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Abstract

We address a fluid—structure system which consists of the incompressible
Navier—Stokes equations and a damped linear wave equation defined on two
dynamic domains. The equations are coupled through transmission boundary
conditions and additional boundary stabilization effects imposed on the free
moving interface separating the two domains. Given sufficiently small initial
data, we prove the global-in-time existence of solutions by establishing a key
energy inequality which in addition provides exponential decay of solutions.

Keywords: Navier—Stokes equations, fluid—structure interaction, long time
behaviour, global solutions, damped wave equation
Mathematics Subject Classification: 35R35, 35Q30, 76D05

1. Introduction

In this paper, we consider a coupled system of PDEs modelling the interaction of an
incompressible viscous fluid with an elastic structure on a free moving interface when subjected
to additional boundary stabilization effects. Well-posedness of the free boundary model was
first established in [CS1], while other local-in-time existence of solutions results, with and
without damping, have been addressed in several more recent works [IKLT, KT1, KT2]. In
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this paper, we establish global-in-time existence and exponential decay of the solutions to the
system given sufficiently small initial data, subject to boundary stabilization terms.

The model in consideration is formulated in Lagrangian coordinates on the initial domain
and consists of the Navier—Stokes equations and a damped wave equation, with additional
boundary stabilization terms incorporated in the transmission boundary conditions at the free
moving interface. (The methods can be easily adapted to the case of equations of linear
elasticity with damping as in [KTZ3] for instance.) Standard energy estimates on time
derivatives, usually sufficient to obtain local-in-time results, are insufficient by themselves for
controlling the wave potential energy due to the coupling dynamics and the quasilinear nature
of the variable coefficients Stokes system. For this reason, a combination of equipartition and
flux multipliers techniques developed especially to address energy decay and stabilization of
waves is used to control the growth of potential energy in the elastic component. The higher
regularity requirement stemming from the presence of the variable coefficients requires several
levels of these estimates to obtain the key energy inequality (5.15) from which global existence
and exponential decay can be inferred.

One of the main obstacles for obtaining the decay is that the resulting a priori estimates
allow norms to grow exponentially in time. However, the terms with exponential increase
appear as super-quadratic on the right side and are thus controlled by the nonnegative terms on
the left which are only quadratic. We note that the exponential decay of the norms is essential
for obtaining that the Lagrangian coefficients are close to the identity for all time. As shown
in [ZZ], the uniform decay of solutions cannot be expected even in the case of coupling of the
linear heat equation with the linear undamped wave equation. In such a case one obtains the
so-called strong stability, which can be quantified by at most rational decay rates, obtained
for smoother initial data taken from the domain of the generator. The above negative result
was also known in the case of linear coupled system consisting of the Stokes and the wave
equation. In fact, the presence of the pressure in the equation changes the picture substantially.
Itis shown in [AT 1] that even strong stability fails for the linear Stokes-undamped wave system
unless the domain €2, satisfies special geometric condition (guaranteed by partial flatness of
the domain). For instance, the case of spherical domains €2, provides a known counterexample
to strong stability [AT1]. In view of the above, we do not expect exponential decay without
(1) the static damping term Sw in the wave equation (without the effect of this term, the elastic
body is expected to shift and rotate) and (ii) without either velocity internal damping o > 0
or boundary stabilizing term y > 0. On a positive side, strong stability was shown in [AT1]
for the Stokes-undamped wave model defined on the domain €2, that is partially flat and with
the initial data satisfying an additional compatibility condition whose aim is to eliminate zero
eigenvalue from the spectrum of the generator (a phenomenon specific to the presence of the
pressure and therefore not present in the treatment of heat and wave equation alone). As for
uniform or exponential decay rates, these hold for the Stokes-wave system with both static
B > 0 and dynamic o > 0 damping active, as shown in [AT2]. The above results motivate the
framework for our study of global existence of free boundary interaction with damped wave
equation.

In our analysis, we have considerably benefited from the wealth of tools used to study
stabilization and control of damped hyperbolic dynamics [LT, LTr1, LTr2], and more recent
works on coupled systems where equipartition of energy tools were employed successfully
[LL1,LL2]. We note that the incorporation of the stabilization term with y > 0 in the velocity
matching condition can serve as a regularization of the physical model, and provide a possible
tool for establishing existence of solutions to the internally damped wave equation in the
limiting physical case y = 0 . However, establishing the exponential decay result for the
limiting case requires new estimates and possibly further assumptions, and we hope to address
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it in a future work. The corresponding results in the linear case and the static interface case
have been already obtained in [AT2,LL2].

The paper is organized as follows. In section 2, we formulate the mathematical model and
the assumptions and then state the main theorem. In section 3, we provide certain preliminary
properties on the Lagrangian fluid flow map and the variable coefficients in the Navier—Stokes
equation, as well as standard elliptic and Stokes estimates utilized in later sections. In section 4,
we derive the energy and equipartition estimates at several levels, and in section 5, we collect
these estimates to obtain the key energy inequality (5.15) and show that it leads to the desired
global existence and exponential decay. In section 6, we construct solutions of the fluid-
structure model by an iteration method. As shown in [KT1, KT2] (see also [CS1]), it is
sufficient to construct local solutions for a linear problem, i.e. the problem with the coefficients
a(x, t) given and smooth, satisfying the postulated compatibility conditions. The construction
of solutions for the linear problem is obtained as follows. First, we address the problem where
a is smooth and independent of 7. The solution to this problem is obtained by a Galerkin
procedure. The main difficulty in using a Galerkin procedure in this situation is that it is not
known whether there exists a basis consisting of functions with matching regularity on the
common boundary. To overcome this difficulty, we take advantage of the Neumann boundary
conditions in order to find a Galerkin formulation which does not necessitate such matching
basis. Then we prove that the system is indeed equivalent to the original set of equations.
After establishing the local existence of solutions for the time-independent coefficients, we
then obtain the existence of solutions with coefficients a = a(x, t) depending on x and ¢ by a
perturbation (fixed point) technique.

2. The main results

We consider the free boundary fluid—structure system which models the motion
of an elastic body moving and interacting with an incompressible viscous fluid
(see [CS1,CS2,KT1,KT2,B,BG1]). This parabolic—hyperbolic system couples the Navier—
Stokes equation

ou—Au+w-Vu+Vp=0 in Qy(r) 2.1

V-u=0 in Q¢ (1) (2.2)
and a damped wave equation

Wy — Aw +aw; + fw =0 in 2, 2.3)

fora, B > 0. The Navier—Stokes equation is posed in the Eulerian framework and in a dynamic
domain Q/(t), with ©,(0) = £, while the wave equation is posed in the domain €,. The
geometry is such that €2, = I'. is the common boundary of the domains, and 02, = ' UT .
Both domains 2 and €2, are assumed bounded and smooth (see [CS1,KT1, KT2] for more
details). The interaction is captured by natural velocity and stress matching conditions on the
free moving interface between the fluid and the elastic body.

It is more convenient to consider the system formulated in the Lagrangian coordinates
(see [CS1,KT2]). With n:Q2, — Q(¢) the position function, the incompressible Navier—
Stokes equation may be written as

vl — 3;(af afav’) + i (akq) =0 inQ; x (0,7), i=1,2,3 (2.4)
akdyv' =0 inQ; x (0, 7), (2.5)
where v(x, ¢) and g (x, t) denote the Lagrangian velocity and the pressure of the fluid over the

initial domain Qy, i.e. v(x, 1) = n,(x, 1) = u(n(x,t),t) and g(x,1) = p(n(x,1),t) in Q.
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The matrix a with ij entry a§ is defined by a(x, 1) = (Vn(x, 1))~ in Qy, i.e. dnmial = &
foralli, j = 1,2, 3. The elastic equation for the displacement function w(x, t) = n(x, t) — x
is formulated in the Lagrangian framework as

w!, — Aw' +aw! + pu’ =0 inQ x0,7), i=1273 (2.6)
over the initial domain Qe. We thus seek a solution (v, w, g, a, n) to the system (2.4)—(2.6),
where the coefficients a} fori, j = 1,2, 3 and n are determined from

a=—a:Vv:a inQr x(0,7T) 2.7

N =v inQrx(0,7T) 2.8)
with the initial conditions a(x, 0) = I and n(x, 0) = x in Q ;; here, the symbol : denotes matrix

multiplication. On the interface I'. between Q2 and 2., we assume transmission boundary
condition

w =v' —yd;w'N; onT. x (0, T), (2.9)

t

where y > 0, and the matching of stresses

9w N; = al ak ' N; — alq Ny on T, x (0,T), (2.10)
while on the outside fluid boundary I' ;, we assume the non-slip boundary condition

V' =0 onT; x (0,7T) 2.11)

fori = 1,2, 3, where N = (N, N,, N3) is the unit outward normal with respect to €2,. Note
that we are working with the (Eulerian) stress Vu; the modifications for the more physical stress
%(Vu +VuT) are notationally more challenging and follow [KTZ3]. We supplement the system
(2.4)—(2.6) with the initial conditions v(x, 0) = vo(x) and (w(x, 0), w,(x, 0)) = (0, w;(x))
on © and €, respectively. We also use the classical spaces H = {v € L?(2y) : divv = 0,
v-Nlr, =0}and V ={v € HI(SZf) :divv =0, v[r, = 0}. Based on vy, we determine the
initial pressure by solving the problem

Aqo = —d; v dv}) in Q/

Vgo-N = Avy- N onT'y

—qo = —9,;vyN;N; + d;wiN; N; onT.. (2.12)

Our main result provides global-in-time existence for fluid—structure system with damping,

given small data. Namely, the following assertion holds.

Theorem 2.1. Let a, B,y > 0. Assume that vo € V N H4(Qf), wo € H3(Q) and
w, € H*(RQ.) are sufficiently small and that they satisfy the compatibility conditions

wp; = Uo—j/vw()'N,
Awy —aw; — Bwy +yVw, - N = Avg — Vg,

Aw; — aw; (0) — Bwy +yVw,(0) - N = Av,(0) — Vg, (0) (2.13)
onT,,

dwoy dvg

W TSN T

M ST = i(Avo — qu) - T,

aN aN

a“;’j’v(o) T = %(Av,(O) VG 0) -t (2.14)
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also on T, for tangential vectors t, and

vy =0,

Avg — Vgqo =0,

—3a (0)dxv} — 3;(3,a5(0)3,v' (0)) — Adv* (0) + d,af (0)3q (0) + 3;,4 (0) = O (2.15)

on I'y. Then there exists a unique global smooth solution (v, w, g, a, n) which satisfies
v e L®([0, 00); H* () (2.16)
v € L2([0, 00); H*(2)) 2.17)
v € L2([0, 00); L*(R/)) (2.18)
Vv, € L*([0, 00); L*(2)) (2.19)
3/ w e C([0, 00); H> (), Jj=0,1,23 (2.20)

with g € L®([0, 00); H*(R2y)), ¢: € L®([0, 00); H'(2¢)), a,a, € L>([0, 00); H*(Q/)),
ai € L™([0, 00); H' (7)), a € L*([0, 00); L*(R2f)) and 1q, € C([0, 00); H*(R2)).
When o = 0 the result remains valid provided the star-shaped condition

(x —xp)-N(x) >0, xerl, (2.21)
for some xy € Q, is imposed.

In section 4, we present a priori estimates for the system. In section 5, we gather all
the a priori estimates and show how they lead to global existence of solutions. In section 6,
we carry out a complete construction of solutions based on a priori estimates in the earlier
sections.

Remark 2.2. Note that we need to derive ¢;(0), w;,(0) and v, (0) from the system (2.4)-
(2.11). Indeed, we have

w; (0) = Awo — aw(0) — Bwo
Wi (0) = Awy — aw,(0) — Bw;
v;:(0) = Av;(0) — a;(0) Avg — Vg, (0)

and ¢, (0) is determined as a solver of the elliptic problem

Agq;(0) = div(Av,(0) + a,(0) Avg) in Qy
Vg;(0)-N = Av;(0) - N +a,(0)Avy - N on Ty
ow;  dv(0)

—g.(0) = —L _
q:(0) aN aN

with v;(0) = Avy — Vqp and a;(0) = —Vy.
Also note that the first condition in (2.14) is interpreted as

on I,

3j wf)eri = 3]' UéNj‘L’i (222)
for all tangent vectors t.

The proof of theorem 2.1 shows that the assumption vy € V N H*(Q ) may be replaced
with v(0) € V N H3(Qf), v,(0) € V and v, (0) € H.
The proof of theorem 2.1 is given in sections 5 and 6.
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3. Preliminary results

In this section, we provide formal a priori estimates on the time derivatives of the unknown
functions needed in the proof of theorem 2.1. We begin with an auxiliary result providing
bounds on the coefficients of the matrix a. In the whole paper, the symbol C denotes a
sufficiently large constant depending on the domains €2, and €2 ¢ as well as on the parameters
o, Band y.

Lemma 3.1 ([IKLT]). Assume that ”VUHLO“([O,T];HZ(Qf)) < M. Let p € [1, OO] and
i,j=1,2,3. WithT € [0,1/CM], where C is a sufficiently large constant, the following
statements hold:

(i) IVnllgre, < Cfort €[0,T];
(ii) llallg2, < C fort € [0, T];
(iii) llarl| o)) < CIVVlLrgy for t €10, T];
(iv) ||8,‘Cl;||LP(Qf) < C||Volla (Qf)||8ja||Ll72(Qf)+C||V8iU|ILP(Qj)f0rl. =1,2,3andt € [0, T]
where 1 < p, p1, p2 < oo are suchthat1/p =1/p+1/p>;

1/2 1/2 ..
() 19arllz@p < CIVUlg IVOllEg,) + CIVVllney for i, j = 1,2,3 and t
[0, T;

(vi) lanllzg, < ClIVUll@)IVVliLe @) + ClIVU g, and lan 3@, < C||U||§{z(9f)+
ClVuilisg, fort € [0, T);

(vii) llau 2@ < CIIVUII?q](Q/)+CIIsz||L2(9f>I|Vv||Loo<szf)+C||an||L2(Qf>f0rl €0, T];

(viii) for everye € (0,1/2] and allt < T* = min{e/CMz, T}, we have
||a,-k—a,f'a,k||§,zm/) <e, jk=1,2,3 3.1
and

186 — ag’u;z@f) <e, jk=1,23. (3.2)
In particular, the form alj alké J’SIQ satisfies the ellipticity estimate
|
ajagig; > ZIER, £eR xR’ (3.3)
forallt € [0, T*] and x € Qy, provided ¢ < 1/C with C sufficiently large.

This lemma was established in [IKLT, lemma 3.1].
From [IKLT], we also recall a priori estimates for the variable coefficient Stokes system.

Lemma 3.2 ([IKLT]). Assume that v and q are solutions to the system

vl — 8;(af af o’y + i (akq) = 0 in Q/ (3.4)
afv' =0 in Q; (3.5)
v=_0 onIy (3.6)
alja;‘BkUiNj — aquk = ijiNj onl, 3.7

for given coefficients aj- € L>®(Qp) withi, j = 1,2, 3 satisfying lemma 3.1 with a sufficiently
small constant € = 1/C. Then the estimate

(3.8)

ow
lvllgs2@p + 1gllasney < Cllvdllas@,) +C ||
8N H.r+l/2(r(‘)
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holds for s = 0, 1 and for all t € (0, T). Moreover, the time derivatives v; and q; satisfy

vl + lgellar @y

Wy

AN

172 172

< Cllvillrze,) + € + C||U||Hz(9f)||v||H3(Qf) (||U||H2(szf) + ||CI||HI(Q,)) (3.9)

H'2(T)

forallt € (0,T), where T < 1/CM for a sufficiently large constant C.

From here on, for simplicity, we omit specifying the domains €2 and €2, in the norms
involving the velocity v and the displacement w. Thus, for example, we write ||vg|| 3 and
lwollgs for |lvollms,) and [[wollms,). However, we continue specifying the boundary
domains I'; and T'.

Now, let w be a solution to the wave equation (2.6) satisfying the condition (2.9) on the
common boundary I".. Then, we may write

L= w) (3.10)
—=—(v— . .
aN T

Hence, we obtain the elliptic estimate from Aw = wy;+aw,+Bw with Neumann boundary data

lwllzs < Cllweellgr + Callwellgr + CBIwlm + Cy~ MW — wo)ll e,
< Cllwg |l + Callw |l + CBllwllgr + Cy~ vl + Cy~ w2 (3.11)

for all t € (0, T). Differentiating (2.6) and (2.9) in time, we also have by the ellipticity of
Aw[ = w,t[ +Olu},, + ,BU), Wlth 3w[/3N = J/_l(vz - wt,)

lw ez < Cllwiellze + Callwyll 2 + CBllwyll 2 + Cy = vl gt + Cy ™ lwy L (3.12)

forallt € (0, T).
From (3.8) with s = 1, (3.10) and (3.12), we conclude that the Stokes type estimate

—1 -1
S Cludlg + Cylvllgz + Cy~ llw | a2
H32(T.)

—1
S Clullg +Cy ™ vl
-1
+Cy (”wttt”L2 +allwyllgz + Bllwll 2

+y ol + v lwellm) (3.13)

ow
lvllzs + llgllg: < Cllvellgr + C IN

holds forallr € (0, T), where T < 1/CM.
Using (3.8) with s = 0 and (3.10), we also have

Il +llglla < Cllivellze + Cy vl + Cy~Hlwg g (3.14)
By (3.9), (3.12) and (3.14), we also obtain

vl + llgell

1/2 1/2
< Cllvillzz + Cllwe g + Clvllz ol (vl e + g )

< Cllvellez + Cllwsell 2 + Collwie || 2 + CBllwyll 2 + CV_1||U1||H‘ + CV_1||wzt||H‘
. 3/2
—1 —1
+C||v||H/3<||Uz||L2+)/ lollg +y ”wt”H1> (3.15)

forallt € (0,T),where T < 1/CM.
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4. Global in time solutions

In this section, we establish a priori estimates for the global in time existence of the unique
smooth solution to the damped fluid—structure system (2.4)—(2.6) provided the initial data are
sufficiently small.

Assume that

2 2 2 2 2
lvollss e (O) 11, Noe O) 172, lwoll s, lwillg < €, (4.1)

where € > 0 is a small parameter.
We need several auxiliary estimates involving different levels of energy.

4.1. First level estimates

First, denote by
E(t)=3 (Ilv®ll72 + Bllw® 7 + lwe (D172 + [Vw(®)l72) 4.2)

the energy of the system.

Lemma 4.1. The energy inequality

E(t)+/ D(s)ds < E(0) 4.3)
0

holds for all t € [0, T], where

2

1 Jw
D) = EIIVU(I)IIiz +allw (D7, +y HW(I) (4.4)

L2(T,)

denotes the dissipative term.

Proof of lemma 4.1 (sketch). In order to obtain (4.3), we take the L’-inner product of (2.4)
with v’ and (2.6) with w!, respectively, and sum in i. Adding the resulting equalities and
using the divergence-free condition (2.5) and boundary conditions (2.9)—(2.11) with (3.3) in
lemma 3.1 then gives the result. O

The next useful lemma asserts the equipartition of the energy for the wave equation.

Lemma 4.2. We have
o 2 ' 2 ' 2
Ellw(t)IILz+f IIVwIIdeS+ﬂ/ lwlly» ds
0 0
t t 8w
</ ||w,||izds+CE(t)+CE(0)+/ / w - —do ds 4.5)
0 o Jr. ON

forallt € [0, T].

Proof of lemma 4.2. Multiplying the wave equation (2.6) with w and integrating in the space
variable leads to

d ) ad 2 )
— wy - w — |w, |~ + djw-0;w—[ djw-wN; +—-— lw|”+ B lw|= = 0.
dr Jo, Q. Q. r. 2dr Jo, Q.

(4.6)
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Integrating also in the time variable then yields
t t
S+ [ 1vwiids+p [ uiias
— [ jwir.d w2+ [ 8w wh dod 47
_/0 lw 72 s—[g(w,.w|0+§||w( )||L2+/0 /rc jw-wN;do ds “.7)
and the lemma follows. O

Lemma 4.3. For any «, B,y > 0, there exists C > 0 such that
t
E(1) +f E(s)ds < CE(0) 4.8)
0

where C = Cqyp.,. If Q. is star-shaped, then the above inequality is valid for all o > 0. In
particular, E(t) < CE(0).

Proof of lemma 4.3. First we start with a general 2,. From lemma 4.2 and using the inequality
2

Jw ) ow
/r(. w - N do(x) < ellwllzzr,) + Ce IN . 4.9)
with € = min{1/C, 8/C}, where C is sufficiently large, it follows that
o 1 2 B[ 2
Ellw(t)lle +3 | [Vwlly. ds + 2/, wlly ds
! ! dwl|?
< / ||w,||izds+CE(t)+CE(O)+C/ / —| dods
0 o Jr.|ON
1 1 !
SCEM)+CE0O)+C|—+— D(s)ds. (4.10)
a v/ Jo

Multiplying (4.10) with a small constant and adding to the energy equation (4.3) leads to
t
E(t)+/ E(s)ds < CE(0) 4.11)
0

for all + € [0, T'] with a constant C which does not depend on 7', but depends on ¢, 8 and y.
(Note that the constant blows up as @ — 0.)

Now, we consider the case when €2, is star-shaped. In this case we use a flux multiplier,
which is used in boundary stabilization-controllability of waves. At this point, we could have
taken o = 0; however, since the approach works also for a sufficiently small positive o and
since we believe that the result is of independent interest, we assume that o« > 0. (Note that
combined with the first part of the proof, in the case of the star-shaped domain, the inequality
(4.8) holds for all @ > 0.) The constants Cy and Cy(€) used in this derivation only depend on
the domains but not on parameters «, 8 and y.

With xo € Q. fixed, denote h(x) = x — xo for x € .. Taking the L’-inner product of
(2.6) with /;d;w’ and summing in i, we obtain the identity

n ' 2 ng " 2 n ! 2 L[ 2
- ——1) IVw|2ds — = [ wl?.ds+ = [ w2 ds — = lw,|*h - N do ds
2 0 2 Jo 2o 2Jo Jr,

1 t ) t aw ,8 t )
+— |[Vw|*h - Ndo ds — —h-Vwdods + — lw|“h - N do ds
2 Jo Jr, o Jr, ON 2 Jo Jr,

t
= —(w,,h~Vw)|6—a/ (w;, h - Vw) ds, 4.12)
0
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which is valid for any solution to the wave equation (without the boundary conditions). Here
we used

t
//wfthkakwidxds
0 Ja,

n (! 1!
- 5/ llwl|2, ds — E/ / lw,*h - N do (x)ds + (wy, b - Vw) [ (4.13)
0 0 Jr.

with

t
—// Aw'hidpw' dx ds
0 Ja,
n ' , 1 , L w
:_(__1> Vw2, ds + = \Vw*h - Ndo()ds — | (o h-Vw) ds,
2 0 2 Jo Jr, 0o \IN r

(' (4.14)

and
t . . I/ZIB t 18 t

ﬂf / w’hkf)kw’:——f ||w||§2ds+—/ / |w|*h - N do (x) ds. (4.15)
o Ja. 2 Jo 2 Jo Jr,

From (4.12), we obtain

n t t
—/0 (w72 — Vw72 — Bllwll7.) ds +/0 [Vw]7. ds

2
1 t 1 t
——/ / |w,|2h~Ndo(x)ds+—//(|Vw|2+,3|w|2)h~Ndo(x)ds
2 Jo r. 2 Jo re

t t
ge/ / |h-Vw|2da(x)ds+C€/ /
0 JI. 0 Jr,

t 1
+CE(t)+CE(0)+ea/ ||h~Vw||izds+C0(e)a/ w12, ds, (4.16)
0 0

2
do(x)ds

ow
oN

where € > 0 is a small parameter. By the star-shaped condition, we have & - N > y, for some
yo > 0. Taking € small, this leads to

n (! 1 (!
2 (e = 19wt = i) as+ 5 [ 1vwii.as
0 0

+@/ /(|Vw|2+/3|w|2)da(x)ds
4 Jo Jr.

1 t t
< —/ / |wt|2h.Nda(x)ds+c/ f
2 Jo Jr, 0 Jr.

t
+Coa/ w2, ds + CE(t) + CE(0). 4.17)
0

2
do(x)ds

ow
ON

Now, multiplying (4.5) with n/2 — €, where € € (0, 1) is a small parameter, and omitting the
first term on the left-hand side, gives

n d ) n ! )
(5-¢) [ 1vwiias+p (5 —c) [ mlias
<(5 )/In ||2d+y°ﬂ/l/| |2d(>d+C/t/ ow
S — — € w ) —_— w o(xX S b
2 0 rie 8 0 . 0 r. aN

+CE(t) + CE(0). (4.18)

2
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By adding the last two inequalities, we obtain

1 t t t
<——e>f ||Vw||§2ds+e/ ||w,||§2ds+@/ / (IVw|* + Blw[*) do (x) ds
2 0 0 8 Jo Jr,

gﬂe/t ||w||izds+c/t/ |w,|2da(x)ds+C/t/ dw’ do (x)ds
0 0 Jr. o Jr.|ON

+Coa/0t ||wt||i2 ds + CE(t) + CE(0). 4.19)
Choosing € > 0 sufficiently small, using the Poincaré inequality

il < CIVuli: + [ ol do), (420)

and assuming that < €/ Cp with a sufficiently large Cy so that the fourth term on the right-hand
side of (4.19) may be absorbed in the second term on the left-hand side, we obtain

t
2 2 2
/ (IVwliZ> + Bllwllz> + lwll7-) ds
0

t
<c// P +
o Jr,

Now, we use the condition (2.9) and obtain

ow
oN

2
) do (x)ds + CE(t) + CE(0). 421

t
2 2 2
fo (IVwliz: + Bllwllzz + llwil17-) ds

<C/t/ W+ 241y |2
X v AT
o Jr. Y ON

Multiplying (4.22) by a small constant and adding the resulting inequality to (4.3) witht =T,
we obtain

2
) do(x)ds + CE(t) + CE©).  (4.22)

E(t) +/ E(s)ds < CE(0) (4.23)
0

and the proof is complete. |

Remark 4.4. If the solution exists for all time, and if a stays sufficiently close to the identity
matrix so that a is uniformly elliptic, then lemma 4.3 implies the exponential decay rate for
the energy E (), which is in the case of a star-shaped domain €2, independent of & > 0 but
depends on 8 > 0 and y > 0. Indeed, any nonnegative measurable function E satisfying

E(t) +f2E(s)ds < CE(t) (4.24)

decays exponentially with the rate depending on the constant on the right-hand side of (4.24).
When o > 0 then the first part of the proof of lemma 4.3 proves the desired conclusion. When
o = 0 the second part of the proof asserts the same conclusion under a geometric star-shaped
assumption. We have retained the parameter o > 0 through the proof of the second part as this
allows for further generalizations to variable coefficients «(x) > 0 without a uniform bound
from below qualifying for the arguments in the first part of the proof. g
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4.2. Second level estimates

It is clear from the previous subsection that the value of the constant 8 > 0 does not play a
role in the global existence, it only influences the size of the constant. Thus, for simplicity of
notation, we set

g =1 (4.25)

from here on.
We next introduce the second level energy

_ 1 2 2 2 2
E(1) = 2(IIvz(f)Ile + w172 + lwee (D172 + IVw, (D]172) (4.26)
of the system with the corresponding dissipation
2
1 ) 2 Jw,
Di(1) = ZIVu (Dll72 + eelfwe (D72 + ¥ H — ) (4.27)
C 8N Lz(Fc)

In order to obtain the integral inequality for E (¢), we differentiate the full system in time. We
obtain

Vi — 8,0 (af akopv') + 9,0 (akq) = 0 inQ;x(0,7), i=1273 (4.28)
af v’ + 8,ak a0’ =0 inQ; x (0,7) (4.29)
and

w!, — Aw! +aw!, +w! =0 inQ, x (0, T), i=123 (4.30)

since B was set to 1.

Lemma 4.5. The energy inequality

El(t)+/ Di(s)ds < E1(0)+/ (R(s), v;(s))ds 4.31)
0 0

holds for all t € [0, T), where

t t X . . t .
/ (R1(s), v,(s))ds = — / / 8,(alja,k)8kv’ djv, dx ds + / / 8,a;‘q8kv; dx ds
0 0 Jay 0 Jay

t
—// B,af‘a,qakvidxds. (4.32)
0 Ja

Proof of lemma 4.5. We take the L>-inner product of (4.28) with v/ and of (4.30) with w! ,
respectively. Summing in i and adding the two estimates, we obtain

! 2 1 2 1 2 1 2
SOz + SHwe Ol + SIVwe Ol + 5 lwe (17

1 t t t
+—/ ||Vw||izds+a/ ||wn||izds+y//
CJo 0 o Jr.

1 2 1 2 1 2 1 2
S SOz + 21w O 72 + SHVw O + 5 llwee ()7

2

0
Wr do(x)ds

oN

t . . . t .
—// a,(a/a,k)akv'a,u;dde// 3 (a¥q)dv! dx ds, (4.33)
0 Jay 0 Jay
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where we utilized the boundary conditions

vl —ydjwiN; = w, onT. x (0, T) (4.34)
3 (aj ak v )N; — 8,(a*q) Ny = 0, w' N; onT, x (0, T) (4.35)
vl =0 onT; x (0,7T) (4.36)

fori =1, 2, 3. In order to make the last term on the right-hand side of (4.33) superquadratic,
we rewrite it as

t t t
/ f 3 (afq)dvi dx ds = / / dakqopv dx ds + / / afd,qd v’ dx ds
0 Jo, 0o Jey, o Jo,

t t
= / / B,a{‘qakvf dxds — / / Btaf‘a,qakvi dx ds 4.37)
0 Ja, 0 Ja,

where we used (4.29) in the last step. The lemma is thus established. U

Note that, by lemma 4.5, we have

El(t)+/ D(t)dt < El(s)+/ (Ry(7), v,(7))dt (4.38)

forany 0 < s < 1.

Proceeding in the same manner as for the lower level energy, we obtain the counterparts
of lemmas 4.2 and 4.3. The following statement asserts the equipartition of the second level
energy.

Lemma 4.6. We have

o 2 ! 2 ' 2
5 lw: (Ol + / Vw,(s)l7.ds +/ lw; (s)1l72 ds
0 0

t t
0
g/ w12 ds+CE1(t)+CE1(O)+C/ / w2 do(x)ds  (4.39)
0 0 Jr, oN
forallt € [0, T].
From lemmas 4.5 and 4.6, we conclude that
t t
E{ (1) +/ Ei(s)ds < CE;(0) + C/ (Ri(s), v,(s)) ds (4.40)
0 0
for all + € [0, T], where the constant C denotes a generic constant which depends on the
domains.

When 0 < o < 1/C, the flux multiplier argument applied to the differentiated wave
equation (4.30) gives

t
2 2 2
/ (||th||L2 + lwelly + “wlt”LZ) ds
0

t
<o [ (i
0 Jr.

as the analogue of (4.21). Using the boundary condition (4.34), we write

ow,

oN

2
) do (x)ds + CE; (1) + CE,(0) (4.41)

2
dw;

N < CDy(2). (4.42)

L(T)

2 2 2
||wtt||L2(rL_) < C”U’”LZ(R) +Cy
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We now substitute (4.42) in (4.41), multiply the resulting inequality with a small constant and
add it to (4.31). We obtain

El(t)+/ Ei(s)ds < CEl(t)+CE1(O)+C/ Di(s)ds

<CE(0)+C (EI(O) +/ (R1(5), ve(s)) ds) (4.43)
0

when 0 < @ < 1/C and the domain is star-shaped.
We summarize the estimates in the following statement.

Lemma 4.7. For any «, y > 0, we have
t t
E (1) +/ E|(s)ds < C <E1(0) +/ (R1(s), v, (s5)) ds) (4.44)
0 0
where C = Cq,,,. If Q. is star-shaped, then the above inequality holds for all o > 0

4.3. Third level estimates

Here we repeat the procedure applied to the second time derivatives of the system. We introduce
the next level of energy

_1 2 2 2 2

Ey(t) = 2(||Utz(t)||L2 + w72 + lwiee O Nl72 + ||thz(t)||L2) (4.45)

with the corresponding dissipation
1

Da(t) = ZIVu DIl + w7 +y ‘ N . (4.46)

Differentiating the full system (2.4)—(2.6) twice in time, we obtain
Vi, — 0,0;(al al v’ + 8,0k (aq) = 0 inQ; x(0,7) (4.47)

akaevf, + 20,05 0] + 8,4k 007 =0 inQ; x (0,T) (4.48)

w — Aw!, +ow!, +wl =0 inQ, x (0,T) (4.49)
with the boundary conditions

w!, = v, —yd;w, N, onT, x (0,T) (4.50)

3wl N; = 8, (a] aldv')Nj — 8, (akq) Ny onT, x (0, T) (4.51)

v, =0 onT'; x (0,7) (4.52)
fori =1,2,3. O
Lemma 4.8. The inequality

t t
B0+ [ D295 < B2+ [ (R, (57 s 4.53)
0
holds for all t € [0, T], where
/ (Ry(s). v (5) ds = 2 / / 9,(alabyui ;v dx ds
Q
. . . t .
+/ / i (aj af)dv'djvl, dx ds — / / 3 (afq)dv!, dx ds (4.54)
0 Ja; 0 Jay

and E>(0) = (1/2) (v O) 17 + i OV 17> + lweee (0|72 + I Vwi, (0)17,).
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Proof of lemma 4.8. Multiplying (4.47) by vfl, integrating over Q2 and summing for
i=1,2,3, we get

1d . ) .
__”Uzt”iz +/ azt(aj]alkakvl)ajvit dx +/
Q

T VB,,(a[‘alkakv’A)v;Ath do(x)

c

—/ 8,,(af‘q)8kv§, dx —f 8,t(af‘q)v§,Nk do(x) =0, (4.55)
Q r.

after integrating by parts. Similarly, we multiply (4.49) by w!,,, sum fori = 1,2,3 and
integrate over €2, to obtain

d 2 » 1d » 1d 2 i
EE”wttt”L2 +a||wm(t)||L2 + Ea”wtt”Lz + Eautht”u - dw,,w,,, Nydo(x) =0.

Le
(4.56)
Adding (4.55) and (4.56) and applying the boundary conditions (4.50) and (4.51) leads to
1d dw, |*
5 a7 UvllZe + w7 + Vw72 + lwil72) + ellw (OI7: + ¥ H N .
+/ afa,kakvftajvit dx + 2/ 8t(aiial")3kvf8jv§, dx
Q Q
+ / 3 (a al)dpv' 9], dx — f 3y (afq)dv!, dx = 0. (4.57)
Q2 Q2
The proof is concluded using the ellipticity of a and integrating in time. ]
Lemma 4.9. For any «, y > 0 there exists C > 0 such that
t t
/ Er(s)ds+ Ex(t) < C <E2(0) +/ (Ra(s), vn(S))dS) (4.58)
0 0

where C = Cq . If Q, is star-shaped, then the above inequality holds for all o > 0.

4.4. Superlinear estimates

The goal in this subsection is to provide estimates on the perturbation terms

/ (R1(s), v, (s)) ds (4.59)
0
and

/ (Ra(s), vis(5)) ds (4.60)
0

from (4.32) and (4.54), respectively. The first of these two quantities is estimated in the
following way.

Lemma 4.10. We have
IRy (0), v)| < CII 1ol vl (ol e + g ) + Clloli 1ol 2 g o (4.61)
forallt € [0, T].
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Proof of lemma 4.10. First, we have

|<R1,vf>|<c/ |a||az||Vv||w|dx+c/ |a,||q||Vv,|dx+c/ larlls] V] dx
Qf Qf

Qy
= Ry1 + Rip + Ry3. (4.62)

Using Holder and Gagliardo—Nirenberg inequalities, we have

R < Cllalls |Vl el Vil < Clloll ol ol (4.63)
where we also used [|a;[|: < C||Vvllps < Cllv|l 211y Il 72 /2 resulting from lemma 3.1(iii) in the
last inequality. Similarly,

Riz < Cllallislglcollvelan < Cloll i1l s g e vl (4.64)
and

Ri3 < Cllall s lglls 1V vllz < Colly il e gl - (4.65)
The proof is then concluded by summing the last three inequalities. U

Lemma 4.11. For ey € (0, 1/C], we have
t
| ®©. v as
0
t t
2 3/2
<eo/ Vel ds 4 Co [ (Mol +late) (10100 + ol ) ds
0
3/2 1/2
+C, f B 10137 a3 ds + eollgr (13 + €ollon () + eollo() s

+Ce VDG 0O 172 + Ceollo@ 3 0@ 2 0 D17

t
1/2 1/2
+ [ (10l + Do 32) Vel ol
0

t
+c/ (Wl + Wl NN 0I5 ) gl B3 0 ds
0
+CllO) 3 + Cllo O + Clige O 17 (4.66)
forallt €0, T].

Proof. From (4.54), we have

t
/(Rz(s),vn(s))ds
0
. . . t . . .
3 (a] aF)apvid;vl, dx ds| +C // i (aj af)dpv'd;v], dx ds
Q 0 Jo;
+C// dakqdv!, dx ds +C// dakqd v, dx ds
0 Joy 0 JQ
t .
+C// afq, dv!, dx ds
0 Joy
=R21+R22+R23+R24+R25. (467)
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Using Holder’s inequality and lemma 3.1, we obtain

t
Ry1 + Ry + Ryz < C/ (IIVulliz= +llgliz=) AIVUli2 IV VIl + [V ll2) VU]l 2 ds
0
t
C/ (vlles + liglle2) AVl Vol + IV llz2) Vgl ds

/ Ul + gl (U300 + ol ) 190l ds (4.68)
and

t
3/4 1/4
Ry < C/ IVUllsllgell s IV vie 2 ds < / I 0l s e 1V vre 22 ds, (4.69)
0

where we also utilized the Sobolev and the interpolation inequalities. In order to treat the term
Rys, denote I = for /. o, a¥q, d,v!, dx ds. By the time differentiated divergence-free condition

(4.48)

t t
I=-2 / f dakq, v dx ds — / / dakqud v’ dx ds, (4.70)
0 Jay 0 Jay

whence, integrating by parts in # in both integrals gives

I1=2 f dak(t)q, (1)l (1) dx + f dak (t)q, ()3 v (1) dx
Qf

Qy

-2 / day (0)g;(0)d,v; (0) dx — / daf (0)g;(0)9;v' (0) dx

f‘ t ‘ t
+ 3/ / Bt,af‘q,akvf dxds + 2/ / 8,afq,8kvf, dxds + / / Bt,,afq, 3’ dx ds.
0o Ja, 0 Ja 0 Ja,

4.71)
Applying lemma 3.1 along with Holder’s and the Gagliardo—Nirenberg inequalities, we obtain

Rys < CIIVVO 3 llg: D e Vo (Dl 2 + Cllas (O 2 Mg (O e [V @) | 3
+ClIVuO) I3 lg: (O) | s Vv (O) I 2 + Cllan (O) | 221 (O) [[ Lo IV v (0) [ 5

t t
+C/ lawllcsllgelie IVl 22 dS+C/ IVUll s llgell s IV i ll 2 dss
0 0

t
C / et 22 g s V0l dis.
0

The sum of the first two terms on the right-hand side is bounded by

1/2 1/2 1/2 1/2 1/2
Clolly ol g o5 vl s + (10l Vol + 1Vl gl ol vl
1/2 1/2 1/2 1/2 3/2
< Clol vz gl oL S v + Clol3 eIl e ol gl
1/2 1/2 1/2 1/2
+C Il 5 o g ol vl s

2 2 2 6 4
< eollgilizp +€ollviliz + €ollvlizys + Ce, vl vl v l172 + Coo vl lvllg  (4.72)

using parts (vi) and (vii) of lemma 3.1. Therefore, using in particular Agmon’s inequality

12y 1172 .

lell L~ < Cllully?llul 2, we obtain
4
Ras < €ollg ()17 + €ollv iz + €ollvllzs + Cep 0l vl 0172 + Cey 0l 10113

+Cllv ()l + Cllv (011 + Cllg, )11,
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t
1/2 1/2
+C [ (10l + 17002070 17) el I 90k
0

L? H?

t
3/4 1/4
+C f IVO IS IV g |V v 2 ds
0

t
+C/ (Il + IVl 2 IVl + IV 0se Nl 2) gl V0 3 ds.
0

Thus the proof of the lemma is complete. |

5. Proof of theorem 2.1

We introduce the norm
X(t) = E@®) +E\(t) + Ex(t) + € | V(D) 7. + €1 Vv, (D]l (5.1

where €; > 0 is a small parameter which is to be determined. In order to control the terms
IVv(@)|lz2 and ||[Vv, ()| 12, we use the estimates

t d t
Vo7, — Vo) 7. = / Envl}(s)nizds@ / Vol 2V, ll 2 ds, (52)
0 0
whence
t
Vo2, < Vo2, +C / (D(s) + Dy (s)) ds, (5.3)
0
and
t d t
IV, )72 — IVv (0)]I3. = / gnvms)niz ds <2 / VI 22 Vgl 22 ds, (5.4)
0 0

which implies
IV, )17 < Vv (0)]I7. + C /OZ(D](S) + Ds(s)) ds. (5.5
From section 4.1, we have
E(t) +/t E(s)ds +/[ D(s)ds < CE(0). (5.6)
Section 4.2, combined v(z/ith lemma 4.20, gives
E (1) +/I Ei(s)ds +/r Di(s)ds < CE(0) +/t Pr(lvllgz, lgliars Todllars gl a) ds,
0 0 0 57

while from section 4.3, combined with lemma 4.11,

t t
Ez(t)+/ Ez(s)ds+/ D,(s)ds
0 0
t
< CE»(0) + € llv®)3 + €ollv (D113 + €ollg: (1) 13 + €0 / Vv lI3 ds
0

t
+Py([[vll g2 Nlvell2) +/ Py(lvllgss lglaes vellg2, l1gellgr) ds
0

+P4(lvO) [l g5, 1o O [ 11 g O) | 1) (5.8)

In (5.7), (5.8) and below, the symbols P;, P,, P; and P, denote the superlinear polynomials
of their arguments, which are allowed to depend on €j from lemma 4.11. Now, multiply (5.3)
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and (5.5) with €; and add the resulting inequalities to the sum of (5.6), (5.7) and (5.8) while
choosing (and fixing) €; sufficiently small. We obtain

t
X (1) +f X (s)ds < CX(0) +€llv@®)l3: + €ollv (03 + €ollg: (1) 131
0

t
+P([[vll a2 lvellz2) +/ Py(llvllas, lg e vl gz lgellm) ds
0
+P3(lvO) [l g2, 1o O) [ a1 g (O) | 1) (5.9)

where Pj, P, and Ps are superlinear polynomials different from above.
Now, from (3.14), we obtain

vl + )7 < CX@) (5.10)
and then, using (3.13) and (5.10),

vll3: + g3 < CX@). (5.11)
From (3.15) and (5.11), we obtain

el + g 130 < CX @)+ Cloll s X (0¥ < CX() +CX (1) (5.12)

Using (5.11) and (5.12) and choosing €, > 0 sufficiently small, we obtain from (5.9)

t

X(t)+/ X(s)ds < CX(O)+P(X(t))+/ P(X(s))ds + P(X(0)), (5.13)
0 0

where P is a superlinear polynomial. We may rewrite this as

X(t)+/ X(s)ds < COX(O)+COZ/ X)W ds+Co Yy X +Co > X0,
0 = Jo

k=1 k=1
(5.14)

forCo > 1,aq,...,0, > land By, ..., B, > 1.
The proof of theorem 2.1 follows from the following auxiliary assertion.

Lemma 5.1. Suppose that X: [0, co) — [0, oo] is continuous for all t such that X (t) is finite
and assume that it satisfies

t m t n n
X(t)+/ X(s)ds < COZ/ X (s)% ds+COZX(t)/3k +COZX(z)ﬂk +CoX (1),
T j=197 k=1 k=1

(5.15)

where oy, ..., 0, > land By, ..., B, > 1. Also, assume that X(0) < €. If e < 1/C, where
the constant C depends on Co, m, o1, ..., y, Bi, ..., Bn, we have X (t) < Cee /€,

Remark 5.2. The global existence is based on the term fr’ X (s)ds on the left-hand side
of (5.15) which provides a strong dissipative mechanism which controls the potentially
exponential increase in the first two terms on the right-hand side of (5.15) (note the superlinear
character of terms in the sums due to the assumptions ¢, ...,a,; > land B,..., 8, > 1)
when observed on a long enough, but constant size, interval [0, 8Cp]. In the first part of
the proof, we show that if € > 0 is sufficiently small, there exists a time #; € [4Cy, 8Cy]
such that X (¢;) < €/2. Then one may repeat the argument with initial time #; and obtain a
time 1, € [t) +4Cy, t; + 8Cp] such that X (1) < €/4, etc. On each interval [¢;, #;,1], where
j=1,2,..., the function X can only grow by a constant factor since the size of the interval
is bounded by 8Cy, and thus the exponential decay over [0, c0) is obtained.
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Proof of lemma 5.1. First we show that the time of existence can be made arbitrarily large if
€ > 0 is sufficiently small. Let X (0) < € for € € (0, 1/2]. Also, let T be the time such that
X(t) <2Cpe fort € [0,T) and X (T) = 2Cpe. Then, by (5.15), we obtain

m t n n
X1 < Co Z/ X($)“ds+Co Yy XM +Co Y e+ Cpe, tel0,T], (5.16)
j=1"0 k=1 k=1
which at time t = T gives
Coe < Co Y _(2Co) T +Co Y _(2Coe)* + Co Y. (5.17)
j=1 k=1 k=1
Using oy, ..., > land By, ..., B, > 1, we obtain
1
> — 5.18
with positive constants C and k depending on Cy, m, oy, ..., &y, and By, ..., B,. Thus, if

€ —> 0, wehave T — oo.

Next, we show that if € > 0 is sufficiently small, X (t) eventually equals €/2 and we
also estimate from above the time ¢ when this happens. First, let T = 8Cy; we claim that
there exists t € [T /2, T] such that X () < €/2 provided € > 0 is sufficiently small (specified
below). For the sake of obtaining a contradiction, assume that

T

X() > €/2, t e |:5 T] , (5.19)
where T = 8Cy. By the first part of this proof, we may choose € > 0 so small that

X(t) < 2Cye, tel0,T] (5.20)
Then the inequality (5.15) used with r = T and t = 0 combined with (5.19) and (5.20) gives

T m n n

E% < CoT Z(zcoe)“f +Co Y _(2Coe)* +Co Y ™ + Coe (5.21)

j=1 k=1 k=1
which, dividing the equation by € and using T = 8Cj, may be rewritten as
m n n
Co <BCFY (2Co)Me ™ +Co Yy C)H M +Co Y e (5.22)
j=1 k=1 k=1

This leads to a contradiction if € > 0 is sufficiently small. Clearly, the upper bound for € > 0
when this happens can be easily obtained. This contradiction shows that X (¢;) < €/2 for some
t) € [4Cy, 8Cp]. Repeating this argument, we obtain the existence of #, € [t] +4Cy, t; + 8Cy]
such that X (t;) < €/4. Continuing the procedure by mathematical induction yields finiteness
and an exponential decay for X (¢). |

Proof of theorem 2.1. We fix T = 8Cj as in the proof of lemma 5.1. Then X () < 2Cye for
all # € [0, T] and by lemma 5.1 there exists #; € [T/2, T] such that X (;) < €/2. By (3.13),
we have

lv@))I3, < CX(t) < Ce (5.23)

for all + € [0, T]. In particular, the two assertions in part (viii) of lemma 3.1 hold for all
t € [0, T']. Indeed, for the first estimate in part (viii), we obtain

. T . T
185 —al (% < T [ lohal ()% ds < CT / I0(s) 1% ds < Ce (5.24)
0 0
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for all + € [0,T]. Thus, we may establish the validity of (5.15) and by the inductive
argument from the end of the proof of lemma 5.1, we conclude that [|[v(1)||3,, < Cee /€

and || — af (1)]|%,, < Ce forallt > 0. O

6. Construction of solutions

We first construct solutions in lemma 6.1 to the linear problem for given matrix a with
coefficients aj. = §;; fori, j = 1,2, 3, and for given nonzero forcing f, nonzero divergence
condition g and nonzero difference of stresses # on the common boundary I'.. Then, in the
general case of given smooth elliptic matrix a(x, t), we apply a fixed point technique to the
perturbed linear system (6.4)—(6.6) where

fi=—0 ((5,-k - azja,]‘)akvi) + 0 (G — ab)q) 6.1)

g = —aHow, (6.2)

B = i —al a)ov' Nj + (i — a¥)g Ny (6.3)
fori =1,2,3.

Lemma 6.1. Leta > 0, 8 > 0 and y > 0. Consider the linear coupled Stokes-wave system

vy, —Av+Vg=f inQyx(0,7T) (6.4)

Vv=g inQrx(0,7) (6.5)

wy; — Aw +ow; + fw =0 in 2, x (0,T) (6.6)
with the boundary conditions

Vw-N =y v—w) onT. x (0, T) (6.7)

v=20 onIT'y x (0,T) (6.8)

Vv -N—gN=Vw-N+h onl. x (0,T). (6.9)

Assume that (vg, wy, wy) € (VN H4(Qf)) x H3(Q2,) x H*(R.) is subject to the compatibility
conditions

w; =vg—yVwy - N on I, (6.10)

Bwo BUO

—1=—-71—h(0) -7 on [, (6.11)

oN aN

v =0 onIy, (6.12)
with

w;(0) = v,(0) — yVw,; - N on [, (6.13)

0 av, (0

dw _wO 0t onT (6.14)

dN oN

v,(0)=0 on Iy, (6.15)
and

Wi (0) = v;(0) — yVw,(0) - N onTl, (6.16)

dwy (0) v (0)

Bt]t\/ ST = 8”N T —hy(0) - T on I, (6.17)
v:(0) =0 on Iy, (6.18)
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and f € L®(0,T]; H'(Qy)), fi € L®(0,T]; L*(y)), fu € L*([0,T]: H ' (Ry)),
g € C(0.T]; H*(RQy)), & € L*®(0,T1:H'(Qy), g« € L*([0,T]:L*(Ry)) N
L0, T, H'(R2p), h € L®(0,T]; H*(T), hy € L=(0,T1; HY*(L,), hy €
L2([0, T1; H~Y2(T,)) for some time T > 0 with g(0) = 0. Then there exists a unique
solution (v, w, q) satisfying

v e L¥([0, T H* (). v € L=([0, T1; H*(2)).
v € L([0, T; L2(2)), Vo, € L*([0, T1; L*(25))
3w e Cq0,TI; H(Q)), j=0,1,2,3

q € L=([0,T]; H*(Q/)), g € L¥([0, T; H' ().

Note that the pressure g solves the elliptic problem
Ago = —d;v§d vl + div £ (0) in Q/
Vgo-N =Avy-N+ f(0)-N onTy

qo0 =8jv6NjNi —8jw6NjN,~ —hi(O)N,' on FC.
Proof of lemma 6.1. We change variables u = v — z, where z = z; + zo + z3. Let
E:H*(Q2p) — H° (R3) be the extension operator which is continuous for s = —1,0, 1,2

and satisfies Eg = g in ;. We define the variable z; on the whole space R* as the unique
solution to the stationary Stokes problem with nonzero divergence

—Az1+Vg =0 inR? x (0, T) (6.19)
V.z1=Eg inR? x (0, 7). (6.20)

The existence and uniqueness of the solution (z;, g;) to (6.19) and (6.20) is classical. Also,
the estimate

llz1 ||L°C([0,T]:H3(Q/)) + llg1 ||L°°([O,T];H2(Qf)) < ClIEG| L=qo. 11 m2(R3)) (6.21)

is valid for Eg € L>([0, T]; H*(R?)). Differentiating the system (6.19) and (6.20) in time,
we have

IOl L= qo.r1m220) + 1@ oo 11102 < CHE N L~qo0.71: 51 ®3)) - (6.22)
Also, by differentiating twice in time,
1GDellzqo, a1 @) + 1@ 2o, 112220y S CNE&u|IL20.71:L2R3)) (6.23)
and

el zeqo.r:z2,)) < CIE =0, 11,11 ®3)- (6.24)
Using the continuity of E, we have

Eglm2rsy < Cliglaza,s I1Eg: s < Cligellara,s

1EgullL2wy < Cllgnllzzay, Egullm-1®3) < Cllgulla-1,-

Thus we conclude that z; € L®([0, T1; H3(25)), (z1), € L0, TT; H*(Qy)), (z1) €
L*([0, T1]; H'(Qf)) N L>([0, T]; L*(f)). In particular, the normal trace of (z1),, is well
defined and

(z0)u - N € L*([0, T]; H'/*(Tf UT,)). (6.25)
We define z; as the solution of the Stokes problem with Dirichlet boundary data

— Az, + Vg, =0 in Qs x(0,7) (6.26)

V.z,=0 in Qy x (0,T) (6.27)

p=—Z721+ A onl'. x (0,7), (6.28)

22 = —121 onIy x (0,7), (6.29)
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where ¥ is a smooth compactly supported function on I such that y > 0 with || r ¥-Ndo =1
and A(1) = [r. zi(-,1) - Ndo — frf z1(-,1) - Ndo fort € (0, T). Observe that z; + z, solves
the problem

—A(@Z1+22)+ V(g1 +q2) =0 inQy x(0,7) (6.30)
V-(zi+)=¢g inQyx(0,7) (6.31)
21+ 20 =AY onl'. x (0, 7), (6.32)
Z1+22=0 onT'y x (0,7), (6.33)

with the smooth boundary data Ay on I', x (0, T'). The variable z; is defined as the solution
of the Stokes system with zero divergence

(z3)r — Az3 + Vg3 = —(z1)r — (22): inQy x(0,7) (6.34)
V.z3=0 inQyx(0,7) (6.35)
z3=0 onT'.UTI'y x(0,7) (6.36)

with the initial data z3(-, 0) = 0.

The existence and uniqueness of the solution to (6.30)—(6.33) is well-known
(see [Te, theorem 1.2.4]). Thus, we may conclude z; +z, € L*([0, T]; H3(Qf)), (z1+22) €
L>([0, TT; H*(R5)), (21 +22)u € L*([0, T1; H' ().

Next, denote by A = — P A the Stokes operator, where P is the Leray projection on the
space of divergence-free functions. Then, we may rewrite the system (6.34) and (6.35) for z3
in the equivalent form

(z3)r + Azz = —P((z1): + (22))- (6.37)
Note that

e'4: D(A?) — L*((0, T); D(A?*'/*)) nC ([0, T], D(A?))
for 6 € [0, 1]. The solution of (6.37) is given by

z3(t) = — f eSTAP((21),(s) + (22)(5)) ds + e "4 23(0) (6.38)
0

=— / e TP ((21),(s) + (z2),()) ds, (6.39)
0

as z3(0) = 0. Similarly, by differentiating (6.34) in time and using that the Stokes operator
commutes with time derivatives, we obtain

(23): (1) = — fo eSTAP (1)1 (5) + (22),,(5)) ds + €74 (23),(0) (6.40)

and

(@) (t) = — [0 eSTP (1)1 (5) + (22)111(5)) ds + e 74(23),,(0).  (6.41)

We note that (z3),(0) € D(A). Indeed, from (6.34) and z3(0) = O we obtain
(23):(0) + Vg3(0) = —(z1 +22),(0) € H*(R2s) supplemented by V - (z3),(0) = 0in Q; and
(z3):(0) =0 on 'y UT.. Now, we observe that ¢3(0) solves Ag3(0) = —V - (21 + 22),(0) €
H'(Q ) with Neumann data of Vg3(0)- N = —(z1+22),(0)- N € H**(I'yUT,). By standard
elliptic regularity, we also have ¢3(0) € H 3(Q_,c). Thus, we conclude (z3);(0) € D(A).

By the maximal regularity of the Stokes semigroup, we have that the singular integral on the
right side of (6.40) is a mapping from the space L([0, T']; D(A'/?)) to L*([0, T]; D(A¥?))N
C([0, T]; D(A)). Thus, by the embeddings of D(A*?) in H? and D(A) in H?, it
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follows that (z3); € L*([0,T]; H*(Qf)) N C([0,T]; H*(24)). In particular, we have
z3 € L*®([0, T1; H*(Q2)) since z3 € H'([0, T1; H3(S25)). Now, integrating (6.41) by parts
in time, we obtain

- f eI P((21)unr (5) + (z2)1r) ds (6.42)
0

=- / AP (211 (5) + (22)u (5)) ds — P((21)ur (1) + (22)1 (1))
0

+e_tAP((Zl)zt(O) +(22)1(0)),

whence

(23)u(t) = — / AP ((21)1 (5) + (221 (5)) ds — P((21)ur (1) + (22)1: (1)) + €74 (2,4(0))
0
(6.43)

and, by the maximal regularity of the Stokes semigroup, (z3);, € L*([0, T1; H'(Q2¢)).

Here we utilized z;;(0) € H. We note that from (6.40) it follows (z3);:(0) + A(z3);(0) =
—(z1 + 22)1£(0). Since we already have that (z3),(0) € D(A), we may conclude (z3),(0) +
(z1 + 22)1:(0) € H which is equivalent to z,,(0) € H.

Observe that (z, ) satisfies the Stokes system

2 —Az+Vg=0 inQ; x (0,7) (6.44)
Viz=g inQy x (0, 7) (6.45)
=AY onT' x (0, T) (6.46)
z=0 onI'y x (0,7) (6.47)

with z(-, 0) = 0, and we have
€ L0, T1; H (), 1z € L™(0,T]; H* (), z: € L*(0,T]; H'(Q))),

(6.48)
sincez=2z1+z2+z3and g = q; +q» + gs.

In terms of the new variable u we obtain the divergence-free linear Stokes-wave system

U, —Au+Vg=f inQ;x(0,7T) (6.49)

V-u=0 inQy x(0,7T) (6.50)

wy — Aw +aw, + fw =0 in Q, x (0, T) (6.51)
with boundary conditions

Vw-N=y u+z—w) onT. x (0, T) (6.52)

u=20 onl'y x (0,T) (6.53)

Vu-N—gN=Vw-N+h onT. x (0, 7), (6.54)

where f = f+Vgandh =h —Vz-N.

Now, we employ Galerkin’s method to a suitable variational form. Namely, we assume
that ¢ = ¢(x) and ¥, = ¥,(x) are smooth functions such that {¢,}:2, is an orthogonal basis
of V and {y}:2, is an orthogonal basis of HY(Q.), respectively. Foranyn = 1,2,..., we
define the approximate solutions

un(t) =Y gen()hs (6.55)

s=1
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and
wa (1) =Y don ()Y, (6.56)
s=1
where the coefficients g, (¢) and d,(¢) fors = 1,...,n and r € [0, T] can be determined

uniquely (by the standard ODE theory) such that
(1), §5) + (Vi (1), Vey) + ¥~ (un(t) — wy, (1), do)r,

= (fu(0), ¢5) — (ha(), p)r, — ¥ (2 (1), D)1, (6.57)
and
W), Ys) + (Vw, (1), Vi) + a(w) (1), ¥s) + B(w, (1), ) — ¥~ (un () — wly (1), ¥y)r,

=y Nz (1), ¥o)r., (6.58)

fort € (Oa T), and 8sn (0) = (MO’ ¢S)7 dsn(o) = (wOa lﬂs), and dén(()) = (wla wv) for all
s=1,...,n.

Multiply equation (6.57) by g,,(t) and sum for s = 1,...,n. Similarly, multiply
equation (6.58) by d;,(¢) and sum for s = 1,...,n. Adding the resulting equations and
integrating in time gives the first level energy estimate

1
5 (a7 + Blwn 7 + 1w, O + 1 Vwa (0)117:)
t
+/ (1922 + @l 132+ 7t = w0 s, ) s
0

< f()(ﬂ(s),ms))ds —fo(ﬁn(sxun(s))n ds — y—‘/o(zn(s),unm — w) (), ds + E(0).
(6.59)

Thus, we obtain that the sequence {u, } remains in abounded set of L*°(0, T'; H)N L*0,T;V),
the sequence {w,} remains in a bounded set of L>(0, T; H'(£,)), and the sequence {w)}
remains in a bounded set of L>(0, T; L*(2.)) N L?(0, T; L*(2,)). In particular, (6.59)
implies an upper bound on fot lw, ||%2 ds. Passing to the limit in the variational form (6.57),
(6.58), we may conclude

(1), §) + (Vu(t), V) + v~ () — wi (1), P)r,

(Te)

= (f(t), ¢) — (h(1), p)r. — y ' (z(1), d)r-, (6.60)
(Wi (1), ¥) + (Vw(t), V) + a(w, (1), ¥) + Bw(®), ¥) — y @) — w, (1), Y)r,
=y '@, ¥r, (6.61)

forallg € V and ¢ € H' ().
Next, we obtain the regularity on the time derivatives u,(0) and w;,(0). We integrate by
parts in (6.60) and (6.61) and take the limit as t — 0 to obtain

@:(0), ¢) — (Aug, ¢) — (Vug - N, ¢)r, + v~ ' (o — w1, P)r, = (£(0), ¢) — (h(0), P)r.,
(6.62)

(Wi (0), ¥)— (Awo, ¥)+(Vwg - N, ¥)r, +a(wy, ¥) + B(wo, ¥) — ¥~ (o — wi, ¥)r, = 0.
(6.63)

Using the compatibility conditions (6.10) and (6.11), all the terms on the common interface
["; vanish. Indeed, by £6.10) and (6.11), we have (Vwgy - N, ¢)r, = vy g — wi, ¢)r, and
(Vwo - N — Vug- N +h(0), ¢)r, = 0forall ¢ € V, from where (Vug - N, ¢)r. = (v~ (uo —
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wy) +h(0), ¢)r,. Here we utilized that g(0) = 0, so that zo = 0, ug = vo, £(0) = h(0) and
£(0) = £(0). Similarly, by (6.10), we have (Vwg - N, ¥)r, = y 1 (up — wy, ¥)r, for all
¥ € HY(R,). From (6.62) and (6.63), we deduce

(u,(0), ¢) = (Aug, ¢) + (f(0), ¢)

(i (0), ¥) = (Awo, ¥) — a(wr, ¥) — B(wo, ¥)
forall ¢ € V and ¥ € H'(R2,). By density of V in H, this leads to

;O 22,y < Clluollmz,) + CILF Oz,

lw: () lz22,) < Cllwollazq,) + Cllwillzzg,)-

Therefore, we conclude u,(0) € H and w,,(0) € L?($2,).
Our next step is to reconstruct the system (6.49)—(6.51). Taking test functions ¢ € V and
¥ € H'(R,) vanishing on the common boundary T, we obtain

(i, ) — (Au, ¢) = (f, ¢) (6.64)

(Wi, ¥) — (Aw, ¥) + a(w;, ¥) + B(w, ¥) = 0. (6.65)
By (6.64), we obtain

u = Au+ f in H-(Qy), (6.66)

where we denoted H+(Q25) = {u € L*(Qf) : u = Vq,q € H' (), qlr, = const}. This
leads to

uy=Au—Vg+f (6.67)
for some g € HI(SZf). From (6.65), we have
Wy = Aw — aw; — fw. (6.68)

Now, in order to recover the boundary conditions, we integrate by parts in (6.60) and use
relation (6.67) to obtain

(—=Vu -N+gN+y'u+z—w)+h,gr, =0 (6.69)
for all g = ¢, with ¢ € V. Similarly, we obtain
(Vw-N -y Yu+z—w), h)r, =0 (6.70)

forall h = Y-, withy € H 1(©,). Using the last two equalities we can reconstruct the
boundary conditions
Vw'N=y_l(u+z—w,) (6.71)
Vu-N—gN=Vw-N+h (6.72)
onl'. x (0, 7).
Next, we show that the limit solutions (u, w, ¢) belong to the functional spaces stated in
lemma 6.1. Indeed, from the first level energy estimate (6.59), we have
u € L¥([0, T]; L*(Qp)) N L*([0, T1: H'(R)),
w € L™([0, T]; H'(R0)),
w, € L¥([0, T]; L* ().

Using the same arguments on the time differentiated linear systems together with the
compatibility conditions (6.13)—(6.15) and (6.16)—(6.18), we obtain the higher level energy
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estimates for the approximate solutions u, (¢) and w,(¢) in line with (4.38) and (4.53). Thus,
we may conclude

u, € L([0, TT; L*(R2,)) N L*([0, T1; H' (),
w, € L=([0, T1; H'(Q)),

wy € L=([0, T1; L*(R))

and

i € L0, T1; LX) N L2(0, T1; H' (),
wy € L2([0, T1; H'(Q)),

wyr € L([0, T1; L*(R)).

We also use the pointwise Stokes estimates

+ C”h ||Hy+l/2(1’*c)
H:+I/2(rr)

oN

- Jw
lullgse@ + g las@,) < Clludla@, + CIlf @, +C H —

(6.73)

fors =0, 1 and
Jw,

N + C||}~lt||H1/2(r,.),

H'A(T.)

lucllmze,) + 1g:llaie, < Cllullize,) + Cllifill2@) + € H

(6.74)
which are obtained as in lemma 3.2. Observe that f e L>*(0,T]; H' (£27)), h e
L>([0, T1; H¥*(T.)), fi € L=([0, T1; LX), by € L®([0, T]; H'/*(T'.)), which follows
by the assumptions on f and / and the regularity of the Stokes problem (6.44)—(6.46) for the
variable z. Thus, we obtain
u € L=([0, T1; H> (), w € L=([0, T]; H*(R/))
q € L®((0, T1; H*(RQ)), g € L¥([0, T]; H' ().
Finally, the elliptic estimates for the wave equation are given by (3.11) and (3.12), leading to
w e L¥([0, T1; HY(Q,)), w, € L2([0, T; H*(R)).

Therefore, the limit solution (u, w, q) is regular and lies in the space given in the statement of
lemma 6.1.

We would like to point out that, by the construction of the solution (v, w, ¢), the fluid
velocity v = u + z belongs to the functional spaces

ve L0, T H (), v € L¥(0, T]; H*(Qp)), Vv, € L*([0, T]; L*(R2/)).
In addition, we obtain v,, € L>([0, T']; L>(Q r)) from the third level a priori energy estimate
(4.53). Therefore, the proof of the lemma is established. O

Now, we consider the case of given time-dependent matrix a (x, #) with smooth coefficients
af (x,1) € C*(R2f x [0, T]). We assume that a(x, ¢) is a small perturbation of the identity
matrix satisfying

186 — aflI3 <e, 18, Bx — a3 <, 18 Bjx — a)I7s <e,

18000 Bjx — a7 <€ (6.75)
and
18jx — ajaf 132 < e, 18: 35 — aj )3 < e, 13 81 — ajaf) |35 < e,

i k2
||attt(8jk —a]]al)||L2 <€

493



Nonlinearity 27 (2014) 467 M Ignatova et al

forall # € [0, T] with T sufficiently small. In particular, the ellipticity condition a; afElEl >
(1/C)|&]%> holds for £ € R? x R*and ¢ € [0, T].
We use a fixed point argument for the perturbed system

oD ATt v (D = ) inQ; x (0,T) (6.76)
V.ot = g™ inQ; x (0,7) (6.77)
w — A 4 g™ 4+ g =0 in Q, x (0, T) (6.78)

with the boundary conditions

9 w(n+1)

= y LD — ™) onT. x (0, T) (6.79)
v =0 onT; x (0,7) (6.80)
Jp+h w@th
v g™ N = w +h® onT, x (0, T), (6.81)
N
where
£ = =05 (05 — afahae'™) + o (6 — abg™), (6.82)
8" = @ — ab)a ™, (6.83)
W = 8 — al af) o' Nj + Bix — af)g" N (6.84)

fori = 1,2,3. Asin the proof of lemma 6.1, we change variables u"*! = y@+D — 7+,

where (z"*D, §7+D) satisfies the Stokes system

Zl(n+l) — Az 4G =0 inQ; x (0,7) (6.85)
V. g(n) inQ; x (0,7) (6.86)
20D = Ay onT. x (0, 7), (6.87)
2D — onT; x (0,T), (6.88)

with the initial data z"*V (-, 0) = 0, where z"*D = ZYM) + zg’”l) + zgnﬂ), 20 and ™ are
defined as in the proof of lemma 6.1. Then u"*V satisfies the divergence-free Stokes-wave
system

u™D — A vt = 0 4 g gD inQ;x(0,7T), i=1,273 (6.89)
V.ou™b =0 inQ; x (0,7) (6.90)
wi Y — Aw™ L w4 ™V =0 inQ, x (0, 7) (6.91)
with the boundary conditions

P (n+1)

U;N =yl @D 4 70D D)y onT, x (0,T) (6.92)
u™b =0 onT; x (0,7) (6.93)
au(n+l) 8w(n+1)

—qg"Y N="—v +h™ VDN I, x (0,7T), 6.94

N q oN z onl'. x (0, T) (6.94)
where

fim = —y; ((5jk —~ a/'a]k)akv"(”)) + 3 (B —abHg™), (6.95)
W™ = (85 — af a )" N; + i — al)g™ N, (6.96)
fori =1,2,3.
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Recall that the proof of lemma 6.1 gives the existence and uniqueness of z**!) satisfying
(6.85)—(6.88) with z"*1(0) = 0 and such that

2D € L0, T1: H (),
" e L0, T1; HA(Q))),
2™ e L2([0, TT; H' ().
We conclude the construction of solutions by the following auxiliary assertion.
Lemma 6.2. Assume the initial data (ug, wg, wy) is small, that is
0113y 1 OV 13, Metss OV 1725 w0113y N0 2 ) < € (6.97)
where € > 0 is a small parameter. Then, the map
A @™, W™, g™y S @D @D gDy

is a contraction in the norms

u e L0, T]; H (Q)), u, € L=([0, T; HX(Ry)), (6.98)
ug € L([0, TT; L*(22)), Vu, € L*([0, T1; L*(R2y))

3w e C(0, TT; H(Q), j=0,1,2,3

g € L¥([0, T]; H*(Qy)), i € L¥(10, T1; H'(Qy))

for time T > 0 which depends on the given Lagrangian matrix a(x, t).
Proof of lemma 6.2. We consider the three energy level estimates for the system (6.89)—(6.94).

For the first level energy E*1 = (1/2)(Jlu V|2, +Bllw ™ |12, + | Vw12, 4w )12,),
we have

t
E"D (1) + / (VDI +allw™|7.) ds
0
t
= E™D(0) + / (f™()+Vg" P, uD(s)) ds
0

t
—/ (Vw"D - N +h™ 4 VD N D) ds
0

c

t
+/ (Vw(””) SN, D g Dy gy D N)r ds, (6.99)
0

c

using (6.92)—(6.94), which gives
t t .
E™ D (1) +/ D™V (s)ds < E™D(0) + CZ/ 1% — a] af ()3 v™ (5)|I2. ds
0 : 0
J

t t
+C Y / Ik — af ())g™ 1172 ds + C / 8% — a)dxv’ ™17, ds

ik 0 0

t
+€o / V™D ()13, ds, (6.100)
0

where we denoted by D"+ = [ Va2, +a w2, +y | VwD.N| 2,
terms. Absorbing the last term on the right, we obtain

) the dissipation

t t
E<"+1>(z)+/ D™V (s)ds < E<"+1>(0)+Ce/ (Vv )72 + 1lg™ (5)17.) ds,  (6.101)
0 0
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as [|6x — alj a," ||§1,2 < €. Similarly, we obtain for the second and the third energy levels

t t .
E"™D (1) +/ DIV (s)ds < E"V(0) + CZ/ 19, (@1 = a/af) v () 13 ds
0 . 0
J
t t
+C Y / 19, (i — af (s))g™) 7. ds + C / 18, ((8jx — a§)awv’ ™) 7. ds
ik 0 0

t
+éo / VUl (5)]2, ds 6.102)
0

and

t
EV™V () + / DYV (s) ds
0
‘ . .
<EMD(0) + / / 0 (G — af ©)af (020" 0, ) dw ds < ES*(0)
0 Ja
- f f 3 (Bix — ab)g™) uy™ " dx ds + C / 185 (B — @) ™) 117, ds
0 Joy 0

t
+€o / IVuly ™ ()11, ds, (6.103)
0

respectively. We treat the pressure term on the right side as we did in the proof of lemma 4.11.
Namely, when the two time derivatives fall on ¢, we use the divergence-free condition to

write (8 — a¥)opui™) = —28,(8ix — a¥) o™ — 8, (8 — @) du' V. From (6.102) and

(6.103), we have

t
E"V @) + / D"V (s) ds
0

t
+1 2 2 2 2
<EV O+ Ce [ (IVo I+ 190+ 1™ 1+ 10”1 ds
0

(6.104)

and
t
ES™ V() + / DY*V(s) ds
0
< CE{™ @+ Cellg” 013 + o (1Vu" 01 + 1Vu" (0]},

t
2 (n) 12 (n) 2 2 (n) 12
+Ce / (Vo™ 120+ 1VU 12, + 1V 1 + 1™ + g™ 1) ds
0

t t
1 1
+€0/ ”Vu(n+1)||i3 ds +€0f (HVMEIH )||2L2 + ||Vu,(:'+ )”iz) ds,
0 0

(6.105)

respectively. The last term on the right side of (6.105) can be absorbed in the dissipation terms.
We need the two pointwise estimates

t
Ve D@2, < Va3, +C / (D) + D" (s)) ds (6.106)
0
and
t
V™ @0)12, < IVu™ P (©O) 2. + C / (Di’””(s) + Dé’””(s)) ds, (6.107)
0
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which are obtained as in (5.3) and (5.5). Next, using the Stokes estimates (6.73) and (6.74),
we obtain

1 1
lu™ Dl g, + 1" g,
8w(n+1)

8N H”]/Z(Fc)
+Clh™ || gernr,y + ClIE™ i () (6.108)

+1
< Clu™ Nl + ClILF Pl @) +C H

fors =0, 1 and
+1) (n+1) (n+1) (n)
llue," 2, + lg," o) < Clluyy 22 + Clf" 22

(n+1
8wzn+ ) (n) (n)
+C TON +Cllh: N,y + Cllg: ”H‘(Q/»)- (6.109)
H'Y2(T;)
We have
1F N + 10 sz + 18 s < € (0P sz + g™ Nl o) (6.110)

fors =0, 1,as |8 — %3, < eand [|8;x —af af|3, < €, and

( ) ( ( (n)
LA 1 ey + 18 e < € (10 Dz + g™ s + 10l + g @l )
(6.111)
since also [|9; (8% — a?)”2 » < eand [|0,(8jx — a,’al")n2 » < €. Using the boundary condition
(6.92), we may write
3w(n+l)
aN H‘H'I/Z(FL»)
for s = 0, 1. Thus, we have

1 1 (n+1)
I Dl s, + 1" P llaze,) < Cllu™ e,

+Ce ([0 s + g™ 1) + € (1™l + "™Vl e) (6.113)

1
<€ (B D g 12 g+ ™) (6.112)

as well as
1 1 1
1™l 2, + 1" e, < Cllu™ PN,
1 1
+Ce (10 12 + 119 1r) + € (™ g + e ™) (6.114)

Similarly, we bound the right side of the estimate (6.109) for the time derivatives u, and g, to
obtain

1 1 1
"™ iz + g™ N,y < Clufit™ N2y
1
+Ce (I e + gl + 10+ gl ) +€ ™| 6115)
Here we also employ the elliptic estimates (3.11) and (3.12) for the wave equation:

1 (n+1) (n+1) 1 1 (n+1)
Vs < Clwff ™ s+ Clw™ Pl + Clw™ P + € (10l + "l e )

(6.116)
and
lw™ e < Cllw ez + Cllwlf ™ e + Cllwf™ e+ (1o g+ i )
(6.117)
From the above estimates one can see that the map
A @™, w®, g™y S5 @Dy ey
is a contraction in the norms (6.98), which concludes the proof of the lemma. O
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