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1. Introduction

In this paper, we address the qualitative properties of solutions to the parabolic equation
ur—Au+b-Vu=0 inQ, (1.1)

where b is a given divergence free vector field of low regularity, and 2 is a space-time
domain. The study of such equations with non-smooth drifts b(x,t) is motivated by the
need to understand the qualitative and quantitative properties of nonlinear partial differential
equations, where the drift depends on the solution u and its first derivatives and for which
we often do not have a priori bounds available except in some very low regularity spaces.
Advection-diftfusion equations of the form (1.1) often arise in applications with the additional
divergence-free condition divb =0, in particular, in problems involving incompressible
fluids. Several important recent papers have addressed regularity of the solutions of the linear
advection-diffusion equations with very little smoothness assumptions on the divergence free
drift [2, 3, 6, 11, 16, 17, 20] (cf. also [1, 4, 10, 12]). Here we study this problem for the
parabolic equation (1.1) with a divergence-free “supercritical” drift b. Criticality here refers
to the following property: the usual parabolic rescaling x — Ax, t — A%t leaves the equation
invariant if the drift term in the equation satisfies b € L{L with 2/q +n/p = 1. Accordingly,
we say that the drift is critical if this relation holds, is subcritical if 2/q + n/p < 1 and is
supercritical if 2/q + n/p > 1.

The subcritical drifts were addressed in the classical paper [15] (cf. also [5, 14, 19]). Our
main result is the Harnack-type inequality for parabolic advection-diffusion equations with
a supercritical drift. We use the notation

Qi(x0,t0) = {(x, ) e R" 1 |x —xo| <R, tg <t <t + R%} (1.2)
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for the parabolic cylinder centered at the bottom and
Qrxo,to) = {(x,1) € R+ |x —x0] <R, to — R* <t < to} (13)

for the parabolic cylinder centered at the top. For simplicity, we write Qr = Qr(0,0).

Theorem 1.1. Let u be a nonnegative Lipschitz solution to the parabolic equation
u—Au+b-Vu=0 ingQ, (1.4)

that is,

/ 8tl/l§0+/ 8ju8jgo+/ bjajmp:O (1.5)
Q Q Q

for any Lipschitz function ¢ > 0 in Q and ¢ = 0 in Q. Assume that b € L1(Q) N L®L*(Q)
withn/2 +1 < g < n+ 2 and div b =0 in the sense of distributions. Then for any Qr C £,

. -\ C(m)/po
sup u< (C—I— C(Rl_(”+2)/q||b||Lq)1/(2_(”+2)/q)) ° |(r21f u, (1.6)
R

Qr/2(0,—3R?)

where po = 1/(CMS) and Mg = 1 + (R¥"/2||b|| joop2)? + RY=H2/4| || 5.

Here, and elsewhere in this paper, the symbol C denotes a large constant which depends
on the parameters g and n, and on the domain  C R"*!. Also, we denote the anisotropic
Lebesgue spaces by LPL1(Q2) = LI;LE(Q), and in the case when p = g by L1(Q2) = Lz,t(Q).

Remark 1.2. The statement of Theorem 1.1 remains valid for divergence-free drifts b in
the more general anisotropic supercritical Lebesgue space L'LI(Q2) with 1 < 2/] + n/q <
2 and satisfying the additional condition b € L*°L*(Q). In Lemma 2.1, we use these
anisotropic spaces for the drift, while in Lemma 3.1 we set | = g for convenience of the
presentation. We explain modifications needed to treat the more general case after the proof of
Lemma 3.3.

Remark 1.3. The requirement on u to be a Lipschitz generalized solution to (1.1) is sufficient
in order to guarantee that the drift term

/ bjajugD (1.7)
Q

is bounded when b belongs to a low regularity (supercritical) space. Note that the Lipschitz
assumption can be relaxed to obtain the Harnack inequality (1.6) for weak solutions satisfying
u € L®L*(Q) and Vu € L*L*(Q) provided some additional regularity assumptions are
imposed on the drift (cf. [16], page 19).

The qualitative properties of solutions to the equation (1.1) have been extensively studied
in the past. In particular, Harnack’s inequality for the second order parabolic equation

ur — 0i(aij(x, t)oju) =0

in the self-adjoint form, with measurable strongly elliptic coefficients a;; was obtained in the
seminal work of Moser [14] for subcritical drifts and no lower order terms. In [13], Lieberman
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established the Harnack inequality in the case of non-zero lower-order coefficients, when the
drift is in a subcritical Morrey space.

Recently, Nazarov and Ural'tseva proved in [16] that the assumptions on the divergence
free drift b may be significantly relaxed to allow it to lie in the scale invariant (critical) Morrey

spaces MZ;qH/l*l for all g and [ satisfying 1 < n/q + 2/ < 2. Seregin et al. (cf. [17])

established the Harnack inequality when b belongs to L>°(BMO™!), which is also a critical
(scale-invariant) condition. In our previous paper [9], we obtained a Harnack inequality for
elliptic equations with supercritical divergence-free drifts. The purpose of the present paper
is to address the more challenging parabolic case. Note that the approach from [9] does not
apply here.

It is well-known that Harnack-type inequality implies Holder regularity of solutions to
(1.1) when the drift lies in a critical (scale-invariant) space. However, due to supercritical
assumptions on the drift in Theorem 1.1, one cannot deduce from (1.6) the Holder continuity
of the solutions. Note that in general the solutions to (1.1) with supercritical drifts may not
satisfy even weaker continuity properties. For instance, in [18] it was proven that in two
dimension the solutions of (1.1) may become discontinuous in finite time provided the drift
b is divergence free and b € L>°LF (R?) with p € [1,2). On the other hand, using the Harnack
inequality (1.6), we were able to obtain in [8] the uniform continuity of solutions to (1.1) with
a divergence-free drift that belongs to a slightly supercritical logarithmic Morrey space.

The paper is organized as follows. In Section 2, we establish the local boundedness
of nonnegative Lipschitz subsolutions to (1.1) by using Moser’s iteration. This result of
independent interest was previously obtained in [16]. However, the bound (2.2) with an
explicit dependence on the parameters is needed for establishing the validity of Theorem 1.1,
and thus we provide our proof here for completeness. The rest of the paper, Section 3, is
devoted to the lower bound of the infimum of Lipschitz supersolutions to (1.1), stated in
Lemma 3.1. We proceed by deriving consecutive estimates on the nonnegative supersolution
w = log, (u/K), where the constant K is determined in the initial step (cf. Lemma 3.2)
and depends on the values of the supersolution u to (1.1). Here we follow the approach of
Lieberman [13]. We emphasize that this initial step requires an additional assumption on the
drift b € L*®L?(Q2) which was not needed in the elliptic case (cf. [9]). In Lemma 3.3, we
establish an estimate which allows us to bootstrap the initial bounds on w from Lemma 3.2 to
higher L?-norms for any o € [1,(n + 2)/n). Using Lemma 3.3, we also obtain a bound
on [|[Vw]|;2 in Subsection 3.3, which is essential for estimating higher norms. Then, the
aforementioned estimates on all the higher norms are deduced by using Moser’s iteration
technique (see Subsection 3.4). The lower bound on the infimum then follows from the
auxiliary assertion in Lemma 3.5. Our main result is a consequence of Lemmas 2.1 and 3.1.

2. Local boundedness

In this section, we show that any nonnegative Lipschitz subsolution of (1.1) is locally bounded
when the divergence free drift belongs to the anisotropic Lebesgue spaces L'L1(2) for all  and
q satistying 1 <2/l14+n/q < 2.

Lemma 2.1. Assume that u is a nonnegative Lipschitz subsolution to the equation

u—Au+b-Vu=0 (2.1)
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with b € L'LI(Q) for 1 < 2/14+ n/q < 2 and div b <0 in the sense of distributions. Then for
any QR C 2, p > 0,and0 <6 <1 <1

1/@=2/1-n/g)\ /P
) ) Rl Qupy (22)

supu < C <1 + (Rl_z/l_”/é||b||Ll(Lé(Q))
Qor

where C = C(n, p,1, 4,0, T) is a positive constant.

Proof of Lemma 2.1. Let u be a nonnegative Lipschitz subsolution of (2.1) in €, that is,

/ Btu<p+/ 8ju8j<p+/ bjdjup <0 (2.3)
Q Q Q

for any Lipschitz function ¢ > 0in  and ¢ = 0 in Q°.
Without loss of generality, we may assume that that R = 1. We use in (2.3) test functions
of the form

B
Q= (5 +1 MﬁHTIZVX{th}

with a Lipschitz cut-off function # in Q;, such that 0 < n < 1, and the constants § > 0
and y > 0 to be set later—below, we let 8 — +o00 with y remaining fixed. This gives, for
T € (—2,0)

(g + 1) /; (8fu)(”ﬁ+l)772VX{t§T} + <§ —+ 1) /(; (Bju) (aj(uﬁJFl)) nzyX{th}

+ (g + 1) / uﬂHBju (3j(n2y)) X{t<T) + (g + l)

T

X / bjuﬁJrl(aju)?]ZyX{tiT} <0. (2.4)
Q:
Set w = uP/2*1 5o that

E)jw = (g + 1) uﬁ/zaju.

Using (2.4), we get, integrating the first term by parts in time:

1 22)/’ p+1 f 2.2
z v Y
frwn , + 3/ ] r| wl'n™ xge<r)

< —ZV/Q @wywn® 1 @m) x(e=T) —/Q bj(dw)wn® xye=1y

T

+7// w?n® ~1(@m) xe<1y- (2.5)

Here we have utilized the fact that n(x, —t2) = 0. For the first term in the right side of (2.5)
we have

-2y f @w)wn® 1 @m) xp=ry = ¥ / w? (0 "1 An + Qy — D0 2IVnl?) xp<1y»
QT T
(2.6)
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while for the second term

f bj(@w)wn X<} / @bHwW*n™ X<ty + v / bW ™ "L @m) X<

T

< V/ bW n® L @m) xe<) (2.7)

since div b < 0.

Next, let yp = 2/l 4+ n/q. Then, by assumption, we have yp € [1,2). We also choose
y = 1/(2 — yp), so that yyp = 2y — 1. By Holder’s inequality we have the following estimate
for the right side in (2.7):

Jo. 5w L @m xue<ty < Jo, 1bjliwn” 1w 8] X<y

2—
= IIblleLqIIWU”Xt<TII WV 00y rlp VO- (2.8)

Here s and r are determined by

1 2—

= ] + " _ 1

q r 2
and

2—Y
+ L ¢
1 2

It is easy to verify that 2/s + n/r = n/2—this is how )y was chosen. Now, Young’s and the
interpolation inequality

Fllzes < CIFIRSIVAIS:. 2.9)
with 2/s +n/r = n/2 and @ = n/2 — n/r, applied to the right side of (2.8), imply

2/(2— —
/ bw? ™ @ty < ellwn” e g + CIBIT S IVl & i,

2/(2— -
< 5 (I ety + IV O < ) + CllbITy 5 1wVl /7 e 7,
(2.10)
By (2.5), (2.6), and (2.10), we obtain, for any -2 <T<0:

/ WP (T (T) + / VPP ) ey
B;

Qr

< C/ ”ﬁ+2nzyfl|A77|X{t§T} + C/ ”ﬂ+znzy72|vﬂ|2X{t§T}

T

2/(2— —
+C f W2 oty + CIOIG G 1PV C e,

1
+ S sl e (2.11)
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As this inequality holds for all —=t%2 < T < 0, we may take the supremum over T to eliminate
the L2 L2-norm in the right side. Namely, from (2.11), we have

sup | WP (T)
Te[—rz,O]B

<cC / uP T2 =Y Ap +C / uP T2 =21vpl2 + C / uP 22 =g

Q: Q: Q:
2/(2— _ 1
+ CIBI S 1P o TR, 4 P (2.12)
X »X X
and
/Q VWP < C / WPl An 4+ C /Q uP T2 =2 vy ?

— 2/(2— —
+C / WP TP o 4 LB WP o e
- tLx X

1
+ S . (2.13)
Adding the last two estimates and absorbing the L°L2-norm, we obtain

sup uP 2Ty (T) + f |V (@h/2Hnr)?

—12<T<0YB; Q:

<c / P22 Ay 4 C / P22 £ C / WP )

T QT
2/ -
+ CIIBI T NP4 o Y (2.14)
thx x
with an increased constant C > 0. By the interpolation inequality (2.9), used on the left side

of (2.14) withr = s = 2(n+2)/n, and @ = n/(n+ 2), used together with Young’s inequality,
we get the following estimate:

1/2 172
||“ﬁ/2+1i7y||L2x(Q,) <C (/ uﬁ+2n2y—1|An|) +C (/ uﬂ+2n2y—2|vn|2)
QT T
12 1/Q2—y)
+ C (/ uﬁ+2n2)/—1 |atn|> + C”b”LlLZ; Yo ||u/3/2+1|vn|1/(2—)/0) ”LZ (215)

with x = (n+2)/n.
We shall now use (2.15) iteratively. We take a decreasing sequence r; > 0, and at each step
choose the cut-off function € C5°(£2) such that

n=1inQ,,
n=0inQj
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and
V| <
i — Tit1
A £ ———
(ri — ri41)?
[0n] < ———.
(ri — ri41)?
Then (2.15) gives
1/2—yo0)
. 3 . C“bHLlLEl(Qi(:) B/2+1 (2.16)
[l Iz2x (@) = I [|u 2, + Y CaT) [|u 2, (2
Let us choose B; in (2.16) so that x* = B;/2 + 1. In addition, we set
T—0
r,-=9+( 5 ), i=0,1,2,...

so that r; — r;;.1 = (r — 6) /2", Thus we obtain

, ‘ 1/x'
C21+1 C2(Z+l)/(2—)/()) e
. 70)
||u||L2X1+1(Qri+l) S (‘L’ _ 9 + (‘[ _ 9)1/(27”)) ”b”LlLFI(er) ”l/l” 1

- ; 1@\ /X
< CM/xED/ ) ((r -0+ ((r — 9)‘1||b||m<e,,>) 0 )

X lull (2.17)

24Qy,)

where y; = min{2 — yy, 1}. By iteration, starting from i = 0, we conclude that the estimate
(2.2) holds for p > 2.
Now, let p € (0, 2). The previous argument has shown that

_ _ 1/2—yo)\ (12)/2
s < C((0 =07+ (@ =0 Mbla)" )T iz
0
- _ 1/@—yo)\"+2/2  1p2 2
<C(@=0""+ (=0 b)) Il Ly Il
(2.18)
which implies
1 _ _ 1/2—yp)\ +2)/p
< 5l +C (@07 + (@ =0 Wluss) ") lul -
0
(2.19)
Now, the iteration argument of [7, Lemma 4.3] may be applied to complete the proof of
Lemma 2.1 for 0 < p < 2. O

3. The lower bound

The goal of this section is to prove Lemma 3.1, which establishes a lower bound of the infimum
of a Lipschitz supersolution to (2.1).
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Recall (cf. (1.2) and (1.3)) that we use the notation Qy(xo, to) for the cylinder centered at
the bottom and Qg (xy, fo) for the cylinder centered at the top, and Qr = Qg(0, 0).

Lemma 3.1. Assume that u is a nonnegative Lipschitz supersolution to (2.1), and b € Li(Q) N
L®LX(Q) withn/2 +1 < @ < n+ 2 and div b= 0 in the sense of distributions. Then there
exists a (small) positive number py = po(n, g, R, Mr) such that

1/po
_ -\ C(n) .
(CR_”_Z/Q( . uPO) 5exp(l—|—(Rl_(”+2)/q||b||L;,)1/(2‘(”+2)/‘1)) Igfu (3.1)
*(0,—4R R

with
Mg =1+ R'7"2[bllp2)” + R/ bl 5. (32)
We establish the proof of Lemma 3.1 in several steps, successively improving the estimate.
We primarily work with the function
v = log(u/K)

with a constant K to be determined. If u is a supersolution to (2.1), then v is also a
supersolution to (2.1). More precisely, v satisfies the inequality

IVv? <v,—Av+b-Vy inSQ. (3.3)

Next, we obtain various bounds on w = v.

3.1. Aboundon [ w* foro € (0,1)

We begin with the following initial estimate on w = v = log, (1/K). Note that the constant
K we choose in (3.4) below does depend on the solution u(x, t).

n

Lemma 3.2. Let n(x) = C(1 — |x|?/(9R?)) . be normalized so that/ nz(x) dx = 1, and set

K = exp < / n?(x) log u(x, 4R?) dx> . (3.4)
Bsr
Then for a € (0,1) we have
/ w® dx dt < CMyR"+? (3.5)
Qr
with My = 1 4+ (R7™2||b||;0p2).

Proof of Lemma 3.2. Again, without loss of generality, we assume that R = 1. We multiply
(3.3) by the cut-oft n*(x) and integrate over B3 x (t1,t;) with0 < #; < t; < 4 in order to
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obtain

[7)
/ IVv(x, £) 2 0% (x) dx dt
t B3

1)
< / v(x, t)n*(x) dx — / v(x, 1) (x) dx + 2 / (Ov(x, 1)) () (9 (x)) dx dt
B3 B3 B3

51
[7)
+ / / bj(x, ) (v (x, H))n*(x) dx dt. (3.6)
t B3

After rearranging the terms and using the Cauchy-Schwarz inequality, we have

5}
f v(x, 1) (x) dx — / v(x, t)n>(x) dx + / IVv(x, £)2n%(x) dx dt
B3 B3

5} B3

%) 15}
<2 / @v(x, )N B0 (x)) dxdt + / f bj(x, £) (0v(x, ) (x) dx dit
t B3 5] B3

1 ("
=3 / / Vv, 010 () dx dt + CIVI g, 100)
5] B3

2 2
+ CIBI o2 8 x 1,0 1M 2120 By x 11,020 (3.7)
Absorbing the first term on the far right side of (3.7) leads to
1 [~
/ V(% t)n* (x) dx — / v, )n* () dx + - / / Vv, )2 n* (x) dx dt
B3 B3 2 f B3

since 0 < n < 1. Now, we set My = 1 + ||b||iOOL2(Q).
(cf. [13, Lemma 6.12]) on the left side of (3.8), we get

Using weighted Poincaré’s inequality

/ v(x, tl)nz(x) dx —/ v(x, tz)nz(x) dx
Bs

B3
1 (2
el
C t B3

where Cy > 0 is a fixed constant.
For the rest of the proof we may proceed as in the proof of [13, Lemma 6.21]. Consider the
function

2
n*(x)dxdt < CoMo(t —t1)  (3.9)

v(x, t) — / v(x, t)nz(x) dx
B3

ple,t) = v(x, t) — CoMo(4 — 1), (3.10)

defined as a translation of v in time by the term coming from the right side of (3.9). Note that
the constant K in (3.4) was chosen so that

/ v(x, H)n*(x) dx = 0, (3.11)
B3
and (3.9) and (3.11) imply that

/ v(x, Hn*(x) dx < CoMo(4 — 1), 0<t<4. (3.12)
Bs
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Based on 7 (x) being uniformly positive for |x| < 2, we claim the upper bound

Hx ) € Q5 plxt) > u}| < %QZ*' p=>1 (3.13)
on the size of the level sets of p. In order to show (3.13), fix u > 1 and denote
Qu(t) ={x € By: p(x,t) > u}, 0<t<4. (3.14)
Also, let
P(t) = /B v(x, Hn*(x) dx — CoMo(4 — 1) (3.15)
3

for 0 <t < 4 and observe that P(4) = 0. Now, we may rewrite (3.9) in the form

15}
P(t)) — P(ty) + é/ / Ip(x,£) — P(t) |2 dx dt < 0. (3.16)
51 B3

By (3.12), we have P(t) < 0for 0 < t < 4. Thus p(x,t) — P(t) > pu — P(t) > 0 on Q(t),
which together with (3.16) gives

7]

P(t1) — P() + - 1Qu(OI( — P(H)*dt < 0 (3.17)
ClQ3l Jy
for 0 < t; < t; < 4. Dividing by t, — t; and taking the limit t, — t;, we get
1Qu (1) 2
— P+ (L —P(®)* <0 (3.18)
ClQ5|

or equivalently

Q. _ P®

CIGI ~ (PO 19
for 0 < t < 4. Integrating (3.19) in time, we finally obtain
1 i} 1 1
roeH] {1 € Q5 plxt) > u}| < TTP® AP S W (3.20)

where we utilized P(4) = 0 in the last inequality. Thus, the validity of (3.13) is established.
Using (3.13), we obtain the bound

o0
/ P“dxdt:a/ et € @ p(xt) > pl| du
{(x,H)eQ}: p(x,t)>1} 1

[e.0]
< CalQﬁl/ pe " dp < ClQ5| (3.21)
1

since o € (0, 1). We conclude the proof of (3.5) by noting that the function w satisfies w* <
Cp* +CMy ifp > 1and w* < C+ CM{ ifp < 1. O

3.2. Aboundon [ w’ fore € [1,(n+ 2)/n)

From now on, without loss of generality, we assume that R = 1. As before, we work with
w = vy = log, (14/K) with a constant K defined in (3.4). The function w is a supersolution
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to the equation for v, that is,
IVw]>? <w; — Aw+Db-Vw (3.22)

since it is a maximum of two supersolutions, v; = v(x, t) and v, = 0. We need the following
inequality that bootstraps bounds for the L*-norms with « € (0,1) we have obtained in
Lemma 3.2 to higher norms.

Lemma 3.3. Foranyo € [1,(n+ 2)/n) and any o € (0, 1), we have
IwllLo@p = €1+ ||b||Lr‘z)C||W||La(Q§), (3.23)
where C = C(a, 0,1, q).

Proof of Lemma 3.3. Let n be a Lipschitz cut-off in Q3 with 0 < < I; note that unlike in the
proof of Lemma 3.2 the cut-off here also depends on time. We multiply (3.22) by the function
W+ D0 xu=),
with 8 € (=1/2,0), y > 1 to be determined, and T € (0,4), and integrate over Q} to obtain

(W+1)2ﬂ+lﬂzy‘t T+/ Vw2 (w + 1)2ﬂn2yxt>T}
B, =

2,3+1 Q

<28 | IVwlPw+ D xus1y + 2y f @w)(w+ D "L @m) xi=1y
Q %

b 1)28+1 2)/18 N
2ﬁ+1/ i(w+1) @M X{t=T1)
2y
28 +1

Here we have used the condition div b =0. The first term on the right side is negative since
B € (—1/2,0), while integration by parts in the second term on the right gives

(w+ D¥ 02 @) x> 1y (3.24)
o5

- 2y -
2y / @) v+ DX 0 @mxie=n = 557 f 0 (v + D) 0 =L @) =)

2yQ2y — 1)/ 2B+1,2y—2 2
=222 7 1 r2|y
2/3+1 (w+1) n IVl xi=T1)

2/3 +1 / (w+ V¥ LA xi=T)- (3.25)

This, together with (3.24) leads to

| 0| | o 0PI e

2,3 +1 =T Q;
< — b 1 28+1 2y 1 8
< 2ﬁ+1/ w1 @m a1
2y _ _ _
- (w+ D (0 o + Qy — Dn® 2|Vl + 0* T An) x=1)-
28 +1 Q

(3.26)
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We may use the inequality

IV((w+ D207 12 < 2(8 4+ 172)%(w + D7 Vw2
(3.27)

+2y2(w + 1)2ﬂ+1n2y—zlvn|2

on the left side of (3.26). In addition, as w > 0, we have (w + 1)2~1 < (w + 1)%#, which
altogether gives

(w+ )P | L 4 / IV (v + DFF ) ey
B, Q;

<Cy fQ bl Ov + D gyl ey
2

+Cy? | wH+DPP P oml + 0 A ValE + 0 T An]) xps1y. (3.28)
Q

An application of the interpolation inequality (2.9) with r = s = 2(n + 2)/n leads to
1w+ D207 12,0 < Cllw + DFFY 207 (12510 + CIV((w + D277,

<Cy f 1bj1(w + D02 3 x sy
Q*

2
+—Cy2/n(W—%1fﬂ+1OfV_W&nI+4fy_ﬂVnF-+n2”*LAannsz (3.29)
&
Next, we may estimate the drift term in (3.29) with the help of Holder’s inequality as
Cy / [bl(w + D> =l v

&

— C)// |b|(W+ 1)(2ﬂ+1)(1—)»)(w+ 1)(2,3+1))»n2)/—1|vn|
Q
< Cylbllallw + DR |w + DD L o Va2,
(3.30)
where
na

n-+ 2
Therefore, A is given by A = (n + 2)/(2q) and A € [1/2,1),as1 < (n+ 2)/q < 2 by
assumption. Using Young’s inequality, this leads to

Cy f bl (w + D2 = vy

Q
<Cyllbllgallw+ DT v+ D@D |Vl

L
q

1
< Slw+1 D @r=DICO R,

1/(1—A
+ (CrlIBl Vi) Y o 4+ DAV, (3.31)
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Settingy = 1/(2(1—1)) > 1sothat 2y —1)/2A = y and using (3.29) and (3.31), we obtain
1
v+ D201 s

=

1 2 1
ll(w + 1)ﬁ+zny||§2(n+z> + (ClblalValle) ™ llw+ DF 2|2,

N | =

+C | wH+DFT P oml + 0 A ValE + 02 7 Ag)). (3.32)
Q

The first term on the right may be absorbed into the left side:

1
w4+ D207 |2 i)
L™ n Qz)

2 1
< (CIblalValle)™ lw+ DP 22,
+C | wH+DPT P om0 Va2 + 0P 7 Ag). (3.33)
o3

We now once again use an iteration procedure, applied to a decreasing sequence of
parabolic cylinders Q,, with r;y; < r;. Choosing the cut-off  such that n = 1in Q} and
n=0in (in U Qr,)¢, we have, from (3.33):

k
Ti+1

! CylIblla \* !
low + DPF212 50 < ( E) v+ D21
L™= rir1) ri — Tit1 i

1

(ri — ri41)?
or equivalently

— 2
(w+ 1)2ﬁ+1||L(n+2>/n(Q¢M) < C(ri = rp)) 27 (IbIY 4+ DIw + 1P @) (3:34)

since y > 1.Set x = (n+ 2)/n, picka € (0,1), and consider o € [1, (n 4 2)/n). Possibly
increasing o and decreasing o we may assume that o = x/a with j € N. We shall use (3.34)
with

yio—1
Bi = 5
fori=0,...,jsothat2fy+1 =aand2Bj+1=o0,andr; =1+ 27! Then (3.34) implies
the recursive relation

; i 2 i
I+ U ittagge ) = CZVEVLABIT + DY w1 e (3.35)

“ (in-%—l )’

and a finite number of iterations gives (3.23). O
Remark 3.4. Observe thatif b € L'L(Q) with 1 < 2/I+ n/g < 2, we may bound the drift

term (3.30) using the same idea as in (2.8) and (2.10) but with w? replaced by w?P+1 and then
apply the interpolation inequality (2.9).
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3.3. Anestimate for [ |Vw|?
The next step is to obtain bounds on || Vw/| ;2. Recall that w satisfies
IVw]> <w, — Aw+b - Vw. (3.36)

Multiplying (3.36) by n? x(:>T} and integrating over Q} gives

/ wnz‘ +/ |Vw|2n2 < 2/ @w)n(9;n) —2/ bjwnoin —2/ wnom, (3.37)
B =T Jg Q Q Q3

where we used div b = 0. After estimating the right side, we get

/ |+ fQ IVwl*n® < CIVallL + Clblallwnll a1Vl + Clinglzos w1
B, = >

< CA+ [1bll}ecpz + 161I2)C = CME, (3.38)

where M = 1 + ||b||iooL2 =+ |1b]1;3- In the last inequality, we used Lemmas 3.2 and 3.3 with
o = q* and o0 = 1, respectively, where g* < (n+2)/n,as 1/g+1/q"* = land (n +2)/2 <
qg<n+2.

Note that with the bound (3.38) in hand we may extend the argument in the proof of
Lemma 3.3 to include 8 € [0, 1/2]. Namely, in that proof we have considered 8 € (—1/2,0)
and dropped the first term in the right side of (3.24) simply because 8 was negative. Now,
we may rely on (3.38) to bound this term in (3.24). The rest of the argument in the proof of
Lemma 3.3 did not rely on the negativity of B. As the aforementioned term in (3.24) involves
the product | Vw|? (w4 1)2#—1 while (3.38) estimates | Vw|%, we would still need the restriction

g <1/

3.4. Boundon [ w?#*1forp > 1/2

We now extend the bound for

/ 2B+

to 8 > 1/2. As in the proof of Lemma 3.3, we let n be a Lipschitz cut-offin Q5 with0 < n < 1.
This time, we multiply (3.22) by the function

w0 xi=1)

with > 1/2and T € (0,4), and integrate over Qj, using the divergence-free condition on b:

1
/W25+1n2y‘ T+/|W|2ﬁ|VW|2'72V
t=
Q

28 +1
B

< Zﬂ/ |Vw w1y +2y/(3jW)w2ﬂn2y_13m
Q Q&

2y _ 2y _
. / bjW2ﬂ+1U2y lajﬂ— / Wzﬂ+1n2y 1am' (3.39)
28+ 1 Jo 2841 Joy
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For the first term in the right side of (3.39), we use the inequality

2B < Sl + 4y, (3.40)
and for the second:

2y
28, 2y—1 _ (22BN 2y —1q.
2yf(ajw)wﬂny a,-n—zﬂHfaj(w*“ n* o

2y 2y — 1 2
_ _M Wzﬂ+1nzy—z|vn|z &Y / WZﬁ_any_lAn- (3.41)
2+1 28 +1

Together with (3.39) this gives

1 1
fW2ﬂ+ln2y‘ +_/|W|2ﬂ|vwlzn2y
=T 2

28 +1
B, Q;‘
< (4ﬂ)2ﬁ1/ |Vw|2n27— 2y /b-wzﬁHnZVlan
- Q& 26+1) 7 g
2
Q
2y

/ wPH (> o + Qy — Dn? V0l + 0 T An) . (3.42)
Q

28 +1

Applying the estimate (3.40) for the second term on the left side of (3.42), we obtain
1
26+1

/ WP er + 28 | WP VWP
B, Q;

_ 2y 28+1 2y—1
<204B)* 1/ IVw*n® + / |bj w22 o]
Q& 28 +1 Q

2
L2
28 +1

Next, we multiply (3.43) by (28 + 1) and use the inequality

/ w7 ol + @y — D 2 Val2 + 97 7! Anl) . (3.43)
e

V(WP 20712 < 28 4+ 1722 wP 1 Vwn® 22 wP 2y 22| vp2 (3.44)

on the left side to get
[wrripr| o+ [imameine
B, Q
< cp) / Vw2n? + Cy / BilwPH 2 g
S Q;
+ Cy? / w02 "Ham| 4+ 0 72V + 0 Y An)). (3.45)

&
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We use the interpolation inequality (2.9) with r = s = 2(n 4 2)/n to write

I 207 sy < CIWP 27 1o + CIV P2 2,

< C@4p)* f IVw*n® + Cy f bl T2 g
Q3 Q

+Cy? /Q WP o] + 0 T2V 4 0 T Anl)
2

(3.46)

First, we note that unlike in the proof of Lemma 3.3 we now have the uniform estimate (3.38)
for the gradient:

/ IVw|?> < CMC. (3.47)
Q

Next, we estimate the drift term in (3.46) similarly to what we did in the proof of Lemma 3.3.
Namely, we may write

Cy/ |I9|W2‘3+1772y_1|VT]| — C)// |blW(Zﬂ-‘rl)(l—)»)W(2ﬂ+1))\.n2y—l|Vn|
QG &

< Cy bl alwP D=2 w PO 2y =1 sy | V| oo (3.48)

with A = (n+2)/(29) € [1/2,1). An application of Young’s inequality gives

Cy / |blw?P 1> 1 V|
Qs
< Cyllbll WP T WP @ =D Ve

1 _ 1/(1—A
< S IR (Cr bl Inlle) T w2 . (3.49)

As before, choosing y = 1/(2(1 — 1)), we may absorb the first term in the right side of (3.49)
into the left side of (3.46). Thus, we obtain

2
I P22, < CMEAB)Y?E + (Cy 1Bl Vil ) IIwP 1212,

0 [ WP ol P OnR 4 )
2

(3.50)

We are now ready to perform the iteration process. We setr; = 1+ 27 fori=0,1,2,... and
choose the cut-off  such that n = 1 in Q:‘m and n = 0in (Q;“l_ U Qy,)¢. Then (3.50) gives at
each iteration step

B+1/22
w
” ||L2(n+2)/n (jS+1 )

c 2 Cy 2 1/2,2
< cMC@p)”’ + (—Ilbllm> w2110 e
i — Titl i
C)/2
4V w2, < cMCap)e
(r,- . T’i+1)2 ” ”Lz(Qri) = ( /3)

YN +1/22
+(n—ri+1) (Bl + DIw 215 g (3.51)
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since y > 1. Thus, we have the relation

cy
B+1/2)2 c 28 B+1/22
I 2 gy < CM <—r,- = ml) (@B + 17 2L )) 352)
between consecutive scales. As in the proof of Lemma 3.3 we use it with 8; = (x' — 1)/2
where x = (n 4 2)/n but this time we may allow 8 (and thus i) to be arbitrarily large. We
obtain

x Chy (i+1) iyl X!
wl|* . < CM*2Y 2xH% + wll”
Wl g < (( O+ Il (Qf}))
i i (3.53)
C i+1 i x
< CMCor D <2x’ + ||w||LX,-(Q;F.))
fori =0,1,2,... Iterating the inequality
, C/x' 2y (i+1)/ X' i .
||W||LXZ+1(Q;;-+1) < (CM)~'X2 (2)( + ”W”LX’(QE)> (3.54)
obtained from (3.52) by taking 1/x power on both sides, we get
||W||LX1'+1 (Qle) < CMC <Xi+1 + ||W||L1(QT)> . (355)
By Lemmas 3.2 and 3.3, we have
1wl qry < CMC[Iwlipe(gy < CM© (3.56)
which together with (3.55) implies
) C. i+l
”W”LX’“(Q;H) <CM~-x™". (3.57)
Thus, we may conclude
1/2+1)
/ whtl <CM2B+1) (3.58)
Q
forall 8 > 0, and
28+1
w 1
(o)™~ < (CpoMCe)*PH! < TR (3.59)
@ 2B+ 1! 228+
provided pg = (2CMCe)~ L. The last inequality leads to the estimate
u\po
/ (—) < CR™?, (3.60)
Q K

where the constant K is defined in (3.4) and
Mg = 1+ R bl pp2)? + R/ by 5.
We apply Lemma 3.2 and (3.60) to the translated in time cylinder Q% (0, —4R?) and obtain

/ (ﬁ)po < CR"? (3.61)
Qyo,—4ar2) K/

with K = eXp(stR n*(x) log u(x, 0) dx).
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If u is a supersolution to (2.1), then log, (K/u) is a subsolution to (2.1). The last ingredient
in the proof of Lemma 3.1 is the following result.

Lemma 3.5. We have

K - -\ C(m)
suplog,, (—) < C(1 + <R1—<”+2>/‘1||ana)”@—("*”/@) , (3.62)
Qr u
where
K =exp (/ n?(x) log u(x, 0) dx> . (3.63)
Bsr

Proof of Lemma 3.5. We apply Lemma 2.1 for the positive subsolution log, (K/u) to (2.1)
with p € (0,1) to obtain

sup|og+ E <C (1 + (le(”+2)/é”b”Lé)l/(z*(”Jrz)/‘_I))(n+2)/p R*(H+2)/P |ogJr E .
Qr u U lLrQar)
(3.64)
Now, let v = log(u/K) with K given by (3.63). We have v = —log(K/u) and log, (K/u) =
log_ (u/K). The choice of K implies that
f n*(x)v(x,0) dx = 0.
Bsr
We may proceed as in the proof of Lemma 3.2 to conclude
K
log, — < CRU2)/p, (3.65)
U llrr Q)
which, combined with (3.64) proves (3.62). O

Proof of Lemma 3.1. Lemma 3.5 is, actually, an upper bound on K, or a lower bound on
inf Qr U

_ _\ C(n)
R

which together with (3.60) gives

1/po
CR—H/ W) <K< Cexp (1 + (Rl‘(””)/qIIbIILa)”(z‘(”“)/‘?’)C(n) inf u.
Q4(0,—4R?) Qr
(3.67)
Thus, the proof of Lemma 3.1 is complete. O

Proof of Theorem 1.1. The Harnack inequality (1.6) is obtained as a direct consequence of
Lemmas 2.1 and 3.1. Indeed, combining the estimates (2.2) and (3.1), we conclude

- -\ C(m/po .
Salp u< (C+ C(Rl_(”+2)/q||b||Lé)1/(2_(n+2)/q)) 0 |gf u (368)
R

Qgr/2(0,—3R?)

for any Lipschitz solutions u to (2.1), where py = 1/ (CMg) and Mp given in (3.2). O
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