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Abstract. In this paper, we provide a quantitative estimate of unique
continuation (doubling property) for higher-order parabolic partial dif-
ferential equations with non-analytic Gevrey coefficients. Also, a new
upper bound is given on the number of zeros for the solutions with a
polynomial dependence on the coefficients.

1. INTRODUCTION

In this paper, we address the spatial complexity of solutions of 1D higher-
order parabolic partial differential equations with Gevrey coefficients in the
case of periodic boundary conditions

2s—1
up + (—1)°02u+ > vp(x, t)0fu =0 (1.1)
k=0
for (z,t) € R x [—6%%,6%], where s € N and § € (0,1/2]. Even though func-
tions from the Gevrey class may not satisfy the unique continuation property,
we prove that the solutions of (1.1) do, under a very mild assumption that
the Gevrey exponent is less than a universal constant. In particular, we ob-
tain a polynomial estimate on the size of the zero sets of solutions in terms
of the coefficients.

The study of complexity of solutions of elliptic and parabolic partial dif-
ferential equations, through estimating the size of their nodal (zero or van-
ishing) sets, has been initiated by Donnelly and Fefferman ([5, 6, 7]). In
the case of a real analytic compact, connected Riemannian n-manifold, they
proved that the (n — 1)-dimensional measure of the nodal set of an eigen-
function of the Laplacian with corresponding eigenvalue A, is bounded from
above and below by a constant multiple of v/A. For a general second-order
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linear elliptic equation with only smooth coefficients, Hardt and Simon [14]
established that the volume of the zero set of a nontrivial solution is finite
in a neighborhood of any point for which the solution has finite order of
vanishing. In [27], considering the Laplace and the heat equation on a com-
pact real analytic manifold, F.-H. Lin revealed the relationship between the
volume of nodal sets of solutions and their frequency (see also [13] for linear
parabolic equations with non-analytic coefficients).

In the previous papers [18, 19], the second author provided estimates on
the spatial complexity of solutions of the second-order parabolic equations
of the type

0w — Au=w - Vu +vu (1.2)

with analytic coefficients. Namely, for a complex-valued solution of the
Ginzburg-Landau equation

O = (14 iv)uge — (1 +ip)|ul*u + au

with periodic boundary conditions, he obtained (in [18]) a polynomial bound
on its winding number in terms of the bifurcation parameters p and a for
any fixed v. In [19], a polynomial bound on the size of the vorticity nodal
sets {z € Q : w(x,t) = 0}, depending on the initial condition, viscosity,
the size of Q, and 1/t, was given for the solutions of the 2D Navier-Stokes
equations written in the vorticity form. The proofs employed a modification
of a unique continuation method for the equation (1.2) due to Kurata [25]
and a self-similar transformation of variables. Regarding the solutions w
of the higher-order equations with analytic coefficients (1.1), with spatial
periodicity L > 0, it is proven in [20] that the length of the level sets {z €
[0,L] : u(z,t) = A} can be bounded by a polynomial function on L and the
coefficients for all A € R.

There is a close relationship between the study of nodal sets and the
unique continuation for solutions of elliptic and parabolic equations. To
obtain a bound on the volumes of the nodal set of a solution of such a PDE,
it must satisfy the strong unique continuation property; that is, if a solution
vanishes at the infinite order in a point, then it is the trivial solution. There
is a rich literature on this subject (cf. [8, 16, 22, 28] and the review papers
by Kenig [23, 24]).

We would like to mention a recent paper of Colombini and Koch [4], in
which the authors consider products of elliptic operators with coefficients
in the Gevrey class G and prove a strong unique continuation property
provided o0 < 1+ 1/« for some a > 0. Their result relies on an estimate,
obtained by iteration of a Carleman-type inequality (cf. [4, Proposition 3.1])
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for second-order elliptic operators (this approach does not apply to parabolic
equations).

In the present paper, we remove the restricting analyticity requirements
from a previous result of the second author (cf. [20]) on the complexity of
the solutions of the equation (1.1). If we follow the approach in [20], the
estimate on the derivatives [20, Lemma 6.1] does not close. We overcome
this difficulty by shrinking the time interval by a variable factor depending
on the size of the solution (cf. Lemma 3.1 below). Another obstacle we face
is that the solutions of (1.1) have only non-analytic Gevrey regularity and
the Gevrey class of functions may not have the unique continuation property.
Moreover, the classical approach (cf. [17, 5, 6]) relies on complex analysis
methods which do not apply here. To overcome this, we use an interpolation
technique (cf. Theorem 2.4). A result of independent interest is a strong
unique continuation property for the equation (1.1) with coefficients in G
with 1 < o <1+ 75 for some 1 > 0, obtained by using a Carleman estimate,
which is used classically only for weak continuation results. We emphasize
that the polynomial upper bound on the number of zeros is new including
for the equations of second order (the papers [18, 19] require analyticity).

The paper is organized as follows. In Section 2, we state our main results,
Theorems 2.1 and 2.4. The following two sections contain auxiliary results
for the proof of Theorem 2.1. In Section 3, we prove smallness of all space
derivatives of the solution u(x,t) in a small space-time rectangle provided
the solution is small on an interval for a fixed time ¢ = 0. To establish the
propagation of smallness on space-time rectangles in Section 4, our main
tool is a Carleman-type estimate for higher-order parabolic equations due
to Isakov [15] (cf. also [12, 28]), adopted to a certain region between two
parabolas. In Section 5, we give the proof of the quantitative property
stated in Theorem 2.1. We develop the techniques used in [20] to the case
of equations with Gevrey coefficients. Then, we prove Theorem 2.4, which
is an independent result addressing quantitative uniqueness and the number
of zeros for functions in a Gevrey class.

2. NOTATION AND THE MAIN RESULT

In this paper, we consider the 1D higher-order parabolic partial differential
equation with possibly non-analytic coefficients in the Gevrey class G° with
c>1

2s—1
up + (—1)°02u+ > vp(w,t)0fu =0 (2.1)
k=0
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for (z,t) € R x [—§2%,6%], where s € N and 6 € (0,1/2]. Let u(z,t) be a
periodic solution, with period 1 in the x variable, of the equation (2.1), and
denote by €2 the spatial interval of periodicity 1 which we may, without loss
of generality, take to be Q = (—1/2,1/2). We assume that v is an infinitely
smooth function of (z,t) for which wu(-,0) is not identically zero and that
there exists a constant M > 0 such that
Mnloml®

107 05 (s D)l oo () < g (- D)ll 20 (2.2)
for —6%% <t < 6% and n,m € Ny where o > 1 is fixed. Also, we assume
that the coefficients are infinitely smooth functions of (x,¢) and that for all
k=0,1,...,2s — 1 there exist constants My > 0 such that

" am Mn!“m!°
107 0 v (+, )| oo () < —gzeim (2.3)
for —6%¢ <t < 6%° and n,m € Ny. Assume
Ju( t)ll 22 < Kllu(-, t2)l|2(0) (2.4)

for —82% < t1,ty < 6% and some constant K > 1. Under the above assump-
tions we give the following quantitative estimate of unique continuation for
the parabolic equation (2.1) with only Gevrey coefficients.

Theorem 2.1. Suppose that u satisfies (2.1)—(2.4). If o < 14+n, wheren >0
1s a universal constant, then

(- 0) | oo () < exp(P(5~H, M {M Yt K))l[ul-, 0)]| oo (—5.9)
for some non-negative polynomial P of degree in 6~ at most a constant.

Remark 2.2. The motivation for studying (2.1) is some pattern formation
equations, that is, the Kuramoto-Sivashinsky and Cahn-Hilliard equations
(cf. [29]).

Remark 2.3. The natural condition (2.4) prevents highly oscillating quickly
decaying solutions. Using this condition, together with (2.1) and (2.3), we
can obtain (2.2) with a certain explicit ¢ by first proving the Gevrey regu-
larity on x for small § and then using the bounds on the mixed space-time
derivatives provided in [20, Lemma 4.1]. (For Gevrey class regularity and
analyticity of solutions of various nonlinear PDE cf. for instance [2, 3, 9, 10,
11, 21, 26].)

The next theorem provides a new estimate for the order of vanishing
and for the number of zeros for Gevrey functions which is of independent
interest. Note that the Gevrey functions in general do not satisfy the unique
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continuation property (for instance, the function exp(—|z|'/(=?)) belongs to
G?(R) for ¢ > 1, is not identically zero, and has a zero of infinite order at
x =0).

For any 1-periodic function f: R — R and = € R, we denote by ord, f the
order of vanishing (i.e., order of the zero) of f at the point z.

Theorem 2.4. Let f: R — R be an infinitely differentiable 1-periodic func-
tion which is not identically zero. Let a,b > 0 and 1 < o < 1+ 1/b. If
o = 1+ 1/b, we assume that 4°T'a/6® < 1/2. Suppose that there erist
constants M > 1 and 6 € (0,1/2] such that

Mnl®
Hf(n)HLOO(Q) < 5n Il oo (92) n € No, (2.5)
and
a
I F(ey < 00 (25 )1 el (2.6)

for all p € (0,8] and zo € Q2. Then for the number of zeros of f in , we
have

card {z € Q: f(z) =0} < CK'*/?, (2.7)

where

4o+l 1/(1+b(1-0))  40F1g
K=(=%") +
W b
and C = C(a,b). The first term in (2.8) is understood to be zero if o =
1+1/b. Moreover, we have an upper bound

ordg, f < K (2.9)

+2log M + 2 (2.8)

for the order of vanishing ordy, f for every xo € €.

Above and in the sequel, the symbol C' denotes a generic constant which
may depend on s.
Theorems 2.1 and 2.4 are proven in Section 5 below.

Remark 2.5. In the case 0 = 1, the function f is analytic and using only
(2.5) we get

card{z € Q: f(z) =0} < Clog(M + 1) exp(C/J)
for the number of zeros of f in Q (cf. [17]).

Combining Theorems 2.1 and 2.4, we obtain an upper bound for the num-
ber of zeros of the solutions of the equation (2.1) with a polynomial depen-
dence on the coefficients.



958 MIHAELA IGNATOVA AND IGOR KUKAVICA

Corollary 2.6. Let u be as above and 1 < 0 < 1+ (, where { > 0 s a
constant depending on s. Then for the number of zeros of u(-,0) in Q we
have

card{z € Q: u(-,0) = 0} < Q(5~, M, { M} 1 K),
where Q) is a nonnegative polynomial.
Proof of Corollary 2.6. By the assumption (2.2), we have
Mm!°

m Mm!?
107" u(, 0)[| oo () < u(-, 0) | r2 () < 5m (-, 0) |l oo (2)-
Let p € (0,0] be fixed. Then Theorem 2.1 implies

[u(-, 0) | oo () < exp (P(207 ", M, {My}72 70" K) (-, 0) | oo (—p/2,0/2)

<exp
oC

s) (-, 0)l Loo (= p/2,p/2)

where C's is the highest power of the polynomial P(p~1, M, {Mk}zs ' K)

with respect to p~! and a is a constant depending on M, {Mk}k o and K.
The claim follows from Theorem 2.4. O

Remark 2.7. Note that (2.4) can be derived from (2.2), (2.3), and the
equation

2s—1

1d .
2dt||u||L2(Q) +185ull72 o) + Z vk (-, 1), u) 2y = 0, (2.10)

obtained by multiplying (2.1) by u and integrating. More precisely, the lower
bound on the rate of decay

lul )l L2y 2 exp(=C1(6~H M {M 3Lt = t))[[u 1)l 20y, t 2t
follows directly from (2.10) and the bound

2s—1
105ull 720 + Z vk (-, )05, u) 120
M2 120 2s—1 .
< M a2y + 3 Nl Noul 2oyl 2y
k=0

< CL(5, MMMl -
In order to get an estimate

-, )l 2 () < exp(Ca(67H MM} (= t))llul )]l r2), 2,
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we observe that the equation (2.10) implies

2s—1

1d 1d .

5@”“”%2(9) < 5%““”%2(9) + “890UH%,2(Q) < Z |(on (-, 1), 1) 2|
k=0

< Co(6, M, {Mp} 3 Hllull 720
where we also used the assumptions (2.2) and (2.3).

Remark 2.8. We note that, under the assumptions (2.2)-(2.4), the main
results in this paper (in particular Theorem 2.1 and Corollary 2.6) also apply
to the equation

2s
w4+ 025y + ka(x, )0%u = 0
k=0
which has odd highest-order derivatives in the x variable, for some fixed
s € N.

3. SMALLNESS OF SPACE DERIVATIVES

Under the assumptions from Section 2, we first prove smallness of all space
derivatives of the solution u(x,t) in a small space-time rectangle provided
the solution is small on an interval for a fixed time ¢ = 0. Namely, we have
the following statement.

Lemma 3.1. Assume

u(,0)] < ellul 02y, € (—5.5) (3.1)
for some € € (0,1/4]. Then for all jo € {0,1,...,2s — 1}, we have
|00u(z, t)| < Fj, (|logel, 6, M {Mp}75") llu(, 0l 120 (3.2)

for x € (=8/2,6/2) and t € (—5%%/|logel?, 5% /|loge|?), where
Fj, (|logel, 674, M, {My};2)

1/2 2s5—1 »
= ]\gjo eXp(— i|loge| +C<log (1_|_ Z Mk))l/(l )>
k=0
CMK

1 w
5o €XP ( - 6[ log €|“ log | log e\)

and 0,w € (0,1) are such that 0 < 1+ 60/16w and € € (0,1/C) with the
constant C depending on 6 and w.
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Proof. Using (2.2), we have

: M (26)1/2417 CIMj1°
H%ZL(',O)HLz(_a,(s) < THU(HO)HH(Q) < WHU(HO)HB(Q)
and the hypothesis (3.1) gives
(-, 0)22(=s.8) < €(28)2[[u(-,0)| >0
Then, by the proof of [20, Lemma 3.1], it follows that
. Cj+1M1/261/2j!0+1 )
109.2(+, 0) || oo (=5/2,6/2) < 57 (- 0)l| L2 J € No.

Let ng > 8s — 2 be fixed. Then the above inequality implies

C M2 /2517,

for x € (=6/2,0/2) and j =0,1,...,n9. Now, by the property (2.3) and by
the proof of [20, Lemma 4.1], we have

|07 0 u(z, 0)] (3.3)

028n+m+1M1/261/2n0! (1 + ZiiBl Mk)n (28n + m)!U
< —— (- 0) 20y

for x € (—0/2,6/2) and n,m € Ny such that 2sn +m < ng. Next, we fix
Jjo €{0,1,...,2s — 1}. By (2.2) and (2.4), we obtain

o CMEKnl®
Opou(e, )] < “o e, 0l ey, (3.4)

for (x,t) € R x (—6%%,6%%) and n € Ny. Also, (3.3) gives
|0;020u(x,0)| (3.5)

C2sitiotL N [1/2l 2] <1 + 3y Mk) (251 4 jo)!”
< 52si+3o fJu(-s 0)||L2(Q)

for x € (=6/2,6/2) provided that 2si + jo < ng. From (3.4) we have that,
for any fixed z, the function 87°u(z,-) is in the Gevrey class of order o for
t € (—6%%,0%%). The Taylor’s formula for &°u(z,-) with remainder gives

. " 8’6%0u LL‘,O i anJrla%'Ou x7£ n
|8%0u(:c,t)]§z;| Orule Dy OO0t
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for all x € (—6/2,0/2), t € (—6%/|1loge|?,0%/|loge|?), and some number
€ € (—6%/|logel?, 0% /|loge|?), where 8 € (0,1) is arbitrary. Using (3.4),
(3.5), and (3.6), we obtain

n_ O2sitiotl N r1/2¢l/2), '(1 +30 Mk)i (2si + jo)!°
J
|00u(z,t)| < Z S5

2s

(,15 ,0) '||U('70)HL2(Q) (3.7)

CMK(n+1)l° 528 \n+1
(n + )l 528(n+1 +7J0 ( > Hu( )HL2

| log €[

for € (=0/2,6/2), t € (—=6%/|1logel?,0%/|loge|?), and ng € N such that
ng > 8s — 2. Let n; be the largest integer such that 2sny + jo < ng. Since
ng > 8s — 2 and jp < 2s — 1, we have

< < — 3.8

4s 2s (3:8)

After simplifying the right-hand side of (3.7) and replacing n with n;, we
obtain

ni

A CmoMY/2el/2pglotl (1 + Zis:_ol Mk)
|020u(x,t)] < 570 Hu(',())”B(Q)

CMK (nq +1)1°71
|10g€|9(n1+1)(5~70 Hu(70)HLQ(Q) (39)

for x € (=8/2,6/2), t € (—6%>°/|loge|?,5%%/|loge|?), and ng € N such that
ng > 8s — 2. Hence, by (3.8) and (3.9),

. C’noMl/ 1) 2s—1
ofoute, )] = =g — e 2a (14 ZMk) ", 0l
CMK no (o— 1)(n0/23+1
T Tlog e[fmo/1s+ 570 (2: + 1) u(-,0)l 2@ (3-10)

for x € (—0/2,6/2),t € (=62 /|loge|?, %% /|loge|?), and all ng € N such that
ng > 8s — 2
Now, choose ng € N such that

1
§|log6]“’ <ng < |logel” (3.11)
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for some w € (0,1) to be determined. For the first term on the right-hand
side of (3.10), we obtain

2s5—1
no/2s
¢/2plothmo (1 +3 Mk> ’ (3.12)
k=0

CngM1/2
§Jo
M1/2

1
= % exp(— §|loge| + (0 + 1)ng logng + no log C

2s—1

no
+ %log (1 + Z Mk>)
k=0
M2 1
< Sio~ €XP ( - §| loge| +w(o + 1)|logel”log |loge| + | log €| log C

2s—1

1
+ %lloge\“’log <1 + kz_o Mk>)

Note that for € € (0,1/4] all the terms in the exponent can be controlled by
—1/4|loge€|. Indeed, using the e-Cauchy inequality, we have
w(o + 1)|loge|“log|loge| < %] loge| +C
for a constant C' depending on w. Also
|loge|“log C < %]loge\ +C,

and
2s—1 2s—1

2i8|10g6|w10g (1 + Z Mk:) < %|loge| +C(log (1 I Z Mk))l/(pw).
k=0 k—0

Thus, using the above inequalities in (3.12), we get

OnOMl/Q ot1)n 2571 no/2s
T 61/271(() +1)no (1 + Z Mk> ’ (313)
k=0

< ]\goﬂ exp ( - %] log €| + C(log (1 + 282_1 Mk>>1/(1_W)>.

For the second term on the right-hand side of (3.10), we have

CMK —0(no/4s+1) no (0—1)(no/2s5+1)
570 |log €| (% + 1)
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CMK
< -
- $Jo

exp(—@(%—i—l) log | log €|

+ (0 —1) (%+1)10g(%2+1))
< C(JS\]{)K exp(— %loglloge] + (o —1) (%—1—1) logno).

Now, by (3.11), we obtain

(0—1)(no/2s+1)
CMK“Ogd—Q(no/éls—%-l) (@ + 1) 0
2s

5 (3.14)

0
exp ( — 875’ log €| log | log €]

1
(o — 1)(51 log e[ + 1) log | 1ogey>

CMK
< -
- §o
provided o < 1+6/16w. Therefore, for all jo € {0,1,...,2s—1}, we conclude
from (3.13) and (3.14) that

1 w
exp ( - 6| log €| log | log e|)

R L (e ) K
k=0

CMK 1 "
o exp (= /logel“log [logel ) ) [u(-, 0)12(0)

O20uz, 1) < (

+

for x € (—6/2,8/2) and t € (—6%%/|loge|?, 6%°/|loge|?) provided that o <
14 60/16w for arbitrary 6,w € (0,1) and € € (0,1/4].

4. PROPAGATION OF SMALLNESS ON SPACE-TIME RECTANGLES

Let u(z,t) be a periodic solution, with period 1 in the z variable, of the
equation
2s5—1
ug + (—1)°0%u + Z v (z, )% = 0 (4.1)
k=0
for (z,t) € R x (—6%/|loge|?,6%/|loge|?), where ¢,0 € (0,1) and § €
(0,1/4]. As in Section 2, we suppose that u and vy are infinitely smooth
functions in (x,t). Also, assume there exist non-negative constants M and
M; for j € {0,1,...,2s — 1} such that

Mo
J

Dz, )] < =2 (4.2)
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and

lvj(z,t)] < M; (4.3)
for (x,t) € R x (—6%%/|log 6\9,525/\ log 6\9). Assume additionally that

|00 u(z,t)] <€ (4.4)

for (z,t) € (—=0,0) x (—=6%°/|loge|?, 6% /|loge|?) and some € € (0,1).

Lemma 4.1. Suppose that the assumptions (4.1)—(4.4) are satisfied. If € <
exp (—P1 (| loge|,5_1,{Mk}i‘:()l)) , then

625 /4|log €|® 1
/ / u(z,t)’> dedt < Py (|logel, 61, M, {Mk}is:_ol) &3,
—325 /4| logel? JO

where Py and Py are non-negative polynomials.

Proof. We begin by performing the change of variables
4]log €|??
(x,t) — (.CU — TtQ,t>,

which transforms the rectangle (—6,8) x (—82%/|loge|?, 6% /|loge|?) into a
region between the two parabolas x + § = 4|loge|?t?/6* and » — § =
4]1og €|??t? /5%, Define

u(z,t) = u(a: - 4“2%:’20152, t). (4.5)
Then w is a periodic solution, with period 1 in x variable, of the equation
T+ (—1)°0%57 + 2821 v, )0k + Wax ~0. (4.6)
k=0
Using hypotheses (4.3) and (4.4), we have
‘m + 8llog ¢ 7t 10545’2%‘ < M + 8llog lgide (4.7)
for (x,t) € R x (—6%%/|1loge|?, 6% /|loge|?) and for all j € {0,1,...,25 — 1}
00a(x,t)| <€ (4.8)
for (z,t) € S, where with S we denote the region
_ 4log e|?

S:{(x,t):—5§x t2§(5,—5§x§4—5}.

543
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Also, for r € (0, 3] we use the notation

§2s 5 1/2 528 S 1/2
Ou(r) = {(w,t) =<z <fr,—M <t< &}

2| log €|? 2| log €|?
and
523(x _ 5)1/2 525(1, _ 5)1/2
) = {(2,0): 6 N Chnl Vs o w= o)
Os(r) {(37 Jid<z<r 2| log €|? sts 2| log €|? }

for the regions inside the parabolas x + & = 4|loge|??t2/5% and z — § =
4]1og €|?t? /545, respectively, and to the left of 2 = r. Define a smooth cut-
off function ¢ € C§°(IR?) such that 0 < ¢ < 1in R?, ¢ = 0 in a neighborhood
of R\ 0y(3), and ¢ = 1 in a neighborhood of O,(11/4). Additionally, we
impose

Boten) < S jefl 25— 1)

and ;
C|log €|
Orp(, 1)] < Tl
for (z,t) € S. Next, we use the Carleman estimate for ¢ € C5°(R?)
2s5—1

274321@1/0(85@@)26271& (4.9)
k=0

<c /O (@) + (~1)°02 (@p))* 7

for 7 > 79, where O = (—4,4)? and the weight function ¢ is given by
P(x) = —x + 2%/100. We estimate the right-hand side of (4.9) from above
by Il + IQ + I3, where

L=C (@) + (—1)°0%(@g))” &7,
Os(11/4)

L=cC /S (@) + (~1)°02 (@) ¥,

~ 5925~ \\2 2T
I3=C ((ug)e + (—1)°02° (ugp))” €.
05(3)\0s(11/4)
Using the equation (4.6) and the bounds on the coefficients (4.3) and (4.7),
we obtain the estimate
25—1

2 1 20
n<cy M / (a’;a) Q2 % / 2
k=0 0s(11/4) 0 0s(11/4)
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for the first integral. We can absorb this estimate for I; in the half of the
left-hand side of (4.9) under the condition

20/(4s—3)
T > max{ max O M2/ sk Cllog 7'0}

k=0,..25—1 ¥ T 5is/(45-3) (4.10)

For the second integral, we use also the hypotheses on the derivatives of ¢

I < C/ (T + (—1)°02°7)% e2¥
S

+Cgi1/ 825 k¢> 8"3) 271/’+C/¢>N2 27
<CZ (Mk = 2k>/9<a§a)2627w

Cllogel* [, 279 C|log e[ ~2 274
+ 5is /“a:e + sdst2 /S“ e

Now, by (4.8) and since |S| < C§2!/|loge|? and ) < 20 on S, we obtain

25—1 20 25—1 5 129541 0
~2 476 5  |loge] ~2 476 Mo |log €|
IngeeT(ZMk+ §As12 >|S|§C’eeT(Z |log €|? + 525+1)‘
k=0 k=0

Finally, for the third integral, the assumptions (4.2) and (4.3) imply

I < c/ (@ + (—1)°0%7) % 2¥
1\ Os(11/4)

2s—1

2 2
Z 05(3)\ Os 11/4 > ( )
+ C ¢%’d262‘r¢
05(3)\Os(11/4)
2s—1
1 M2k!20' |10g€|29 M2 |10g€|29
—57 2 ,
<Ce <Z <Mk + 548—2k) 52k + 545 ?—i— SisT2 M
k=0
x | 05(3)\ 05(11/4))|
2s—1
s M?252s—2k 1 2| 10g6’9
< M2 —b7 k !20— 2|log ¢/’
o (kZ:O< | log e[’ " lloge]9525>k + s2s+2 |
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where we used that |Os(3)\Os(11/4)] < C6%%/|logel? and ¢ < —5/2 on
Os(3)\ Os(11/4). Therefore,

4s—1 ~ \2 279
T /O(wb) e

2s—1

M2528+1 |loge|6
~2 416 k
<Cé%e <kZO log [? + 525+1

25:_1 MpR§2s—2k N 1 p2o 2| log €|’
i log €|? [logelfo2 ) ™ s25+2 |-

+ CM?e 57 <

Denote R = [1/2,3/2] x [—62%/4]loge|?, 525 /4| log€|’]. Then R C O,(11/4)
and ¥ > —3/2 on R. We get

T4s—1/(a¢)2627¢ 27_43—1/ ﬂQGQTw 27_45—16—37'/ 172
(@] R

R
and thus
 _ O2e7(4643) (2571 M26%+1 |logelf
L P log |? 52541
R =0 g
2,27 (2571 25252k 9
N CM=e Z M6 n 1 B2 2| log €| .
As—1 i log €|? | log €|0525 525+2

The above inequality is true for any 7 satisfying (4.10). We choose 7 such
that e=3” = €. Then

2s—1
1/ ?<C i Mpo®r? Nlogel
e g — |log €|? §2stl
25—1
ME§2s—2k 1 2|log €|’
C’M2 k k!20'
+ <kzo< Hogda + |10g6|9523> + §2s+2

=Py (|loge|,67 1, M, { My )75

provided € satisfies

) 3C| log e|20/(45=3) 3
k=0,...,2s—1 » 270

1 2/(4s—2k—1
IOg ? > max {3 max CMk ’ 54s/(4s=3)

= Py (|loge|, 67, {M; )2 .

Thus, the proof of the lemma is complete.
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5. PROOFS OF THE MAIN RESULTS

In this section we prove Theorems 2.1 and 2.4.
Proof of Theorem 2.1. Denote

. _ SWPae(-59) u(z, 0)" (5.1)
[u(- 0)ll 220
Our goal is to show that there exists a universal constant n > 0 such that for
o <1+, we have either € > 1/4 or € > exp(—P(67 1, M, {M};* ', K)) for
some nonnegative polynomial P. Let ¢ € (0,1/4]. Then by (5.1), we have
that the hypothesis of Lemma 3.1

u(z, 0)] < ellul-,0)llL2), =€ (=6,0)

is satisfied. Hence,
|0z, t)| < Fj (|logel, 6", M, {M}720") [[u(-, 0| 120y

for x € (—6/2,8/2) and t € (—2%/2%%|loge|?, 625 /2%%|log ¢|?) with 6 € (0,1),
and j € {0,1,...,2s — 1}. Next, we denote

KO = max sup H ° (.‘U)HL (Q)
GE€{0,-25=1} || <525 /225| log €0 J:

and let
~ 1
u(z,t) = ?Ou(x,t).

Clearly, the dilated function u satisfies the equation
2s—1
U+ (—1)°02°T + > vg(x, )05 = 0. (5.2)
k=0
Also, for all j € {0,1,...,2s — 1}, we have
o

5 J: R o o~
iz, 1) < 2 t - ”
097(z, )| < 5 (z,t) € R x ( 225 log |7 225 log |? (5.3)

and by the assumption (2.3)

525 525
. Al < M; t R — . 5.4
lvj(z, )| < Mj, (z,t) € R x ( 225|log e|?’ 225]loge]9> (5.4)

Denote

¢ = Fj (llogel, 6", MAM}55) . 5 €{0,1,...,25— 1}
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and
€= max €.
j€{0,...,.2s—1}

Then we obtain

8z, 1)) <7, (x,t)e<—g,g>x<— o o ) (5.5)

225|log €|?” 225| log €|?

for j €{0,1,...,2s — 1} since
]~ 1 1 2s—1 ~
|03u(x,t)| < ?F (Ilogel, 6= M, {Mp};20") llu(:, 0) || r2) < € <€

Now, we can apply Lemma 4.1 with M = 1. If
€<exp (=P (|loge|, 20, { M} =)

then

828 /45t log €|?

/ / U(z,t)* dedt < Py (|loge|, 2671, { My} 25 1) &/3.

—4§28 /451 | log e]?

Note that the assumptions (2.2) and (2.4) imply
Ko < MK|[u(-,0)| L2 (q)-

We have

2. 43—}—1‘ loge|9 /525/43""1|10ge|‘9

- 0) 32y = =3 (-, 0)[13gy dt

2. 45+1K2K8| log 6’0 525 /45F1 | log e|?
= 928 /

,523/4s+1‘ 10g6|6

[0, .
—4§25 /45t | loge|?

Thus we obtain

(-, 0)[ 22
2s+2MK2’ log 6’0/2
< 55
The last inequality holds if
2s+2MK2| log 6|0/2
o3
or equivalently if

s—1\1/2 <
Py (logel, 26, {M}251) @3 (-, 0) | 2oy

Py (|logel, 2671, {M;} 251 283 > 1

535

- -3/2
> .
€= OMBKS|loge[®/2"

(]loge[ 201, { M, }25 1)




970 MIHAELA IGNATOVA AND IGOR KUKAVICA

We conclude
€ > min { exp (— Py (|logel, 267, { M} 1)), (5.6)
538
CM3KS|log e|39/2
We need to solve the inequality (5.6) for e. Using the definition of € and the

expression for Fj (|loge|,6~ %, M, {M;}7*') from Lemma 3.1, we estimate
from above the left hand 81de of (5.6) in the following way:

Py(|loge|, 267, {My} 2 1) 3/2}.

€< é\il/i exp ( - f| loge| + C’(log (1 + Z Mk.))l/(liw)) (5.7)

CMK
+ 521 eXP < - 6[ log €|“ log | loge\)
2CMK 1
S We){p ( — *’lOge‘w 10g|10g€|)
QCMK 1

< exp (logw — 6| log €| log | loge\).

Next, we proceed by estimating from below the right-hand side of (5.6). We
have

min{exp( P (|logel, 2671 {M )1 ). (5.8)

633
CM3KS|log e[36/2" 2

Py (|logel, 26~ LMY, 1) 3/2}

CM3KS
938
—log | log €[%/% — logP2(|loge| 201 {erf}25 1))

zexp( P1(|loge| 261 {Mk}25 1) — log

We shall find € from the inequality

20MK 1
logw - 5|log €|“ log | log €| (5.9)
CM3K*
> —Pi(|loge|, 2071 {M}75h) — logT—logHogd?’g/2

3
— flogP2(|loge] 261 {Mk}% 1)

which we get from (5.6) by using the estimates (5.7) and (5.8). Regarding
the polynomials P; and P», obtained in Lemma 4.1, we have respectively

P (|loge|, 2671, { My} (5.10)
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20/(45—3)
_ maX{Bk max C{Mk}2/(4372k71)7 3C|loge€| ’ 370}

=0,...,2s—1 y4s/(4s=3)
25—1
36’ 10g6’20/(4373)
2
<C Z Mj; + 52
and
Py(|loge|, 267 { M} (5.11)
02521 Mpo*+t | o llogel”
|10g6|9 525-1-1
25—1
M2625 2k 1 “Ogﬁ‘a
¢ k% 420
+ Z ( |10g6|9 ‘10g6‘0528> + §2s5+2
M2+1 120 llogel® = (M2 +1)k1> ;
< CZ §2s +3C 52512 <C Z 625+2 “Og6| .
Now, by (5. 10) and (5.11), we rewrite the inequahty (5.9) as
2CMK 1
log ——— 51 6\ log €| log | log €| (5.12)

3C|log €|??/(4s=3) CM3KS
== 52 o log 535

25—1 25—1
(MZ + 1)k!?
—flog <cz e — |1ge|9>—CZM,§.

— log | log e[/2

Finally, (5.12) gives
3C|log e|?0/(45=3)

1
- 5] log €| log | log €| + 52 + 2| log €|?/2 (5.13)
25—1 25—1
(MZ+1DK2  CM3KS 2CMK )
2 _70 Z 525+2 Tg3s 0 g2s—1 C Z My,

by using the well-known estimates logz < Cz'/? and logz < x. Note that
all the terms on the left-hand side of (5.13) may be absorbed in the first
one, provided w > 20/(4s — 3) and w > 6/2. We choose w = 26. Since
o <1+0/16w, we get o < 33/32. Then € > exp(—P(6~1, M, {My}:* ', K))
for some polynomial P and thus

lu(- 0) 20y < exp(P(0™ M AM B K))lu(, 0) | g (—s5)-  (5-14)



972 MIHAELA IGNATOVA AND IGOR KUKAVICA

By Agmon’s inequality, (5.14), and (2.2), we get
(-, 0) = (0 < Cllut:, 0)[[ 1550 10, 0) | oty + Cllul-, 02y (5.15)

CMI/Q
< WHU(',O)”L%Q)

< exp(P(671 M, {My}iZo! K))l[ul, 0) | oo (—s.9),

where we denote again by P(6~1, M, {M;}7*!, K) the new polynomial, ob-
tained in the last line of (5.15), w1th the hlghest power with respect to 671
a constant depending on s.

Proof of Theorem 2.4. We only prove the theorem when o < 1+ 1/b.
The modifications for the case o = 1+ 1/b are straightforward. Without
loss of generality, let g = 0. Assume that f has n zeros in the interval
[—p/2,p/2], counting the multiplicity. Let x1,x9,...,2x € [—p/2,p/2] be
the k distinct zeros of f with multiplicities my, ma, ..., my, respectively,
such that mi + mo + - -+ + my = n. By the Hermite interpolation theorem
(cf. [1, p. 878]), there exists a unique interpolation polynomial p,,—1 of f, of
degree less than or equal to n — 1, satisfying

) = D), 1<k 0<j<mi-1

Moreover, for all 2 € [—p/2, p/2] there exists & € [—p/2, p/2] depending on
x such that

f(x) —pn,1($) =

and consequently

(x —x1)™ ... (x — xp)™*

- )

||f — Pn-1 ||L°°[—p/2,p/2]

< SUPze[—p/2,p/2] |($ - xl)ml s (.%' - xk)mk|

n! Hf(n)HLOO[—p/Q,p/Q}'

Clearly, p,_1 = 0, and from the above inequality, we obtain

£l Lo 1=p/2,0/2) < Hf ML —p/2,0/2)-
Now, the hypotheses (2.5) and (2. 6) give
o—1P"
I limtcornn < 0o () Il ppn 610

In order for the inequality (5.16) to hold, we need

Mn!”*lgin exp (;Lb) > 1. (5.17)
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Using n"e™™ < n! <n", (5.17) implies

o—1_\n
Mménp)exp (f;) >,
p

which is the same as
exp <n log(n?~1p) —nlogd + % + log M> >1,
or equivalently
nlog(n p) — nlogd + % +log M > 0. (5.18)

Let ng be the largest integer such that ng < K, where K is defined in (2.8),
and let

2 1/b
L
Then
(2a)'/? (2a)'/? 21/bgl/bs 5
P=""9% S Tiori, b — i = 1
o) (@+Tq o010 ~ qiFifogi/o = 4
Also,
o1 (2a)1/"5 ()t 6
Ny P ((4b+1q) /(b= L/b—o+1 — 41+1/bg1/b <7 (5.20)

Therefore, by (5.18) with n replaced by ng and (5.20), we get

o—1 a ng_lp
nolog(ng ™ p) — nglogd + P + log M = nglog

a
—I—E—HogM

1 a ng a L
< nologz + ﬁ +log M = <—2 + pb> + (—? —HogM) .

The first term on the far right vanishes by (5.19), while the second is less
than zero by the definition of ng. Therefore the number n = ny does not
satisfy (5.18) and thus also does not satisfy (5.17). Hence, f has less than ng
zeros in [—p/2, p/2], where p is defined in (5.19). Therefore, f has at most
C(a, b)n(l)/bJrl zeros in [—1/2,1/2].
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