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Abstract

We address the system of partial differential equations modeling motion of an elastic body inside

an incompressible fluid. The fluid is modeled by the incompressible Navier-Stokes equations while

the structure is represented by the damped wave equation with interior damping. The additional

boundary stabilization γ, considered in our previous paper, is no longer necessary. We prove the

global existence and exponential decay of solutions for small initial data in a suitable Sobolev space.
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1 Introduction

In this paper, we consider a system of fluid-structure interaction with interior structural damping evolving

in a domain which consists of two parts, the exterior part Ωf (t) for the fluid and the interior part Ωe(t)

for the elastic structure. The dynamics of the fluid are described by the incompressible Navier-Stokes

equations

∂tu−∆u+ (u · ∇)u+∇p = 0 in Ωf (t) (1.1)

∇ · u = 0 in Ωf (t) (1.2)
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[Te1, Te2], while the elastic structural dynamics are governed by a damped linear wave equation

wtt −∆w + αwt + βw = 0 in Ωe. (1.3)

The interaction takes place on a common interface denoted by Γc(t), and it is described by the transmission

boundary conditions matching the velocities and the stress forces at the interface. Our main result is

global existence of solutions and their exponential decay for small initial data, in the presence of the

interior structural damping but without the boundary stabilization used in [IKLT2]. Boundary (interface)

stabilization effect consists of absorbing boundary conditions, which are known to produce regularizing

effect on the normal derivative of the wave component.

Fluid-structure interaction models have attracted considerable attention in both engineering and

mathematical literature. This is due to a broad range of applications in various areas of applied sciences,

from fluid mechanics to biochemistry and medicine. These models were originally considered within a

finite element framework which is natural for numerical computations, cf. [DGHL, GGCC, GGCCL] and

references therein. More recently the issues related to the mathematical theory of existence, uniqueness,

and stability of solutions for such systems have become topics of major research interest. The fluid-

structure interaction model considered here is an example of a quasilinear system exhibiting parabolic-

hyperbolic coupling with an interface. The mismatch of regularity between hyperbolic and parabolic

dynamics constitutes, as noted in [CS1, CS2], a defining feature and an obstacle in the analysis of the

problem.

Earlier results in the area were mostly obtained for models where “hyperbolicity” of an elastic body

was disguised by either (i) a strong damping added to the equation (thus making it parabolic) [B, DEGL]

or (ii) replacing the wave component with a rigid body modeled by an ODE [F, SST]. In both cases, the

analysis is more amenable due to the parabolic smoothing effects.

The interaction between parabolic and hyperbolic dynamics and induced mismatch of regularity were

highlighted in a series of works [AT1, AT2, BGLT1, BGLT2, BL, DGHL, LL1, LL2, ALT, KTZ1, KTZ2,

KTZ3], which considered the coupling between the Navier-Stokes equations and the wave equation under

the assumption that the interface is stationary (this can be justified for small latitudinal oscillations)

[L1]. The analytical tools and trace regularity results developed in some of these works have proven to

be relevant for addressing more general fluid-structure interaction models and have paved the way for

some of the recent works [BZ1, BZ2, KT1, KT2, IKLT1, RV].

The first results which pertain to genuine parabolic-hyperbolic problem with a dynamic interface

are due to Coutand and Shkoller [CS1, CS2]. In particular, they proved local well-posedness of smooth

solutions of the system [CS1]. Subsequent results pertaining to local theories but with lesser requirements

imposed on the smoothness of initial data appeared in [KT1, KT2, IKLT1]. Similar results were also

obtained for the case of compressible flows [BG1, BG2, KT3].

In our previous work [IKLT2], we have obtained well-posedness as well as a global existence result

and exponential decay of solutions for small initial data when additional boundary damping was imposed

(see the constant γ > 0 in (4.1)). The boundary damping provides regularizing effect on the normal

derivative of the wave equation (the so called effect of absorbing boundary conditions). This particular

feature has had beneficial effect on the analysis of the coupled structure where normal stresses provide
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carriers for the transport across the interface. The paper [IKLT2] is the first work to address the issue

of global existence. It is well known that global existence in quasilinear dynamics is strongly tied to the

asymptotic decay of solutions, which in turn requires a damping mechanism. In the case of fluid-structure

interaction the least amount of damping necessary for forcing linear dynamics to decay is the boundary-

interface damping [AT1, AT2]. It was shown in [IKLT2] that the presence of the boundary damping

allows to prove global existence of solutions to the quasilinear model. Such result holds under certain

geometric condition known as the “star shaped” domain condition. This geometric condition is natural

for wave type dynamics when subject to boundary dissipation [LTr1]; however, it can be eliminated for

the wave dynamics altogether using micro-local methods [LTr1]. In the case of fluid-structure interaction,

it can also be eliminated, as shown in [IKLT2], by introducing an interior dissipation term αwt. In view

of the above, the following question arises. Is it possible to obtain global existence (and decay of the

energy) without any geometric restrictions and with one damping mechanism only?

The present paper provides a positive answer to this question by showing that the viscous damping

alone provides global and decaying solutions without any constraints on the geometry.

In the remainder of the introduction we describe the ideas behind the proof of the main global existence

theorem. When proving well-posedness of the quasilinear system one is faced with a twofold task: (i)

obtaining suitable a priori estimates which close at some desired level of regularity, and (ii) construction

of actual solutions to which the a priori estimates can be applied.

Both tasks meet new substantial challenges which were not encountered previously. For the first task,

one needs to provide a priori bounds for the integrals of potential energy, without relying on the bound

on normal derivatives for the solution of the wave equation, secured by γ > 0 as was the case in [IKLT2].

(Indeed, absorbing boundary conditions provide instant L2 regularity of the normal derivative of w.)

However, in the case γ = 0, the normal wave components of finite energy solutions reside in negative

order Sobolev spaces due to the failure of the Lopatinski condition [S]. We overcome this obstacle by

applying suitable multipliers which cancel the effects of boundary over-spill along with developing a series

of estimates on tangential derivatives by methods reminiscent to Agmon-Douglis-Nirenberg theory and

elliptic theory [GS]. We note that a related multiplier estimate was successfully employed in [LL1] where

static interface was considered and the Dirichlet-Stokes map served as the needed multiplier. However,

the same multiplier is no longer effective for dynamic interface model and suitable modifications which

exploit flow map are necessary. The second task, which is the construction of actual solutions, is even more

challenging. Cancellation of the pressure term via integration by parts, typical when performing estimates

on the solutions, no longer occurs. It is here where the mismatch of regularity comes strongly into play.

Regularizing effect of parabolicity looses its momentum and strength when passing the information on

the elastic system which exhibits the usual loss of regularity. Hence, the modern techniques developed

in the context of hidden trace regularity theory for the wave equation (cf. [L2, LLT, LTr2, KMT]) and

maximal regularity for the Stokes operator [MZ1, MZ2, PS] become critical. Maximal regularity allows

us to handle the pressure term while sharp trace estimates move forward the fluid across the interface

with no loss of derivatives, this latter phenomenon associated with the classical trace theory. The main

ideas behind the construction of the local in time solution are described in Remark 6.3 below.
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2 The main result

The system, modeling the coupling of the fluid and an elastic structure, is written in the Lagrangian

variables with a precise set-up as follows. Let η(·, t) : Ω → Ω be the flow map under which the initial

domain configurations Ωf and Ωe evolve with time, so that Ωf (t) = η(Ωf , t) and Ωe(t) = η(Ωe, t). For

simplicity, we assume that the domains are flat, i.e.,

Ωf =
{
x = (x1, x2, x3) : h1 ≤ x3 ≤ h2 or h3 ≤ x3 ≤ h4

}

and

Ωe =
{
x = (x1, x2, x3) : h2 ≤ x3 ≤ h3

}

with periodic boundary conditions with period 1 in the lateral directions.

In Lagrangian coordinates, the incompressible Navier-Stokes equation takes the form

vit − ∂j(a
j
l a

k
l ∂kv

i) + ∂k(a
k
i q) = 0 in Ωf × (0, T ), i = 1, 2, 3 (2.1)

aki ∂kv
i = 0 in Ωf × (0, T ), (2.2)

where v(x, t) = ηt(x, t) = u(η(x, t), t) and q(x, t) = p(η(x, t), t) denote the Lagrangian velocity and the

pressure of the fluid over the initial domain Ωf . For the displacement function w(x, t) = η(x, t)− x, the

linear damped elasticity equation reads

wi
tt −∆wi + αwi

t + βwi = 0 in Ωe × (0, T ), i = 1, 2, 3 (2.3)

over the domain Ωe. We thus seek a solution (v, w, q, a, η) to the damped fluid-structure system (2.1)–

(2.3), where the dynamics of the Lagrangian matrix a and the flow map η are described by the ODEs

at = −a : ∇v : a in Ωf × (0, T ) (2.4)

and

ηt = v in Ωf × (0, T ) (2.5)

with the initial conditions a(x, 0) = I and η(x, 0) = x in Ωf .

On the common boundary Γc, we assume continuity of the velocities

wi
t = vi on Γc × (0, T ) (2.6)

and the stresses

∂jw
iNj = ajl a

k
l ∂kv

iNj − aki qNk on Γc × (0, T ), (2.7)

while on the outside fluid boundary Γf , we assume the non-slip boundary condition

vi = 0 on Γf × (0, T ) (2.8)

for i = 1, 2, 3, where N = (N1, N2, N3) is the unit outward normal with respect to Ωe. (Note that we use

the strain tensor ∇v instead of the symmetric gradient matrix ∇v +∇vT for the sake of simplicity.)
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We use the classical spaces for the fluid velocity H = {v ∈ L2(Ωf ) : div v = 0, v · N|Γf
= 0} and

V = {v ∈ H1(Ωf ) : div v = 0, v|Γf
= 0}.

We now state the first main result of the paper, which provides an a priori estimate for the global

existence.

Theorem 2.1. Let α, β > 0. Assume that v0 ∈ V ∩H3(Ωf ), vt(0) ∈ V , vtt(0) ∈ H, w0 ∈ H3(Ωe), and

w1 ∈ H2(Ωe) satisfying the compatibility conditions

w1 = v0

∆w0 − αw1 − βw0 = ∆v0 −∇q0,

∆w1 − αwtt(0)− βw1 = ∆vt(0)−∇qt(0) + ∂j(∂ta
k
j (0)∂kv

i(0))− ∂ta
k
i (0)∂kq(0) (2.9)

on Γc,

∂w0

∂N
· τ =

∂v0
∂N

· τ,

∂w1

∂N
· τ =

∂

∂N

(
∆v0 −∇q0

)
· τ (2.10)

also on Γc, for tangential vectors τ , and

v0 = 0,

∆v0 −∇q0 = 0,

− ∂j(∂ta
k
j (0)∂kv

i(0))−∆∂tv
i(0) + ∂ta

k
i (0)∂kq(0) + ∂itq(0) = 0 (2.11)

on Γf . There exists ǫ > 0 such that if

‖v0‖H3 + ‖vt(0)‖H1 + ‖vtt(0)‖L2 + ‖w0‖H3 + ‖w1‖H2 ≤ ǫ (2.12)

then any smooth solution (v, w, q, a, η) smooth solution to (2.1)–(2.5) on [0,∞] satisfies

v ∈ L∞([0,∞);H3(Ωf ))

vt ∈ L∞([0,∞);H2(Ωf ))

vtt ∈ L∞([0,∞);L2(Ωf ))

∇vtt ∈ L2([0,∞);L2(Ωf ))

∂jtw ∈ C([0,∞);H3−j(Ωe)), j = 0, 1, 2, 3 (2.13)

with q ∈ L∞([0,∞);H2(Ωf )), qt ∈ L∞([0,∞);H1(Ωf )), a, at ∈ L∞([0,∞);H2(Ωf )), att ∈ L∞([0,∞);H1(Ωf )),

attt ∈ L2
loc([0,∞);L2(Ωf )), and η|Ωf

∈ C([0,∞);H3(Ωf )). Also, the norm

‖v(t)‖H3 + ‖vt(t)‖H2 + ‖vtt(t)‖L2 + ‖q(t)‖H2 + ‖qt(t)‖H1

+ ‖w(t)‖H3 + ‖wt(t)‖H2 + ‖wtt(t)‖H1 + ‖wttt(t)‖L2 (2.14)

decays exponentially.

5



Note that if the initial fluid velocity v0 belongs to V ∩H4(Ωf ), then it satisfies the regularity assump-

tions of Theorem 2.1; namely, v0 ∈ V ∩H3(Ωf ), vt(0) ∈ V , and vtt(0) ∈ H.

The proof of Theorem 2.1 is based on the energy estimates given in Section 4, which are leading to the

Gronwall-type inequality (5.18) for the norm X(t) defined in (5.1) below. The exponential decay of X(t)

is established in Lemmas 5.1 and 5.2, while the proof of Theorem 2.1 is given at the end of Section 5.

The second main result of this paper provides the global well-posedness of the system (2.1)–(2.5) for

small and more regular initial data.

Theorem 2.2. Let α, β > 0. Assume that the initial data satisfy v0 ∈ V ∩ H7/2(Ωf ), vt(0) ∈ V ∩

H5/2(Ωf ), vtt(0) ∈ V , w0 ∈ H15/4−δ(Ωe), w1 ∈ H11/4−δ(Ωe) for some δ ∈ (0, 1/4) and that they satisfy

the compatibility conditions (2.9), (2.10), (2.11), and

∂wtt(0)

∂N
· τ =

∂

∂N
(∆vt(0)−∇qt(0) + ∂j(∂ta

k
j (0)∂kv

i(0))− ∂ta
k
i (0)∂kq(0)) · τ (2.15)

for unit tangential vectors τ . Assume, in addition, that

‖v0‖H3 + ‖vt(0)‖H1 + ‖vtt(0)‖L2 + ‖w0‖H3 + ‖w1‖H2 ≤ ǫ, (2.16)

where ǫ > 0 is a sufficiently small constant. Then for any T > 0 (independent of ǫ) there exists a global

in time solution (v, w, q, a, η) to (2.1)–(2.5) obeying

v ∈ L2([0, T );H4(Ωf )) ∩H
1([0, T );H3(Ωf ))

vt ∈ H1([0, T );H2(Ωf ))

vtt ∈ H1([0, T );L2(Ωf ))

∂jtw ∈ C([0, T );H15/4−δ−j(Ωe)), j = 0, 1, 2, 3 (2.17)

with q ∈ L2([0, T );H3(Ωf )) ∩H
1([0, T );H2(Ωf )) and qt ∈ H1([0, T );H1(Ωf )). Also, the norm

‖v(t)‖H3 + ‖vt(t)‖H2 + ‖vtt(t)‖L2 + ‖q(t)‖H2 + ‖qt(t)‖H1

+ ‖w(t)‖H3 + ‖wt(t)‖H2 + ‖wtt(t)‖H1 + ‖wttt(t)‖L2 (2.18)

decays exponentially.

Similarly as after the statement of Theorem 2.1, we note that if v0 ∈ V ∩ H5(Ωf ), then it satisfies

the assumptions v0 ∈ V ∩H7/2(Ωf ), vt(0) ∈ H5/2(Ωf ), and vtt(0) ∈ V . We prefer to work with the less

regular assumptions because they remain invariant under the dynamics of the system.

We emphasize that the smallness of initial data is imposed only to a subset of regularity required by

the initial data. The same holds with the decay rates. In order to reconcile this, we need to be careful

in tracing the superlinear dependence on the higher norms, making sure that they are linear, module the

topology required for decay.

We devote the last section to the proof of Theorem 2.2, which is divided into several steps. First, in

Lemmas 6.2–6.8, we prove the existence and uniqueness of a solution to the linear problem with given

coefficients close to the identity matrix. Here, the main tools are maximal regularity for the Stokes

system used along with the sharp regularity for boundary traces of the wave operator. These allow
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to transfer maximal regularity of the fluid across the interface without loosing derivatives. In order to

achieve sufficient regularity, two loops of maximal regularity are needed. The existence of a solution to the

nonlinear problem then follows by the Schauder fixed point theorem, while the uniqueness is established

via the contraction mapping theorem applied at the lower energy level (cf. Subsection 6.3 below).

Note that we address here the flat geometry, which we do in order to simplify the presentation. The

extension to general geometry though not automatic requires introducing tangential differential operators

and commutator estimates in the spirit of [BGLT2] and [KTZ3]. We suspect that the results carry over

to the most general situation.

3 Preliminary results

In this section, we give formal a priori estimates on time derivatives of the unknown functions needed in

the proof of Theorem 2.1. We begin with an auxiliary result from [IKLT1] providing bounds on the flow

map η and the matrix a.

Lemma 3.1. [IKLT1] Assume that ‖∇v‖L2([0,T ];H2) ≤ M . Let p ∈ [1,∞] and i, j = 1, 2, 3. With

T ∈ [0, 1/CM ], where C is a sufficiently large constant, the following statements hold:

(i) ‖∇η‖H2 ≤ C for t ∈ [0, T ];

(ii) ‖a‖H2 ≤ C for t ∈ [0, T ];

(iii) ‖at‖Lp ≤ C‖∇v‖Lp for t ∈ [0, T ];

(iv) ‖∂iat‖Lp ≤ C‖∇v‖Lp1 ‖∂ia‖Lp2 + C‖∇∂iv‖Lp for i = 1, 2, 3 and t ∈ [0, T ] where 1 ≤ p, p1, p2 ≤ ∞

are such that 1/p = 1/p1 + 1/p2;

(v) ‖∂ijat‖L2 ≤ C‖∇v‖
1/2
H1 ‖∇v‖

1/2
H2 + C‖∇v‖H2 for i, j = 1, 2, 3 and t ∈ [0, T ];

(vi) ‖att‖L2 ≤ C‖∇v‖L2‖∇v‖L∞ + C‖∇vt‖L2 and ‖att‖L3 ≤ C‖v‖2H2 + C‖∇vt‖L3 for t ∈ [0, T ];

(vii) ‖attt‖L2 ≤ C‖∇v‖3H1 + C‖∇vt‖L2‖∇v‖L∞ + C‖∇vtt‖L2 for t ∈ [0, T ];

(viii) for every ǫ ∈ (0, 1/2] and all t ≤ T ∗ = min{ǫ/CM2, T}, we have

‖δjk − ajl a
k
l ‖

2
H2 ≤ ǫ, j, k = 1, 2, 3 (3.1)

and

‖δjk − ajk‖
2
H2 ≤ ǫ, j, k = 1, 2, 3. (3.2)

In particular, the form ajl a
k
l ξ

i
jξ

i
k satisfies the ellipticity estimate

ajl a
k
l ξ

i
jξ

i
k ≥

1

C
|ξ|2, ξ ∈ R

n2

(3.3)

for all t ∈ [0, T ∗] and x ∈ Ωf , provided ǫ ≤ 1/C with C sufficiently large.

The statement in [IKLT1] requires ‖∇v‖L∞([0,T ];H2) ≤M , but the proof only needs

‖∇v‖L2([0,T ];H2) ≤M. (3.4)

For instance, the a priori estimate for a reads

‖a(t)‖H2 ≤ C +

∫ t

0

‖a(s)‖2H2‖∇v(s)‖H2 ds (3.5)
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and (ii) under the condition (3.4) follows by using the Gronwall lemma, provided T ≤ 1/CM .

We next recall the variable coefficients Stokes-type estimates for mixed Dirichlet-Neumann boundary

conditions, obtained in our previous work [IKLT1].

Lemma 3.2. [IKLT1] Assume that v and q solve the system

vit − ∂j(a
j
l a

k
l ∂kv

i) + ∂k(a
k
i q) = 0 in Ωf (3.6)

aki ∂kv
i = 0 in Ωf (3.7)

v = 0 on Γf (3.8)

ajl a
k
l ∂kv

iNj − aki qNk = ∂jw
iNj on Γc (3.9)

for given coefficients aij ∈ L∞(Ωf ) with i, j = 1, 2, 3 satisfying Lemma 3.1 with a sufficiently small

constant ǫ = 1/C. Then the estimate

‖v‖Hs+2 + ‖q‖Hs+1 ≤ C‖vt‖Hs + C

∥∥∥∥
∂w

∂N

∥∥∥∥
Hs+1/2(Γc)

(3.10)

holds for s = 0, 1 and for all t ∈ (0, T ). Moreover, the time derivatives vt and qt satisfy

‖vt‖H2 + ‖qt‖H1

≤ C‖vtt‖L2 + C

∥∥∥∥
∂wt

∂N

∥∥∥∥
H1/2(Γc)

+ C‖v‖
1/2
H2 ‖v‖

1/2
H3 (‖v‖H2 + ‖q‖H1) (3.11)

for all t ∈ (0, T ), where T ≤ 1/CM for a sufficiently large constant C.

Now, let w be a solution to the wave equation (2.3). Let D′w = (∂1w, ∂2w) denote the tangential

derivative of w, and let (D′)2 be the matrix with entries ∂ijw for i, j = 1, 2. We obtain the full regularity

elliptic estimate

‖w‖H3 ≤ C‖wtt‖H1 + C‖wt‖H1 + C‖w‖H1 + C‖(D′)2w‖H1 (3.12)

for all t ∈ (0, T ) by applying the Agmon-Douglas-Nirenberg procedure of decomposing the elliptic

(Laplace) operator into tangential and normal coordinates.

Differentiating (2.3) in time, we also have

‖wt‖H2 ≤ C‖wttt‖L2 + C‖wtt‖L2 + C‖wt‖L2 + C‖D′wt‖H1 (3.13)

for all t ∈ (0, T ).

From (3.10) with s = 1 and (3.12), we conclude that the Stokes type estimate

‖v‖H3 + ‖q‖H2 ≤ C‖vt‖H1 + C‖wtt‖H1 + C‖wt‖H1 + C‖w‖H1 + C‖(D′)2w‖H1 (3.14)

holds for all t ∈ (0, T ), where T ≤ 1/CM . Analogous derivation shows that

‖v‖H2 + ‖q‖H1 ≤ C‖vt‖L2 + C‖wtt‖L2 + C‖wt‖L2 + C‖w‖L2 + C‖D′w‖H1 . (3.15)
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By (3.11), (3.13), and (3.15), we also get

‖vt‖H2 + ‖qt‖H1

≤ C‖vtt‖L2 + C‖wt‖H2 + C‖v‖
1/2
H2 ‖v‖

1/2
H3

(
‖v‖H2 + ‖q‖H1

)

≤ C‖vtt‖L2 + C‖wttt‖L2 + C‖wtt‖L2 + C‖wt‖L2 + C‖D′wt‖H1

+ C‖v‖
1/2
H3

(
C‖vt‖L2 + C‖wtt‖L2 + C‖wt‖L2 + C‖w‖L2 + C‖D′w‖H1

)3/2

(3.16)

for all t ∈ (0, T ), where T ≤ 1/CM .

4 Global in time solutions

In this section, we derive L2-estimates for the fluid-structure system (2.1)–(2.5) on several different levels

of energy. More precisely, as in [IKLT2], where we considered the system subjected to the transmission

boundary condition

wi
t = vi − γ

∂wi

∂N
on Γc × (0, T ), i = 1, 2, 3 (4.1)

for a parameter γ > 0, we rely on a priori estimates on time derivatives of the unknown functions. Also,

in order to treat the limiting case γ = 0, we further need estimates on the tangential and time-tangential

derivatives. These are needed for the regularity of the wave component (cf. (3.12) and (3.13).)

4.1 First level estimates

We denote by

E(t) =
1

2

(
‖v(t)‖2L2 + β‖w(t)‖2L2 + ‖wt(t)‖

2
L2 + ‖∇w(t)‖2L2

)
, (4.2)

the energy of the system (2.1)–(2.3). From [IKLT2, Lemma 4.1]), recall the inequality

E(t) +

∫ t

0

D(s) ds ≤ E(0), (4.3)

for all t ∈ [0, T ], where

D(t) =
1

C
‖∇v(t)‖2L2 + α‖wt(t)‖

2
L2 + γ

∥∥∥∥
∂w

∂N
(t)

∥∥∥∥
2

L2(Γc)

. (4.4)

The purpose of the next lemma is to establish estimates on the time integral of the potential energy of the

wave component from the damping, secured by the kinetic energy. This entails to establishing a suitable

equipartition of the wave energy in the context of the interface coupling.

Lemma 4.1. We have

∫ t

0

‖∇w‖2L2 + β

∫ t

0

‖w‖2L2 +
α

4
‖w(t)‖2L2 +

1

C
‖∇(η(·, t)− x)‖2L2 +

γ

2

∫

Γc

∣∣∣∣
∫ t

0

∂w

∂N
(s) ds

∣∣∣∣
2

dσ(x)

≤ CE(0) +

∫ t

0

‖wt‖
2
L2 + C‖wt(t)‖

2
L2 + C‖v(t)‖2L2 +

∫ t

0

‖v‖2L2 +

∫ t

0

(R̃(s), η(x, s)− x) ds (4.5)

9



for all t ∈ [0, T ], where

∫ t

0

(R̃(s), η(x, s)− x) ds

=
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂k(η

i − xi)∂j(η
i − xi) +

∫ t

0

ds

∫
q(s)

∫ s

0

∂ta
k
i ∂k(η

i − xi) dτ dx. (4.6)

Remark 4.2. Note that the equipartition estimate (4.5) in Lemma 4.1 would have had much simpler

form if the constants C were allowed to blow up as γ → 0. In such case, the last term involving R̃ would

not be necessary. The presence of this term is due to the lack of uniform in γ control of the L2 norm of

∂w/∂N . This is the reason why the presence of only frictional damping in the wave equation (without

the boundary damping) in the coupled problem leads technically to much more involved estimates.

Proof of Lemma 4.1. We take the L2-inner product of (2.3) with wi and sum for i = 1, 2, 3
∫
wi

ttw
i −

∫
∆wiwi + α

∫
wi

tw
i + β

∫
wiwi = 0. (4.7)

Differentiating the first term in (4.7) by parts in time leads to

d

dt

∫
wi

tw
i −

∫
wi

tw
i
t +

∫
∂jw

i∂jw
i +

α

2

d

dt

∫
|w|2 + β

∫
|w|2 −

∫

Γc

∂jw
iwiNj dσ(x) = 0. (4.8)

We integrate in time

∫ t

0

∫
|∇w|2 + β

∫ t

0

∫
|w|2 +

α

2

∫
|w|2

∣∣
t

=
α

2

∫
|w0|

2 +

∫ t

0

∫
|wt|

2 −

∫
wi

tw
i
∣∣
t
+

∫
wi

1w
i
0 +

∫ t

0

∫

Γc

∂jw
iwiNj dσ(x) ds. (4.9)

The equality (4.9) would provide a desirable equipartition of energy relation if not for the last boundary

term, which is a result of the coupling. This term In order to estimate it, we first write

w = η − x− γ

∫ t

0

∂w

∂N
dx on Γc, (4.10)

which follows by integrating (4.1) in time. Multiplying both sides of (2.7) by ηi − xi, summing for

i = 1, 2, 3 and integrating the resulting equation leads to

∫ t

0

∫

Γc

∂jw
iwiNj dσ(x) ds−

∫ t

0

∫

Γc

ajl a
k
l ∂kv

i(ηi − xi)Nj dσ(x) ds+

∫ t

0

∫

Γc

aki q(η
i − xi)Nk dσ(x) ds

= −γ

∫ t

0

∫

Γc

∂jw
i

∫ s

0

∂wi

∂N
dτNj dσ(x) ds

= −
γ

2

∫

Γc

∣∣∣∣
∫ t

0

∂w

∂N
ds

∣∣∣∣
2

dσ(x), (4.11)

where we utilized (4.10) in the first equality. On the other hand, multiplying (2.1) with ηi−xi, summing

in i and integrating over Ωf gives
∫
vit(η

i − xi)−

∫
∂j
(
ajl a

k
l ∂kv

i
)
(ηi − xi) +

∫
∂k(a

k
i q)(η

i − xi) = 0 (4.12)

10



which leads to

d

dt

∫
vi(ηi − xi)−

∫
viηit +

∫
ajl a

k
l ∂kv

i∂j(η
i − xi)−

∫
aki q∂k(η

i − xi)

+

∫

Γc

ajl a
k
l ∂kv

i(ηi − xi)Nj dσ(x)−

∫

Γc

aki q(η
i − xi)Nk dσ(x) = 0. (4.13)

Now, we integrate (4.13) in time and integrals of the last two boundary terms in (4.13) can be obtained

from (4.11). Adding add the resulting equation to (4.9). Noting the cancellation of the troublesome

boundary integrals due to (4.11), we arrive at

∫ t

0

∫
|∇w|2 + β

∫ t

0

∫
|w|2 +

α

2

∫
|w|2

∣∣
t
+
γ

2

∫

Γc

∣∣∣∣
∫ t

0

∂w

∂N
ds

∣∣∣∣
2

dσ(x)

=
α

2

∫
|w0|

2 +

∫ t

0

∫
|wt|

2 −

∫
wi

tw
i
∣∣
t
+

∫
wi

1w
i
0 −

∫
vi(ηi − xi)

∣∣
t
+

∫ t

0

∫
|v|2

−
1

2

∫
ajl a

k
l ∂k(η

i − xi)∂j(η
i − xi)

∣∣
t
+
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂k(η

i − xi)∂j(η
i − xi)

+

∫ t

0

∫
aki q∂k(η

i − xi) (4.14)

where we also utilized integration by parts in time and the relation ηt = v. The last term on the right

side equals
∫ t

0

∫
aki q∂k(η

i − xi)

=

∫ t

0

ds

∫
q(s)

∫ s

0

∂ta
k
i ∂k(η

i − xi) dτ dx+

∫ t

0

ds

∫
q(s)

∫ s

0

aki ∂k∂t(η
i − xi) dτ dx

=

∫ t

0

ds

∫
q(s)

∫ s

0

∂ta
k
i ∂k(η

i − xi) dτ dx (4.15)

since aki ∂k∂t(η
i − xi) dτ dx = aki ∂kv

i = 0 by (3.7). In conclusion, we get
∫ t

0

∫
|∇w|2 + β

∫ t

0

∫
|w|2 +

α

2

∫
|w|2

∣∣
t

+
1

2

∫
ajl a

k
l ∂k(η

i − xi)∂j(η
i − xi)

∣∣
t
+
γ

2

∫

Γc

∣∣∣∣
∫ t

0

∂w

∂N
ds

∣∣∣∣
2

dσ(x)

=
α

2

∫
|w0|

2 +

∫ t

0

∫
|wt|

2 −

∫
wi

tw
i
∣∣
t
+

∫
wi

1w
i
0 −

∫
vi(ηi − xi)

∣∣
t
+

∫ t

0

∫
|v|2

+
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂k(η

i − xi)∂j(η
i − xi) +

∫ t

0

ds

∫
q(s)

∫ s

0

∂ta
k
i ∂k(η

i − xi) dτ dx. (4.16)

For the fourth term on the left side we utilize the ellipticity of the matrix a, i.e., ajl a
k
l ξ

i
jξ

i
k ≥ (1/C)|ξ|2

for all ξ ∈ R
3 × R

3, while for the pointwise terms on the right, we write

−

∫
wi

tw
i
∣∣
t
≤
α

4
‖w(t)‖2L2 +

1

α
‖wt(t)‖

2
L2 (4.17)

and

−

∫
vi(ηi − xi)

∣∣
t
≤ ǫ‖η(·, t)− x‖2L2 + Cǫ‖v(t)‖

2
L2 , (4.18)
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respectively. Since η − x = 0 on Γf , we may apply the Poincaré inequality in order to absorb the first

term on the right side of (4.18) with the left side of (4.16). Therefore, the lemma is established. �

Multiplying (4.5) with a small parameter and adding the resulting inequality to (4.3) give

E(t) +

∫ t

0

E(s) ds+ ǭγ

∫

Γc

∣∣∣∣
∫ t

0

∂w

∂N
ds

∣∣∣∣
2

dσ(x) ≤ CE(0) + C

∫ t

0

(R̃(s), η(x, s)− x) ds, (4.19)

where ǭ > 0 is a small parameter independent of γ. Here we utilized the Poincaré inequality for the fluid

velocity v; namely, that ‖v(t)‖L2 ≤ C‖∇v(t)‖L2 . The last term on the right side of (4.19) is treated in

Lemma 4.13 below.

4.2 Second level estimates

For simplicity, we assume from here on that β = 1. We introduce the second level energy

E(1)(t) =
1

2

(
‖vt(t)‖

2
L2 + ‖wt(t)‖

2
L2 + ‖wtt(t)‖

2
L2 + ‖∇wt(t)‖

2
L2

)
(4.20)

of the system with the corresponding dissipation

D(1)(t) =
1

C
‖∇vt(t)‖

2
L2 + α‖wtt(t)‖

2
L2 + γ

∥∥∥∥
∂wt

∂N
(t)

∥∥∥∥
2

L2(Γc)

. (4.21)

In order to obtain the integral inequality for E(1)(t), we differentiate the full system (2.1)–(2.3) in time.

We obtain

vitt − ∂t∂j(a
j
l a

k
l ∂kv

i) + ∂t∂k(a
k
i q) = 0 in Ωf × (0, T ) (4.22)

aki ∂kv
i
t + ∂ta

k
i ∂kv

i = 0 in Ωf × (0, T ) (4.23)

and

wi
ttt −∆wi

t + αwi
tt + wi

t = 0 in Ωe × (0, T ) (4.24)

for i = 1, 2, 3.

We start by recalling the next statement from [IKLT2].

Lemma 4.3. [IKLT2] The energy inequality

E(1)(t) +

∫ t

0

D(1)(s) ds ≤ E(1)(0) +

∫ t

0

(R(1)(s), vt(s)) ds (4.25)

holds for all t ∈ [0, T ], where

∫ t

0

(R(1), vt) ds = −

∫ t

0

∫

Ωf

∂t(a
j
l a

k
l )∂kv

i∂jv
i
t dx ds+

∫ t

0

∫

Ωf

∂ta
k
i q∂kv

i
t dx ds

−

∫ t

0

∫

Ωf

∂ta
k
i ∂tq∂kv

i dx ds. (4.26)
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For the proof of Lemma 4.3 see [IKLT2, Lemma 4.5].

We now derive estimates on the time integrals of ‖wt(t)‖L2 and ‖∇wt(t)‖L2 .

Lemma 4.4. We have
∫ t

0

‖∇wt‖
2
L2 +

∫ t

0

‖wt‖
2
L2 +

α

4
‖wt(t)‖

2
L2 +

1

C
‖∇v(t)‖2L2 +

γ

2

∥∥∥∥
∂w

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CE(1)(0) + C‖wtt(t)‖
2
L2 + C‖vt(t)‖

2
L2 +

∫ t

0

‖wtt‖
2
L2 +

∫ t

0

‖vt‖
2
L2

+

∫ t

0

(R̃(1)(s), v(s)) ds+ C‖∇v(0)‖2L2 +
γ

2

∥∥∥∥
∂w

∂N
(0)

∥∥∥∥
2

L2(Γc)

, (4.27)

for all t ∈ [0, T ], where

∫ t

0

(R̃(1)(s), v(s)) ds = −
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂kv

i∂jv
i +

∫ t

0

∫
∂ta

k
i q∂kv

i (4.28)

and where the constant C depends on α.

Proof of Lemma 4.4. We take the L2-inner product of (4.24) with wi
t, sum for i = 1, 2, 3, and integrate

in time in order to obtain
∫ t

0

∫
|∇wt|

2 +

∫ t

0

∫
|wt|

2 +
α

2

∫
|wt|

2
∣∣
t

=
α

2

∫
|w1|

2 +

∫ t

0

∫
|wtt|

2 −

∫
wi

ttw
i
t

∣∣
t
+

∫
wi

ttw
i
t

∣∣
t=0

+

∫ t

0

∫

Γc

∂jw
i
tw

i
tNj dσ(x) ds. (4.29)

Next, we take the L2-inner product of (4.22) with vi and sum for i = 1, 2, 3,
∫
vittv

i −

∫
∂j∂t

(
ajl a

k
l ∂kv

i
)
vi +

∫
∂k∂t

(
aki q

)
vi = 0 (4.30)

which after differentiating by parts in time leads to

d

dt

∫
vitv

i −

∫
vitv

i
t +

∫
∂t
(
ajl a

k
l ∂kv

i
)
∂jv

i −

∫
∂t
(
aki q

)
∂kv

i

+

∫

Γc

∂t
(
ajl a

k
l ∂kv

i
)
viNj dσ(x)−

∫

Γc

∂t
(
aki q

)
viNk dσ(x) = 0. (4.31)

Now, we observe that
∫
∂t
(
ajl a

k
l ∂kv

i
)
∂jv

i =
1

2

∫
∂t
(
ajl a

k
l ∂kv

i∂jv
i
)
+

1

2

∫
∂t
(
ajl a

k
l

)
∂kv

i∂jv
i (4.32)

and
∫
∂t
(
aki q

)
∂kv

i =

∫
∂ta

k
i q∂kv

i (4.33)

since aki ∂kv
i = 0. Therefore,

d

dt

∫
vitv

i −

∫
vitv

i
t +

1

2

∫
∂t
(
ajl a

k
l ∂kv

i∂jv
i
)
+

1

2

∫
∂t
(
ajl a

k
l

)
∂kv

i∂jv
i −

∫
∂ta

k
i q∂kv

i

+

∫

Γc

∂t
(
ajl a

k
l ∂kv

i
)
viNj dσ(x)−

∫

Γc

∂t
(
aki q

)
viNk dσ(x) = 0. (4.34)
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We integrate (4.34) in time and add the resulting equality to (4.29). Using partial cancellation of boundary

terms
∫ t

0

∫

Γc

∂jw
i
tw

i
tNj dσ(x) ds−

∫ t

0

∫

Γc

∂t
(
ajl a

k
l ∂kv

i
)
viNj dσ(x) ds

+

∫ t

0

∫

Γc

∂t
(
aki q

)
viNk dσ(x) ds

=

∫ t

0

∫

Γc

∂jw
i
tv

iNj dσ(x) ds− γ

∫ t

0

∫

Γc

∂jw
i
t

∂wi

∂N
Nj dσ(x) ds−

∫ t

0

∫

Γc

∂t
(
ajl a

k
l ∂kv

i
)
viNj dσ(x) ds

+

∫ t

0

∫

Γc

∂t
(
aki q

)
viNk dσ(x) ds

= −γ

∫ t

0

∫

Γc

∂jw
i
t

∂wi

∂N
Nj dσ(x) ds

= −
γ

2

∫

Γc

(
∂w

∂N

)2

dσ(x)

∣∣∣∣
t

+
γ

2

∫

Γc

(
∂w

∂N

)2

dσ(x)

∣∣∣∣
0

(4.35)

and we thus obtain
∫ t

0

∫
|∇wt|

2 +

∫ t

0

∫
|wt|

2 +
α

2

∫
|wt|

2
∣∣
t
+
1

2

∫
ajl a

k
l ∂kv

i∂jv
i
∣∣
t
+
γ

2

∫

Γc

(
∂w

∂N

)2

dσ(x)

∣∣∣∣
t

=
α

2

∫
|w1|

2 +

∫ t

0

∫
|wtt|

2 −

∫
wi

ttw
i
t

∣∣
t
+

∫
wi

ttw
i
t

∣∣
t=0

+

∫
vitv

i
∣∣
t
−

∫
vitv

i
∣∣
t=0

+

∫ t

0

∫
|vt|

2

+
1

2

∫
ajl a

k
l ∂kv

i∂jv
i
∣∣
t=0

−
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂kv

i∂jv
i +

∫ t

0

∫
∂ta

k
i q∂kv

i

+
γ

2

∫

Γc

(
∂w

∂N

)2

dσ(x)

∣∣∣∣
0

. (4.36)

For the two pointwise terms on the right side of (4.36) we utilize analogous estimates to (4.17) and (4.18);

namely,

−

∫
wi

ttw
i
t

∣∣
t
≤
α

4
‖wt(t)‖

2
L2 +

1

α
‖wtt(t)‖

2
L2 , (4.37)

and
∫
vitv

i
∣∣
t
≤ ǫ‖∇v(t)‖2L2 + Cǫ‖vt(t)‖

2
L2 (4.38)

respectively, where ǫ > 0 is sufficiently small. This concludes the proof of the lemma. �

Multiplying (4.27) by a small parameter and adding it to (4.25) gives

E(1)(t) +

∫ t

0

E(1)(s) ds+ ǭγ

∥∥∥∥
∂w

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CE(1)(0) + C‖∇v(0)‖2L2 + ǭγ

∥∥∥∥
∂w

∂N
(0)

∥∥∥∥
2

L2(Γc)

+

∫ t

0

(R(1)(s), vt(s)) ds+ C

∫ t

0

(R̃(1)(s), v(s)) ds (4.39)
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where ǭ is a small constant independent of γ. The last two terms on the right side of (4.39) are estimated

further below.

4.3 Third level estimates

We introduce the next level of energy

E(2)(t) =
1

2

(
‖vtt(t)‖

2
L2 + ‖wtt(t)‖

2
L2 + ‖wttt(t)‖

2
L2 + ‖∇wtt(t)‖

2
L2

)
(4.40)

with the corresponding dissipation

D(2)(t) =
1

C
‖∇vtt(t)‖

2
L2 + α‖wttt(t)‖

2
L2 + γ

∥∥∥∥
∂wtt

∂N
(t)

∥∥∥∥
2

L2(Γc)

. (4.41)

Differentiating the full system (2.1)–(2.3) twice in time, we obtain

vittt − ∂tt∂j(a
j
l a

k
l ∂kv

i) + ∂tt∂k(a
k
i q) = 0 in Ωf × (0, T ) (4.42)

akj ∂kv
j
tt + 2∂ta

k
j ∂kv

j
t + ∂tta

k
j ∂kv

j = 0 in Ωf × (0, T ) (4.43)

wi
tttt −∆wi

tt + αwi
ttt + wi

tt = 0 in Ωe × (0, T ) (4.44)

for i = 1, 2, 3.

We recall the next statement from [IKLT2].

Lemma 4.5. [IKLT2] The inequality

E(2)(t) +

∫ t

0

D(2)(s)ds ≤ E(2)(0) +

∫ t

0

(R(2)(s), vtt(s)) ds (4.45)

holds for all t ∈ [0, T ], where
∫ t

0

(R(2)(s), vtt(s)) ds = 2

∫ t

0

∫

Ωf

∂t(a
j
l a

k
l )∂kv

i
t∂jv

i
tt dx ds

+

∫ t

0

∫

Ωf

∂tt(a
j
l a

k
l )∂kv

i∂jv
i
tt dx ds−

∫ t

0

∫

Ωf

∂tt(a
k
i q)∂kv

i
tt dx ds. (4.46)

The proof of Lemma 4.5 is given in [IKLT2, Lemma 4.8].

Lemma 4.6. The estimate
∫ t

0

‖∇wtt‖
2
L2 +

∫ t

0

‖wtt‖
2
L2 +

α

4
‖wtt(t)‖

2
L2 +

1

C
‖∇vt(t)‖

2
L2 +

γ

2

∥∥∥∥
∂wt

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CE(0) + C‖wttt(t)‖
2
L2 + C‖vtt(t)‖

2
L2 +

∫ t

0

(R̃(2)(s), vt(s)) ds

+ C‖∇vt(0)‖
2
L2 +

γ

2

∥∥∥∥
∂wt

∂N
(0)

∥∥∥∥
2

L2(Γc)

, (4.47)

holds for all t ∈ [0, T ], where
∫ t

0

(R̃(2)(s), vt(s)) ds = −
3

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂kv

i
t∂jv

i
t

−

∫ t

0

∫
∂tt(a

j
l a

k
l )∂kv

i∂jv
i
t +

∫ t

0

∫
∂tt(a

k
i q)∂kv

i
t. (4.48)
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Proof of Lemma 4.6 (sketch). We take the L2-inner product of (4.44) with wi
tt, sum for i = 1, 2, 3, and

integrate in time to arrive at

∫ t

0

∫
|∇wtt|

2 +

∫ t

0

∫
|wtt|

2 +
α

2

∫
|wtt|

2
∣∣
t

=
α

2

∫
|wtt|

2
∣∣
t=0

+

∫ t

0

∫
|wttt|

2 −

∫
wi

tttw
i
tt

∣∣
t
+

∫
wi

tttw
i
tt

∣∣
t=0

+

∫ t

0

∫

Γc

∂jw
i
ttw

i
ttNj dσ(x) ds.

(4.49)

We take the L2-inner product of (4.42) with vit, sum for i = 1, 2, 3, and differentiate in time

d

dt

∫
vittv

i
t −

∫
vittv

i
tt +

∫
∂tt

(
ajl a

k
l ∂kv

i
)
∂jv

i
t −

∫
∂tt

(
aki q

)
∂kv

i
t

+

∫

Γc

∂tt
(
ajl a

k
l ∂kv

i
)
vitNj dσ(x)−

∫

Γc

∂tt
(
aki q

)
vitNk dσ(x) = 0. (4.50)

Now, we use

∫ t

0

∫
∂tt(a

j
l a

k
l ∂kv

i)∂jv
i
t =

1

2

∫
ajl a

k
l ∂kv

i
t∂jv

i
t −

1

2
‖∇vt(0)‖

2
L2

+
3

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂kv

i
t∂jv

i
t +

∫ t

0

∫
∂tt(a

j
l a

k
l )∂kv

i∂jv
i
t. (4.51)

Integrating (4.50) in time, using (4.51), and adding the resulting equality to (4.49), we arrive at (4.47). �

As in (4.25), we conclude,

E(2)(t) +

∫ t

0

E(2)(s) ds+ ǭγ

∥∥∥∥
∂wt

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CE(2)(0) + C‖∇vt(0)‖
2
L2

+ ǭγ

∥∥∥∥
∂wt

∂N
(0)

∥∥∥∥
2

L2(Γc)

+

∫ t

0

(R(2)(s), vtt(s)) ds+ C

∫ t

0

(R̃(2)(s), vt(s)) ds, (4.52)

where ǭ > 0 is a small parameter.

4.4 First order tangential energy estimates

We derive estimates on the first order derivative ∂m for a fixed m = 1, 2. Note that the boundary

conditions are not affected by the action of tangential derivatives. Similarly as in the previous subsections

we introduce the notation

Em(t) =
1

2

(
‖∂mv(t)‖

2
L2 + ‖∂mw(t)‖

2
L2 + ‖∂mwt(t)‖

2
L2 + ‖∇∂mw(t)‖

2
L2

)
(4.53)

for the energy and

Dm(t) =
1

C
‖∇∂mv(t)‖

2
L2 + α‖∂mwt(t)‖

2
L2 + γ

∥∥∥∥
∂(∂mw)

∂N
(t)

∥∥∥∥
2

L2(Γc)

(4.54)

for the corresponding dissipation.
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Lemma 4.7. The energy inequality

Em(t) +

∫ t

0

Dm(s)ds ≤ Em(0) +

∫ t

0

(Rm(s), ∂mv(s)) ds (4.55)

holds for all t ∈ [0, T ], where

∫ t

0

(Rm(s), ∂mv(s)) ds = −

∫ t

0

∫
∂m(ajl a

k
l − δjk)∂kv

i∂j∂mv
i −

∫ t

0

∫
∂m(aki − δik)∂mq∂kv

i

+

∫ t

0

∫
∂m(aki − δik)q∂k∂mv

i. (4.56)

Sketch of proof. The proof is obtained by applying the operator ∂m to the system (2.1)–(2.3) and mul-

tiplying the i-th fluid equation by ∂mv
i and the i-th wave equation by ∂mw

i
t, respectively. Then we use

similar arguments as in [IKLT2, Lemma 4.1]. �

We now provide an estimate on the time integral of ‖∇∂mw‖L2 .

Lemma 4.8. We have

∫ t

0

‖∇∂mw‖
2
L2 +

∫ t

0

‖∂mw‖
2
L2 +

α

4
‖∂mw(t)‖

2
L2 +

1

C
‖∇∂m(η(x, t)− x)‖2L2 +

γ

2

∫

Γc

∣∣∣∣
∫ t

0

∂(∂mw)

∂N
ds

∣∣∣∣
2

dσ(x)

≤ CEm(0) +

∫ t

0

‖∂mwt‖
2
L2 + C‖∂mwt(t)‖

2
L2 + C‖∂mv(t)‖

2
L2 +

∫ t

0

‖∂mv‖
2
L2

+

∫ t

0

(R̃m(s), ∂m(η(x, s)− x)) ds (4.57)

for t ∈ [0, T ], where

∫ t

0

(R̃m(s), ∂m(η(x, s)− x)) ds

= −

∫ t

0

∫
∂m(ajl a

k
l − δjk)∂kv

i∂j∂m(ηi − xi) +
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂k∂m(ηi − xi)∂j∂m(ηi − xi)

+

∫ t

0

∫
∂m(aki − δik)q∂k∂m(ηi − xi) +

∫ t

0

∫
aki ∂mq∂k∂m(ηi − xi). (4.58)

The proof is similar to the one of Lemma 4.1 and will be omitted.

For the last pressure term in (4.58) we use the divergence condition in order to write

∫ t

0

∫
aki ∂mq∂k∂m(ηi − xi) =

∫ t

0

ds

∫
∂mq

∫ s

0

(
∂ta

k
i ∂k∂m(ηi − xi)− ∂ma

k
i ∂kv

i
)
dx dτ. (4.59)

We conclude

Em(t) +

∫ t

0

Em(s) ds+ ǭγ

∫

Γc

∣∣∣∣
∫ t

0

∂(∂mw)

∂N
ds

∣∣∣∣
2

dσ(x)

≤ CEm(0) +

∫ t

0

(Rm(s), ∂mv(s)) ds+ C

∫ t

0

(R̃m(s), ∂m(η − x)) ds, (4.60)

where ǭ > 0 is a small parameter.

17



4.5 Second order tangential energy estimates

We next derive estimates on the derivative ∂mm for fixedm = 1, 2. Similarly as in the previous subsections

we introduce the notation

Emm(t) =
1

2

(
‖∂mmv(t)‖

2
L2 + ‖∂mmw(t)‖

2
L2 + ‖∂mmwt(t)‖

2
L2 + ‖∇∂mmw(t)‖

2
L2

)
(4.61)

for the energy and

Dmm(t) =
1

C
‖∇∂mmv(t)‖

2
L2 + α‖∂mmwt(t)‖

2
L2 + γ

∥∥∥∥
∂(∂mmw)

∂N
(t)

∥∥∥∥
2

L2(Γc)

(4.62)

for the corresponding dissipation.

Lemma 4.9. The energy inequality

Emm(t) +

∫ t

0

Dmm(s)ds ≤ Emm(0) +

∫ t

0

(Rmm(s), ∂mmv(s)) ds (4.63)

holds for all t ∈ [0, T ], where
∫ t

0

(Rmm(s), ∂mmv(s)) ds = −2

∫ t

0

∫
∂m(ajl a

k
l − δjk)∂k∂mv

i∂j∂mmv
i

−

∫ t

0

∫
∂mm(ajl a

k
l − δjk)∂kv

i∂j∂mmv
i +

∫ t

0

∫
∂mm(aki − δik)q∂k∂mmv

i

+ 2

∫ t

0

∫
∂m(aki − δik)∂mq∂k∂mmv

i +

∫ t

0

∫
aki ∂mmq∂k∂mmv

i. (4.64)

Observe that for the last pressure term we may write
∫
aki ∂mmq∂k∂mmv

i = −

∫
∂mma

k
i ∂mmq∂kv

i − 2

∫
∂ma

k
i ∂mmq∂k∂mv

i (4.65)

by using the divergence condition.

Lemma 4.10. We have
∫ t

0

‖∇∂mmw‖
2
L2 +

∫ t

0

‖∂mmw‖
2
L2 +

α

4
‖∂mmw(t)‖

2
L2 +

1

C
‖∇∂mmη(t)‖

2
L2 +

γ

2

∫

Γc

∣∣∣∣
∫ t

0

∂(∂mmw)

∂N
ds

∣∣∣∣
2

dσ(x)

≤ CEmm(0) +

∫ t

0

‖∂mmwt‖
2
L2 + C‖∂mmwt(t)‖

2
L2 + C‖∂mmv(t)‖

2
L2 +

∫ t

0

‖∂mmv‖
2
L2

+

∫ t

0

(R̃mm(s), ∂mm(η(x, s)− x)) ds (4.66)

for t ∈ [0, T ], where
∫ t

0

(R̃mm(s), ∂mm(η(x, s)− x)) ds

= −

∫ t

0

∫
∂mm(ajl a

k
l − δjk)∂kv

i∂j∂mm(ηi − xi)− 2

∫ t

0

∫
∂m(ajl a

k
l − δjk)∂k∂mv

i∂j∂mm(ηi − xi)

+
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂k∂mm(ηi − xi)∂j∂mm(ηi − xi) +

∫ t

0

∫
∂mm(aki − δik)q∂k∂mm(ηi − xi)

+ 2

∫ t

0

∫
∂m(aki − δik)∂mq∂k∂mm(ηi − xi) +

∫ t

0

∫
aki ∂mmq∂k∂mm(ηi − xi). (4.67)
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For the last pressure term in (4.67) we use the divergence condition in order to write

∫ t

0

∫
aki ∂mmq∂k∂mm(ηi − xi)

=

∫ t

0

ds

∫
∂mmq

∫ s

0

(
∂ta

k
i ∂k∂mm(ηi − xi)− ∂mma

k
i ∂kv

i − 2∂ma
k
i ∂k∂mv

i
)
dx dτ. (4.68)

We conclude

Emm(t) +

∫ t

0

Emm(s) ds+ ǭγ

∫

Γc

∣∣∣∣
∫ t

0

∂(∂mmw)

∂N
ds

∣∣∣∣
2

dσ(x)

≤ CEmm(0) +

∫ t

0

(Rmm(s), ∂mmv(s)) ds+ C

∫ t

0

(R̃mm(s), ∂mm(η − x)) ds, (4.69)

where ǭ > 0 is small.

4.6 Mixed time tangential energy estimates

Finally, we derive estimates on the time tangential derivative ∂t∂m for a fixed m = 1, 2. We denote by

Etm(t) =
1

2

(
‖∂t∂mv(t)‖

2
L2 + ‖∂t∂mw(t)‖

2
L2 + ‖∂t∂mwt(t)‖

2
L2 + ‖∇∂t∂mw(t)‖

2
L2

)
(4.70)

the energy and

Dtm(t) =
1

C
‖∇∂t∂mv(t)‖

2
L2 + α‖∂t∂mwt(t)‖

2
L2 + γ

∥∥∥∥
∂(∂mwt)

∂N
(t)

∥∥∥∥
2

L2(Γc)

(4.71)

the corresponding dissipation.

Lemma 4.11. The energy inequality

Etm(t) +

∫ t

0

Dtm(s)ds ≤ Etm(0) +

∫ t

0

(Rtm(s), ∂t∂mv(s)) ds (4.72)

holds for all t ∈ [0, T ], where

∫ t

0

(Rtm(s), ∂t∂mv(s)) ds = −

∫ t

0

∫
∂t(a

j
l a

k
l )∂m∂kv

i∂t∂m∂jv
i

−

∫ t

0

∫
∂m(ajl a

k
l − δjk)∂t∂kv

i∂t∂m∂jv
i −

∫ t

0

∫
∂t∂m(ajl a

k
l )∂kv

i∂t∂m∂jv
i

+

∫ t

0

∫
∂t∂ma

k
i q∂t∂m∂kv

i +

∫ t

0

∫
∂ta

k
i ∂mq∂t∂m∂kv

i

+

∫ t

0

∫
∂m(aki − δik)∂tq∂t∂m∂kv

i +

∫ t

0

∫
aki ∂t∂mq∂t∂m∂kv

i. (4.73)

For the last pressure term on the right side of (4.73) we use

aki ∂t∂m∂kv
i + ∂t∂ma

k
i ∂kv

i + ∂ta
k
i ∂m∂kv

i + ∂ma
k
i ∂t∂kv

i = 0 (4.74)

which follows from the divergence condition.
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Lemma 4.12. We have

∫ t

0

‖∇∂mwt‖
2
L2 +

∫ t

0

‖∂mwt‖
2
L2 +

α

4
‖∂mwt(t)‖

2
L2 +

1

C
‖∇∂mv(t)‖

2
L2 +

γ

2

∥∥∥∥
∂(∂mw)

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CEtm(0) +
1

α
‖∂mwtt(t)‖

2
L2 + C‖∂mvt(t)‖

2
L2 +

∫ t

0

‖∂mwtt‖
2
L2 +

∫ t

0

‖∂mvt‖
2
L2

+

∫ t

0

(R̃tm(s), ∂mv(s)) ds+ C‖∇∂mv(0)‖
2
L2 +

γ

2

∥∥∥∥
∂(∂mw)

∂N
(0)

∥∥∥∥
2

L2(Γc)

, (4.75)

for t ∈ [0, T ], where

∫ t

0

(R̃tm(s), ∂mv(s)) ds = −

∫ t

0

∫
∂t∂m(ajl a

k
l )∂kv

i∂m∂jv
i −

∫ t

0

∫
∂m(ajl a

k
l − δjk)∂t∂kv

i∂m∂jv
i

−
1

2

∫ t

0

∫
∂t(a

j
l a

k
l )∂m∂kv

i∂m∂jv
i +

∫ t

0

∫
∂t∂ma

k
i q∂m∂kv

i

+

∫ t

0

∫
∂ta

k
i ∂mq∂m∂kv

i +

∫ t

0

∫
∂m(aki − δik)∂tq∂m∂kv

i +

∫ t

0

∫
aki ∂m∂tq∂m∂kv

i. (4.76)

We also utilize
∫
aki ∂m∂tq∂m∂kv

i = −

∫
∂ma

k
i ∂m∂tq∂kv

i (4.77)

which follows by the divergence condition. We conclude

Etm(t) +

∫ t

0

Etm(s) ds+ ǭγ

∥∥∥∥
∂(∂mw)

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CEtm(0) + C‖∇∂mv(0)‖
2
L2

+ ǭγ

∥∥∥∥
∂(∂mw)

∂N
(0)

∥∥∥∥
2

L2(Γc)

+

∫ t

0

(Rtm(s), ∂t∂mv(s)) ds+ C

∫ t

0

(R̃tm(s), ∂t∂m(η − x)) ds, (4.78)

where ǭ > 0 is a small constant.

4.7 Superlinear estimates

Lemma 4.13. With R̃ defined in Lemma 4.1, we have

|(R̃, η − x)| ≤ C‖v‖
1/2
H2 ‖v‖

1/2
H3 ‖∇(η − x)‖2L2 + C‖q‖H1

∫ t

0

‖v‖
1/2
H1 ‖v‖

1/2
H2 ‖∇(η − x)‖L2 , (4.79)

for all t ∈ [0, T ], while for the second energy level perturbation terms we have

|(R(1), vt)| ≤ C‖v‖
1/2
H1 ‖v‖

1/2
H2 ‖vt‖H1(‖v‖H2 + ‖q‖H1) + C‖v‖

3/2
H1 ‖v‖

1/2
H2 ‖qt‖H1 , (4.80)

and

|(R̃(1), v)| ≤ C‖v‖
3/2
H1 ‖v‖

3/2
H2 + C‖v‖

3/2
H1 ‖v‖

1/2
H2 ‖q‖H1 (4.81)

for all t ∈ [0, T ], respectively.
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Proof. The estimate (4.80) was provided in [IKLT2, Lemma 4.10], while (4.79) and (4.81) can be obtained

similarly by using Hölder’s and the Gagliardo-Nirenberg inequalities. Indeed, for (4.79), we have

|(R̃, η − x)| ≤
1

2
‖∂t(a

j
l a

k
l )‖L∞‖∂k(η

i − xi)‖L2‖∂j(η
i − xi)‖L2

+ ‖q‖L6

∫ s

0

‖∂ta
k
i ‖L3‖∂k(η

i − xi)‖L2 dτ, (4.82)

where we utilized (4.6). Then we rely on Lemma 3.1 and the inequalities ‖∂t(a
j
l a

k
l )‖L∞ ≤ C‖∇v‖L∞ ≤

C‖v‖
1/2
H2 ‖v‖

1/2
H3 and ‖∂ta

k
i ‖L3 ≤ C‖v‖

1/2
H1 ‖v‖

1/2
H2 in order to arrive at (4.79). �

We next recall an estimate from [IKLT2].

Lemma 4.14. [IKLT2] For ǫ0 ∈ (0, 1/C], we have

∫ t

0

(R(2), vtt) ds ≤ ǫ0

∫ t

0

‖∇vtt‖
2
L2 ds+ Cǫ0

∫ t

0

(
‖v‖2H3 + ‖q‖2H2

) (
‖v‖

5/2
H1 ‖v‖

3/2
H3 + ‖vt‖

2
H1

)
ds

+ Cǫ0

∫ t

0

‖v‖
3/2
H1 ‖v‖

1/2
H3 ‖qt‖

2
H1 ds

+ ǫ0‖qt(t)‖
2
H1 + ǫ0‖vt(t)‖

2
H2 + ǫ0‖v(t)‖

2
H3 + Cǫ0‖v(t)‖

6
H1‖v(t)‖4H2

+ Cǫ0‖v(t)‖
2
H1‖v(t)‖2H2‖vt(t)‖

2
L2 + C

∫ t

0

(
‖v‖2H2 + ‖vt‖

1/2
H1 ‖vt‖

1/2
H2

)
‖qt‖H1‖vt‖H1 ds

+ C

∫ t

0

(
‖v‖3H2 + ‖vt‖H1‖v‖

1/4
H1 ‖v‖

3/4
H3

)
‖qt‖H1‖v‖

3/4
H1 ‖v‖

1/4
H3 ds

+ C‖v(0)‖6H3 + C‖vt(0)‖
4
H1 + C‖qt(0)‖

2
H1 (4.83)

for all t ∈ [0, T ].

For the second perturbation term on the right side of (4.52), we use the following lemma.

Lemma 4.15. The estimate

∫ t

0

(R̃(2), vt) ds ≤ C

∫ t

0

(‖v‖H3 + ‖q‖H2)
(
‖v‖

5/4
H1 ‖v‖

3/4
H3 + ‖vt‖H1

)
‖vt‖H1 ds

+ C

∫ t

0

‖qt‖H1‖v‖
3/4
H1 ‖v‖

1/4
H3 ‖vt‖H1 ds+ C‖qt(t)‖H1‖v(t)‖

7/4
H1 ‖v(t)‖

1/4
H3

+ C‖qt(0)‖L2‖v(0)‖
3/2
H1 ‖v(0)‖

3/2
H3

+ C

∫ t

0

‖qt‖H1

(
‖v‖2H2 + ‖vt‖

1/2
H1 ‖vt‖

1/2
H2

)
‖v‖H1 ds (4.84)

is valid for all t ∈ [0, T ].

We may bound the pointwise term on the right side of (4.84) as follows

C‖qt(t)‖H1‖v(t)‖
7/4
H1 ‖v(t)‖

1/4
H3 ≤ ǫ0‖qt(t)‖

2
H1 + ǫ0‖v(t)‖

2
H3 + Cǫ0‖v(t)‖

14/3
H1 (4.85)

for all t ∈ [0, T ].
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Lemma 4.16. For m = 1, 2, we have

|(Rm, ∂mv)| ≤ C‖ajl a
k
l − δjk‖H1‖v‖

3/2
H2 ‖v‖

1/2
H3 + C‖aki − δik‖H1‖q‖H1‖v‖

1/2
H2 ‖v‖

1/2
H3 (4.86)

and

|(R̃m, ∂m(η − x))| ≤ C‖ajl a
k
l − δjk‖H1‖v‖

1/2
H2 ‖v‖

1/2
H3 ‖∇∂m(η − x)‖L2

+ C‖v‖
1/2
H2 ‖v‖

1/2
H3 ‖∇∂m(η − x)‖2L2

+ C‖aki − δik‖H1‖q‖H2‖∇∂m(η − x)‖L2

+ C‖q‖H1

∫ t

0

(‖∇∂m(η − x)‖L2 + ‖aki − δik‖H1)‖v‖
1/4
H1 ‖v‖

3/4
H3 . (4.87)

Also, for the second order tangential perturbation terms we have the next statement.

Lemma 4.17. For m = 1, 2, we have

|(Rmm, ∂mmv)| ≤ C‖ajl a
k
l − δjk‖H2

(
‖∇∂mv‖

1/2
L2 ‖∇∂mv‖

1/2
H1 ‖∇∂mmv‖L2 + ‖v‖

1/4
H1 ‖v‖

3/4
H3 ‖∇∂mmv‖L2

)

+ C‖aki − δik‖H2

(
‖q‖

1/2
H1 ‖q‖

1/2
H2 ‖∇∂mmv‖L2 + ‖q‖H2‖v‖

1/2
H2 ‖v‖

1/2
H3

)
(4.88)

and

|(R̃mm, ∂mm(η − x))| ≤ C‖ajl a
k
l − δjk‖H2‖v‖

1/4
H1 ‖v‖

3/4
H3 ‖∇∂mm(η − x)‖L2

+ C‖v‖
1/4
H1 ‖v‖

3/4
H3 ‖∇∂mm(η − x)‖2L2 + C‖aki − δik‖H2‖q‖

1/2
H1 ‖q‖

1/2
H2 ‖∇∂mm(η − x)‖L2

+ C‖q‖H2

∫ t

0

(
‖v‖

1/4
H1 ‖v‖

3/4
H3 ‖∇∂mm(η − x)‖L2 + ‖aki − δik‖H2‖q‖H2‖∂mv‖

1/2
H1 ‖∂mv‖

1/2
H2

)
(4.89)

for all t ∈ [0, T ].

Finally, for the mixed time tangential energy level perturbation terms we have the next statement.

Lemma 4.18. For m = 1, 2, we have

|(Rtm, ∂t∂mv)| ≤ C‖v‖
1/4
H1 ‖v‖

3/4
H3 (‖v‖H2 + ‖q‖H1)‖vt‖H2 + C‖ajl a

k
l − δjk‖H2‖vt‖

1/2
H1 ‖vt‖

3/2
H2

+ C‖aki − δik‖H2‖qt‖H1(‖vt‖
1/2
H1 ‖vt‖

1/2
H2 + ‖vt‖H2) + C‖qt‖H1‖v‖H2‖v‖

1/4
H1 ‖v‖

3/4
H3 (4.90)

and

|(R̃tm, ∂mv)| ≤ C‖v‖
1/4
H1 ‖v‖

3/4
H3 ‖v‖

2
H2 + C‖ajl a

k
l − δjk‖H2‖vt‖H2‖v‖H3

+ C‖q‖
1/2
H1 ‖q‖

1/2
H2 ‖v‖

2
H2 + C‖aki − δik‖H2‖qt‖H1‖v‖H3 (4.91)

for all t ∈ [0, T ].
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5 A priori estimates on decay

We denote

X(t) = E(t) + E(1)(t) + E(2)(t) +
2∑

m=1

Em(t) +
2∑

m=1

Emm(t) +
2∑

m=1

Etm(t)

+ ǫ̃‖∇v(t)‖2L2 + ǫ̃‖∇vt(t)‖
2
L2 + ǫ̃‖∇∂mv(t)‖

2
L2

+ ǭγ

∥∥∥∥
∂w

∂N
(t)

∥∥∥∥
2

L2(Γc)

+ ǭγ

∥∥∥∥
∂wt

∂N
(t)

∥∥∥∥
2

L2(Γc)

+ ǭγ

∥∥∥∥
∂(∂mw)

∂N
(t)

∥∥∥∥
2

L2(Γc)

(5.1)

where ǫ̃, ǭ > 0 are small parameters. The fluid-velocity terms in the norm are controlled by the dissipation

terms

‖∇v(t)‖2L2 ≤ ‖∇v(0)‖2L2 + C

∫ t

0

(D(s) +D(1)(s)) ds, (5.2)

‖∇vt(t)‖
2
L2 ≤ ‖∇vt(0)‖

2
L2 + C

∫ t

0

(D(1)(s) +D(2)(s)) ds, (5.3)

and

‖∇∂mv(t)‖
2
L2 ≤ ‖∇∂mv(0)‖

2
L2 + C

∫ t

0

(Dm(s) +Dtm(s)) ds. (5.4)

Also, observe that the dissipation terms control the last three boundary terms in (5.1) by using analogous

estimates to (5.2)–(5.4).

For the flow map η and the Lagrangian matrix a, we have

‖∇(η − x)‖2Hs ≤ t

∫ t

0

‖∇ηt‖
2
Hs ds ≤ t

∫ t

0

‖v‖2Hs+1 ds (5.5)

and

‖aki − δik‖
2
Hs ≤ t

∫ t

0

‖∂ta
k
i ‖

2
Hs ds ≤ Ct

∫ t

0

‖v‖2Hs+1 ds, i, k = 1, 2, 3 (5.6)

with s = 0, 1, 2. Similarly,

‖ajl a
k
l − δjk‖

2
H2 ≤ Ct

∫ t

0

‖v‖2H3 ds, j, k = 1, 2, 3. (5.7)

From (4.19), (4.79), and (5.5), we obtain

E(t) +

∫ t

0

E(s) ds+

∫ t

0

D(s) ds+ ǭγ

∫

Γc

∣∣∣∣
∫ t

0

∂w

∂N
ds

∣∣∣∣
2

dσ(x)

≤ CE(0) + (C + Ct2)

∫ t

0

P (‖v‖H2 , ‖q‖H1) ds. (5.8)

For the second and third level energy estimates, we get

E(1)(t) +

∫ t

0

E(1)(s) ds+

∫ t

0

D(1)(s) ds+ ǭγ

∥∥∥∥
∂w

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CE(1)(0) + C‖∇v(0)‖2L2

+ ǭγ

∥∥∥∥
∂w

∂N
(0)

∥∥∥∥
2

L2(Γc)

+

∫ t

0

P1(‖v‖H2 , ‖q‖H1 , ‖vt‖H1 , ‖qt‖H1) ds (5.9)
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and

E(2)(t) +

∫ t

0

E(2)(s) ds+

∫ t

0

D(2)(s) ds+ ǭγ

∥∥∥∥
∂wt

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CE(2)(0) + C‖∇vt(0)‖
2
L2 + ǭγ

∥∥∥∥
∂wt

∂N
(0)

∥∥∥∥
2

L2(Γc)

+ ǫ0

∫ t

0

‖∇vtt‖
2
L2 ds+ ǫ0‖qt(t)‖

2
H1 + ǫ0‖vt(t)‖

2
H2 + ǫ0‖v(t)‖

2
H3 + P2(‖v(t)‖H2 , ‖vt(t)‖L2)

+

∫ t

0

P3(‖v‖H3 , ‖q‖H2 , ‖vt‖H2 , ‖qt‖H1) ds+ P4(‖v(0)‖H3 , ‖vt(0)‖H1 , ‖qt(0)‖H1). (5.10)

Here we utilized (4.39), (4.52), and the superlinear estimates (4.80)–(4.84). Similarly, for any fixed

m ∈ {1, 2}, we have

Em(t) +

∫ t

0

Em(s) ds+

∫ t

0

Dm(s) ds+ ǭγ

∫

Γc

∣∣∣∣
∫ t

0

∂(∂mw)

∂N
ds

∣∣∣∣
2

dσ(x)

≤ CEm(0) + (C + Ct2)

∫ t

0

P5(‖v‖H3 , ‖q‖H2) ds, (5.11)

and

Emm(t) +

∫ t

0

Emm(s) ds+

∫ t

0

Dmm(s) ds+ ǭγ

∫

Γc

∣∣∣∣
∫ t

0

∂(∂mmw)

∂N
ds

∣∣∣∣
2

dσ(x)

≤ CEmm(0) + (C + Ct2)

∫ t

0

P6(‖v‖H3 , ‖q‖H2) ds (5.12)

with

Etm(t) +

∫ t

0

Etm(s) ds+

∫ t

0

Dtm(s) ds+ ǭγ

∥∥∥∥
∂(∂mw)

∂N
(t)

∥∥∥∥
2

L2(Γc)

≤ CEtm(0) + C‖∇∂mv(0)‖
2
L2

+ ǭγ

∥∥∥∥
∂(∂mw)

∂N
(0)

∥∥∥∥
2

L2(Γc)

+ (C + Ct)

∫ t

0

P7(‖v‖H3 , ‖q‖H2 , ‖vt‖H2 , ‖qt‖H1) ds. (5.13)

We use the notation P1, P2, . . . , P7 to denote superlinear polynomials on all of their arguments. From

(3.14) and (3.15), we have

‖v‖2H3 + ‖q‖2H2 ≤ CX(t) (5.14)

and

‖v‖2H2 + ‖q‖2H1 ≤ CX(t), (5.15)

while using also (3.16), we get

‖vt‖
2
H2 + ‖qt‖

2
H1 ≤ CX(t) + CX(t)2. (5.16)

Therefore,

X(t) +

∫ t

0

X(s) ds ≤ C0X(0) + C0(1 + t2)
m∑

j=1

∫ t

0

X(s)αj ds+ C0

k∑

j=1

X(t)βj + C0

k∑

j=1

X(0)βj , (5.17)
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for C0 ≥ 1, α1, . . . , αm > 1, and β1, . . . , βk > 1. By shifting the time, we get

X(t) +

∫ t

τ

X(s) ds

≤ C0X(τ) + C0(1 + t2)
m∑

j=1

∫ t

τ

X(s)αj ds+ C0

n∑

j=1

X(t)βj + C0

n∑

j=1

X(τ)βj , (5.18)

for 0 ≤ τ ≤ t.

The global well-posedness of (2.1)–(2.5) and the exponential decay of the solution given sufficiently

small datum now follows from the next lemma.

Lemma 5.1. Suppose that X : [0,∞) → [0,∞] is continuous at all t such that X(t) is finite and assume

that it satisfies (5.18) for 0 ≤ τ ≤ t where C0 ≥ 1 with α1, . . . , αm > 1, and β1, . . . , βk > 1. If X(0) ≤

ǫ ≤ 1/C, where the constant C depends on C0, m, α1, . . . , αm and β1, . . . , βn, then X(t) ≤ Cǫe−t/C .

Proof of Lemma 5.1. By induction on k ∈ N0, we shall prove that if ǫ > 0 is a sufficiently small constant

(independent of k), then there exist

τ0 = 0 < τ1 < · · · < τk (5.19)

such that

τj − τj−1 ≤ 4C0, j = 1, . . . , k (5.20)

with

X(τj) ≤
ǫ

2j
, j = 0, 1, . . . , k (5.21)

and

X(t) ≤ 2C0
ǫ

2j−1
, t ∈ [τj−1, τj ], j = 0, 1, . . . , k (5.22)

where we set τ−1 = 0. The statement clearly holds for k = 0. Let now k ∈ N0, and assume that

τ0 = 0 < τ1 < · · · < τk with the stated properties have already been constructed. First, we establish

X(t) ≤ 2C0
ǫ

2k
, t ∈ [τk, τk + 4C0] (5.23)

if ǫ > 0 is a sufficiently small constant (independent of k). If (5.23) does not hold, there exists T0 ∈

[τk, τk + 4C0] such that

X(t) < 2C0
ǫ

2k
, t ∈ [τk, T0] (5.24)

and

X(T0) = 2C0
ǫ

2k
. (5.25)

Using (5.18) with τ = τk and t = T0 (disregarding the second term on the left side of (5.18)), we get

2C0
ǫ

2k
≤ C0

ǫ

2k
+ C0(1 + T 2

0 )
m∑

j=1

4C0

(
2C0

ǫ

2k

)αj

+ C0

n∑

j=1

(
2C0

ǫ

2k

)βj

+ C0

n∑

j=1

( ǫ

2k

)βj

. (5.26)

Since T0 ≤ τk + 4C0, we have by induction T0 ≤ 4(k + 1)C0. Therefore, (5.26) implies

C0 ≤ C0(1 + 16(k + 1)2C2
0 )4C0

m∑

j=1

2αjC
αj

0

ǫαj−1

2(αj−1)k
+ C0

n∑

j=1

2βjC
βj

0

ǫβj−1

2(βj−1)k
+ C0

n∑

j=1

ǫβj−1

2(βj−1)k
(5.27)

25



where we multiplied both sides by 2k/ǫ. Since (k + 1)2/2(αj−1)k is uniformly bounded in k ∈ N0, the

equation can not hold if ǫ > 0 is a sufficiently small number.

Next, we show that there exists τk+1 ∈ [τk, τk + 4C0] such that X(τk+1) ≤ ǫ/2k+1. Assume, contrary

to the assertion that

X(t) >
ǫ

2k+1
, t ∈ [τk, τk + 4C0]. (5.28)

Using (5.18) with τ = τk and t = τk + 4C0 (disregarding the first term on the left side of (5.18)), we get

4C0
ǫ

2k+1
≤ C0

ǫ

2k
+ C0(1 + 16(k + 1)2C2

0 )4C0

m∑

j=1

(
2C0

ǫ

2k

)αj

+ C0

n∑

j=1

(
2C0

ǫ

2k

)βj

+ C0

n∑

j=1

( ǫ

2k

)βj

.

(5.29)

After absorbing the first term on the right side and multiplying the resulting inequality with 2k/ǫ, we

obtain the contradiction using again the boundedness of (k + 1)2/2(αj−1)k. �

This gives the following a priori bound for the solutions.

Lemma 5.2. Assume the conditions of Theorem 2.1 imposed on the initial data, and let (v, w, q) be a

solution of (2.1)–(2.8). Then there exist constants C > 0 and ǫ > 0 such that if X(0) ≤ ǫ, then

X(t) ≤ CX(0)e−t/C (5.30)

where the constants C and ǫ do not depend on γ > 0.

Proof of Theorem 2.1. Let C0 > 0 and let the sequence {τj}
∞
j=0 be as in the proof of Lemma 5.1. Then,

we have X(τ1) ≤ ǫ/2 and X(t) ≤ 2C0ǫ for t ∈ [τ0, τ1], which implies by (5.14) that

‖v‖2H3 ≤ X(t) ≤ Cǫ

for t ∈ [τ0, τ1], and from here

‖I − a(t)‖2H2 ≤ (τ1 − τ0)

∫ τ1

τ0

‖∂ta(s)‖
2
H2 ds ≤ C(τ1 − τ0)

∫ τ1

τ0

‖v(s)‖2H3 ds ≤ C(4C0)
2ǫ

for t ∈ [τ0, τ1], where we utilized that τ1 − τ0 ≤ 4C0. By induction on j ∈ N0, we conclude that

‖v(t)‖2H3 ≤ Cǫe−t/C and ‖I − a(t)‖2H2 ≤ Cǫ for all t > 0. This concludes the proof of Theorem 2.1. �

6 Construction of solutions

In order to justify the a priori estimates provided in the previous sections, we now construct a solution

to the problem (2.1)–(2.8) for data as in the statement of Theorem 2.2 which are in addition small as

in the statement of Theorem 2.1. For simplicity of the presentation, we consider in detail only the case

γ = 0. The construction for γ > 0 is easier due to additional a priori estimates obtainable for normal

derivatives.
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6.1 Linear System with Non-homogeneous Divergence Conditions

We start with a theorem from [MZ1] on existence of the Stokes system with the Neumann boundary

condition (cf. [MZ2] for applications). In [MZ1, Theorem 1], the statement is worked out for Lp spaces

where p > 3, but the same proof, with simplifications, applies also in our case where p = 2. The

corresponding result is referred to as the Maximal parabolic regularity. Particular attention should be

paid to the treatment of inhomogeneity in the divergence condition which is required to satisfy structural

condition (6.6).

Lemma 6.1. Consider the system

vkt −∆vk + ∂kq = fk in Ωf × (0, T ) (6.1)

∂iv
i = g in Ωf × (0, T ) (6.2)

subject to the mixed boundary conditions

∂jv
kN j − qNk = hk on Γc × (0, T ) (6.3)

vk = 0 on Γf × (0, T ) (6.4)

for k = 1, 2, 3 and subject to the compatibility conditions

∫

Ωf

g(0) dx =

∫

Γc

v0 ·N dσ(x) (6.5)

and the assumption

gt = divA+B (6.6)

such that A,B ∈ L2(Ωf × [0, T ]). Let v0 ∈ H1(Ωf ). If the forcing terms obey f ∈ L2(Ωf × [0, T ]),

g ∈ L2([0, T ];H1(Ωf )), and h ∈ L2([0, T ];H1/2(Γc)) ∩ H1/4([0, T ];L2(Γc)), then there exists a unique

solution (v, q) on [0, T ] to the non-homogeneous system which satisfies

‖v‖L2([0,T ];H2(Ωf )) + ‖v‖C([0,T ];H1(Ωf )) + ‖q‖L2([0,T ];H1(Ωf ))

+ ‖q‖H1/4([0,T ];L2(Γc)) + ‖vt‖L2([0,T ];L2(Ωf ))

≤ C(‖v0‖H1(Ωf ) + ‖f‖L2([0,T ]×Ωf ) + ‖g‖L2([0,T ];H1(Ωf )) + ‖A‖L2([0,T ];L2(Ωf ))

+ ‖B‖L2([0,T ];L2(Ωf )) + ‖h‖L2([0,T ];H1/2(Γc)) + ‖h‖H1/4([0,T ];L2(Γc))) (6.7)

where C > 0 is a constant.

Now, we apply this statement to the system

vt −∆v +∇q = f in Ωf × (0, T ) (6.8)

div v = g in Ωf × (0, T ) (6.9)

wtt −∆w = −αwt − βw in Ωe × (0, T ) (6.10)
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with boundary conditions

v = wt on Γc × (0, T ) (6.11)

v = 0 on Γf × (0, T ) (6.12)

∂v

∂N
− qN =

∂w

∂N
+ h on Γc × (0, T ) (6.13)

where f , g, and h are given, while v, q, and w are unknown.

Lemma 6.2. Consider the system (6.8)–(6.10) with the boundary conditions (6.11)–(6.13). Suppose that

the initial data satisfy (v0, w0, w1) ∈ (V ∩H5/2(Ωf ))×H11/4−δ(Ωe)×H7/4−δ(Ωe) for some δ ∈ (0, 1/4),

and

∆v(0)−∇q(0) + f(0) ∈ H1(Ωf ) (6.14)

with q(0) determined from the elliptic system (6.22). In addition the quantities f , g, and h satisfy

f ∈ L2([0, T ];H1(Ωf ))

ft ∈ L2([0, T ];L2(Ωf ))

g ∈ L2([0, T ];H2(Ωf ))

gt ∈ L2([0, T ];H1(Ωf ))

h ∈ L2([0, T ];H3/2(Γc))

ht ∈ H1/4([0, T ];L2(Γc)) ∩ L
2([0, T ];H1/2(Γc))

A,B ∈ L2([0, T ];L2(Ωf )) (6.15)

and

gtt = divA+B (6.16)

for some time T > 0. Assume that the compatibility conditions

w1 = v0 on Γc (6.17)

∂w0

∂N
· τ =

∂v0
∂N

· τ + h(0) · τ on Γc (6.18)

∆w0 − αw1 − βw0 = ∆v0 −∇q0 + f(0) on Γc (6.19)

and

v0 = 0, on Γf (6.20)

∆v0 −∇q0 + f(0) = 0 on Γf (6.21)

hold where q0 solves the problem

∆q0 = −gt(0) + ∆g(0) + div f(0) in Ωf (6.22)

with the boundary conditions

∂q0
∂N

= ∆v0 ·N + f(0) ·N on Γf

q0 =
∂v0
∂N

·N −
∂w0

∂N
·N − h(0) ·N on Γc. (6.23)
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Then there exists a solution (v, q, w) on (0, T ) which belongs to Y where

Y =
{
(v, q, w) : v ∈ L2([0, T ];H3(Ωf )), vt ∈ L2([0, T ];H2(Ωf )), vtt ∈ L2([0, T ];L2(Ωf )),

q ∈ L2([0, T ];H2(Ωf )), qt ∈ L2([0, T ];H1(Ωf )), qt|Γc
∈ H1/4([0, T ];L2(Γc)),

∂jtw ∈ L∞([0, T ];H11/4−δ−j(Ωe)), j = 0, 1, 2
}

(6.24)

and the corresponding estimates (6.39) and (6.44) below hold.

We note that as the system (6.8)–(6.10) is linear and that there is no loss of regularity in the fluid

and wave variables. The time of existence, which is independent of the size of the data, can be extended

up to any time T > 0 (by repeating the estimates below in time steps).

Remark 6.3. The main idea behind the proof below is the following. By using the maximal parabolic

regularity applied to the time derivatives of the equation, we obtain sufficient regularity of the bound-

ary data vt which is then propagated via interface on the wave component. By resorting to standard

regularity-trace estimates known for the wave dynamics, one is bound to start loosing derivatives. This

results in a well-recognized mismatch between the parabolic and the hyperbolic regularity. What saves

the present situation is the fact that the transfer of regularity involves only the boundary traces of the

solution of the wave equation. It is now well-known (cf. [S]) that the wave solutions have better behaving

traces than implied by the interior regularity and the trace theory. In fact, we shall show that there

is no loss of regularity in propagating parabolic solution via the interface. This phenomenon is due to

the sharp regularity of the Dirichlet-Neumann map established in [LLT] and [T]. This amounts to the

following diagram of transfer:

v|Γc
= wt|Γc

⇒ �w ⇒
∂

∂N
w

︸ ︷︷ ︸
D−N map

=
∂

∂N
v − qN − h⇒ fluid eq ⇒ v|Γc

︸ ︷︷ ︸
Max−Regularity

.

We would also like to point out that the above gain of regularity is due to the particular way of constructing

the fixed point, where Dirichlet traces of the fluid are fed into the solid as Dirichlet data, so the normal

stresses exiting the solid enter as the Neumann data into the fluid (see the diagram above).

Proof. Using Lemma 6.1 on the time differentiated system, we get

‖vt‖L2([0,T ];H2(Ωf )) + ‖vt‖C([0,T ];H1(Ωf )) + ‖qt‖L2([0,T ];H1(Ωf ))

+ ‖qt‖H1/4([0,T ];L2(Γc)) + ‖vtt‖L2([0,T ];L2(Ωf ))

≤ C

(
‖vt(0)‖H1(Ωf ) + ‖ft‖L2([0,T ]×Ωf ) + ‖gt‖L2([0,T ];H1(Ωf ))

+ ‖A‖L2([0,T ];L2(Ωf )) + ‖B‖L2([0,T ];L2(Ωf )) + ‖ht‖L2([0,T ];H1/2(Γc))

+ ‖ht‖H1/4([0,T ];L2(Γc)) +

∥∥∥∥
∂wt

∂N

∥∥∥∥
H1/4([0,T ];L2(Γc))

+

∥∥∥∥
∂wt

∂N

∥∥∥∥
L2([0,T ];H1/2(Γc))

)
. (6.25)

Next, we estimate the normal derivative of wt using the sharp trace regularity result for the wave equation
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from [LLT, LT],
∥∥∥∥
∂w

∂N

∥∥∥∥
L2([0,T ];Hs−1(∂Ωe))

+

∥∥∥∥
∂w

∂N

∥∥∥∥
Hs−1([0,T ];L2(∂Ωe))

≤ C(‖w0‖Hs(Ωe) + ‖w1‖Hs−1(Ωe) + ‖w‖L2([0,T ];Hs(∂Ωe)) + ‖w‖Hs([0,T ];L2(∂Ωe))), (6.26)

given the boundary data wt = v on Γc. We also note that similar estimate is valid when γ > 0, because

in this case Lopatinski condition is satisfied and provides Hs regularity of normal stresses with Hs

regularity of Dirichlet absorbing boundary data. Applying the estimate (6.26) to the time differentiated

wave equation with s = 3/2 we have
∥∥∥∥
∂wt

∂N

∥∥∥∥
L2([0,T ];H1/2(Γc))

+

∥∥∥∥
∂wt

∂N

∥∥∥∥
H1/4([0,T ];L2(Γc))

≤ C(‖w1‖H3/2(Ωe) + ‖wtt(0, ·)‖H1/2(Ωe) + ‖v‖L2([0,T ];H3/2(Γc)) + ‖v‖H3/2([0,T ];L2(Γc))). (6.27)

We next appeal to the estimates

‖v‖L2([0,T ];H3/2(Γc)) ≤ ǫ‖v‖L2([0,T ];H3(Ωf )) + Cǫ‖v‖L2([0,T ];H1(Ωf )), ǫ ∈ (0, 1] (6.28)

and

‖v‖H3/2([0,T ];L2(Γc)) ≤ ǫ‖v‖H2([0,T ];L2(Ωf )) + Cǫ‖v‖L2([0,T ];H2(Ωf )), ǫ ∈ (0, 1] (6.29)

which follow from the trace, interpolation, and Young’s inequalities. Using (6.28) and (6.29) in (6.27),

we get
∥∥∥∥
∂wt

∂N

∥∥∥∥
L2([0,T ];H1/2(Γc))

+

∥∥∥∥
∂wt

∂N

∥∥∥∥
H1/4([0,T ];L2(Γc))

≤ C(‖w1‖H3/2(Ωe) + ‖wtt(0, ·)‖H1/2(Ωe) + ǫ‖v‖L2([0,T ];H3(Ωf ))

+ ǫ‖v‖H2([0,T ];L2(Ωf )) + Cǫ‖v‖L2([0,T ];H2(Ωf ))) (6.30)

and thus, substituting this inequality in (6.25),

‖vt‖L2([0,T ];H2(Ωf )) + ‖vt‖C([0,T ];H1(Ωf )) + ‖qt‖L2([0,T ];H1(Ωf ))

+ ‖qt‖H1/4([0,T ];L2(Γc)) + ‖vtt‖L2([0,T ];L2(Ωf ))

≤ C

(
‖vt(0)‖H1(Ωf ) + ‖ft‖L2([0,T ]×Ωf ) + ‖gt‖L2([0,T ];H1(Ωf ))

+ ‖A‖L2([0,T ];L2(Ωf )) + ‖B‖L2([0,T ];L2(Ωf )) + ‖ht‖L2([0,T ];H1/2(Γc))

+ ‖ht‖H1/4([0,T ];L2(Γc)) + ‖w1‖H3/2(Ωe) + ‖wtt(0, ·)‖H1/2(Ωe) + ǫ‖v‖L2([0,T ];H3(Ωf ))

+ ǫ‖v‖H2([0,T ];L2(Ωf )) + Cǫ‖v‖L2([0,T ];H2(Ωf ))

)
. (6.31)

In order to obtain the full regularity, we also use the elliptic Stokes estimate

‖v‖L2([0,T ];H3(Ωf )) + ‖q‖L2([0,T ];H2(Ωf ))

≤ C

(
‖f‖L2([0,T ];H1(Ωf )) + ‖vt‖L2([0,T ];H1(Ωf ))

+ ‖g‖L2([0,T ];H2(Ωf )) + ‖h‖L2([0,T ];H3/2(Γc)) +

∥∥∥∥
∂w

∂N

∥∥∥∥
L2([0,T ];H3/2(Γc))

)
. (6.32)

30



We again estimate the normal derivative of w using the sharp trace regularity estimates of the wave

equation

∥∥∥∥
∂w

∂N

∥∥∥∥
L2([0,T ];H3/2(Γc))

≤

∥∥∥∥
∂w

∂N

∥∥∥∥
H3/2(Σc)

≤ C(‖w‖H5/2(Σc) + ‖w0‖H5/2(Ωe) + ‖w1‖H3/2(Ωe)) (6.33)

where

Σc = Γc × [0, T ]. (6.34)

Now, we estimate the first term on the far right side of (6.33) as

‖w‖H5/2(Σc) = ‖η − x‖L2([0,T ];H5/2(Γc))
+ ‖w‖H5/2([0,T ];L2(Γc))

≤

∥∥∥∥
∫ t

0

v ds

∥∥∥∥
L2([0,T ];H5/2(Γc))

+ ‖w‖H5/2([0,T ];L2(Γc))

≤ CT 1/2‖v‖L2([0,T ];H3(Ωf )) + ‖v‖H3/2([0,T ];L2(Γc))

≤ CT 1/2‖v‖L2([0,T ];H3(Ωf )) + ǫ‖v‖H2([0,T ];L2(Ωf ))

+ Cǫ‖v‖L2([0,T ];H2(Ωf ))

≤ CT 1/2‖v‖L2([0,T ];H3(Ωf )) + ǫ‖v‖H2([0,T ];L2(Ωf ))

+ CǫT
1/2‖vt‖L2([0,T ];H2(Ωf )) (6.35)

where we used (6.29) in the third step.

Replacing (6.33) and (6.35) in (6.32), we get

‖v‖L2([0,T ];H3(Ωf )) + ‖q‖L2([0,T ];H2(Ωf ))

≤ C

(
‖f‖L2([0,T ];H1(Ωf )) + ‖vt‖L2([0,T ];H1(Ωf ))

+ ‖g‖L2([0,T ];H2(Ωf )) + ‖h‖L2([0,T ];H3/2(Γc)) + ‖w0‖H5/2(Ωe) + ‖w1‖H3/2(Ωe)

+ T 1/2‖v‖L2([0,T ];H3(Ωf )) + ǫ‖v‖H2([0,T ];L2(Ωf ))

+ CǫT
1/2‖vt‖L2([0,T ];H2(Ωf ))

)
. (6.36)

Combining this inequality with (6.31) leads to

‖v‖L2([0,T ];H3(Ωf )) + ‖q‖L2([0,T ];H2(Ωf )) + ‖vt‖L2([0,T ];H2(Ωf ))

+ ‖vt‖C([0,T ];H1(Ωf )) + ‖qt‖L2([0,T ];H1(Ωf )) + ‖qt‖H1/4([0,T ];L2(Γc)) + ‖vtt‖L2([0,T ];L2(Ωf ))

≤ (CǫT
1/2 + C)‖vt(0)‖H1(Ωf ) + C‖f‖L2([0,T ];H1(Ωf )) + C‖ft‖L2([0,T ]×Ωf )

+ C‖g‖L2([0,T ];H2(Ωf )) + C‖gt‖L2([0,T ];H1(Ωf )) + C‖A‖L2([0,T ];L2(Ωf )) + C‖B‖L2([0,T ];L2(Ωf ))

+ C‖h‖L2([0,T ];H3/2(Γc)) + C‖ht‖L2([0,T ];H1/2(Γc)) + C‖ht‖H1/4([0,T ];L2(Γc))

+ C‖w0‖H5/2(Ωe) + C‖w1‖H3/2(Ωe) + C‖wtt(0, ·)‖H1/2(Ωe)

+ CT 1/2‖v‖L2([0,T ];H3(Ωf )) + CǫT
1/2‖vt‖L2([0,T ];H2(Ωf ))

+ Cǫ‖v‖L2([0,T ];H3(Ωf )) + Cǫ‖v‖H2([0,T ];L2(Ωf )), (6.37)
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where we used the inequality

‖v‖L2([0,T ];H2(Ωf )) ≤ CT 1/2‖v0‖H2(Ωf ) + CT 1/2‖vt‖L2([0,T ];H2(Ωf )). (6.38)

Choosing ǫ > 0 sufficiently small and assuming T is a sufficiently small constant, the last four terms on

the right side of (6.37) can be absorbed into the left side from where

‖v‖L2([0,T ];H3(Ωf )) + ‖q‖L2([0,T ];H2(Ωf )) + ‖vt‖L2([0,T ];H2(Ωf ))

+ ‖vt‖C([0,T ];H1(Ωf )) + ‖qt‖L2([0,T ];H1(Ωf )) + ‖qt‖H1/4([0,T ];L2(Γc)) + ‖vtt‖L2([0,T ];L2(Ωf ))

≤ (CǫT
1/2 + C)‖vt(0)‖H1(Ωf ) + C‖f‖L2([0,T ];H1(Ωf )) + C‖ft‖L2([0,T ]×Ωf )

+ C‖g‖L2([0,T ];H2(Ωf )) + C‖gt‖L2([0,T ];H1(Ωf )) + C‖A‖L2([0,T ];L2(Ωf )) + C‖B‖L2([0,T ];L2(Ωf ))

+ C‖h‖L2([0,T ];H3/2(Γc)) + C‖ht‖L2([0,T ];H1/2(Γc)) + C‖ht‖H1/4([0,T ];L2(Γc))

+ C‖w0‖H5/2(Ωe) + C‖w1‖H3/2(Ωe) + C‖wtt(0, ·)‖H1/2(Ωe). (6.39)

Next, using the interior regularity of the wave equation yields

‖wtt‖L∞([0,T ];H3/4−δ(Ωe)) + ‖wttt‖L∞([0,T ];H−1/4−δ(Ωe))

≤ C‖vt‖H3/4−δ(Σc) + ‖wtt(0)‖H3/4−δ(Ωe) + ‖wttt(0)‖H−1/4−δ(Ωe)

≤ C‖vt‖L2([0,T ];H2(Ωf )) + C‖vt‖H3/4−δ([0,T ];L2(Γc)) + ‖wtt(0)‖H3/4−δ(Ωe) + ‖wttt(0)‖H−1/4−δ(Ωe)

≤ C‖vt‖L2([0,T ];H2(Ωf )) + C‖vt‖H1([0,T ];L2(Ωf )) + ‖wtt(0)‖H3/4−δ(Ωe) + ‖wttt(0)‖H−1/4−δ(Ωe) (6.40)

where we used T ≤ 1, which we may assume without loss of generality, and an interpolation trace

inequality

‖vt‖H3/4([0,T ];L2(Γc)) ≤ C‖vt‖
3/4
H1([0,T ];L2(Ωf ))

‖vt‖
1/4
L2([0,T ];H2(Ωf ))

. (6.41)

By the elliptic regularity, we get (using T ≤ 1 in particular)

‖w(t)‖L∞([0,T ];H11/4−δ(Ωe))

≤ C‖wtt(t)‖L∞([0,T ];H3/4−δ(Ωe)) + Cα‖wt(t)‖L∞([0,T ];H3/4−δ(Ωe)) + C

∥∥∥∥
∫ t

0

v ds

∥∥∥∥
L∞([0,T ];H9/4−δ(Γc))

≤ C‖wtt(t)‖L∞([0,T ];H3/4−δ(Ωe)) + Cα‖wt(t)‖L∞([0,T ];H3/4−δ(Ωe)) + C‖v‖L2([0,T ];H11/4−δ(Ωf )) (6.42)

and

‖wt(t)‖L∞([0,T ];H7/4−δ(Ωe)) ≤ C‖wttt(t)‖L∞([0,T ];H−1/4−δ(Ωe)) + Cα‖wtt(t)‖L∞([0,T ];H−1/4−δ(Ωe))

+ C

∥∥∥∥
∫ t

0

vt ds

∥∥∥∥
L∞([0,T ];H5/4−δ(Γc))

+ C‖w1‖H5/4−δ(Γc)

≤ C‖wttt(t)‖L∞([0,T ];H−1/4−δ(Ωe)) + Cα‖wtt(t)‖L∞([0,T ];H−1/4−δ(Ωe))

+ C‖vt‖L2([0,T ];H2(Ωf )) + C‖w1‖H7/4−δ(Ωe). (6.43)
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Summarizing the estimates (6.40), (6.42), and (6.43) for the wave equation, we get

‖w(t)‖L∞([0,T ];H11/4−δ(Ωe)) + ‖wt(t)‖L∞([0,T ];H7/4−δ(Ωe))

+ ‖wtt‖L∞([0,T ];H3/4−δ(Ωe)) + ‖wttt‖L∞([0,T ];H−1/4−δ(Ωe))

≤ C‖v‖L2([0,T ];H11/4−δ(Ωf )) + C‖vt‖L2([0,T ];H2(Ωf )) + C‖vt‖H1([0,T ];L2(Ωf ))

+ C‖w1‖H7/4−δ(Ωe) + ‖wtt(0)‖H3/4−δ(Ωe) + ‖wttt(0)‖H−1/4−δ(Ωe) (6.44)

and the proof is completed. �

Recall the space Y introduced in Lemma 6.2 (cf. (6.24)), and denote

Y (0) =
{
(v0, w0, w1) ∈ (V ∩H5/2(Ωf ))×H11/4−δ(Ωe)×H7/4−δ(Ωe),

∆v(0)−∇q(0) + f(0) ∈ H1(Ωf ) with compatibility conditions (6.17)− (6.21)
}
, (6.45)

where q(0) is determined from the elliptic system (6.22).

Remark 6.4. It is important that the space of regularity imposed on the initial data (v0, w0, w1) is

invariant under the dynamics. Indeed, by the intermediate value theorem, we obtain that for (v, w,w1) ∈

Y we have v ∈ C(0, T ;H5/2(Ωf )) and vt ∈ C(0, T ;H1(Ωf )). This allows us to continue the solution for

all times T > 0.

The concluding estimate proven in Lemma 6.2 above can be summarized as follows: For any initial

data y0 = (v0, w0, w1) ∈ Y (0), for any T > 0, and for the forcing data d = (f, g, h), there exists a unique

solution y(t) = (v(t), q(t), w(t), wt(t)) such that

‖y‖Y ≤ CT ‖y0‖Y (0) + CT ‖d‖D (6.46)

where D denotes the space of regularity listed in (6.15).

The estimate (6.46) is the basis for constructing solutions to the non-autonomous problem with given

coefficients a(x, t).

In the next statement, we establish the global existence of solutions to the system (2.1)–(2.3) with

given coefficients a(x, t) sufficiently close to the identity matrix.

Lemma 6.5. Consider the linear system

vit − ∂j(a
j
l a

k
l ∂kv

i) + ∂k(a
k
i q) = F i in Ωf × (0, T ), i = 1, 2, 3 (6.47)

aki ∂kv
i = G in Ωf × (0, T ), (6.48)

wi
tt −∆wi + αwi

t + βwi = 0 in Ωf × (0, T ), i = 1, 2, 3, (6.49)

with the boundary conditions

vi = wi
t on Γc × (0, T ), i = 1, 2, 3 (6.50)

ajl a
k
l ∂kv

iNj − aki qNk = ∂jw
iNj +Hi on Γc × (0, T ) (6.51)

vi = 0 on Γc × (0, T ), i = 1, 2, 3, (6.52)

33



where the coefficient matrix a = a(x, t) is given so that it obeys

a(0) = I, ∂ka
k
j = 0, k, j = 1, 2, 3, (6.53)

in addition to the conditions

‖a− I‖L∞([0,T ];H2(Ωf )), ‖a
T : a− I‖L∞([0,T ];H2(Ωf )), ‖∂t(a

T : a)‖L∞([0,T ];H2(Ωf )),

‖∂ta‖L∞([0,T ];H2(Ωf )), ‖∂tta‖L∞([0,T ];H1(Ωf )) ≤ ǫ (6.54)

for some sufficiently small ǫ, where ǫ < ǫ0 ∈ (0, 1), and T > 0. Assume that the initial data (v0, w0, w1)

satisfies the assumptions and compatibility conditions in Lemma 6.2. Also, we assume that the non-

homogeneous terms F , G, and H have the regularity given by (6.15). Then, there exists a unique solution

(v, q, w,wt) to the system (6.47)–(6.49) on (0, T ) which belongs to the space Y (cf. (6.24)).

More precisely: For any T > 0 and any ǫ < 1/2CT (where CT is determined by (6.46)), and any data

y0 = (v0, w0, w1) ∈ Y (0) and d = (F,G,H), the solution y ∈ Y satisfies the estimate

‖y‖Y ≤ 2CT

(
‖y0‖Y (0) + ‖d‖D

)
(6.55)

where the topology on D is determined by the regularity of the forcing terms in (6.15).

Proof. The proof is based on a fixed point argument for the system

vt −∆v +∇q = f in Ωf × (0, T )

div v = g in Ωf × (0, T )

wtt −∆w + αwt + βw = 0 in Ωe × (0, T )

with the boundary conditions

wt = u on Γc × (0, T )

v = 0 on Γf × (0, T )

∂v

∂N
− qN =

∂w

∂N
+ h on Γc × (0, T )

where f , g, and h are known and given by

f i = ∂j
(
(δjk − ajl a

k
l )∂ku

i
)
+ (δki − aki )∂kp+ F i

g = (δkj − akj )∂ku
j +G

hi = (δjk − ajl a
k
l )∂ku

iNj + (δki − aki )pNk +Hi

with (u, p, ψ) ∈ Y . From now on, we proceed by showing that f , g, and h satisfy (6.15), so that we

can apply Lemma 6.2. Due to the condition a(0) = I, the initial data satisfy ∆v(0) − ∇q(0) + f(0) =

∆v(0) − ∇q(0) + F (0) ∈ H1(Ωf ), as required by Lemma 6.2. Note that as the matrix a is given and

close to the identity matrix (cf. (6.54)), the corresponding norms of f , g, and h are expected to be small,

of order ǫ. Hence, one may infer that the map between the successive iterates is a contraction mapping

from Y to itself.
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For simplicity, we may assume that F , G and H equal zero.

We have f ∈ L2([0, T ];H1(Ωf )) by writing

‖f‖L2([0,T ],H1(Ωf ))

≤ C‖aT a− I‖L∞([0,T ]×Ωf )‖u‖L2([0,T ];H3(Ωf )) + C‖aT a− I‖L∞([0,T ];H2(Ωf ))‖u‖L2([0,T ];H3(Ωf ))

+ C‖a− I‖L∞([0,T ]×Ωf )‖p‖L2([0,T ];H2(Ωf )) + C‖a− I‖L∞([0,T ];H2(Ωf ))‖p‖L2([0,T ];H2(Ωf ))

≤ Cǫ‖u‖L2([0,T ];H3(Ωf )) + Cǫ‖p‖L2([0,T ];H2(Ωf )). (6.56)

For ft, we obtain

‖ft‖L2([0,T ]×Ωf )

≤ C‖aT a− I‖L∞([0,T ];H1.5+ǫ(Ωf ))‖ut‖L2([0,T ];H2(Ωf ))

+ C‖∂t(a
T a− I)‖L∞([0,T ];H1.5+ǫ(Ωf ))‖u‖L2([0,T ];H2(Ωf ))

+ C‖a− I‖L∞([0,T ];H1.5+ǫ0 (Ωf ))‖pt‖L2([0,T ];H1(Ωf ))

+ C‖∂t(a− I)‖L∞([0,T ];H1.5+ǫ(Ωf ))‖p‖L2([0,T ];H1(Ωf ))

≤ Cǫ‖ut‖L2([0,T ];H2(Ωf )) + Cǫ‖u‖L2([0,T ];H2(Ωf )) + Cǫ‖pt‖L2([0,T ];H1(Ωf ))

+ Cǫ‖p‖L2([0,T ];H1(Ωf )) (6.57)

where ǫ0 ∈ (0, 1/2). Next, we estimate g and gt as follows. First,

‖g‖L2([0,T ];H2(Ωf )) ≤ C‖a− I‖L∞([0,T ];H2(Ωf ))‖∇u‖L2([0,T ];H2(Ωf ))

≤ ǫ‖u‖L2([0,T ];H3(Ωf )) (6.58)

and then

‖gt‖L2([0,T ];H1(Ωf ))

≤ C‖a− I‖L∞([0,T ];H1.5+ǫ0 (Ωf ))‖ut‖L2([0,T ];H2(Ωf ))

+ C‖∂ta‖L∞([0,T ];L3(Ωf ))‖u‖L2([0,T ];H3(Ωf )) + C‖∂t∇a‖L∞([0,T ];L2(Ωf ))‖u‖L2([0,T ];H2.5+ǫ0 (Ωf ))

≤ ǫ‖ut‖L2([0,T ];H2(Ωf )) + Cǫ‖u‖L2([0,T ];H3(Ωf )). (6.59)

Next we write

gtt = ∂tt
(
(δkj − akj )∂ku

j
)
= ∂tt

(
∂k

(
(δkj − akj )u

j
))

= ∂k
(
∂tt

(
(δkj − akj )u

j
))

= divA (6.60)

by setting Ak = ∂tt
(
(δkj − akj )u

j
)
for k = 1, 2, 3 and B = 0. We then have

‖A‖L2([0,T ];L2(Ωf ))

≤ C‖∂tta‖L2([0,T ]×Ωf )‖u‖L∞([0,T ]×Ωf ) + C‖∂ta‖L∞([0,T ]×Ωf )‖ut‖L2([0,T ]×Ωf )

+ C‖a− I‖L∞([0,T ]×Ωf )‖utt‖L2([0,T ]×Ωf )

≤ Cǫ‖u‖L∞([0,T ];H2(Ωf )) + Cǫ‖ut‖L2([0,T ]×Ωf ) + Cǫ‖utt‖L2([0,T ]×Ωf )

showing that A ∈ L2([0, T ];L2(Ωf )).
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Next, we estimate h and ht. Note that

‖hi‖L2([0,T ];H3/2(Γc)) ≤ C
∥∥(δ3k − a3l a

k
l )∂ku

i
∥∥
L2([0,T ];H2(Ωf ))

+ C
∥∥(δ3i − a3i )p

∥∥
L2([0,T ];H2(Ωf ))

for i = 1, 2, 3. Thus we may proceed as in (6.56) and obtain

‖h‖L2([0,T ];H3/2(Γc)) ≤ ǫ‖u‖L2([0,T ];H3(Ωf )) + ǫ‖p‖L2([0,T ];H2(Ωf )). (6.61)

Similarly, following (6.57),

‖ht‖L2([0,T ];H1/2(Γc)) ≤ Cǫ‖ut‖L2([0,T ];H2(Ωf )) + Cǫ‖u‖L2([0,T ];H2(Ωf )) + Cǫ‖pt‖L2([0,T ];H1(Ωf ))

+ Cǫ‖p‖L2([0,T ];H1(Ωf )). (6.62)

Also, we have

‖ht‖H1/4([0,T ];L2(Γc))

≤ C‖aT : a− I‖L∞([0,T ]×Ωf )‖∇ut‖H1/4([0,T ];L2(Γc))

+ C‖aT : a− I‖W 1/4,4([0,T ];L∞(Ωf ))‖∇ut‖L4([0,T ];L2(Γc))

+ C‖∂t(a
T : a)‖L∞([0,T ]×Ωf )‖∇u‖H1/4([0,T ];L2(Γc))

+ C‖∂t(a
T : a)‖H1/4([0,T ];L4(Γc))‖∇u‖L∞([0,T ];L4(Γc))

+ C‖a− I‖L∞([0,T ]×Ωf )‖pt‖H1/4([0,T ];L2(Γc))

+ C‖a− I‖W 1/4,4([0,T ];L∞(Ωf ))‖pt‖L4([0,T ];L2(Γc))

+ C‖∂ta‖L∞([0,T ]×Ωf )‖p‖H1/4([0,T ];L2(Γc))

+ C‖∂ta‖H1/4([0,T ];L4(Γc))‖p‖L∞([0,T ];L4(Γc)). (6.63)

We use the space-time interpolation inequalities for v (and similar inequalities for q)

‖∇ut‖H1/4([0,T ];L2(Γc)) ≤ ǫ0‖ut‖H1([0,T ];L2(Ωf )) + Cǫ0‖ut‖L2([0,T ];H2(Ωf )), ǫ0 ∈ (0, 1], (6.64)

and

‖∇ut‖L4([0,T ];L2(Γc)) ≤ ǫ0‖ut‖H1([0,T ];L2(Ωf )) + Cǫ0‖ut‖L2([0,T ];H2(Ωf )), ǫ0 ∈ (0, 1], (6.65)

as well as

‖∇u‖L∞([0,T ];L4(Γc)) ≤ ǫ0‖ut‖L2([0,T ];H2(Ωf )) + Cǫ0‖u‖L2([0,T ];H2(Ωf )), ǫ0 ∈ (0, 1], (6.66)

in order to obtain

‖ht‖H1/4([0,T ];L2(Γc))

≤ Cǫ‖ut‖H1([0,T ];L2(Ωf )) + Cǫ‖ut‖L2([0,T ];H2(Ωf ))

+ Cǫ‖u‖H1([0,T ];L2(Ωf )) + Cǫ‖u‖L2([0,T ];H2(Ωf ))

+ Cǫ‖pt‖H1/4([0,T ];L2(Γc)) + Cǫ‖p‖L2([0,T ];H1(Ωf )) + Cǫ‖pt‖L2([0,T ];H1(Ωf )). (6.67)

The bounds (6.56)–(6.67) show that h, f, g and their time derivatives satisfy the conditions of Lemma 6.2.

As ǫ ∈ (0, 1] is small, the estimates (6.39) and (6.44) lead to the existence and uniqueness of the solution

to the linear system (2.1)–(2.3) with given coefficients. �
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Remark 6.6. As in the case of Lemma 6.2, due to invariance under the dynamics of regularity of initial

data, the obtained solutions can be continued indefinitely. In fact, the following quantitative estimate is

obtained using the proof of the lemma: If the iterate ŷ = (u, p, ψ) in the fixed point argument belongs to

a ball in the space Y with radius M , i.e., ŷ ∈ BM (Y ), and if y0 ∈ Br1(Y (0)) and d = (F,G,H) ∈ Br2(D)

with r = r1 + r2, then

‖y‖Y ≤ CT r + CT ǫ‖ŷ‖Y ≤ CT r + CT ǫM. (6.68)

The self-mapping property requires that r + ǫM ≤ C−1
T M , in particular, ǫ≪ C−1

T .

Remark 6.7. Note that the introduced space Y provides enough regularity to accommodate topological

restrictions imposed in (6.54) on the coefficient a(x, t). In addition, the a priori estimates in Theorem 2.1

described by the functional X(t) allow us to control the regularity of a(x, t). However, the topology of

the space Y is not sufficient in order to apply the a priori estimates of Theorem 2.1. It is for this reason

that we need to construct solutions with higher regularity. This is done in the next section.

6.2 Data with higher regularity

The next lemma provides the global existence of the solution to the linear system (6.47)–(6.49) with more

regular initial data. Here we apply Lemma 6.5 to the solution of the system as well as to its time and

tangential derivatives.

Lemma 6.8. Let the coefficient matrix a(x, t) be given such that (6.53) and (6.54) hold with ǫ < 1/C

for a sufficiently large constant C. Also, assume ‖a‖L2([0,T ];H3(Ωf )) < ∞ and ‖attt‖L2([0,T ];L2(Ωf )) <

∞. Consider the linear system (6.47)–(6.49) with the boundary conditions (6.50)–(6.52), where F , G,

and H equal zero. Assume that the initial data satisfy v0 ∈ V ∩ H7/2(Ωf ), ∂tv0 ∈ V ∩ H5/2(Ωf ),

∆vt(0) − ∇qt(0) ∈ V , w0 ∈ H15/4−δ(Ωe), w1 ∈ H11/4−δ(Ωe) for some δ ∈ (0, 1/4), with compatibility

conditions (6.17)–(6.21). In addition, assume that

∆w1 − αwtt(0)− βw1(0) = ∆vt(0)−∇qt(0) + f(0) in Γc (6.69)

∂w1

∂N
· τ =

∂

∂N

(
∆v0 −∇q0 + f(0)

)
· τ on Γc (6.70)

and

−∆vt(0) +∇qt(0) = f(0) in Γf , (6.71)

where f , g, and h are defined in (6.74) below. Then the unique solution (v, q, w) ∈ Y from Lemma 6.5

obeys (vt, qt, wt) ∈ Y and (∂mv, ∂mq, ∂mw) ∈ Y for m = 1, 2. The obtained solution can be extended to

arbitrary T > 0 with the estimate given at the end of the proof.

Proof. Consider the system

φit − ∂j(a
j
l a

k
l ∂kφ

i) + aki ∂kχ = f i in Ωf × (0, T )

aki ∂kφ
i = g in Ωf × (0, T )

ψtt −∆ψ = −αψt − βψ in Ωe × (0, T ) (6.72)
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with boundary conditions

φ = ψt on Γc × (0, T )

φ = 0 on Γf × (0, T )

ajl a
k
l ∂kφ

iNj − aikχNk = ∂jψ
iNj + hi on Γc × (0, T ) (6.73)

with

f i = ∂j(∂t(a
j
l a

k
l )∂kv

i)− ∂ta
k
i ∂kq

g = −∂ta
k
i ∂kv

i

hi = ∂t(a
j
l a

k
l )∂kv

iNj − ∂ta
k
i qNk (6.74)

for i = 1, 2, 3, where (v, q, w) ∈ Y is the unique solution to the system (6.47)–(6.49) constructed in

Lemma 6.5.

Taking the initial data φ0 = vt(0) ∈ V ∩H5/2(Ωf ) φt,0 = vtt(0) ∈ V , ψ0 = wt(0) ∈ H11/4−δ(Ωe), and

ψt(0) = wtt(0) ∈ H7/4−δ(Ωe), one can easily verify that f , g, and h satisfy the conditions of Lemma 6.5.

Hence, we obtain φ ∈ L2([0, T ];H3(Ωf )) and φt ∈ L2([0, T ];H2(Ωf )) while χ ∈ L2([0, T ];H2(Ωf ))

and χt ∈ L2([0, T ];H1(Ωf )). Similarly, we have (ψ,ψt) ∈ L∞([0, T ];H11/4−δ(Ωe) × H7/4−δ(Ωf )). By

uniqueness, it follows that φ = vt, χ = qt, and ψ = wt. Therefore, (vt, qt, wt) ∈ Y .

For the tangential regularity, we repeat the same procedure but now with forcing terms given by

f i = ∂j(∂m(ajl a
k
l )∂kv

i)− ∂ma
k
i ∂kq

g = −∂ma
k
i ∂kv

i

hi = ∂m(ajl a
k
l )∂kv

iNj − ∂ma
k
i qNk (6.75)

for m = 1, 2, instead of (6.74), and initial data φ0 = ∂mv(0) ∈ V ∩H5/2(Ωf ) with (∆φ0−∇χ0) ∈ V while

ψ0 = ∂mw(0) ∈ H11/4−δ(Ωe), and ψt(0) = ∂mwt(0) ∈ H7/4−δ(Ωe). Using Lemma 6.5 and uniqueness of

solutions, we conclude (∂mv, ∂mq, ∂mw) ∈ Y for m = 1, 2.

As a consequence, we also obtain higher regularity of w ∈ L∞([0, T ];H15/4−δ(Ωe)) from the elliptic

estimate

‖w‖H15/4−δ(Ωe) ≤ C‖wtt‖H7/4−δ(Ωe) + C‖wt‖H7/4−δ(Ωe) + C‖w‖H7/4−δ(Ωe) + C‖D′w‖H11/4−δ(Ωe) (6.76)

for all t ∈ (0, T ), where D′ denotes the tangential derivative. Similarly, we may also conclude that

v ∈ L2([0, T ];H4(Ωf )) and q ∈ L2([0, T ];H3(Ωf )) by using elliptic estimates for the stationary Stokes

operator. �

We denote by Ỹ the solution space, obtained in Lemma 6.8, for the system (6.47)–(6.49) with the

higher regularity data; namely,

Ỹ =
{
(v, q, w) : v ∈ L2([0, T ];H4(Ωf )) ∩H

1([0, T ];H3(Ωf )), vt ∈ H1([0, T ];H2(Ωf )),

vtt ∈ H1([0, T ];L2(Ωf )), q ∈ L2([0, T ];H3(Ωe)) ∩H
1([0, T ];H2(Ωf )),

qt ∈ H1([0, T ];H1(Ωf )), w ∈ L∞([0, T ];H15/4−δ−j(Ωe)), j = 0, 1, 2, 3
}
. (6.77)
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Remark 6.9. Using the 1D Agmon inequality in time, we have Ỹ ⊆ X, where X consists of the norms

in (2.13) from Theorem 2.1. Moreover, as in the case of the previous lemma, there is no loss of regularity

with respect to the initial data. Thus solutions can be contracted for an arbitrary long time interval.

Remark 6.10. Here we state the quantitative estimate on the norm in Ỹ of the solution. In analogy to

Y (0), define the space of initial data Ỹ (0) as

Ỹ (0) =
{
(v0, w0, w1) ∈ (V ∩H7/2(Ωf ))×H15/4−δ(Ωe)×H11/4−δ(Ωe),

∂tv0 ∈ V ∩H5/2(Ωf ),∆vt(0)−∇qt(0) ∈ H1(Ωf ),

with the compatibility conditions (6.17)–(6.21) and (6.69)–(6.71)
}
. (6.78)

Then, for any T > 0, there exists ǫ > 0 sufficiently small so that we have

‖y(t)‖Ỹ ≤ C‖y0‖Ỹ (0) + C
(
‖a(t)‖L2H3 + ‖at(t)‖L2H2 + C‖att(t)‖L2H1 + C‖attt(t)‖L2L2

)
‖y(t)‖X (6.79)

for t ∈ [0, T ], which is obtained from the respective estimates for the terms f, g, h in (6.74). It is important

that the space Ỹ (0) is invariant under the dynamics.

Now, consider the norm X(t) defined in (5.1) with γ = 0. Assume that the coefficient matrix a is

given and satisfies (6.53) and (6.54) for all T > 0. Then we have a Gronwall-type inequality

X(t) +

∫ t

τ

X(s) ds ≤ C0X(τ) + C0ǫ(t− τ)2
∫ t

τ

X(s) ds (6.80)

for all 0 ≤ τ ≤ t. We omit the detailed derivation of this inequality as it is similar to the one given in

Section 5, with the only difference being that we use the smallness of the coefficients a instead of the

superlinear estimates from Subsection 4.7. Next, we prove that, similarly to (5.18), this inequality also

implies the exponential decay of X(t).

Lemma 6.11. Suppose that X : [0,∞) → [0,∞] is continuous at all t such that X(t) is finite and assume

that it satisfies (6.80) for 0 ≤ τ ≤ t where C0 ≥ 1. There exists ǫ > 0 depending on C0 such that if

X(0) ≤M , where M > 0, then X(t) ≤ CMe−t/C .

Proof of Lemma 6.11. Choose ǫ > 0 such that

C0ǫ(8C0)
2 ≤

1

2
. (6.81)

This implies C0ǫ(t− τ)2 ≤ 1/2 provided t− τ ≤ 8C0. Therefore, we have

X(t) +

∫ t

τ

X(s) ds ≤ 2C0X(τ), 0 ≤ τ ≤ t ≤ τ + 8C0. (6.82)

We shall prove by induction in k ∈ N0, that there exist

τ0 = 0 < τ1 < · · · < τk (6.83)

such that

τj − τj−1 ≤ 8C0, j = 1, . . . , k (6.84)
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with

X(τj) ≤
M

2j
, j = 0, 1, . . . , k (6.85)

and

X(t) ≤ 2C0
M

2j−1
, t ∈ [τj−1, τj ], j = 0, 1, . . . , k (6.86)

where we set τ−1 = 0. The statement clearly holds for k = 0. Let k ∈ N0, and assume that τ0 = 0 <

τ1 < · · · < τk with the stated properties have been constructed. First, by (6.82), we have

X(t) ≤ 2C0
M

2k
, t ∈ [τk, τk + 8C0]. (6.87)

It remains to be shown that there exists τk+1 ∈ [τk, τk + 8C0] such that X(τk+1) ≤ M/2k+1. If this is

not true, then we have

X(t) >
M

2k+1
, t ∈ [τk, τk + 8C0]. (6.88)

Using (6.82) with τ = τk and t = τk + 8C0, disregarding the first term on the left side, we get

8C0
M

2k+1
≤ 2C0

M

2k
(6.89)

which is a contradiction. �

6.3 A construction for the nonlinear problem

We now proceed with the proof of Theorem 2.2 by constructing a solution as a limit of the sequence

of iterates; the main idea is to show the contractive property in a lower regularity topology than where

solutions belong, however still strong enough to control the cofactor matrix a.

Proof of Theorem 2.2. We assume that the initial data y0 = (v0, w0, w1) belongs to Ỹ (0) for some δ ∈

(0, 1/4), ‖y0‖X(0) ≤ ǫ, and that it satisfies the compatibility conditions (6.17)–(6.21) and (6.69)–(6.71).

Here ‖ · ‖X(0) denotes the norm corresponding to (2.12).

We start the iteration with (u(0), p(0), ψ(0)) given by the unique solution (cf. Lemma 6.5) to the linear

homogeneous system corresponding to (6.47)–(6.52) with coefficients a(0) = a(0)(x, t), forcing terms F ,

G and H equal to zero, and initial data (v0, w0, w1). Here we assume that the coefficient matrix a(0)

satisfying a(0)(x, 0) = I, ∂ta
(0)(x, 0) = −∇u(0)(x, 0), (6.53), and it is close to the identity matrix, i.e., it

obeys (6.54).

Now, given the iterates y(j) = (u(j), p(j), ψ(j)) for j = 0, 1, . . . , n− 1, we construct a(n) by solving

∂ta
(n) = −a(n) : ∇u(n−1) : a(n). (6.90)

Given a(n), we then solve the linear system for the new iterate

y(n) = (u(n), p(n), ψ(n)); (6.91)
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denoting (v, q, w) = (u(n), p(n), ψ(n)), the system reads

vit − ∂j((a
(n))jl (a

(n))kl ∂kv
i) + ∂k((a

(n))ki q) = 0 in Ωf × (0, T ), i = 1, 2, 3 (6.92)

(a(n))ki ∂kv
i = 0 in Ωf × (0, T ), (6.93)

wi
tt −∆wi + αwi

t + βwi = 0 in Ωf × (0, T ), i = 1, 2, 3, (6.94)

with the boundary conditions

vi = wi
t on Γc × (0, T ), i = 1, 2, 3 (6.95)

(a(n))jl (a
(n))kl ∂kv

iNj − (a(n))ki qNk = ∂jw
iNj +Hi on Γc × (0, T ) (6.96)

vi = 0 on Γc × (0, T ), i = 1, 2, 3. (6.97)

Note that Lemma 6.11 with ‖y0‖X(0) ≤ ǫ, where ‖·‖X(0) denotes the norm as in (2.12), applies inductively

to the iterates. Therefore, if ǫ > 0 is sufficiently small, then

‖y(n)‖X ≤ Cǫe−t/C , t ≥ 0 (6.98)

where ‖ · ‖X denotes the norm corresponding to (5.1). Based on the definition of the norm ‖ · ‖X , we

obtain easily that all a = a(n) satisfy (6.53) and (6.54) for all T > 0. Here we check the first inequality

in (6.53), omitting the details for other inequalities since the proofs are similar. First, by (2.4), we have

∂t(a− I) = −(a− I) : ∇u : (a− I)−∇u : (a− I)− (a− I) : ∇u−∇u (6.99)

where we abbreviate a = a(n) and u = u(n). Therefore,

(a− I)(t) = −

∫ t

0

(a− I) : ∇u : (a− I) ds−

∫ t

0

∇u : (a− I) ds

−

∫ t

0

(a− I) : ∇u ds−

∫ t

0

∇u ds (6.100)

and thus, using (6.98),

‖(a− I)(t)‖H2 ≤ Cǫ

∫ t

0

(
‖(a− I)(s)‖2H2 + 1

)
e−s/C ds (6.101)

and ‖(a− I)(t)‖H2 ≤ ǫ for all t > 0 follows from the Gronwall lemma.

Using the estimate (6.79), the iterates are defined for all t > 0 and satisfy

‖y(n)‖Ỹ ≤ C‖y0‖Ỹ (0) + Cǫ‖a(n)‖L2H3(Ωf ) + Cǫ‖a
(n)
t ‖L2H2(Ωf ) + Cǫ‖a

(n)
tt ‖L2H1(Ωf ) + Cǫ‖a

(n)
ttt ‖L2L2(Ωf )

(6.102)

on [0, T ], where C depends on T . Reducing ǫ > 0 if necessary, we obtain

‖y(n)‖Ỹ ≤ C‖y0‖Ỹ (0) +
1

2
‖y(n−1)‖Ỹ . (6.103)

Thus all the iterates belong to the ball BM in Ỹ on the interval [0, T0], where T0 is a fixed constant; for

instance, we may take T0 = 1. Clearly, M is a constant multiple of ‖y0‖Ỹ (0).
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We first construct the solution on the interval [0, T0] and then outline the details for continuing the

construction for t ≥ T0. The argument is based on a generalized fixed point technique, where the iterates

are bounded uniformly in the space Ỹ while we have a contraction in a lower order norm.

Consider the map Λ: Y → Y between the successive iterates, i.e., Λ(u(j), p(j), ψ(j)) = (u(j+1), p(j+1), ψ(j+1)).

In order to avoid superscripts, we denote

(u, p, ψ) = (u(n−1), p(n−1), ψ(n−1)) (6.104)

and

(v, q, w) = (u(n), p(n), ψ(n)) (6.105)

and thus assume that

(v, q, w) = Λ(u, p, ψ) (6.106)

is the solution to the system

vt −∆v +∇q = f in Ωf × (0, T ) (6.107)

div v = g in Ωf × (0, T ) (6.108)

wtt −∆w = −αwt − βw in Ωe × (0, T ) (6.109)

with the boundary conditions

wt = u on Γc × (0, T ) (6.110)

v = 0 on Γf × (0, T ) (6.111)

∂v

∂N
− qN =

∂w

∂N
+ h on Γc × (0, T ) (6.112)

where

f i = ∂j((δjk − ajl a
k
l )∂kv

i) + (δki − aki )∂kq

g = (δkj − akj )∂kv
j

hi = (δjk − ajl a
k
l )∂kv

iNj + (δki − aki )qNk (6.113)

for i = 1, 2, 3. The matrix a is the coefficient matrix corresponding to u, and is obtained by solving the

system

at = −a : ∇u : a in Ωf × (0, T )

a(x, 0) = I in Ωf .

We next show that Λ is a contraction on the lower topological space

Y0 =
{
(v, q, w) : v ∈ L2([0, T ];H2(Ωf )), vt ∈ L2([0, T ];L2(Ωf )), q ∈ L2([0, T ];H1(Ωf )),

q ∈ H1/4([0, T ];L2(Γc)), w ∈ L∞([0, T ];H1(Ωf )), wt ∈ L∞([0, T ];L2(Ωf ))
}

(6.114)

with T = T0 with the norm

‖(v, q, w)‖Y0
= ‖v‖L2([0,T ];H2(Ωf )) + ‖vt‖L2([0,T ];L2(Ωf )) + ‖q‖L2([0,T ];H1(Ωf ))

+ ‖q‖H1/4([0,T ];L2(Γc)) + ǫ0‖w‖L∞([0,T ];H1(Ωf )) + ǫ0‖wt‖L∞([0,T ];L2(Ωf )) (6.115)
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where ǫ0 is a sufficiently small constant which is determined below. Let (u, p, ψ) and (ũ, p̃, ψ̃) be two

elements in the ball BM in Y . We estimate the difference between two solutions (v, q, w) and (ṽ, q̃, w̃)

arising from (u, p, ψ) and (ũ, p̃, ψ̃) respectively in the topology of Y0. Denote the differences of the old

variables

U = u− ũ, P = p− p̃, Ψ = ψ − ψ̃ (6.116)

and the differences of the new variables

V = v − ṽ, Q = q − q̃, W = w − w̃, (6.117)

respectively. They obey the two coupled equations

Vt −∆V +∇Q = F in Ωf × (0, T ) (6.118)

div V = G in Ωf × (0, T ) (6.119)

∂V

∂N
−QN =

∂W

∂N
+H on Γc × (0, T ) (6.120)

V = 0 on Γf × (0, T ) (6.121)

and

Wtt −∆W + αWt + βW = 0 in Ωe × (0, T ) (6.122)

Wt = V on Γc × (0, T ), (6.123)

where

F i = ∂j((δjk − ãjl ã
k
l )∂kṽ

i)− ∂j((δjk − ajl a
k
l )∂kv

i) + (δki − ãki )∂k q̃ − (δki − aki )∂kq

G = (δkj − ãkj )∂kṽ
j − (δkj − akj )∂kv

j = ∂k

(
(δkj − ãkj )ṽ

j − (δkj − akj )v
j
)

Hi = (δjk − ãjl ã
k
l )∂kṽ

iNj − (δjk − ajl a
k
l )∂kv

iNj + (δki − ãki )q̃Nk − (δki − aki )qNk (6.124)

for i = 1, 2, 3, and

Gt = div Ā+ B̄ (6.125)

with B̄ = 0 and

Āk = ∂t

(
(δkj − ãkj )ṽ

j − (δkj − akj )v
j
)
, k = 1, 2, 3. (6.126)

Here we denoted by a and ã the coefficients associated with the flow maps induced by u and ũ respectively.

We then appeal to Lemma 6.1 associated with the linear system (6.118)–(6.121) satisfied by the difference

of solutions (V,Q,W ) with zero initial data, and obtain

‖V ‖L2([0,T ];H2(Ωf )) + ‖Vt‖L2([0,T ];L2(Ωf )) + ‖Q‖L2([0,T ];H1(Ωf )) + ‖Q‖H1/4([0,T ];L2(Γc))

≤ C

(
‖F‖L2([0,T ];L2(Ωf )) + ‖G‖L2([0,T ];H1(Ωf )) + ‖Ā‖L2([0,T ];L2(Ωf ))

+ ‖B̄‖L2([0,T ];L2(Ωf )) + ‖H‖L2([0,T ];H1/2(Γc)) + ‖H‖H1/4([0,T ];L2(Γc))

+

∥∥∥∥
∂W

∂N

∥∥∥∥
L2([0,T ];H1/2(Γc))

+

∥∥∥∥
∂W

∂N

∥∥∥∥
H1/4([0,T ];L2(Γc))

)
. (6.127)
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We next estimate the norms on the right side of (6.127), starting with F , which we write as

F i = ∂j((ã
j
l ã

k
l − δjk)∂kV

i)− ∂j((a
j
l a

k
l − ãjl ã

k
l )∂kv

i) + (ãki − δki)∂kQ− (aki − ãki )∂kq.

Using the triangle inequality, we have

‖F‖L2([0,T ];L2(Ωf )) ≤ C
∑

i,j

‖(ãjl ã
k
l − δjk)∂kV

i‖L2([0,T ];H1(Ωf )) + ‖(ajl a
k
l − ãjl ã

k
l )∂kv

i‖L2([0,T ];H1(Ωf ))

+ ‖(ãki − δki)∂kQ‖L2([0,T ];L2(Ωf )) + ‖(aki − ãki )∂kq‖L2([0,T ];L2(Ωf )).

Applying Hölder and Sobolev inequalities we have

‖F (t)‖L2(Ωf ) ≤ C
(
‖ãjl ã

k
l − δjk‖H1.5+ǫ(Ωf )‖V ‖H2(Ωf ) + ‖ajl a

k
l − ãjl ã

k
l ‖H1(Ωf )‖∇v‖L∞(Ωf )

+ ‖ãki − δki‖H1.5+ǫ(Ωf )‖Q‖H1(Ωf ) + ‖aki − ãki ‖L6(Ωf )‖∇q‖L3(Ωf )

)
. (6.128)

Here we use that the coefficient matrices a and ã obey (6.53) and (6.54). Also, in order to estimate a− ã,

we write

‖a− ã‖H1 ≤ C

∫ t

0

‖a− ã‖H1‖∇u‖H2‖a‖H2 ds+ C

∫ t

0

‖ã‖H2‖∇U‖H1‖a‖H2 ds

+ C

∫ t

0

‖ã‖H2‖∇ũ‖H2‖a− ã‖H1 ds (6.129)

whence using Gronwall’s inequality and assuming that ǫ > 0 is sufficiently small, we get

‖a− ã‖H1 ≤ C

∫ t

0

‖U‖H2 ds. (6.130)

Similarly,

‖ajl a
k
l − ãjl ã

k
l ‖H1 ≤ C

∫ t

0

‖U‖H2 ds. (6.131)

Therefore, we get

‖F‖L2([0,T ];L2(Ωf )) ≤ Cǫ‖U‖L2([0,T ];H2(Ωf )) + Cǫ‖P‖L2([0,T ];H1(Ωf ))

+ Cǫ‖V ‖L2([0,T ];H2(Ωf )) + Cǫ‖Q‖L2([0,T ];H1(Ωf )) (6.132)

where we used T ≤ T0. For G, by Hölder’s inequality we have

‖G‖H1(Ωf ) ≤ ‖ãkj − δkj‖L∞(Ωf )‖∇V ‖H1(Ωf ) + ‖akj − ãkj ‖H1(Ωf )‖∇v‖L∞(Ωf ).

We appeal to the properties of the coefficients a and ã, (6.54) and (6.130), to get

‖G‖L2([0,T ];H1(Ωf )) ≤ Cǫ‖U‖L2([0,T ];H2(Ωf )) + Cǫ‖V ‖L2([0,T ];H2(Ωf )). (6.133)

An estimate for the boundary term H in L2([0, T ];H1/2(Γc)) is similar to that for F in L2([0, T ]× Ωf ),

hence

‖H‖L2([0,T ];H1/2(Γc)) ≤ Cǫ‖U‖L2([0,T ];H2(Ωf )) + Cǫ‖P‖L2([0,T ];H1(Ωf ))

+ Cǫ‖V ‖L2([0,T ];H2(Ωf )) + Cǫ‖Q‖L2([0,T ];H1(Ωf )). (6.134)
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Next, we estimate ‖H‖H1/4([0,T ];L2(Γc)), where we write

Hi = (ãjl ã
k
l − δjk)∂kV

iNj − (ajl a
k
l − ãjl ã

k
l )∂kv

iNj + (ãki − δki)QNk − (aki − ãki )qNk. (6.135)

Using Kato-Ponce type estimates as in (6.63), we have

‖H‖H1/4([0,T ];L2(Γc))

≤ C‖ãT : ã− I‖L∞([0,T ]×Ωf )‖∇V ‖H1/4([0,T ];L2(Γc))

+ C‖ãT : ã− I‖W 1/4,4([0,T ];L∞(Ωf ))‖∇V ‖L4([0,T ];L2(Γc))

+ C‖aT : a− ãT : ã‖L∞([0,T ];L4(Γc))‖∇v‖H1/4([0,T ];L4(Γc))

+ C‖aT : a− ãT : ã‖H1/4([0,T ];L2(Γc))‖∇v‖L∞([0,T ]×Ωf )

+ C‖ã− I‖L∞([0,T ]×Ωf )‖Q‖H1/4([0,T ];L2(Γc))

+ C‖ã− I‖W 1/4,4([0,T ];L∞(Ωf ))‖Q‖L4([0,T ];L2(Γc))

+ C‖a− ã‖L∞([0,T ];L4(Γc))‖q‖H1/4([0,T ];L4(Γc))

+ C‖a− ã‖H1/4([0,T ];L2(Γc))‖q‖L∞([0,T ];L∞(Γc)). (6.136)

Now we rely on the space-time interpolation inequality (6.64) for V ,

‖∇V ‖H1/4([0,T ];L2(Γc)) ≤ ǫ0‖V ‖H1([0,T ];L2(Ωf )) + Cǫ0‖V ‖L2([0,T ];H2(Ωf )), ǫ0 ∈ (0, 1], (6.137)

together with

‖Q‖L4([0,T ];L2(Γc)) ≤ C‖Q‖H1/4([0,T ];L2(Γc)). (6.138)

For the differences of coefficients aT : a− ãT : ã and a− ã (which by (6.130) and (6.131) are bounded in

L∞([0, T ];H1(Ωf ))), we also have

‖a− ã‖H1/4([0,T ];L2(Γc)) ≤ C‖∇U‖H1/4([0,T ];L2(Γc)) (6.139)

and

‖aT : a− ãT : ã‖H1/4([0,T ];L2(Γc)) ≤ C‖∇U‖H1/4([0,T ];L2(Γc)) (6.140)

for T ≤ T0. Therefore, we conclude

‖H‖H1/4([0,T ];L2(Γc)) ≤ Cǫ‖U‖H1([0,T ];L2(Ωf )) + Cǫ‖U‖L2([0,T ];H2(Ωf )) + Cǫ‖P‖H1/4([0,T ];L2(Γc))

+ Cǫ‖V ‖H1([0,T ];L2(Ωf )) + Cǫ‖V ‖L2([0,T ];H2(Ωf )) + Cǫ‖Q‖H1/4([0,T ];L2(Γc)).

(6.141)

We next use the optimal trace regularity for the wave equation (6.122)–(6.123) to estimate
∥∥∥∥
∂W

∂N

∥∥∥∥
L2([0,T ];H1/2(Γc))

+

∥∥∥∥
∂W

∂N

∥∥∥∥
H1/4([0,T ];L2(Γc))

≤ C

∥∥∥∥
∫ t

0

V

∥∥∥∥
L2([0,T ];H3/2(Γc))

+ C ‖W‖H3/2([0,T ];L2(Γc))

≤ CT 1/2‖V ‖L2([0,T ];H2(Ωf )) + C‖V ‖H1/2([0,T ];L2(Γc)), (6.142)
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where we utilized W =
∫ t

0
V (s) ds on Γc. Observe that for the last term on the right side we may apply

the interpolation inequality

‖V ‖H1/2([0,T ];L2(Γc)) ≤ ǫ0‖Vt‖L2([0,T ];L2(Ωf )) + Cǫ0‖V ‖L2([0,T ];H1(Ωf )). (6.143)

Thus we conclude
∥∥∥∥
∂W

∂N

∥∥∥∥
L2([0,T ];H1/2(Γc))

+

∥∥∥∥
∂W

∂N

∥∥∥∥
H1/4([0,T ];L2(Γc))

≤ C‖V ‖L2([0,T ];H2(Ωf )) + C‖Vt‖L2([0,T ];L2(Ωf )). (6.144)

In order to estimate Gt = div Ā where Ā is given in (6.126), we write

Āk = (ãkj − δkj)∂tṼ
j − (ãkj − akj )∂tv

j + ∂tã
k
jV

j − (∂tã
k
j − ∂ta

k
j )v

j . (6.145)

We have

‖Ā(t)‖L2(Ωf ) ≤ C‖a− I‖L∞(Ωf )‖Vt‖L2(Ωf ) + C‖a− ã‖L6(Ωf )‖∂tv‖L3(Ωf )

+ C‖∂tã‖L3(Ωf )‖V ‖L6(Ωf ) + C‖∂t(a− ã)‖L2(Ωf )‖v‖L∞(Ωf ). (6.146)

Using (6.129) and

‖∂t(a− ã)‖L2([0,T ];L2(Ωf )) ≤ C‖∇V ‖L2([0,T ];L2(Ωf )), (6.147)

we conclude

‖Ā‖L2([0,T ];L2(Ωf )) ≤ Cǫ‖V ‖L2([0,T ];H2(Ωf ) + Cǫ‖Vt‖L2([0,T ];L2(Ωf ). (6.148)

Regarding W we have

‖W‖L∞([0,T ];H1(Ωe)) + ‖Wt‖L∞([0,T ];L2(Ωe)) ≤ C‖W‖H1(Σc) (6.149)

where

‖W‖H1(Σc) =

∥∥∥∥
∫ t

0

V

∥∥∥∥
L2([0,T ];H1(Γc))

+ ‖W‖H1([0,T ];L2(Γc))

≤ CT 1/2‖V ‖L2([0,T ];H3/2(Ωf )) + ‖V ‖L2([0,T ];L2(Γc)) ≤ C‖V ‖L2([0,T ];H2(Ωf )) (6.150)

for T ≤ T0.

From the above estimates (applied on time steps), we conclude

‖V ‖L2([0,T ];H2(Ωf )) + ‖Vt‖L2([0,T ];L2(Ωf )) + ‖Q‖L2([0,T ];H1(Ωf )) + ‖Q‖H1/4([0,T ];L2(Γc))

≤ Cǫ
(
‖U‖L2([0,T ];H2(Ωf )) + ‖Ut‖L2([0,T ];L2(Ωf )) + ‖P‖L2([0,T ];H1(Ωf )) + ‖P‖H1/4([0,T ];L2(Γc))

)
(6.151)

and

‖W‖L∞([0,T ];H1(Ωe)) + ‖Wt‖L∞([0,T ];L2(Ωe)) ≤ C‖V ‖L2([0,T ];H2(Ωf )). (6.152)
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If ǫ > 0 and ǫ0 > 0 (in (6.115)) are sufficiently small, we get

‖(V,Q,W )‖Y0
≤

1

4
‖(U,P,Ψ)‖Y0

. (6.153)

Therefore, the solution map Λ is a contraction on the space Y0 and thus there exists a unique fixed point

solution in (v, q, w) in Y0 which belongs to Ỹ . The solution satisfies the bound

‖v(t)‖X ≤ Cǫe−t/C , 0 ≤ t ≤ T0. (6.154)

Now, we show how to continue the argument on the intervals [kT0, (k + 1)T0], where k = 1, 2, . . .. The

main difficulty is that the inequalities (6.132), (6.140), and (6.150) require T0 to be bounded. The main

idea of the proof is to use the fact that, using induction, the iterates have already been shown to converge

to the solution on [0, kT0] at an exponential rate and only the size of the interval [kT0, (k + 1)T0] needs

to be taken into account. More precisely, let Y0(T1, T2) denote the space (6.114) with [0, T ] replaced by

[T1, T2] with the norm ‖(v, q, w)‖Y0(T1,T2) where in (6.115) the interval [0, T ] is replaced by [T1, T2]. Note

that (6.153) shows that

‖(V,Q,W )‖Y0[0,T0] ≤
1

4
‖(U,P,Ψ)‖Y0[0,T0] (6.155)

where we continue with using the notation (6.116)–(6.117) with (6.104)–(6.105).

Now, we show the modification of the inequality (6.155) when we work inductively on the interval

[kT0, (k + 1)T0], where k ∈ N.

For t ∈ [kT0, (k + 1)T0], the inequality (6.130) is replaced by

‖a− ã‖H1 ≤ C

∫ kT0

0

‖U‖H2 ds+ C

∫ t

kT0

‖U‖H2 ds

≤ Ck‖U‖L2([0,kT0];H2(Ωf )) + C‖U‖L2([kT0,(k+1)T0];H2(Ωf )). (6.156)

We split the integral in (4.37) similarly and thus (4.27) is replaced by

‖F‖L2([kT0,(k+1)T0];L2(Ωf ))

≤ Ckǫ‖U‖L2([0,kT0];H2(Ωf )) + Ckǫ‖P‖L2([0,kT0];H1(Ωf ))

+ Cǫ‖U‖L2([kT0,(k+1)T0];H2(Ωf )) + Cǫ‖P‖L2([kT0,(k+1)T0];H1(Ωf )). (6.157)

Analogous replacements are obtained for the inequalities (6.141) and (6.150). Therefore, (6.153) becomes

‖(V,Q,W )‖Y0(kT0,(k+1)T0) ≤ Ck‖(U,P,Ψ)‖Y0(0,kT0) +
1

4
‖(U,P,Ψ)‖Y0(kT0,(k+1)T0), (6.158)

i.e.,

‖y(n+1) − y(n)‖Y0(kT0,(k+1)T0) ≤ Ck‖y
(n) − y(n−1)‖Y0(0,kT0) +

1

4
‖y(n) − y(n−1)‖Y0(kT0,(k+1)T0) (6.159)

for n ∈ N. Now, using inductively the fact that as n → ∞, the first term on the right side converges

to zero exponentially fast, we get that, as n → ∞, the iterates converge exponentially fast also on the

interval [kT0, (k + 1)T0]. Note that we also have

‖y(n)‖Ỹ (kT0,(k+1)T0)
≤ C‖y(n)(kT0)‖Ỹ (0) +

1

2
‖y(n−1)‖Ỹ (kT0,(k+1)T0)

. (6.160)
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where Ỹ (T1, T2) denotes the analog of Ỹ but on the time interval [T1, T2]. This, again, implies that all the

iterates belong to a ball BM in Ỹ on the interval [kT0, (k+1)T0], where M is large enough, independent

of n. The proof of the theorem is thus concluded. �
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