (Lemma 2.3).
In most applications, the relevant mostly Legendrian stops admit some sort of reasonable
finite (or at least locally finite) stratification by disjoint locally closed isotropic submanifolds.
However, the definition allows for rather more general phenomena (see Example 1.8).

Weinstein hypersurfaces (i.e. Liouville hypersurfaces which are Weinstein) are an impor-
tant source of mostly Legendrian stops. Recall that a Weinstein manifold is a Liouville
manifold W for which the Liouville vector field Z is gradient-like with respect to a proper
Morse function φ : W → R≥0 (see [15]). The zeroes of the Liouville vector field on a We-
instein manifold have index ≤ 1

2
dimW ; those for which this inequality is strict are called

subcritical, and those of index = 1
2

dimW are called critical. We extend this terminology
to isotropic submanifolds of symplectic and contact manifolds: critical isotropics are those
which are Lagrangian/Legendrian, and those of smaller dimension are called subcritical. The
core cW of a Weinstein manifold W is the union of the cores of the handles (i.e. the stable
manifolds of the zeroes of Z). If the cocores of the critical handles are properly embedded
(this is a generic condition), then writing cW = csubcrit

W ∪ ccrit
W as the union of the cores of

the subcritical and critical handles, respectively, we see that csubcrit
W is closed, and hence this

decompositions exhibits cW as mostly Lagrangian. The cores of the handles of W are not
only isotropic: the Liouville form vanishes identically on them (since Z is tangent to them).
Thus the core f of a Weinstein hypersurface F0 ⊆ ∂∞X̄ (with properly embedded critical
cocores) is mostly Legendrian.

Remark 1.7. Even for the mostly Legendrian stops which arise naturally in practice, the
question of whether they admit Weinstein ribbons (after small deformation) does not have
an obvious answer. It is hence important, from a practical standpoint, to have a theory
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which applies in the generality of mostly Legendrian stops, without any assumptions about
the existence of ribbons.

Example 1.8. The union f of a Legendrian of dimension > 0 and a sequence of points limiting
to a point on the Legendrian is mostly Legendrian—one takes fcrit to be the Legendrian
minus the limit point. A cantor set contained in a submanifold of dimension < n − 1 is
also mostly Legendrian. On the other hand, if f ⊆ Y is a Legendrian and g ⊆ Y \ f is
a Legendrian accumulating at all points of f, then f ⊆ Y and g ⊆ Y \ f are both mostly
Legendrian, but f ∪ g ⊆ Y is not. Note that the maps covering fsubcrit need not be disjoint:
the union of two submanifolds of dimension < n − 1 interesecting along a cantor set is
mostly Legendrian. Finally, note that there is no constraint on behavior approaching the
boundary: the collection of conormals to inverses of integers { 1

n
}n≥2 is mostly Legendrian

inside (∂∞T
∗[0, 1])◦, although its closure inside (∂∞T

∗[−1, 1])◦ is not.

1.4 Wrapping exact triangle

Underlying almost all of our results is an exact triangle (constructed in §§3–4) describing
the effect in the Fukaya category of “wrapping through a stop”. To state it, recall that given
a local Legendrian submanifold Λ ⊆ ∂∞X near a point p ∈ Λ, there is a small Lagrangian
linking disk Dp ⊆ X whose boundary at infinity is a small Legendrian unknot linking Λ at
p (these are defined in detail in §3.3). These linking disks may be thought of as ‘cocores at
infinity’; precisely, if a stop f is the core of a Weinstein hypersurface F0, then the canonical
embedding F × T ∗[0, 1] ↪→ (X, f) sends a cocore in F times a fiber of T ∗[0, 1] to the linking
disk at the corresponding smooth Legendrian point of f.

Theorem 1.9 (Wrapping exact triangle). Let (X, f) be a stopped Liouville sector, and let
p ∈ f be a point near which f is a Legendrian submanifold. If L ⊆ X is an exact Lagrangian
submanifold and Lw ⊆ X is obtained from L by passing ∂∞L through f transversally at p in
the positive direction, then there is an exact triangle

Lw → L→ Dp
[1]−→ (1.9)

in W(X, f), where Dp ⊆ X denotes the small Lagrangian disk linking f at p and the map
Lw → L is the continuation map.

Many previous authors have also found exact triangles in the Fukaya category associated
to other geometric operations, e.g. Seidel’s exact triangle of a Dehn twist [40], the exact
triangle associated to Polterovich surgery (which was studied on Floer cohomology in [25]),
and Biran–Cornea’s work on exact triangles in the Fukaya category of M associated to
Lagrangian cobordims in M×C [10]. We will discuss the ingredients which go into the proof
of the wrapping exact triangle in §1.10 below.

1.5 Generation by cocores and linking disks

An important problem in Floer theory is to find objects which generate the Fukaya category.
In §7, we show how to prove a number of different generation results using the wrapping
exact triangle.
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Theorem 1.10 (Generation by cocores and linking disks). Let (X, f) be a stopped Weinstein
manifold with f = fsubcrit ∪ fcrit mostly Legendrian. Suppose that the cocores of the critical
handles of X are properly embedded and disjoint from f at infinity. Then W(X, f) is generated
by the cocores of the critical handles and the small Lagrangian disks linking fcrit.

Note that since the linking disk Dp at p ∈ fcrit varies continuously in p, its isomorphism
class depends only on the connected component of p in fcrit, so we need only take one such
linking disk for each component of fcrit in Theorem 1.10.

The case of Theorem 1.10 in which f admits a Weinstein ribbon (compare Remark
1.7) was recently proven independently by Chantraine–Dimitroglou Rizell–Ghiggini–Golovko
[12].3 This generation result for Weinstein manifolds has long been expected (see Bourgeois–
Ekholm–Eliashberg [11] and the discussion beneath [2, Theorem 1.1]), however it evaded
proof for some time.

Let us sketch the proof of Theorem 1.10. Begin with the Künneth embedding

W(X, f) ↪→W(X × C, (cX × {±∞}) ∪ (f× R)), (1.10)

L 7→ L ×̃ iR, (1.11)

and the geometric observation that the images of the cocores and linking disks under this
functor are precisely the linking disks of the product stop (cX×{±∞})∪(f×R). It therefore
suffices to show that L ×̃ iR is generated by the linking disks of this product stop. By the
wrapping exact triangle Theorem 1.9, this will be the case as long as L ×̃ iR can be isotoped
through the product stop to a zero object. For such an isotopy, we can simply take (a generic
perturbation of) the (cylindrized) product of L with an isotopy of iR inside (C, {±∞}) which
passes one end through +∞ ∈ ∂∞C to obtain a zero object of W(C, {±∞}).

In fact, this argument can be made to work under weaker hypotheses, giving the following
result:

Theorem 1.11 (Generation by generalized cocores). Let (X, f) be a stopped Liouville man-
ifold whose relative core cX,f := cX ∪ (f× R) is mostly Lagrangian: cX,f = csubcrit

X,f ∪ ccrit
X,f . For

every component of ccrit
X,f , fix a ‘generalized cocore’: an exact Lagrangian L ⊆ X (cylindrical

at infinity) intersecting ccrit
X,f exactly once, transversally, somewhere in the given component.

Then W(X, f) is generated by these generalized cocores.

Observe that Theorem 1.11 is indeed a generalization of Theorem 1.10: the hypotheses
of Theorem 1.10 imply that the relative core cX,f is mostly Lagrangian, and we may take
the cocores and the linking disks as the generalized cocores. Note that the existence of
generalized cocores is a hypothesis of Theorem 1.11, not a conclusion.4 A stopped Liouville

3The results of [12] are phrased in the equivalent (by (1.2) and (1.3)) language of wrapped Fukaya cate-
gories of Weinstein sectors, which are Liouville sectors X whose convexification X̄ and symplectic boundary
F are both (up to deformation) Weinstein. They show that W(X) is generated by the cocores of X̄ together
with the stabilized cocores of F , which by our discussion in §7.2 coincide with the linking disks to the critical
part of the core f = cF at infinity.

4Interestingly, while we do not know how to define (in general) the generalized cocore associated to a
smooth Lagrangian point p ∈ cX,f, or even the corresponding object of W(X, f), the corresponding “once
stabilized” object in W((X, f)× (CRe≥0,∞)) is easy to define: it is simply the small Lagrangian linking disk
at p×∞.
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manifold (X, f) satsisfying the hypotheses of Theorem 1.11 will be called weakly Weinstein.
Note that if X is Weinstein and f is mostly Legendrian, then (X, f) is weakly Weinstein after
small perturbation.

Theorem 1.11 is useful since many naturally arising (stopped) Liouville manifolds are
weakly Weinstein but not Weinstein. For example, this is true for a cotangent bundle
with a mostly Legendrian stop, or an affine algebraic variety equipped with a non-Morse
plurisubharmonic function. While these usually can be perturbed to become Weinstein, it
is often more convenient to deal directly with the given Liouville vector field, e.g. because it
is more explicit or symmetric.

Example 1.12 (W(T ∗Q) is generated by fibers). Let Q be a compact manifold-with-boundary.
The cotangent bundle T ∗Q is a Liouville sector, whose associated stopped Liouville manifold
may be described as (T ∗Q◦, ZT ∗Q◦+π

∗V ) where V is a complete vector field on Q◦ supported
near the boundary and given in collar coordinates (−∞, 0]× ∂Q by ϕ(t)∂t for ϕ supported
near zero (π denotes the tautological lift from vector fields on Q◦ to Hamiltonian vector fields
on T ∗Q◦). The relative core is simply Q◦ itself, and any cotangent fiber is a generalized
cocore. Thus Theorem 1.11 implies that [fiber] ∈ W(T ∗Q) (or rather one fiber over each
connected component of Q) generates. In the case Q has no boundary, this result is due
originally to Abouzaid [3].

Another generation result which follows from the wrapping exact triangle is the following:

Theorem 1.13. Let F be a Liouville manifold, and let Λ ⊆ ∂∞(F ×CRe≥0)◦ be compact and
mostly Legendrian. Then the linking disks to Λcrit generate W(F × CRe≥0,Λ).

Note that we do not assume that F is Weinstein in Theorem 1.13. By combining Theo-
rems 1.10 and 1.13, we also derive:

Corollary 1.14 (Generation by Lefschetz thimbles). Let π : X̄ → C be a Lefschetz fibration
with Weinstein fiber F . The Fukaya–Seidel category W(X̄, f × {−∞}) is generated by the
Lefschetz thimbles.

The above generation results allow us to deduce in many cases that the Künneth embed-
ding is a pre-triangulated equivalence (meaning fully faithful and image generates; compare
with ‘quasi-equivalence’ = fully faithful and essentially surjective, and ‘Morita equivalence’
= fully faithful and image split-generates). In particular, since being weakly Weinstein is
closed under taking products, and products of generalized cocores are generalized cocores,
we have:

Corollary 1.15 (Surjectivity of Künneth). If (X, f) and (Y, g) are (up to deformation)
weakly Weinstein, then the Künneth embedding W(X, f) ⊗W(Y, g)

∼−→ W((X, f) × (Y, g)) is
a pre-triangulated equivalence.

Corollary 1.15 provides a potential path towards exhibiting Liouville manifolds which
are not Weinstein: if W(X × Y ) is not generated by cylindrizations of product Lagrangians,
then at least one of X or Y cannot be deformed to be Weinstein (or even weakly Weinstein).
In particular, if W(X × T ∗[0, 1]) is not generated by L ×̃ [fiber] for L ⊆ X, then X is not
Weinstein.
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1.6 Stop removal

The real power of the partially wrapped Fukaya category comes from the ability to relate
the partially wrapped Fukaya categories associated to different stops. The precise way in
which these categories are related is the following result proved in §5:

Theorem 1.16 (Stop removal). Let X be a Liouville manifold (or sector) with two stops
f ⊆ g ⊆ (∂∞X)◦, such that g \ f ⊆ (∂∞X)◦ \ f is mostly Legendrian. Then pushforward
induces a quasi-equivalence

W(X, g)/D
∼−→W(X, f), (1.12)

where D denotes the collection of small Lagrangian disks linking (g \ f)crit.

This statement builds on two prior results: Abouzaid–Seidel [5] proved that for Lef-
schetz fibrations, the wrapped Fukaya category of the total space is a localization of the
Fukaya–Seidel category, and Sylvan [42] showed (under certain hypotheses) that the par-
tially wrapped Fukaya category of a Liouville pair localizes to give the (fully) wrapped
Fukaya category. Note that both these results concern removing an entire connected compo-
nent of a stop, whereas in Theorem 1.16 it is not required that f be a connected component
of g. This gives a significant added flexibility which is important in applications, being in
particular essential in the proof of Theorem 1.27 and in [27]. Also note that Theorem 1.16
does not require the existence of a ribbon (compare Remark 1.7).

At the conceptual level at least, Theorem 1.16 is a straightforward consequence of the
wrapping exact triangle Theorem 1.9. The functor W(X, g)→W(X, f) is essentially surjec-
tive by general position, so the content is in proving full faithfulness. To compare morphisms
in W(X, g) and W(X, f), we must compare wrapping in the complement of f with wrapping
in the complement of g. A generic positive Legendrian isotopy in the complement of f will
intersect g \ f at a discrete set of times, at each such time passing transversally through a
single point of (g \ f)crit. Theorem 1.9 states that the operation of passing ∂∞L through
(g \ f)crit once transversally at a point p corresponds in W(X, g) to taking the cone of L
with the small Lagrangian disk linking g \ f at p. Thus the pro-object of W(X, g) given by
cofinally wrapping L in the complement of f is equivalent to L in the category W(X, g)/D.
Since this pro-object represents morphisms from L in W(X, f) (by definition) and objects of
D become zero objects in this category, this pro-object is left orthogonal to D. It follows
that this pro-object also represents morphisms in W(X, g)/D from L, which thus proves the
quasi-equivalence of Theorem 1.16.

Example 1.17. For a Weinstein manifold X, consider again the pair (X × CRe≥0, cX ×∞)
(compare with the proof of Theorem 1.10). Applying Theorem 1.16 gives W(X×CRe≥0, cX×
∞)/D = W(X × CRe≥0) = 0. Combined with the Künneth stabilization functor, we learn
that the cocores split-generate W(X). Getting generation as in Theorem 1.10 requires the
more controlled argument via the wrapping exact triangle given above.

Example 1.18 (Calculation of W(T ∗S1)). Let X = T ∗S1 and let Λ be the co-0-sphere over
some fixed point x ∈ S1. Let L be the cotangent fiber over a different point, and let L(1)
be L ‘wrapped once around’. The objects L,L(1) ∈ W(T ∗S1,Λ) give a generating excep-
tional collection with HW •(L,L(1))T ∗S1,Λ = Z⊕2, generated by one trajectory at infinity
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in each component of T∞S1. This exceptional collection provides the mirror symmetry
W(T ∗S1,Λ) ∼= Perf(•⇒ •) ∼= Coh(P1), intertwining

L→ L(1)→ D1
[1]−→ ⇐⇒ O→ O(1)→ O0

[1]−→ (1.13)

L→ L(1)→ D2
[1]−→ ⇐⇒ O→ O(1)→ O∞

[1]−→ (1.14)

where D1, D2 ∈W(T ∗S1,Λ) are the linking arcs around Λ.
As is well known, HW •(L,L)T ∗S1 = Z[t, t−1]; however, a direct computation requires

some infinite process or picture. One can instead argue by stop and removal. We already
saw that the linking disks (arcs in this case) are sent under the above isomorphism to the
skyscraper sheaves at 0,∞ ∈ P1. Thus by stop removal we have

W(T ∗S1) = W(T ∗S1,Λ)/D ∼= Coh(P1)/〈O0,O∞〉 = Coh(P1 \ {0,∞}) = Perf Z[t, t−1].
(1.15)

Following L (or L(1)) along this sequence of equivalences shows that it goes to the ob-
ject Z[t, t−1] ∈ Perf Z[t, t−1], and hence we can conclude HW •(L,L)T ∗S1

∼= Z[t, t−1]. (The
reader may be more familiar with this example in its incarnation as the Lefschetz fibration
/ Landau–Ginzburg model z + 1

z
: C× → C.)

For a generalization of this example to other surfaces, see Lekili–Polishchuk [36].

Example 1.19 (Fukaya–Seidel categories). Let π : X̄ → C be a Liouville Landau–Ginzburg
model with Weinstein fiber F with core f. Theorem 1.16 implies that the functor

W(X̄, f× {−∞})→W(X̄) (1.16)

(from the Fukaya–Seidel category of π to the wrapped Fukaya category of the total space) is
precisely localization at the linking disks of f×{−∞}. By Theorem 1.10, the full subcategory
they span is also the essential image of the functor W(F ) → W(X̄, f× {−∞}) obtained by
composing the Künneth stabilization functor (1.7) with pushforward under the canonical
embedding F × T ∗[0, 1] → (X̄, f × {−∞}) near the stop. This is comparable to, but not
quite the same as, the localization presentation of the wrapped Fukaya category obtained
in Abouzaid–Seidel’s work in the case of Lefschetz fibrations [5]. For a concrete example of
such a situation in mirror symmetry, see Keating [33].

If the critical locus of π is compact, then F is the page of an open book decomposition
of ∂∞X̄, and hence the boundary at infinity of the associated Liouville sector is, up to
deformation, F0 × [0, 1] by [26, Lemma 2.18], which implies that W(X̄, f× {−∞}) is proper
in the sense of non-commutative geometry (i.e. has finite-dimensional morphism spaces)
[26, Lemma 3.44]. Such a fibration π thus provides a geometrically motivated categorical
compactification of W(X̄), in the sense that the Fukaya–Seidel category W(X̄, f × {−∞})
is proper and localizes to give W(X̄). The flexibility of adding stops at will allows for more
general, and partial, compactifications.

1.7 Stopped inclusions

While stop removal Theorem 1.16 provides a situation where a functor between partially
wrapped Fukaya categories is a localization, we also formulate in §8 geometric conditions
which ensure a functor between partially wrapped Fukaya categories is fully faithful.

14



Since wrapped Floer cohomology is computed by wrapping only one factor, to ensure that
a pushforward functor W(X, f)→W(X ′, f′) is fully faithful, it is enough to ensure that when
any Lagrangian L ⊆ X disjoint from f is wrapped inside X ′ stopped at f′, then once it leaves
X it never returns (at least for a cofinal collection of wrappings). We formulate two geometric
conditions on inclusions of Liouville sectors, called being (tautologically) forward stopped
(see Definitions 8.3 and 8.8), which guarantee this property of wrapping and hence that
the associated pushforward functor is fully faithful (Corollary 8.13). This notion naturally
depends only on the contact geometry of the boundary at infinity.

The notion of forward/backward stopped inclusions is a crucial ingredient in the proof of
the homotopy pushout/colimit formulas below. It is also an important ingredient (see §8.3)
in of Sylvan’s proposal [43] to define (and generalize) Abouzaid–Seidel’s Viterbo restriction
functor [6] in terms of stop removal functors.

1.8 Homotopy pushout formula

The question of ‘locality’ in Floer theory is quite subtle and far from completely under-
stood. In §9, we use stop removal and forward stopped inclusions to prove descent formulae
for wrapped Fukaya categories. The first such result (also observed by Sylvan [43]) is the
following homotopy pushout formula:

Theorem 1.20 (Homotopy pushout formula). Let X = X1∪X2 be a Liouville sector written
as the union of two Liouville sectors X1 and X2 meeting along a hypersurface X1∩X2 inside
X disjoint from ∂X. Writing a neighborhood of this hypersurface as F × T ∗[0, 1], suppose
in addition that F is Weinstein (up to deformation). Let r ⊆ (∂X)◦ be a stop disjoint from
∂∞(X1 ∩X2), and let ri := r ∩ (∂∞Xi)

◦. Then the induced diagram of A∞-categories

W(F ) W(X1, r1)

W(X2, r2) W(X, r)

(1.17)

induces a fully faithful functor

hocolim
(
W(X2, r2)←W(F )→W(X1, r1)

)
↪→W(X, r) (1.18)

(so we say (1.17) is an almost homotopy pushout). If, in addition, X is a Liouville mani-
fold, (the convexifications of) Xi are Weinstein (up to deformation), and the ri are mostly
Legendrian, then (1.18) is a pre-triangulated equivalence (so we say (1.17) is a homotopy
pushout).

The real content here is the full faithfulness, as the final statement about generation is
simply an application of Theorem 1.10. The origin of the hypothesis that F is Weinstein is
the use of Theorems 1.10 and 1.16 in the proof.

A special case of particular interest of the gluing operation in Theorem 1.20 is Weinstein
handle attachment (compare [22, §3.1]). Theorem 1.20 thus provides some understanding of
the effect of Weinstein handle attachment on the wrapped Fukaya category. In particular, it
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recovers the folklore result that subcritical handle attachment does not change the wrapped
Fukaya category (the closest results in the literature concern the closed string analogue
symplectic cohomology [14]; see also [19]). In the case of critical handle attachment, we
recover a formula for the wrapped Floer cochains of the cocore in terms of the partially
wrapped Floer cochains of the linking disk of the attaching locus (which is conjectured
[43, 18] to agree with the Legendrian contact homology of the attaching sphere, compare
Bourgeois–Ekholm–Eliashberg [11, Remark 5.9]).

Corollary 1.21 (Effect of Weinstein handle attachment). Let (X, f) be a stopped Liouville
sector of dimension 2n obtained from a stopped Liouville sector (X in, fin) by attaching a
Weinstein k-handle along an isotropic sphere Λk−1 ⊆ (∂∞X

in)◦ \ fin. In the subcritical case
k < n, there is a fully faithful embedding

W(X in, fin) ↪→W(X, f) (1.19)

acting on Lagrangians inside X in by perturbing to make them disjoint from Λ and then
completing inside X. In the critical case k = n, there is an almost homotopy pushout

C−•(ΩS
n−1) W(X in, fin ∪ Λ)

Z W(X, f),

(1.20)

implying, in particular, a quasi-isomorphism of A∞-algebras

CW •([cocore], [cocore])X,f = CW •(D,D)Xin,fin∪Λ ⊗C−•(ΩSn−1) Z, (1.21)

where D denotes the linking disk of Λ and [cocore] ⊆ X denotes the cocore of the added
handle.

Example 1.22 (Partially wrapped Fukaya categories of surfaces). Let Σ be any 2-dimensional
Liouville sector. That is, Σ is a surface-with-boundary with no compact components and
no circle boundary components. Choose any collection of arcs going from non-compact ends
to non-compact ends dividing Σ into A2 Liouville sectors (a disk minus three boundary
punctures). The wrapped Fukaya category of the A2 sector is given by

TwW(C, {e2πik/3}k=0,1,2) = Perf(• → •) (1.22)

(for example, this follows from Theorem 1.9). The A2 sectors overlap over A1 sectors T ∗[0, 1]
with wrapped Fukaya category

TwW(T ∗[0, 1]) = TwW(C, {±∞}) = Perf(•). (1.23)

Iterated applications of Theorem 1.20 thus yield a description of W(Σ) as a homotopy colimit
of copies of these categories Perf(• → •) and Perf(•).
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Example 1.23 (Partially wrapped Fukaya categories of fibrations over surfaces). Continuing
the preceding example, suppose π : X → Σ is an exact symplectic (non-singular) fibration
with Weinstein fiber F . The same decomposition of Σ pulled back to X yields a description
of W(X) as a homotopy colimit of copies of W(F ) and W(F )⊗ Perf(• → •).

Finally, consider the case where π is allowed to have singularities (e.g. a Lefschetz fi-
bration). We now choose arcs dividing Σ into A2 sectors containing no critical values and
half-planes CRe≥0 each containing a single critical value. This again yields a homotopy colimit
presentation of W(X). Note that in the case of a Lefschetz fibration, the pieces Xα resulting
as inverse images of half-planes containing a single critical value satisfy W(Xα) = Perf(•) by
Corollary 1.14 and observing that wrapping the thimble creates no new self intersections.

The proof of Theorem 1.20 consists of adding and removing a stop via Theorem 1.16,
similar in spirit to Example 1.18. In the coordinates F ×T ∗[0, 1] near the splitting hypersur-
face X1 ∩X2, we consider the stop f× ∂∞N∗{0}, namely the core of F times the boundary
at infinity of a cotangent fiber. Now the functors

W (Xi, ri) ↪→W(X, r ∪ (f× ∂∞N∗{0})), i = 1, 2, (1.24)

are fully faithful, since the stop f×∂∞N∗{0} stops Lagrangians inside Xi from being wrapped
beyond Xi (more precisely, the associated inclusion of Liouville sectors is forward stopped).
Similarly, there is a fully faithful inclusion

W (F ) ↪→W(X, r ∪ (f× ∂∞N∗{0})), (1.25)

defined by embedding F × T ∗[0, 1] as the neighborhood of F times a small positive Reeb
pushoff of the cotangent fiber over 1

2
∈ [0, 1]. The wrapping analysis involved in showing

full faithfulness of (1.24)–(1.25) shows moreover that the full subcategory spanned by the
images of all three of these embeddings is given (up to quasi-equivalence) by the Grothendieck
construction of the diagram

W(X1, r1)←W(F )→W(X2, r2), (1.26)

namely the semi-orthogonal gluing of W(F ) with W(X1, r1) tW(X2, r2) along (the disjoint
union of) the pullback of the diagonal bimodules. That is, the space of morphisms from an
object of W(F ) to an object of W(Xi, ri) is given by the morphism space in W(Xi, ri) from
the image of the first object to the second.

The homotopy colimit of (1.26) is the localization of the Grothendieck construction at the
morphisms L→ Qi(L) for L ∈W(F ) corresponding to the identity map of Qi(L), where Qi

(i = 1, 2) denotes the two functors in (1.26). As L runs over the cocores of F , which generate
W(F ) by Theorem 1.10, the cones of the morphisms L→ Qi(L) are quasi-isomorphic to the
linking disks of the stop f× ∂∞N∗{0}. Hence by Theorem 1.16, the functor

W (X, r ∪ (f× ∂∞N∗{0}))→ W (X, r) (1.27)

is precisely localization at the cones of L → Qi(L) in the Grothendieck construction of
(1.26), thought of as a full subcategory of the domain via (1.24)–(1.25). It follows that the
localization of the Grothendieck construction (i.e. the homotopy colimit of (1.26)) maps fully
faithfully into W(X, r), as desired.
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In fact, the proof of Theorem 1.20 given in §9.1 is formulated in terms of more abstract
properties of homotopy colimits, rather than depending directly on their explicit construction
via the Grothendieck construction, and hence, in particular, we do not need to identify the
bimodule of morphisms between the full subcategories (1.24)–(1.25), rather we need only
verify that they are semi-orthogonal.

1.9 Homotopy colimit formula

We continue in §9 to generalize the homotopy pushout formula Theorem 1.20 to a descent
(homotopy colimit) formula for n-element covers of Liouville sectors by Liouville sectors. To
even be able to formulate this descent property, we must require our covers to be ‘sectorial’
in the following sense:

Definition 1.24 (Sectorial covering). Let X be a Liouville manifold-with-boundary (mean-
ing it is exact and cylindrical at infinity). A collection of hypersurfaces H1, . . . , Hn ⊆ X
is called sectorial iff their characteristic foliations are ω-orthogonal over their intersections
and there exist functions Ii : NbdZ Hi → R (linear near infinity) satisfying dIi|char.fol.(Hi) 6= 0
(equivalently, XIi /∈ THi), dIi|char.fol.(Hj) = 0 (equivalently, XIi ∈ THj) for i 6= j, and
{Ii, Ij} = 0. A covering of a Liouville manifold (or sector) X by finitely many Liouville sec-
tors X1, . . . , Xn ⊆ X is called sectorial iff the collection of their boundaries ∂X, ∂X1, . . . , ∂Xn

is sectorial (here we understand ∂Xi as the part of the boundary of Xi not coming from ∂X,
i.e. the boundary in the point set topological sense).

It follows easily that for any sectorial collection of hypersurfaces H1, . . . , Hn ⊆ X, they
are mutually transverse and all multiple intersections Hi1 ∩ · · · ∩ Hik are coisotropic (see
§9.3). Also note that a Liouville manifold-with-boundary X is a Liouville sector iff ∂X is
sectorial.

Example 1.25. If Q is a compact manifold-with-boundary and Q1, . . . , Qn ⊆ Q are codimen-
sion zero submanifolds-with-boundary whose boundaries are, together with ∂Q, mutually
transverse, then T ∗Q1, . . . , T

∗Qn ⊆ T ∗Q is sectorial.

Given a sectorial collection of hypersurfaces H1, . . . , Hn ⊆ X, there is an induced strat-
ification of X by strata

⋂
i∈I Hi \

⋃
i/∈I Hi for I ⊆ {1, . . . , n}. Each stratum is coisotropic

and the symplectic reduction of its closure (not necessarily embedded in X) is a Liouville
sector (with corners). A sectorial covering is called Weinstein iff (the convexifications of)
each of these Liouville sectors are Weinstein (up to deformation, i.e. the Liouville form can
be deformed by df so that the associated Liouville flow is gradient-like).

Example 1.26. Continuing Example 1.25, we note that the symplectic reductions of the strata
of the covering T ∗Q1, . . . , T

∗Qn ⊆ T ∗Q are simply the cotangent bundles of the strata of the
covering Q1, . . . , Qn ⊆ Q. In particular, they are all Weinstein (after deformation).

Theorem 1.27 (Descent for Weinstein sectorial coverings). For any Weinstein sectorial
covering X1, . . . , Xn of a Liouville sector X, the induced functor

hocolim
∅6=I⊆{1,...,n}

W

(⋂
i∈I

Xi

)
∼−→W(X) (1.28)
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is a pre-triangulated equivalence. More generally, the same holds for any mostly Legendrian
stop r ⊆ (∂∞X)◦ which is disjoint from every ∂Xi and does not approach ∂X.

Theorem 1.27 is easily reduced to proving (under suitable Weinstein assumptions) the
generalization of the homotopy pushout formula Theorem 1.20 in which we allow F to be
a Liouville sector (as opposed to a Liouville manifold). Establishing this generalization
involves further study of the geometry of the relevant stops at infinity in order to show that
the relevant inclusions of Liouville sectors are forward stopped.

Example 1.28 (Calculation of W(T ∗Q)). Continuing Examples 1.25–1.26, we may apply
Theorem 1.27 to deduce that W(T ∗Q) = hocolim∅6=I⊆{1,...,n}W(T ∗

⋂
i∈I Qi). Taking a cover

for which the multiple intersections Q1 ∩ · · · ∩ Qn are (after smoothing corners) all balls,
we may deduce that CW ∗(T ∗qQ, T

∗
qQ) is quasi-isomorphic to C−∗(ΩqQ) as A∞-algebras, as

proven by Abbondandolo–Schwarz [1] and Abouzaid [4] in the case Q has no boundary.

1.10 Cobordism attachment and twisted complexes

To conclude the introduction, we discuss the ingredients which give rise to the wrapping
exact triangle Theorem 1.9, as they may be of independent interest.

The first ingredient is Floer theoretic, and it concerns the effect in the Fukaya category
of attaching an exact Lagrangian cobordism at infinity. Before making the precise general
statement, let us explain a special case. Let X be a Liouville manifold, let L ⊆ X be an
exact cylindrical Lagrangian whose primitive fL : L → R (dfL = λ|L) vanishes at infinity,
and let C ⊆ S∂∞X be an exact symplectic cobordism in the symplectization of ∂∞X whose
primitive vanishes at minus infinity. Denoting by #CL the result of attaching C to L at
infinity, there is then a quasi-isomorphism in the wrapped Fukaya category

#CL = L. (1.29)

To see this, consider the Viterbo restriction functor constructed by Abouzaid–Seidel [6].
Given a Liouville subdomain X0 ⊆ X whose completion is X, this is a functor to W(X) from
the full subcategory of W(X) spanned by Lagrangians K ⊆ X whose primitives fK vanish
identically near ∂X0 (this implies that K is cylindrical near ∂X0). On objects, this functor
is simply “intersect with X0 and complete”, and hence for suitable choice of X0, the objects
#CL and L are both sent to L under this functor. On the other hand, since the inclusion
X0 ⊆ X is “trivial” (the completion of X0 is X) this restriction functor is (canonically
quasi-isomorphic to) the identity functor. Note that the vanishing of the primitive of L near
infinity and of the primitive of C near minus infinity was crucial for this argument. In §4,
we prove the following result which extends the above picture to the “relatively non-exact”
setting:

Proposition 1.29 (Cobordism attachment and twisted complexes). Let (X, f) be a stopped
Liouville sector, and let L1, . . . , Ln ⊆ X be disjoint exact Lagrangians (disjoint from f at
infinity) whose primitives vanish at infinity. Let C ⊆ S∂∞X be an exact Lagrangian cobor-
dism (disjoint from R × f) with negative end ∂∞L1 t · · · t ∂∞Ln, such that the primitive
fC : C → R of λ|C satisfies

fC |∂∞L1 < · · · < fC |∂∞Ln , (1.30)
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regarding ∂∞Li as the negative ends of C (note that these restrictions fC |∂∞Li are simply real
numbers).

Suppose in addition that the image of C under the projection S∂∞X → ∂∞X is “thin” in
the sense that for every Lagrangian K ⊆ X disjoint at infinity from f, there exists a positive
wrapping K  Kw (away from f) such that ∂∞K

w is disjoint from C.
Then there is a quasi-isomorphism

#C
i Li = [L1 → · · · → Ln] (1.31)

in TwW(X, f), where #C
i Li denotes the result of attaching the cobordism C to L1 t · · · tLn

at infinity, and [L1 → · · · → Ln] denotes a twisted complex (
⊕n

i=1 Li,
∑

i<j Dij).

The thinness hypothesis on C is convenient in the proof, but we expect that the result
remains true without it (for example, no such hypothesis is required in Abouzaid–Seidel
[6]). A sufficient condition that C be thin is that its projection to ∂∞X be contained in
a small neighborhood of a Weinstein hypersurface (see Proposition 2.2 for a more general
statement).

The proof of Proposition 1.29 proceeds by testing #C
i Li against arbitrary Lagrangians

A and considering the limit as the cobordism C is pushed to infinity. For any Lagrangian
A ⊆ X disjoint at infinity from C, there is a natural isomorphism of abelian groups

CF •(A,#C
i Li) = CF •(A,L1)⊕ · · · ⊕ CF •(A,Ln). (1.32)

In the limit as the cobordism is pushed to infinity, the actions of the intersections with Li
become much larger than the actions of the intersections with Lj for i < j. The differential on
CF •(A,#C

i Li) is thus lower triangular with respect to the above direct sum decomposition.
Moreover, the diagonal components of this differential coincide with the differentials on
CF •(A,Li), since by action and monotonicity arguments, such disks cannot travel far enough
to see the difference between Li and #C

i Li. This produces an isomorphism of complexes

CF •(A,#C
i Li) = [CF •(A,L1)→ · · · → CF •(A,Ln)], (1.33)

where the right hand side denotes a twisted complex of CF •(A,Li) with unspecified maps
CF •(A,Li) → CF •(A,Lj) for i < j. Similar reasoning shows that (1.33) is in fact an
isomorphism of modules (i.e. is compatible with A∞-multiplication on the left). Hence the
Yoneda lemma provides the desired quasi-isomorphism (1.31) in the Fukaya category. (Some
algebraic complications arise from the fact that, by pushing the cobordism towards infinity,
we can only guarantee (1.33) for finitely many Lagrangians A at a time, however these can
be dealt with.)

In fact, for our work in this paper, we only need a very special case of Proposition 1.29,
namely when C is a relatively non-exact embedded Lagrangian 1-handle as defined in §3.4.
Given two Lagrangians L,K ⊆ X together with a short Reeb chord γ from ∂∞L to ∂∞K, we
denote by L#γK the result of attaching this cobordism at infinity (more precisely, to define
this surgery requires a certain Darboux chart, which contains an obvious Reeb chord γ).
Topologically, L#γK is simply the boundary connect sum of L and K along γ (see Figure
1). For this particular cobordism, we can enhance the statement of Proposition 1.29 slightly
in that we identify the differential in the twisted complex:
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}
K

}
L

L#γKγ

Figure 1: Left: Two Lagrangians L and K together with a short Reeb chord γ from ∂∞L
to ∂∞K. Right: The result L#γK of attaching a relatively non-exact embedded Lagrangian
1-handle to L tK along γ.

Proposition 1.30 (Reeb chord surgery exact triangle). Let (X, f) be a stopped Liouville
sector. Let L,K ⊆ X be disjoint exact Lagrangians (disjoint from f at infinity), and let
L#γK be the result of attaching a relatively non-exact embedded Lagrangian 1-handle to L
and K along the short Reeb chord γ (taking place in the complement of f). There is an exact
triangle in W(X, f):

L
γ−→ K → L#γK

[1]−→ . (1.34)

To identify the morphism L → K in the Reeb chord surgery exact triangle as γ, we
consider testing the exact triangle (produced by Proposition 1.29) against A = Lw, a positive
wrapping of L which wraps through the surgery locus (thus creating an intersection point
with K) but not farther. The cycle in HW •(L,K) we are looking for is thus represented by
the image of the continuation element under the map

HF •(Lw, L)→ HF •(Lw, K) (1.35)

forming the differential on the right side of (1.33) with A = Lw. Since HF •(Lw, K) = Z is
generated freely by (the intersection point corresponding to) the short Reeb chord γ, this
proves the desired statement up to an unknown integer factor. If this integer factor were
divisible by a prime p, then there would be a quasi-isomorphism L#γK = L⊕K over Z/p.
We can preclude the existence of such a quasi-isomorphism (in a further stopped Fukaya
category) by testing both sides against a suitably chosen small Lagrangian disk linking both
L and K but unlinked with L#γK.

Now the following geometric fact (proved in §3.5 and motivated in Figure 2) together
with Proposition 1.30 yields the wrapping exact triangle Theorem 1.9 (modulo identifying
the morphism Lw → L in the exact triangle as the continuation map, which requires an
extra argument):

Proposition 1.31. Let X be a Liouville sector, L ⊆ X a cylindrical Lagrangian, and Λ ⊆
∂∞X a Legendrian. Let L Lw be a positive wrapping which passes through Λ exactly once,
transversely, at p ∈ Λ. Then Lw is isotopic to the result L#γDp of attaching a relatively
non-exact embedded Lagrangian 1-handle to L and the linking disk Dp.
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Λ

D L
Lw

Λ Λ

L#D

Figure 2: Picture proof of Proposition 1.31 in dimension two. This picture provides at least
a moral proof in all dimensions by taking product with (Cn−1,Rn−1).
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2 Partially wrapped Fukaya categories

In this section, we review the definition of the partially wrapped Fukaya category which we
will use in this paper, and we prove some basic results about it which we will need later.

2.1 Wrapping categories

We begin with a general discussion of wrapping.
For a compact Legendrian submanifold Λ of a contact manifold Y , the (positive) wrapping

category (Λ  −)+
Y of Λ inside Y has objects (arbitrary) Legendrian isotopies Λ  Λ0 and

morphisms from Λ  Λ0 to Λ  Λ1 given by homotopy classes of positive Legendrian
isotopies Λ0  Λ1 such that the composite isotopy Λ  Λ0  Λ1 is homotopic (through
Legendrian isotopies) to Λ Λ1. (Recall that a Legendrian isotopy Λt is said to be positive
if, for some (equivalently any) contact form α, we have α(∂tΛt) > 0 for all t; compare [26,
Definition 3.22].)

Similarly, there is a wrapping category of a cylindrical Lagrangian L inside a stopped Li-
ouville manifold-with-boundary (X, f), denoted (L −)+

X,f, where we consider Lagrangians
(and isotopies thereof) whose boundary at infinity lies inside (∂∞X)◦ \ f, and positivity of
an isotopy simply means positivity at infinity. When doing Floer theory, one usually cares
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not only about Lagrangian submanifolds, but also Lagrangian submanifolds equipped with
auxiliary topological data (used to define gradings/orientations); the relevant wrapping cate-
gory is then defined in terms of Lagrangians equipped with such auxiliary data, and isotopies
thereof.

Positive wrapping categories in all of the above senses are filtered by [26, Lemma 3.27]
(the proof there is given for wrapping categories of Lagrangians inside Liouville sectors, but
it applies in general). We will often use the following criterion for cofinality in wrapping
categories.

Lemma 2.1. Let {Λt}t≥0 ⊆ Y be an isotopy of compact Legendrians inside a (not necessarily
compact) contact manifold Y . If there exists a contact form α on Y such that∫ ∞

0

min
Λt

α

(
∂Λt

∂t

)
dt =∞, (2.1)

then {Λt}t≥0 is a cofinal wrapping of Λ0. In particular, if Λt escapes to infinity as t → ∞
(i.e. is eventually disjoint from any given compact subset of Y ), then it is a cofinal wrapping
of Λ0.

The same statement holds for Lagrangian wrapping categories, replacing Y with the rel-
evant boundary at infinity where wrapping takes place.

Proof. This is [26, Lemma 3.29 and Remark 3.31]. We will phrase the proof for Legendrian
wrapping categories, though it works in general.

Without loss of generality, we may replace α with a larger contact form whose Reeb vector
field is complete (to see that such a contact form exists, it is easier to think in terms of the
associated positive contact Hamiltonian Y → (TY/ξ)+ and argue that there are arbitrarily
rapidly decreasing such contact Hamiltonians whose associated positive contact vector fields
are complete).

The
∫

= ∞ hypothesis ensures that we may reparameterize Λt such that α
(
∂Λt
∂t

)
≥ 2

everywhere. It follows from this inequality that {e(a−t)RαΛt}t≥0 is a positive isotopy, and
hence that the positive isotopy Λ0  Λa can be deformed through positive isotopies to
Λ0  eaRαΛ0  Λa. On the other hand, Λ0  eaRαΛ0 is cofinal as a→∞ (see [26, Lemma
3.29]).

There are functors

(L −)+
X,f (∂∞L −)+

(∂∞X)◦\f,
∂∞

drag at ∞
(2.2)

and the composition ∂∞ ◦ (drag at ∞) is naturally isomorphic to the identity functor. Using
the cofinality criterion Lemma 2.1, it follows immediately that both of these functors are
cofinal. This formalizes the idea (which is also clear from Lemma 2.1) that wrapping is an
operation which happens entirely at contact infinity. Note that one does not in general expect
the functors above to be an equivalence of categories; this is due to the words “homotopy
class of” in the definition of the wrapping categories (the corresponding functors on the
‘wrapping∞-categories’ as alluded to in [26, Remark 3.32] do indeed form an equivalence of
∞-categories, however we will not need this fact).
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For later purposes, it will be important to know that a given Lagrangian L ⊆ X admits
cofinal wrappings which are disjoint from certain sufficiently small subsets of ∂∞X. We will
just state this result for wrapping Legendrians—this implies the corresponding statement
for Lagrangians in view of the cofinal functors (2.2).

Lemma 2.2. Let Y 2n−1 be a contact manifold, and let f ⊆ Y be a closed subset. Let Λ ⊆ Y
be a compact Legendrian.

(i) If f is contained in the smooth image of second countable manifold of dimension ≤ n−1,
then Λ admits cofinal wrappings Λ Λw with Λw disjoint from f.

(ii) If, in addition, f is the core of a Liouville hypersurface inside Y , then Λ admits cofinal
wrappings Λ Λw with Λw disjoint from a neighborhood of f.

Proof. Statement (i) follows immediately from a general position argument. Indeed, we first
claim that for any compact manifold-with-boundary f : Nk → Y 2n−1 of dimension k ≤ n−1,
the locus of Legendrians Λ ⊆ Y which are disjoint from the image of N is open and dense
(in all Legendrians). To see this, consider the maps

{Λ ⊆ Y } ← {p ∈ Λ ⊆ Y } ×N (p,f)−−→ Y × Y. (2.3)

The second map is transverse to the diagonal, and hence the inverse image of the diagonal is a
smooth codimension 2n− 1 submanifold of the middle space. The first map has (k+n− 1)-
dimensional fibers, so the projection of something of codimension 2n − 1 > k + n − 1 is
nowhere dense by Sard–Smale. This shows that the locus of Legendrians disjoint from the
image of N is dense, and openness is obvious. By the Baire category theorem, the locus
of Legendrians disjoint from any countable collection of such N is also dense. Now simply
note that for any positive Legendrian isotopy Λ Λw, every sufficiently small perturbation
Λw′ of Λw also has a positive Legendrian isotopy Λ Λw′. (For similar arguments, see [16,
Proposition 5.2].)

For statement (ii), consider local coordinates on Y given by ([−1, 1]× F, dz + λ), where
F is the Liouville hypersurface with core f. What we should show is that for any Legendrian
Λ possibly intersecting the neighborhood [−1, 1] × F , it can be pushed out by a positive
isotopy. In coordinates ([−1, 1] × F, dz + λ), we have a positive contact vector field Vϕ :=
ϕ(z)∂z + ϕ′(z)Zλ for any smooth function ϕ : [−1, 1] → R≥0. Consider specifically the case
that ϕ(z) = ϕ(−z), zϕ′(z) ≤ 0, suppϕ = [−2

3
, 2

3
], and ϕ|[− 1

3
, 1
3

] ≡ 1. Now the inverse image

of [−1
3
, 1

3
] × F under the time t flow of Vϕ is eventually contained in any neighborhood of

{−2
3
} × f as t→∞ (to see this, note that Vϕ is proportional to ∂z + (logϕ)′(z)Zλ, so as the

z coordinate decreases towards −2
3

from above, we flow for infinite time by −Zλ). It follows
that if Λ is disjoint from {−2

3
} × f, then flowing under (an arbitrary positive extension of)

Vϕ for sufficiently large time t produces the desired positive isotopy Λ  Λw. To conclude,
simply note that an arbitrary Λ can be first perturbed in the positive direction to become
disjoint from {−2

3
} × f by the first part of the Lemma.

Lemma 2.3. Let Y be a contact manifold, and let f = fsubcrit∪fcrit ⊆ Y be mostly Legendrian.
For compact Legendrians Λ1,Λ2 ⊆ Y disjoint from f, consider the space of positive Legendrian
isotopies Λ1  Λ2. The subspace of isotopies which

(i) remain disjoint from fsubcrit and
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(ii) intersect fcrit only finitely many times, each time passing through transversally at a
single point,

is open and dense.

Proof. (For similar arguments, see [16, Proposition 5.2].)
Consider first the locus of positive isotopies which remain disjoint from fsubcrit but have

no constraint with respect to fcrit. We claim that this locus is open and dense inside the
space of all positive isotopies. This follows from an argument identical to that used to prove
the first part of Lemma 2.2.

It now suffices to show that the locus of positive isotopies disjoint from fsubcrit and only
intersecting fcrit by passing through transversally finitely many times is open and dense in
the space of positive isotopies disjoint from fsubcrit. To see this, we consider the maps

{Λ1  Λ2 ⊆ Y \ fsubcrit} ←


Λ1  Λ2 inside Y \ fsubcrit

(p, v) a point and a tangent direction
in the total space of the isotopy

 (p,v)−−→ (TY \ Y )/R>0.

(2.4)
The second map is again a submersion, and hence the inverse image of T fcrit is a smooth
codimension (2(2n − 1) − 1) − (2(n − 1) − 1) = 2n submanifold of the middle space. The
first map has fibers of dimension 2n − 1, so the projection of something of codimension 2n
is nowhere dense by Sard–Smale. This shows that the locus of positive Legendrian isotopies
which pass through fcrit transversally is dense, and openness is obvious.

2.2 A∞-categories

We work throughout with cohomologically unital A∞-categories, modules, and bimodules,
over a commutative ring R, with cofibrancy assumptions as in [26, §3.1] (these are vaccuous
over a field), graded by an abelian group G with specified maps Z → G → Z/2 (‘degree
shift’ and ‘parity’) composing to the usual map Z → Z/2. The reasoning in this paper is
essentially agnostic about the choice of grading and coefficient ring (which we will often just
write as Z for clarity). As much of the A∞-category literature assumes field coefficients,
we record in §A proofs in the context of commutative ring coefficients of some facts we will
require. All of the A∞-categories in this paper are small (i.e. they have a set of objects).

We will make frequent use of the quotient and localization operations on A∞-categories,
for which we use [26, §3.1.3] as a basic reference. Given an A∞-category C, we may consider
its quotient C/A by any set A of objects of TwC (meaning, A is a set, and for each element of
A there is specified an object of TwC; sometimes, but not always, A is simply a subset of the
set of objects of C). Note that making this definition does not require us to fix a particular
small model of TwC, rather only to specify the set A. There is also no need to assume that
distinct elements of A are mapped to distinct objects (or to distinct isomorphism classes)
of C or of TwC. The localization C[W−1] at a class of morphisms W in H0C is the quotient
by all cones [X

a−→ Y ] where a ∈ C(X, Y ) is a cycle representing an element of W (since
C is small, this is indeed a set of objects of TwC). The quotient by A depends (up to
quasi-equivalence) only on the set of isomorphism classes split-generated by A [26, Corollary
3.14]. We also have the following (which is implicit in [26, §3.1.3]):
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Lemma 2.4. Let F : C → D be a functor, and let A be a set of objects of C (or TwC). If
F is fully faithful, then so is the resulting quotient functor C/A→ D/F (A).

Proof. The action of the quotient functor on morphisms is given by⊕
p≥0

Y1,...,Yp∈A

C(X, Y1)⊗· · ·⊗C(Yp, Z)→
⊕
p≥0

Y1,...,Yp∈A

D(F (X), F (Y1))⊗· · ·⊗D(F (Yp), F (Z)). (2.5)

The induced map on associated gradeds is a quasi-isomorphism since F is fully faithful, and
hence the map itself is also quasi-isomorphism.

2.3 Construction via localization

Given a stopped Liouville sector (X, f) together with a choice of projection πX : NbdZ ∂X →
CRe≥0, we define a category

W(X, f). (2.6)

The case f = ∅ was explained in detail in [26, §3]. The only difference in the case of general
f is that we restrict our Lagrangians (and isotopies thereof) to be disjoint from f at infinity.
For this reason, we will be brief, leaving the interested reader to consult [26, §3] for a more
detailed treatment.

All statements about partially wrapped Fukaya categories should be interpreted as “up to
inverting quasi-equivalences”. (We choose not to address the question of whether such quasi-
equivalences are invertible up to natural quasi-isomorphism under our cofibrancy assump-
tions; it is well-known that quasi-equivalences are invertible up to natural quasi-isomorphism
over a field, see [41, Theorem 2.9 and Remark 2.11].)

The most concrete definition of W(X, f) begins with a countable collection I of exact
cylindrical Lagrangians in X, disjoint from f at infinity and from ∂X, equipped with grad-
ing/orientation data, such that I contains every isotopy class of such Lagrangians. For each
L ∈ I we choose a cofinal sequence of wrappings in (L −)+

X,f

L = L(0)  L(1)  L(2)  · · · . (2.7)

We define a strictly unital A∞-category O as follows. The objects of O are the L(i) for
(i, L) ∈ Z≥0 × I. To define the morphisms, we first equip the objects with the partial
order inherited from the first factor, namely L(i) > K(j) iff i > j. By choosing wrappings
generically, we ensure that every totally ordered tuple of Lagrangians L0 > · · · > Lk are
mutually transverse.5 We define morphisms by:

O(L,K) :=


CF •(L,K) L > K

Z L = K

0 else

(2.8)

5We could, of course, ensure that every tuple of Lagrangians in O is mutually transverse. There is no need
to assume this though, and it is convenient for many later purposes (e.g. defining pushforward functors) to
have the flexibility of choosing I arbitrarily.
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The A∞ operations

µk : O(L0, L1)⊗ · · · ⊗ O(Lk−1, Lk)→ O(L0, Lk) (2.9)

for L0 > · · · > Lk ∈ O are constructed using compatible families of universal strip-like
coordinates

ξ+
L0,...,Lk;j : [0,∞)× [0, 1]× Rk,1 → Sk,1 j = 1, . . . , k (2.10)

ξ−L0,...,Lk
: (−∞, 0]× [0, 1]× Rk,1 → Sk,1 (2.11)

and families of cylindrical almost complex structures

JL0,...,Lk : Sk,1 → J(X) (2.12)

which make a fixed choice of projection πX : NbdZ ∂X → CRe≥0 holomorphic. (Note that
the A∞ operations (2.9) in the case some Li = Li+1 are fixed by the requirement that O be
strictly unital.)

We denote by C the class of continuation morphisms in HF 0(L(i+1), L(i)), and we define
W = W(X, f) to be the localization O[C−1]. This definition and its basic properties (such
as H•W being partially wrapped Floer cohomology) are due to Abouzaid–Seidel and are
proved in detail in [26, §3].

The above construction works just as well for a much more general class of posets of
Lagrangians O, and using this additional flexibility one may show that W is, up to zig-zag
of quasi-equivalence, independent of the choices involved in its definition [26, Proposition
3.39].

2.4 Covariant functoriality

The partially wrapped Fukaya category is functorial under inclusions of stopped Liouville
sectors (X, f) ↪→ (X ′, f′), meaning X ↪→ X ′ is an inclusion of Liouville sectors (satisfying
either X ∩ ∂X ′ = ∅ or X = X ′ and πX = πX′) and f′ ∩ (∂∞X)◦ ⊆ f. For a single inclusion
(X, f) ↪→ (X ′, f′), we may inductively define posets of Lagrangians in each of the relevant
stopped Liouville sectors (which include into each other in a natural way), leading hence to a
functor W(X, f)→W(X ′, f′). Likewise from a diagram of stopped Liouville sectors (Xσ, fσ)
indexed by a finite poset, we can produce a diagram of A∞-categories W(Xσ, fσ).

There is also a canonical model of W(X, f) which is strictly functorial under arbitrary
inclusions of stopped Liouville sectors, defined in terms of a ‘universal’ poset of Lagrangians
O [26, §3.8]; it comes at the cost that these universal posets are (almost) always uncountable.

2.5 Equivalent presentations of the same Fukaya category

Definition 2.5. An inclusion of Liouville sectors is said to be trivial if it is isotopic, through
inclusions of Liouville sectors, to a symplectomorphism.

Lemma 2.6 ([26, Lemmas 3.41]). For a trivial inclusion of Liouville sectors X ↪→ X ′, the
pushforward on wrapped Fukaya categories is a quasi-equivalence. Thus a deformation of
Liouville sectors {Xt}t∈[0,1] induces a natural quasi-equivalence W(X0) = W(X1).

27



Proof Sketch. By a sandwiching argument, it is enough to show that X−a → X induces a
quasi-equivalence on wrapped Fukaya categories for X−a := e−aXI (X) where I is a fixed
defining function for X. Essential surjectivity is trivial since we may use XI to isotope
Lagrangians in X into X−a, and a Hamiltonian isotopy of Lagrangians induces a quasi-
isomorphism in the wrapped Fukaya category. The point is to show that

HW •(L,K)X−a → HW •(L,K)X (2.13)

is an isomorphism. This is shown in [26, Lemma 3.33] by explicitly comparing the cutoff
Reeb vector fields on ∂(∂∞X) and ∂(∂∞X−a) to show that no new Reeb chords are created
when enlarging X−a to X.

Lemma 2.7. If f0 ⊇ f1 ⊇ · · · is a decreasing family of closed subsets of (∂∞X)◦, then the
natural map

lim−→
i

HW •(L,K)X,fi → HW •(L,K)X,⋂∞i=0 fi (2.14)

is an isomorphism.

Proof. The wrapping categories (see §2.1) are the same:
⋃∞
i=1(L → −)+

fi
= (L → −)+⋂∞

i=0 fi
.

Lemma 2.8. Let X be a Liouville sector. A deformation of codimension zero submanifolds-
with-corners ft ⊆ (∂∞X)◦ with every ∂ft convex induces a natural quasi-equivalence W(X, f0) =
W(X, f1).

Proof. By the same sandwiching argument, it is enough to show that the map W(X, f) →
W(X, eV f) is a quasi-equivalence, where V is any contact vector field inward pointing along
∂f. When ∂f is smooth (i.e. no corners), this follows from the analysis of the cutoff Reeb
vector field from [26, Lemma 3.33] cited in the proof of Lemma 2.6. For general f with
corners, we may write f as a decreasing intersection of smoothings f1 ⊇ f2 ⊇ · · · each with
convex boundary and appeal to the smooth boundary case and Lemma 2.7.

Lemma 2.9. Let X ↪→ X ′ be an inclusion of Liouville sectors and let f ⊆ (∂∞X)◦ and
f′ ⊆ (∂∞X

′)◦ be closed subsets with f′ ∩ ∂∞X = f ∪ ∂(∂∞X). Then W(X, f) ↪→ W(X ′, f′) is
fully faithful.

Proof. The hypothesis on f and f′ implies that wrapping inside ∂∞X \ f is the same as
wrapping inside ∂∞X

′ \ f′. Holomorphic disks in X ′ are forced to lie in X by the usual
maximum principle argument [26, Lemma 3.20].

Lemma 2.10. Let X ↪→ X̄ be the inclusion of a Liouville sector X into its convex completion
X̄. The map W(X)

∼−→W(X̄, ∂∞X̄ \ (∂∞X)◦) is a quasi-equivalence.

Proof. The map is fully faithful by Lemma 2.9. To show essential surjectivity, we just need
to show that every Lagrangian in X̄ with boundary contained in (∂∞X)◦ is isotopic to a
Lagrangian in X. This statement is invariant under deformation of the pair (X, X̄), as can
be seen from the “pushing by XI” argument from the proof of Lemma 2.6.
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By [26, Lemma 2.32], we may deform to the situation toX = X̄\(Rs≥0×R|t|≤1×F0)◦ ⊆ X̄.
In local coordinates Rs≥0 × R|t|≤1 × F0, the Liouville form is given by es(dt − λ), which is
preserved by the vector field − ∂

∂s
+ t ∂

∂t
+ Zλ. Extending this vector field arbitrarily to a

Hamiltonian vector field linear at infinity on X̄, we see that it pushes any Lagrangian in X̄
with boundary disjoint from R|t|≤1 × F0 into X.

Corollary 2.11. Let X ↪→ X̄ ←↩ F × CRe≥0 be the inclusion of a Liouville sector into its
convex completion and the complement. The natural functors

W(X)
∼−→W(X̄, ∂∞(F × CRe≥0))

∼−→W(X̄, F0)
∼−→W(X̄, f) (2.15)

are quasi-equivalences, where f = cF ⊆ F = F × {∞} ⊆ F × ∂∞CRe≥0 ⊆ ∂∞(F × CRe≥0) ⊆
∂∞X̄.

Proof. The first equivalence is just Lemma 2.10. The second two equivalences follow from
Lemmas 2.7 and 2.8 since ∂∞(F × CRe≥0) can be deformed down to either F0 or f through
codimension zero submanifolds with convex boundary by [26, Lemma 2.18].

Proof of Theorem 1.4. By passing to the convex completion and appealing to Lemma 2.10,
it suffices to treat the case when X is a Liouville manifold.

The hypothesis on {ft}t∈[0,1] is equivalent to the existence of contact vector fields Vt
on ∂∞X \ ft, varying smoothly in t, such that the flow of Vt defines a contactomorphism
∂∞X \ f0 → ∂∞X \ f1. Using this contact isotopy at infinity to define isotopies of exact
cylindrical Lagrangians, we obtain at least an identification of the objects of W(X, f0) with
the objects of W(X, f1).

We lift this contact isotopy at infinity to a Hamiltonian symplectomorphism Φ : X → X
as follows. Fix a sequence of smooth contact vector fields V 1

t , V
2
t , . . . on ∂∞X which agree

with Vt away from smaller and smaller neighborhoods of
⋃
t∈[0,1]{t} × ft. Let Φ1

t : X → X

(t ∈ [0, 1]) be any Hamiltonian isotopy which agrees with V 1
t at infinity. Iteratively define

Φi
t : X → X by modifying Φi−1

t to agree with V i
t near infinity. By performing these successive

modifications in smaller and smaller neighborhoods of
⋃
t∈[0,1]{t}×ft (further and further out

at infinity), we ensure that Φi
t converges to a Hamiltonian isotopy Φt : X → X as i→∞, in

the sense that Φi
t eventually agrees with Φt over the complement of any fixed neighborhood

of
⋃
t∈[0,1]{t} × ft. We define Φ := Φ1 : X → X to be the resulting time one flow map.

We will construct an A∞-functor

W(X, f0)→W(X, f1) (2.16)

which is, morally speaking, given by pushing forward under Φ. Taken literally, this does not
make sense since Φ is not cylindrical at infinity, though note that Φ does at least send exact
cylindrical Lagrangians disjoint from f0 to exact cylindrical Lagrangians disjoint from f1.

To begin the construction of (2.16), let us define canonical isomorphisms

HF •(L,K) = HF •(ΦL,ΦK) (2.17)

for exact cylindrical Lagrangians L,K ⊆ X disjoint from f0 at infinity. The group HF •(L,K)
may be viewed equivalently as the Floer cohomology of ΦL and ΦK with respect to Φ∗ of a
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cylindrical at infinity almost complex structure. Thus the point of the isomorphism (2.17) is
to compare the Floer cohomology of ΦL and ΦK defined via almost complex structures cylin-
drical at infinity with that defined via almost complex structures which are Φ∗ of cylindrical
at infinity. To make this comparison, fix a choice of cylindrical almost complex structure
J , and let J ′ denote a modification of Φ∗J taking place far out near infinity to make it
cylindrical. It suffices to show that the holomorphic curves contributing to the differen-
tials of the complexes CF •(ΦL,ΦK; Φ∗J) and CF •(ΦL,ΦK; J ′) lie entirely within the large
compact subset of X over which J ′ = Φ∗J (as long as this compact set is sufficiently large
in terms of J). To bound the holomorphic curves contributing to CF •(ΦL,ΦK; Φ∗J) and
CF •(ΦL,ΦK; J ′) away from infinity, we examine the proof [26, Proposition 3.19] guarantee-
ing the moduli spaces of such disks are compact. We observe that there is a lower bound on
the distance between ΦL and ΦK (with respect to either Φ∗J or J ′) away from the union
C := {a fixed compact subset of X} ∪ {the complement of the much larger compact subset
over which Φ∗J = J ′}. Therefore the proof of [26, Proposition 3.19] produces an N < ∞
such that for every interval I of length > N and every holomorphic map contributing to the
differential in either CF •(ΦL,ΦK; Φ∗J) or CF •(ΦL,ΦK; J ′), there is a point in I × [0, 1]
which is mapped to C. On the other hand, the subsequent monotonicity argument from
the proof of [26, Proposition 3.19] shows that in fact this point cannot be mapped to the
complement of the large compact subset where Φ∗J = J ′, since there is not enough energy
for u to cross the complement of C in order to return to the compact subset of X containing
the intersections of ΦL and ΦK. This proves (2.17).

The proof of the isomorphisms (2.17) extends immediately to show that these isomor-
phisms respect Floer composition (after possibly increasing the compact subset over which
J ′ = Φ∗J). It follows that they also respect continuation elements, and hence induce iso-
morphisms on wrapped Floer cohomology HF •(L,K)X,f0 = HF •(ΦL,ΦK)X,f1 as well. This
defines an equivalence of cohomology categories H•W(X, f0) = H•W(X, f1).

We now lift this equivalence of cohomology categories to an A∞-functor (2.16). Choose
posets of Lagrangians O0 and O1 as in §2.3 away from f0 and f1, respectively. By choosing
these Lagrangians generically, we ensure that for every pair of tuples Kk > · · · > K0 ∈ O1 and
L0 > · · · > L` ∈ O0, the collection of Lagrangians (Kk, . . . , K0,ΦL0, . . . ,ΦL`) is mutually
transverse. Denote by C0 and C1 the respective collections of continuation morphisms. Thus
Wi := W(X, fi) := Oi[C

−1
i ] for i = 0, 1, and our goal is to construct a functor W0 →W1.

We define an (O1,O0)-bimodule B by counting holomorphic strips up to translation as
in Figure 3, for Kk > · · · > K0 ∈ O1 and L0 > · · · > L` ∈ O0, with respect to compatible
families of almost complex structures

JKk,...,K0,L0,...,L` : Sk+`+1,1 → J(X) (2.18)

(s-invariant in the thin parts of the domain, as always) defined as follows. We require that
the negative strip-like coordinates (2.11) for O0 and O1 extend as in [26, Equation (5.7)]
and that on the bimodule domain strips, we use the tautological strip-like coordinates at
s = ±∞ (these assumptions ensure that the gluing maps on the bimodule domain strips
respect the global (s, t)-coordinates). To state the conditions we impose on the almost
complex structures (2.18), let C denote the bimodule domain strip (identified with R× [0, 1]
up to R-translation) and let Nr ⊆ C denote the closed r-neighborhood of the marked points
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Kk

K0ΦL0

ΦL`

Figure 3: The domain for defining the bimodule B.

on the left of the strip (i.e. those mapping to intersection points Φ(Li ∩ Li+1)) with respect
to the Riemannian metric ds2 + dt2. The almost complex structures (2.18) are required to
satisfy the following conditions:

(i) Over C \N 4
5
, we require the almost complex structures to be cylindrical at infinity.

(ii) Over N◦1
5

, we require the almost complex structures to be Φ∗ of cylindrical at infinity.

(iii) Fix once and for all an exhaustion

K1 ⊆ U1 ⊆ K2 ⊆ U2 ⊆ · · · ⊆ X (2.19)

with Ui open and Ki compact, such that

inf
i
d(X \ U2i, K2i) > 0, (2.20)

inf
i
d(X \ Φ−1(U2i+1),Φ−1(K2i+1)) > 0, (2.21)

where distance is with respect to a cylindrical metric g, meaning LZg = g near infinity
(such an exhaustion is trivial to construct by completeness of g). Over (C \ N 2

5
) ×⋃

i(U2i \K2i), we require the almost complex structures to agree (away from a compact
subset of X) with a family of cylindrical at infinity almost complex structures. Over
N◦3

5

×
⋃
i(U2i+1 \K2i+1), we require them to agree (away from a compact subset of X)

with Φ∗ of a family of cylindrical at infinity almost complex structures.

By choosing these almost complex structures generically, we can ensure that the moduli
spaces of strips are cut out transversally.

To prove that the moduli spaces of such (stable) strips are compact, we follow the strategy
used in [26, Propositions 3.19 and 4.23] based on ideas of Groman [31]. By standard Gromov
compactness, it suffices to show that there exists a compact subset of X containing the images
of all stable holomorphic maps with specified boundary conditions (but allowing arbitrary
pre-stable domain). We decompose the domain of a given stable holomorphic map into
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the thin parts consisting of finite, semi-infinite, or infinite strips identified with I × [0, 1]
(I ⊆ R an interval) and the thick parts consisting of the complement of the thin parts. The
thin parts are by definition a neighborhood of the fiberwise nodes/punctures/marked points
of the universal curve over Sk+`+1,1 (more precisely, they are the inverse image of such a
neighborhood inside the pre-stable domain curve under its canonical stabilization map to
the universal stable curve). We equip a given domain curve with a Riemannian metric which
in the thin parts equals ds2 + dt2 (with respect to the coordinates I × [0, 1]) and in the thick
parts has bounded geometry. In each component of the thin part I × [0, 1], the Lagrangian
boundary conditions on I × ∂[0, 1] are constant, and the almost complex structures (2.18)
are s-invariant. Furthermore, in each such component of the thin part, these Lagrangian
boundary conditions and almost complex structures are either both cylindrical at infinity or
Φ∗ of cylindrical at infinity. Thus [26, Proof of Proposition 3.19] provides an N < ∞ and
a compact subset K ⊆ X (both depending on the Lagrangian boundary conditions of the
stable strip) such that in each subinterval of I of length ≥ N , there exists a point which is
mapped into K by u. We have thus shown above that every point of C is within bounded
distance of a point which is mapped by u into a fixed compact subset of X. Hence it suffices
to show that for every small ball B2ε(p) ⊆ C, the image u(Bε(p)) ⊆ X is bounded away
from infinity in terms of u(p). To show this, we apply monotonicity estimates to the graph
of u inside B2ε(p)×X. Over N◦1

5

∪ (C \N 4
5
), the almost complex structures (2.18) give rise

to bounded Kähler geometry on this product [26, Lemma 2.44], and the result follows. For
general points of C, simply note that boundedness of geometry of B2ε(p)×X over infinitely
many “shells” U2i \K2i or U2i+1 \K2i+1 is sufficient for this argument to work, and this is
precisely what we have assumed about our almost complex structures. This completes the
proof of compactness, and hence also the definition of the (O1,O0)-bimodule B.

We now study the (O1,O0)-bimodule B. First observe that for every L ∈ O0, there is an
isomorphism of O1-modules

B(−, L) = CF •(−,ΦL). (2.22)

Indeed, the domains defining the structure maps for B(−, L) have no boundary marked
points on the left, and hence the almost complex structures (2.18) are everywhere cylindrical
at infinity. Next, let us construct a homotopy between the two compositions in the diagram
of O1-modules

CF •(−,ΦL)⊗ CF •(ΦL,ΦK) CF •(−,ΦK)

B(−, L)⊗ CF •(L,K) B(−, K).

µ2

(2.22)⊗(2.17) (2.22)

µ1|1

(2.23)

Of course, the isomorphism (2.17) was only an isomorphism of homology groups, so we
should first say what we mean by the map CF •(ΦL,ΦK) → CF •(L,K) above. We define
this map as a continuation map counting strips R× [0, 1] which are holomorphic with respect
to almost complex structures which (1) are cylindrical at infinity for s ≥ 2, (2) are Φ∗ of
cylindrical at infinity for s ≤ −2, (3) agree over {s ≥ −1} ×

⋃
i(U2i \ K2i) (minus some

compact subset of X) with cylindrical at infinity almost complex structures, and (4) agree
over {s ≤ 1} ×

⋃
i(U2i+1 \K2i+1) (minus some compact subset of X) with Φ∗ of cylindrical
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at infinity almost complex structures. This continuation map agrees on homology with the
isomorphisms (2.17), since we can just take our family of almost complex structures to be
independent of s over a large enough compact subset of X to contain all holomorphic curves.
We may now define the homotopy between the two compositions in (2.23) by the family
of domain curves illustrated in Figure 4. The domain on the left of Figure 4 defines the
composition µ1|1 ◦ ((2.22) ⊗ (2.17)), and the domain on the right defines the composition
(2.22) ◦ µ2. The striped regions indicate the interface between the regions where the almost
complex structures are cylindrical at infinity and Φ∗ of cylindrical at infinity.

A0 ∈ O1

Aa ∈ O1

ΦL

ΦK

A0 ∈ O1

Aa ∈ O1

ΦL

ΦK

A0 ∈ O1

Aa ∈ O1

ΦL

ΦK

Figure 4: The family of domains defining the homotopy between the two compositions in
(2.23).

Based on the properties of the (O1,O0)-bimodule B established above, we now argue that
the functor

W0 → ModW1 (2.24)

L 7→ C−1
1
BC−1

0
(−, L) (2.25)

lands in the essential image of the Yoneda embedding W1 ↪→ ModW1 (see Lemma A.1) and
hence, up to inverting quasi-equivalences, defines a functor W0 → W1, which we will argue
lifts the equivalence of cohomology categories constructed at the very beginning of the proof.

Fix L ∈ O0, and let us show that the W1-module C−1
1
BC−1

0
(−, L) is representable. Ac-

cording to [26, Corollary 3.38], the cohomology of the localization of the O1-module B(−, L)
on the left by C1 is calculated by taking the direct limit over wrapping in O1. In view of the
isomorphism (2.22), we deduce an isomorphism of H•W1-modules

H•C−1
1
B(−, L) = HW •(−,ΦL). (2.26)

Furthermore, by commutativity of (2.23), these identifications over all L respect the nat-
ural multiplication on the right by HF •(L,K) = HF •(ΦL,ΦK). In particular, it follows
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that C−1
1
B is C0-local on the right, so the map C−1

1
B(−, L) → C−1

1
BC−1

0
(−, L) is a quasi-

isomorphism by [26, Lemma 3.13]. Hence for every L ∈W0, the W1-module C−1
1
BC−1

0
(−, L) is

quasi-isomorphic to C−1
1
B(−, L) which in turn is quasi-isomorphic to C−1

1
CF •(−,ΦL) (in fact

strictly isomorphic under the definition above). On the other hand, C−1
1
CF •(−,ΦL) by defi-

nition is the representable (i.e., Yoneda) module W1(−,ΦL), so we conclude C−1
1
BC−1

0
(−, L)

is represented by ΦL. Hence the functor C−1
1
BC−1

0
: W0 → ModW1 from (2.24) above lands

in the image of the Yoneda embedding and thus by the Yoneda Lemma A.1 defines (up to
inverting quasi-equivalences) our functor W0 →W1.

It remains to show that this functor W0 → W1 induces the natural isomorphisms on
cohomology constructed at the beginning of the proof. To calculate the image of a given
class in HF •(L,K) under the functor defined by the localized bimodule C−1

1
BC−1

0
, we should

consider the map of W1-modules C−1
1
BC−1

0
(−, L) ⊗ CF •(L,K) → C−1

1
BC−1

0
(−, K). Under

the quasi-isomorphism between C−1
1
BC−1

0
(−, L) and C−1

1
CF •(−,ΦL) explained above, this

corresponds (in view of (2.23)) to the usual multiplication C−1
1
CF •(−,ΦL)⊗ CF •(L,K)→

C−1
1
CF •(−,ΦK). This usual multiplication map is also by definition the action of the Yoneda

functor on morphism spaces CF •(ΦL,ΦK)→ HomModW1
(C−1

1
CF •(−,ΦL), C−1

1
CF •(−,ΦK)),

so we are done.

Example 2.12. Let us show that if Ft ⊆ (∂∞X)◦ is a deformation of Liouville hypersurfaces
then the family of their cores ft satisfies the hypothesis of Theorem 1.4 (though note that in
this case the conclusion of Theorem 1.4 follows much more easily from Corollary 2.11 and
Lemma 2.6; the whole point of Theorem 1.4 is that verifying its hypothesis for a given family
of stops ft is supposed to be easier than producing a corresponding family of ribbons Ft). To
see that the complement is a locally trivial bundle of contact manifolds, write a neighborhood
of Ft in local coordinates (Rz × Ft, dz + λt), and observe that there is a contact vector field
Wt := −z∂z − Zλt which is complete in the positive direction. There thus exists a smooth
trivialization of the complement of

⋃
t∈[0,1]{t} × ft ⊆ [0, 1]× (∂∞X)◦ which is standard near

∂(∂∞X) and which preserves Wt near ft. With respect to this trivialization, we thus have
a family of contact structures ξt on a manifold-with-boundary M , such that ξt is constant
near ∂M , and ξt is W -invariant near infinity for a fixed vector field W giving M a complete
cylindrical structure near infinity. Recall that for any deformation of contact structures ξt
on a manifold M , there exists a unique family of vector fields Vt satisfying LVtξt = ∂tξt and
Vt ∈ ξt. If the flow of Vt is complete, then this provides an isotopy Φt : M → M with
Φ∗t ξt = ξ0. In our particular example, Vt vanishes near ∂M since ξt is constant there, and
Vt is W -invariant near infinity since ξt is W -invariant there. These two conditions clearly
imply the flow of Vt is complete, thus concluding the proof.

3 Lagrangian linking disks and surgery at infinity

The purpose of this section is to introduce and perform some basic manipulations with the
Lagrangian cobordisms we are interested in, namely the small Lagrangian linking disks and
the relatively non-exact embedded Lagrangian 1-handle. Our definitions of and reasoning
about Lagrangian submanifolds of symplectizations will be given primarily in terms of the
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front projections of their Legendrian lifts, however we will also give descriptions in terms of
Weinstein handles in some cases.

In particular, we give a careful account of the higher-dimensional version of the following
series of pictures:

Λ

D L
Lw

Λ Λ

L#D

The picture on the left illustrates the small Lagrangian disk D linking a Legendrian sub-
manifold Λ at infinity. The picture in the middle illustrates the result L#D of attaching a
relatively non-exact Lagrangian 1-handle along a short Reeb chord from a given Lagrangian
L to D. The picture on the right illustrates the result Lw of positively isotoping L through
Λ, which evidently is isotopic to L#D.

3.1 Front projections

Figure 5: Left: the front projection of the standard Legendrian unknot in contact R3 =
R × T ∗R. Right: the front projection of the standard Legendrian unknot in contact R5 =
R× T ∗R2, obtained by spinning the picture on the left.

A function f : M → R gives rise to its graph Γf inside Rz × M as well as to the
graph Γ(f,df) of (f, df) inside (Rz × T ∗M,dz − λT ∗M), which is Legendrian. The projection
Rz × T ∗M → Rz × M is called the front projection, and we can represent Legendrian
submanifolds of Rz × T ∗M by drawing their front projection in Rz ×M . For example, Γf is
the front projection of the Legendrian Γ(f,df).

Unlike the case of the graph as just mentioned, usually this front has singularities, as in
Figure 5. The part of the front which is locally the graph of a smooth function lifts uniquely
to a smooth Legendrian. The fronts we draw in this paper all have the property that taking
the closure of the lift of the smooth locally graphical part recovers the original Legendrian.

An exact Lagrangian submanifold L ⊆ (T ∗M,λT ∗M) lifts to a Legendrian submanifold
of (Rz × T ∗M,dz − λT ∗M), and a choice of lift is equivalent (via taking the z-coordinate)
to a choice of function g : L → R satisfying dg = λT ∗M |L. We may thus represent a pair
(L, g) ⊆ (T ∗M,λT ∗M) by drawing its front projection in Rz ×M .
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To represent exact Lagrangian submanifolds of symplectizations via a front projection,
we consider the following setup. We consider the cotangent bundle T ∗(Rs ×M) equipped
with the Liouville vector field Zcyl defined by adding to ZT ∗M the canonical Hamiltonian lift
of the vector field ∂

∂s
on the base Rs ×M (denote by λcyl the associated Liouville form). In

coordinates T ∗(Rs ×M) = Rt × Rs × T ∗M , we have

λT ∗(Rs×M) = λT ∗M + t ds, (3.1)

λcyl = λT ∗M + t ds− dt. (3.2)

Now (T ∗(Rs ×M), Zcyl) is the symplectization of the contact type hypersurface {s = 0} =
Rt × T ∗M , over which the Liouville form λcyl restricts to the contact form

−dt+ λT ∗M . (3.3)

We represent exact Lagrangians L ⊆ T ∗(Rs×M) via their front projection inside Rz×Rs×M
(note that a Lagrangian submanifold L ⊆ T ∗(Rs × M) is exact with respect to λcyl iff
it is exact with respect to λT ∗(Rs×M)). If such a front projection is given locally by the
graph of a function g : Rs × M → Rz, then g is the primitive of λT ∗(Rs×M), and f =
g− ∂sg is the primitive of λcyl. In particular, the Lagrangian L ⊆ T ∗(Rs ×M) is cylindrical
precisely where g = esh + const for some function h : M → R. A Legendrian submanifold
Λ ⊆ (Rt × T ∗M,−dt + λT ∗M) gives rise to a cylindrical Lagrangian in its symplectization
(T ∗(Rs ×M), Zcyl). In terms of front projections, this corresponds to taking a front inside
Rt ×M and setting z = est+ const to obtain a front inside Rz × Rs ×M (representing the
cylinder over the original Legendrian equipped with the primitive f ≡ const), see Figure 6
(for ease of illustration, we will use the coordinate r = es in place of s in figures).

Figure 6: Below: the front projection inside Rz × Rr ×M of the cylinder over the standard
Legendrian unknot. Above: cross-sections r = const of the same.

It is important to know when a front projection in Rz×Rs×M corresponds to an embedded
Lagrangian (rather than just an immersed Lagrangian). This holds, of course, whenever the
Legendrian lift has no Reeb chords, in other words whenever the front projection has no
common tangencies with any of its vertical translates (other than itself). Note that this is
always the case for a front in Rz×Rs×M obtained as es times a front in Rt×M representing
an embedded Legendrian.
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3.2 Weinstein handles

We recall the basics of Weinstein handles. Weinstein handles were introduced by Weinstein
[45], motivated by the construction of Stein structures due to Eliashberg [20] and work
of Gromov–Eliashberg [24]. The connection between Weinstein and Stein structures was
developed fully by Cieliebak–Eliashberg [15]. Our present perspective, however, is purely
symplectic.

A Weinstein k-handle of dimension 2n (0 ≤ k ≤ n) is a germ of a Liouville cobordism
near a point p at which Z vanishes and in a neighborhood of which Z is gradient-like for a
function φ having a Morse critical point of index k at p. The standard Weinstein k-handle
is (the germ near zero of)

(Xk, ωk, Zk) :=

(
R2k × R2(n−k), ωstd,

k∑
i=1

1

2
(−xi∂xi + 3yi∂yi) +

n−k∑
j=1

1

2
(x′j∂x′j + y′j∂y′j)

)
.

(3.4)
A general Weinstein k-handle need not be locally modelled on this standard Weinstein k-
handle, however it can always be canonically deformed to it [30, Proof of Lemma 6.6].
The fundamentals of Morse theory (reordering of critical values, handle cancellation, handle
slides, etc.) for Weinstein handles were developed by Cieliebak–Eliashberg [15].

Coupled Weinstein handles were introduced more recently by Eliashberg–Ganatra–Lazarev
[23]. A coupled Weinstein (k, `)-handle (0 ≤ ` ≤ k ≤ n) is a Weinstein k-handle together
with a (germ of) Lagrangian submanifold L passing through p such that Z is tangent to L
and the restriction of φ to L has a Morse critical point of index `. The standard coupled
Weinstein (k, `)-handle is given by

(Xk, ωk, Zk, Lk,` := {y1 = · · · = y` = x`+1 = · · · = xk = 0 = y′1 = · · · = y′n−k}). (3.5)

Again, a general coupled Weinstein handle need not be locally modelled on the standard
coupled handle, but it can be canonically deformed to the standard one. Of course, there is
no reason to stop with just one Lagrangian—we could just as well consider (as we will later)
multiple Z-invariant Lagrangians passing through p on which the restriction of φ is Morse.

Dimitroglou Rizell [17, §4] introduced what we shall call an exact embedded Lagrangian
k-handle for 0 ≤ k < n. This consists of attaching a coupled Weinstein (k, k)-handle
followed by a Weinstein (k + 1)-handle, such that the pair cancel (as Weinstein handles),
so the result is an exact Lagrangian cobordism inside a trivial Liouville cobordism (i.e. a
symplectization). We will not appeal to this notion logically, but it provides relevant context
for the constructions of this section.

3.3 Small Legendrian linking spheres and Lagrangian linking disks

At any point p of a Legendrian submanifold Λ there is a small linking disk Sp defined by
the picture in Figure 7 (this is the picture inside contact 3-space, and the general case is
obtained by spinning). The picture takes place in a small Darboux chart around p in which
Λ is the horizontal line. The small Legendrian linking spheres Sp bound small Lagrangian
linking disks Dp in the symplectization obtained by modifying the cylinder R × Sp as in

37



Figure 7: The small linking sphere around a given point of a Legendrian submanifold (seven
views, related by Legendrian isotopy).

Figure 8: Below: the front projection inside Rz × Rr ×M of the small Lagrangian linking
disk. Above: cross-sections r = const of the same.

Figure 8. Note there are two possible interpretations of Figure 8, namely either as a filling
of the leftmost picture or the rightmost picture of Figure 7. The disks defined by these
two interpretations are canonically Lagrangian isotopic (this can be seen by extending the
Legendrian isotopy in Figure 7 in the natural way, or by comparing with the description in
terms of Weinstein handles given below).

The small Lagrangian linking disk Dp can be alternatively described as follows in terms
of coupled Weinstein handles (it is basically an exact embedded Lagrangian 0-handle in the
sense of §3.2). Let p ∈ Λ ⊆ Y be a (germ near the point p of a) Legendrian submanifold of a
contact manifold Y 2n−1. Let 0 ≤ ` < n, and attach to the pair (Y,Λ) a coupled (`, `)-handle
and a coupled (`+1, `+1)-handle which form a cancelling pair near p. At either such handle,
we can consider another Lagrangian passing through the critical point which is transverse
to Λ and on which the restriction of the Morse function has a critical point of index zero.
This gives a properly embedded Lagrangian Rn inside the symplectization of Y , and this
Lagrangian is our alternative definition of Dp.

To see that Dp does not depend on ` or on whether we take it over the (`, `)-handle
or over the (` + 1, ` + 1)-handle, argue as follows. We consider the cylindrical Lagrangian
L = SΛ ⊆ SY = X. We introduce a cancelling pair of coupled Weinstein handles of indices
(`, `) and (` + 1, ` + 1) on L. Locally, the model for this is as follows. The pair (X,L) is
locally modelled on

(T ∗(Rs × Λ),Rs × Λ, Zcyl = ZT ∗(Rs×Λ) + π∗∂s) (3.6)

as described in §3.1, where we now use π∗ to denote the canonical lift of vector fields on
Rs × Λ to Hamiltonian vector fields on T ∗(Rs × Λ). If we deform ∂s by introducing a pair
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of cancelling Morse handles of indices ` and `+ 1, the resulting deformation of Hamiltonian
lifts realizes the operation of introducing a cancelling pair of coupled Weinstein handles of
indices (`, `) and (`+ 1, `+ 1). (More precisely, for this to work we may need to work with
ε > 0 times this deformed vector field to ensure that Zcyl is indeed a Weinstein structure.)
In this description, the small Lagrangian linking disk Dp is simply the cotangent fiber over
one of the zeroes of the deformed vector field on Rs × Λ. When the critical points come
together and cancel, these two fibers also come together, thus showing that we can define
Dp as the fiber over either of them. To see that the disk Dp is independent of `, consider
adding cancelling Morse handles of indices `, ` + 1, ` + 1, ` + 2 to L (for example, using the
vector field (x2 + t1)∂t + (y2 + t2)∂y with t1, t2 < 0). These handles can be cancelled in two
ways, depending on which of the (` + 1)-handles cancels with the `-handle and which with
the (`+ 2)-handle (in the example, this corresponds to raising t1 to be positive or raising t2
to be positive). It follows that the cotangent fibers over each of these handles are all isotopic.
This shows that Dp is independent of `.

To see that the description of the small Lagrangian linking disk in terms of Weinstein
handles is indeed equivalent to the picture in Figure 8, argue as follows. We consider the
local model given above with ` = 0. Namely, we consider the Liouville vector field ZV on
T ∗(Rs×M) given by ZT ∗(Rs×Λ) plus the Hamiltonian lift of a vector field V on Rs×M which
is obtained from ∂s by a compactly supported perturbation (within the class of gradient-like
vector fields) which introduces a pair of cancelling zeroes of indices 0 and 1, as illustrated
in Figure 9. We suppose in addition that near the zero of index zero, V is locally smoothly
conjugate to 2

3

∑
i xi

∂
∂xi

, and hence ZV is given locally by 2
3

∑
i xi

∂
∂xi

+ 1
3

∑
i yi

∂
∂yi

. (This local
requirement on V is not compatible with the need, mentioned earlier, to replace V with
ε · V for small ε > 0 to ensure that ZV is Weinstein. So, to be precise, we must first choose
V , then scale it down to ε · V , and finally perform a local modification near the index zero
critical point to ensure the correct local form.)

Figure 9: The vector field V on Rs ×M with cancelling critical points of indices 0 and 1,
and the hypersurface H ⊆ Rs ×M .

Consider a hypersurface H ⊆ Rs × M passing through the index 0 zero of V , with
V tangent to H, and H non-compact only in the s = +∞ direction (see Figure 9). The
conormal N∗H is a ZV -invariant Lagrangian submanifold which intersects L = R×Λ cleanly
along H. A small transverse pushoff of N∗H to intersect R×Λ exactly once is precisely the
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small Lagrangian linking disk as described via Weinstein handles. To draw this transverse

pushoff, we first deform N∗H to Ñ∗H (which still intersects L cleanly along H) as follows.
The conormal N∗H is given in local coordinates by {x1 = 0 = y2 = · · · = yn}, and we

define Ñ∗H to be given in local coordinates by {x1 − y2
1 = 0 = y2 = · · · = yn} extended

globally by ZV -invariance (note that this locus is indeed locally invariant under ZV ). Now

the front projection of Ñ∗H is precisely the picture in Figure 8. Now the small Lagrangian
linking disk as described by Weinstein handles (which intersects L once transversally) is a

small perturbation of Ñ∗H (which intersects L cleanly along H). This perturbation may
be described as simply a small positive or negative pushoff via the Reeb vector field on the

local contact sphere near the zero of ZV . At infinity, the effect on Ñ∗H is the same, simply a
small positive or negative Reeb pushoff, which yields the same picture from Figure 8 except
now perturbed either up or down to coincide at infinity with either the far left or far left
picture from Figure 7, respectively.

3.4 Relatively non-exact embedded Lagrangian 1-handle

Λ1

Λ2

γ

Figure 10: Left: Two Legendrians Λ1 and Λ2 and a positive arc γ from Λ1 to Λ2. Right: The
connect sum Λ1#γΛ2. The relatively non-exact embedded Lagrangian 1-handle has negative
end Λ1 t Λ2 and positive end Λ1#γΛ2. (In higher dimensions, the picture is obtained by
spinning.)

Fix two disjoint Legendrians Λ1 and Λ2 inside a contact manifold Y and a Darboux
chart for Y with front projection as on the left of Figure 10, containing an obvious “short”
Reeb chord γ from Λ1 to Λ2. Given such data (compare also Remark 3.6), we define an
exact Lagrangian cobordism L ⊆ SY asymptotic at s = −∞ to Λ1 t Λ2 and asymptotic at
s = +∞ to the connect sum Λ1#γΛ2 (see Figure 10). Topologically, L is simply a 1-handle.

Remark 3.1. One cannot produce a Darboux chart as in Figure 10 from a general positive
arc γ : [0, 1] → Y from γ(0) ∈ Λ1 to γ(1) ∈ Λ2 together with a “framing” consisting of a
Lagrangian subbundle of γ∗ξ which coincides with TΛ1 at 0 and with TΛ2 at 1. Indeed, the
Maslov index of the framing must be sufficiently of a certain sign.

Remark 3.2. It is important to point out that the cobordism L is not “local” to a neighbor-
hood of γ, that is to say that outside the local picture in Figure 10, the cobordism L does
not coincide with the cylinder over Λ1 t Λ2. Rather, away from γ, the cobordism L is an
arbitrarily small (but necessarily nontrivial) perturbation of the cylinder over Λ1 t Λ2.
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Λ1

Λ2

γ

Figure 11: Construction of the relatively non-exact embedded Lagrangian 1-handle L. Each
row is the cross-sections {r = const} of a front inside Rz × Rr ×M .

Figure 12: Construction of the relatively non-exact embedded Lagrangian 1-handle L.

We define the relatively non-exact embedded Lagrangian 1-handle L by the illustrations
in Figures 11 and 12, which we explain in more detail below. As usual, we are consdering here
the front projection inside Rz ×Rr ×M to describe an exact Lagrangian inside T ∗(Rr ×M)
with a choice of primitive. Recall (from the discussion in §3.1) that the front of a Lagrangian
cobordism inside Rz×Rr×M is of the form esh+const near s = ±∞ (equivalently, of the form
rh+const near r = 0,∞) for h a front inside Rz×M representing the positive/negative ends
of the cobordism. Note that the apparent asymmetry between Λ1 and Λ2 in the illustrations
is only for ease of drawing.

The first line of Figure 11 and the left side of Figure 12 is simply (the cylinder over) a
standard neighborhood of the (framed) positive path γ from Λ1 (the concave front) to Λ2

(the horizontal front). Note the vertical coordinate is reversed in comparison with Figure
10 due to (3.3) being negative of the standard contact form on Rt × T ∗M . Recall that the
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primitive f is given by g−∂sg where g is the z-coordinate, so the primitive vanishes on both
components.

The second line of Figure 11 is obtained from the first line by performing a small isotopy
of the cylinder over Λ2. As a Lagrangian isotopy, this isotopy is fixed at s = ±∞, but as an
isotopy of the front projection, it is fixed only at s = +∞, because at s = −∞ the primitive
is shifted up by ε > 0. Note that this isotopy is not supported in the small neighborhood
of γ being illustrated, rather it is a small global perturbation of the cylinder over Λ2 (fixed
at s = ±∞). This extension may be defined by drawing the same picture in Rz × Rr × Λ2,
which describes a Weinstein neighborhood of Λ2. The remaining steps will take place entirely
inside the illustrated region.

The third line of Figure 11 is obtained from the second line by removing the part of the
picture where the concave curve lies above the flat curve. Note that the slopes of these two
curves differ where they intersect, so their Legendrian lifts (and their Lagrangian projections)
are in fact disjoint.

The fourth line of Figure 11 is obtained from the third line by a local modification near
the corners turning them into cusps which lift to smooth Legendrians/Lagrangians. The
resulting front is also illustrated on the right side of Figure 12.

It is straightforward to check that the Lagrangians represented by the above pictures are
indeed embedded (i.e. the Legendrians represented by each line have no Reeb chords).

Remark 3.3. Note that the primitive f : L→ R of λ|L satisfies

f |{−∞}×Λ2 > f |{−∞}×Λ1 (3.7)

(this is the origin of the term “relatively non-exact” used to describe L). The pair (L, f)
cannot be deformed to satisfy f |{−∞}×Λ2 = f |{−∞}×Λ1 . Indeed, if such a deformation were to
exist, then the proof of Proposition 1.30 would yield a direct sum decomposition L#γK =
L⊕K in the Fukaya category, and there are simple counterexamples to this statement.

Remark 3.4. The relatively non-exact embedded Lagrangian 1-handle should be contrasted
with the exact embedded Lagrangian k-handles recalled in §3.2. The latter are exact, local,
and their attachment does not alter the corresponding object of the Fukaya category (the
proof of Proposition 1.30 applies easily to show this).

Remark 3.5. Using the pictures above, one can check (though we will not use this fact) that
attaching a relatively non-exact embedded Lagrangian 1-handle followed by attaching an
exact embedded Lagrangian (n − 1)-handle can be alternatively described as wrapping Λ1

through Λ2 to create a single transverse double point and then resolving that double point
via Polterovich surgery.

Remark 3.6. The data necessary to define a relatively non-exact embedded Lagrangian 1-
handle can be equivalently formulated as follows. We begin with two Legendrians Λ◦1,Λ

◦
2 ⊆ Y

intersecting exactly once, cleanly. We perturb Λ◦1 in the negative direction to obtain Λ1, and
we perturb Λ◦2 in the positive direction to obtain Λ2. Near the intersection point Λ◦1 ∩ Λ◦2
there is now a Darboux chart of the requisite form as on the left of Figure 10.

In this formulation, the projection of the relatively non-exact embedded Lagrangian 1-
handle Y is now clearly contained in a small neighborhood of Λ◦1 ∪ Λ◦2, which (if Λ◦1 and Λ◦2
are compact) is the core of a Liouville hypersurface, namely the plumbing of their respective
cotangent bundles.
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3.5 Wrapping through a Legendrian

∂∞L

Λ

∂∞Dp

γ
∂∞L

w

Λ

Figure 13: The proof that ∂∞(L#γD) = ∂∞L
w.

Figure 14: The result of attaching a relatively non-exact Lagrangian 1-handle with a small
Lagrangian linking disk (with inverted vertical coordinate; compare with the sign of (3.3)).

Proof of Proposition 1.31. It is enough to consider a single local model.
Figure 13 proves the desired statement at the level of the contact boundary, namely

∂∞L
w = ∂∞(L#γDp). The left two diagrams in Figure 13 (related by Legendrian isotopy)

show the stop Λ, the boundary ∂∞L of our Lagrangian, the boundary ∂∞Dp of the linking
disk, and the positive arc γ along which we attach a relatively non-exact Lagrangian 1-
handle. The right two diagrams in Figure 13 (related by Legendrian isotopy) show the result
after attaching the 1-handle, which is evidently the same as is obtained by simply passing
∂∞L through Λ in the positive direction to obtain ∂∞L

w.
To show the full statement Lw = L#γDp, we also argue via picture. Combining Dp as

illustrated on the bottom of Figure 8 with the 1-handle as illustrated on the right of Figure
12, we obtain Figure 14 as an illustration of L#γDp. To explain further: the very “first”
(minimal r) cusp point in Figure 14 is the beginning of the linking disk, and slicing at a
slightly larger value of r produces the second front in Figure 13; the part above this slice
(larger r) is the 1-handle. Now we apply a parameterized Legendrian Reidemeister I move
to Figure 14 to obtain Lw.

4 Cobordism attachment and twisted complexes

The proof of Proposition 1.29 consists of two steps. First, we show in Lemma 4.1 the
desired quasi-isomorphism at the level of Yoneda modules over any finite poset of Lagrangians
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disjoint at infinity from the cobordism C. Then, we show, using the thinness hypothesis on
C and a direct limit argument, that testing against such finite posets is enough to ensure
quasi-isomorphism in the wrapped Fukaya category.

Lemma 4.1. Let (X, f) be a stopped Liouville sector, and let L1, . . . , Ln ⊆ X be disjoint exact
Lagrangians (disjoint from f at infinity) whose primitives vanish at infinity. Let C ⊆ S∂∞X
be an exact Lagrangian cobordism (disjoint from R× f) with negative end ∂∞L1t· · ·t∂∞Ln,
such that the primitive fC : C → R of λ|C satisfies

fC |∂∞L1 < · · · < fC |∂∞Ln , (4.1)

regarding ∂∞Li as the negative ends of C.
Let A be a finite poset of Lagrangians as in §2.3 which are disjoint from C at infinity,

and fix Floer data for {A > ∗} (i.e. the poset A union one additional object ∗ smaller than
everything in A), thus defining an A∞-category A together with A-modules CF •(−, L1),
. . . , CF •(−, Ln), and CF •(−,#C

i Li) (regarding ∗ as any of L1, . . . , Ln, or #C
i Li). For

sufficiently large translates of C, there is an isomorphism of A-modules

CF •(−,#C
i Li) = [CF •(−, L1)→ · · · → CF •(−, Ln)], (4.2)

where the right hand side denotes a twisted complex (
⊕n

i=1CF
•(−, Li),

∑
i<j Dij). Moreover,

the continuation maps between CF •(−,#C
i Li) induced by sufficiently small vertical transla-

tions of C respect the filtration induced by (4.2) and act as the identity on the associated
graded.

Before beginning the proof of Lemma 4.1, we clarify the meaning of #C
i Li and of trans-

lating C. Identify a neighborhood of infinity (i.e. the positive end) in the symplectization
S∂∞X with its image inside X under the canonical embedding. We translate the cobordism
C upwards towards infinity via the Liouville flow. For sufficiently large t ∈ R, the locus
where the translated-by-t cobordism Ct is cylindrical on its negative end will overlap with
the region where the Lagrangians Li are cylindrical on their positive ends, and we may glue
them using this common locus since by assumption ∂−∞C = ∂∞L1 t · · · t ∂∞Ln. We denote
the result of this gluing by Lt = #Ct

i Li to emphasize the dependence on t, which will play a
central role in what follows.

Proof. As t → ∞, the Lagrangian Lt coincides with
∐n

i=1 Li on larger and larger compact
subsets of X. To compare primitives, fix primitives fi : Li → R which vanish at infinity, and
fix a primitive fC : C → R. Let ci := fC |∂∞Li ∈ R, so we have c1 < · · · < cn. As we translate
C by the Liouville flow, these constants ci scale exponentially, that is fCt |∂∞Li = et ·ci. Hence
we may choose primitives fLt : Lt → R such that

fLt |Li = fi + et · ci, (4.3)

where by assumption c1 < · · · < cn.
We now consider the Floer theory of L1, . . . , Ln, and Lt with our fixed collection of

Lagrangians A. Because all A ∈ A are disjoint at infinity from C, we have (for sufficiently
large t <∞) natural identifications

A ∩ Lt =
n∐
i=1

A ∩ Li (4.4)

44



and thus isomorphisms of abelian groups

CF •(A,Lt) = CF •(A,L1)⊕ · · · ⊕ CF •(A,Ln). (4.5)

We now study how the A∞ operations interact with this direct sum decomposition. Con-
sider a Fukaya A∞ disk giving the A-module structure of CF •(−, Lt). Such a disk has one
boundary component mapping to Lt and the remaining boundary components mapping to
Lagrangians from our fixed collection A. In view of (4.4), the endpoints of the segment
labelled with Lt are mapped to intersections with some Li for i = 1, . . . , n. Let us label the
possible cases (i, j) for 1 ≤ i, j ≤ n as on the left side of Figure 16.

A B
Li

∅

Li LjA B
Lt

i > j

i = j

i < j

??

=


Figure 15: Possibilities for a Fukaya A∞ disk with boundary on Lt.

The energy of such disks can be calculated as a function of t using (4.3). In the case i < j,
we conclude that such disks cannot exist for t sufficiently large, since their energy would be
negative. In the case i = j, we conclude that the boundary component labelled with Lt

must be mapped entirely to Li = Lj for t sufficiently large. Indeed, the energy of such disks
is independent of t, and the proof of compactness of the moduli spaces of such disks [26,
Proposition 3.19] based on monotonicity produces an a priori C0-estimate depending only
on the energy (and on the geometry of the almost complex structures). Note that how large
t must be for this argument to work depends in particular on the actions of the intersections
of Li with the Lagrangians in A and between the Lagrangians in A in each other, and hence
we are using finiteness of A in a crucial way here. We draw no conclusions about the case
i > j (there can be many such disks). We summarize this discussion in Figure 15.

This identification of disks immediately gives the isomorphism of A-modules (4.2). The
same argument applies to justify the statement about continuation maps.

Proof of Proposition 1.29. Let O be a poset of Lagrangians as in §2.3 for defining the wrapped
Fukaya category, and fix Floer data for defining the O-modules of L and Li. Since C is thin,
we may assume that all Lagrangians in O are disjoint from C at infinity.

Fix a sequence t1 < t2 < · · · → ∞ and isotopies Ltr  Ltr+1 , thus defining a diagram of
O-modules

CF •(−, Lt1)
ψ1−→ CF •(−, Lt2)

ψ2−→ · · · . (4.6)

Let O1 ⊆ O2 ⊆ · · · ⊆ O be finite downward closed subposets with
⋃∞
r=1 Or = O such that

there are isomorphisms of Or-modules

CF •(−, Ltr) = [CF •(−, L1)→ · · · → CF •(−, Ln)] (4.7)
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and moreover that the continuation maps ψr restricted to Or respect the induced filtrations
and act as the identity on the associated graded. The existence of such a sequence tr and
subposets Or follows from Lemma 4.1.

The mapping telescope[
∞⊕
r=1

CF •(−, Ltr)
⊕

(idr −ψr)−−−−−−→
∞⊕
r=1

CF •(−, Ltr)

]
(4.8)

models the homotopy colimit of the sequence of O-modules (4.6). Since the maps in (4.6)
are all quasi-isomorphisms, the inclusion of the first term CF •(−, Lt1) into the mapping
telescope is a quasi-isomorphism.

We modify the mapping telescope as follows. Write jr : Or ↪→ O, and note that since
Or ⊆ O is downward closed, the restriction functor j∗r on modules has a left adjoint (jr)!

namely “extension by zero”. We consider now another mapping telescope[
∞⊕
r=1

(jr)!(jr)
∗CF •(−, Ltr)

⊕
(idr −ψr)−−−−−−→

∞⊕
r=1

(jr)!(jr)
∗CF •(−, Ltr)

]
, (4.9)

which includes tautologically into the original mapping telescope. Moreover, this inclusion
is a quasi-isomorphism. Indeed, this can be checked for each object of O individually. Each
such object is in Or for all sufficiently large r, which is enough.

The above discussion thus implies that the Yoneda module CF •(−, Lt1) is quasi-isomorphic
to the second mapping telescope (4.9) above. Now this second mapping telescope has, by
construction, a filtration whose subquotients are[

∞⊕
r=1

(jr)!(jr)
∗CF •(−, Li)

⊕
(idr − idr,r+1)−−−−−−−−−→

∞⊕
r=1

(jr)!(jr)
∗CF •(−, Li)

]
(4.10)

for i = 1, . . . , n. These subquotients are, by the same argument as above, quasi-isomorphic
to the Yoneda modules CF •(−, Li).

We have thus produced a (zig-zag of) quasi-isomorphism of O-modules

CF •(−, L) = [CF •(−, L1)→ · · · → CF •(−, Ln)]. (4.11)

To conclude, we just need to localize. Localizing on the left by the continuation morphisms
produces, in view of [26, Corollary 3.38], a quasi-isomorphism of W-modules

CW •(−, L) = [CW •(−, L1)→ · · · → CW •(−, Ln)]. (4.12)

In view of the Yoneda Lemma A.1 and Lemma A.2, this produces the desired quasi-isomorphism
(1.31).

Proof of Proposition 1.30. The relatively non-exact embedded Lagrangian 1-handle is thin
in the sense of Proposition 1.29 by Remark 3.6 and Lemma 2.2. Thus Proposition 1.29
produces an exact triangle

L→ K → L#γK
[1]−→, (4.13)
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and our task is to show that the map L → K can be taken to be (the morphism in the
wrapped Fukaya category corresponding to) the short Reeb chord γ.

Morally speaking, the reason one expects this to be true is that in the limit as the 1-
handle is pushed to infinity, the analysis of disks in Figure 15 should admit a strenghthening
illustrated in Figure 16 in that the count of disks in the remaining case (K,L) should coincide
with the count of disks with the segment labelled with L#γK replaced by two segments
labelled K and L separated by a puncture asymptotic at infinity to γ. This is, however,
purely motivation.

K L γ
A B

K

LA B

K

L

A B

KLA B

L#K

L#K

L#K

L#K

A B

K

L

A B

=

∅

=

=

K LA B!?
=

Figure 16: Possibilities for a Fukaya A∞ disk with boundary on L#γK.

Introduce a stop at a small negative pushoff of the plumbing of ∂∞L and ∂∞K (compare
Remark 3.6). Now consider testing the exact triangle (4.13) against Lw, a small positive
pushoff of L intersecting K exactly once, corresponding to γ. We obtain a long exact
sequence

HF •(Lw, L)→ HF •(Lw, K)→ HF •(Lw, L#γK)
[1]−→ (4.14)

(note that when any of L, K, or L#γK is wrapped backwards, it immediately falls into the
new stop, and hence HW • is HF •). The connecting homomorphism L→ K we are looking
for is thus simply the image in HF •(Lw, K) of the continuation element in HF •(Lw, L).
Now HF •(Lw, K) is freely generated by a single intersection point corresponding to γ. This
proves the desired result up to an unknown integer multiple.

To fix the unknown integer multiple, we test L, K, and L#γK against a small Lagrangian
disk D linking both L and K near γ (see Figure 17). Clearly HF •(D,L) = HF •(D,K) = Z
as both Floer complexes are generated by a single intersection point. On the other hand,
HF •(D,L#γK) = 0 since ∂∞D is unlinked with ∂∞(L#γK) and hence D can be disjoined
from L#γK (keeping boundaries at infinity disjoint). By introducing an auxiliary stop at a
small positive Reeb pushoff of ∂∞D, these three HF • groups are in fact HW • (because ∂∞D
falls immediately into the stop, and this wrapping is cofinal by Lemma 2.1). It follows that
the connecting homomorphism in HW •(L,K) indeed equals ±γ in the category with the
auxiliary stop, and this implies the same in the category without the auxiliary stop simply
by pushing forward.
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∂∞L

∂∞K

γ

∂∞D ∂∞D

∂∞(L#γK)

Figure 17: Left: The contact boundary of L and K, together with the small Lagrangian disk
D linking both of them. Right: The contact boundary of L#γK, which is evidently unlinked
from D. (In higher dimensions, the picture is obtained by spinning.)

Proof of Theorem 1.9. Propositions 1.30 and 1.31 combine to show thatD is quasi-isomorphic
to the cone on some morphism a : Lw → L, and our goal is to show that this morphism can
be taken to be the continuation morphism Lw → L. Introduce a stop at a small positive
pushoff of ∂∞L

w, and consider testing the exact triangle (in the wrapped Fukaya category
with this additional stop) against a smaller positive pushoff Lww of Lw. Since wrapping of
Lww is completely stopped by the additional stop, this yields an exact triangle

HF •(Lww, Lw)
·a−→ HF •(Lww, L)→ HF •(Lww, Dp)

[1]−→ . (4.15)

Since HF •(Lww, Dp) = 0 (they are disjoint), we conclude that multiplication by a is an
isomorphism. Now the groups HF •(Lww, Lw) and HF •(Lww, L) are canonically isomorphic,
and we may simply write them as HF •(L+, L), the Floer cohomology of L with an unspecified
small positive pushoff L+ thereof (see [26, §3.3]). This group HF •(L+, L) is an algebra with
respect to Floer composition. Since multiplication by a ∈ HF •(L+, L) is an isomorphism
on HF •(L+, L), we conclude that a ∈ HF •(L+, L) is a unit. Now the quasi-isomorphism
type of the cone [Lw

a−→ L] is unchanged by multiplying a by a unit in either HW •(Lw, Lw)
or HW •(L,L). Thus if a ∈ HF •(L+, L) is a unit, we may replace a with the identity
1L ∈ HF •(L+, L) which is by definition the continuation element of HF •(Lw, L).

5 Stop removal

Proof of Theorem 1.16. The functor W(X, g)→W(X, f) is essentially surjective by general
position. Indeed, it is enough to prove that every Legendrian inside ∂∞X disjoint from f is
isotopic to one disjoint from g, and this is a special case of the first part of Lemma 2.2 (note
the differing notation).

At any point of (g \ f)crit, there is a small linking disk D ∈W(X, g). We claim that such
linking disks become zero objects in W(X, f). To see this, note that each such disk D is
contained in a small neighborhood of a point of ∂∞X \ f, and hence every Lagrangian L has
a cofinal sequence of wrappings which are disjoint from D. (Alternatively, one could argue
that D has a cofinal sequence of wrappings disjoint from any fixed L, or one could argue
that D is contained in a halfspace CRe≥0 × Cn−1 and appeal to Corollary 7.2.)
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Denoting by D ⊆W(X, g) the full subcategory of such linking disks, the functor W(X, g)→
W(X, f) thus induces a functor

W(X, g)/D→W(X, f). (5.1)

To show full faithfulness of (5.1), we begin with the observation that

W(X, g)/C→W(X, f) (5.2)

is fully faithful, where C denotes the collection of cones of continuation morphisms Lw → L
for all positive wrappings L Lw disjoint from f, with L and Lw disjoint from g. The proof
that (5.2) is fully faithful is essentially same as the proof that the localization construction
in §2.3 yields wrapped Floer cohomology [26, Lemma 3.37]. Given any L disjoint from g,
choose a sequence of wrappings L = L(0)  L(1)  · · · in the complement of f. By general
position we may assume that each L(i) is disjoint from g (though of course the isotopies
L(i)  L(i+1) will in general pass through g \ f). We have

lim−→
i

HW •(L(i), K)(X,g) = HW •(L,K)(X,f). (5.3)

Since multiplication by a continuation element induces an isomorphism on wrapped Floer
cohomology, we conclude that the pro-object · · · → L(1) → L(0) in W(X, g) is left C-local in
the sense of [26, Lemma 3.16]. We now consider

H•(W(X, g)/C)(L,K)
∼−→ lim−→

i

H•(W(X, g)/C)(L(i), K)
∼←− lim−→

i

H•W(X, g)(L(i), K) (5.4)

The first map is an isomorphism since each cone L(i+1) → L(i) is in C [26, Lemma 3.12], and
the second map is an isomorphism since the pro-object · · · → L(1) → L(0) is left C-local [26,
Lemma 3.16]. Now the sequence (5.4) maps to the corresponding sequence with W(X, f).
In this latter sequence the maps are also isomorphims, and the rightmost vertical map is
obviously an isomorphism. We conclude that (5.2) is fully faithful.

The above argument can be refined somewhat to reduce the number of cones C needing to
be considered. When wrapping a given Lagrangian L away from f, we can ensure by general
position (Lemma 2.3) that L remains disjoint from g except for a discrete set of times when
∂∞L passes through (g \ f)crit transversally at a single point. It is thus enough to take C

to consist of cones of continuation morphisms Lw → L where Lw is obtained from L by a
positive wrapping L  Lw which intersects g \ f only by passing through transversely at
a single point of (g \ f)crit. Hence to show full faithfulness of (5.1), it is enough to apply
the wrapping exact triangle Theorem 1.9 to conclude that each such cone Lw → L is quasi-
isomorphic in W(X, g) to the linking disk D at the point where the wrapping L Lw passes
through (g \ f)crit.

6 Künneth embedding

6.1 Products of Liouville sectors and stopped Liouville manifolds

We begin with a general discussion of products of Liouville sectors and products of stopped
Liouville manifolds. We then compare these two product operations, arguing that the prod-
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uct of Liouville sectors is a special case of the product of stopped Liouville manifolds. Note
that we do not discuss products of stopped Liouville sectors.

A product of Liouville sectors is again a Liouville sector [26, Lemma 2.21], modulo the
following two technicalities. First, in order to guarantee that the Liouville vector field on
the product is tangent to the boundary near infinity, we must assume that the Liouville
vector fields on each of the factors are everywhere tangent to the boundary. This can always
be achieved by a canonical deformation [26, Lemma 2.11 and Proposition 2.28]. Second,
a product of Liouville sectors is an exact symplectic manifold-with-corners, cylindrical at
infinity, and it is a Liouville sector in the generalized sense that there exists I : Nbd ∂X → R
linear at infinity for which XI is outward pointing with respect to every boundary face
incident at any given point of the boundary. It follows that any sufficiently small smoothing
of the corners produces a Liouville sector in the usual sense [26, Remark 2.12]. Note that
the operation of product interacts well with deformations of Liouville sectors.

Given two stopped Liouville manifolds (X, f) and (Y, g), their product is defined to be

(X, f)× (Y, g) := (X × Y, (f× cY ) ∪ (f× g× R) ∪ (cX × g)). (6.1)

To interpret the stop on X×Y , recall that ∂∞(X×Y ) is covered by ∂∞X×Y and X×∂∞Y ,
which overlap over ∂∞X × ∂∞Y × R. Note that the product stop can change drastically as
the Liouville forms on X and Y are deformed or as the stops f and g undergo ambient contact
isotopy (or the sort of deformation appearing in Theorem 1.4 and Lemmas 2.7 and 2.8).

We now compare the product of Liouville sectors with the product of stopped Liouville
manifolds. Let X and Y be Liouville sectors, and let X̄ and Ȳ denote their convex com-
pletions. We may, after possibly deforming X and Y , assume that we have very precise
coordinates on the ends of these convex completions, namely of the form

F × (T ∗R≥0, ZT ∗R≥0
+ π∗ϕ(s1)∂s1)→ X̄ X = X̄ \ (F × T ∗R>1), (6.2)

G× (T ∗R≥0, ZT ∗R≥0
+ π∗ϕ(s2)∂s2)→ Ȳ Y = Ȳ \ (G× T ∗R>1), (6.3)

where F and G are Liouville manifolds, π∗ denotes the lift from vector fields on R to Hamil-
tonian vector fields on T ∗R, and ϕ : R → [0, 1] is smooth and satisfies ϕ(s) = 0 for s ≤ 2
and ϕ(s) = 1 for s ≥ 3. The product X̄ × Ȳ is thus equipped with a chart of the form

F ×G× (T ∗R2
≥0, ZT ∗R2

≥0
+ π∗[ϕ(s1)∂s1 + ϕ(s2)∂s2 ])→ X̄ × Ȳ . (6.4)

Now as illustrated in Figure 18, the vector field ϕ(s1)∂s1 +ϕ(s2)∂s2 may be deformed over a
compact subset of the interior of R2

≥0 to a vector field of the form ϕ(s)∂s for some coordinates
(s, θ) on R2

≥0 \ {(0, 0)}. The locus s ≤ 1 in this deformation is thus a smoothing (X × Y )sm

of the corners of X × Y , and its complement can be described as[
F × Y ∪

F×G×T ∗[0,1]
X ×G

]
× (T ∗R≥0, ZT ∗R≥0

+ π∗ϕ(s)∂s). (6.5)

We will denote this deformation of X̄×Ȳ by (X × Y )sm, since the above discussion shows it is
the convex completion of (X×Y )sm (we have thus shown that convex completion commutes
with product of Liouville sectors, up to canonical deformation).
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Figure 18: Left: The vector field ϕ(s1)∂s1 +ϕ(s2)∂s2 on R2 defining the Liouville structure on
T ∗R2

≥0×F ×G inside the product X̄× Ȳ (the dotted line indicates the boundary of X×Y ).
Right: The deformed vector field ϕ(s)∂s defining the Liouville structure on T ∗R2

≥0 × F ×G
which defines what we call (X × Y )sm (the dotted line indicates a smoothing (X × Y )sm of
X × Y ). Note that the deformation is supported in a compact subset of R2

≥0, disjoint from
the boundary.

We now interpret the above picture in terms of stopped Liouville manifolds. The core of
F is a stop f ⊆ F = F × {∞} ⊆ ∂∞(F × (T ∗R≥0, ZT ∗R≥0

+ π∗ϕ(s)∂s)) ⊆ ∂∞X̄; similarly,

there is a stop g ⊆ ∂∞Ȳ . Observe that the analogously defined stop h ⊆ ∂∞(X × Y )sm

(namely the core of the first factor in (6.5)) is precisely the product stop appearing in (6.1).
More precisely, the product stop lives in ∂∞(X̄ × Ȳ ), and the deformation from X̄ × Ȳ to
(X × Y )sm sends it to h. Since this deformation is supported away from these stops, it indeed
makes sense to compare them.

Now Corollary 2.11 gives quasi-equivalences

W(X)
∼−→W(X̄, f), (6.6)

W(Y )
∼−→W(Ȳ , g), (6.7)

W((X × Y )sm)
∼−→W((X × Y )sm, h). (6.8)

By the deformation discussed above, this last functor is the same as

W((X × Y )sm)
∼−→W(X̄ × Ȳ , h) = W((X̄, f)× (Ȳ , g)) (6.9)

and so this functor is also a quasi-equivalence. In particular, it follows that to construct
the Künneth functor W(X) ⊗W(Y ) → W((X × Y )sm) for Liouville sectors, it suffices to
construct the Künneth functor W(X, f)⊗W(Y, g)→W((X, f)× (Y, g)) for stopped Liouville
manifolds.

6.2 Making product Lagrangians cylindrical

A well known complication in proving Künneth formulae for wrapped Fukaya categories is
that the property of being cylindrical at infinity is not preserved under products: if L ⊆ X
and K ⊆ Y are cylindrical at infinity, the product Lagrangian L ×K ⊆ X × Y inside the
product Liouville manifold (X × Y, λX + λY ) need not be, and typically is not.
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The goal of this subsection is to describe a deformation of the product L ×̃K ⊆ X × Y
(called the cylindrization of L × K) which is cylindrical at infinity, for any pair L and
K satisfying the (mild) assumption that both primitives fL and fK (of λX |L and λY |K ,
respectively) are compactly supported. That this assumption does not result in any loss of
generality is guaranteed by:

Lemma 6.1. For any exact cylindrical Lagrangian L ⊆ X, there exists a compactly supported
exact Lagrangian isotopy L L′ such that λX |L′ has a compactly supported primitive fL′.

Proof. Fix a primitive fL of λX |L. Let H : X → R be a compactly supported Hamiltonian
which equals 1 over a large compact subset of X. For any a ∈ R with |a| sufficiently small,
applying the (forwards or backwards) Hamiltonian flow of H to L for small time defines a
compactly supported isotopy L L′ and a primitive fL′ satisfying fL′ = fL+a near infinity.
By conjugating such an isotopy by the Liouville flow (pushing it towards infinity), we may
in fact achieve fL′ = fL + a for arbitrary a ∈ R. Finally, perform such an isotopy separately
in each of the non-compact ends of L.

Let L ⊆ X and K ⊆ Y be two exact cylindrical Lagrangians inside Liouville sectors
(X,λX) and (Y, λY ) (whose Liouville vector fields are tangent to their respective boundaries).
Since L and K are exact, there exist primitives fL : L → R and fK : K → R satisfying
dfL = λX |L and dfK = λY |K . We say L (resp. K) is strongly exact iff λX |L ≡ 0 (resp.
λY |K ≡ 0), equivalently, iff ZX (resp. ZY ) is everywhere tangent to L (resp. K). If both L
and K are strongly exact, then the product Lagrangian L×K ⊆ X × Y inside the product
Liouville manifold (X × Y, λX + λY ) is also strongly exact, hence, in particular, cylindrical
at infinity.

We now define the cylindrization L×̃K ⊆ X×Y , assuming only that fL and fK are both
compactly supported. Fix extensions fL : X → R and fK : Y → R which vanish near the
boundary and are supported inside subdomains X0 ⊆ X and Y0 ⊆ Y (respectively) whose
completions are X and Y . We now consider the Liouville form

λX + λY − d(fLφK)− d(φLfK), (6.10)

where φL : X → [0, 1] and φK : Y → [0, 1] are smooth functions which vanish over X0 and
Y0 (and near ∂X and ∂Y ), are Z-invariant near infinity, and equal 1 over a neighborhood
of ∂∞L and ∂∞K, respectively. Note that the restriction of (6.10) to L × K is compactly
supported, and hence the associated Liouville vector field is tangent to L × K outside a
compact set.

We now claim that for suitable choices of φL and φK , this deformed Liouville form
(6.10) remains convex outside X0 × Y0. More precisely, the associated Liouville vector field
is outward pointing along ∂(X0 × Y0) and exhibits its exterior as the positive half of a
symplectization. To see this, we may calculate the Liouville vector field corresponding to
(6.10) to be

[ZX + φKXfL +XφLfK ] + [ZY + φLXfK +XφKfL]. (6.11)

Consider now the positive flow of this vector field starting at a point of (X \X0)×Y , so the
X-component of the vector field is given by ZX +XφLfK (note that φKXfL vanishes over this
locus since fL is supported inside X0). Now we note that X(eNZX )∗φL

= e−N(eNZX )∗XφL , so
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replacing φL with (eNZX )∗φL and taking N →∞, the term XφLfK becomes negligible. Thus
for N <∞ sufficiently large, starting at any point outside X0×Y , this flow is complete and
escapes to infinity. A symmetric argument implies applies to the case where one starts at a
point outside X × Y0 (after replacing φK with (eNZY )∗φK for N sufficiently large). Hence,
implicitly fixing such a sufficiently large N and replacing φL and φK as above, we see that
outside X0 × Y0 the flow is complete and escapes to infinity. Moreover, the same holds at
every point of the linear interpolation between the product Liouville vector field ZX + ZY
and (6.11).

Since the linear deformation of Liouville forms between λX + λY and (6.10) (where we
have replaced φL and φK with their pushforwards under eNZX and eNZY for a fixed large N)
maintains convexity outside X0 × Y0 ⊆ X × Y , it is necessarily induced by a Hamiltonian
symplectomorphism Φ : X × Y → X × Y , fixed over X0× Y0, so that Φ∗(λX + λY ) = (6.10).
Concretely, Φ is characterized uniquely by the properties that Φ = id over X0 × Y0 and
Φ∗(6.11) = ZX + ZY . Since L×K is cylindrical at infinity with respect to (6.10), it follows
that its image

L ×̃K := Φ(L×K) ⊆ (X × Y, λX + λY ) (6.12)

is cylindrical at infinity. Note that by taking φL and φK to be supported in small neighbor-
hoods of ∂∞L and ∂∞K (in particular, vanishing over large compact subsets of X and Y ), we
can ensure that Φ is supported in an arbitrarily small neighborhood of ((L∩X0)× ∂∞K)∪
(∂∞L× (K ∩ Y0)) (in particular, Φ = id and L ×̃K = L×K over arbitrarily large compact
subsets of X × Y ). Note also that the choices going into the definition of the cylindriza-
tion L ×̃K form a contractible space. Although we will suppress the dependence of L ×̃K
on all of these choices, it will be important to study the dependence of this construction
on N (which measures the proximity to infinity of the cylindrization) in order to control
holomorphic disks and positivity of wrappings.

6.3 Wrapping product Lagrangians

We will need to know that formation of the cylindrized product L ×̃ K respects posi-
tivity of isotopies near infinity. More precisely, given two Lagrangian isotopies {Lt}t∈[0,1]

and {Kt}t∈[0,1] which are positive near infinity (meaning ∂t∂∞Lt and ∂t∂∞Kt are positively
transverse to the respective contact distributions), we would like to know that the isotopy
{Lt ×̃Kt}t∈[0,1] is positive near infinity (at least for controlled choice of cylindrization Lt ×̃Kt

of the product Lt ×Kt).
Fix functions f tL : X → R and f tK : Y → R satisfying df tL|Lt = λX |Lt and df tK |Kt = λY |Kt ,

supported inside X0 and Y0 (and away from ∂X and ∂Y ), respectively. Also fix φtL : X → R
and φtK : Y → R as before. We define the cylindrized isotopy Lt ×̃ Kt as before, using
the Liouville form (6.10) with φL and φK replaced with their pushforwards under eNZX and
eNZY ; we emphasize that this cylindrized isotopy depends on a choice of sufficiently large N .

Lemma 6.2. If {Lt}t∈[0,1] and {Kt}t∈[0,1] are each positive isotopies, then for N < ∞
sufficiently large (depending on the entire isotopy {Lt × Kt}t∈[0,1]), the cylindrized isotopy
Lt ×̃Kt := Φt(Lt ×Kt) is positive at infinity.

Proof. By symmetry, it suffices to make a calculation in the chart X × (Y \ Y0), in which
the product Liouville form is given by λX + λY and the deformed Liouville form is given by
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λX +λY −d(f tL(eNZY )∗φ
t
K). The corresponding Liouville vector fields are given, respectively,

by

ZX + ZY , (6.13)

ZX + ZY +Xf tL
(eNZY )∗φ

t
K + e−Nf tL(eNZY )∗XφtK

. (6.14)

To understand what happens in the limit N → ∞, we pull back under eNZY , to obtain,
respectively,

ZX + ZY , (6.15)

ZX + ZY +Xf tL
φtK + e−Nf tLXφtK

. (6.16)

In these coordinates, the term with the factor e−N evidently becomes negligible as N →∞,
and hence the defining relations Φt = id over a large compact subset and (Φt)∗(6.16) = (6.15)
show that as N →∞, the limit of Φt exists (converging smoothly) and is the identity on the
Y -coordinate. The limit of (e−NZY )∗(Lt ×̃Kt) therefore also exists. The pulled back Liouville
form λX + eNλY converges (after rescaling by e−N) in the limit to λY . We thus conclude
that evaluating this limiting form on the limiting deformed isotopy (e−NZY )∗(Lt ×̃Kt) only
sees the ∂∞Kt factor (since the limiting Φt is the identity on the Y -coordinate), which by
assumption moves positively. We conclude that for sufficiently large N < ∞, the isotopy
Lt ×̃Kt is positive at infinity.

Note that the size of N <∞ needed to ensure positivity of the cylindrized isotopy Lt×̃Kt

depends on the entire isotopies {Lt}t∈[0,1] and {Kt}t∈[0,1], and in particular cannot be made to
coincide with a given previously chosen N for L0×̃K0 or L1×̃K1. This means that arguments
involving cylindrized product isotopies require some care (though no serious issues will arise).
It also means that the above is not sufficient for ensuring positivity of cylindrized product
isotopies over noncompact parameter spaces (as are needed, for example, to describe cofinal
wrappings); this will be resolved in §6.5 by taking N to be a function of t and refining the
above analysis.

6.4 Cohomological Künneth functor

In fact, due to the fact that passing from a chain complex to its cohomology does not
commute with tensor product, it is convenient to define not just a cohomological Künneth
functor but rather a homotopical Künneth functor (which, in particular, induces the former).
That is, instead of passing from Floer cochains CF • ∈ Ch all the way to Floer cohomology
HF •, we pass only to the homotopy category H0 Ch (which solves the aforementioned issue
as Ch→ H0 Ch does commute with tensor product).

To justify writing CF •(L,K) ∈ H0 Ch, note that the usual proof of invariance of Floer
cohomology by constructing continuation maps does in fact show that CF •(L,K) ∈ H0 Ch
is a well-defined object in the homotopy category (independent of choice of Floer data up
to canonical isomorphism). Similarly, the multiplication operation µ2 defines a well-defined
associative map CF •(L0, L1)⊗CF •(L1, L2)→ CF •(L0, L2) in the homotopy category (note
that, in the discussion of CF • ∈ H0 Ch, the higher A∞ operations µk for k ≥ 3 do not make
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an appearance beyond using µ3 to show associativity of µ2). We may also define wrapped
Floer cochains in the homotopy category by the usual direct limit

CW •(L,K) := lim−→
(L Lw)+

CF •(Lw, K) (6.17)

now taking place inside H0 Ch (compare [26, §3.4]). Note that multiplication with the contin-
uation element c ∈ HF •(Lw′, Lw) is indeed a well-defined map CF •(Lw, K)→ CF •(Lw′, K)
in the homotopy category.

Now let X and Y be Liouville sectors, and let us begin the construction of the “homo-
topical Künneth functor”. To a pair of exact cylindrical Lagrangians L ⊆ X and K ⊆ Y ,
we associate the deformed product L ×̃K ⊆ X × Y , which is well-defined up to contractible
choice of exact cylindrical Lagrangian isotopy (parametrized by the choices of φL, φK , and
N). It follows that Floer cochains between objects such as L ×̃ K is well-defined. To be
precise, if the pairs L1, L2 ⊆ X and K1, K2 ⊆ Y are disjoint at infinity, then so is the pair
(L1×̃K1, L2×̃K2) for sufficiently small choices of cylindrical perturbation, and it follows from
this and from the contractibility of the space of choices involved, that CF •(L1 ×̃K1, L2 ×̃K2)
is a well-defined object of the homotopy category.

Lemma 6.3. There is a canonical isomorphism in the homotopy category

CF •(L1, L2)⊗ CF •(K1, K2) = CF •(L1 ×̃K1, L2 ×̃K2), (6.18)

which is compatible with the isomorphisms [26, Lemma 3.21] induced by deforming the pairs
(L1, L2) and (K1, K2) through pairs which are disjoint at infinity. This isomorphism is also
compatible with product, namely the following diagram (in the homotopy category) commutes:

CF •(L1, L2)⊗ CF •(K1, K2)⊗ CF •(L2, L3)⊗ CF •(K2, K3) CF •(L1, L3)⊗ CF •(K1, K3)

CF •(L1 ×̃K1, L2 ×̃K2)⊗ CF •(L2 ×̃K2, L3 ×̃K3) CF •(L1 ×̃K1, L3 ×̃K3).

(6.19)

Proof. To establish (6.18), fix almost complex structures JX : [0, 1] = S1,1 → J(X) and
JY : [0, 1] = S1,1 → J(Y ) used to define the left hand side. As is well understood, there is a
tautological isomorphism of complexes

CF •(L1, L2; JX)⊗ CF •(K1, K2; JY ) = CF •(L1 ×K1, L2 ×K2; JX × JY ). (6.20)

Namely, the intersection points generating both sides are obviously in bijection with each
other. To compare the differentials, note that a holomorphic map into the product is simply
a pair of holomorphic maps into both factors. Transversality on each of the factors (including
for the constant strips at intersection points L1 ∩ L2 and K1 ∩K2) implies transversality in
the product, so we obtain the isomorphism (6.20).

It remains to show that the complex on the right hand side of (6.20) calculates HF •(L1 ×̃
K1, L2 ×̃K2). There are two issues: deforming Li×Ki into Li ×̃Ki and deforming JX×JY to
become cylindrical at infinity. We argue that as long as both of these modifications are made
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sufficiently far out near infinity (the former of which can be ensured by using sufficiently large
N), the holomorphic curves contributing to the differential remain inside a fixed compact
subset of X×Y disjoint from the neighborhood of infinity where the modifications took place.
To see this, we follow the proof of [26, Proposition 3.19]. This proof produces an R < ∞
and a compact subset C of X×Y such that for any holomorphic map u : R× [0, 1]→ X×Y
contributing to the differential of either complex and any interval I ⊆ R of length ≥ R,
there exists a point in I × [0, 1] which is mapped by u to the union of C with the small
neighborhood of infinity where we (possibly) modify Li × Ki and JX × JY (the point is
that over the complement of this union, there is a lower bound on the distance between
the two Lagrangians boundary conditions with respect to the metric induced by the almost
complex structures). Now the bounded geometry and monotonicity arguments from [26,
Proposition 3.19] show that, as long as the modification region is far enough out near infinity,
such a holomorphic curve does not have enough energy to travel between this modification
locus and the compact set C. Since all the intersections between L1 ×K1 and L2 ×K2 lie
inside C, we conclude that in fact for every interval I ⊆ R of length ≥ R, there exists a
point in I × [0, 1] which is mapped by u to C. The monotonicity and bounded geometry
arguments now bound the entire image of u inside a fixed larger compact set C ′ (as long as
the modification region is far enough out near infinity). This defines a homotopy equivalence
(6.18). To show that the homotopy equivalence (6.18) is independent of the choices made
in the above definition, simply execute the same argument above with families of almost
complex structures R× [0, 1]→ J(X) and R× [0, 1]→ J(Y ).

One similarly checks that (6.18) is compatible with the isomorphisms [26, Lemma 3.21]
induced by deforming the pairs (L1, L2) and (K1, K2) through pairs which are disjoint at
infinity.

Finally, we claim that (6.18) is compatible with product, namely that (6.19) commutes.
The argument is the same. Namely, first choose Floer data for the A∞ operations (that
is, the differentials and the product) for the ordered tuples of Lagrangians (L1, L2, L3) and
(K1, K2, K3), and use the product Floer data on X × Y , arguing that disks contributing
to µ2 in the product are products of disks in each factor (and thus are transverse). Then
perturb at infinity to make things cylindrical, and argue that the disks remain the same as
long as the perturbation happens sufficiently far out near infinity.

We now argue that the homotopy equivalence (6.18) respects continuation elements. To
begin, let us define precisely what we mean by continuation elements on the right hand
side of (6.18). Given two positive isotopies L  Lw and K  Kw, the resulting isotopy
L ×̃ K  Lw ×̃ Kw is, for suitable choice of cylindrization data, also positive by Lemma
6.2. Since the space of such data is contractible, we conclude that the continuation element
associated to the cylindrized product isotopy is a well-defined element in the homology
HF •(Lw ×̃Kw, L ×̃K).

Having defined what we mean by continuation elements on the right hand side of (6.18),
we now begin the comparison of continuation elements by considering the case of small
positive pushoffs. Recall that if L+ denotes an (unspecified) small positive pushoff of L, the
homology group HF •(L+, L) has an algebra structure, and moreover this algebra structure
has a unit [26, Proposition 3.23]. Now using the fact that cylindrized products of positive
isotopies are again positive (proved in §6.3), we conclude that (L ×̃K)+ = (L+ ×̃K+), and
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so (6.18) gives a homotopy equivalence

CF •(L+, L)⊗ CF •(K+, K) = CF •((L ×̃K)+, L ×̃K). (6.21)

Since (6.18) is compatible with the isomorphisms of [26, Lemma 3.21], it follows that this is in
fact an equivalence of algebras (i.e. algebra objects in the homotopy category of complexes).

The unit 1L ∈ HF •(L+, L) is defined by the property that multiplication with it induces
the identity map on HF •(L+, L), and this in fact automatically implies that multiplication
with it is the identity map on CF •(L+, L) up to homotopy. Indeed, since 1L · 1L = 1L,
multiplication by the unit is idempotent as an endomorphism of CF •(L+, L) up to homotopy,
and multiplication by the unit is also a homotopy equivalence by cofibrancy [26, Lemma
3.6]. Together, these imply that multiplication by 1L is homotopic to the identity map on
CF •(L+, L). It now follows that under the algebra isomorphism (6.21), multiplication with
the cycle 1L ⊗ 1K acts as the identity on the right (up to homotopy). It follows that the
map of algebras HF •(L+, L) ⊗ HF •(K+, K) → HF •((L ×̃ K)+, L ×̃ K) (which may not
be an isomorphism over the integers due to torsion issues) sends the unit to the unit. It
now follows directly from the definition of continuation elements in terms of these units [26,
Definition 3.25] that (6.18) also respects continuation elements, namely that for any pair of
positive isotopies L Lw and K  Kw, the map

HF •(Lw, L)⊗HF •(Kw, K)→ HF •(Lw ×̃Kw, L ×̃K) (6.22)

sends the product of continuation elements to the continuation element.
Having shown that the homotopical Künneth isomorphism (6.18) respects continuation

elements, let us now derive from this a canonical map on wrapped Floer cochains

CW •(L1, L2)⊗ CW •(K1, K2)→ CW •(L1 ×̃K1, L2 ×̃K2) (6.23)

in the homotopy category. Note that the right hand side above is indeed a well-defined object
of H0 Ch, for the same reason we used above to argue that CF •(L1 ×̃K1, L2 ×̃K2) was well-
defined, together with the fact that isotopies of exact Lagrangians induce equivalences on
wrapping categories and thus also on CW •.

Remark 6.4. The map (6.23) should be thought of as being defined via a “cylindrized prod-
uct” functor on wrapping categories (L1  −)+

X×(K1  −)+
Y → (L1×̃K1  −)+

X×Y covered
by a map on directed systems induced by Lemma 6.3 and the compatibility of continuation
elements. We do not quite define such a functor between wrapping categories, however, due
to the ambiguity in choosing cylindrization data. (Note, in particular, that L ×̃K need not
move via positive/negative isotopies as the cylindrization data is varied.)

To define the map (6.23), we should define a map

CF •(Lw1 , L2)⊗ CF •(Kw
1 , K2)→ CW •(L1 ×̃K1, L2 ×̃K2) (6.24)

for every pair (L1  Lw1 )+ and (K1  Kw
1 )+ in the wrapping categories of L1 and K1,

and we should verify that these maps are compatible with the maps in the directed systems
defining CW •(L1, L2) and CW •(K1, K2).
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The isotopies L1  Lw1 and K1  Kw
1 induce an isotopy L1 ×̃ K1  Lw1 ×̃ Kw

1 (up to
contractible choice of cylindrization data). Lemma 6.3 defines a map

CF •(Lw1 , L2)⊗ CF •(Kw
1 , K2)→ CF •(Lw1 ×̃Kw

1 , L2 ×̃K2). (6.25)

A choice of cylindrization data for the isotopies L1  Lw1 and K1  Kw
1 induces a map

CF •(Lw1 ×̃Kw
1 , L2 ×̃K2)→ CW •(L1 ×̃K1, L2 ×̃K2), (6.26)

and using the last property from [26, Lemma 3.26] (at the homotopy level), it follows that
this map is independent of the choice of cylindrization data. Composing (6.25) and (6.26)
defines our map (6.24).

Now suppose we have a pair of positive isotopies Lw1  Lw′1 and Kw
1  Kw′

1 . By Lemmas
6.2, 6.3, and the discussion above about compatibility of continuation elements, we can
choose cylindrization data to show that the induced diagram

CF •(Lw1 , L2)⊗ CF •(Kw
1 , K2) CF •(Lw1 ×̃Kw

1 , L2 ×̃K2)

CF •(Lw′1 , L2)⊗ CF •(Kw′
1 , K2) CF •(Lw′1 ×̃Kw′

1 , L2 ×̃K2)

µ2(cLw1  L
w′
1
,−)⊗µ2(cKw1  K

w′
1
,−)

(6.25)

µ2(cLw1 ×̃K
w
1  L

w′
1 ×̃K

w′
1
,−)

(6.25)

(6.27)

commutes. The maps (6.26) from the complexes on the right to CW •(L1 ×̃ K1, L2 ×̃ K2)
tautologically commute with the right vertical continuation map, and hence with the entire
diagram. The compositions of the horizontal arrows with these maps to CW •(L1 ×̃K1, L2 ×̃
K2) are, by definition, the specified maps (6.24). It follows that (6.24) is compatible with
the continuation maps associated to Lw1  Lw′1 and Kw

1  Kw′
1 as desired, thus completing

the definition of (6.23).
The discussion above applies more generally to any configuration of stops on X and Y .

Namely, we obtain a morphism

CW •(L1, L2)f ⊗ CW •(K1, K2)g → CW •(L1 ×̃K1, L2 ×̃K2)h. (6.28)

if f ⊆ ∂∞X, g ⊆ ∂∞Y , and h ⊆ ∂∞(X×Y ) are closed and h is contained inside (f×Y )∪(X×g)
(note that this is not a closed subset of ∂∞(X×Y )). We have thus defined the cohomological
Künneth functor

H•W(X, f)⊗H•W(Y, g)→ H•W(X × Y, h). (6.29)

In fact, we have done slightly better, in that ours is a functor between categories enriched
over the homotopy category of chain complexes (rather than simply their homology groups).

6.5 Cofinality of product wrappings

We now study when the Künneth maps on wrapped Floer cohomology (6.23) and (6.28) are
quasi-isomorphisms. More precisely, we study when product wrappings are cofinal (which
obviously implies that (6.23) and (6.28) are quasi-isomorphisms). To do this, the cofinality
criterion Lemma 2.1 will be essential.
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We argue that (6.23) is a quasi-isomorphism for X and Y Liouville manifolds. It is
enough to show that for cofinal wrappings {Lt}t≥0 and {Kt}t≥0 of L0 and K0, the product
{Lt ×̃ Kt}t≥0 is a cofinal wrapping of L ×̃ K (in fact, it is enough to exhibit a single pair
of cofinal wrappings {Lt}t≥0 and {Kt}t≥0 for which this is true). Fix contact forms βX
and βY on ∂∞X and ∂∞Y , respectively, and choose wrappings {Lt}t≥0 and {Kt}t≥0 which
simply follow the Reeb vector fields RβX and RβY at infinity. We will show that the product
wrapping {Lt ×̃ Kt}t≥0 satisfies the cofinality criterion (Lemma 2.1) with respect to the
“product contact form”

βX×Y := min(βX + λY , λX + βY ). (6.30)

(Recall that ∂∞(X × Y ) is covered by two charts ∂∞X × Y and X × ∂∞Y , and interpret
βX + λY and λX + βY as contact forms on each of these charts, respectively; concretely
βX×Y is the contact form on ∂∞(X × Y ) which corresponds to the Liouville subdomain
X0 × Y0 ⊆ X × Y , where X0 ⊆ X and Y0 ⊆ Y are the Liouville subdomains corresponding
to βX and βY , respectively.)

We saw in §6.3 that the wrapping {Lt×̃Kt}t≥0 is at least positive. For our present purpose
of finding a lower bound on βX×Y (∂t∂∞(Lt ×̃Kt)), we just need a quantitative refinement of
the same argument. Over the unperturbed locus ∂∞Lt×∂∞Kt×R ⊆ ∂∞X×∂∞Y ×R (rather,
the unperturbed locus is an arbitrarily large compact subset of this), the product contact
form βX×Y is given by emin(0,−s)βX + emin(0,s)βY , and its evaluation on ∂t(∂∞Lt× ∂∞Kt×R)
is thus given by

emin(0,−s)βX(∂t∂∞Lt) + emin(0,s)βY (∂t∂∞Kt) ≥

{
βX(∂t∂∞Lt) s ≤ 0,

βY (∂t∂∞Kt) s ≥ 0.
(6.31)

In fact, both terms on the right are simply 1, since by definition ∂∞Lt and ∂∞Kt follow the
Reeb flows of βX and βY , respectively.

We now consider the perturbed locus where Lt ×̃ Kt differs from Lt × Kt. To specify
this perturbation, we specify now a function N(t) (fixing f tL, f tK and φtL, φtK). Following the
reasoning from §6.3 surrounding (6.15)–(6.16), we may observe that

βX×Y (∂t∂∞(Lt ×̃Kt)) = βY (∂t∂∞Kt) +O(e−N(t)(1 + |N ′(t)|)), (6.32)

where the constant in the O(·) depends on t. The first term again equals 1, and a function
N : R≥0 → R makes the second term negligible iff it solves the differential inequality

|N ′(t)|+ 1 ≤ ε(t)eN(t), (6.33)

where ε : R≥0 → R>0 is a continuous function depending on the isotopies Lt, Kt, the
primitives f tL, f tK , and the functions φtL, φtK .

To solve the differential inequality (6.33), first note that it makes sense for Lipschitz func-
tions N , and within this class of functions, if N1 and N2 are solutions then so is min(N1, N2).
Therefore it suffices to find, for arbitrarily large T < ∞, solutions N : [0, T ) → R>0 which
go to infinity at T (then just take the minimum of all such). Such solutions may be con-
structed by taking N ≡ a over [0, t0] and then continuing for t > t0 by taking N ′(t) as large
as possible subject to (6.33) (for sufficiently large a <∞, this solves (6.33) and diverges to
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infinity in finite time). This produces the desired cylindrized isotopy {Lt1 ×̃Kt
1}t≥0 for which

βX×Y (∂t∂∞(Lt ×̃Kt)) is bounded below, and hence by Lemma 2.1 is cofinal.
Let us now show how to adapt the above argument to show that (6.28) is a quasi-

isomorphism for the product stop

h : = (cX × g) ∪ (f× g× R) ∪ (f× cY ) (6.34)

⊆ (X × ∂∞Y ) ∪
∂∞X×∂∞Y×R

(∂∞X × Y ) = ∂∞(X × Y ) (6.35)

for stopped Liouville manifolds (X, f) and (Y, g). Choose smooth contact Hamiltonians on
∂∞X and ∂∞Y vanishing precisely along f and g, and let βX and βY be the corresponding
contact forms on ∂∞X \ f and ∂∞Y \ g, respectively (so the Reeb vector fields of βX and βY
are complete). Let {Lt1}t≥0 and {Kt

1}t≥0 be positive isotopies which, outside fixed compact
subsets of X and Y , coincide with the flow by (the linear Hamiltonian corresponding to) the
chosen contact vector fields on ∂∞X and ∂∞Y . We now consider again the product contact
form (6.30). As before, this product contact form βX×Y corresponds to the contact type
hypersurface ∂(X0 × Y0), where X0 ⊆ X and Y0 ⊆ Y are the subsets corresponding to βX
and βY , respectively. Note that now X0 and Y0 are not compact, rather they approach ∂∞X
and ∂∞Y along f and g, respectively. Their product X0×Y0 approaches ∂∞(X×Y ) along the
product stop h from (6.34), so the product contact form βX×Y from (6.30) is a contact form
on ∂∞(X × Y ) \ h. Now the same reasoning as before shows that there is a lower bound on
the evaluation of βX×Y on the t-derivative of the product isotopy ∂t∂∞(Lt1 ×̃Kt

1), and hence
the product isotopy {Lt1 ×̃Kt

1}t≥0 is cofinal. We conclude that (6.28) is an isomorphism for
the product stop (6.34).

6.6 Construction of the Künneth functor

Proof of Theorem 1.5. Fix stopped Liouville manifolds (X, f) and (Y, g). We construct a
bilinear A∞-functor

W(X, f)⊗W(Y, g) ↪→W((X, f)× (Y, g)) (6.36)

lifting the cohomology level functor constructed in §6.4. This also provides a bilinear A∞-
functor W(X)⊗W(Y )→W(X×Y ) for Liouville sectors X and Y in view of the comparison
of products in §6.1, specifically the quasi-equivalences (6.6)–(6.7) and (6.9).

Fix data for defining WX = W(X, f) as in §2.3, namely a poset of Lagrangians OX and
compatible families of cylindrical at infinity almost complex structures

JL0,...,Lk : Sk,1 → J(X) (6.37)

for which the relevant moduli spaces of holomorphic disks are cut out transversally. This
defines a strictly unital A∞-category OX , whose localization at the continuation morphisms
we denote by WX . Similarly, fix OY and OX×Y (and cylindrical almost complex structures)
for defining WY = W(Y, g) and WX×Y = W((X, f)× (Y, g)).

Our goal is to construct a bilinear A∞-functor WX⊗WY →WX×Y lifting the cohomology
level functor constructed in §6.4. We will define this functor as a composition

WX ⊗WY →W
prod
X×Y →WX×Y , (6.38)
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where the intermediate category W
prod
X×Y is defined as follows.

Fix a countable collection Iprod
X×Y of pairs of Lagrangians (L ⊆ X,K ⊆ Y ) (disjoint at

infinity from f and g, respectively), representing every pair of isotopy classes. For each
such pair (L,K), choose cofinal wrappings L = L(0)  L(1)  · · · (away from f) and
K = K(0)  K(1)  · · · (away from g). Furthermore, assume that these L(i) and K(i) are
chosen generically so that they are all (over all (L,K) ∈ Iprod

X×Y ) mutually transverse (hence
disjoint at infinity) and such that the restrictions of λX to L(i) and λY to K(i) have primitives
supported inside fixed compact subsets of X and Y , respectively. Let O

prod
X×Y := Z≥0 × Iprod

X×Y
denote the set of all pairs (L(i), K(i)), and equip O

prod
X×Y with a total order isomorphic to Z≥0

such that (L(i), K(i)) > (L(j), K(j)) for i > j. To turn O
prod
X×Y into an A∞-category, we choose

compatible families of almost complex structures

J(L0,K0),...,(Lr,Kr) : Sr,1 → J(X × Y ) (6.39)

for (L0, K0) > · · · > (Lr, Kr) ∈ O
prod
X×Y , which are products of almost complex structures on

X and Y that are separately cylindrical at infinity on each factor. The moduli spaces of
holomorphic disks in X × Y with boundary on L0 × K0, . . . , Lr × Kr are compact by the
usual monotonicity and uniformly bounded geometry arguments from [26, Proposition 3.19]
(uniformly bounded geometry is preserved under taking products, and the distance between
L×K and L′ ×K ′ near infinity is bounded below since the same holds for the pairs (L,L′)
and (K,K ′)). This defines O

prod
X×Y as an A∞-category. The quasi-isomorphism (6.20) defines

continuation elements in HF 0(L(i+1) ×K(i+1), L(i) ×K(i)), and the localization of Oprod
X×Y at

these continuation elements is denoted W
prod
X×Y . The usual arguments [26, Lemma 3.37] show

that the morphism spaces in W
prod
X×Y are indeed given by the direct limit of Floer cohomology

over wrapping both factors separately in X and Y .
It remains to construct functors

WX ⊗WY →W
prod
X×Y →WX×Y (6.40)

which on homotopy/cohomology induce the isomorphisms described in §6.4.
We define the functor WX ⊗WY →W

prod
X×Y via an A∞-trimodule defined as follows. We

define an (Oprod
X×Y ,OX ,OY )-trimodule T, namely a trilinear A∞-functor

T : (Oprod
X×Y )op ⊗ OX ⊗ OY → Ch, (6.41)

by counting holomorphic strips up to translation as in Figure 19, for K0 > · · · > Kk ∈ OX ,
L0 > · · · > L` ∈ OY , and M0 > · · · > Mm ∈ O

prod
X×Y . Such a strip can be thought of either as

a pair of maps to X− and Y as on the left of Figure 19 or as a single map to X × Y as on
the right (via folding the strip).

We choose compatible families of almost complex structures on X and Y , cylindrical at
infinity, over each half of the strip, respectively (s-invariant in the thin parts of the strip,
with respect to fixed universal strip-like coordinates). We require that the negative strip-like
coordinates (2.11) for OX , OY , and O

prod
X×Y extend as in [26, Equation (5.7)] and that on the

trimodule domain strips, we use the tautological strip-like coordinates at s = ±∞ (these
assumptions ensure that the gluing maps on the bimodule domain strips respect the global
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X × Y

Figure 19: Holomorphic maps used to define the (Oprod
X×Y ,OX ,OY )-trimodule T.

(s, t)-coordinates). As a map to X ×Y , the folded strip should be holomorphic with respect
to the product of these almost complex structures. As a pair of maps to X− and Y , the
left half (mapping to Y ) should be holomorphic, and the right half (mapping to X−) should
be antiholomorphic. The usual monotonicity and uniformly bounded geometry arguments
from [26, Proposition 3.19] apply to show that such (possibly broken) holomorphic strips
map to a fixed compact subset of the target, and hence the (Gromov–Floer compactified)
moduli spaces of such strips are indeed compact. Choosing Floer data generically we obtain
transversality, and counting the zero-dimensional moduli spaces defines our desired trimodule
T (the fact that T satisfies the trimodule equations is, as usual, an immediate consequence
of the usual analysis of the boundary of the one-dimensional compactified moduli spaces).

To define the functor WX ⊗WY → W
prod
X×Y from the trimodule T, argue as follows. The

localization (Cprod
X×Y )−1T is calculated on cohomology by taking the direct limit over wrap-

pings on O
prod
X×Y by [26, Corollary 3.38]. This yields the tensor product of wrapped Floer

complexes in X and Y , and hence (Cprod
X×Y )−1T is CX- and CY -local on the right. Hence for

every pair L ∈WX and K ∈WY , the natural map of Wprod
X×Y -modules (Cprod

X×Y )−1T(−, L,K)
∼−→

(Cprod
X×Y )−1TC−1

X ,C−1
Y

(−, L,K) is a quasi-isomorphism, and the former is representable (by any

pair (L′, K ′) in W
prod
X×Y isotopic to L and K). We have thus shown that the image of the

(Wprod
X×Y ,WX ,WY )-trimodule (Cprod

X×Y )−1TC−1
X ,C−1

Y
viewed as a bilinear functor

WX ⊗WY → Mod
W

prod
X×Y

(6.42)

is contained in the image of the Yoneda embedding of W
prod
X×Y (appealing to Lemma A.2).

Appealing to the Yoneda Lemma A.1, this trimodule T thus defines (up to inverting quasi-
equivalences) the desired functor WX ⊗ WY → W

prod
X×Y . Moreover, one can verify in a

manner identical to the proof of Theorem 1.4 that the action of this functor on objects and
morphisms agrees cohomologically with the tautological isomorphism (6.20) (or rather the
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version of (6.20) which exists for wrapped Floer homology of product Lagrangians computed
with product wrappings and product almost complex structures); in particular this functor
is a quasi-equivalence.

We now turn to the construction of the functor W
prod
X×Y → WX×Y . The construction of

this functor, and the proof it is a quasi-equivalence, is very similar to construction of the
functor in the proof of Theorem 1.4.

We begin by fixing a Hamiltonian symplectomorphism Φ : X × Y → X × Y (supported
near infinity) such that ΦO

prod
X×Y are cylindrical at infinity (realizing the cylindrizations of

these product Lagrangians, as defined in §6.2). To define such a Φ simultaneously cylindrizing
all L×K (for (L,K) ∈ O

prod
X×Y ) at once, we argue as follows. First, we need to make a more

careful construction of Oprod
X×Y . The cylindrization operation for L ×K takes place inside a

small neighborhood of (∂∞L × cY ) ∪ (cX × ∂∞K) ⊆ ∂∞(X × Y ). Of course, an arbitrarily
small neighborhood of this locus may intersect L′ × K ′ for other (L′, K ′) ∈ O

prod
X×Y , which

is problematic. To prevent this, we incorporate the choices of such neighborhoods into the
inductive construction of Oprod

X×Y , namely we pick small neighborhoods of ∂∞L and ∂∞K as

we choose (L,K) ∈ O
prod
X×Y by induction (over Z≥0, not a larger ordinal) and we ensure at

each step of the induction that such neighborhoods are mutually disjoint. For this to make
sense, we must show that every Lagrangian admits a cofinal sequence of wrappings disjoint
at infinity from any fixed finite number of standard neighborhoods of Legendrians, but this
follows from Lemma 2.2.

We now define an (OX×Y ,O
prod
X×Y )-bimodule B by counting holomorphic strips up to trans-

lation as in Figure 3, for Kk > · · · > K0 ∈ OX×Y and L0 > · · · > L` ∈ O
prod
X×Y . We require

that the negative strip-like coordinates (2.11) for Oprod
X×Y and OX×Y extend as in [26, Equation

(5.7)] and that on the bimodule domain strips, we use the tautological strip-like coordinates
at s = ±∞ (these assumptions ensure that the gluing maps on the bimodule domain strips
respect the global (s, t)-coordinates). We use almost complex structures

JKk,...,K0,L0,...,L` : Sk+`+1,1 → J(X × Y ) (6.43)

satisfying the following conditions. For any bimodule domain strip C (identified with R×[0, 1]
up to R-translation), let Nr ⊆ C denote the closed r-neighborhood of the marked points on
the left of the strip (i.e. those mapping to intersection points Φ(Li ∩ Li+1) for Li ∈ O

prod
X×Y )

with respect to the Riemannian metric ds2 +dt2. The almost complex structures are required
to satisfy the following conditions:

(i) Over C \N 4
5
, we require the almost complex structures to be cylindrical at infinity on

X × Y .

(ii) Over N◦1
5

, we require the almost complex structures to be Φ∗ of a product of cylindrical

at infinity on X and Y respectively.

(iii) Fix once and for all an exhaustion

K1 ⊆ U1 ⊆ K2 ⊆ U2 ⊆ · · · ⊆ X × Y (6.44)

with Ui open and Ki compact, such that

inf
i
dX×Y ((X × Y ) \ U2i, K2i) > 0, (6.45)

inf
i

(dX × dY )((X × Y ) \ Φ−1(U2i+1),Φ−1(K2i+1)) > 0, (6.46)
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where dX×Y denotes distance with respect to a cylindrical metric on X×Y , and dX×dY
is with respect to a product of cylindrical metrics. Over (C \N 2

5
)×

⋃
i(U2i \K2i), we

require the almost complex structures to agree (away from a compact subset of X×Y )
with a family of cylindrical at infinity almost complex structures on X × Y . Over
N◦3

5

×
⋃
i(U2i+1 \ K2i+1), we require them to agree (away from a compact subset of

X × Y ) with a product of families of cylindrical at infinity almost complex structures
on X and Y respectively.

By choosing these almost complex structures generically, we can ensure that the moduli
spaces of strips are cut out transversally. Compactness of the moduli spaces of such (stable)
strips follows from the same argument used in the proof of Theorem 1.4. This defines the
(OX×Y ,O

prod
X×Y )-bimodule B.

We now study the (OX×Y ,O
prod
X×Y )-bimodule B. First observe that for every L ∈ O

prod
X×Y ,

there is an isomorphism of OX×Y -modules

B(−, L) = CF •(−,ΦL). (6.47)

Indeed, the domains defining the structure maps for B(−, L) have no boundary marked
points on the left, and hence the almost complex structures (6.43) are everywhere cylindrical
at infinity on X×Y . Next, still following the proof of Theorem 1.4, we construct a homotopy
between the two compositions in the diagram of OX×Y -modules

CF •(−,ΦL)⊗ CF •(ΦL,ΦK) CF •(−,ΦK)

B(−, L)⊗ CF •(L,K) B(−, K).

µ2

(6.47)⊗(6.18) (6.47)

µ1|1

(6.48)

Of course, the isomorphism (6.18) was only an isomorphism in the homotopy category, so we
should first say what we mean by the map CF •(ΦL,ΦK) → CF •(L,K) above. We define
this map as a continuation map counting strips R× [0, 1] which are holomorphic with respect
to almost complex structures which (1) are cylindrical at infinity for s ≥ 2, (2) are Φ∗ of
product of cylindrical at infinity for s ≤ −2, (3) agree over {s ≥ −1}×

⋃
i(U2i \K2i) (minus

some compact subset of X × Y ) with cylindrical at infinity almost complex structures, and
(4) agree over {s ≤ 1}×

⋃
i(U2i+1 \K2i+1) (minus some compact subset of X×Y ) with Φ∗ of

product of cylindrical at infinity almost complex structures. This continuation map agrees
on homotopy with the isomorphisms (6.18), since we can just take our family of almost
complex structures to be independent of s over a large enough compact subset of X × Y to
contain all holomorphic curves (appealing to the proof of the isomorphism (6.18)). We may
now define the homotopy between the two compositions in (2.23) by the family of domain
curves illustrated in Figure 4. The domain on the left of Figure 4 defines the composition
µ1|1 ◦ ((6.47) ⊗ (6.18)), and the domain on the right defines the composition (6.47) ◦ µ2.
The striped regions indicate the interface between the regions where the almost complex
structures are cylindrical at infinity and Φ∗ of cylindrical at infinity.

We may now define the functor

W
prod
X×Y = O

prod
X×Y [(Cprod

X×Y )−1]→ OX×Y [C−1
X×Y ] = WX×Y (6.49)
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using the (WX×Y ,W
prod
X×Y )-bimodule C−1

X×Y
B(Cprod

X×Y )−1 . For L ∈ O
prod
X×Y , we have quasi-isomorphisms

C−1
X×Y

B(Cprod
X×Y )−1(−, L)

∼←− C−1
X×Y

B(−, L) =∼ C−1
X×Y

CF •(−,ΦL) =: WX×Y (−,ΦL). Hence the

functor

W
prod
X×Y → ModWX×Y (6.50)

L 7→ C−1
X×Y

B(Cprod
X×Y )−1(−, L) (6.51)

lands in the essential image of the Yoneda embedding WX×Y ↪→ ModWX×Y , thus defining
(by Lemma A.1) our functor (6.49) (as usual up to inverting quasi-equivalences). Tracing
through the definitions and using (6.48) shows that the action of this functor on cohomology
agrees with the natural maps from §6.4 and hence agrees with the isomorphisms on wrapped
Floer cohomology they induce; this portion of the argument is identical to that given at the
end of the proof of Theorem 1.4.

6.7 Stabilization by T ∗[0, 1] or (C, {±∞})
The Künneth functor in the form of Theorem 1.5 proved in the previous subsection gives
rise, as a special case, to functors

W(X) ↪→W(X × T ∗[0, 1]), (6.52)

W(X, f) ↪→W((X, f)× (C, {±∞})), (6.53)

(the former for Liouville sectors, the latter for stopped Liouville manifolds). To define these
functors from the Künneth bilinear functors

W(X)⊗W(T ∗[0, 1]) ↪→W(X × T ∗[0, 1]), (6.54)

W(X, f)⊗W(C, {±∞}) ↪→W((X, f)× (C, {±∞})), (6.55)

it suffices to fix functors

Z→W(T ∗[0, 1]), (6.56)

Z→W(C, {±∞}), (6.57)

where Z denotes the A∞-category with a single object ∗ with endomorphism algebra Z, send-
ing this object to [fiber] ∈W(T ∗[0, 1]) and iR ∈W(C, {±∞}), respectively. The construction
of such functors (6.56)–(6.57) can be obtained by sending ∗ to a fixed representative K of
[fiber] ∈ W(T ∗[0, 1]) (respectively of iR ∈ W(C, {±∞})), and the generator 1 ∈ Z to the
strict unit in Hom(K,K) (note that our construction of partially wrapped Fukaya categories
produces categories which are strictly unital).

7 Generation by cocores and linking disks

7.1 A vanishing result

Lemma 7.1. For any Liouville sector X, we have W(X × CRe≥0) = 0.
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Proof. The Hamiltonian function (Re)2 is positive and linear at infinity (for the radial
Liouville structure on C), and for any two Lagrangians L,K ⊆ X × CRe≥0, we have
eNX(Re)2L ∩K = ∅ for sufficiently large N <∞.

Corollary 7.2. If L ⊆ X is in the image of any inclusion Y ×CRe≥0 ↪→ X, then L is a zero
object in W(X) (and in fact in W(X, f) provided f ∩ ∂∞(Y × CRe≥0)◦ = ∅).

Proof. If L is contained in the interior of the image of Y ×CRe≥0, then the conclusion holds
since W(Y ×CRe≥0) = 0 by Lemma 7.1 and any A∞-functor (in particular W(Y ×CRe≥0)→
W(X)) sends zero objects to zero objects. In general, simply isotope L into the interior of
Y ×CRe≥0 (e.g. using the Hamiltonian flow of a defining function I for Y ×CRe≥0) and recall
that isotopies of exact Lagrangians induce quasi-isomorphisms of objects in the wrapped
Fukaya category.

7.2 Products of cocores and linking disks

For the purpose of proving Theorem 1.10, we require an understanding of how cocores and
linking disks are transformed under taking products.

Obviously, for Weinstein manifolds X and Y , the product X × Y is again Weinstein,
and the product of a cocore in X and a cocore in Y is a cocore in X × Y . Moreover, every
cocore in X × Y is of this form. Note that cocores are strongly exact (the Liouville form
vanishes identically on them) and hence cylindrization need not be discussed. We now wish
to generalize this discussion to stopped Weinstein manifolds.

Let (X, f) and (Y, g) be stopped Weinstein manifolds satisfying the hypothesis of Theorem
1.10, fixing decompositions f = fsubcrit ∪ fcrit and g = gsubcrit ∪ gcrit. The product X × Y is a
Weinstein manifold, and the product stop

h := (cX × g) ∪ (f× g× R) ∪ (f× cY ) (7.1)

is mostly Legendrian, admitting a natural decomposition h = hsubcrit∪hcrit. To see this, first
write cX = csubcrit

X ∪ ccrit
X , where csubcrit

X (resp. ccrit
X ) is the union of the cores of the subcritical

(resp. critical) handles (and similarly for cY ). We may thus define

hcrit := (ccrit
X × gcrit) ∪ (fcrit × gcrit × R) ∪ (fcrit × ccrit

Y ), (7.2)

which is an open subset of h. Clearly hcrit is a (locally closed) Legendrian submanifold (using
the fact that the cocores of the critical handles of X and Y are disjoint at infinity from f and
g, respectively), and one may also check that hsubcrit := h \ hcrit is closed and is a countable
union of locally closed isotropic submanifolds. Note also that cocores of X×Y , being cocores
of X times cocores of Y , are disjoint from the product stop h.

Let us now compare products of cocores/linking disks of (X, f) and (Y, g) with the co-
cores/linking disks of (X×Y, h). Obviously, products of cocores are cocores, and this accounts
for all cocores in the product, just as in the case without stops.

Let us now consider products of cocores and linking disks. Consider the linking disk
inside X at a given point of fcrit. Recall from §3.3 that this linking disk admits the following
description in terms of Weinstein handles. On the Lagrangian cylinder R × fcrit ⊆ X,
we introduce a pair of cancelling Weinstein handles of indices 0 and 1 (more precisely,
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coupled (0, 0)- and (1, 1)-handles), and the linking disk is a Lagrangian plane invariant
under the Liouville flow intersecting R× fcrit precisely at the critical point of index zero. The
introduction of these handles increases the core cX , however note that the new points of cX
are entirely contained in R × f, so in particular the product stop h remains the same. We
now take this deformation of Liouville forms on X and multiply with Y , noting that by the
previous sentence, the product stop h remains the same. The result is a deformation of the
Liouville form on X × Y which introduces a pair of cancelling critical points of index k and
k + 1 for every Weinstein k-handle of Y . When k is the critical index for Y , these critical
points lie on R× fcrit× ccrit

Y . It follows that the product of a linking disk of fcrit and a cocore
of Y is the linking disk of the corresponding component of fcrit × ccrit

Y .
Finally, let us consider products of linking disks and linking disks. We consider the same

description of the linking disks as before, namely in terms of a deformation of the Liouville
forms on X and Y to introduce cancelling Weinstein handles of indices 0 and 1 on R× fcrit

and R × gcrit. Now the result on the product is that the Liouville form is deformed near
R× fcrit × gcrit × R to introduce four cancelling Weinstein handles of indices 0, 1, 1, and 2.
The product of the linking disks is now a Lagrangian plane invariant under the Liouville flow
intersecting R× fcrit × gcrit × R precisely at the critical point of index 0, and this is exactly
the linking disk at the corresponding point of fcrit × gcrit × R.

7.3 Proof of generation

Proof of Theorem 1.10. Fix a stopped Weinstein manifold (X, f), and consider the Künneth
embedding

W(X, f) ↪→W(X × C, h) (7.3)

L 7→ L ×̃ iR (7.4)

where

h = (cX × {±∞}) ∪ (f× R) ⊆ ∂∞(X × C) = X × ∂∞C ∪
∂∞X×∂∞C×R

∂∞X × C. (7.5)

It is enough to show that the image under Künneth of any L ∈ W(X, f) is generated by
the images of the linking disks and cocores (see Lemma A.3). By the discussion in §7.2,
these images are precisely the linking disks of the product stop h. Hence by the wrapping
exact triangle Theorem 1.9 and general position (Lemma 2.3), it suffices to show that L× iR
can be isotoped through h to a zero object. For such an isotopy, we can simply take (the
cylindrization of) L times an isotopy of iR through the stop at +∞ ∈ ∂∞C to an arc
contained in the lower half-plane CIm≤0, which is a zero object (and hence whose cylindrized
product with L is also a zero object by virtue of the Künneth functor).

Proof of Theorem 1.13. Given any L ⊆ F ×CRe≥0 missing Λ at infinity, the isotopy from the
proof of Proposition 7.1 eventually pushes L to a zero object in W(F×CRe≥0,Λ). Perturbing
this isotopy to intersect Λ only by passing through Λcrit transversally via Lemma 2.3 and
appealing to the wrapping exact triangle Theorem 1.9 proves the claim.
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Proof of Corollary 1.14. The Fukaya–Seidel category of our Lefschetz fibration π : X̄ → C
can be described as the wrapped Fukaya category of the Liouville sector obtained from
F × CRe≥0 by attaching critical Weinstein handles along the vanishing cycles inside (or,
rather, their lifts to) F × ∂∞CRe≥0. Denoting by Λ the union of these attaching loci, there
is a functor

W(F × CRe≥0,Λ)→W((F × CRe≥0) ∪Λ (handles)). (7.6)

The image of this functor generates the target by Theorem 1.10, since the linking disks to
Λ are sent to the cocores of the added handles. On the other hand, the domain category is
generated by these linking disks by Theorem 1.13, and the cocores of the added handles are
precisely the Lefschetz thimbles.

Proof of Theorem 1.11. We follow the proof of Theorem 1.10. To see that the product stop
h remains mostly Legendrian, write it as h = (cX,f × {±∞}) ∪ (f × {0}), use the given
decompositions of the two copies of cX,f into critical and subcritical parts (note that the
Liouville vector field must be tangent to ccrit

X,f , hence the Liouville form vanishes identically
on it, so it is indeed Legendrian inside ∂∞(X ×C)), and declare f× {0} to be subcritical (it
follows from the fact that f × R is mostly Lagrangian that f can be covered by the smooth
image of a second countable manifold of dimension less than Legendrian). It thus suffices
to show that for each generalized cocore L ⊆ X intersecting ccrit

X,f transversally at p, the
cylindrized product L ×̃ iR is isomorphic in W(X × C, h) to the linking disk at p×∞.

We discuss first the case that the generalized cocore in question L is invariant under the
Liouville flow. Consider isotoping the linking disk iR of (C, {±∞}) to make it (transversally)
pass through ∞ (and thus become a zero object). The (cylindrized) product of this isotopy
with L passes through the product stop h once, transversally, at p × ∞ (note that this
intersection occurs far away from where the product Lagrangian needs to be cylindrized,
since L is Liouville invariant). In view of the wrapping exact triangle and the fact (which
follows from Künneth) that the product of anything with a zero object is again a zero object,
we conclude that L ×̃ iR is isomorphic in W(X × C, h) to the linking disk of the product
stop at p×∞, as desired.

For case of general (i.e. not necessarily globally Liouville invariant) L, fix a primitive
f : L → R of λX |L. Using the argument from the proof of Lemma 6.1, we may assume
that f is compactly supported and that f vanishes at the transverse intersection point
L ∩ cX,f = {p}. We may thus extend f to all of X so as to be compactly supported and
to vanish on a neighborhood of cX,f, except possibly in a small neighborhood of p, where
we may only demand that it vanish on cX,f itself. We now consider the family of stopped
Liouville manifolds

(X × C, λX − t df + λC, ∂∞(cX,f × R)) (7.7)

for t ∈ [0, 1]. Note that, by definition, Xf vanishes over cX,f except in a neighborhood of q
where it can be nonzero but tangent to cX,f; hence (cX,f×R) is indeed cylindrical at infinity,
so the definition of the stop above makes sense (note that we make no claims about the core
of (X,λX − df)). Moreover, this family of stopped Liouville manifolds is nice at infinity: the
only changes at infinity occurs where the stop is just a smooth Legendrian, so the picture
at infinity simply undergoes a global contact isotopy. In particular, the wrapped Fukaya
categories are canonically identified, so to show agreement of L ×̃ iR with the linking disk
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in the category at t = 0, it suffices to show agreement in the category at t = 1. Now L is
invariant under the Liouville flow of the Liouville form λX − df , and hence the argument
from the previous paragraph applies.

8 Stopped inclusions

We now explore geometric conditions under which the pushforward functor on wrapped
Fukaya categories W(X) → W(X ′) induced by an inclusion of Liouville sectors X ↪→ X ′

is fully faithful. A simple example of such a situation, namely when the wrapping in X ′

was literally the same as the wrapping in X, was explored in Lemma 2.9. More generally,
since wrapped Floer homology can be computed by wrapping only one factor, it is enough
to assume that when Lagrangians inside X are wrapped inside X ′, they never re-enter X
after leaving. We introduce notions of forward stopped and tautologically forward stopped
(and dually backward stopped) inclusions of Liouville sectors which are geometric conditions
sufficient to ensure this, and hence to ensure full faithfulness of the pushforward functor
on wrapped Fukaya categories. This notion depends only on the contact geometry of the
boundary at infinity.

8.1 Review of convex hypersurfaces in contact manifolds

Recall that a compact cooriented hypersurface H inside a cooriented contact manifold Y
is called convex iff there exists a contact vector field defined near H which is positively
transverse to H. Such a contact vector field determines a partition

H = H+ ∪Γ H− (8.1)

where Γ ⊆ H (called the dividing set) is a hypersurface transverse to the characteristic
foliation (in particular, avoiding its singularities) and all of the positive (resp. negative)
tangencies of ξ to H are contained in H+ (resp. H−). Namely, H± ⊆ H are the loci where
the contact vector field V is positively/negatively transverse to ξ, and they meet along the
locus Γ ⊆ H where V ∈ ξ. The dividing set Γ is a transversely cut out hypersurface inside H
for every transverse contact vector field V , and is a contact submanifold of Y . The unique
contact forms λ± on Y defined near H± by λ±(V ) = ±1 restrict to Liouville forms on H±
whose Liouville vector fields are tangent to the characteristic foliation. With these Liouville
forms, H± are Liouville manifolds, whose contact boundaries are naturally identified with Γ.

The partition (8.1) depends on a choice of transverse contact vector field V . For a more
invariant notion, we may pass to the cores cH± of H±, which do not depend on the choice
of V . The complement H \ (cH+ ∪ cH−) equipped with its characteristic foliation is (non-
canonically) diffeomorphic to R×Γ equipped with the foliation by R×{p}. We thus obtain
the following canonical intrinsically defined structure:

cH+ , cH− ⊆ H H \ (cH+ ∪ cH−)→ Γ, (8.2)

where the second map is projection along the characteristic foliation (i.e. the “contact re-
duction” of the ‘even contact manifold’ H \ (cH+ ∪ cH−)). In particular, the contact man-
ifold Γ is defined intrinsically in terms of H. The image of any section of the projection
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H \ (cH+ ∪ cH−) → Γ is the dividing set for some transverse contact vector field V . The
characteristic foliation of H is cooriented (by the coorientations on H and ξ), and let us fix
conventions so that this coorientation is outward pointing along ∂H+. In particular, we have
the following useful result:

Lemma 8.1. A subdomain A ⊆ H is the “positive part” of some partition (8.1) associated
to a transverse contact vector field iff cH+ ⊆ A ⊆ H \ cH− and the characteristic foliation is
outwardly transverse to ∂A. More generally, a subdomain A ⊆ H is a Liouville subdomain
of the positive part of some partition (8.1) iff A ⊆ H \ cH− and the characteristic foliation
is outwardly transverse to ∂A.

Example 8.2. Consider a Liouville pair (X̄, F ). Choose a contact form near F0 whose restric-
tion to F0 makes it a Liouville domain; this determines coordinates Rt × F0 ↪→ ∂∞X̄ near
t = 0 in which the contact form is given by dt + λF0 . As in [26, Definition 2.14], removing
(Rs>0×R|t|<ε×F ◦0 , es(dt+λF0)) from X̄ yields a Liouville sector X. The boundary of ∂∞X
is thus ∂(R|t|≤ε×F0), which admits the transverse contact vector field t ∂

∂t
+ZF0 . The divid-

ing set is thus {t = 0}, and the positive/negative cores are {t = ±ε} × cF0 . Any Liouville
subdomain of F0, embedded inside either side {t = ±ε} × F0, is a Liouville subdomain of
the positive/negative parts of ∂(R|t|≤ε × F0).

8.2 Forward/backward stopped cobordisms and inclusions

We now define ‘forward stopped’ and ‘tautologically forward stopped’ inclusions of (stopped)
Liouville sectors. Being (tautologically) forward stopped depends only on the contact bound-
ary, and so we first define the corresponding notions for contact cobordisms. The dual notions
of being (tautologically) backward stopped simply mean (tautologically) forward stopped af-
ter negating the Liouville form / the coorientation of the contact structure.

A contact cobordism shall mean a contact manifold-with-boundary M whose boundary
∂M is compact, convex, and has a specified decomposition into open pieces ∂M = ∂inM t
∂outM , with ∂outM cooriented in the outward direction and ∂inM in the inward direction.
Note that ∂M is required to be compact, but M itself is not. Both ∂inM and ∂outM have
positive and negative cores c(∂inM)± and c(∂outM)± , respectively. Wrapping in M will tend to
push towards c(∂outM)+ t c(∂inM)− and away from c(∂inM)+ t c(∂outM)− (a convenient class of
positive contact vector fields which does precisely this is constructed in [26, §2.9]).

∂outM

∂inM
c(∂inM)+c(∂inM)−

c(∂outM)+c(∂outM)−

∂outM

∂inM

c(∂outM)+

c(∂inM)+
c(∂inM)−

c(∂outM)−

Figure 20: Deformation of M so that ∂inM and ∂outM touch over c(∂inM)+ .

Definition 8.3. A contact cobordism M is called tautologically forward stopped iff it admits
a compactly supported deformation (through contact cobordisms) which makes ∂inM touch
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∂outM over a neighborhood of the incoming positive core c(∂inM)+ so that it is disjoint from
the outgoing negative core c(∂outM)− (see Figure 20). (This final “pinched” object is not
strictly speaking a manifold-with-boundary, so to make this discussion precise, one may
work with contact cobordisms equipped with a germ of codimension zero embedding into a
contact manifold.)

The contact cobordisms which we are interested in arise from inclusions of (possibly
stopped) Liouville sectors. Recall that the contact boundary ∂∞X of a Liouville sector
X is a compact cooriented contact manifold with convex boundary ∂∂∞X. We coorient
this boundary in the outward direction, so positive wrapping inside X will tend to push
Lagrangians towards the positive core c(∂∂∞X)+ . In the presence of a stop f ⊆ (∂∞X)◦

which does not approach the boundary ∂∂∞X, the relevant cooriented contact manifold
with convex boundary is ∂∞X \ f. For an inclusion of Liouville sectors X ↪→ X ′, the
difference of their boundaries M = ∂∞(X ′ \X◦) is a contact cobordism, with ∂inM = ∂∂∞X
and ∂outM = ∂∂∞X

′. More generally, for an inclusion of stopped Liouville sectors (X, f) ↪→
(X ′, f′) satisfying the (rather strong) condition that f = f′∩ (∂∞X)◦ and f′ does not approach
∂∞X or ∂∞X

′, we may consider the contact cobordism M = ∂∞(X ′ \X◦) \ f′.

Definition 8.4. An inclusion of stopped Liouville sectors (X, f) ↪→ (X ′, f′) (satisfying f =
f′ ∩ (∂∞X)◦ and that f′ does not approach ∂∞X or ∂∞X

′) is called tautologically forward
stopped iff the associated contact cobordism is.

Example 8.5. Consider a Liouville sector X including into a slight enlargement X+ of itself,
defined by flowing out by the Hamiltonian flow of a defining function for unit time. Then
M = ∂∞(X+ \ X◦) is a contact cylinder, and shrinking X+ back down to X defines a
pinching of M which shows that X ↪→ X+ is tautologically forward stopped. Hence every
trivial inclusion of Liouville sectors X ↪→ X ′ is tautologically forward stopped (a trivial
inclusion may, by definition, be deformed to X ↪→ X+).

Example 8.6. Let X ↪→ X ′ be an arbitrary inclusion of Liouville sectors (which may or
may not be tautologically forward stopped); we will show how to modify X ′ to make this
inclusion tautologically forward stopped. We consider the Liouville hypersurface in ∂∞X

′

defined as a small outward pushoff of some choice of positive part (∂∂∞X)+ ⊆ ∂∂∞X (in
the sense of (8.1)). Removing from X ′ a neighborhood of this Liouville hypersurface as
in Example 8.2 defines a Liouville sector X̌ ′. Translating this excised neighborhood of the
Liouville hypersurface back towards ∂∂∞X shows that the inclusion X ↪→ X̌ ′ is tautologically
forward stopped. The arbitrary inclusion X ↪→ X ′ is thus factored into the tautologically
forward stopped inclusion X ↪→ X̌ ′ (fully faithful on wrapped Fukaya categories by Corollary
(8.13)) and the stop removal inclusion X̌ ′ ↪→ X ′ (a localization on wrapped Fukaya categories
if (∂∂∞X)+ is Weinstein by Theorem 1.16).

Example 8.7. Consider a Liouville sector X with F (a component of) its symplectic bound-
ary. There is an inclusion of Liouville sectors F × T ∗[0, 1] → X, giving coordinates on a
neighborhood of (a component of) the boundary of X. This inclusion is not usually tauto-
logically forward stopped: ∂(F × T ∗[0, 1]) = F × (T ∗0 [0, 1] ∪ T ∗1 [0, 1]), and only one of these
components is tautologically forward stopped using ∂X. We can stop the other component
by adding a stop to X as in the previous Example 8.6. Equivalently, we could apply Exam-
ple 8.6 directly to the inclusion F × T ∗[0, 1] → X̄ where X̄ is the convex completion of X
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along the boundary component F . The result is a tautologically forward stopped inclusion
from F × T ∗[0, 1] into X̄ stopped at F0 and a small positive pushoff F+

0 thereof. Combining
this with the Künneth stabilization functor, we obtain (using Corollary 8.13 below) a fully
faithful embedding W(F ) ↪→W(X̄, F ∪ F+).

The properties of tautologically forward stopped inclusions which are relevant to control-
ling wrapping are in fact shared by a more general class we term simply forward stopped
inclusions. In addition to being more general, the notion of forward stopped inclusions will
be more immediately connected to the geometry of wrapping. However, in applications, we
have found that the forward stopped inclusions of interest are in fact tautologically forward
stopped.

M

W

∂W

W ∩ ∂outM
W ∩ ∂inM

V

∂W

∂inM ∂outM

Figure 21: Schematic diagram of the codimension zero submanifold-with-boundary W and
the contact vector field V certifying that a contact cobordism M is forward stopped.

Definition 8.8. A contact cobordism M is called forward stopped iff there exists a closed
subset W ⊆M and a positive contact vector field V defined over Nbd ∂W (where ∂W ⊆M
denotes the boundary in the point set topological sense) satisfying the following conditions
(in which case we say M is forward stopped by W or (W,V ) or that W or (W,V ) is a forward
stopping witness for M):

(i) ∂W is compact.

(ii) W is sent into itself by the forward flow of V , namely for every trajectory γ : [0, ε)→M
of V with γ(0) ∈ W , we have γ(t) ∈ W for all t ∈ [0, ε).

(iii) V is inward pointing along ∂inM .

(iv) V is outward pointing along ∂outM .

(v) W ∩ ∂inM ⊆ ∂inM is the “positive piece” (∂inM)+ in some partition (8.1) of ∂inM .

(vi) W ∩∂outM ⊆ ∂outM is a Liouville subdomain of the “positive piece” (∂outM)+ in some
partition (8.1) of ∂outM .
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(Recall Lemma 8.1 for equivalent formulations of (v)–(vi).) The adjective ‘forward stopped’
may also be applied to inclusions of stopped Liouville sectors as in Definition 8.4.

The point of Definition 8.8 is that nothing escapes from W under the flow of suitably
chosen positive contact vector fields (a precise such statement is given in Proposition 8.12
and its proof).

Lemma 8.9. Given a contact cobordism M and a forward stopping witness (W,V ), there
exist contact vector fields Tin and Tout inwardly/outwardly transverse to ∂inM and ∂outM
which coincide with V over Nbd(∂inM ∩ ∂W ) and Nbd(∂outM ∩ ∂W ), respectively.

Proof. This follows from conditions (iii)–(vi) and the discussion in §8.1.

Proposition 8.10. The property of being forward stopped is invariant under compactly sup-
ported deformation of contact cobordisms.

Despite its aesthetic appeal, from a logical standpoint this result is unnecessary in view
of [26, Lemmas 2.9 and 3.41].

Proof. A deformation of M is smoothly trivial, so we may regard M as fixed and only the
contact structure ξt as varying. Fix a forward stopping witness (W 0, V 0) for (M, ξ0). Let
T tin and T tout be a family of inward/outward pointing contact (with respect to ξt) vector fields
defined over Nbd ∂inM and Nbd ∂outM , respectively, so that at time t = 0 they agree with
V 0 as in Lemma 8.9. By modifying our smooth trivialization, we may assume that T tin and
T tout are independent of t, so let us just denote them by ∂

∂r
.

Let M̂ denote the completion of M obtained by gluing on cylindrical ends R≤0 × ∂inM
and R≥0 × ∂outM via ∂

∂r
; we may extend ξt to be ∂

∂r
-invariant in these ends. We may also

extend W 0 ⊆M to Ŵ 0 ⊆ M̂ by gluing on R≤0× (W ∩ ∂inM) and R≥0× (W ∩ ∂outM). Note
that the family (M, ξt) is contactomorphic to MR := M ∪ ([−N, 0]×∂inM)∪ ([0, N ]×∂outM)
equipped with ξt (to see this, it is enough to cut off the contact vector field ∂

∂r
to make it

supported in a small neighborhood of ∂M and then use its flow). Hence it is enough to show
that (MR, ξ

1) is forward stopped. Note that (MR, ξ
0) is forward stopped, as witnessed by

Ŵ 0 and the splicing of V 0 with ∂
∂r

.
By Gray’s theorem, there is a unique family of vector fieldsXt ∈ ξt satisfying LXtξt = ∂

∂t
ξt;

uniqueness shows that Xt commutes with ∂
∂r

in the cylindrical ends. If M is non-compact,
then note that Xt are supported away from this non-compactness, since by assumption our
given deformation is compactly supported. We may now simply flow the stopping witness
for (MR, ξ

0) under Xt to obtain one for (MR, ξ
1) (we should take R large enough so that the

flowed witness remains cylindrical outside MR).

Proposition 8.11. A tautologically forward stopped contact cobordism may be deformed
(away from infinity) to be forward stopped.

Proof. We will show that (a small deformation of) the limiting pinched cobordism M from
Definition 8.3 is forward stopped. By translating ∂inM outward by its transverse contact
vector field V , we obtain a genuine contact cobordism M ′. Let W ⊆M ′ be the cylinder over
(i.e. the sweepout under V of) a small Liouville domain neighborhood of c(∂inM)+ ⊆ ∂inM .
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Using Lemma 8.1, we see that W ∩ ∂inM
′ is indeed the positive piece (∂inM

′)+ in some
partition (8.1) and that W ∩∂outM

′ is a Liouville subdomain of (∂outM
′)+ in some partition.

The vector field V is tangent to ∂W and thus W is a stopping witness for M .

We now argue that being forward stopped tells us something about wrapping, namely,
that if Y ↪→ Y ′ is forward stopped, then if we wrap a given Legendrian submanifold of Y
inside Y ′, once it exits Y it stays within W and never returns to Y . More precisely, such
wrappings (those which stay inside W and never return to Y ) are cofinal in all wrappings
(wrappings which exit W can of course exist; the claim is simply that they can be ignored
for the purposes of calculating wrapped Floer cohomology).

Proposition 8.12. Suppose Y ↪→ Y ′ is forward stopped by W , and let Λ ⊆ Y ◦ be a compact
Legendrian submanifold. Consider wrappings Λ Λw inside Y ◦ followed by wrappings Λw  
Λww inside (Y ′)◦ supported inside (i.e. fixed outside) W union any fixed small neighborhood
of W ∩ ∂Y inside Y and of W ∩ ∂Y ′. The collection of all such compositions Λ  Λww is
cofinal in the wrapping category of Λ inside Y ′.

Proof. Fix a positive contact vector field V defined over Nbd ∂W satisfying the conditions
of Definition 8.8. Fix contact vector fields T and T ′ outwardly transverse to ∂Y and ∂Y ′ as
in Lemma 8.9. We use these transverse contact vector fields to fix coordinates near ∂Y and
∂Y ′ as in [26, §2.9]. We also fix contact forms near ∂Y and ∂Y ′ as in [26, §2.9 Equations
(2.22) and (2.26)] which evaluate to 1 on T and T ′ over Nbd(W ∩ ∂Y ) and Nbd(W ∩ ∂Y ′).
In particular, over Nbd(W ∩ ∂Y ) and Nbd(W ∩ ∂Y ′), we have coordinates Rt≥0× (W ∩ ∂Y )
and Rt≥0 × (W ∩ ∂Y ′) (respectively) in which T and T ′ equal − ∂

∂t
and the contact form

equals λ− dt and λ′ − dt for Liouville forms λ and λ′ on W ∩ ∂Y and W ∩ ∂Y ′.

c(∂Y )+ ∂Y

Y

∂Y

Y

∂Y ′c(∂Y ′)+

∂W∂W W

Y ′

Figure 22: The positive contact vector fields V1 (left) and V2 (right).

We define a positive contact vector field V1 on Y as follows. Near ∂Y , we define V1 by
a contact Hamiltonian of the form M(t) satisfying M(0) = M ′(0) = 0 and M(t),M ′(t) > 0
for t > 0, thus of the form [26, §2.9 Equations (2.23) and (2.29)] with the resulting excellent
dynamics near ∂Y . In particular, in the coordinates Rt≥0 × (W ∩ ∂Y ) over Nbd(W ∩ ∂Y ),
we have

V1 = −M ′(t)Zλ −M(t)
∂

∂t
. (8.3)
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We extend V1 to all of Y to be complete (this is possible since ∂W is compact: use the
argument in the proof of [26, Lemma 3.29]). The vector field V1 is illustrated on the left of
Figure 22.

We now define a positive contact vector field V2 on Y ′. The contact vector field V2 is
obtained from V1 by modifying M(t) in a very small neighborhood of ∂Y to not decay to
zero but rather to a very small constant ε > 0. Thus V2 equals −ε ∂

∂t
= εT = εV over

Nbd(∂Y ∩ ∂W ), and we extend V2 to all of Nbd ∂W as ε · V . Near ∂Y ′ we declare V2 to
again be given by a contact Hamiltonian of the form N(t) satisfying N(0) = N ′(0) = 0
and N(t), N ′(t) > 0 for t > 0 and equalling ε outside a very small neighborhood of t = 0.
Examining the resulting form

V2 = −N ′(t)Zλ′ −N(t)
∂

∂t
(8.4)

over Nbd(W ∩ ∂Y ′), we see that the flow of V2 attracts towards W ∩ ∂Y ′ in a neighborhood.
We extend V2 to the rest of Y ′ to be complete. The vector field V2 is illustrated on the right
of Figure 22.

We now analyze the effect of flowing a given compact Legendrian Λ ⊆ Y ◦ under V1 and/or
V2. The image of Λ under the forward flow of V1 is bounded away from ∂Y except for a
neighborhood of c(∂Y )+ ⊆ (W ∩ ∂Y ) (this follows from the explicit form of V1 near ∂Y , see
[26, §2.9 Equations (2.23) and (2.29) and Proposition 2.35]). Hence, fixing such a Λ, we may
choose the modification V2 of V1 to take place in a sufficiently small neighborhood of ∂Y so
as to ensure that the forward flow of Λ under V2 exits Y only along (the interior of) W ∩∂Y .
Now V2 is weakly inward pointing along ∂W , so the forward flow of Λ under V2 either stays
entirely within Y or exits Y along W ∩ ∂Y and then stays entirely within W (except over
a small neighborhood of W ∩ ∂Y ′, where it is not necessarily weakly inward pointing along
∂W , but nevertheless attracts towards W ∩ ∂Y ′). Furthermore, the same holds for the flow
of Λ under aV2 + (1− a)V1 for any a ∈ [0, 1].

With our vector fields V1 and V2 defined and their dynamics understood, we may now
conclude the proof. The family of wrappings Λ  eNV2Λ is cofinal, since V2 is a complete
positive contact vector field on (Y ′)◦ (use Lemma 2.1). These wrappings may be factorized
as Λ  eNV1Λ  eNV2Λ, where the second positive isotopy is eN(aV2+(1−a)V1)Λ for a ∈ [0, 1].
The first isotopy Λ  eNV1Λ clearly takes place entirely inside Y . The second isotopy
eN(aV2+(1−a)V1)Λ is supported inside W union a small neighborhood of W ∩ ∂Y inside Y and
of W ∩∂Y ′. Indeed, the only points which move during this isotopy are those corresponding
to trajectories which have reached a place where V1 and V2 differ, and such trajectories can
only end inside W union a small neighborhood of W ∩ ∂Y inside Y and of W ∩ ∂Y ′.

Corollary 8.13. Let (X, f) ↪→ (X ′, f′) be an inclusion of stopped Liouville sectors which is
forward stopped by W . The pushforward functor W(X, f) ↪→ W(X ′, f′) is fully faithful, and
its image is left-orthogonal to every K ⊆ X ′ (disjoint from f′ at infinity) which is disjoint
from X and disjoint at infinity from W .

Proof. For full faithfulness, we just need to argue that HW •(L,K)X,f → HW •(L,K)X′,f′
is a quasi-isomorphism. According to Proposition 8.12, wrapping L inside X ′ away from
f′ may be described by first wrapping L  Lw inside X away from f, and then wrapping
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Lw  Lww inside W (union a small neighborhood of ∂−W ). The second wrapping is disjoint
from ∂∞K ⊆ ∂∞X, and hence the map HF •(Lw, K)

∼−→ HF •(Lww, K) is an isomorphism
(e.g. by the last property from [26, Lemma 3.26]). Taking the direct limit over pairs of
wrappings L  Lw  Lww yields the map HW •(L,K)X,f

∼−→ HW •(L,K)X′,f′ which is thus
also an isomorphism.

The argument for orthogonality is the same: if K ∩ X = ∅ and ∂∞K ∩W = ∅, then
every L ⊆ X has cofinal wrappings away from K, and hence the direct limit computing
HW •(L,K) vanishes.

8.3 Viterbo restriction

As an illustration of the use of forward stopped inclusions, we implement a proposal of Sylvan
[43] for defining a restriction functor (conjecturally agreeing with Abouzaid–Seidel’s Viterbo
restriction functor [6] on the domain of the latter).

Let X in
0 ⊆ X0 be an inclusion of Liouville domains, with completions X in and X. Given

any Liouville manifold W and an embedding of X0 as a Liouville hypersurface inside ∂∞W ,
we may consider the diagram

W(X) W(W, cX)

W(X in) W(W, cXin),

(8.5)

where the horizontal arrows are given by the composition of the Künneth stabilization
functor W(X) ↪→ W(X × T ∗[0, 1]) with pushing forward under the tautological inclusion
X × T ∗[0, 1] ↪→ (W, cX) near the stop cX . Given this diagram, it is natural to ask whether
there is a natural functor W(X) → W(X in) making the diagram commute. Sylvan conjec-
tured that Abouzaid–Seidel’s (partially defined) functor W(X)→W(X in) is such a functor.
Sylvan also observed that, in the opposite direction, one may, under certain assumptions,
use the diagram (8.5) in the special (in fact, universal) case W = X × CRe≥0 to define a
priori a restriction functor TwW(X) → TwW(X in), and conjectured that this recovers
Abouzaid–Seidel’s restriction functor on the domain of the latter.

To spell this out, observe that the inclusions of Liouville sectors

X × T ∗[0, 1] ↪→ (X × CRe≥0) \Nbd(X0 × {∞}), (8.6)

X in × T ∗[0, 1] ↪→ (X × CRe≥0) \Nbd(X in
0 × {∞}), (8.7)

are tautologically forward stopped (by following the trivial open book for the contact bound-
ary of X × C), and hence induce fully faithful pushforward functors. Künneth stabilization
is always fully faithful, so we have a diagram whose horizontal arrows are fully faithful
embeddings:

W(X) W(X × CRe≥0, cX)

W(X in) W(X × CRe≥0, cXin)

(8.8)
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(where we have used Corollary 2.11 to relate the categories on the right with those on
the right of (8.6)–(8.7)). If X in is Weinstein, then Theorem 1.13 implies that the bottom
horizontal arrow is essentially surjective on twisted complexes, and is thus a pre-triangulated
equivalence. Hence inverting it defines a restriction functor

TwW(X)→ TwW(X in) (8.9)

making Tw (8.8) commute. In fact, by pushing forward under the canonical embedding
X × CRe≥0 → W near a Liouville hypersurface X0 ↪→ ∂∞W , we see that this restriction
functor (8.9) makes Tw (8.5) commute as well.

Remark 8.14. The assumption that X in is Weinstein is used only to ensure essential surjec-
tivity of W(X in)→W(X×CRe≥0, cXin); the restriction functor (8.9) is defined whenever this
holds. More generally, one may define a “Viterbo (W(X),W(X in))-bimodule” from (8.8) by
pulling back the diagonal bimodule from W(X × CRe≥0, cXin) and ask whether it is repre-
sentable (possibly by a twisted complex) and thus defines a functor (8.9). It seems plausible
that one could use geometric arguments to show this representability for any inclusion of Li-
ouville domains X in

0 ⊆ X0, possibly leading to a favorable comparison with the construction
of Abouzaid–Seidel [6].

If we assume that both X in
0 and the cobordism X0\X in

0 are Weinstein (up to deformation),
then we can say more about the restriction functor (8.9) and the commutative diagrams (8.5):

Proposition 8.15. Suppose both X in
0 and X0 \X in

0 are Weinstein. The restriction functor
(8.9) is the quotient by the cocores of X not in X in, and the diagram

TwW(X) TwW(W, f ∪ cX)

TwW(X in) TwW(W, f ∪ cXin)

(8.9) (8.10)

is a homotopy pushout for any stopped Liouville sector (W, f) with an embedding X0 ↪→
(∂∞W )◦ \ f as a Liouville hypersurface.

Proof. Since both X and X in are Weinstein, both horizontal functors in (8.8) are essentially
surjective on twisted complexes by Theorem 1.13 and are thus pre-triangulated equivalences.
The right vertical functor is the quotient by the linking disks of cX \ cXin by Theorem 1.16.
Since these are precisely the images of the cocores of X not in X in, it follows by definition
that (8.9) is the quotient by the same.

Now going in the reverse direction, the vertical maps in (8.10) are, respectively, quoti-
enting by the cocores of X not in X in and quotienting by their images the linking disks to
cX \ cXin . We thus conclude that (8.10) is a homotopy pushout by Lemma A.6.

9 Descent formulae

9.1 Homotopy pushout formula

Contrary to the proof sketched in §1.8, the proof of Theorem 1.20 we give here does not
depend on having defined homotopy pushouts of A∞-categories in terms of the Grothendieck
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construction, rather we will only appeal to Lemma A.6 (compatibility of homotopy colimits
with quotients) and Proposition A.9.

Proof of Theorem 1.20. Our first task is simply to setup nice coordinates near the splitting
hypersurface X1∩X2. To construct these coordinates, we will deform the Liouville form on X
near the splitting hypersurface; this is permitted since such a deformation does not affect the
validity of the statement we are trying to prove. The discussion surrounding [26, Proposition
2.25] shows that there exist coordinates nearX1∩X2 of the form (F×T ∗[0, 1], λF+λT ∗[0,1]+df)
where f : F × T ∗[0, 1] → R has proper support over T ∗[0, 1] and f = f± : F → R away
from a compact subset of T ∗[0, 1] and X1 ∩X2 = F ×N∗{1

2
}. By assumption, the Liouville

manifold (F, λF ) is Weinstein up to deformation, namely there exists a compactly supported
function g : F → R such that (F, λF + dg) is Weinstein. We may, of course, absorb g into
f so that (F, λF ) is itself Weinstein. We now consider the obvious linear deformation of
Liouville forms between λF +λT ∗[0,1] +df and λF +λT ∗[0,1] +d(ϕ(t)f) where ϕ : [0, 1]→ [0, 1]
is smooth and equals 1 near the boundary and equals 0 near t = 1

2
. A calculation as in [26,

Proposition 2.28] shows that convexity at infinity is preserved under this deformation. Since
ϕ vanishes in a neighborhood of t = 1

2
, in this deformed Liouville manifold there now exist

coordinates
(F × T ∗[0, 1], λF + λT ∗[0,1])→ (X,λX) (9.1)

strictly respecting the Liouville form, where (F, λF ) is Weinstein, and locally X1 = {t ≤ 1
2
}

and X2 = {t ≥ 1
2
}.

Let X+
i denote a small enlargement of X+

i , namely locally X+
1 = {t ≤ 4

7
} and X+

2 = {t ≥
3
7
}, so X+

1 ∩X+
2 = F × T ∗[3

7
, 4

7
] (see Figure 23). There is thus a diagram of A∞-categories,

well defined up to quasi-equivalence,

W(F × T ∗[3
7
, 4

7
]) W(X+

1 , r1)

W(X+
2 , r2) W(X, r1 ∪ r2)

(9.2)

as constructed in §2.3. (Note that the stop r = r1 ∪ r2 is disjoint from the chart (9.1) near
X1∩X2 constructed above.) It is this diagram of A∞-categories which we would like to show
is an almost homotopy pushout.

We now introduce more stops into the picture, namely at F0 × {∞ · dt} × {t = 2
7
} and

F0 × {−∞ · dt} × {t = 5
7
}, where F0 ⊆ F denotes any Liouville domain whose completion

is F . We denote the resulting Liouville sectors by X̌ and X̌+
i ; note that we still have

X̌+
1 ∩ X̌+

2 = X+
1 ∩ X+

2 = F × T ∗[3
7
, 4

7
] since the added stops lie outside the region [3

7
, 4

7
].

There is thus a corresponding diagram of A∞-categories

W(F × T ∗[3
7
, 4

7
]) W(X̌+

1 , r1)

W(X̌+
2 , r2) W(X̌, r1 ∪ r2).

(9.3)
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X+
1

X+
2

F × T ∗[0, 1]

F × T ∗[ 37 ,
4
7 ]

Figure 23: Liouville sectors X+
i near the chart (9.1), with two dots indicating the location

of the stops imposed to obtain X̌+
i . The arrows indicate the direction of the Reeb flow.

There is a map of diagrams (9.3) → (9.2). By stop removal Theorem 1.16 (after shrinking
the stops modelled on F0 down to their cores), each of the four maps comprising this map of
diagrams is a quotient by the linking disks of the stops. Thus by Lemma A.6, to show that
(9.2) is an almost homotopy pushout, it suffices to show that (9.3) is an almost homotopy
pushout.

We now argue that (9.3) is an almost homotopy pushout by appealing to Proposition A.9
(in other words, we wish to show that (9.3) has, up to pre-triangulated equivalence, the same
shape as in Example A.10). Let us first argue that the functors comprising (9.3) are all fully
faithful. By Corollary 8.13, it is enough to check that each of the corresponding inclusions of
Liouville sectors is tautologically backward stopped. We consider the inclusion (X̌+

1 , r1) ↪→
(X̌, r1∪r2). The incoming core of the boundary of ∂∞X̌

+
1 is given by cF×{−∞·dt}×{t = 4

7
},

and dragging the stop F0×{−∞·dt}×{t = 5
7
} from t = 5

7
to t = 4

7
shows that this inclusion

is tautologically backward stopped (compare Examples 8.6–8.7). Identical considerations
show that all the inclusions of Liouville sectors forming the diagram (9.3) are tautologically
backward stopped, and so the functors are fully faithful.

Let us now ask for the left-orthogonal complements of W(F×T ∗[3
7
, 4

7
]) inside W(X̌+

i , ri) for
i = 1, 2. The Lagrangians inside {t ≤ 1

7
} (for i = 1) or {t ≥ 6

7
} (for i = 2) are left-orthogonal

to W(F × T ∗[3
7
, 4

7
]) by Corollary 8.13. Together with W(F × T ∗[3

7
, 4

7
]), these Lagrangians

generate W(X̌+
i , ri) for i = 1, 2 by the wrapping exact triangle (push any Lagrangian until it

lies in {t ≤ 1
7
} or {t ≥ 6

7
}; this costs some number of linking disks, but these are generated

by the subcategories in question by applying Künneth to T ∗[0, 1] with a stop times F ). The
Lagrangians inside {t ≤ 1

7
} and {t ≥ 6

7
} thus split-generate the “right-new” objects. Their

images in W(X̌, r1 ∪ r2) are mutually orthogonal by Corollary 8.13, which finishes off the
verification of the hypotheses of Proposition A.9. We have thus shown that (9.3) (and hence
(9.2)) is an almost homotopy pushout, as desired.
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9.2 Effect of Weinstein handle attachment

Proof of Corollary 1.21. Fix a stopped Liouville sector (X in, fin) of dimension 2n, and let
Λk−1 ⊆ (∂∞X

in)◦ \ fin be a parameterized isotropic sphere with a trivialization of its sym-
plectic normal bundle (i.e. the data for attaching a Weinstein k-handle). Let X be the
result of attaching a Weinstein k-handle to X in along Λ. There is an open embedding
∂∞X

in \ Λ ↪→ ∂∞X, and we let f denote the image of fin under this embedding. We may
view X as a gluing or union in the sense of Theorem 1.20 (see also [22, §3.1]) of:

(i) X1 := X in
Λ , defined as X in with an added stop along Λ (or rather the corresponding

Liouville sector X in \ Nbd Λ; note that Λ comes with a canonical Weinstein ribbon
T ∗Λ × Cn−k since its symplectic normal bundle is trivialized as part of the handle
attaching data), and

(ii) X2 := T ∗Bk × Cn−k, along

(iii) T ∗(Sk−1 × (−ε, ε))× Cn−k.

It follows that there is an almost homotopy pushout

W(T ∗(Sk−1 × [0, 1])× Cn−k) W(X in
Λ , f

in)

W(T ∗Bk × Cn−k) W(X, f).

(9.4)

We now analyze the critical and subcritical cases separately.
If k < n (i.e. Λ is subcritical), then W(T ∗(Sk−1× [0, 1])×Cn−k) = 0 = W(T ∗Bk ×Cn−k)

since n − k > 0 (one argument goes via Theorem 1.10, which shows they are generated
by the empty set, compare Example 1.12), so (9.4) reduces to a fully faithful embedding
W(X in

Λ , f
in) ↪→ W(X, f). On the other hand, stop removal Theorem 1.16 in the subcritical

case implies that W(X in
Λ , f

in)
∼−→ W(X in, fin) is a quasi-equivalence, and hence, by inverting

this latter quasi-equivalence, we obtain a fully faithful embedding

W(X in, fin) ↪→W(X, f). (9.5)

Geometrically, this functor first perturbs a Lagrangian in X in to avoid Λ and then completes
it inside X. If X in is a Weinstein manifold and fin is mostly Legendrian, then using Theorem
1.10 we see that (9.5) is in fact a quasi-equivalence.

Let us now consider the case k = n (i.e. Λ is Legendrian), so we may write (9.4) as

W(T ∗(Sk−1 × [0, 1])) W(X in
Λ , f

in)

W(T ∗Bk) W(X, f).

(9.6)

The categories W(T ∗Bk) and W(T ∗(Sk−1 × [0, 1])) are both generated by a cotangent fiber
(see Example 1.12), and the endomorphism algebras of these cotangent fibers are Z and
C−•(ΩS

n−1), respectively, by Abbondandolo–Schwarz [1] and Abouzaid [4] (along with The-
orem 1.5). The images of these cotangent fibers inside W(X in

Λ , f
in) and W(X, f) are the
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linking disk D ⊆ X in
Λ of Λ and the [cocore] ⊆ X, respectively. We thus obtain a diagram of

A∞-algebras

C−•(ΩS
n−1) CW •(D,D)Xin

Λ ,f
in

Z CW •([cocore], [cocore])X,f,

(9.7)

which remains a homotopy pushout since the cotangent fiber generates W(T ∗(Sk−1× [0, 1])).

9.3 Sectorial hypersurfaces and coverings

We introduce and study sectorial hypersurfaces and sectorial coverings, establishing some
basic properties. This section may be regarded as a continuation of [26, §2].

9.3.1 Sectorial hypersurfaces

Lemma 9.1. Let H1, . . . , Hn ⊆ X be a collection of cleanly intersecting hypersurfaces in a
symplectic manifold. The following are equivalent:

(i) All multiple intersections Hi0 ∩ · · · ∩Hik are coisotropic.

(ii) All pairwise intersections Hi ∩Hj are coisotropic.

(iii) We have Ci ⊆ THj over Hi ∩Hj, where Ci denotes the characteristic foliation of Hi.

Proof. It is equivalent to prove the corresponding statement for tuples of codimension one
subspaces V1, . . . , Vn inside a symplectic vector space W . Pass to the ω-orthogonal comple-
ments C1, . . . , Cn ⊆ W , which are lines inside W . The three conditions in question can now
be stated as follows:

(i) All sums Ci0 + · · ·+ Cik ⊆ W are isotropic.

(ii) All sums Ci + Cj are isotropic.

(iii) All pairs Ci and Cj are ω-orthogonal.

The equivalence of these is now obvious.

Recall that when working in a Liouville manifold-with-boundary with Liouville vector
field Z, we write NbdZ to indicate a Z-invariant neighborhood.

Definition 9.2. Let X be a Liouville manifold-with-boundary. A collection of hypersurfaces
H1, . . . , Hn ⊆ X (cylindrical at infinity) will be called sectorial iff their characteristic folia-
tions are ω-orthogonal (over their intersections) and there exist functions Ii : NbdZ Hi → R
(linear near infinity) satisfying:

dIi|Ci 6= 0, dIi|Cj = 0 for i 6= j, {Ii, Ij} = 0. (9.8)

We also allow immersed hypersurfaces H → X (cylindrical at infinity), with I now defined
on NbdZ H regarded as an immersed codimension zero submanifold of X, and the subscripts
i in the identities (9.8) now indexing the “local branches” of H.
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Remark 9.3. A word of caution is in order: we do not show that the space of tuples {Ii :
NbdZ Hi → R}i for a given sectorial collectionH1, . . . , Hn is contractible (or even connected).
Some care is thus warranted regarding whether certain constructions/results depend on a
choice of {Ii : NbdZ Hi → R}i.

Lemma 9.4. Sectorial hypersurfaces H1, . . . , Hn ⊆ X are mutually transverse, that is
codim(THi1 ∩ · · · ∩ THik) = k over Hi1 ∩ · · · ∩ Hik , and these multiple intersections are
coisotropic.

Proof. It follows from the conditions dIi|Ci 6= 0 and dIi|Cj = 0 for i 6= j that the characteristic
lines Ci are linearly independent, which implies mutual transversality of their symplectic
orthogonal complements THi. That the intersections are coisotropic follows from Lemma
9.1.

Example 9.5. A Liouville manifold-with-boundary X is a Liouville sector iff ∂X is sectorial.

Example 9.6. Let Q be a manifold, and let G1, . . . , Gn ⊆ Q be a collection of mutually
transverse hypersurfaces. Their inverse images inside T ∗Q form a sectorial collection of
hypersurfaces. Namely, we may take Ii to be the Hamiltonian lifts of vector fields Vi on Q
where Vi is transverse to Gi and tangent to Gj for j 6= i. More generally, the same holds for
the inverse image in T ∗Q of any self-transverse immersed hypersurface G# Q.

Lemma 9.7. Let H1, . . . , Hn ⊆ X be a sectorial collection of hypersurfaces, with a choice of
Ii : NbdZ Hi → R. There exist unique functions ti : NbdZ Hi → R satisfying Zti ≡ 0 near
infinity, Hi = {ti = 0}, {Ii, tj} = δij, and {ti, tj} = 0.

Proof. The properties Hi = {ti = 0} and XIiti ≡ 1 define ti : NbdZ Hi → R uniquely.
Differentiating XIiti ≡ 1 by Z yields XIi(Zti) ≡ 0, which together with Zti = 0 over Hi near
infinity implies that Zti = 0 near infinity. The remaining properties follow from a standard
calculation as we now recall. The Jacobi identity {Ii, {Ij, tj}}+{Ij, {tj, Ii}}+{tj, {Ii, Ij}} =
0 implies {Ij, {tj, Ii}} = 0. Now Xtj spans the characteristic foliation of Hj, so since dIi|Cj =
0 for i 6= j, we have {tj, Ii} = 0 over Hj, so {Ij, {tj, Ii}} = 0 implies that in fact {tj, Ii} = 0
everywhere for i 6= j. Jacobi again {ti, {tj, Ij}}+ {tj, {Ij, ti}}+ {Ij, {ti, tj}} = 0 now yields
XIj{ti, tj} = 0, and symmetrically we have XIi{ti, tj} = 0. Thus it is enough to show that
{ti, tj} = 0 over Hi ∩Hj, and here it follows since Xti ∈ Ci which is tangent to Hj.

Lemma 9.8. The map

(Ii1 , ti1 , . . . , Iik , tik) : NbdZ(Hi1 ∩ · · · ∩Hik)→ T ∗Rk (9.9)

is a symplectic fibration whose symplectic connection is flat, thus giving a symplectic product
decomposition

X = F × T ∗Rk (9.10)

identifying Z-invariant neighborhoods of Hi1 ∩ · · · ∩Hik and F × T ∗0 Rk.

Proof. The Hamiltonian vector fields XIi1
, . . . , XIik

, Xti1
, . . . , Xtik

are linearly independent
and span a symplectic subspace of TX, in view of their Poisson brackets. This subspace
is symplectically orthogonal to the kernel of the differential of the map (Ii1 , ti1 , . . . , Iik , tik),
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so we conclude that this map is a submersion with symplectic fibers, and that these vector
fields span the horizontal distribution of the induced symplectic connection. Moreover, these
vector fields are the horizontal lifts of the corresponding vector fields on the target, so since
they commute (by their Poisson brackets), we conclude that the connection is flat.

Remark 9.9. In the coordinates (9.10), the sectorial hypersurfaces are simply the inverse im-
ages of the coordinate hyperplanes in Rk. This gives a particularly simple way of “smoothing
corners” or doing other local modifications to a sectorial collection of hypersurfaces near a
given stratum Hi1 ∩ · · · ∩ Hik : choose some other collection of mutually transverse hyper-
surfaces in Rk and pull back. The new collection stays sectorial: we may take the new XIi

to be the Hamiltonian lifts of vector fields on Rk which are transverse to our new set of
hypersurfaces (compare Example 9.6).

9.3.2 Straightening the Liouville form

We now study the interaction of the splitting (9.10) with Liouville forms.

Lemma 9.10. With respect to the coordinates (9.10), we have

λX = λF + λT ∗Rk + df (9.11)

for a Liouville form λF on F and a function f : F × T ∗Rk → R supported in F0 × T ∗Rk

for some compact F0 ⊆ F . This function f locally factors through F wherever ZIi = Ii and
Zti = 0 (and hence f may be taken to be zero iff ZIi = Ii and Zti = 0 everywhere).

Proof. Let λF be the Liouville form on F obtained as the restriction of λX to F × {0} =
I−1
i1

(0)∩ t−1
i1

(0)∩· · ·∩I−1
ik

(0)∩ t−1
ik

(0). Since ωX = ωF +ωT ∗Rk from Lemma 9.8, the difference
between λX and λF + λT ∗Rk is closed. To check that this difference is exact, it is enough to
check it on F×{0} (where it a fortiori vanishes) since the inclusion of F×{0} into F×T ∗Rk

is a homotopy equivalence. We fix a choice of f by requiring that f vanish on F × {0}.
The identities ZIi = Ii and Zti = 0 are equivalent to the assertion that the projection

of ZX = ZF + ZT ∗Rk − Xf to T ∗Rk equals ZT ∗Rk , which is in turn equivalent to f locally
factoring through the projection to F . Since ZIi = Ii and Zti = 0 near infinity, we conclude
that f is supported inside F0 × T ∗Rk for some compact F0 ⊆ F .

Note that the case k = 1 (studied in [26, §2]) and the case k ≥ 2 of Lemma 9.10 have
slightly differing behavior. When k ≥ 2, the cotangent bundle T ∗(−ε, ε)k is connected at
infinity, which means that we have a well-defined compactly supported function f∞ : F → R,
so we may redefine λF as λF +df∞, so that now in (9.11) we have f having compact support.
In contrast, when k = 1, there are two compactly supported functions f±∞ : F → R.

We now show how to deform the Liouville form so that it is split λX = λF + λT ∗Rk with
respect to the coordinates (9.10) (equivalently, so that ZIi = Ii and Zti = 0 everywhere).
We will do this in two separate steps, corresponding to the two cases k = 1 and k ≥ 2 with
differing behavior above.

Lemma 9.11. For any sectorial collection of hypersurfaces H1, . . . , Hn ⊆ X and choice of
functions Ii : NbdZ Hi → R, there exists a compactly supported f : X → R such that the
deformed Liouville vector field Z = Zλ+df satisfies ZIi = Ii and Zti = 0 in a neighborhood
of Hi ∩Hj for every i 6= j.
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Proof. Work by induction on strata HI :=
⋂
i∈I HI , ordered by reverse inclusion of subsets

I ⊆ {1, . . . , n} of cardinality ≥ 2. Thus we assume the conclusion hold over a neighborhood
of HJ for all J % I, and we try to achieve the desired conclusion over a neighborhood of HI .
In a neighborhood of HI , we have coordinates (X,λX) = (F ×T ∗RI , λF +λT ∗RI + df) where
f is properly supported over T ∗RI and independent of the T ∗RI coordinate near infinity (in
the cotangent directions). Since |I| ≥ 2 so T ∗RI is connected at infinity, by modifying λF
we may assume that f has compact support. Now since the desired conclusion holds in a
neighborhood of HJ for J % I, we conclude that f vanishes indentically in a neighborhood
of HI ∩Hj for all j /∈ I. We may thus simply add f ·

∏
i∈I ϕ(ti) to the Liouville form of X

(for a suitable cutoff function ϕ : R → R≥0 equalling 1 near zero and of small support) to
achieve the desired conclusion over a neighborhood of HI .

Lemma 9.12. For any sectorial collection of hypersurfaces H1, . . . , Hn ⊆ X and choice of
functions Ii : NbdZ Hi → R, there exists f : X → R such that the deformed Liouville vector
field Z = Zλ+df satisfies ZIi = Ii and Zti = 0 (equivalently, the coordinates (9.9)–(9.10) give
a splitting of Liouville forms λX = λF + λT ∗Rk).

The deformation Zλ+r df , while not necessarily compactly supported, is cylindrical at in-
finity in the sense that there is a diffeomorphism X = Y ×R≥0 near infinity such that Zλ+r df

is outward pointing along Y × {s} for all r ∈ [0, 1].

Proof. Appealing first to Lemma 9.11, we reduce to the case that the desired conclusion
already holds in a neighborhood of every pairwise intersection Hi ∩ Hj for i 6= j. In a
neighborhood of Hi, we have coordinates (X,λX) = (F × T ∗R, λF + λT ∗R + df) where f
is properly supported over T ∗R and independent of the T ∗R coordinate near infinity (in
the cotangent directions). In a neighborhood of Hi ∩ Hj for any j 6= i, we have that f
vanishes identically. We now simply consider the deformation λF + λT ∗R + d((1− rϕ(ti))f)
for r ∈ [0, 1] (where ϕ : R → R≥0 equals 1 near zero and has small support). These
deformations associated to the various Hi have disjoint support, so we may perform them
simultaneously. The associated family of Liouville vector fields is given by

ZF + ZT ∗R − (1− rϕ(ti))Xf + rfϕ′(ti)Xti . (9.12)

Let us show that this vector field is outward pointing along ∂(F0 × {|I| ≤ N}) for F0 ⊆ F
a large Liouville domain and sufficiently large N < ∞. The vector field ZF + ZT ∗R is
certainly outward pointing along ∂(F0 × {|I| ≤ N}). The vector field Xf is tangent to F
factor, and vanishes outside a sufficiently large compact subset of F , so it is tangent to
∂(F0 × {|I| ≤ N}). The vector field Xti equals − ∂

∂I
in the T ∗R factor, however the factors

rfϕ′(ti) are bounded, so this term is negligible compared to ZT ∗R = I ∂
∂I

. We conclude
that during our prescribed deformation, the Liouville vector field remains outward pointing
along ∂(F0 × {|I| ≤ N}). Finally, we should show how to patch together these contact type
hypersurfaces (defined over each NbdHi) globally. This is straightforward since Z is not
changing near the pairwise intersections Hi ∩Hj, so near such and higher intersections, we
may take any contact hypersurfaces we like.

Remark 9.13 (Sectorial hypersurfaces and products). Given sectorial hypersurfacesH1, . . . , Hn ⊆
X and H ′1, . . . , H

′
n′ ⊆ X ′, we would like to know that their product

H1 ×X ′, . . . , Hn ×X ′, X ×H ′1, . . . , X ×H ′n′ ⊆ X ×X ′ (9.13)

84



is again sectorial. So that these product hypersurfaces are cylindrical at infinity, we must,
at a minimum, assume that the Liouville vector fields on X and X ′ are everywhere tangent
to the Hi and H ′i. If, in addition, the functions Ii and I ′i satisfy ZIi = Ii and Z ′I ′i = I ′i
everywhere, then their pullbacks to X ×X ′ show that the collection of hypersurfaces (9.13)
is indeed sectorial. These hypotheses on the input hypersurfaces are precisely the properties
ensured by applying Lemma 9.12. Thus whenever we want to consider products of sectorial
hypersurfaces, we will first apply Lemma 9.12 to each factor.

9.3.3 Liouville sectors with corners

Definition 9.14. A Liouville sector with (sectorial) corners is a Liouville manifold-with-
corners whose boundary, viewed as an immersed hypersurface, is sectorial.

We will usually drop the qualifier ‘sectorial’, except in the following remark.

Remark 9.15. A Liouville sector with sectorial corners is, in particular, a Liouville sector
with (naive) corners, namely a Liouville manifold-with-corners for which there exists an
outward pointing Hamiltonian vector field defined near the boundary which is linear at
infinity (indeed, a Hamiltonian giving such a vector field on a Liouville sector with sectorial
corners is given by

∑
i ϕ(ti)Ii for a cutoff function ϕ supported near zero). Smoothing the

corners of a Liouville sector with naive corners X yields a Liouville sector Xsm [26, Remark
2.12]. A Liouville sector with sectorial corners is a much stronger notion than a Liouville
sector with naive corners (e.g. the corner strata of the latter need not even be coisotropic).
Since we will not need the notion of a Liouville sector with naive corners in this paper, we
shorten ‘Liouville sector with sectorial corners’ to ‘Liouville sector-with-corners’.

The wrapped Fukaya category of a Liouville sector-with-corners X may be defined either
as that of its smoothing: W(X) := W(Xsm) (which is well-defined in view of Lemma 2.6), or,
equivalently, and somewhat more intrinsically, as the wrapped Fukaya category of its interior
(which is an open Liouville sector in the sense of [26, Remark 2.8]): W(X) := W(X◦) (see
[26, §3.8]).

Example 9.16. A product of Liouville sectors, each of which has been straightened as in
Remark 9.13, is a Liouville sector-with-corners. More generally, the same holds for products
of Liouville sectors-with-corners.

Recall that a Liouville sector X has ∂X = F ×R whose symplectic reduction F , termed
the symplectic boundary of X, is a Liouville manifold. We extend this terminology to
sectors-with-corners: each corner stratum of X is coisotropic, and its symplectic reduction
(namely the F factor appearing in (9.10)) is called a symplectic boundary stratum of X.
These symplectic boundary strata are themselves Liouville sectors-with-corners (the Ii and
ti descend in view of their Poisson brackets). We will refer to the maximal proper symplectic
boundary strata (i.e. those of real codimension two) as symplectic (boundary) faces.

We now consider various gluing operations for Liouville sectors-with-corners. Let us
first recall the situation for Liouville sectors. Given Liouville sectors X and Y with common
symplectic boundary F , we may glue them to obtain a Liouville manifold X#FY := X∪F×R
Y . The common boundary, now in the interior, is a sectorial hypersurface. The same
operation may also be described in terms of the corresponding Liouville pairs (X̄, F ) and
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(Ḡ, F ), the result being denoted by (X̄, F )#F (Ḡ, F ). A direct construction of # in the
language of Liouville pairs may be found in [22, §3.1], and reasoning as in [26, §2] shows it
is equivalent to the connect sum of Liouville sectors.

We now extend this picture to Liouville sectors-with-corners in various ways. We limit
our discussion to the case that the boundary consists of exactly two faces meeting precisely
along the corner locus.

Construction 9.17. Items of the following two kinds can each be used to produce one of
the other:

• A Liouville sector-with-corners X, with symplectic faces F,G, which in turn have
common symplectic boundary P .

• A Liouville sector Xsm with symplectic boundary expressed as F#PG.

Construction. We write ∂X = H1 ∪ H2 where H1 = F × R, H2 = G × R, and H1 ∩ H2 =
P×R2. We apply Lemma 9.12 so that the coordinates (9.10) strictly respect Liouville forms;
explicitly, these are a compatible collection of coordinates

F × T ∗R≤0 ↪→ X, (9.14)

G× T ∗R≤0 ↪→ X, (9.15)

P × T ∗R2
≤0 ↪→ X, (9.16)

P × T ∗R≤0 ↪→ F, (9.17)

P × T ∗R≤0 ↪→ G, (9.18)

where F and G are Liouville sectors and P is a Liouville manifold (though we write T ∗R≤0,
we really mean T ∗(−ε, 0] for small ε > 0). The first three of these are coordinates near
H1, H2, and H1 ∩H2, and the last two are coordinates near ∂F and ∂G, respectively. The
coordinates P × T ∗R2

≤0 ↪→ X account for the entire corner locus of X, so we may describe
a smoothing of this corner simply by smoothing the corner of R2

≤0.
The smoothing of this corner may be described as follows (a very similar discussion

appeared earlier in §6.1, in particular around Figure 18). Let X̄ denote the result of gluing
onto X (via (9.14)–(9.18)) copies of

F × (T ∗R≥0, ZT ∗R≥0
+ π∗ϕ(s)∂s), (9.19)

G× (T ∗R≥0, ZT ∗R≥0
+ π∗ϕ(s)∂s), (9.20)

P × (T ∗R2
≥0, ZT ∗R2

≥0
+ π∗ϕ(s1)∂s1 + π∗ϕ(s2)∂s2), (9.21)

where π∗ denotes the lift from vector fields on a manifold to Hamiltonian vector fields on
its cotangent bundle, and ϕ : R → [0, 1] is smooth and satisfies ϕ(s) = 0 for s ≤ 2 and
ϕ(s) = 1 for s ≥ 3. Now as illustrated in Figure 24, the vector field ϕ(s1)∂s1 +ϕ(s2)∂s2 may
be deformed over a compact subset of the interior of R2

≥0 to a vector field of the form ϕ(s)∂s
for some coordinates (s, θ) on R2

≥0 \ {(0, 0)}. The locus s ≤ 1 in this deformation is thus a
smoothing Xsm of the corners of X, and its complement can be described as[

F ∪
P×T ∗[0,1]

G
]
× (T ∗R≥0, ZT ∗R≥0

+ π∗ϕ(s)∂s). (9.22)
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We will denote this deformation of X̄ byXsm, since the above discussion shows it is the convex
completion of Xsm. Now the smoothed Liouville sector Xsm has boundary neighborhood
coordinates

(F#PG)× T ∗R≤0 ↪→ Xsm (9.23)

where F#PG denotes the Liouville manifold from (9.22), namely obtained by gluing F and G
together along P×T ∗(−ε, ε), either side of which is embedded into F and G via (9.17)–(9.18).

Figure 24: Left: The vector field ϕ(s1)∂s1 + ϕ(s2)∂s2 on R2 defining the Liouville structure
on P × T ∗R2

≥0 (the dotted line indicates the boundary of X). Right: The deformed vector

field ϕ(s)∂s defining the Liouville structure on P × T ∗R2
≥0 which defines what we call Xsm

(the dotted line indicates a smoothing Xsm of X). Note that the deformation is supported
in a compact subset of R2

≥0, disjoint from the boundary.

Figure 25: Introducing a corner near the origin to turn R× R≤0 (left) into A (right).

This operation works in reverse as well: given a Liouville sector Y with boundary neigh-
borhood coordinates Q × T ∗R≤0 ↪→ Y and a splitting of Q as F#PG, we may introduce
a corner into the boundary as follows to producing a Liouville sector-with-corners X with
Xsm = Y . Concretely, near P , there is a neighborhood in Q of the form P × T ∗R (rather
P × T ∗(−ε, ε)), and hence a neighborhood in X of the form P × T ∗(R × R≤0) (rather
P × T ∗((−ε, ε) × (−ε, 0])). We now modify R × R≥0 near the origin so as to introduce a
corner (see Figure 25), and we replace our local chart P × T ∗(R × R≤0) with P × T ∗A to
define our desired X. To see that X has sectorial corners, simply note that the Hamiltonian
vector field on Y transverse to its boundary is the Hamiltonian lift of ∂

∂t
, so the desired vector
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fields on X can also be defined on A so that they agree with ∂
∂t

away from a neighborhood
of the origin (see Figure 25) and then lifted.

We now discuss a version of the boundary connect sum # construction for gluing along
a shared subsector of the boundary, rather than the whole boundary.

Construction 9.18. Items of the following three kinds can each be used to produce one of
the other:

• A Liouville sector X with a hypersurface H ⊆ X, meeting the boundary transversally,
with {H, ∂X} sectorial, such that H separates X into two pieces X1 and X2 meeting
precisely along H.

• A pair of Liouville sectors-with-corners X1 and X2 with two boundary faces each ∂jXi,
j = 1, 2, and an identification of the symplectic reductions of ∂1X1 and ∂1X2.

• A pair of Liouville pairs (Y1, Q1) and (Y2, Q2) with a common Liouville subsector
Q1 ←↩ P ↪→ Q2.

In this correspondence, (Yi, Qi) is the Liouville pair corresponding to the Liouville sector
(Xi)

sm (the rounding of the sector-with-corners Xi).

Construction. The passage between the first two inputs in either direction is evident (split-
ting along H and gluing ∂1X1 to ∂1X2). Beginning with the second type of input, X1 and
X2 with H = ∂1X1 = ∂1X2, we apply Lemma 9.12 so as to obtain boundary neighborhood
coordinates (9.14)–(9.18) on X1 and X2, say with F = F1 = F2 corresponding to H and with
Gi the remaining the two pieces (i.e. in the context of the first type of input, the symplectic
reductions of the two pieces into which H splits ∂X). Passing to the equivalent descriptions
of Xi in terms of Liouville pairs given by Construction 9.17, we obtain (Yi, Qi) together with
a common Liouville subsector Q1 ←↩ P ↪→ Q2.

Now suppose we are given the third type of input, Liouville pairs (Yi, Qi) with a common
Liouville subsector Q1 ←↩ P ↪→ Q2. The boundary ∂P = R×R separates Qi into P#R(Qi \
P ◦). We may thus apply Construction 9.17 to (Yi, P#R(Qi \P ◦)) to obtain Liouville sectors-
with-corners, each with a boundary face with neighborhood P × T ∗R≥0. This yields the
second type of input, and gluing along these common faces yields the first.

Going forward, given a pair of Liouville pairs (Y1, Q1) and (Y2, Q2) along with a common
subsector Q1 ←↩ P ↪→ Q2, we shall call the result of passing to the first item in Construction
9.18 the gluing of (Y1, Q1) and (Y2, Q2) along P , denoted

(Y1, Q1)#P (Y2, Q2). (9.24)

We will use the same notation and terminology, the gluing of X1 and X2 along P

X = X1#PX2 := X1 ∪P×R X2 (9.25)

for the passage from the second type of input of Construction 9.18 to the first, where ∂1X1 =
∂1X2 = P × R.
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9.3.4 Sectorial coverings

Definition 9.19 (Sectorial covering). Let (X, ∂X) be a Liouville manifold-with-boundary.
Suppose X = X1 ∪ · · · ∪ Xn, where each Xi is a manifold-with-corners with precisely two
faces ∂1Xi := Xi ∩ ∂X and the point set topological boundary ∂2Xi of Xi ⊆ X, meeting
along the corner locus ∂X∩∂2Xi = ∂1Xi∩∂2Xi. Such a covering X = X1∪· · ·∪Xn is called
sectorial iff the collection of hypersurfaces ∂X, ∂2X1, . . . , ∂

2Xn is sectorial. (Note that this
means, in particular, that X and X1, . . . , Xn are Liouville sectors.)

Remark 9.20. There are many possible variations on the above definition which also deserve
the name ‘sectorial covering’—the key point is just that the collection of all the boundaries
∂X, ∂X1, . . . , ∂Xn should be sectorial. For example, we could allow X and the Xi to have
more corners. We could also insist on no corners: require Xi ⊆ X to be disjoint from ∂X,
require ∂X, ∂X1, . . . , ∂Xn to be sectorial, and require X1 ∪ · · · ∪ Xn ↪→ X to be a trivial
inclusion (this comes at the cost of X1, . . . , Xn not literally covering X). For the purposes
of this paper, we work with Definition 9.19 as stated above. The various possible alternative
definitions are all related by smoothing of corners, and hence our main results will continue
to apply in these more general settings.

Example 9.21. Consider two balls B1, B2 ⊆ Rn whose boundaries are transverse. The cover
T ∗(B1∪B2) = T ∗B1∪T ∗B2 does not satisfy Definition 9.19, since the boundary of T ∗(B1∪B2)
is not smooth. To make this example conform to Definition 9.19, we should take X to be the
cotangent bundle of a smoothing of B1∪B2, and we should take X1 and X2 to be bounded by
disjoint slight perturbations (in X) of (∂B1)∩B2 and B1 ∩ (∂B2), respectively. In this way,
X = X1 ∪X2 coincides with T ∗(B1 ∪B2) = T ∗B1 ∪ T ∗B2 except in (the inverse image of) a
small neighborhood of ∂B1 ∩ ∂B2. Similar constructions are often necessary when working
with sectorial coverings in the sense of Definition 9.19. (In the ‘no corner’ definition from
Remark 9.20, we would just say that T ∗B1 ∪ T ∗B2 is a sectorial covering of X.)

Example 9.22. The setup of Construction 9.18 gives a sectorial covering X = X+
1 ∪ X+

2 ,
where X+

i is a slight enlargment of Xi, so that X+
1 ∩X+

2 = H × (−ε, ε).
Example 9.23. Let X be a Liouville sector, and let ∂X,H1, . . . , Xm be sectorial. These
divide X into some number of connected components. Suppose that the closure of each
such component is embedded, i.e. consists of at most one orthant in every choice of local
coordinates (9.10). Defining X1, . . . , Xn to be appropriate slight enlargements of smoothings
of corners of these closures, we see that X1, . . . , Xn is a sectorial cover of X.

Example 9.24. Let X be a Liouville sector-with-corners, and smooth its boundary to obtain
Xsm. The symplectic boundary of Xsm may be described by the natural generalization of
Construction 9.17. This symplectic boundary has a sectorial covering by Fi, each of which
is (a slight enlargement of) a symplectic boundary face of X (with smoothed corners).

Recall that given sectorial hypersurfaces H1, . . . , Hn ⊆ X, we get Liouville manifolds
Fi1,...,ik from Lemma 9.8 and 9.10. In fact, we have the following finer structure (which, for
convenience, we describe only in the case of sectorial coverings). For any sectorial covering
X = X1 ∪ · · · ∪Xn, stratify X by strata

XI,J,K =
⋂
i∈I

Xi ∩
⋂
j∈J

∂Xj \
⋃
k∈K

Xk (9.26)
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ranging over all decompositions I t J t K = {1, . . . , n}. The closure of each XI,J,K is
a submanifold-with-corners, whose symplectic reduction is a Liouville sector-with-corners.
Indeed, this follows since the relevant Ii descend to the symplectic reduction in view of their
Poisson brackets.

Definition 9.25. A sectorial covering will be called Weinstein when the convex completions
of all of the symplectic reductions of strata (9.26) are (up to deformation) Weinstein.

Lemma 9.26. Given a sectorial covering X = X1∪· · ·∪Xn, the following are also sectorial
covers:

X = (X1 ∪X2) ∪X3 ∪ · · · ∪Xn (9.27)

X1 = (X1 ∩X2) ∪ · · · ∪ (X1 ∩Xn) (9.28)

(after smoothing the appropriate corners). Moreover, if the original cover was Weinstein, so
are those described above.

Proof. The new coverings are sectorial by Remark 9.9. To see that the Weinstein property is
preserved, we should note that, following the geometry of Constructions 9.17–9.18, effect on
the strata is to perform connect sum along boundary faces, which preserves being Weinstein
[22, §3.1].

9.4 Boundary cores of sectors with corners

To understand when an inclusion of a Liouville sector X into a larger sector is forward
stopped, we use the positive/negative cores c(∂∂∞X)± , which were defined in §8.1. In order
to have a similar understanding of the case when X is a sector-with-corners, we will round
corners in a particular way and calculate the positive/negative cores of the chosen rounding,
as subsets of the original cornered ∂∞X. We content ourselves with the case when X has
exactly two faces as in Construction 9.17.

To begin the discussion, let us recall from §8.1 the situation for Liouville sectors (without
corners). So, suppose X is a Liouville sector, with coordinates F × T ∗R≤0 given near its
boundary, where F is a Liouville manifold. Then we have

∂∂∞X = F
⋃

R×∂∞F

F, (9.29)

and c(∂∂∞X)± are, respectively, the two copies of cF sitting inside the two copies of F inside
∂∂∞X.

Now consider the case that X is a Liouville sector-with-corners, with exactly two faces.
Using Lemma 9.12 if necessary, we fix coordinates near its boundary given by F × T ∗R≤0

and G × T ∗R≤0 overlapping over P × T ∗R2
≤0, where F and G are Liouville sectors both of

which have coordinates P ×T ∗R≤0 near their boundary as in (9.14)–(9.18). The locus ∂∂∞X
is the union of F

⋃
R×∂∞F F and G

⋃
R×∂∞GG.

As explained in Construction 9.17, choosing a rounding of the corner of R2
≤0 determines

a corresponding rounding Xsm, a neighborhood of whose boundary is given by (F#PG) ×
T ∗R≤0. The cores c(∂∂∞Xsm)± are evidently given abstractly by cF ∪cP cG, i.e. the relative
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cores of F and G attached along their common boundary, cP . Let us discuss how they are
embedded.

Away from the corner locus, the positive/negative cores c(∂∂∞Xsm)± are naturally identi-
fied, as in §8.1, with two copies of cF and cG.

It remains to understand what happens in a neighborhood of the corner locus, where we
may work in the local model P × T ∗R2

≤0. Before smoothing, the contribution of this local
model to ∂∂∞X is given by

∂R2
≤0 ×

[
∂∞P × R2

⋃
(R×∂∞P )×S1

P × S1

]
. (9.30)

After rounding the corner of ∂R2
≤0, the positive/negative cores lie in the second term P ×S1

and are given by cP times the codirections in S1 which are outward/inward conormal to
(the rounded) ∂R2

≤0. (Compare the discussion in Construction 9.17 for another look at this
geometry.) This completes the description of the c(∂∂∞Xsm)± .

It is natural to ask whether we can describe the limiting behavior of these as we undo the
rounding of the corner. It is clear from the above description that this limit has the same
description as in the rounded case, so long as by “outward/inward conormal” to a corner,
we understand the appropriate quarter cocircle over the corner of R2

≤0. We henceforth define
the positive/negative cores of ∂∂∞X by this limit.

9.5 Stopping and the A2 sector

Recall that A2 denotes the Liouville sector associated to the stopped Liouville manifold
(C, {e2πij/3 ·∞}j=0,1,2). As is well known, the Fukaya category of A2 is the category of perfect
modules over the A2 quiver • → •, which evidently has a semi-orthogonal decomposition into
two copies of the category of perfect modules over •. Geometrically, this semi-orthogonal
decomposition can be seen by contemplating the forward stopped-ness and stopping witnesses
for the inclusions of T ∗[0, 1] around any two of the stops.

Here, we will be interested in products A2 ×Q, for a Liouville sector Q with symplectic
boundary P . By applying Lemma 9.12 to A2 and Q, we may ensure that this product Q×A2

is a Liouville sector-with-corners (see Remark 9.13). In fact for A2, rather than abstractly
applying Lemma 9.12, we will simply use the Liouville vector field illustrated on the left of
Figure 27. The symplectic faces of this product are Q tQ tQ (with a natural cyclic order)
and A2 × P .

Given a Liouville sector X with symplectic boundary F , along with a sector embedding
Q ↪→ F , we may use Construction 9.18 to form X#Q(Q × A2) (implicitly we are passing
Q×A2 or (X,F ) through the first or second bullet point of Construction 9.17 respectively in
order for the result can be fed into the second respectively third input of Construction 9.18).
As there are three Q faces of Q × A2, we may glue up to three such (sectors associated to
the) pairs (X,F ) into Q×A2 in this way. We will be particularly interested in the following
gluing of two such pairs:

Construction 9.27. Let X and Y be Liouville sectors, with respective symplectic bound-
aries F and G. Let Q ↪→ F and Q ↪→ G be embeddings of Liouville sectors. Then there is
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Y Q× A2 X

Figure 26: Gluing Liouville sectors with Q×A2 in between. The arrows indicate the direction
of the Reeb flow.

a Liouville sector-with-corners X#Q(Q× A2)#QY with inclusions

X ↪→ X#Q(Q× A2)#QY ←↩ Y (9.31)

Here we fix the cyclic ordering by Figure 26.

Construction. Perform the gluing operation described below Construction 9.18 twice.

Proposition 9.28. In the setting of Construction 9.27, the inclusion X ↪→ X#Q(Q ×
A2)#QY is tautologically forward stopped, and the stopping witness produced by Proposition
8.11 is disjoint from Y .

Proof. To begin let us fix precisely the geometric objects under consideration. We consider
X and Y to be their cornered versions from the middle bullet of Construction 9.18, i.e.
they each have a boundary face with neighborhood Q × T ∗R≤0 where they are glued to
Q × A2 to form X#Q(Q × A2)#QY (so #Q is ∪Q×R). The main part of our argument
proceeds by deforming ∂∞(Q×A2) to make ∂∂∞X and ∂∂∞(X#Q(Q×A2)#QY ) touch (in
a way avoiding ∂∂∞Y ). To conclude, we (simultaneously) smooth corners and note that the
(smoothed) deformation exhibits the desired tautological forward stopping property (this
smoothing step is necessary since the formulation of Definition 8.3 does not allow corners).

We begin with the Liouville vector field on A2 illustrated on the left of Figure 27. This
model of A2 has boundary neighborhood coordinates T ∗R≤0 (times three), and thus we may
consider its product with Q (also assumed to have coordinates T ∗R≤0×P near its boundary,
for P a Liouville manifold) which is a Liouville sector-with-corners Q×A2, suitable for gluing
to X and Y at the locations indicated on the (right and bottom of the) left half of Figure
27.

Consider now the contact boundary

∂∞(Q× A2) = (∂∞Q× A2)
⋃

∂∞Q×∂∞A2×R

(Q× ∂∞A2). (9.32)

This is a contact manifold with convex corners in the sense that its boundary has two faces,
each face has a transverse contact vector field which is tangent to the other face, and these
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X

Y

X

Y

Figure 27: A deformation of the A2 Liouville sector, starting from the left at r = 0, going
to the right at r = 1− ε, and limiting at r = 1 to having the upper end pinched. The large
arrow indicates the direction of the Reeb flow.

vector fields commute (compare Definition 9.14; the formula from Remark 9.15 implies that
the boundary is convex, after smoothing corners).

We would now like to deform ∂∞(Q×A2) by executing the deformation {Ar2}r∈[0,1] illus-
trated in Figure 27. Although Q×Ar2 is not cylindrical at infinity since the Liouville vector
field is not everywhere tangent to ∂Ar2, we will nevertheless make sense of ∂∞(Q × Ar2) as
a deformation at infinity provided we fix a choice of contact form αQ on ∂∞Q. Recall that
the open inclusion ∂∞Q× A2 ↪→ ∂∞(Q× A2) depends on a choice of contact form on ∂∞Q.
Fix any such contact form αQ, so αQ + λA2 is a contact form on ∂∞Q × A2. Now for Ar2,
consider the deformation of ∂∞Q×A2 (inside ∂∞(Q×A2)) given by (∂∞Q×Ar2, αQ + λAr2).
At infinity this deformation simply shrinks one of the ends of A2, and hence this deformation
can be extended to all of ∂∞(Q×A2) by, in the Q× ∂∞A2 portion of ∂∞(Q×A2), shrinking
the end of A2 by Q× ∂∞Ar2. This gives the desired definition of ∂∞(Q× Ar2), which we can
further glue to obtain a deformation ∂∞(X#Q(Q× Ar2)#QY ).

Let us argue that ∂∂∞(Q × Ar2) and ∂∂∞(X#Q(Q × Ar2)#QY ) remain convex during
this deformation. These boundaries have corners, so let us instead prove the stronger result
that they have convex corners (which implies convexity by the construction of Remark 9.15).
Recall that the vector fields demonstrating that Q×A2 has sectorial corners are simply those
lifted from Q and A2, which strictly preserve the Liouville forms. We may assume that our
chosen contact form αQ on ∂∞Q is also preserved near the boundary. Now to extend these
vector fields to the deformations with parameter r, simply observe that over the deformed
boundary component of Ar2, the Liouville form is still locally −s dt (i.e. the Liouville form on
T ∗R) and we may take our vector field to be − ∂

∂t
, where t is the horizontal coordinate and

s is the vertical coordinate in Figure 27. As this vector field strictly preserves the Liouville
form, it defines a contact vector field on (∂∞Q × Ar2, αQ + λAr2), thus also on ∂∂∞(Q × Ar2)
and on ∂∂∞(X#Q(Q×Ar2)#QY ), commuting with the transverse vector fields for the other
boundary faces.

Finally, let us argue that this deformation of the inclusion ∂∞X ↪→ ∂∞(X#Q(Q ×

93



A2)#QY ) into ∂∞X ↪→ ∂∞(X#Q(Q×A1
2)#QY ) fulfills Definition 8.3 (after smoothing), thus

verifying that this inclusion is tautologically forward stopped. First, note that this deforma-
tion causes both boundary faces of ∂∞X to touch the boundary of ∂∞(X#Q(Q×A1

2)#QY ).
Smoothing corners, the discussion surrounding (9.30) implies that the outgoing core of ∂∂∞X
meets ∂∞(∂T ∗R≤0×F ) only along the positive conormal at 0 ∈ R≤0, which implies it is con-
tained in the deformed boundary ∂∂∞(X#Q(Q × A1

2)#QY ). It remains to show that it is
disjoint from the incoming core of ∂∂∞(X#Q(Q × A1

2)#QY ). In fact, the outgoing core of
∂∂∞X is a subset of the outgoing core of the deformed boundary ∂∂∞(X#Q(Q×A1

2)#QY ),
so is in particular disjoint from its incoming core.

Finally, note that throughout this deformation (and its smoothing), ∂∞X remains sepa-
rated from ∂∞Y , hence the stopping witness produced by Proposition 8.11 is disjoint from
∂∞Y as well.

Corollary 9.29. In the setting of Construction 9.27, the functors

W(X),W(Y )→W(X#Q(Q× A2)#QY ) (9.33)

are fully faithful, and W(X) is left-orthogonal to W(Y ) inside W(X#Q(Q×A2)#QY ). More
generally, the same holds if we add stops inside (∂∞X)◦ and (∂∞Y )◦ not approaching the
boundary.

Proof. According to Proposition 9.28, the inclusionX ↪→ X#Q(Q×A2)#QY is tautologically
forward stopped, and moreover that the resulting stopping witness produced by Proposition
8.11 is disjoint from Y . By symmetry, the corresponding inclusion of Y is backward stopped.
This implies the desired result by Corollary 8.13.

Example 9.30. Corollary 9.29 allows us to generalize Example 8.7 from Liouville manifolds to
Liouville sectors. Let F be a Liouville sector with symplectic boundary Q. For an embedding
F̄0 ↪→ ∂∞X as a Liouville hypersurface, we consider the gluing (X, F̄ )#F (F ×A2), which can
be equivalently described as (X,F#QF ), for an embedding (F#QF )0 ↪→ ∂∞X as a Liouville
hypersurface (the “doubling” of F̄0 ↪→ ∂∞X along F ⊆ F̄ ). Corollary 9.29 shows that the
natural embeddings

F × T ∗[0, 1] ↪→ (X, F̄ )#F (F × A2) (9.34)

coming from the unglued faces of F × A2 both induce fully faithful functors on wrapped
Fukaya categories.

9.6 Sectorial descent

We begin by discussing how stop removal (Theorem 1.16) and generation (Theorem 1.10)
apply in the case of Liouville sectors-with-corners:

Corollary 9.31. Let X be a Liouville sector-with-corners, whose boundary is the union of
two faces meeting along the corner locus, fixing notation as in Construction 9.17, so there
is a commutative diagram

W(P ) W(F )

W(G) W(X)

(9.35)
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If (the convex completions of) X, F , G, and P are all Weinstein up to deformation, then
we have:

• W(X) is generated by the cocores of X and the images of the cocores of F , G, and P .

• For X̄ the convex completion of X, the functor W(X) → W(X̄) is the localization at
the union of the images of W(F ), W(G), and W(P ).

• For X̄F the convex completion of X along only the face corresponding to F , the functor
W(X)→W(X̄F ) is the localization at the image of W(F ).

Proof. Given coordinates (9.14)–(9.18), we may perform the convex completion operation of
gluing on T ∗R≥0×F , T ∗R≥0×G, and T ∗R2

≥0×P where T ∗R≥0 is given the Liouville vector
field ZT ∗R≥0

+ π∗(ϕ(s)∂s) as in Construction 9.17. As explained below (9.22), this operation
coincides (up to deformation) with the convex completion of the smoothing of X.

The Liouville manifold X̄ is equipped with a natural stop given by cF ∪ (R × cP ) ∪ cG
(two copies of the relative cores of F and G, glued along their common copy of R× cP ), such
that the pushforward

W(X)
∼−→W(X̄, cF ∪ (R× cP ) ∪ cG) (9.36)

is a quasi-equivalence by Corollary 2.11.
Let us now assume X̄, F̄ , Ḡ, and P are Weinstein up to deformation, and let us choose nice

Liouville forms as follows. By assumption, there exists f such that λP +df is Weinstein, so by
adding d(ϕ(t1)ϕ(t2)f) to λX in coordinates (9.16), we may assume that λP is itself Weinstein.
Now F has boundary neighborhood coordinates (9.17), and we modify the Liouville form in
these coordinates from λP + λT ∗R≤0

by adding π∗(1 − ϕ(t)) ∂
∂t

where ϕ : R≤0 → R≥0 equals
1 near zero and is supported near zero. Now the locus {t ≤ −1} has convex boundary, and
the completion along this boundary is F̄ . There is thus a compactly supported f (supported
away from the boundary neighborhood coordinates) such that λF +df is Weinstein. We may
add this to the Liouville form on X (and similarly for G). We may now apply Theorem 1.10
to W(X̄, cF ∪ (R× cP ) ∪ cG) and conclude that W(X) is generated by cocores of X and the
stabilizations of the cocores of F , G, and P (which are the linking disks to the stop).

In view of the equivalence (9.36), stop removal implies that W(X) → W(X̄) is the
localization at the images of W(F ), W(G), and W(P ), as these precisely account for all the
linking disks to the stop appearing in (9.36). We may also convex complete along only one
face, namely we may glue on T ∗R≥0 × F (only) to X to obtain what we might write as X̄F .
To apply stop removal to the functor W(X)→W(X̄F ), we complete (fully) and add stops.
Namely, we consider the diagram

W(X) W(X̄, cF ∪ (R× cP ) ∪ cG)

W(X̄F ) W(X̄, cG).

∼

∼

(9.37)

The horizontal arrows are quasi-equivalences, and stop removal shows that the right vertical
arrow is localization at the image of W(F ), and hence the same applies to W(X)→W(X̄F ).
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Proposition 9.32. The case n = 2 of Theorem 1.27 implies the general case.

Proof. We argue by induction for n ≥ 3.
For I ⊆ {1, . . . , n}, we use the shorthand XI =

⋂
i∈I Xi (so X∅ = X). There is a diagram

of Liouville sectors {XI}I over the poset 2{1,...,n} of subsets of {1, . . . , n} (ordered by reverse
inclusion, so ∅ is maximal). Let Σn = {I ⊆ {1, . . . , n} | I 6= ∅} be the poset of non-empty
subsets of {1, . . . , n}, so 2{1,...,n} = Σ.

n and hence we get (see (A.14)) a canonical map

hocolim
I∈Σn

W(XI)→W(X). (9.38)

Our aim is to show that this map is a pre-triangulated equivalence.
We decompose the poset

Σn = P ∪Q (9.39)

into P := {I ∈ Σn |n ∈ I} (those subsets which contain n) and Q := {I ∈ Σn | I 6= {n}}
(those subsets which are not equal to the singleton {n}), which intersect in R := P ∩ Q =
{J ∪ {n} | J ∈ Σn−1} (those subsets containing n and at least one other element). In other
words, this is the decomposition of Σn associated to the map Σn → Σ2 = (• ← • → •)
defined by partitioning {1, . . . , n} into {1, . . . , n − 1} and {n}. The hypotheses of Lemma
A.14 apply to this decomposition, showing that the natural square

hocolim
I∈R

W(XI) hocolim
I∈P

W(XI)

hocolim
I∈Q

W(XI) hocolim
I∈Σn

W(XI)

(9.40)

is a homotopy pushout.
We now relate this homotopy pushout square (9.40) to the square associated to the

decomposition
X = (X1 ∪ · · · ∪Xn−1) ∪Xn. (9.41)

Namely, there is a natural (strictly commuting!) map from (9.40) to

W((X1 ∪ · · · ∪Xn−1) ∩Xn) W(Xn)

W(X1 ∪ · · · ∪Xn−1) W(X)

(9.42)

given on each corner of the square by the map (A.14) (more precisely, (9.40) maps to the
localization of (9.40) at the identity morphisms).

Now (9.42) is a homotopy pushout by the case n = 2 of Theorem 1.27 (note that the
cover X = (X1 ∪ · · · ∪Xn−1)∪Xn is Weinstein since the cover X = X1 ∪ · · · ∪Xn is). Hence
to show that (9.38) (which is the lower right component of the map (9.40) → (9.42)) is a
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pre-triangulated equivalence, it is enough to show that the maps in each of the other three
corners of (9.40)→ (9.42) are pre-triangulated equivalences. The map

hocolim
I∈P

W(XI)→W(Xn) (9.43)

is a quasi-equivalence since {n} ∈ P is a maximal element. The map

hocolim
I∈R

W(XI)→W((X1 ∪ · · · ∪Xn−1) ∩Xn) (9.44)

is the descent map (note that R = Σn−1) associated to the cover of (X1 ∪ · · · ∪Xn−1) ∩Xn

by X1 ∩Xn, . . . , Xn−1 ∩Xn (which is Weinstein since X = X1 ∪ · · · ∪Xn is), and hence is a
pre-triangulated equivalence by the induction hypothesis (Theorem 1.27 in the case n− 1).
Finally, to analyze

hocolim
I∈Q

W(XI)→W(X1 ∪ · · · ∪Xn−1), (9.45)

note that Σn−1 ⊆ Q is cofinal in the sense of satisfying the hypotheses of Lemma A.7, and
hence this is the same as

hocolim
I∈Σn−1

W(XI)→W(X1 ∪ · · · ∪Xn−1), (9.46)

which is again a pre-triangulated equivalence by the induction hypothesis.

Proposition 9.33. The case n = 2 of Theorem 1.27 is implied by the special case of two-
element covers obtained by splitting along a sectorial hypersurface (Example 9.22).

P Q RX =

A︷ ︸︸ ︷

︸ ︷︷ ︸
B

F G

Figure 28: A general two-element sectorial cover of X = P ∪ Q ∪ R by A = P ∪ Q and
B = Q ∪R.

Proof. Consider the situation in Figure 28, namely X = P ∪Q∪R is covered by A = P ∪Q
and B = Q∪R, which is the structure of a general two-element cover. Note that in a general
two-element sectorial cover X = A ∪ B, the boundaries ∂A and ∂B cannot intersect, since
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if they did then A and B would not cover X (compare Example 9.21). Let a neighborhood
of P ∩Q be F × T ∗[0, 1] and a neighborhood of Q ∩R be G× T ∗[0, 1].

Now we have the following diagram of A∞-categories:

W(F ) W(Q) W(B)

W(P ) W(A) W(X).

(9.47)

The left square and the composite square are both associated to splitting along a sectorial
hypersurface, and the right square is the one associated to our original arbitrary covering
X = A ∪B. We are thus done by Proposition A.15.

Proof of Theorem 1.27. By Propositions 9.32 and 9.33, it is enough to consider two-element
covers obtained by splitting along a sectorial hypersurface (i.e. those from Example 9.22). In
other words, we are in the geometric setup of Construction 9.18, namely we have Liouville
pairs (X,F ) and (Y,G) with a common Liouville subsector F ⊇ Q ⊆ G (where Q has
boundary neighborhood coordinates P × T ∗R≤0), where (the convexifications of) all of X,
Y , Q, F \Q, G \Q, and P are Weinstein (up to deformation), and we must show that the
diagram

W(Q) W(X,F )

W(Y,G) W((X,F )#Q(Y,G))

(9.48)

is a homotopy pushout.

X1 Q× A2 Q× A2 X2

Figure 29: Auxiliary geometric setup to prove homotopy pushout property. The arrows
indicate the direction of the Reeb flow.

To show that (9.48) is a homotopy pushout, we consider a modified geometric setup
where (X,F ) is replaced with (X,F )#Q(Q× A2), and similarly for (Y,G). In other words,
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we consider the square

W(Q) W((X,F )#Q(Q× A2))

W((Q× A2)#Q(Y,G)) W((X,F )#Q(Q× A2)#Q(Q× A2)#Q(Y,G))

(9.49)

associated to the geometry illustrated in Figure 29. Now Corollary 9.29 provides a semi-
orthogonal decomposition of W((X,F )#Q(Q×A2)) into W(X,F ) and W(Q) (that these gen-
erate follows from Theorem 1.10 and Corollary 9.31), and similarly for W((Q×A2)#Q(Y,G))
(into W(Y,G) and W(Q)) and W((X,F )#Q(Q×A2)#Q(Q×A2)#Q(Y,G)) (into W(X,F ),
W(Y,G), and W(Q)). The square (9.49) is thus of the shape considered in Example A.10,
and thus Proposition A.9 applies to show that (9.49) is a homotopy pushout.

We now aim to deduce that (9.48) is a homotopy pushout by constructing a map (9.49)→
(9.48) which is a localization and appealing to Lemma A.6. The inclusion A2 ↪→ T ∗[0, 1] given
by completing/convexifying/capping off the free boundary component of each A2 defines the
desired map (9.49)→ (9.48). In this inclusion A2 ↪→ T ∗[0, 1], there is one linking disk (arc)
γ in A2 which is sent to a zero object, namely a parellel copy of the boundary component
which gets capped off. Now in the product Q × A2, we may consider Lagrangians L × γ,
where L ⊆ Q. We claim that (9.49) → (9.48) quotients at precisely these objects L × γ by
stop removal Theorem 1.16 (note that this is a separate statement for each corner of the
square). This was shown in Corollary 9.31, so we are done.

A Abstract A∞-categorical results

In this appendix, we record proofs of some foundational results about A∞-categories. The
first few of these are well-known over a field; we give proofs in the case of coefficients in a
general commutative ring (with cofibrancy assumptions as in [26, §3.1]).

A.1 Yoneda lemma

Recall that for left C-modules M and N, the mapping complex from M to N in the dg-
category ModC is defined as

HomC(M,N) :=
∏
p≥0

X0,...,Xp∈C

Hom(C(Xp, Xp−1)[1]⊗· · ·⊗C(X1, X0)[1]⊗M(X0),N(Xp)). (A.1)

Recall also that there is a functor

C→ ModC, (A.2)

X 7→ C(−, X), (A.3)

known as the Yonda functor.
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Lemma A.1. For any left C-module M, the natural map M(X) → HomC(C(−, X),M(−))
is a quasi-isomorphism. In particular (taking M = C(−, Y )), the Yoneda functor is fully
faithful.

Proof. This argument is formally dual to [26, Lemma 3.7]. We consider the mapping cone∏
p≥0

X=X0,...,Xp∈C

Hom(C(Xp, Xp−1)[1]⊗ · · · ⊗ C(X1, X0)[1],M(Xp)) (A.4)

(note that the index p above is shifted by one compared to (A.1)). If C and M are strictly
unital, then f 7→ f(− ⊗ 1X) is a contracting homotopy of this complex. In the general
cohomologically unital case, the argument is as follows.

Let f =
∏

p≥0 fp be a cocycle in the complex above. Let m ≥ 0 be the smallest index
such that fm 6= 0. Note that this implies that

fm ∈
∏

X=X0,...,Xm∈C

Hom(C(Xm, Xm−1)⊗ · · · ⊗ C(X1, X0),M(Xm)) (A.5)

is a cocycle. Fix a cocycle 1X ∈ C(X,X) representing the cohomological unit, and consider
g := f(−⊗ 1X). Using the fact that f is a cocycle, we may calculate that (dg)m−1 = 0 and

(dg)m = fm(−⊗ µ2(−,1X)). (A.6)

Since µ2(−,1X) is homotopic to the identity map [26, Lemma 3.8], the right hand side is
chain homotopic to fm. We thus conclude that (f − dg)i = 0 for i < m and (f − dg)m
represents zero in cohomology. Thus by further adding to f − dg a coboundary, we can find
a cocycle f+ cohomologous to f satisfying (f+)i = 0 for i ≤ m. Iterating this procedure to
take m to infinity, we conclude that f is cohomologous to zero.

A.2 Quasi-isomorphisms of A∞-modules

There are a priori two different notions of a map f : M → N of C-modules being a quasi-
isomorphism. On the one hand, one could work internally to the dg-category ModC and
declare f to be a quasi-isomorphism iff it induces an isomorphism in the cohomology category
H0 ModC (equivalently, it is has a inverse up to homotopy). On the other hand, one could
work “pointwise on C” and declare f to be a quasi-isomorphism iff f : M(X) → N(X) is a
quasi-isomorphism for every X ∈ C. Fortunately, these two notions turn out to be equivalent:

Lemma A.2. A map f : M → N of C-modules has a homotopy inverse iff it is a quasi-
isomorphism pointwise on C.

Proof. Obviously if f has a homotopy inverse then it is a quasi-isomorphism pointwise. The
point is to prove the reverse direction, namely that if f is a quasi-isomorphism pointwise,
then it has an inverse up to homotopy.

Let f : M → N be given, and suppose f : M(X) → N(X) is a quasi-isomorphism for
every X ∈ C. We construct g : N → M such that gf ' idM. This is enough to prove the
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desired result, since applying the same assertion to g, we find h : M→ N with hg ' idN, so
f = idN f ' hgf ' h idM = h, and hence f ' h and g are inverses up to homotopy.

We are looking for

g =
∏
k≥0

gk ∈
∏
k≥0

X0,...,Xk∈C

Hom(C(Xk, Xk−1)[1]⊗ · · · ⊗ C(X1, X0)[1]⊗N(X0),M(Xk)) (A.7)

w =
∏
k≥0

wk ∈
∏
k≥0

X0,...,Xk∈C

Hom(C(Xk, Xk−1)[1]⊗ · · · ⊗ C(X1, X0)[1]⊗M(X0),M(Xk)) (A.8)

such that g is a cocycle of degree zero and w is of degree −1 and satisfies dw = gf− idM. We
construct g and w by induction on k. For the k = 0 step, we let g0 be a homotopy inverse to
f0 (under our cofibrancy assumptions, a quasi-isomorphism is a homotopy equivalence [26,
Lemma 3.6]), and we let w0 be any homotopy between g0f0 and the identity.

For the k ≥ 1 inductive step, we are seeking to find gk and wk solving (dg)k = 0 and
(gf − dw)k = 0. First observe that (under the induction hypothesis)

(dg)k ∈
∏

X0,...,Xk∈C

Hom(C(Xk, Xk−1)[1]⊗ · · · ⊗ C(X1, X0)[1]⊗N(X0),M(Xk)) (A.9)

is always a cocycle (for any choice of gk), and moreover its class in cohomology is independent
of gk. To find a gk for which (dg)k = 0, it is thus necessary and sufficient to show that this
“obstruction class” [(dg)k] vanishes. The identity dw = gf − idM in degrees < k gives, upon
applying d, the relation among “obstruction classes” [(dg)k]f0 + g0[(df)k] − [(d idM)k] = 0.
The obstruction classes of idM and f both vanish since a fortiori they are both cycles. Since
f0 is a homotopy equivalence, we conclude that the obstruction class of g vanishes, as desired.
This shows that we can choose gk to satisfy (dg)k = 0.

We now turn to the second equation (gf − dw)k = 0. We have chosen g to satisfy
(dg)k = 0, so gf − dw is a cocycle (up to degrees ≤ k) in the morphism complex (for any
choice of wk). Since gf − dw = idM in degrees < k, we conclude that (gf − dw)k is a cocycle
(for any wk). Since f0 is a homotopy equivalence, we may modify the cohomology class
of this cocycle arbitrarily by adding to gk an appropriate cocycle (note that this operation
preserves (dg)k = 0). Performing such a modification of gk so that (gf − dw)k becomes
null-homologous, we may now choose wk to ensure that (gf − dw)k = 0 as desired.

A.3 Generation and quasi-equivalences

For an A∞-category C, denote by |C| the set of quasi-isomorphism classes of objects (i.e.
isomorphism classes of objects in the cohomology category H0C). An A∞-functor F : C→ D

induces a map |C| → |D|, which is injective if F is fully faithful and is surjective if F
is essentially surjective. In particular, the tautological inclusion C ↪→ TwC induces an
inclusion |C| ⊆ |TwC|.

Lemma A.3. Given a collection of objects A ⊆ C, the subset |TwA| ⊆ |TwC| consisting
of objects which are quasi-isomorphic to twisted complexes of objects in A depends only on
|A| ⊆ |C|. For a quasi-equivalence F : C→ D, we have F (|TwA|) = |TwF (A)|.
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Proof. Given two objects X, Y ∈ C, we may form cone(f) := [X[1]
f−→ Y ] ∈ TwC for any

degree zero cycle f ∈ C(X, Y ). If f, f ′ ∈ C(X, Y ) are cohomologous, then cone(f) and
cone(f ′) are quasi-isomorphic objects of TwC. More generally, if X ' X ′ and Y ' Y ′ are
quasi-isomorphic and f ∈ C(X, Y ) and f ′ ∈ C(X ′, Y ′) are degree zero cycles whose classes
coincide under the identification H0(C(X, Y )) = H0(C(X ′, Y ′)), then cone(f) and cone(f ′)
are quasi-isomorphic objects of TwC. The result now follows by induction.

A.4 Homotopy colimits of A∞-categories

We provide here an explicit construction of homotopy colimits of A∞-categories (adapting
[37, §A.3.5] to the A∞ setting), and we derive some of their basic abstract properties. For
a discussion of how the notion we define here compares with other notions of homotopy
colimits, see Remark A.13. As a reminder, all of the A∞-categories in this paper are small
(i.e. they have a set of objects), and by a ‘commuting diagram of A∞-categories’ we always
mean a strictly commuting diagram (rather than only commuting up to specified natural
quasi-isomorphism of functors).

We begin by introducing the Grothendieck construction (or ‘lax homotopy colimit’) of
a diagram of A∞-categories {Cσ}σ∈Σ indexed by a poset Σ (compare Thomason [44], Lurie
[37, Definition A.3.5.11]). To set the stage, recall that the semi-orthogonal gluing 〈C,D〉B
of A∞-categories C and D along the (C,D)-bimodule B is, by definition, the A∞-category
whose objects are ObC t ObD, with C and D full subcategories, with B as the bimodule
of morphisms from objects of C to objects of D, and zero morphism spaces from D to C.
The Grothendieck construction of a diagram of A∞-categories of the form C0 → · · · → Cp is
defined inductively by

Groth(C) := C, (A.10)

Groth(C0
F1−→ · · · Fp−→ Cp) := Groth(C0

F1−→ · · · Fp−2−−−→ Cp−2
Fp−1−−−→ 〈Cp−1,Cp〉Cp(Fp(−),−)). (A.11)

It is immediate that for any diagram of A∞-categories C0 → · · · → Cp and any injection of
totally ordered sets i : {0 < · · · < q} ↪→ {0 < · · · < p}, the full subcategory of Groth(C0 →
· · · → Cp) spanned by Ci(j) is tautologically identified with Groth(Ci(0) → · · · → Ci(q)). More
generally, a map of totally ordered sets i : {0 < · · · < q} → {0 < · · · < p} covered by a map
between diagrams C0 → · · · → Cq and D0 → · · · → Dp induces a functor Groth(C0 → · · · →
Cq)→ Groth(D0 → · · · → Dp).

Now for any diagram ofA∞-categories {Cσ}σ∈Σ indexed by a poset Σ, we define Grothσ∈Σ Cσ
to have objects

⊔
σ∈Σ Cσ, with morphism spaces from Cσ to Cσ′ vanishing unless σ ≤ σ′, and

so that the full subcategory spanned by ObCσ0 t · · · tObCσp for any σ0 < · · · < σp is given
by Groth(Cσ0 → · · · → Cσp). The Grothendieck construction is functorial under maps of
posets: a map Σ→ T covered by a map of diagrams {Cσ}σ∈Σ → {Dτ}τ∈T induces a functor
Grothσ∈Σ Cσ → Grothτ∈T Dτ .

Lemma A.4. If each map Cσ → Dσ is fully faithful (resp. essentially surjective, generating,
split-generating), then so is Grothσ∈Σ Cσ → Grothσ∈Σ Dσ.

The homotopy colimit of a diagram of A∞-categories {Cσ}σ∈Σ is defined as the localization
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of the Grothendieck construction

hocolim
σ∈Σ

Cσ :=
(

Groth
σ∈Σ

Cσ

)
[A−1

Σ ] (A.12)

at the collection AΣ of ‘adjacent’ morphisms Xσ → Fσ′σXσ corresponding to the identity
map in H0Cσ′(Fσ′σXσ, Fσ′σXσ) = H0(Grothσ∈Σ Cσ)(Xσ, Fσ′σXσ) for σ ≤ σ′ and Xσ ∈ Cσ
(compare [37, Lemma A.3.5.13]). Homotopy colimits enjoy the same functoriality as the
Grothendieck construction: a map Σ→ T covered by a map of diagrams {Cσ}σ∈Σ → {Dτ}τ∈T
induces a functor

hocolim
σ∈Σ

Cσ → hocolim
τ∈T

Dτ (A.13)

since AΣ is sent into AT . (Recall the precise definition [26, Definition 3.17] of the localization
C[W−1] as the quotient of C by the set of all cones [X

a−→ Y ] where X, Y ∈ C and a ∈ C(X, Y )
is a cycle representing an element of W ; this definition is strictly functorial in the sense that
for F : C→ D with F (W ) ⊆ Z, there is a canonically induced functor C[W−1]→ D[Z−1].)

Recall that an A∞-functor is called a quasi-equivalence (resp. pre-triangulated equiva-
lence, Morita equivalence) iff it is fully faithful and essentially surjective (resp. generating,
split-generating).

Lemma A.5. If each map Cσ → Dσ is a quasi-equivalence (resp. pre-triangulated equiva-
lence, Morita equivalence), then so is hocolimσ∈Σ Cσ → hocolimσ∈Σ Dσ.

Proof. Combine Lemma A.4 with [26, Corollary 3.14].

As a special case of the functoriality of homotopy colimits under maps of diagrams, note
that for any diagram {Cσ}σ∈Σ. (where Σ. = Σ ∪ {∗} denotes the poset formed from Σ by
adding a maximal element), there is an induced functor

hocolim
σ∈Σ

Cσ → C∗[1
−1]

∼←− C∗ (A.14)

where 1 denotes the class of identity morphisms (the homotopy colimit of the diagram C∗
over the one-element poset {∗} is given by this somewhat silly localization C∗[1

−1]). This
map is functorial in maps of posets Σ→ T .

A diagram {Cσ}σ∈Σ. is called a homotopy colimit diagram iff (A.14) is a pre-triangulated
equivalence.6 A square diagram which is a homotopy colimit diagram is called a homotopy
pushout (square). The prefix ‘almost’ in front of ‘homotopy colimit’ or ‘homotopy pushout’
weakens the assertion to (A.14) being fully faithful. It is easy enough to check (using
Lemma A.5) that for a map of diagrams {Cσ}σ∈Σ. → {Dσ}σ∈Σ. where each Cσ → Dσ is
a pre-triangulated equivalence, each diagram is a(n almost) homotopy colimit diagram iff
the other is.

A functor F : C → D is said to quotient by a set of isomorphism classes Q ⊆ |TwC| iff
F (Q) are zero objects and the induced functor C/Q→ D/F (Q) is a quasi-equivalence (this
condition is independent of the choice of set of objects representing the isomorphism classes
in Q used to define C/Q→ D/F (Q)).

6It is tempting to write ‘quasi-equivalence’ here instead, but in practice this is too strong a requirement.
Writing ‘Morita equivalence’ would weaken our results unnecessarily.

103



Lemma A.6 (Localization and homotopy colimits commute). If each map Cσ → Dσ quo-
tients by some set of isomorphism classes Qσ ⊆ |TwCσ|, then hocolimσ∈Σ Cσ → hocolimσ∈Σ Dσ

quotients by the union
⋃
σQσ.

A basic property of colimits is that cofinal diagrams of categories have the same colimit
(see, e.g., [37, §4.1.1] for rather general homotopy-invariant notions of cofinality and this
property). For our purposes, we need only the following very special case of this property:

Lemma A.7. Suppose that an inclusion of posets P ↪→ Σ satisfies the following properties:

(i) For every σ ∈ Σ, the subset of elements of P greater than or equal to σ has a unique
minimal element pσ.

(ii) For all p ∈ P and p ≤ q, we have q ∈ P .

Then, the canonical map hocolimσ∈P Cσ → hocolimσ∈Σ Cσ is a quasi-equivalence.

Proof. Let us denote by GΣ := Grothσ∈Σ Cσ the Grothendieck construction of the diagram
indexed by Σ, and similarly GP and GΣ−P . We note first that condition (ii) implies that there
is a semi-orthogonal decomposition GΣ = 〈GΣ−P ,GP 〉. In the formation of the homotopy
colimit over Σ, the class of morphisms AΣ we need to invert can be divided into three classes
AΣ = AP tAΣ−P tAΣ−P→P , where AP and AΣ−P are the morphisms between objects of GP
and GΣ−P , respectively, and AΣ−P→P are the morphisms from GΣ−P to GP .

Let Amin
Σ−P→P ⊆ AΣ−P→P be the subset of morphisms from an object of Cσ to an object

of Cpσ , where pσ denotes the minimal p ∈ P greater than σ guaranteed by (i). Observe
that any morphism in AΣ−P→P can be factored as a morphism in Amin

Σ−P→P followed by a
morphism in AP ; it follows that the localization of GΣ by AΣ coincides with the localization
by AΣ−PtAmin

Σ−P→PtAP . (Note that we may always localize in steps: for classes of morphisms
W,Z ⊆ H0C, the natural functors C[W−1][Z−1] → C[(W ∪ Z)−1][Z−1] ← C[(W ∪ Z)−1] are
both quasi-equivalences.)

Now observe that cones(Amin
Σ−P→P ) is left-orthogonal to GP . To see this, consider any

morphism z ∈ Amin
Σ−P→P , concretely z : cσ → fpσ ,σcσ for some σ ∈ Σ − P , and note that for

any object d ∈ Cp ⊆ GP for p ∈ P , the minimality condition (i) on pσ implies that σ ≤ p iff
pσ ≤ p. If σ ≤ p and pσ ≤ p are both false, then there is nothing to show; if they both hold,
then the map

Cp(fp,σcσ, d) = GΣ(fpσ ,σcσ, d)
◦z−→ GΣ(cσ, d) = Cp(fp,σcσ, d) (A.15)

is a quasi-isomorphism as desired.
Since cones(Amin

Σ−P→P ) is left-orthogonal to GP , it follows that GP ↪→ GΣ[(Amin
Σ−P→P )−1] is

fully faithful [26, Lemma 3.13]. We may now further localize both sides by AP (Lemma 2.4)
to obtain a fully faithful embedding

GP [A−1
P ] ↪→ GΣ[(AP t Amin

Σ−P→P )−1]. (A.16)

Now, we claim that (i) implies that the morphisms in AΣ−P are already isomorphisms in this
target GΣ[(AP tAmin

Σ−P→P )−1]. Indeed, since σ ≤ σ′ implies pσ ≤ pσ′ , any adjacent morphism
c → fσ′,σc in AΣ−P differs from the corresponding adjacent morphism fpσ ,σc → fpσ′ ,pσfpσ ,σc
(which is in AP ) by morphisms in Amin

Σ−P→P , and hence we conclude by [26, Lemma 3.13] that

GP [A−1
P ] ↪→ GΣ[(AP t Amin

Σ−P→P t AΣ−P )−1] (A.17)
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is fully faithful (and we have already argued above that this functor is the desired map
on homotopy colimits hocolimσ∈P Cσ → hocolimσ∈Σ Cσ). Finally, note that this functor is
essentially surjective since every element of Σ is ≤ some element of P by (i).

Corollary A.8. If Σ has a maximal element τ ∈ Σ, then the natural functor Cτ
∼−→

hocolimσ∈Σ Cσ is a quasi-equivalence.

The quasi-equivalence in Corollary A.8 above is moreover functorial in Σ. This is easier to
see for its inverse, which may be realized by beginning with the natural map Grothσ∈Σ Cσ →
Cτ and localizing so that the domain becomes hocolimσ∈Σ Cσ. Now for any map Σ → Σ′ of
posets with maximal elements τ and τ ′ (where τ is not necessarily sent to τ ′), covered by
a map between diagrams of A∞-categories {Cσ}σ∈Σ → {Cσ′}σ′∈Σ′ , there is a tautologically
commutative diagram

Groth
σ∈Σ

Cσ Cτ

Groth
σ′∈Σ′

Cσ′ Cτ ′

(A.18)

and localizing this diagram to obtain hocolimσ∈Σ Cσ → hocolimσ′∈Σ′ Cσ′ on the left gives the
desired result.

Proposition A.9. Suppose {Cσ}σ∈Σ. satisfies the following properties:

(i) All functors Cσ ↪→ Cσ′ for σ ≤ σ′ are fully faithful.

(ii) Every Twπ Cσ is generated by the images of Cσ′ for σ′ < σ and objects which are
left-orthogonal to all these images (call such X ∈ Twπ Cσ right-new).

(iii) If X ∈ Cσ and Y ∈ Cσ′ are right-new and σ and σ′ are incomparable, then Homσ′′(X, Y )
is acyclic for every σ′′ ≥ σ, σ′.

Then {Cσ}σ∈Σ. is an almost homotopy colimit diagram.

Proof. We consider G := Grothσ∈Σ Cσ and H := hocolimσ∈Σ Cσ. Since Twπ CΣ is generated
by right-new objects, it is equivalent to localize G at the adjacent morphisms Yτ → Fτ ′τYτ
for right-new objects Yτ ∈ Twπ Cτ . We now claim that every right-new object Xσ ∈ Twπ Cσ
is, when regarded as an object of Twπ G, left-orthogonal to the cones on these adjacent
morphisms. Indeed, to verify that G(Xσ, cone(Yτ → Fτ ′τYτ )) is acyclic, there are a few
cases to consider: when σ and τ are incomparable, this follows from (iii), when σ ≤ τ , this
follows from full faithfulness of Cτ → Cτ ′ , and when σ > τ , the only possibility for a nonzero
morphism is if τ ′ ≥ σ, and then it remains acyclic since Xσ is right-new and Cσ → Cτ ′ is
fully faithful. Thus the map G(Xσ,−)

∼−→ H(Xσ,−) is a quasi-isomorphism for any right-new
object Xσ ∈ Twπ Cσ [26, Lemma 3.13].

Now TwπH is generated by images of right-new objects, so to check that H → C∗ is
a quasi-equivalence, it is enough to check that that G → C∗ induces a quasi-isomorphism
on morphisms Xσ → Yσ′ for right-new objects Xσ ∈ Twπ Cσ and Yσ′ ∈ Twπ Cσ′ . If σ
and σ′ are incomparable, then G(Xσ, Yσ′) is acyclic by inspection, and C∗(F∗σXσ, F∗σ′Yσ′) is
acyclic by (iii). If σ′ < σ, then G(Xσ, Yσ′) is acyclic by inspection, and C∗(F∗σXσ, F∗σ′Yσ′)
is acyclic since Xσ is right-new and Cσ → C∗ is fully faithful. If σ ≤ σ′, then G(Xσ, Yσ′)
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and C∗(F∗σXσ, F∗σ′Yσ′) are both quasi-isomorphic to Cσ′(Fσ′σXσ, Xσ′) since Cσ′ → C∗ is fully
faithful. Thus {Cσ}σ∈Σ. is an almost homotopy colimit diagram.

Example A.10. Let C, D1, D2 be A∞-categories, and let Bi be (C,Di)-bimodules. The square
of A∞-categories

C 〈C,D1〉B1

〈C,D2〉B2 〈C,D1 tD2〉B1tB2

(A.19)

satisfies the hypotheses of Proposition A.9 and is thus a homotopy pushout square.

Example A.11. Let {Cσ}σ∈Σ be any diagram. The diagram {Grothτ≤σ Cτ}σ∈Σ. is a homotopy
colimit diagram by Proposition A.9. Localizing at AΣ≤σ and appealing to Lemma A.6 and
Corollary A.8, we conclude that the diagram σ 7→ Cσ and ∗ 7→

(
Grothσ∈Σ Cσ

)
[A−1

Σ ] is
a homotopy colimit diagram. We have thus derived what was our original definition of
homotopy colimits as a consequence of the formal properties Lemma A.6 and Proposition A.9
they satisfy (note that in this argument, Corollary A.8 was not used as a formal property of
homotopy colimits, rather it was applied as a statement about localizations of Grothendieck
constructions).

Remark A.12. The hypotheses of Proposition A.9 are not (obviously) preserved under pass-
ing to opposite categories. This asymmetry can be traced back to the asymmetry in our
definition of homotopy colimits, which is also not obviously preserved under passing to op-
posite categories. The converse is true as well: by Example A.11, verifying the ‘opposite’
of Proposition A.9 for our definition of homotopy colimits would imply they are compatible
with passing to opposite categories.

Remark A.13. A folklore result states that pre-triangulated A∞-categories over a field (or
perhaps more generally a commutative ring, with cofibrancy assumptions as in [26, §3.1])
k are the same as k-linear stable ∞-categories. In the latter ∞-category (of k-linear stable
∞-categories), we may consider (homotopy) colimits in the ∞-categorical sense (i.e. sat-
isfying the relevant universal property). We expect (and closely related results appear in
the literature [37, Lemma A.3.5.13]) that this notion of homotopy colimit agrees with what
we have defined here, namely that a diagram of pre-triangulated A∞-categories over Σ. is
a homotopy colimit diagram in the sense we define here iff it is a colimit diagram in the
∞-categorical sense. To prove this, it would suffice, by Example A.11, to show that the
∞-categorical colimits commute with localization in the sense of Lemma A.6 and satisfy
Proposition A.9 (even just in the special case of {Grothτ≤σ Cτ}σ∈Σ.).

It is a well-known fact that, given a “nice decomposition” of a diagram Σ, the (homotopy)
colimit can be itself decomposed into (a colimit of) smaller colimits (see e.g., [37, §4.2.3]
which establishes a general framework for such decomposition formulae). For our purposes,
the following special case of this property (discussed as motivation in [37, beginning of §4.2])
will be sufficient:

Lemma A.14. Consider a poset Σ with a map to the poset • ← • → •, and denote by P
and Q the inverse images of • ← • and • → •, respectively, intersecting along R := P ∩Q.
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Equivalently, P and Q are sub-posets of Σ with P ∪Q = Σ, such that no element of P\R is
comparable to any element of Q\R, and no element of Σ \R is less than any element of R.
Then the square

hocolim
σ∈R

Cσ hocolim
σ∈Q

Cσ

hocolim
σ∈P

Cσ hocolim
σ∈Σ

Cσ

(A.20)

is a homotopy pushout.

Proof. Let GΣ := Grothσ∈Σ Cσ and similarly denote by GP , GQ, and GR the Grothendieck con-
structions of the restricted diagrams over P , Q, and R. By definition, there is a commutative
square of fully faithful embeddings

GR GQ

GP GΣ.

(A.21)

In fact, we claim that (A.21) is a homotopy pushout. To see this, note that the hypotheses
on P , Q, and R imply that GP = 〈GR,GP\R〉, GQ = 〈GR,GQ\R〉, and in GΣ there are no
morphisms between GP\R and GQ\R (in either direction); now apply Example A.10.

To obtain (A.20) from (A.21), we localize at morphisms AP , AQ, AR, and AΣ. Since
AΣ = AP ∪ AQ, we may apply Lemma A.6 to the natural map from (A.21) to (A.20) to
conclude that (A.20) is a homotopy pushout.

Lemma A.15. For any diagram

A B C

D E F

(A.22)

in which the leftmost square a homotopy pushout, the composite square is a homotopy pushout
iff the rightmost square is.

Proof. By Lemma A.14, the following square is a homotopy pushout

hocolim

A→ B

↓
D

 hocolim

A→ B→ C

↓
D



hocolim

A→ B

↓ ↓
D→ E

 hocolim

A→ B→ C

↓ ↓
D→ E


(A.23)
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Since the left square in (A.22) is a homotopy pushout, the left vertical arrow above is a pre-
triangulated equivalence. Thus the right vertical arrow is also a pre-triangulated equivalence.
Now consider the following diagram (induced by the natural maps of diagrams):

hocolim

A→ B→ C

↓
D

 hocolim

A→ C

↓
D



hocolim

A→ B→ C

↓ ↓
D→ E

 hocolim

B→ C

↓
E


(A.24)

We just saw above that the left vertical arrow is a pre-triangulated equivalence. The bottom
horizontal arrow is a pre-triangulated equivalence by applying Lemma A.7 to the natural
map in the opposite direction (which is a section), and the top horizontal arrow is a quasi-
equivalence by inspection. It follows that the right vertical arrow is a pre-triangulated
equivalence, which gives the desired result.
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