J. Differential Equations 252 (2012) 2983-3000

Contents lists available at SciVerse ScienceDirect

Journal of Differential Equations PR

www.elsevier.com/locate/jde

Strong unique continuation for higher order elliptic
equations with Gevrey coefficients

Mihaela Ignatova *, Igor Kukavica

Department of Mathematics, University of Southern California, Los Angeles, CA 90089, United States

ARTICLE INFO ABSTRACT
Article history: We address the strong unique continuation problem for higher
Received 25 August 2010 order elliptic partial differential equations in 2D with Gevrey co-

Revised 20 October 2011

: ) efficients. We provide a quantitative estimate of unique continu-
Available online 10 December 2011

ation (observability estimate) and prove that the solutions satisfy

MSC: the strong unique continuation property for ranges of the Gevrey

35B05 exponent strictly including non-analytic Gevrey classes. As an ap-

35B60 plication, we obtain a new upper bound on the Hausdorff length

35J30 of the nodal sets of solutions with a polynomial dependence on
the coefficients.

Keywords: Published by Elsevier Inc.

Carleman estimates

Strong unique continuation
Complexity of solutions
Gevrey class

1. Introduction

In this paper, we study the strong unique continuation problem for the higher order elliptic partial
differential operators

P, Dyu= Y au(x)D%u (11)

loe|<2s

with Gevrey coefficients in two space dimensions. Even though, in general, for higher order operators
the strong unique continuation property does not hold (cf. [13,27] for counterexamples), we prove
it for (1.1) with Gevrey coefficients for ranges of the Gevrey exponents strictly including non-analytic
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classes. As an application, we provide a polynomial upper bound for the Hausdorff length of the nodal
sets of solutions in terms of the coefficients.

Recall that a function u € C*°(£2) vanishes of infinite order at a point xg in the open set 2 C R?
if D%u(xp) = 0 for all multi-indices o € Né. We say that the operator (1.1) has the strong unique
continuation property if every solution u of the equation P(x, D)u = 0 which vanishes of infinite
order at xq is identically zero in a neighborhood of xp.

By now the strong unique continuation problem for second order elliptic operators is well-
understood. The results for the elliptic equation

—Au=W - -Vu+Vu

go back to the work of Carleman [1] in the case of the space dimension n =2 and bounded coeffi-
cients, who used as a main tool a weighted L? estimate. There is a large amount of work on strong
continuation, achieved by different estimates of Carleman type (cf. [2,3,8,12,16,17,24,28,29] and the
review papers by Kenig [18,19] and Vessella [30]).

There is a very limited number of results available regarding strong unique continuation for higher
order elliptic equations with non-analytic coefficients. In fact the only result we are aware of is given
by Colombini and Koch in [4] who proved the strong unique continuation for products of second
order elliptic operators with Gevrey coefficients for a certain range of the Gevrey exponent (cf. [4,
Theorem 1]). In this paper, we obtain a strong unique continuation result for higher order elliptic
operators (1.1) with simple complex characteristics and coefficients in the Gevrey class G° provided
the Gevrey exponent o is less than a constant strictly grater than 1.

We note that the weak continuation for higher order equations is better understood. For instance,
a result of Hérmander [14] addresses solutions of differential inequalities

)

|P(x, Dyu| <K ) |D%u

la|<m

where P is a homogeneous elliptic operator of degree m with simple characteristics; it states that if
a solution u vanishes in the intersection of a neighborhood of 0 and the set x; < x3 +--- +x2, then u
vanishes in a full neighborhood of 0.

A natural question to ask about a solution u is how large is the size of its nodal (zero, van-
ishing) set. In their seminal work [5-7], Donnelly and Fefferman provided upper and lower bounds
on the (n — 1)-dimensional measure of the nodal set for an eigenfunction of the Laplacian, con-
sidered on an analytic Riemannian n-manifold (see also [11,25]). For higher order analytic elliptic
equations, bounds were obtained in [23]; for estimates on nodal sets of solutions of parabolic equa-
tions cf. [10,20-22].

Most of the present paper is devoted to the proof of a Carleman-type inequality for the opera-
tor (1.1), which is needed to establish a quantitative estimate of unique continuation (observability
inequality) stated in Theorem 2.1. Hormander established in [12] a necessary and sufficient condition
for a Carleman estimate to hold; thus, one of the key steps here is the choice of an appropriate ra-
dially decreasing weight function for which the pseudo-convexity condition is satisfied. Note that our
choice of weight puts a restriction on the space dimension; namely Lemma 3.2 below is valid only
for operators (1.1) defined on a subset of R2. In higher dimensions, we obtain the main results of
this work (Theorems 2.1, 2.2, and 2.3) for classes of higher order elliptic operators satisfying a certain
condition (cf. Theorem 2.4). Another obstacle we face is that the weight |x|™™ is singular at the origin
while the operator P is too general to investigate the validity of the Carleman-type estimate directly
(as it can be done for second order operators). We overcome this by establishing a uniform in x Car-
leman estimate for a family of operators, leading to a Carleman-type inequality on a torus By \ Bs
with constants which can be computed explicitly in terms of § (see Lemma 3.3 below).

In general, functions in the Gevrey class may not satisfy the strong unique continuation prop-
erty (see for instance [24]). However, in Theorem 2.2 below, we establish strong unique continua-
tion for the solutions of the equation P(x, D)u = 0, satisfying the Gevrey regularity condition (2.2)



M. Ignatova, I. Kukavica /]. Differential Equations 252 (2012) 2983-3000 2985

(cf. [26, Section VIL.1.3]) and the observability estimate from Theorem 2.1. The proof relies on [15,
Theorem 2.4]. Another application of the latter theorem together with a result due to Han [9] is a
polynomial upper bound on the Hausdorff length of the nodal sets (see Theorem 2.3).

The paper is organized as follows. In Section 2 we state our main results, Theorems 2.1, 2.2, 2.3,
and 2.4. The next section is devoted to the Carleman-type inequality given in Theorem 3.1 and to
certain auxiliary results needed for its proof. In Section 4, we establish a propagation of smallness
result which leads to the proof of Theorem 2.2. In the last section, we give the proofs of Theorems 2.2,
2.3, and 2.4.

2. Notation and the main result

In this paper, we consider the elliptic partial differential operator with simple complex character-
istics and coefficients in the Gevrey class with o > 1

PX.Dyu= Y au(x)D%u (2.1)
lor|<2s

defined on a domain £2 in R? where s € N. Let £2 be a subdomain of £ such that dist(§2, 952) is
greater than a constant. By rescaling, we may assume that dist($2, 352) > 4. Let u be a solution of the
equation P(x, D)u =0 in £2 which is not identically zero. We assume that u is an infinitely smooth
function in 2 and that there exist positive constants M and & such that

Mla|t®

o
|D u”LZ(BZ(x)) S W'|u||L2(B4(X))’ Xes2 (2.2)

for any o € N% where o > 1 is fixed. Also, we assume that the coefficients a, are infinitely smooth
functions and that there exist nonnegative constants M, such that

Mq|B11
ﬂ o
|p’aq ||L°°(Bz(x)) S 5B 0 XE€ 2 (2.3)
for all o, B € N(zJ with |a¢|=0,...,2s. Assume u satisfies the doubling property
lull2g, ) < Kllttllp2(pyx). X €82 (24)

for some constant K > 1. Under the above hypotheses we establish a quantitative estimate of unique
continuation (an observability estimate) for the elliptic operator (2.1) with simple complex character-
istics and only Gevrey coefficients.

Theorem 2.1. Suppose that u is a nontrivial solution of P (x, D)u = 0 satisfying (2.2)-(2.4). Then

Il 25y < €xP(Q1 (87", K. M. {Maiai<2s)) lull 25450 X € 2
for some nonnegative polynomial Q1 with coefficients depending on P and S2.

This observability estimate is one of the hypotheses needed in Lemma 5.1 (see Section 5). Thus, it
enables us to establish the strong unique continuation property for the solutions of P(x, D)u =0.

Theorem 2.2. Suppose that the assumptions in Theorem 2.1 are satisfied and o < 1+ n, where 1) is a constant
depending on s. Then the operator (2.1) has the strong unique continuation property.
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Using a result due to Han [9] on the structure of the nodal sets of solutions, together with The-
orem 2.1 and Lemma 5.1, we obtain an upper bound for the 1-dimensional Hausdorff measure of
the zero sets of solutions of the equation P(x, D)u =0 with a polynomial dependence on the coeffi-
cients.

Theorem 2.3. Suppose that the assumptions in Theorem 2.1 are satisfied. Then

H'(xe2:u=0)< Q287" K, M, (Mq}jaj<25),
where Q; is a nonnegative polynomial with coefficients depending on Ps and £2.

As the next theorem shows, the restriction on the dimension n =2 may be removed for symbols
satisfying an additional property.

Theorem 2.4. Let n > 3. Suppose that the assumptions in Theorem 2.2 are satisfied and o < 1 + n, where n
is a constant depending on s. Additionally, assume that for 0 # ¢ =& 4 it Vi, (x), we have

Pas(, O)|> +|(x = X0) - Ve Pas(x, 0)° > 0, x€ Ay, £ €R", and 7 € R, (255)

for all xg € 2, where VYxo (X) = |x — xo| ™™ and Ay, is the n-dimensional unit torus centered at xg. Then the
operator (2.1) has the strong unique continuation property. Moreover, we obtain for the Hausdorff length of
the nodal sets

H'(xe2:u=01< Q387" K, M, {Mq}jai<25),
where Q3 is a nonnegative polynomial with coefficients depending on Ps and £2.

Theorem 2.1 is proven in Section 4 and Theorems 2.2, 2.3, and 2.4 in Section 5.
3. Carleman estimate

Let 2 C R? be a domain, and let s € N. We consider the elliptic partial differential operator

P(x,D)u = Z‘ ao (X)D%u

lo|<2s

with coefficients in the Gevrey class G where o > 1.

In this section, we denote the principal part of the operator P(x, D) by Pas(x,D) and the corre-
sponding principal symbol by Pys(x, ¢). Also, we adopt the notation Péjs) (x,¢) = (3P25/09¢j)(x,¢) and
Pys j(x, &) = (0P2s/0xj)(x, ) for the first partial derivatives of Pys(x, ¢).

Assume that the operator P(x, D) has simple complex characteristics, i.e., the principal symbol
Pys(x, £), which is a homogeneous polynomial of degree 2s in the complex variable ¢ € C2, has only
simple (with multiplicity 1) zeros. Our goal is to derive a Carleman-type estimate for such an operator
with a suitably chosen weight function .

Theorem 3.1. There exist positive constants C, 7o, and pg such that

), T / [D*v[ e <c f |Pas(x, Dyv[*e*™ o (31)

lo<2s A(X0.8,00) A(X0,8,00)
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forany v e Cgo(.(}) with support in the annulus A(xop, S, po) = {x € 2: 8 < |x—xg| < 0o}, Xo € 2 and
T > 198~%, provided m € N is a large enough constant and Yo (X) =[x — xg| ™.

Above and in the sequel, the symbol C denotes a generic positive constant which is allowed to
depend only on s, o, and P,;. Any additional dependence is indicated explicitly.

First, we prove a uniform Carleman estimate in the dyadic annuli A,(xp) = {x € £2: 277! <
|x — xg| < 27™t2} for all xg € 2 and r € N such that r > rq. Using a partition of unity, we then prove
a corresponding Carleman-type estimate on A(Xg, 8, o).

Let AX0 ={xe £2: 1/2 <|x — xg| < 4} be the unit annulus centered at xq € 2. Clearly, we have
Y € C2(Axy) and Vi, (x) = —m(x — Xg)|x — Xo| ~™*+2) £ 0 on Ay,. Also, we have that Pas(x, D) is
elliptic in Ay, that is, Pas(x,§) #0 if x € AX0 and & € R%\ {0}. In the next lemma we establish the
pseudo-convexity condition for Pys(x, D) in Ay, with a weight vy, for all xg € £2, needed in the proof
of Theorem 3.1.

Lemma 3.2. Let xg € 2 and Yo (X) = |x — xo|™™. There exists a sufficiently large number m such that the
following is true. Assume that for 0 # ¢ = & +1iT Vi, (x) the characteristic equation Pys(x, ¢) = 0 is satisfied,
wherex € Ay, & € R?, and T € R. Then

2
37 09 /0xj0x P (6 PR (x, £) + = lmZ Pasik( 0)PY (x, £) > 0 (32)
jok=1 k=
forall xg € 2.

Proof. Using that

Py M+ 2ME; —Xo) (X —Xor) M
00X |X—x0|m+4 X — xo|m+2

for j, k=1, 2, we may rewrite the asserted pseudo-convexity condition (3.2) for v, as

2
(m+2)m 22:()(._}( -)P(j)(x {) _ Z|P(])( C)|
|X—X0|m+4 = J 0j) 25 (s |x — Xo |m+2

]
+ = ImZPzS % PP, 0) > 0. (3.3)

k=1

First, note that if P(x,¢) =0 for ¢ =& + in, then there exists a positive constant C such that

% <&l 1l < Z1. (3.4)

The second inequality in (3.4) is trivial. In order to prove the first inequality, we consider the compact
set K={¢ =&+in: |¢| =1, Ps(x,£) =0} in C2. Since Py(x, ¢) is elliptic and homogeneous of order
2s in the second variable, we have that £ # 0 and 1 # 0 on K. Thus, there exists a constant C > 0
such that |£] > 1/C and |n| > 1/C on K. Now, let ¢ = £ +in be arbitrary in C2. By the above property
of K, we have |£|/|¢] >1/C and |n|/|¢| > 1/C. Hence the first inequality in (3.4) holds.
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Next, we claim that there exists a positive constant C such that for all xy € £2

2 i |§|25—1
D0 = X0 Py (6, )| > = (35)

if x€ Ay, and ¢ =& + in are satisfying Pas(x,¢) =0, where £, 17 € R? and n =ty for y parallel to
x—xp such that |y| = 1. It suffices to prove the claim for ¢ € K, where K = {¢ =& +ity: [¢|=|y|=1,
Pys(x,¢) = 0} is a compact set. (Note that by the previous claim, for any ¢ € K, we have
1/C < |¢|, |t| < 1.) For the sake of contradiction, suppose that there exist sequences {xék)} € 2,

(x® — x{)ew € Ao, and {t® = ® +ir®y® oy € K such that

—

MN

’ .
X(();) P(]S)(x(k),é—(k)) < (3.6)

=

1=1

where 7® e R and y® is parallel to x® — xg‘). By passing to subsequences, we may assume that
xg‘) — x9, X0 — x, and £® +it®y® £ ity in 2, Ay, and K, respectively, where xo € £2,
xe ;\xo, and & + ity € K. Then the limits xg, X, and ¢ =& + ity satisfy

2
Z(Xj —Xo j)Pé’s) (*,¢)=0 (3.7)

j=1

by continuity. Also, we have

Zc;P(”(x )= (3.8)

which follows by the homogeneity of the polynomial Py in the second variable. Indeed, we differen-
tiate Pas(x, AL) = A% Pog(x, ¢) with respect to A € R and then set A = 1. Since y is parallel to x — xo,
(3.7) and (3.8) imply

ZS;P‘”(x )= (3.9)

Also, since the operator P(x, D) has simple complex characteristics and the equalities (3.7) and (3.9)
hold for x, & € R?, we obtain that & is parallel to x — xo, or equivalently that £ = Ay for some A €
R\ {0}. Then, for ¢ = (A +iT)y € K, we have 0 = P(x, ) = (A +it)*P(x, y) which gives P(x, y) =
for y € R?\ {0}. The last equality contradicts the ellipticity assumption on P(x, D). Therefore (3.5) is
established.

Now, for all xg € £2 we prove that for a sufficiently large m € N the first term on the left side of
(3.3) is dominant. By the claim proven above, we obtain the upper bound

2 2
> & —x0) P x.0)| >

j=1

(m+2)m
|x — X0|m+4

(m+2)m

4s—2
Clx—xo™+4 IZ1 (3.10)

for x € Axm For the second and the third term on the left side of (3.3), we have respectively
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Cm
) 4s—2
|X_X |m+2 Z|P x| < TWIKI (3.11)
and

1

- ImZst x OPP 0] < |c|45—1 < C| Vi, ) |12]%72

k=
Cm

452
< WW (312)

for x € AXO, where we used that 7|V, (x)| > 1/C|¢| by (3.4). Choosing m € N large enough, the
lemma follows. O

Let xo € £2. We consider a sequence of operators for r € Ny defined by

PYX"(x,D) = Z o (X0 +27"(x—x0)) DY, x€ Ay,

la|=2s

and the limiting operator with constant coefficients defined by

PX(D)= ) du(x0)D".

|la|=2s
We need the following auxiliary assertion.

Lemma 3.3. There exist constants C, Tp > 0, and ro € N such that for all xg € 2

Y phs2lal / |D%ul*e?™ < C f | P37 (x, Dyu|*e* ¥ (3.13)
la|<2s Axo
holds for any u € C§°(Axy), T = To, and r > o, provided that m is a large enough constant and yx, (x) =
[x —xo| ™.

Proof. As a consequence of Lemma 3.2, we can find a large enough number m, so that the pseudo-
convexity condition (3.2) is satisfied for all xg € £ for the limiting operator P;‘;(D) with a weight
function ¥y, (x) = |x —xg|™™ in Axm Using a nonlinear change of variables, we can straighten up the
weight ¥y, so that ¥y, (x) = (X — xo, N) for x € Ax,, where N # 0 is a constant. Now the new limiting
operator, which we denote by P;S (x, D), depends on x. Also, we denote the sequence of operators
after the change of variable by P"‘J "(x, D). We follow the proof of [12, Theorem 8.3.1] for the limiting
operator P’“J (x, D) with adoptmg the notations therein to prove the estimate (3.13) for the sequence

XO r(x D) where r > rp. Setting v(x) = u(x)expt(x — xp, N) and applying the integration by parts
formula from [12, Lemma 8.2.2], we obtain for all xo € £2 and r € Ng

/IP"of(x Dyuf’ e oot = /|PX°r(x,DJrifN)"|2
/|PX°r(x,D+irN)V| — [P (x. D —iTN)v[’

= / G (x, D, D)vv, (3.14)
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where the quadratic differential form on the right-hand side satisfies

2
GO (x,&,6) =2Imy_ P30 (x.& +iTN)PR" ® (x, & +iTN)
k=1

+ 2[m< PR (x,& +iTN) Z P € + itN)) (3.15)

k=1
for x € Ay, and £ € R?. Similar inequality as (3.14) also holds for the limiting operator P (x, D)

(cf. the proof of [12, Theorem 8.3.1]) and the corresponding differential quadratic form reads

GY(x, &, &) —ZlmZst (% & it PO (x & +iTN)
k=

+ 21m<Px° (X £ +iTN) Z PR (. + irN)).

k=1

Moreover, there exist constants C1, C; > 0 such that for all xg € £2

C
& +iTN* < %rc’é" (X, &, €)

x € Ay, (3.16)

if 7 >0 and £ € R?. (Indeed, by the homogeneity of the polynomials on both sides of (3.16), we
restrict ourselves to the compact set M ={(§, 7): |[§+itN|=1, 7 >0} Consider the subset of M de-
fined by Mg = {(xo, X, &, T): P’z‘g(x, E+ITN)=0, xg€ 2, x€ ;\xo, (€, T) € M}. Since the operator P
satisfies the ellipticity estimate P’“J (x,£) > |£]%/C and the pseudo-convexity condition (3.2) in AXO,
we have that T and G¥(x, &, &) are bounded from below on the compact My. Thus, there exists a pos-
itive constant Cq such that 1< (C1/2)TG¥(x, £, &) in Mo. The last inequality depends continuously
on all variables, so it holds in a small neighborhood V of Mjy. Also, the polynomial P’z“; x,& +iTN)
has no zeros in the compact set M \ V, so it has a lower bound there. We conclude that (3.16) holds
on M.)

Let X € Ay, be arbitrary. By the continuity of the coefficients of P3 and G7°, we can find ro € N
such that

& +ITNI* < CiTGR" (Ro, £, 8) + G| PR (o £ +ITN)[®, T >0 (317)

for all T >0 and £ € R?. (Indeed, on the compact set M, we have 7 < 1/N and the polynomials P
and G¥° are smooth functions depending only on the x variable. Thus, given € > 0, there exists rg € N
depending only on the first and second order derivatives of the coefficients of Py, such that for all
r>ro we have |P32(Xo) — P32 (%) < € and |G (Xo) — G (X0)| < €. Choosing € = (C1/N + C2)~1,
we get 1< C17G7”" (Ro) + cz|P"° &)%)

Hence, for all r > rg, we obtain

<2n>‘2/|0<s>|2|s+irN|“‘ds

c1r/G§°r(x0,D D)vvdx+C2f|PX°r(x0,D+itN)v|2dx (3.18)
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after multiplying (3.17) by |¥(£)|?, integrating, and applying Parseval’s formula. Next, we express the
polynomials GX*" in powers of T as

4s—1
G¥'(x,D, D)= t/G*"V(x,D,D),
j=0

where the quadratic form G*") is of order (4s — j — 1;2s) and has smooth coefficients for all
je{0,...,4s — 1}. Using a continuity argument, we can find §y > 0 such that for all x € Ay, with
|x — Xo| < 89, we have

- . 1 :
C1[P52"(x, D+ iTN)v|* < o[ P27 Go, D+ iTN)v[* 4 2 (D +ieNy*v [
and

C2|GY" (x, D, D)yvv — G¥ (X0, D, D)v|

4s—-1
<G Y t[6" 0k, D, Dyvy — G (%9, D, Dyvi|
j=1
1 4s—1 ) _
<21er Z |D*vDFv|

=1 lal+|pl=4s—j-1

for all r > rg. Thus, from (3.18) and the above inequalities

Qn)~? /

PO 1E +iTNSdE < T / G (x, D, Dyvidx + C /\ng”(x, D +itNyv|*dx

+ %(Zn)’zf

4s—1

1 . -
+4—1 Zr”l Z | /|D“vDﬁv|dx
j=1 la|+]8|=4s—j—1

92| +itN)[* de

for v e C§°(Bs,(X0) N Ax,) and 1 > ro. For each term in the last sum, we use the Cauchy-Schwartz
inequality and the estimate

(|N|Zr2)25_|m[|D"‘v|2dx<(271)_2/ (&)} 1€ +iTN|® de

for || < 2s. Also, in view of the inequality (3.14), we obtain
(|N|2T2)25*|0‘| /|Dau|262f(X—X07N> dx < (2ﬂ)_2/|\7(5)|2|5 + iTN|4s de
<2CiT+Cy) /|P§§‘r(x, D +itNyv|*dx

=2(C1T + () /‘ng’r(x, D)u]zezm‘”‘o*N) dx
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for all u € C§°(Bs,(X0) N Ax,), lax| < 2s, and r > ro. Therefore, the estimate (3.13) holds for functions
supported in a small neighborhood of X in Ax,. By [12, Lemma 8.3.1], the proof of Lemma 3.3 is
complete. O

Proof of Theorem 3.1. For simplicity of notation, we may assume that xo = 0. In order to obtain a
Carleman estimate on the dyadic annuli A, centered at O for r € N such that r > ro, we perform a
change of variable y =27"x in (3.13) and write u(x) = v(2~"x). Denoting o =2"™'t, we get

Z G4s—2\o¢|—12(45—2|a\—1)mr2—2|a\r/|Dav|282m/f < C2—4sr/|st(x’ D)v|2e2‘w
|| <2s Ar Ar

which implies

Z g¥s—2lel-1 /|D°‘v|2e2“¢ < C/|P25(x, D)v|zez”‘/’ (3.19)
lor|<2s A A
for all v e C3°(Ar) and o > To.

Let ¢ € ch(fz, [0,1]) be a cutoff function with support in Ag such that ¢ =1 in a neighborhood
of {x e £2: 1< |x| <2} and suppy C {x € 2: 7/8 < |x| < 17/8}. Define ¢, = ¢(2"). Clearly, ¢, €
C§°(£2,[0,1]) are compactly supported in Ay, and ¢ =1 in a neighborhood of C; = {x € £2: 27" <
|x| <2771}, Also, we have that |D%@,| < C2"% ¢, in a neighborhood of S, = {x € 2: 2771 < || <
27"} and |D%p| < C2"®g,_; in a neighborhood of L, = {x € 2: 271 < |x| <2772} for all & € N3
with |a|=0,...,2s — 1.

Let u € C§°(£2) be a smooth function with support in the annulus A(0, 8, pg), where pg =27"0. Let
r1 be the smallest integer such that 2~ < §. Then we have suppu C U?:ro Ay. Applying the Carleman
inequality (3.19) to ug, and summing for r =rg,...,r1, we obtain

r r
olal— 2 2
> ot 2ty [Ipwen et <c Y [puix g (320)
|| <2s T:TOAr r:roAr
for o > 7p. For the left side of (3.20), we claim
5 1
1
4s5—2|or]—1 o 2 20y < 4s—2|ar|—1 a,, 2,209
E o E /|D (ugp)|“e*?V > c E o E /|<prD ule*v.  (321)

loe|<2s T=T0Ar loe|<2s r=r0Ar

Indeed, we have |D%(u¢,)|?> > (1/2)|¢:D%ul*> — CD pea |IDPuD*~PBg,|? by the Leibniz rule and the
triangle inequality; therefore, using the assumptions on the derivatives of ¢,

Z O,4s—2|a|—1 rzlf|Da(u(pr)|2€20w

| <2s r=ros
m 1
45—2|a|—1 22
> ¥ o2t S (3 [lentufer
|| <2s r=rg A

_c ZZZr(\aI—IﬂI)( /|¢r+lDﬂu|2620w +/|¢r_]Dﬂu|262mﬁ>)

<o Sy L
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and the two negative terms on the right side can be absorbed into the first term on the right side,
since

Ca4s—2\a|—122r(\a|—|ﬂ|>/|(pr+]Dﬁu|2ezm/f < Cots—2lal—Tp4sm f|<pr+1Dﬁu|2e2“‘”

Sr Sr
_218|— 2
< ob2B1-1 / |(/)r+1 Dﬁu| e20V
Art1
and
CoAs—2lal=192r(ja|—|B) /|(ﬂr_1Dﬂu|2e2ml/ < o4s—21B1-1 / ‘¢r_1Dﬁu|26201/f
Ly Ar1

for all 8 <« and r € {rg, ..., r1} provided o > 792%"1. For the right side of (3.20), we have

L 1
c> / |Pas(x, D) (ugp)|*e?7 < C Y f |- Pas(x. Dyul’e?” ¥

T=T0Ar r=r0Ar
r B 2
8) 2| DPer|” 5
vy [ Sir oo | 6
r=ro; >0

by the Leibniz rule. The second term on the right side can be absorbed into the right side of (3.21),
since

DA g,
Bl

2
e2aw

c i/zypg?(x, Dyul®

r=ro; >0

r
<CZ Z Z 22r|ﬂ|</’¢f+lDa7ﬂu Zezcw"‘/’(ﬁrqD“’ﬂu!ZeZ”’)
S i

r=rg |a|=2s 0<B <

< CO,4572|0¢|71 ri/|¢)rDau|26201/f

r=ro Ay

if 0 > 792%™, From (3.21) and (3.22), we conclude

m "
Y o5 2003 [lgomufens <c 3 [fonpas oufe

r=r r=r
la|<2s OAr OAr

and hence

3 gts2lal-t / |D2u[?e2¥ < ¢ / |Pas(x, Dyu|*e27¥ (3.23)
|| <2s A(0,5, p0) A(0,8,00)
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for all u e Cgo(.(}) with support in A(0, 8, pg) and o > 1o8~%, by taking 7o sufficiently large. Note
that the constant C does not depend on ry, since for any x € A, there are at most three functions
from {¢;(X)};L,,, which are different from zero. Thus, [D%u| < C(3_;L, |¢;D*u|?)'/? by the Cauchy-
Schwartz inequality. O

4. Propagation of smallness

In this section we suppose that the assumptions on the operator Pys(x, D) from Section 3 are
satisfied, so that Theorem 3.1 is applicable. Using a linear change of variable by a constant factor, we
may assume without loss of generality that pg > 2.

Let u be an infinitely smooth solution of the equation

PX.Dyu= Y au(X)D*u=0 (4.1)
lerl<2s

for x € §2. Assume that there exist nonnegative constants M and § such that

M|
o
10%ul 25,00y < —gar— (42)

for || =0,...,25s — 1. Assume that the coefficients a, are infinitely smooth and that there exist
nonnegative constants M, such that

llaa I8, (x)) < Mo (4.3)
for || =0,...,2s. Assume additionally that

o -
|D ”||L2(325(x)) SE€ (44)

for || =0,...,25s— 1 and some sufficiently small € € (0, 1) such that € < M.

Lemma 4.1. Suppose that the assumptions (4.1)-(4.4) are satisfied. If

€ <Mexp(—P1(87", {Ma}jaj<2s5))
then
”u”Lz(Bl) < P2(5_17 {Ma}la\<25)€0M1_0
where P1 and P, are nonnegative polynomials and the parameter 6 € (0, 1) is such that 6 < C§™.

Proof. Let ¢ € ch(:}, [0, 1]) be a smooth cutoff function such that ¢ =1 in a neighborhood of the
annulus By s\ Bzs and ¢ =0 in a neighborhood of Bs U BY,. Additionally, we assume that

C
” Da¢|’L°°(Bza\BB) S slel

for |a| =0, ...,2s — 1. Consider up € C§°(B; \ Bs). By Theorem 3.1, it follows
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> gl / D% (ug)[*e*™¥ < C / |Pas(x, D)(ug)|’e? (4.5)
ll<2s B2\Bs B2\Bs
for T > 198~%. We estimate the right side of (4.5) from above by I + I; + I3, where
2
h=C f |Pas(x, D) (ug) 2™
B2s\Bs

L=C / |Pas(x, D) (ug)|e?”

B1.5\B2s

I3=C / |Pys(x, D)(ug)| eV

B2\B1s

Using the Leibniz formula and Eq. (4.1), we have

DB
Pax, DYuP) = 3 aa()(D*u)p+ 3 (P (x. Dyu) =%

la|=2s p>0 A!
(ﬂ) Dfg
=— Y a®(Du)p+ Y (PY (x, Dyu)—=. (4.6)
|| <2s B>0 A!

By the equality (4.6), the assumptions on the derivatives of ¢, and the hypotheses (4.3) and (4.4), we
obtain

H<C Yy M2 / ID%uf*e?™ ¢ 3 52l / 1P (x, Dyu|*e>™¥

lel<2s g S\Bs >0 Bas\Bs
< CE%*™V® Z Mﬁ—i—CZ(S_z'ﬁ‘ézez””(‘” sup Mgl
loe|<2s B>0 lor|=2s

gC( sup M2 + 8% sup MZ) &2’ Lo HE2e?™ " sup M2

|| <2s |o|=2s || <2s
for the first integral. Above, we denoted v (8) = ¥ (x) where |x| =§. Next, using that ¢ =1 in a

neighborhood of Bj 5 \ Bs, the estimate on the coefficients (4.3), and the equality (4.6), we have the
estimate for the second integral

2
L<C Y M |DYul"e*™V,
lo|<2s B1.5\B2s

which can be absorbed in the half of the left side of (4.5) provided that

T
T >max] sup MY @2e=b 0L (4.7)
|| <2s T84

Finally, the assumptions (4.2), (4.3), and the equality (4.6) imply
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<c Y m / peufer™ +c Y MY / D% ul?| DBy 2

j@l<2s  p,\B, s lel=2s >0, \p,
2 2 |12 2TV (15) 2 2 o — B2 —2|B1,2T¥(1.5)
M Z Ma 52l +CM Z M“Z §52la—pl e
lor] <2s Jor|=2s B>0
M2 -m _ CM? -
<CcM? Z Sz‘glezns "< 2715 sup Mé

lo|<2s

for the third integral. Hence,

_ Cé? 5 sm CcM? m
.[45 1 |U|2€2n//§ 821’8 sup MZ + eZ‘L’l.S sup MZ
545 o 54s o
lor|<2s lor|<2s
B1\Bas

provided (4.7) holds. Note that ¢ > 1 on Bj \ Bys. Dividing both sides of the above inequality by
%=1 exp(21), we get

2o
|ul

B1\B2s

62621:((3 m—1)+M2€2r(1.5’m—1)) sup Mé.

< Samigas
4s 1845 < 2s

Now, we choose T such that € = Mexp(t(1.5"™ — §~™)) and this t satisfies (4.7) if € is sufficiently
small. Then

1 2 CM2 20 2 1 2-20
=39 / [ul” < ———z, _ Sup Ma=P2(3_ ,{Ma}|a|<25)M B
€ 8 lr| <25

B1\Bas

for 6 =(1—1.5"™)/(§~™ —1.5"™) provided

M To _ _ _
log = > max{ Islugst/(4S 2l =D) ﬁ}((S Mm—15"") =P1(87", {Ma}a|<2s)-
o<

Therefore, the lemma is proven. 0O
We shall need the following result on the smallness of the derivatives of u.

Lemma 4.2. Suppose

CleIM|o|1®

||DauHL2(B45) S Tslel -1

for o € Nj and
lull2(p,y) < €.

Then

- C|a|+161/2M1/2|a|!0
(B2s) Slal-1

[D*ul»

forall o € Nj.
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This interpolation-type lemma is proven in [22] for real analytic functions when o = 1. Using
analogous arguments for functions u in the Gevrey class G° with o > 1, one obtains the more general
assertion stated above.

Proof of Theorem 2.1. Denote

. ||U||L2(B45)
lulli2s,) ’

We shall prove that € > exp(—Ql(S”, K, M, {Mg}a|<2s)) for some nonnegative polynomial Q1. By
the definition of €, in particular, we have

lull2(p,y) < €llullf2(py)-
Then Lemma 4.2 implies

C|a|+161/2M1/2|a|!0
(Bas) S 3] lull2 s,

|D%ull 2
for || =0,...,2s — 1. Denote

S D u ) 2 g
Ko = max _ 1 B
lor| <25—1 ||l

and set ui(x) = Ky Tu(x). Clearly, the function 1 also solves Eq. (4.1) and

|17
o
HD uHLZ(Bz) S Tglal
for || =0,...,2s — 1. Next, we denote
C|a|+1€1/2ml/2|a|!o'
€ = max . (4.8)
|| <2s slal

Then

o~ o =~

|p%a ”LZ(Bzg) S Ko ”D HLZ(BZS) <€

for x| =0,...,2s — 1. Since the hypotheses of Lemma 3.1 are satisfied, we have

Il 25,y < P2(87", {Ma}ja|<25)€°

provided that

€ <exp(—P1(87", (Mo }ji<25)), (4.9)

where P; and P, are the nonnegative polynomials obtained explicitly in the proof of the lemma.



2998 M. Ignatova, I. Kukavica / J. Differential Equations 252 (2012) 2983-3000
Using the hypotheses (2.2) and (2.4), we get

Ko < Mllullp2(g,y < MKllull 2(g,)-
Thus, we obtain the estimate
lull 28,y < Kllull 2, < KKollill2g,) < KKoP2(87". {Ma}ja<25)€°
<MK?P2 (87", {Ma}iai<25)€° lull 28,
which holds only if

z 1 -1 —-1/0
€2 M1/0K2/0 PZ(‘S ’{Ma}\a|<25) . (410)
Therefore, by (4.9) and (4.10)

- . _ 1 _ _
€= mm{eXP(—Pl(5 ! {Ma}|a|<25)), sz(fs ! {Mot}la|<25) ]/0}-

Using (4.8), we solve the last inequality for €. We conclude that € > exp(—Q1 61K, M, {Ma}a1<25))
for a nonnegative polynomial Q1 of degree in §~! depending only on s and m. O

5. Nodal sets

First, we recall a result from our paper [15] which addresses the order of vanishing and the size
of the nodal sets for any 1-periodic Gevrey function in one real variable.

Lemma 5.1. (See [15].) Let f : R — R be an infinitely differentiable 1-periodic function which is not identically
zero. Leta,b>0and 1 <o <1+ 1/b.Ifoc =1+ 1/b, we assume that 4b+1a/6b < 1/2. Suppose that there
exist constants M > 1 and § € (0, 1/2] such that

Mn!°
[ £ ] o) < “gIf ey, meNo, (51)

n

and

a
[ fllLee(2) < exP(ﬁ)||f||L°°[x0—p/2,x0+,0/2] (5.2)
forall p € (0, 8] and xo € £2. Then for the number of zeros of f in 2, we have

card{x e 2: f(x) =0} <CK'*V/?, (5.3)

where

4b+1g 1/(1+b(1-0)) 4b+1g
K= +2logM + 2 (5.4)

sb + 8b

and C = C(a, b). The first term in (5.4) is understood to be zero if o =1 + 1/b. Moreover, we have an upper
bound
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ordy, f <K (5.5)
for the order of vanishing ordy, f for every xg € £2.

Proof of Theorem 2.2. Let u be a solution of the elliptic equation with Gevrey coefficients
P(x,D)u=0 for x € £2, which satisfies the condition (2.2) and the quantitative estimate of
unique continuation from Theorem 2.1. Applying the 1-dimensional result from Lemma 5.1 on rays
through xg, we obtain a polynomial upper bound on the order of vanishing of u at any point xg in the
2-dimensional unit ball By provided the Gevrey exponent o < 1+ 1, where 7 is a constant multiple
ofs. O

To give an upper bound on the 1-dimensional Hausdorff measure of the nodal sets of solutions, we
rely on an argument depending on their geometric structure. We recall a result, due to Han [9], on
the structure of the nodal and singular sets of solutions to higher order elliptic equations in R" with
Holder continuous leading coefficients. It turns out that under the assumption that the solutions van-
ish at finite order, the singular and nodal sets are countable unions of subsets of (n — 2)-dimensional
and (n — 1)-dimensional submanifolds, respectively. Define

N(u)={x€Bi: u(x)=0}

and

S)={xeBy: DPu=0, || =0,....2s — 1},
where 2s is the order of the elliptic equation.

Theorem 5.2. (See [9].) The set N (u) is countably (n — 1)-rectifiable and the set S(u) is countably (n — 2)-
rectifiable. In fact there exist decompositions

n—1

Nw =N @),

j=0

n—2
S@:Uy@

j=0

where (i) each N (u) is on a countable union of j-dimensional C* graphs for 0 < j <n—2and N"~(u) is
on a countable union of (n — 1)-dimensional C'*% manifolds and (ii) each SJ(u) is on a countable union of
j-dimensional C! graphs for 0 < j <n— 3 and S"2(u) is on a countable union of (n — 2)-dimensional C1-¢
manifolds for some 0 < < 1.

In our case the space dimension is n =2 and the coefficients of the elliptic equation P(x, D)u =20
are infinitely smooth.

Proof of Theorem 2.3. By Theorem 5.2, we conclude that the nodal set A'(u) of a solution is a union
of a set with Hausdorff length zero and a countable union of 1-dimensional manifolds. Let I" be a
1-dimensional manifold. Since, at any point z of I" the corresponding tangent line makes an angle of
at most 45° with one of the coordinate axes (cf. [5]), we have
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H' I n{izl < p}} <c< / HIrnix=sin{lyl <p}}ds

Isl<p

+ / H{rn{y=s)n{lxl < p}}ds>
Isi<p

for p > 0 sufficiently small. An application of Lemma 5.1 gives the result. O

Proof of Theorem 2.4. Note that by the proof of Lemma 3.2, the pseudo-convexity condition (3.2) for
the operator (2.1) is satisfied provided (2.5) holds. The assertion follows as in the 2-dimensional case
treated above. O
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