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Abstract We establish the strong unique continuation property for differences of solutions
to the Navier—Stokes system with Gevrey forcing. For this purpose, we provide Carleman-
type inequalities with the same singular weight for the Laplacian and the heat operator.
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1 Introduction

This paper is devoted to the study of the local behavior of differences of solutions to the 3D
Navier—Stokes system

ou—Au+w-Vu+Vp=f (NSE)
V-u=0

with a general non-analytic forcing. Our goal is to provide a quantitative estimate of the
strong unique continuation for a difference of any two solutions (u1, p1) and (u2, pz) of the
system (NSE): If the velocity vector fields u| and u, are not identically equal, then their
difference u; — u» has finite order of vanishing at any point. We establish a polynomial
estimate on the rate of vanishing, provided the forcing f lies in the Gevrey class G° for
certain restricted range of the exponents ¢ > 1. The motivation for studying the strong
unique continuation problem for differences of solutions comes from a result of the second
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author and Robinson [32, Theorem 1], which states that the strong uniqueness leads to a
property regarding determination of solutions by a finite number of their point values.

The literature concerned with quantitative estimates of unique continuation (doubling
estimates) for second order elliptic and parabolic equations, based on Carleman methods,
is extensive. These type of estimates are used classically to prove weak unique continua-
tion results (c.f. [5,10,15,19,35]). Some strong unique continuation results, under different
assumptions on the coefficients, were obtained in [4,6,8,22,23,33]. For more extended his-
torical overview of unique continuation results, see the review papers by Kenig [24,25] and
Vessella [36]. On the other hand, there are very few works available on strong uniqueness
for systems. Recently, in [34], Lin, Uhlmann, and Wang provided an upper bound on the
order of vanishing of non-trivial solutions to the stationary Stokes system by deriving opti-
mal three-ball inequalities. Their proof rests upon delicate Carleman-type inequalities with
singular weights and interior estimates for the velocity vector field and vorticity, satisfying a
coupled system of second order elliptic equations.

For applications of the quantitative estimates of the strong unique continuation in estimat-
ing the Hausdorff measure of the nodal sets of solutions to elliptic and parabolic equations, we
refer to [7,14,16-18,28,33]. In [27], the second author obtained a polynomial upper bound
on the size of the vorticity nodal sets for the solutions of the 2D Navier—Stokes equations
written in the vorticity form. The proof relied on a modification of a unique continuation
method, due to Kurata [30], for the parabolic equation

ou — Au=w;(x,1)0ju+v(x, Hu

and a self-similar transformation of variables (c.f. [26]). We emphasize that this approach can
not be applied to the difference of solutions of the Navier—Stokes system. For other related
results on this subject see also [1,2,9,13,31].

The paper is organized as follows. In Sect. 2, we state our main results Theorem 2.1 and
2.2 for a coupled system of elliptic-parabolic type for a difference of two solutions of the
system (NSE) with the same Gevrey forcing. The following section is devoted to the poof of
certain Carleman estimates with singular weights for the Laplace and for the heat operator.
In Sect. 4, combining these results, we provide a quantitative estimate of unique continuation
(doubling estimate) for the coupled system, leading to an upper bound on the vanishing order
for the difference of two solutions (c.f. Theorem 2.2).

2 Notation and the Main Result

Let B, = {x € R3: |x| < r} be a ball with radius r centered at the origin and let § € (0, 1)
be fixed. We consider the Navier—Stokes equation with forcing f in the Gevrey class G
witho > 1

oou—Au+ w-Vyu+Vp=f
V-u=0
for (x,1) € By x [to — 8%, tg + 8%]. More precisely, we assume that the forcing f is an

infinitely smooth function in (x, ) and that there exist nonnegative constants M and dp such
that
Mom!° |a|!” 2 2
||atmagf(',f)||L°°(Bz) = W, fh—68"<t=<th+$
0
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forallm € Npand « € Ng. Let (u1, p1) and (u3, p2) be two solutions of the Navier—Stokes
system which are globally in the Gevrey class G?. We assume that u (-, ty) # us(-, to) and
that there exist nonnegative constants M ; and § such that

M;m°|a|t®

2 2 .
gl fh—06"<t<tn+d6°, j=12 (21D
0

1005 u (-, )l Loy <

forallm € Npand o € Na (c.f. Remark 2.4 below). We define v = u| —uj and p = p; — p>.
Then (v, p) solves the coupled elliptic-parabolic system

v —Av+4u;-Vo+v-Vuy +Vp =0, 2.2)
— Ap — a/‘uuail}j — aiuzjajvi =0

with coefficients in G°. We assume that v and p are infinitely smooth functions in (x, #) and
that there exists a nonnegative constant M such that

10" 05 v(-, DllLoe(By) + 118,705 P (-, DIl (By)

Mm!° |a|1°
< —rar (WG Dllizmy +11PCDllz2y) (2.3)
0

for all 1 — 82 <t < to + 82, m e Np, and @ € Ng. Also, we assume that v satisfies the
doubling property

(. 1)l L2(8y) < KIWC 01208y, fo— 8% <t 1 < 1o + 8 (2.4)

for some constant K > 1. Note that in the case of periodic boundary conditions, the constant
K depends on the Dirichlet quotient || Vu(ty — 52)||Lz/||u(zo - 52)||Lz (c.f. Remark 2.5).
We remark that the natural condition (2.3) can be derived from (2.4) for the coupled
elliptic-parabolic system (2.1) with Gevrey coefficients and periodic boundary conditions.
The assumptions as stated above are local, but the aim of the theorems is to address
solutions to boundary value problems (c.f. Remark 2.4 below). For instance, it is easy to
show that the above assumptions hold in the case of periodic boundary conditions.
Here we state our main theorem which is proved in Section 4.

Theorem 2.1 Suppose that v and p satisfy (2.1)—(2.4). Then
oG D128y < exp(PE™ " K. M, My, Mo)|[v(, Dl |y, 10— 8> <t <19+ 8
for a nonnegative polynomial P.

Using the above quantitative estimate of unique continuation for a fixed time ¢ = 1y, we
establish the following strong unique continuation result for the Navier—Stokes equation,
which, however, is valid only for a certain restricted range of the Gevrey exponents o. Recall
that a difference of two solutions (11, p1) and (12, p») satisfies the strong unique continuation
property at a fixed time t = fo if uy(-, to) # ua(:, tp) in L implies that #; — u, has finite
order of vanishing for any x € € and ¢t = 1.

Theorem 2.2 Suppose that the above hypotheses (2.1)—(2.4) are satisfied and o < 1 + 1,
where 1 > 0 is a universal constant. Then the Navier—Stokes equation has the strong unique
continuation property for differences of solutions at time t = t.

This statement is a consequence of Theorem 2.1 and [20, Theorem 2.4]. The latter theorem
provides an estimate on the order of vanishing and the number of zeros for Gevrey functions.
We state it below for convenience.
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Theorem 2.3 [20, Theorem 2.4] Let f: R — R be an infinitely differentiable 1-periodic
Sunction which is not identically zero. Leta,b > 0and 1 <o <1+ 1/b. Ifc =1+ 1/b,
we assume that 4°T1a /80 < 1/2. Suppose that there exist constants M > 1 and § € (0, 1/2]
such that

10

If i) < == le@ 1 €N, (2.5)
and
a
e < o0 (5 )1 Nistnpraotora 2.6)

forall p € (0, 8] and xo € 2. Then for the number of zeros of f in Q, we have
card{x € Q: f(x) =0} < CK'TV/?, (2.7)

where

4bHl g\ 1/(A+b(-0)) 40ty
K=( ) + +2log M +2 2.8)

8b 8b
and C = C(a, b). The first term in (2.8) is understood to be zero if o = 1 + 1/b. Moreover,
we have an upper bound

ordy, f < K 2.9

for the order of vanishing ordy, f for every xo € Q.

Remark 2.4 Note that the local Gevrey regularity of the solutions to (NSE), or the heat
equation, is at most G2 in time even in the case when f is analytic. However, the solutions
of the boundary value problems, such as (NSE), are as regular as the forcing f; c.f. [11] for
the case of forcing which is analytic in space and time variables. To illustrate this, consider
the equation

ohu —Au=f

u(-,00=0 (2.10)
with periodic boundary conditions on [0, 1] and average zero condition for f. We assume
that f is Gevrey with exponento > O in ¢, i.e.,
1o

Mom
197" fll 2 < 57
0

m e Ny 2.11)

for some My > 0 and §p > 0. Then the standard energy inequality reads

CMom!°

i 2.12)

dillﬁ){”ullu <Clo" fllp2 <
t

which gives the Gevrey regularity in time with exponent o for the solution. If f is jointly
space-time Gevrey with exponent o > 0, the solution is also jointly Gevrey with the same
exponent as can be checked by writing the energy inequality for [|9;" 8§u|| 2. The similar
argument extends to semilinear equations, such as the Navier—Stokes equation, using an
argument from [11] (see also [12]) by considering the energy inequality for the quantity
(|Ve¥! ()7 9/"u(t)|l72; however, the presence of a nonlinearity requires o > 1.
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Remark 2.5 As mentioned above, the condition (2.4) can be obtained from the bounds on
the Dirichlet quotient in the case of periodic boundary conditions. In order to illustrate this,
we again consider the equation

vv—Av+b-Vo+cv=0 (2.13)

for t € [0, T] on a periodic domain 7 = [—L, L]" with a period L < 1/(2+/n) so that
Q1 < Bj. The adjustments for the Navier—Stokes equation are straight-forward (c.f. [3] for
instance). Denote by

IVo@)12,
Q) = ———— (2.14)
@2,
the Dirichlet quotient, where we abbreviate || - |2 = || - |12, ) and (-, )2 = (5 ) p2q,)-

Then we have (c.f. [29, Theorem 2.1])

1, v |? Vv v v
Q0+ |(—A=-0(0D) <|\-0b- —c——, (=A=0®)])
2 lvllzz |22 lvllzz vz lvllz2 /2
(2.15)
which implies Q'(r) < b%Q(t) + c% where by = sup;gpo. 71 16(")|lLe and cr =
sup,cpo.7] le(®) || Lo Hence,
Q) =K(r,cr,T,0(0) 0=<1=T, (2.16)

where the constant K can be evaluated using the Gronwall lemma. Now, in order to obtain

bounds on ||v(12)||iz/||v(tl)||%2, we multiply (2.13) by v and integrate:

1d
EE”””zLZ +IVVl2, + (b Vv, v) 2 + (cv, v) 2 = 0. (2.17)

We observe that (2.17) implies

5 g1 + IVl = =Bl Vol 2l 2 = el [[vll7
> —|Vol7, — (b7 +cr)|v]l72 (2.18)
or equivalently
l1d 2 2 2
5315 + @O+ b7 +en)lligs = 0 (2.19)
which, by (2.16), leads to
lv@)]%, = exp(—2Q2K + b3 + ) Do) >, 0<n <n<T. (2.20)
On the other hand, using (2.17) and the Cauchy—Schwarz inequality, we obtain
d 2 2 2 2 2
Sl = CABIL~ + llel) vl < COF + erlvily (2.21)
whence
lo@)ll7, < exp (C7 +en)T) v, 0<t <t <T. (2.22)

Finally, (2.4) follows from the bounds (2.20) and (2.22) on Q1 < Bj.
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3 Carleman Estimates

Without loss of generality, we assume, from here on, that 7y = 0.
First, we establish a Carleman type inequality for the Laplacian, defined in a torus centered
at the origin, with a weight ¥ (x) = |x|™", where m € N.

Lemma 3.1 There exist positive constants C and to such that

3 / [v]2e®™V + 1 / [Vv2e®™ < C / |[Av|?e*™V (3.1)
A(S,1) A(S,1) A(S,1)

for any v € Cy°(By) with support in the annulus A5, 1) = {x € R3:68 < |x| <1} and
T > 1084, provided m is a large enough constant.

Above and in the sequel, the symbol C denotes a generic positive constant which is allowed
to depend only on o. Any additional dependence is indicated explicitly.

Lemma 3.1 is a consequence of [21, Theorem 2.4]. The latter assertion is obtained by first
establishing the pseudo-convexity condition with the singular weight ¥ = |x|~" on the unit
annulus A(xp, 1/2, 4) for principal symbols P»; of elliptic operators of order 2s with simple
complex characteristics satisfying the additional assumption: For 0 # ¢ =& 4+ itV (x),
we have

|Pos(x, O +(x = x0) - Ve Pag(x, )P >0, x € Ay, £ €R", and T €R, (3.2)

for all xo € €, where Yyo(x) = |x — x| and A, is the n-dimensional unit torus
centered at xo. Then we derived a uniform in xo Carleman estimate on the dyadic annuli
A(xg, 2771, 277%2) for r € N and used a partition of unity to obtain the corresponding
Carleman-type estimate on A(xg, 8, 1) with explicit dependence of the constants C and t
onad.

Proof of Lemma 3.1 Clearly, the Laplacian is an elliptic operator with simple complex char-
acteristics. By [21, Theorem 2.4], it suffices to prove that for 0 # ¢ = (&1, ...,8) =
& + itV (x) the assumption on the principal symbol P, (¢) = —|¢ 12

ISP +1x-2¢1 >0
is satisfied for all x € Ay, £ € R?, and t € R, where ¥ (x) = |x|~" and
1
Ag=A(1/2,4) = [x eR3: 5 = Il 54]
is the 3-dimensional unit torus centered at 0. Assume that | |2 =0, we have || > 1 /C and
[x - (§+itVY(x))| > |tx - Vir(x)| = 1/C, and this implies the result. O

Using a Carleman estimates due to Isakov [19, Theorem 1.1] and a modification of argu-
ments as in the proof of [21, Theorem 3.1], we derive a Carleman-type inequality for parabolic
operators with a weight function ¢ as in Lemma 3.1.

Lemma 3.2 There exist constants C and ty such that

52 52 52
13/ / |u|262“/’—|—1'/ / |Vu|?e2™V gc/ / [0u — Aul?e®™  (3.3)
—82 A(8,1) —82 A(8,1) —82 A(S,1)
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holds for any u € C3°(A(S, 1) x (=82, 8%)) and © > 1982, provided m € N is a large
enough constant.

Proof of Lemma 3.2 Let m be a large enough number such that the pseudo-convexity con-
dition is satisfied for operators with the principal part 9; — A and a weight function
Y(x) = |x|7™, defined in Ag x [—1, 1]. Then, by [19, Theorem 1.1], there exist positive
constants C and 7( such that

1 1 1

f3//|u|2e2f¢+r//|vbt|2e2f¢ < c//|a,u — Aul?e¥V (3.4)

—1 Ap —1 Ap -1 Ap

holds for any u € C§°(Ap x (—1,1)) and T > 719. By rescaling the function u in the
estimate (3.4), we obtain a Carleman type inequality on the dyadic cylindrical shell A, x
(272,272 for r € N, where A, = {x € R¥: 27""1 < |x| < 27*2}. Indeed, let
u(x,t) =v(27"x,27%1) and 0 = 27" 7. Then we have

2—2;- 2,2r 272,.
0,3237'"1 / /|v|26201//+o,2rm—2r / /lvv|2620’1//§(/‘l2—4r / /|3,U _ Av|26201//
_272r Ar _272r Ar _272)‘ Ar
(3.5)
which leads to
2—2r 2—2r 2—2r
o3 / /|v|2e20¢ +o / /|Vv|2e2‘“ﬂ <C / /|a,v—Av|2e2W (3.6)
,2—2r Ar 72—2r Ar 72—2r Ar

forall v € CP(A, x (=272 ,27)) and o > 1p.

Letu € C3°(B) x (—82, §%)) be a smooth function with the supportin A(8, 1) x (—§2, §2).
Denote by ri the smallest integer such that 271 < §. Then suppu C [J/L; A, x
(—2_2’ , 27 ). Let ¢ be a smooth cut-off function with the support in Ay x [—82, 8£] such
that ¢ = 1 in a neighborhood of the torus A(1, 2) for all ¢t € [—82, 52]. Define ¢r(x,1) =
¢(2"x, 1) for r € N. Then, we have that ¢, is compactly supported in A, X [—52, §2] such
that ¢, = 1 in a neighborhood of A(27", 27"ty and | D%, | < C2"1®! (¢, 41 + ¢,_1) forall
o € N3 with |¢| =0, 1 and r € [—82, §2].

Applying the Carleman inequality (3.6) to u¢, and summing forr = 1, ..., r;, we obtain
" 82 82
2.0 / / ug, PV +o / / IV (ug)2e> 3.7)
r=l 4, —52 A,

52
!
< CZ//Kat — M) (ug) P!

r=1,32 A,

@ Springer



8 J Dyn Diff Equat (2013) 25:1-15

for o > 1. First, for the left side of (3.7), we show that

. 82 82
1
> [ fusreor o [ [ivaspeor (38)
r=l g, 52 A,
Lo 82 82
- = 3 // 2 20 // Vul2e2oV
> =20 ug?e*V + o | Ve
r=l A, —82 A,

Using the inequality |V (u¢,)|> > (1/2)|¢,Vu|?> — |uV¢,|* and the assumptions on the
derivatives of ¢,, we have

62 52

rl r
1
Z Z 53-2lal //|D“(u¢,)|2e2"‘” . Z(E Z o 32lal / /|¢rDau|zeza¢
r=1|a|<1 52 A, r=1 =<1 _52 A,
52
—cz”a//(|¢,~+1u|2+|¢r71u|2) ezf“/’)
—52 Ay

and the two terms on the right side can be absorbed into the first term on the right side, since

32
C2%o / / (Irr1ul® + 1pr—1ul?) eV
_82 Ay
52 52
S N Y R
—82 Arq1 —82 Ar—1
forr € {1,...,r1} provided o > 792"". Next, for the right side of (3.7), we have
r 52 r1 82
> [ [1@-mwsorer <3 [ [ - awrer
r=],52 A, r=1,32 A,
r 82
+Cy / /(|MA¢,|2 + [Vuve, ) ¥V, (3.9)
r=l_52 A,

Note that also the lower order terms on the right side of (3.9) may be absorbed into the right
side of (3.8). Indeed,

52
r|
> [ [ (uae i+ 1vuve,p) e

r=1,52 A,

82
1
=c2 / / Y (1fr1ul® + 1dr—1ul?) + 2% (141 Vul® + gr—1 Vul)) &V
r=l—52 A,

@ Springer



J Dyn Diff Equat (2013) 25:1-15 9

52
r
- Cz Z 5 3-2lal //|¢rD(xu|2€2(fl//
r=1jal=! oA

if o > 792%"1. From (3.8) and (3.9), we conclude

52 52
r1 !
Z Z ot 2l / /|¢’Dau|2620d/ = CZ / / |pr (3, — A)ul>e*V
r=1Ja|<1 A, r=1"0 A,
and hence
52 82
2 0“'“/ / DuPeV < C/ / B = AupPe?(3.10)
o<1 —82 A(3,1) —562 A8, 1)

forall u € C§°(By x (—82, %)) with the support in A(8, 1) x (—8%,8%) and o > 7372,
by taking 7 sufficiently large. Note that the constant C does not depend on rj, since for

any x € A,, there are at most three functions from among {¢, (x, t)}:‘:1 , which are different

from zero. Thus |D%u| < C (Z:lzl |pr D“ulz)l/ : by the Cauchy—Schwartz inequality. O

4 Propagation of Smallness

In this section we establish a propagation of smallness lemma, which is used in the proof of
Theorem 2.1.
Let (v, p) be an infinitely smooth solution of the coupled elliptic-parabolic system
vy —Av+uy-Vo4+v-Vuy +Vp =0, “4.1)
— Ap — 3ju1,'3ivj — 3,'1,!2]'3./'11,' =0
for (x,t) € By x [—82, 52]. Assume that the coefficients are infinitely smooth and that there

exist nonnegative constants M; and § such that

Mjla|\? 2

2 .
105U, OllLe(By) < el —§°<t=<é, j=1,2 4.2)
for || = 0, 1. Also, assume that there exist a nonnegative constant M such that
o o M|(X|!U 2 2
105 (s DllLoosy) + 1105 PG, DLy < Sl —§°<t=<é 4.3)
for |¢| = 0, 1 and additionally that
102 V(- Dl (Bys) + 110 PCa D[ Loo(Byy) <& —8° <1 <687 (4.4)

for || = 0, 1 and some sufficiently small € € (0, 1) such thaté < M.
Lemma 4.1 Suppose that the assumptions (4.1)—(4.4) are satisfied. If
€< Mexp(=P1(3~", My, M2))
then
Wl 2208y x (53,69 + 1P1L2(8) x(—s2.5%y) < P28 M, My, Mp)e® M'—°

where P| and P, are nonnegative polynomials and the parameter 0 € (0, 1) is such that
6 <Cs".
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Proof of Lemma 4.1 We use a change of variable

- / 12
X =a(t)x, a(t) = 1+W

with the parameter n = 82, which transforms the region A(8, 28) x (—n7, 1) into a region
between the two hyperboloids |¥|? — t2/n? = 62 and |Z|> — 1?/n? = 452. In the new
coordinates, we denote u;(x, 1) = u;(x,t), v(x,t) = v(X, t), and p(x,t) = p(X, t). Then,
we have that (v, p) is a solution of the system

b —a(t)’ A + W “Vi+a@)i -Vo+a@®)v-Vip +a@®)Vp =0,
— Aﬁ — ajﬁl,-a,»ﬁj — aiftzjajﬁi =0.
4.5)
Using the hypothesis (4.4), we obtain
[07D(X, )| 4 |9F p(X, )| < < (x.n)eSs (4.6)
X ’ X ’ — a(t)lal’ ’ .

for |a| = 0, 1, where the region S is defined by
o Al _
S = [(x,t). 5< <258 < || 52].
a(t)

For the regions enclosed by the two hyperboloids and the cylinder B, x (—82, §%) with radius
r € (26, 3], we use, respectively, the notation

01 = & 0: 8 <151 < —nVIRP =8 <1 < VIR - 87
and
0, = {F.0: 28 < |7 = 1, —nVIFP = 402 =1 = /|7 — 4.

Now, using Lemma 3.2, we establish a Carleman estimate for parabolic operators with the
principal part 9; — a(t)?*A. We change the time variable f = A(t), where A(¢) is the solution
of the equation A’(r) = a(A(t))~2 with an initial condition A(0) = 0; the solution is given
implicitly by A(f) 4+ (1/3)8 22 A(1)3 = ¢. Then, for v(x, t) = ¥(x, 7), we obtain

— S (DA
o — Av = W (Btv a(t) Av)
provided —(1/C)t < A(r) < Ct fort < 8% and —(1/C)8*3n*3113 < A(t) < C823p?/3
13 forr > §3. By Lemma 3.2, we have

A A@S?)
13/ /|f)|2e2“ﬁ+r/ /|W|2e2“/’ 4.7)
—A(82) A1) —A(82) A@,1)
A(8%)
<C /|at~5—a(f)2Aﬁ|2eW

—A(8%) AG,D

forall § € CP(A(S, 1) x (—A(8%), A(8%))) and T > 1082
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Next, we determine 7 so that < A(8%). More precisely, we choose the critical value
n = C8%. Let ¢ € CP(B2 x (—82, 82)) be a smooth cut-off function such that ¢ =1
in a neighborhood of O (1.5) and ¢ = 0 in a neighborhood of 0;(2)¢. Additionally, for
(%, 1) € S we assume that | D¢ (%, 1)| < C§71%l'if |a| = 0, 1 and |,;¢ (%, #)| < C83. Then
¢ and p¢ are infinitely smooth functions with compact supports in A(8,2) x (=82, §%).
Using a linear change of variable, we have that (3.1) and (4.7) are valid for functions in
Cgo(Bz x (=82, 52)). Adding the two Carleman-type estimates (3.1) and (4.7) for p¢ and
V¢, respectively, we obtain

52 52
3 / / (56 + o™ + 1 / / (IVERP + IVGHPEY  @8)
—82 A(8,268) —82 A(8,28)
62
<c / / (13,(59) — a(t2AGHI + 1A P>
52 A(5.26)

for T > 798~*. We estimate the right side of (4.8) from above by 11 + I + I3, where

n=c / (13,:@56) — a?AGHI + [AGH)P) &7,
0;(1.5)

L=C / (18:(59) — a(®)*AE)* + |A(pp)I?) ¥V,

N

L=C / (18,(3¢) — a()*A@P) 1> + |A(pp)I*) V.

05 (2)\0s(1.5)

Using the hypotheses (4.2) and (4.4), and that ¢ = 1 in a neighborhood of O;(1.5), we obtain
L=cC / (15 —a()* AT + A5
05(1.5)

X2 . - - _ o -
<C / ([§raqz| V3P + @@ PIVIP +a@?IVaal 0 + a1V 5P
05(1.5)
+ Vi PIVEP + Vi V) e

< (C5™*+ (M} + M3)572) / |Vi|2e®™V 4+ CM3572 / 5|22V
O4(1.5) 04(1.5)

05(1.5)

which can be absorbed in the half of the left side of (4.8) provided

T > max {C(M} + M3)872, o8} (4.9)

@ Springer
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For the second integral, we have

L < c/ (15 — a(O* A + 13017191 + la®)? A 215> + |(a()* V)2V |?) ¥V
S
+C/(IAﬁ|2+|V¢|2|Vﬁl2+|A¢|2Iﬁ|2) v
N
tx (2 - - - - -
< [ (|grag] 1937 + 0P PIVOR + a07 ViP5 + a1V 52) e

s4a(r)?
S

+ 87022 S| + C/ (IVii1 PV + Vi P VD [?) €27V
N
< CE™ 4 M} 4+ M3,
where we used the estimates on the coefficients (4.2) and (4.6), ¥ (x) < 6~ for (x,1) € S,

and |S| < 82 Finally, the assumptions (4.2), (4.3), ¥ (X) < 1.57™ for (x,1) € O5(2) \
04(1.5), and |05 (2) \ O5(1.5)| < 8% imply

h=¢ / (15 —a()? A5 P+0,6 P15 PHa () Ag Pl P+ (a(t) V) PIVE ) 27
05 (2)\05(1.5)
+C / (1A + VoA IVEIE + AP 5I?) 27V
Os(D\0s(1.5)
< C (57 + M} + M3) M2

for the third integral. Hence,

83
i / / (157 +152) 7V < Pa6™", My, My (226575 4 22715
83 A(28,1)

provided (4.9) holds. Note that ¥y > 1 on A(24, 1). Dividing both sides of the above inequality
by 73 exp(27), we get

53
(|17|2 + |I3|2) < P87 My, My) (Ezezf(‘rm_l) + Mzezz(1.5*m—1)) .
83 AQ28,1)

Now, we choose 7 such that € = M exp(z(1.57™ — §7)) and this t satisfies (4.9) if € is
sufficiently small. Then

53
(B + 1) < Pa8™", My, My)& M>=2
_§3 A(28,1)
for6 = (1 — 1.57™)/(67™ — 1.57™) provided
M
log = = max [CM} + MD)S™2, 1874} (67" = 1.57™) = P8, My, Mo).

Therefore, the lemma is proven. O
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Proof of Theorem 2.1 Suppose that the hypotheses of Theorem 2.1 are satisfied. Define

ot oo .
c= sup (-, Ol Lo (Bag) 4.10)

re[—82,82] (s DIl L2(8,) '

To establish the statement, it suffices to prove that € > PG~ K, M, M, M>) for a non-
negative polynomial P. By (4.10), we have

oG, Ollo(Bay) < €lVC Dll2py, —8° <t <87
for some € € (0, 1]. Then, as in the proof of [28, Lemma 3.1], we obtain

C|a|+l€l/2M1/2|a|!0'
sl

laﬁ’v(x,t)l =< ||U('7l)||L2(32)5 X € Bys, —52 <t=< 8*

and

Po(x,1)| <

S (-, Oll2(py). X € Bas, —6%/2 <1t < §%/2.

Without loss of generality, we assume that p(0, t) = 0 for all # € [—82, 52]. Now, using the
parabolic equation from the system (2.2), we get

IV PG, Ol (Bag)
< 0 (e, D|Loo(Bys) FIAV(, O] Loo(Bys) U1V U(e, | Lo0(Bys) +10-Vua (-, 1)L (o)
Cel2p12
< -
< 52
fort € [—82/2, 82/2]. Thus, we obtain

A

max{1, My, Ma}||v(:, )| 2(py)

Fv(-, DL (By) + 135 P OLe(Byy) < ENVE, Dl 12(8,)

for all r € [—8%/2, 8% /2], where

c— max [E’ C\a|+1€1/2§|/[al‘izl(|a| 1) — MZ}] )
Denote
|| " 3
Ko= max max e UG Dl + 11 pC Ollixmy)

and set (v, p) = KO_] (v, p). Clearly, (v, p) also solves the system (2.1) and

a

- - ]!
197 5C, Dl + 15 HC DIy < Som, —82/2 <1 <8/2, Jal =0, 1.

Then
105 D(-, )l Lo (Bag) + 1107 Do D10 (Byg)

=% (118% 0, 1100 (Bog) + 113 P, Ol 1o (Bay)) < €

for t € [—82/2,8%/2] and || = 0, 1. Now, Lemma 4.1 implies

1911 1208,y (53,69 < 287", My, M2)é?
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provided
& <exp(—P(871, My, My)). (4.12)
Also, by the hypothesis (2.3), we get
Ko < M ([[vC. Dl 2y + 11PCOll2sy) . —82/2 <1 <8%/2.

Hence, we obtain the estimate

NG Ollz2zy = Kl DIz, = KKollvC, D2,y < &Tzo||l7||L2(le(—a3,a3))
CK Ky
= §3/2
for all —82/2 <t < 8%/2, which holds only if
~ 83/ -1 —1/6
é> TG P51, My, M)~V (4.13)

Therefore, by (4.12) and (4.13)

51 0 o CKM o =6
P87, My, Mp)e” < 5372 Py(87, My, Ma)é (HU('J)HLZ(BZ)+||P(‘,t)||L2(32))

§3/20

€ > min [eXP(_Pl (571, My, M>)), W

P2(5717M1,M2)71/9}.

Using (4.11), we solve the last inequality for €. We conclude that € > exp(—P(8~!, K, M,
M/, My)) for a non-negative polynomial P of degree in §~! depending only on . O
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