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We address a fluid-structure interaction model describing the motion of an elastic
body immersed in an incompressible fluid. We establish a priori estimates for the local
existence of solutions for a class of initial data which also guarantees uniqueness.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4766724]

Dedicated to Professor Peter Constantin, on the occasion of his 60th birthday.

. INTRODUCTION

In this paper, we derive a priori estimates needed for establishing the local in time well-posedness
for a fluid-structure model. The model consists of the Navier-Stokes equations

oou—Au+w-Vu+Vp =0, (1.1)
V-u=0, (1.2)

and a wave equation
Wy — Aw == 0 (1.3)

with natural velocity and stress matching conditions imposed on the common free moving boundary.

The existence of solutions was first established in Ref. 9 by Coutand and Shkoller with initial
fluid velocity uo belonging to H° and initial data for the wave equation (wp, w;) belonging to H>
x H?. However, due to the divergence-free condition, the uniqueness for the model required higher
regularity data, and it was proved for (1o, wo, w;) € H' x H’ x H*. In Ref. 17, the second and
the fourth author of the present paper established a priori estimates for the existence with the data
(ug, wo, w1) in H> x H?> T 7 x H¥*?+ " where r > 0. The uniqueness was obtained only under
the additional condition Vv, € Li’ , for the Lagrangian velocity v.

The main result of the present paper provides a priori estimates for the local existence of
solutions with initial data (uo, wo, wy) in H* x H> x H* which satisfy Vv, € L3 ,. This, together
with Ref. 17, leads to a priori estimates needed for the well-posedness of the system in the space H*
x H? x H?.The main difficulty in the proof is the low regularity for wy and w; which results in a
substantial loss of regularity for the Lagrangian velocity—from H* initially to H> for positive time.
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We note that the presented a priori estimates do not require the optimal (hidden) trace regularity of
solutions and thus the proof is much simpler than the ones from Refs. 16 and 17.

In our treatment of the local existence, we benefit from the coupling of the Navier-Stokes
equation with a hyperbolic system even in the case where the time evolution of the domains is
neglected. It is interesting to note that global solvability was proven in the case of static interface
without any damping added to the wave motion (c.f. Refs. 6 and 7). However, in contrast with
the present work, there are no decay rates valid for this latter model. This is due to the fact that the
undamped wave motion gives rise, in a linear case, to spectrum that approaches asymptotically the
imaginary axis.” Since the model accounting for the evolution of the domain leads to a quasilinear
system, global existence of solutions should not be expected in the absence of uniform decay rates
of the energy for linearized equations. We refer the reader to a large body of work that has developed
in the last decade on the interaction between parabolic and hyperbolic dynamics.'>>67:11.19-22.26
Of independent interest are also, the free moving boundary problem involving the coupling of the
compressible Navier-Stokes with the linear elasticity system.*> '8 For applications of fluid-structure
interaction systems c.f. Refs. 13 and 14. For more results on hidden regularity, c.f. Refs. 23-26 and
28, and c.f. Refs. 8, 27, and 29 for applications in control theory.

The paper is organized as follows. In Sec. II, we introduce the model posed in Lagrangian
coordinates and state the main result. Section III contains the main lemma for the Lagrangian
coefficients a, the elliptic regularity (Stokes and Laplace) statements and the a priori estimate
leading to the local in time well-posedness. The proof of Theorem 2.1 is presented in Sec. IV.

Il. THE MAIN RESULTS

We consider the free boundary fluid-structure system which models the motion of an elastic
body moving and interacting with an incompressible viscous fluid (c.f. Refs. 3,4,9, 10, 16, and 17).
This parabolic-hyperbolic system couples the Navier-Stokes equation

oou —Au+w-Vu+Vp =0, 2.1
V-u=0, 2.2)

and a wave equation
w,; — Aw =0, (2.3)

posed in the Eulerian and the Lagrangian framework, respectively. The interaction is captured by
natural velocity and stress matching conditions on the free moving interface between the fluid and
the elastic body.

It is more convenient to consider the system formulated in the Lagrangian coordinates (cf.
Refs. 9 and 17). With n: Q; — QA*) the position function, the incompressible Navier-Stokes
equation may be written as

vl — 8(al afdv)) + d(akq) = 0inQ, x (0, T), i=1,2,3, (2.4)

afv' =0inQy x (0, T), (2.5)

where v(x, t) and g(x, f) denote the Lagrangian velocity vector field and the pressure of the fluid
over the initial domain Q, i.e., v(x, 1) = n,(x, 1) = u(n(x, 1), t) and g(x, 1) = p(n(x, 1), 1) in Q. The
matrix a with ij entry a§ is defined by a(x, 1) = (Vn(x, 1)) ~ ' in Qp, i.e., dnmia] = & foralli,j =1,
2, 3. The elastic equation for the displacement function w(x, t) = n(x, t) — x is formulated in the
Lagrangian framework as

w!, — Aw' =0inQ, x (0,7),i =1,2,3 (2.6)

over the initial do_main .. We thus seek a solution (v, w, g, a, n) to the system (2.4)—(2.6), where
the coefficients aj- fori,j =1, 2, 3 and n are determined from

a=—a:Vv:ainQy x (0,7), 2.7
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n =v(x,1)inQy x (0, 7T), (2.8)

with the initial conditions a(x, 0) = I and n(x, 0) = x in . On the interface I'. between 2, and €.,
we assume matching of velocities and stresses

v/ =wionT, x (0, T), (2.9)

al af o' N; — afgN, = 9;w'NjonT, x (0, T), (2.10)
while on the outside fluid boundary I'y we assume the non-slip condition
v' =0onT; x (0, T) (2.11)

for i = 1, 2, 3, where N = (N, N», N3) is the unit outward normal with respect to €2,. We
supplement the system (2.4)—(2.6) with the initial conditions v(x, 0) = vo(x) and (w(x, 0), w,(x, 0))
= (0, wi(x)) on r and €2, respectively. We also use the classical spaces H = {v € L2(Qf) :
divv=0,v-N|r, =0}and V ={v € Hl(Qf) :divo = 0, v|r, = 0}. Based on vy, we determine
the initial pressure by solving the problem

Aqo = —d;vs vl in Q,
Vgo-N =Avg-NonTly,

_qoz—ajU(I)Nle+ajwleNl on FC. (212)

The following statement is our main result.

Theorem 2.1: Assume that vo € VN H*(Q ), wy € H3(Q,), and wy € H*(Q.) with the ap-
propriate compatibility conditions

w; = v, Awyg= Avg— Vgoon Ty, (2.13)
Jdwy dvy dw 0 (A Vool r 2.14)
— 1 =— 17, —  -T=—[Avg— -tonly, .
aN ON ON g 0T o

Vg = 0, Av() — Vq() =0on Ff. (215)

Assume that (v, w, q, a, 1) is a smooth solution to the system (2.4)—(2.6) with the boundary conditions
(2.9)—(2.11). Then the norm

1
X(0) = vu®ll72q,) + IOl 2, + Vw72, + / VU7, ds + 1 (2.16)
’ 0

remains bounded for t € [0, T|, where the time T > 0 depends on the initial data. In particular, the
solution (v, w, q, a, n) satisfies

v e L0, T1; H3 (), (2.17)
v € L=([0, T1; HA(R2y)), (2.18)
Vu, € L*([0, T1; L*(2y)), (2.19)
dwecqo, T H>(Q,)), j=01273 (2.20)

with g € L*([0, T; H*(R)), g, € L™([0, T); H' (), a, a; € L¥([0, T1; HX(RQy), a, € L™([0, T];
Hl(Qf)), am € LX([0, T1; Lz(Qf)), and nlq, € C([0, T]; H3(Qf)) and the corresponding norms and
UT are bounded by a polynomial function of [|voll 4@ v -
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Remark 2.2: The result of Theorem 2.1 depends on the existence of sufficiently smooth solutions
in line with the topologies listed in (2.17)—(2.20). Existence of smooth local solutions with the initial
datain H° x H® x H? has been shown in Ref. 9. Thus, our result shows that for the solutions
established in Ref. 9 there is no finite in time blow up of H* x H® x H? norms. However, a full
resolution of the existence problem requires construction of local solutions respecting the finiteness
of X(1) for the initial data in H* x H*® x H?. This construction can be carried out by taking
advantage of compatibility conditions assumed in (2.13)—(2.15). These conditions are apparent
when one solves coupled wave and fluid system after elimination of the pressure as in (2.12). This
method is inspired by Grubb and Solonnikov'> where solutions to Navier-Stokes equations with
Neumann type of boundary conditions are shown to be equivalent to solutions of pseudo-parabolic
problem with tangential boundary conditions and nonlocal pseudo-differential operators representing
the pressure. The details of this procedure will be carried out in a subsequent paper.

The proof of Theorem 2.1 is given in Sec. IV.

lll. PRELIMINARY RESULTS

In this section, we give the formal a priori estimates on the time derivatives of the unknown
functions needed in the proof of Theorem 2.1. We begin with an auxiliary result providing bound on
the coefficients of the matrix a.

Lemma 3.1: Assume that |[Vv| L=o,11.n29,) < M. Let p € [1, ool and i, j = 1, 2, 3. With
T € [0, 1/CM], where C is a sufficiently large constant, the following statements hold:

(i) IVnllz, < C forte |0, Tl

(ii) lallzxq,) < C forte 0, TT;

(iii)  MacllLre, < ClIVUllLerg, fort € [0, Tl;

(v)  Niallry < ClIVullen@plldiallLr, + ClIVOvlLr fori =1,2,3 and t € [0, T]
where 1 < p, p1, p» < 00 are such that 1/p = 1/p; + 1/py;

1/2 12 .

v 9adiize,) < CIVUllig  IVollig,, + CIVollue, fori,j=1,2,3 and 1 € [0, T1;

(vi) laie N2, < ClIVullzepIVolle=@, + ClIVuliiae,) and  awlse,) < C||U||22(Qf)
+ ClIVu iz, fort € [0, Tl;

i) Nawllre, < C||VU||21(Q/.) + ClIVullzepllVollee, + ClIVun Lz, for t € [0, T1;

(viii)  for every € € (0, 1/2] and all t < T* = min {e/CM?, T}, we have

186 — a/a;‘nﬁ,zm/) <e, jk=1,2,3 3.1
and

16r — a,{||i,2(9f) <e, J.ok=1,2,3. (3.2)
In particular, the form alj alké ;S,i satisfies the ellipticity estimate
dlatelsl = P, & eR” (3.3)
forallt € [0, T*] and x € Qy, provided € < 1/C with C sufficiently large.

Proof of Lemma 3.1:

(1) By (2.8), we have Vn(x,t) =1 + fot Vu(x, t)dt for t € [0, T)]. Thus, the assertion follows
from || Vo ”L"o([O,T];HZ(Qf)) < M.
(ii) We have

laOlieay) = [a©) + ffadr| <€+ [ la@lma,dr (3:4)
!

t t
<C+ / a2 IV 2@, dT < C+ M / la(@Ieq,de, (3.5
0 ’ 0 ’
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for 7 € [0, T], where we used (2.7). Applying the Gronwall lemma, we obtain [|a(?)|| 2,
< C for t < 1/CM, where C is a sufficiently large constant.

(iii) ~ By the Sobolev inequality and (ii), we have |la(®)|L=,) =< Clla(®)|lp2q, < C for
t € [0, T]. Using (2.7), we get

la:DllLre, < IIG(I)II%oc(Qf)IIVv(t)Ilmszf) (3.6)
for t € [0, T], and (iii) is established.
@iv) We differentiate (2.7) to get
0;a; = —0;a:Vv:a—a:Vov:.:a—a:Vv:oa. 3.7

The desired estimate then follows by using Holder’s inequality with 1/p = 1/p; + 1/p, and
la()ll=g,) < C fort e [0, T].
V) Differentiating (3.7), we obtain

djja; = —0;ja:Vv:a—0a:Vojv:a—2oda:Vv:dja—9d;a:Vov:a—a:Voijv:a,

—a:Vov:dja—9d;a:Vv:dia—a:Vijv:odia—a:Vv:ija, (3.8)
leading to

0ijacllL2@,) < ClIVVlL=@,) + ClIIVOivlLsq, + CIIVI; v, + ClIIVI;vliae,)
(3.9)

for t+ € [0, T], where we utilized Holder’s inequality and the Il)art (i) of this lemma.
By the interpolation inequalities || Vv ||z~ < CIVvll g VUl and V80l 3q,)

H' () HX(Q2y)
1/2 1/2
= CIVullig, 190l W .
(vi) Differentiating (2.7) in time gives a;; =2a : Vv :a:Vv:a —a: Vv, : a. The assertions
then follow from ||a(#)|| L=, < C for 7 € [0, T], since

we deduce the desired estimate.

3 2
laill2@) < Cllallp=@IVVllix@pIVUlie,) + Clalis@yIVullie,  (3.10)

and

3 2 2
lanllae,) < Cllallzxq ) IVVllzsq,) + Cllalix@) Vi@ (.11

(vii)  Differentiating a; = —a : Vv : a twice in time, we obtain
ayy =6a:Vv:a:Vv:a:Vv:a+3a:Vv:a:Vv,:a+3a:Vv,:a:Vv:a—a:Vu,:a, (3.12)
whence
lawll 2, < C”VU”zﬁ(Qf) + ClIVullizepll Vol + ClIVur 2@, (3.13)

using [la(t)||.~@,) < C fort € [0, T].
(viii) ~The first inequality follows from 8, — ajaf = — fot d(aj af)(s)ds and the multiplicative
Sobolev inequalities, while the second one follows from §j; — a,ﬁ = — fot B,a,ﬁ (s)ds. O

Lemma 3.2: Assume that v and q are solutions to the system

vl — 8;(a] afav') + d(akq) = 0inQy, (3.14)
af v’ = 0in Q;, (3.15)

v=0onTYy, (3.16)

a{akaUiNj — aquk = 8jwiNj onl,, (3.17)
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for given coefficients a§ € L®(Qyr)withi,j=1, 2, 3 satisfying Lemma 3.1 with a sufficiently small
constant € = 1/C. Then the estimate

(3.18)

Jw
Ivllase@p + g llas+i@,) < Cllvillas@, + € H—
aN H:+l/2(1’*ﬁ)

holds for s =0, 1 and for all t € (0, T). Moreover, the time derivatives v, and q, satisfy

vl 2,y + el i@y

< Cllulliogy) +C | o + Cllvllgg, g, (01, + lglne,)
= tllL2(Q2) ON | o, mx@p VI H Q) ma@p T IgliH' @)
(3.19)
forallt e (0, T), where T < 1/CM for a sufficiently large constant C.
Proof of Lemma 3.2: Let ¢ be a solution to the elliptic equation
Ap = —(8jx — d)ov’ in Qy (3.20)

with the Dirichlet boundary condition ¢ = 0 on I'.UI'y. Then the function u = v + V¢ satisfies the
stationary Stokes problem

— Aul + 8 = —Adip — 3;((Bjx — aj a v’ + (i — al)g) — vl in (3.21)
dju’ =0inQy
u=Voonly
du'N; —gN; = 3,w' N; + 8;;0N; + S — aj a)dv'Nj — (8ix — ak)gNyon T.
Thus, we have (c.f. Ref. 29 and 32, for instance)
lullgs2@,) + gl as+i@p (3.22)
< ClAY® ) + ClIO (B — al a)dv) | ey + C D 10k — ad)g)l e,

aVv
”H (Vo)
Hx+l/2(]’*c) aN

ow
+ Cllvllas@py +C IN

HJH/Z(F()

+ CllGj—a a )Nl anray+C Y Gk — afdgNell a2y +C IVl s, -

l

Using the trace theorem and [|[VA® || ps@,) < ClI(§x — af)akvj | z75+1(q,) for the sixth and the ninth
term on the right side, we obtain

lvllase@p + g las+1@)) (3.23)

< CllGjx — v/ |1,y + € D G — al a))devll ey
J

x ow
+C Y NG — abgllme, + Cllvdlase,) + C |+~
ik 3N H.v+l/2(1'*l_)
ow
< Celvlmsq, + Cellgllas+i, + Cllvillas@) +C | ,
oN Hs+12(T,)

where we also utilized the multiplicative Sobolev inequalities (namely, ||uv||gs < ||u||g=||v] 52 for
0 <s <2and ||luv|gs < |lullgs|lv||gs for s > 2) and the part (viii) of Lemma 3.1. The inequality
(3.18) now follows by choosing € sufficiently small so that the first and the second term on the far
right side are absorbed by the terms on the left side.
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In order to prove the second part of the lemma, we differentiate the stationary Stokes problem
(3.21) in time. By a similar argument as above, we have

vl 2y + el e (3.24)
J k k
< Cllveliza,) + Cll9;(3:(a) a) )0k V)l L2, + C Z 10k (3:a; Pl 22

Jw,

c|==
re|5

+ Cllo,af 0cv' || 1 g2))-
H'/2(T.)

Using Lemma 3.1, we bound the terms on the right side of (3.24) involving the entries of a. By the
Poincaré inequality, we then obtain

18; (3, (a a) kv 12, < € (llaclls@plVallsg, + IValiepllaliise,) IVulls  (3.25)

+ CllallL=@pllaliLe@pllvii e,

12 12
< Clvll g 19l i IVl 2
and
k
Z 103 a; P2,y = CliVarllsapllglizse,) + lladliL~@)I1Vallirae)) (3.26)
i
1/2 12
< Clvlly ;

H2(Q)) l v“H3(Qf) ||CI ||HI(Q/)7

since v = 0 on I'y. Similarly, we may estimate ||8,af‘ v || g1 by the same right side as in (3.25), and
the proof of (3.19) is established. O

Now, let w be a solution to the wave equation (2.6) satisfying the velocity matching condition
(2.9) on the common boundary I'.. Note that we have w(t) = wo + fot v(s)ds on I'.. Hence, we
obtain the elliptic estimate

t
”w”H3(Q¢) = C”wtt”H‘(Qf) + C/ ||U(S)||H3(Qf) ds + C||w0||H3(QE) (3.27)
0

for all t € (0, 7). Differentiating (2.6) in time, we also have by the ellipticity
lwell 2, < Cllwell2,) + Clivliaze,) (3.28)

forallz € (0, 7).
From (3.18) with s = 1 and (3.27), we conclude that the Stokes type estimate

t
lvllas + gl < Cllvdl g 4 Cllwge |l g +C/ vl a3 ds + Cllwol a3 (3.29)
0

holds for all # € (0, T), where T < 1/CM. Now, using the Gronwall inequality, we obtain

Il + gl = Cllorlln + Cllwill + Cllwol
t

+Ce”! / (Wl =+ el =+ Wl s ) s (3.30)
0

Analogous derivation shows that

lvllgz + llgllar < Clivdlle + Cllwg 2 + Cllwoll 2

t
€ [ (s + Nl + wolle)ds. - 331)
0
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By (3.19), (3.28), and (3.31) with s = 0, we also get
vl a2 + llgell g (3.32)

2 2
< Cllvullzz + Cllw gz + Cllollz ol (vl + llglla)
< Clvullz + Cllwll 2 + Cllvll 2

1/2
+ Cllvll, , (||vt||L2 + llwiellz2 + llwoll a2

t
+ / (oullez =+ Nl ez =+ Hwoll e ) ds)
0

32

forallz € (0, T), where T < 1/CM.

Lemma 3.3: For €, € (0, 1/C], we have

t
o (ON172 + w72 + Vw132 + / Vv ()13 ds (3.33)
<CE©0) + ¢ / IV 12, ds + Co, / g2 00l ds
t
+Ce, / (013 + g l:) (I3 1015 + o0 ) ds + eollar I + €ollor 1y
0
t 3 t 2
+ eollv@®)7: + Ce <||v(0)||%,1+r / v ()11 ds) <||v(0)||Hz+t / ||vt<s>||%,zds>
0 0
t 2 t 3
+Cq (||v,(0>||iz+r / ||vn<s>||izds> (||v<0>||%,.+r fo ||v,<s)||i,lds)
+Cf el (1003 + w02 ) ol ds

1/4 3/4 3/4 1/4
+Cf el (100 + ol 0D F 0I5 ) ol ol d

for all 't € [0, T], where E(O) = ”vO”H3(Q )—‘f— ”vt(o)”].]l(g )+ ”Utt(o)”LZ(Q )+ ”wO”iﬂ(Qe)
+ ”wl ”HZ(QF) + 1

Proof of Lemma 3.3: We first differentiate the system (2.4)—(2.6) twice in time. We obtain

vl — 8ud;(aj af 0v') + B de(afq) = 0in Q2 x (0, T), (3.34)
ak oo, +20,ak 0] + d,ak a0’ = 0inQy x (0, T), (3.35)
w!, . — Aw!, =0inQ, x (0, T), (3.36)

with the boundary conditions

v, =w!, onT. x (0, T), (3.37)
By (aj al v )N — 8, (afq)Ni = 8jw!,N;on T x (0, T), (3.38)

and
v, =00nT; x (0, T), (3.39)
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fori = 1, 2, 3. Multiplying (3.34) by v/,, integrating over Qy, and summing for i = 1, 2, 3, we have

1>

1d 2 J k i i J k iN, i
EZHU”HLZ + 0y (aj a; 9 v')0jv;, dx + 0y (aj a; ' )v;, Njdo(x) (3.40)

Q e

- / B (a q)oev!, dx — / B (a g )0 Ny dos (x) = 0,
Qf I,

after integrating by parts. Similarly, we multiply (3.36) by w!,,, sum for i = 1, 2, 3, and integrate
over €2, to obtain

ld o 1d 2 i
5 g Weellze & 522 IV willp: = | - dwy,wy, Niedo (x) = 0. (341

c

Adding (3.40) and (3.41) and applying the boundary conditions (3.37) and (3.38) leads to

d . . .
o (10172 4+ Nweeell72 + Vweell72) + / aj af vl 0,0}, dx (3.42)
Qy

+2/ 3 (al ab)opvio; v, dx+/ A (aj af)av'd v, dx—/ d(akq)devl, dx = 0.
Q Qf Q

I

N =

Using the ellipticity of the form a{ alk & &, and integrating in time, we get

1 t
v (ON72 + lwee @72 + Vw0172 + ol / Vv ()72 ds (3.43)
0
t . . . t . . .
SC// d(aj al)dvid;vi, dx ds +C// du(a a)dv'd;v!, dx ds
0 JQy 0 Jay
+C// qdakdpvl, dx ds +C/f q:d,a¥dpvl, dx ds
0 Joy 0 JQy
l .
+C / / qual vl dx ds| + Cllvy (0)172 + Cllwy ()72 + ClIVw, (0|7
0 Qp

<A +Ay+ A3+ As+ As + CE(0).

We now estimate the terms on the far right side of (3.43). Using Ho6lder’s inequality and Lemma 3.1,
we have

t
A+ A+ A3 < C/ (IIVullee + ligllize) VOl IVl + IVodl2) [Vogllzds - (3.44)
0
! 5/4, 3/4
< C/ (ol + gl (0I5 0+ ol ) 1Vl 2 ds
0
and

t t
3/4 4
Ar<C / gl 1Vl [ Vol ds < € / bl Lol ol A Vol ds, (345
0 0
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where we also utilized the Sobolev and the interpolation inequalities. Regarding the term As, using
(3.35) and integrating by parts in time, we obtain

As = (3.46)

t t
2/ / q,talafakvf dx ds—i—/ / qt,(’),,affikvi dxds
0 Jo 0 Jo

§Cf q/()d,ak ()i (1) dx| + C
Qf

/ 413 (D)0 (1) dx
Q

+C / 4:(0)3,af (0)3,v! (0)dx| + C
Q

/ 41(0)3,a (0)3pv' (0) dx
Qr

t
// q:d,ak vl dx ds
0 Jo,

+C

1
+c// qi 3y ak v dx ds
0 Jo

t
—i—C// qtat,taf‘akvidxds
0 Ja

< Cllg: Ol eIVl 3 VoDl 2 4 Cllgi Ol ollas (DNl 2 I Vo @) 2
+ CligiO)ie IVl 3 IV (O) 2 + Cllgi(O) I s llar (O) | 2 | Vv (O) ] 3

t t
+ C/ llgelizelialls IVl 2 ds + C/ lg: s IVl L 1V vgell L2 ds
0 0

t
+C/ gl Lo llaw |l 2 1V VIl s ds,
0

which by Lemma 3.1 leads to

As < &llg: O3 + Ce, (IVVOI5: IV + IV,DI172) VO35 (3.47)
+ CllvO)%: + Cllv (O3 + Clig: (013,

t
1/2 1/2
+ [ (10 + 19002170 07) 19010 ds
0
! 3/4 1/4
+C/ gl IV NVl 1V vl 22 ds
0

t
+ C/ lg e (10152 + IVl 1 Vol ) Vol s ds.
0

Observe that for the second term on the right side of (3.47) we have

Ce, VD72 IV 7 V0175 < Coo Vo3IV o151 Vo) 22 (3.48)

< ellv@® 7 + Ce VOIS T0@)]5,2
2

t 3 t
< @l + Ca (||v(0>||i,1+r / o ds) (uv((»n%,zw / ||vf<s>||i,2ds>
0 0
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and
Ce, IV D17V v()17 5 (3.49)
< Co vl 2 v O I VVO 132 1 Vo)l 17

< ellvi®3: + €ollv®)ll7;s + Ce llv: N2V,

2 2
< eollvi®lly2 + €ollv@)lys

3

t 2 t
e (nv,(mniz i / o)1 ds> (||v<0>||§,l i / o)1 ds) ,
0 0
where we utilized
t
v < CllvO)||3;. + Ct / Ve ()1 ds (3.50)
0

fors=1,2and

t
o ®II7> < Cllvi(O)17: + Ct / o (1172 ds (3.51)
0
for all t € (0, T]. By (3.43)—(3.47), we then deduce that the estimate (3.33) holds, and the proof of

Lemma 3.3 is complete. m|

IV. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 2.1.

Proof of Theorem 2.1: Denote
t
X(0) = lva @l 2q,) + lwi Ol 2, + Vw72, + / IV VeIl 2,y ds + 1. (4.1)
0

We assume that C is large enough so that « < C and

lvoll s v O 22, llwoll a3, lwi a2 < C. 4.2)

By the Poincaré inequality, we obtain

o113 < ClIVY@I7. < C[Vu(O)]7. + Ct fo t IV ()17 ds (4.3)
which leads to
||v,(t)||i,1 <C+H+CtX(t). 4.4
We also have
w172 < lwa(0)I7: + Ct /0 t lwire(s)l|7.ds < C + Ct /O t X(s)ds. (4.5)

Using (3.30) and (4.5), we obtain
t
||v(t)||§13 + ||61(f)||§12 <C@t+ DX+ CeC’/ X(s)ds. 4.6)
0

In particular, we used ¢ < % and

2 2 2
llw, ||H1 = ”wtt”LZ + ”tht”LZ

t t
< Cllw,(0)]13, + Ct / lweell32 ds + [[Vw, (D], < CX(t) + Ct f X(s)ds. (4.7)
0 0
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Similarly, we have by (3.32) and by ||v||?le + ||q||fq1 < C+ Ce“t fot X(s)ds, which results from
(3.31),

o O3 + llg: Ol < C+CX(@)

t t t
+ Ce“ / X(s)ds+CeC X (1)'/? / X(s)*? ds+Ce“! / X(s)*ds
0 0 0

<C+CX(@#)+ Ce / X(s)} ds. (4.8)
0

Now, we consider (3.33). The sum of the fifth, sixth, seventh, eight, and ninth term on the right side
of (3.33) is estimated from above by

Ce (1 + X(1) + ¢ / X(s)? ds> (4.9)
0

5

t 3 t 2 t
+ Cq, <1+tf X(s)ds> <1+eC’/ X(s)3ds) + Cq, (1+t/ X(s)ds) )
0 0 0

Let Cy > 0 be a large enough constant. We collect all the estimates and choose €y > 0 sufficiently
small. We obtain

m t
X(t) < COeC°’Z f X ()% ds, (4.10)
j=170

where a1, . ..o, > 1. We assume X(0) < Cy. Let T be such that X(r) < 2C, for all ¢ € (0, T+) and
X(T+) = 2Cy. We now show that there is a lower bound on T in terms of Cy; thus, the Gronwall
lemma is applicable for the inequality (4.10). Indeed, for 7 € (0, T+], we have

m

X(1) < Coe™" Y 1(2C0)*™ + Co., @.11)
j=1
which for t = T+ implies
X(T) = Co < Coe®" Y TL(2Co)™. (4.12)

j=1
Note that the right side of the inequality (4.12) tends to O as 7+ — 0 while the left side equals C.

Therefore, we deduce that there is a lower bound for 7+ and the necessary a priori estimate is thus
established. O
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