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Lorentzian polynomials and matroids over triangular hyperfields

R o=

Part 1: Topological aspects

Matthew Baker, June Huh, Mario Kummer, and Oliver Lorscheid

ABSTRACT. Lorentzian polynomials serve as a bridge between continuous and discrete
convexity, connecting analysis and combinatorics. In this article, we study the topology
of the space PL; of Lorentzian polynomials on J modulo R, which is nonempty if
and only if J is the set of bases of a polymatroid. We prove that PL; is a manifold with
boundary of dimension equal to the Tutte rank of J, and more precisely, that it is homeo-
morphic to a closed Euclidean ball with the Dressian of J removed from its boundary.
Furthermore, we show that PL; is homeomorphic to the thin Schubert cell Gr;(T,) of J
over the triangular hyperfield T, introduced by Viro in the context of tropical geometry
and Maslov dequantization, for any positive real number ¢. This identification enables
us to apply the representation theory of polymatroids developed in the companion paper
[4], as well as earlier work by the first and fourth authors on foundations of matroids,
to give a simple explicit description of PL; up to homeomorphism in several key cases.
Our results show that PL; always admits a compactification homeomorphic to a closed
Euclidean ball. They can also be used to answer a question of Briandén in the negative
by showing that the closure of PL; within the space of all polynomials modulo R~ is
not homeomorphic to a closed Euclidean ball in general. In addition, we introduce the
Hausdorff compactification of the space of rescaling classes of Lorentzian polynomials
and show that the Chow quotient of a complex Grassmannian maps naturally to this
compactification. This provides a geometric framework that connects the asymptotic
structure of the space of Lorentzian polynomials with classical constructions in algebraic

geometry.
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1. Introduction

In [18], Brandén and the second author introduced the notion of Lorentzian polynomials
and used it to establish the log-concavity of various sequences of combinatorial origin.
Lorentzian polynomials serve as a bridge between continuous and discrete convexity,
connecting analysis and combinatorics. Among their many applications to combinatorics,
Lorentzian polynomials were used by Brandén—Huh [18], and independently Anari et al.
[2], to prove the following conjecture of Mason from [42]:

If (M) is the number of independent sets of size k of a matroid M on [n),
then the sequence I(M)/(}) is log-concave in k.

If we assume the support of the polynomials in question to be square-free', then
Lorentzian polynomials admit a simple characterization: a nonzero homogeneous polyno-
mial f in n variables with nonnegative coefficients and square-free support is Lorentzian
if and only if log(f) is a concave function on the positive orthant R” . In general, a
homogeneous polynomial f with nonnegative coefficients is Lorentzian if and only if
the partial derivative d° f is identically zero or log-concave on R”; for all o € ZZ,.
See Section 4.1 for an extended discussion in the general setting. Our primary goal_in
this paper is to study the topology of the space of Lorentzian polynomials with a given
support. Throughout this introduction, we focus on the case of square-free support for
expositional simplicity.

Let H(d,n) be the vector space of homogeneous polynomials of degree d with real
coefficients in variables xy,...,x,, and let L(d,n) be the set of Lorentzian polynomials
in H(d,n). We use H(d,n)g and L(d,n)g to denote, respectively, the subsets of H(d,n)
and L(d,n) consisting of polynomials with square-free support. For a subset S of [n], we
write x5 for the square-free monomial [];cgx;. Thus, H(d,n)g is the span of x5, where

IThe support of a polynomial f is the set of monomials appearing in f with nonzero coefficients. The
support is square-free if every monomial in it is square-free. Polynomials with square-free support are also

known in the literature as multi-affine polynomials.
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S ranges over all d-element subsets of [n]. We denote by PH(d,n) the projectivization
of the vector space H(d,n), and by PX the image of X\0 in PH(d,n) for a subset X of
H(d,n). A fundamental result on the space of Lorentzian polynomials is the following
statement due to Briandén [16]:

Theorem 1.1. The spaces PL(d,n) and PL(d,n)g are homeomorphic to closed Euclidean
balls of dimensions dimPH(d,n) and dimPH(d,n)g, respectively.

Our main goal is to relate spaces of Lorentzian polynomials to various Grassmannians.
A first instance of such a connection goes back to [22]:

Example 1.2. Let (pg) be the Pliicker coordinates of a linear subspace of C" of dimension
d, where S ranges over all d-element subsets of [n]. Then the polynomial f = ¥.¢|ps|?x°
is stable [22, Theorem 8.1], and hence Lorentzian [18, Proposition 2.2]. Therefore, we

obtain a continuous map
Gr(d,n)(C) — PL(d,n)w,  (ps)— Y |psI*¥". (D)
S

We study this map in detail in Section 5.1. For example, when d = 2 and n = 4, we show
that the map sends Gr(2,4)(R) to the boundary of PL(2,4)x, and the induced map

Gr(2,4)(R) — dPL(2,4)x

is the quotient of Gr(2,4)(R) by the action of {#-1}*. By Theorem 1.1, the right-hand
side is homeomorphic to the four dimensional sphere.

1.1. Thin Schubert cells. Let B(M) be a collection of d-element subsets of [n], viewed
as a collection of degree d square-free monomials in xi,...,x,. We set

Hy = {f € H(d,n) | the support of f is B(M)} and Ly :=L(d,n) "Hy.

One of the basic results proved in [18] hints at a surprising link between the continuous

and the discrete world: The set Ly, is nonempty if and only if B(M) is the set of bases of

a matroid of rank d on [n].>

2A matroid M on [n] is given by a nonempty collection B(M) of subsets of [n] satisfying the symmetric
exchange property: For any Bj,By € B(M) and any b; € B;\Ba, there is by € B,\B; such that both
Bi\{b1}U{b2} and Bo\{b2} U{b;} belong to B(M). Members of the collection B(M) are called bases
of the matroid M. The symmetric exchange property implies that any two bases have the same cardinality,
called the rank of the matroid. For general introduction to matroids, we refer to [45].
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We regard PLy, as the analogue of a thin Schubert cell (or matroid stratum) in
PL(d,n)x. While a thin Schubert cell in a Grassmannian over a field can be empty,
depending on whether or not the matroid is representable over that field, every matroid
occurs as the support of some Lorentzian polynomial. In fact, the generating polynomial
YBen(M) x8 is a Lorentzian polynomial if and only if B (M) is the set of bases of a matroid
[18, Theorem 3.10]. Our first result is the following:

Theorem 1.3 (Corollary 4.20). For every matroid M, the space PLys is a manifold with
boundary.

This should be contrasted with the various universality theorems for thin Schubert
cells in Grassmannians over a field, which roughly state that such thin Schubert cells can
exhibit arbitrary singularities [38,39,53]. In fact, we can explicitly describe PLy; up to
homeomorphism. In order to formulate the result, we recall from [18] the connection
between Lorentzian polynomials and the Dressian, the piecewise-linear space of all rank
d valuated matroids on [n] which plays the role of the Grassmannian in tropical geometry.

Example 1.4. Let M be a matroid of rank d on [n] with the set of bases B(M). A function
v: B(M) — R is a valuated matroid if for any By, B, € B(M) and any b € B;\B,, there
is by € B,\Bj such that

v(B1) +v(Bz) < v(Bi\{b1}U{b2}) +v(B2\{b2} U{D1}).

The Dressian Dry; of M is the set of all valuated matroids v: B(M) — R modulo addition
of constant functions on B(M). If v € Dry, then f,, := Ypesme ” (B) xB is a Lorentzian
polynomial [18, Theorem 3.14]. Therefore, we obtain a continuous injective map

exp: Dry — PLy,, vi— fy. 2)

Clearly, we have tv € Dry, for any t > 0 and any v € Dry;. Moreover, if v is not
constant, then the limit of f;,, as ¢ goes to infinity is a Lorentzian polynomial with support
strictly smaller than B (M), and hence it is not an element of PLy,. In a sense, this the
only obstruction to PLys being compact:

Theorem 1.5 (Theorem 4.19). The space PLys can be compactified to a closed Euclidean
ball by adding a point for each ray contained in the Dressian Dry;.

We also compute the dimension of PLy, in terms of M. An obvious upper bound is the
ambient dimension |B(M)| — 1, which is not tight in general. The following constraint is
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analogous to the corresponding statement of Briandén on stable polynomials [14, Lemma
6.1]:

Lemma 1.6 (Lemma 4.2). Let f =Y g ppx® be a degree d Lorentzian polynomial with
square-free support. Let S be a set of cardinality d — 2 in [n], and let i, j, k,l be pairwise

distinct elements of [n| not in S. If one of the three terms

Psuii,j}Psuik,l}y s PSu{ikyPSu{jl}s PSu{il}Psu{jk} (3)

is zero, then the other two are equal.

Note that the three terms in Equation (3) correspond to the monomial terms in the three-
term Pliicker relations for Grassmannians, which shows immediately that Lemma 1.6
holds for polynomials in the image of the map from Equation (1). We also note that the
conditions from Lemma 1.6 only depend on the support of f, and they give binomial
equations on Hjy, for each matroid M. Hence the image of the solution set to these
equations in Hy; under the coefficient-wise “logarithm of the absolute value” map

log|-|: Hy — RBM)

is a linear subspace Vj;, whose dimension is an upper bound on the dimension of Ly,.
Composing the map exp from Equation (2) with log| - |, we may consider Dry, as a subset
of Vir/1, where 1 is the all-ones vector. In this way we obtain the following more precise
description of PLy,:

Theorem 1.7 (Theorem 4.19). Let B C V) /1 be the closed unit ball around the origin
with respect to a norm on Vi /1. Then PLyy is homeomorphic to the space B\ (d BNDryy).
In particular, the dimension of PLy; is equal to dim(Vy) — 1.

All results outlined here can be straight-forwardly extended to the general case of
Lorentzian polynomials with a support that is not necessarily square-free, see Section 4.

In the next subsection of this introduction, we explain a conceptual interpretation and
common framework for the space V), its dimension, and the map from Equation (2).

1.2. Grassmannians over triangular hyperfields. In order to make precise the intuition
that the space of Lorentzian polynomials is like a Grassmannian, we recall from [3] that
there is a natural way to generalize the notion of a field by relaxing the requirement that
addition is a binary operation; such generalized fields are called tracts.
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The definition of a tract will be given in Section 3.1. For now it is enough to know
that a tract F' consists of a multiplicative abelian group F*, together with the null set of
“additive relations” of the form a; 4 - -- +a; = 0 with a; € F = F* U {0}.

Given nonnegative integers d < n and a tract F', we define the F-Grassmannian
Gr(d,n)(F) as the set of solutions in F (4) /F* to the Pliicker equations: For any set S|
of cardinality d — 1 in [n] and any set S of cardinality d + 1 in [n], we have

Y sign(x)ps,u(Psy\xr =0,
xGSz\Sl

where sign(x) = £1 is determined by the parity of #{x <s € S} +#{x < s € 5, }, see
Section 3.3. When F = K is a field, this recovers the usual Grassmannian Gr(d,n)(K)
over K, parametrizing d-dimensional subspaces of K. Similarly, for a matroid M of
degree d on [n], one defines the thin Schubert cell Gry(F) to be the subset of Gr(d,n)(F)
consisting of points with support B (M), which is naturally embedded into (F*)BM) /.
If the tract F carries a topology, this induces a natural topology on Gr(d,n)(F) and
Gry(F), see [4, Section 12] and [6].

As an algebraic framework for Maslov dequantization, Viro defines in [55,56] a family
T, of tracts indexed by a positive real number g, called triangular hyperfields. See
Section 3.5 for their relation to amoebas and tropicalizations. The multiplicative group
T, of Ty is (R>o,-) for all ¢ > 0, and for ay,...,a; > 0, we have a; +--- +a; =0 in
T, if and only if ai/ 1. ,a,i/ ? form the side lengths of a (possibly degenerate) convex
k-gon. So, for example, a4+ b+ c =0 in T if and only if a, b, c form the side lengths
of a possibly degenerate Euclidean triangle (hence the name “triangular hyperfield”),
and, up to a positive multiple, Gr(2,4)(T)) is the set of nonnegative real numbers

(P12, P13, P14, P23, P24, P34) such that
PijPki+ PikPji = papjk forany i, j.k,l.

This family of tracts has two limit objects T (the tropical hyperfield) and T, (the
degenerate triangular hyperfield), whose ground sets are also R>o with the usual multi-
plicative structure. The additive relations are given as follows:

(1) a1 + -+ ar = 0 holds in Ty if and only if it holds in all T, with g > 0.
(2) a; +---+ax = 0holds in T, if and only if it holds in some T, with g > 0.
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See Lemma 3.9 for alternative descriptions of the null sets of Ty and Tw. The topology
on T, is defined as the Euclidean topology on R .

In the previous subsection, we have already seen the Grassmannians over Ty and
T. in disguise. Namely, the coordinate-wise logarithm map RE&M) /Rso — RBM) /R1
takes Grys(To) to — Drys and Gry(Tw) to the vector space Vy;/R1. The statements of

Example 1.4 and Lemma 1.6 can be rephrased as follows:

Theorem 1.8. For every matroid M, there are natural inclusions

Gry(To) < PLy — Gry(To). “4)

The following theorem allows us to apply the theory of matroids over tracts to study
the topology of PLy,. We will explain some consequences in the next subsection.

Theorem 1.9 (Corollary 4.21). For every positive real number q and every matroid M,
the spaces PLy and Gry(T,) are homeomorphic.

We have PL(d,n)x = [[,,PLy and Gr(d,n)(T,) = [1,,Grm(T,), where the unions
are over all matroids of rank d on [n]. In light of Theorem 1.9, we make the following
conjecture.

Conjecture 1.10. The spaces PL(d,n)x and Gr(d,n)(T,) are homeomorphic to each
other for all 0 < g < oo.

By Theorem 1.1, this would also imply that Gr(d,n)(T,) is homeomorphic to a ball.
Theorem 1.9 shows that it has the correct Euler characteristic.

The dimension of PLy; has a natural interpretation resulting from the theory of Grass-
mannians over tracts as well. Namely, for every matroid M, there is a tract Ty, called the
universal tract of M, that represents the thin Schubert cell Gry;, considered as a functor
from the category of tracts to the category of sets [4, Proposition 5.2]. Its multiplicative
group Ty;, called the Tutte group of M, is finitely generated. The Tutte rank of M is the
free rank of 7).

Theorem 1.11 (Theorem 3.25). The dimension of PLyy is equal to the Tutte rank of M.

The results from this subsection, along with Conjecture 1.10, can be extended to the
general case of Lorentzian polynomials with not necessarily square-free support. For this,
one has to extend the theory of Grassmannians over tracts from matroids to polymatroids
as in [4].
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1.3. Orbit spaces. For every matroid M, there is an action of R” ; on Ly, defined by

(Clyeeescn) f(X1y-exn) == fle1x1, ..., CnXn)- )

We denote the quotient space by Ly,. Similarly, the group (F*)" acts on Gry(F) for
every tract F', and we denote the quotient space by Gr,,(F). After taking coefficient-wise
logarithms, this action of RY ; corresponds to addition of elements from a certain linear
subspace Wy, of Vj;. We set Dr, := Dry; /W), and call this space the reduced Dressian
over M. We determine the homeomorphism types of the orbit spaces Ly, and Gr,,(T,):

Theorem 1.12 (Theorems 3.26 and 4.22). Let B C Vi /Wiy be the closed unit ball around
the origin with respect to a norm on Vi /Wy, and let g be a positive real number. Then
Ly and Gry,(Ty) are both homeomorphic to the space B\ (d BNDry,).

For the relationship between Theorem 4.19 and Theorem 1.12, see Proposition 3.30.

Example 1.13. For M = U, 4, the reduced Dressian consists of three rays. Hence
the space L;, is homeomorphic to a closed disc with three points from the boundary
removed, see Figure 1. For an arbitrary matroid M, the map from Equation (1) induces a
continuous map Gr,,(C) — L,;. For M = U, 4, this map is a 2-to-1 cover that restricts to
a homeomorphism Gr,,(R) — dL,,, see Theorem 5.1.

Dr(Us4) logLy, ,

FIGURE 1. The picture shows the reduced Dressian Dr,, (red) inside
the space L, (purple) of orbits of Lorentzian polynomials in logarithmic
coordinates when M is the uniform matroid U, 4. The boundary (green) is
the image of Gr,(R) under the map from Equation (1).
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Using the theory of matroid representations over tracts, we derive several results on
the topology of Gr,,(T,), and thus of L,,.

Example 1.14 (Example 3.27). If M is a binary matroid, then Gr,,(T,) is a singleton for
all g € [0,00]. This implies that L, is also a singleton.

Example 1.15 (Theorem 3.32). If M is a ternary matroid, then Gr,,(T,) is homeomorphic
to the product of finitely many half-open intervals and discs with three points removed
from the boundary. By Theorem 1.12, the same is true for L,,.

Example 1.16 (Theorem 3.33). If M is any matroid, then Gr,,(T,) is homeomorphic to
the inverse limit of a finite directed system of topological spaces, each of which is either
a disc with three points removed from the boundary or a five-dimensional ball with a
copy of the Petersen graph removed from the boundary. By Theorem 1.12, the same is
true for L,,.

Example 1.17 (Theorem 5.18). The Betsy Ross matroid M = By is the rank 3 matroid on
11 elements whose point-line arrangement is illustrated in Figure 2. There is an explicit
homeomorphism Gr;(Te) — R which maps Gr;,(T,) to the closed interval [—g, g] for
all 0 < ¢ < oo. It identifies the space L, with the closed interval [—2,2], and under this
identification the points of [—2,2] which correspond to stable polynomials are precisely
the two boundary points {—2,2}. We note that the space Gr,,(Ty) is a singleton, while
Gr),(T) is of positive dimension; this answers a question of Brandt—Speyer [19, Remark
3.2].

FIGURE 2. Point-line arrangement of the Betsy Ross matroid

1.4. Compactifications. Theorem 1.7 implies that the space PLy; admits a compactifi-
cation by a closed Euclidean ball for every matroid M of rank d on [n]. It is interesting
to compare this with another natural compactification, namely the closure PLy; of PLy,
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in PH(d,n). Since PL(d,n)x = PLy when M is the uniform matroid Ug , Theorem 1.1
implies that the space PLy; is homeomorphic to a closed Euclidean ball, and in particular
x(PLy) = 1, in this case. Our results imply that the same holds for another family of
matroids.

Theorem 1.18 (Proposition 6.25 and 6.26). Let M be a matroid M of rank d on |n].

(1) If Gry,(T.) is a singleton (this happens, e.g., for binary matroids), then PLyy is

homeomorphic to a closed Euclidean ball.

(2) If Gry,(Ty) is a singleton, then the Euler characteristic of PLy is equal to one.

On the other hand, we find a matroid for which both parts of the theorem fail. This
answers [16, Questions 5.1, 5.3] in the negative:

Example 1.19 (Example 6.34). The elliptic matroid M = T is the matroid of rank 3
on [11] whose non-bases are all 3-element subsets {i, j,k} C [11] such that i+ j+k is
divisible by 11. Using Theorem 1.7, we can show that the Euler characteristic of PLy; is
equal to 11. In particular, the space PLy; is not homeomorphic to a closed Euclidean ball.

The following example answers another question by Brindén [16, page 7] in the
negative:

Example 1.20 (Example 6.37). Let M = By be the Betsy Ross matroid, and denote by
Sy the space of stable polynomials with support M. Then the Euler characteristic of the
space ﬁgn is equal to 17. In particular, this space is not homeomorphic to a closed
Euclidean ball.

The close connection between spaces of Lorentzian polynomials and Dressians also
allows us to deduce new statements about Dressians. For example, the following can be
deduced from the corresponding statement about PL(d,n)g.

Theorem 1.21 (Remark 6.24). The Euler characteristic of Gr(d,n)(Ty) is equal to 1 for
any d < n.

We do not know how to prove this combinatorial statement without the detour to
Lorentzian polynomials.

The spaces L), can also be compactified in a natural way:
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Theorem 1.22 (Corollary 6.47). Let H be the space of compact subsets of PLys equipped
with the topology induced by the Hausdorff metric. The map Ly, — H that sends an orbit
to its closure is a homeomorphism onto its image. In particular, the closure HC(Ly,) in

H of the image of this map is a compactification of Ly,.

For uniform matroids, we set HC(L(d,n)x) := HC(Ly;, ). This compactification inter-
acts nicely with the Chow quotient Gr(d,n)(C)//(C*)" of the complex Grassmannian,
as introduced in [33]. The Chow quotient is the compactification of Gry, » (C) obtained
as the closure of the image of the map from Gr;;, (C) to the Chow variety of Gr(d,n)(C)
that sends a torus orbit to the cycle corresponding to its closure. We will prove in
Theorem 6.48 that there is a continuous map

Gr(d,n)(C)//(C™)" — HC(L(d,n)x) (6)
which sends a cycle to the image of its underlying set under the map from Equation (1).

By the same construction, we obtain a compactification HC(Gr,,(T,)) of Gr,,(T,).

Example 1.23 (Section 6.3.6). The Chow quotient Gr(2,r)(C)//(C*)" is isomorphic to
the Grothendieck—Knudson moduli space ﬁoﬂ of stable rational curves with n marked
points [33, Chapter IV]. We examine the map

Mo, — HC(L(2,n)w)
from Equation (6) for small n:
(1) For n < 4, both the source and target are a point.

(2) The space HC(L(2,4)x) is the disc obtained by adding the three missing points to the
boundary of Ly;, ,, see Figure 1. The space mo,at is the complex projective line and

the map Mo 4 — HC(L(2,4)g) is the quotient by the action of complex conjugation.

(3) The image of the map Mo s — HC(L(2,5)x) is the closure of the boundary J Ly, S
in HC(L(2,5)g), which we denote by dHC(L(2,5)x). Again, the map ﬂo; —
dHC(L(2,5)x) is the quotient by the action of complex conjugation on My s.

(4) For n > 5, the map My, — HC(L(2,n)z) is constant on complex conjugate pairs,
but there are fibers that contain more than one such pair.

Just as for the Chow quotient of the Grassmannian [33, Section 1.2], the points in
HC(L,,) and HC(Gry,(T,)) can be characterized in terms of regular matroid subdivisions
of the base polytope of M. Namely, every point in our compactification is the union of



12 Matthew Baker, June Huh, Mario Kummer and Oliver Lorscheid

orbit closures, one for each maximal cell of a regular matroid subdivision, where points
in Ly, and Gr,,(T,) correspond to the trivial subdivision. However, unlike the case of
classical Chow quotients, there are points in our compactification corresponding to every
such subdivision, see Theorem 6.49. We end with a question on the topology of the
spaces HC(L;,) and HC(Gr,,(T,)).

Question 1.24. Are the spaces HC(L,,) and HC(Gr,,(T,)) homeomorphic to a closed
Euclidean ball for every matroid M and every g > 0?

In Section 6.3.5, we provide positive evidence for a few matroids, including the matroid
M = Ty from Example 1.19, for which the compactification PLyy is ill-behaved.
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2. Elementary properties of star-shaped sets

We fix a finite dimensional R-vector space V equipped with a norm || - ||.

Recall that a triple (x.,X,V), where X C V and x, € X, is called star-shaped if for
every x € X and every ¢ € [0, 1], the point x, +7 - (x —x,) lies in X.

Definition 2.1. A triple (x.,X,V), where X CV and x, € X, is called strongly star-shaped
if X is closed in V and if for every x € X and every ¢ € [0, 1), the point x, 4+ - (x — x)
lies in the interior of X (with respect to the topology of V).

Note that (x,,X,V) being strongly star-shaped implies in particular that x, is in the
interior of X. Our first goal is to show that if (x,,X,V) is strongly star-shaped, then it is
homeomorphic to an open subset of a Euclidean ball.

Lemma 2.2. Let (x,,X,V) be strongly star-shaped. The following map is continuous:

— Xy

V: V — Ry, x»—>inf{t>0\x*+x €X}.
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Furthermore, we have for all x € X:

(1) p(x) < 1.

(2) If Y(x) > 0O, then wa% cX.

(3) If ¥(x) =0, then x, + s - (x — x,) is in the interior of X for all s > 0.

Proof. Without loss of generality, we can assume that x, = 0 is the origin. In order to
prove that ¢ is continuous, let (x;);cy C V be a sequence converging to xo € V. We first
let #p > liminf; .1 (x;). Then there is a subsequence (y;);cn of (x;);en and a sequence
(ti)ien € R with #; > 9(y;) for all i € N which converges to #p. Then the sequence (%) ieN
is in X and converges to f—(‘)’, which is therefore also in X. Thus 7y > 1 (xg), which implies
liminf; 1 (x;) > ¥(x0). Next we prove that limsup; .. ¢ (x;) < ¥ (xg). Let tg > ¥ (xo).
Then f—g is in the interior of X. If U C X is an open neighbourhood of ;‘—8, thenU' =1ty-U
is an open neighbourhood of x( such that 1 (x) < 7o for all x € U’. This implies that

limsup, .. ¢ (x;) < ¥(xo).
The first of the three additional statements is trivial, the second follows because X is
closed, and the third follows from the definition of a strongly star-shaped set. U

We denote by S the unit sphere in V around the origin. Let (x,,X,V) be strongly
star-shaped and consider the following set of directions:

S(x,X) ={xe€ S| Y(xi+x)=0}.
Corollary 2.3. Let B CV be the closed unit ball. Then X is homeomorphic to B\S(x.,X).

Proof. After replacing X by X — x, we can assume without loss of generality that x, is
the origin. We consider the map

X
v: B\S(0,X) — X, X—r ———————,
1+ (x) — 1]
which is continuous by Lemma 2.2. Its inverse is given by the continuous map
X
¢: X — B\S(0,X), X— ———————. U
1= 1p(x) + [|x]|

Corollary 2.4. Every strongly star-shaped set is a topological manifold with boundary.

Proof. Let (x,,X,V) be a strongly star-shaped. The set S(x.,X) is closed because ¢ is
continuous. Therefore, Corollary 2.3 shows that X is homeomorphic to an open subset of
the closed unit ball, and thus to a manifold with boundary. U
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Finally, we provide some criteria to show that a set is strongly star-shaped.

Lemma 2.5. Assume that V is contained in a finite dimensional R-vector space U.
Let U; fori € [n]| = {1,...,n} be some further finite dimensional R-vector spaces. Let
i U — Uj be linear maps and V; C U, linear subspaces such that V = ﬂl’.’zlwi_l(Vi).
Furthermore, let X; C V; for all i € [n] be subsets and set X = N}_ 7. Y(X)). Finally, let
X« €V be such that (m;(x.),X;,V;) is strongly star-shaped for all i € [n]. Then (x,,X,V)

is strongly star-shaped.

Proof. Letx € X andr € [0, 1). Because (;(x.),X;,V;) is strongly star-shaped, it follows
that 7;(x. 417 (x — x4)) lies in the interior (relative to V;) of X; for all i € [n]. Since
V=" 7 ' (V;) and X = ", 7; '(X;), this implies that x, +7- (x — x.) lies in the
interior (relative to V) of X. O

Lemma 2.6. Consider the triple (x,,X,V) consisting of a closed subset X C'V which is
star-shaped with respect to a point x,. in the interior of X. Assume that for every x € X,
there exists 0 < ty < 1 such that for everyt € (to, 1), the point x, +1 - (x — x.) lies in the
interior of X. Then (x,,X,V) is strongly star-shaped.

Proof. Let x € X and t € [0,1). We need to prove that the point x; = x, + - (x — x)
lies in the interior of X. If + = 0, then we are done because x, is in the interior of X. If
0 <t < 1, then by assumption there exists ¢ > 1 such that x, = x, +c -1+ (x — x,) lies in
the interior of X. Let U C X be an open neighbourhood of x.. Then the set
1
{x*—l—z(y—x*) lye U}

is an open neighbourhood of x; which is contained in X (because X is star-shaped). [
Lemma 2.7. Let X CV be a closed subset and W C 'V a linear subspace such that
W+X =X. Forevery x, € X andw € W, (x,,X,V) is strongly star-shaped if and only
if (w+x.,X,V) is strongly star-shaped.

Proof. This follows directly from the definitions. U

Lemma 2.8. Let X CV be a closed subset and W C'V a linear subspace such that
W + X = X, and consider the projection w: V — V /W. We choose some norm on'V /W.
Let x, € X be such that (x.,X,V) is strongly star-shaped. Then:

(1) (m(x.),m(X),V /W) is strongly star-shaped.
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(2) The set of directions S((x.),7(X)) is equal to
{r(x) eSCV/W |Vt 20:x,+txeX},

where S is the unit sphere in V /W.

Proof. Tt follows from W 4+ X = X that 7(X) is closed. Let x € X and 0 <7 < 1. Then
X +t(x — x,) is in the interior of X. Thus 7(x,) +#(m(x) — w(x,)) is in the interior of
7(X), since 7 is open. This establishes part (1).

For part (2), the inclusion D is clear. For the other inclusion, let x € V such that
m(x) € S(m(x4),7(X)). Then for all r > 0, there is x; € X such that 7(x,) +¢7(x) = 7(x;).
This is equivalent to x, + tx = x; + w; for some w, € W = ker(w). Because W +X = X,
this implies the claim. l

3. The topology of representation spaces over triangular hyperfields
We first recall some definitions and results on polymatroid representations over tracts.

3.1. Definition of tracts. A pointed monoid is a multiplicatively written commutative
monoid F with unit 1 and a distinguished element O that satisfies 0-a =0 foralla € F.
The unit group of F is the group

F* = {a€F|ab=1forsomebc F}

of all invertible elements in F'. A pointed group is a pointed monoid F such that
F* = F —{0}. The ambient semiring of a pointed group F is the group semiring

F™ = N[F~].

We denote its elements by Y n,.a (where n, € N and n, = 0 for all but finitely many
ac€A),ny.a;+---+n,.ap, or . a; (where a appears n, times as a summand). The pointed
group F embeds into F by sending 0 to the additively neutral element of F* and a € F*
toa=1l.a € F". Anideal of F is a subset that contains 0 and is closed under addition
and under multiplication by elements of FT.

Definition 3.1. A tract’ is a pointed group F together with an ideal Ny of F*, called
the null set of F, such that for every a € F there is a unique b € F witha+b € Nr. A
homomorphism of tracts is a multiplicative map f: F; — F> with f(0) =0and f(1) =1
such that the induced map F1+ — F2+ sends every element of Nr, to an element of Np,.

3What we call a tract in this text is, in the language of [7], an ideal tract or an idyll.
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We write —a for the unique element b with a4+ b € N and call it the additive inverse
of a, and we use a — b for a+ (—b). Typically, we denote a tract by F and suppress its
null set Ny from the notation.

Example 3.2. The most basic example of a tract is a field F', which is a pointed group
with respect to multiplication, with null set Nr consisting of all formal sums of elements
that sum to zero in F.

3.2. Triangular hyperfields. Viro introduces triangular hyperfields in [55,56] as an
algebraic framework for Maslov dequantization, which we review in Section 3.5. In
this text, we consider triangular hyperfields (whose definition we give in Lemma 3.3) as
tracts.

For a,b > 0, we define
aB, b= {c >0 |al/q_b1/(J| < cl/a < al/q+b1/q}‘

In other words, ¢ € al, b if and only if a'’, b'/4 and ¢'/4 are the side lengths of a
Euclidean triangle.

If A, B are subsets of R, we define

ABB= | aH,b.
acA,beB
It was shown in [55, §5] that H,, together with the usual multiplication on R, defines
a so-called hyperfield. We will not define hyperfields here, but only note the following
consequence of the definition:

Lemma 3.3. The pointed group R, together with the null set

n
N’H‘q: {O}U{ZaﬂneNgzandOEal EEq"’EEqa”}’
i=1

is a tract, called the triangular hyperfield T,.

Proof. This follows from the fact that B, together with the usual multiplication on R,
defines a hyperfield (cf. [55, Section 5], [3, Section 2.3], and [7, Theorem 2.21]). It can
also be verified directly without any difficulties. U

In order to avoid confusion with the usual addition of nonnegative real numbers, we
will from now on denote addition in the group semiring T; by +4.
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Remark 3.4. For all @ > 0 and g > 0, we have a +,a € Np . Furthermore, we have
ay+q - tqan € NTq if and only ifa}/‘hrl ...+lar1l/q € Nr,.

We will also make use of the following description of elements of length larger than
three in the null set of T. Recall that a cyclic n-gon is an n-gon whose vertices lie on a
circle in the Euclidean plane.

Lemma 3.5. Let ay,...,a, € R>o. Then the following are equivalent:

(1) ai+1---+1ay € Nr,;
(2) ai <Y jzajforalli=1,... n;

(3) ai,...,a, are the side-lengths (proceeding clockwise from a fixed vertex) of a (possi-
bly degenerate) n-gon in the Euclidean plane;

(4) ay,...,a, are the side-lengths (proceeding clockwise from a fixed vertex) of a (possi-
bly degenerate) convex n-gon in the Euclidean plane;

(5) ay,...,a, are the side-lengths (proceeding clockwise from a fixed vertex) of a (possi-

bly degenerate) cyclic n-gon in the Euclidean plane.

Proof. 1t is clear that (5) implies (4), which implies (3). And, since the shortest distance
between two points is a straight line, (3) implies (2). Moreover, it is proved in [47,
Theorem 6.2] (see also [51]) that (5) is equivalent to (2). Therefore (2), (3), (4), and (5)
are all equivalent. (We note that one can show in a much simpler and more direct way
that (2) implies (3), and with a bit of additional work that (2) implies (4).)

So it suffices to show that (1) is equivalent to (2). For this, we use the elementary
observation (cf. [11, Proposition 1.10 and Lemma 2.3]) that if H is a hyperfield with
hyperaddition H, we have 0 € a; B ---Ha, iff there exists a € H such that 0 € a; B
a)B---BHa, rBaand 0 € a,_1Ha, B (—a). Since —1 =1 in Ty, it follows that
ay +1---+1a, € N, iff there exists a € Ty such that a; +ya +1---+1a,—2+1a € N,
and a,_1 +1a,+1a € Nr,. (A tract with this property is called a fusion tract in [11].)

We know that (1) is equivalent to (2) when n = 3, so we may assume that n > 4.
Assume (1) holds. Then there exists a € Ty such thata; +ya> +1---+1a,-2+1a € Nr,
and an—1 +1 ay +14a € Nt,. By induction, we may assume that a; < Y+ j<,—»a;+a for
alli=1,...,n—2,and a < a,—1 + a,, and therefore (2) holds.
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Conversely, assume (2) holds. One can give an elementary direct algebraic proof of
(1), but it is perhaps more enlightening to proceed as follows. Since (2) implies (4), there
is a convex n-gon P with side lengths ay,...,a,. Then a,_ and a, are consecutive side
lengths in P, and we draw a diagonal of P of length a which splits P into a triangle with
side lengths a,a,_1, and a, and a convex (n— 1)-gon P’ with side lengths ay, ..., a,_» and
a. Since these side lengths satisfy (2), it follows by induction that both a,,—{ +1a, +1a
anda; +yax—+1---+1a,_2+1abelong to Nt,. Thus a; +1---+1a, € Nt, as desired. L[]

Remark 3.6. Penner also proves in [47, Theorem 6.2] that the cyclic polygon in (5) is
unique in the non-degenerate case where a; <} ;;a; foralli=1,...,n.

Lemma 3.7. Letn>2,0< g< 1, and x1,...,x, > 0. Then
(14 Fx) <x{+--+xl

Proof. By induction, it suffices to prove the case n = 2. We have

X1
x1+x)? = S(xr+x)? + (a1 +x2)7
(1 2) X1 +x2 (1 2) X1 +x2 (1 2)
1—¢q 1—q
= < il ) -x? + ( 2 ) -xg < x?—#xg,
X1 +x2 X1 +x2
where the last the inequality follows because —1—, —2— < 1. O

X1+x2 7 x1+x2

Corollary 3.8. Let 0 < p < g < oo. Then Nt, C N, as subsets of N[R~].

Proof. The claim is clear for p = ¢, so we may assume that p < g. Consider } a; € N,

ie. a}/ P Yitj ai1 /P for all j. After taking p-th powers of all a;, we can assume that

p=1<gq,ie,a;<Ya and 0 < g < 1. By Lemma 3.7, we have a}/q < Z,-#jail/q for

all j, which shows that } a; € Nt , as claimed. 0

We define the tropical hyperfield as the tract To = R with null set Nyy = (,~oNt,
and the degenerate triangular hyperfield as the tract To. = R>o with null set Ny =
Ug>0Nt, - 1t follows formally from Corollary 3.8 that both null sets satisfy the axioms of
a tract.

Lemma 3.9. Letay,...,a, > 0 and let g > 0. Then:

(1) ¥, a; € Nt, if and only if the sum is identically zero or the maximum among
ai,...,a, appears at least twice.
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(2) Y, a; € Nt_ if and only if the sum is identically zero, the maximum among ay, ... ,ay
appears at least twice, or at least three of the a; are nonzero.

Proof. For part (1), assume that a; > ay,...,a,. Then Z—?, e ,Z—’l’ < 1 and there exists

N\ 1/p
p > 0 small enough such that <§—i> < }l forall i =2,...,n. It follows that a}/p >

aé/ Py a,l/ P contradicting (1) for ¢ = 1 by Lemma 3.5. The other direction of (1)
follows directly from Lemma 3.5.

The “only if” direction of part (2) is clear. For the other direction, it suffices to
prove ai/ P < aé/ Py... +a,11/ P for a suitable p > 0. We can further assume that a; >
as,...,a,. Again, this implies ‘a’—f, fe ,Z—’l’ < 1 and there exists p > 0 large enough such

AP : : . .
that (%) > % for all i = 2,...,n with g; # 0. Since, by assumption, this is the case

for at least two i € {2,...,n}, the claim follows. O

Finally, we study tract homomorphisms into triangular hyperfields. The situation is
particularly simple for the degenerate triangular hyperfield T.:

Example 3.10. Let F be atractand f: F* — TX =R~ a group homomorphism. We
claim that the induced map F* — T sends Nr to Np_. Indeed, by part (2) of Lemma 3.9,
this is true for all sums of length at least three in the null set of F'. Thus it only remains
to show that f(a) = f(—a) for all a € F*. Since a> = (—a)? and thus f(a)?> = f(—a)?,
this follows from R+ being torsion-free. Therefore, tract homomorphisms F — T, are
canonically in bijection with group homomorphisms F* — R+, cf. [4, Proposition 9.2].

Next we study tract homomorphisms C — T,.

Lemma 3.11. Fort > 0, define 1);: C — Rx¢ by x — |x|". The following holds for all
q=0:

(1) If 0 <t < g, then 2, is a homomorphism of tracts C — T,
(2) Conversely, if t > q, then for all ay,ay,a3 € R* with a; + a» + a3 = 0, we have

Yr(ar) +¢¥r(az) +qvr(a3) & N,

Proof. The case g = 0 is clear, so we may assume that g > 0. It is clear that v, is a group
homomorphism. Next, let ay,...,a, € C be such that a; + - - - + a, = 0. By the triangle
inequality, we have

1| < Jaa| + -+ [an] = a9 < (Jaz| + -+ an])/? < Jaol 174+ an |14,
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where the last inequality follows from Lemma 3.7. By Lemma 3.5, this is exactly
what we need to show for part (1). For part (2), assume without loss of generality
ap > 0 and az,a3 < 0. Assume that ¢ (ay) +4 ¢ (a2) +4%1(a3) € Nr,. This implies that
|a1['/4 < |as |/ + |a3|'/4. This implies, by Lemma 3.7, that a; < a; + a3 since 1 <1,
which contradicts our assumption. U

3.3. Polymatroid representations. There are several cryptomorphic definitions of an
(integral) polymatroid [24,44,57]. For us, a polymatroid will always be given by its
set of bases: A subset J C A = {a € N" | aj +---+a, = d} is the set of bases of a
polymatroid if and only it is M-convex in the following sense.

Definition 3.12. A subset J of A? is M-convex if J # @ and for all o, 5 € J and every
i € [n] with o < [3;, there exists j € [n] such that «; > 3; and J contains both v +¢; —¢;
and 3 — e; + e;. The rank of the M-convex set J is r.

Example 3.13. If we identify a subset of [n] with its indicator function, regarded as an
element of {0, 1}", then the set of bases of a rank d matroid on [n] is an M-convex set in
AY,

Recall the following definitions from [4]. We consider N" as a partially ordered set
with respect to the partial order o < f3 if and only if o; < S; for all i € [n].

Definition 3.14. Let J C A¢ be an M-convex set. We define §; = inf(J) € N” to be the
vector whose i-th coordinate is min{«; | o € J}. Similarly, we define §; = sup(J) € N
to be the vector whose i-th coordinate is max{«; | « € J}.

Definition 3.15. Let F be a tract and J C A? an M-convex set. A function p: AY — F is
a strong F-representation of J if its support is J and if it satisfies the Pliicker relations

N
Z(_l)k-i—e(k) 'p(a‘l‘eio‘F"'gi;““}‘eiS) 'P(Oé+€ik +ej, +"'+ejs) € Nr (7
k=0

forall2 <s<d,alla € A5, all 1 <ip<...<ig<nandall 1 < jp <... < js <nwith
4, € « and atejy+-te,te,+ o te; <07,
where €(k) is the number of k € {2,...,s} with iy < j.

It is a weak F'-representation of J if its support is J and if it satisfies the 3-term Pliicker
relations
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platejt+er)-platei+e) — plateiter) platejte)
+ pla+ei+ej) pla+er+er) €N

foralla € A2 and 1 <i<j<k<I<nwithd; <aanda+ei+ej+er+e <I7.

Remark 3.16. If F is a field, then Equation (7) describes the usual Pliicker relations. If
F is idempotent, i.e., 14+1, 14+141 € N, then the signs can be ignored. For example
the triangular hyperfields are all idempotent.

Definition 3.17 (Representation spaces). Let F be a tract and J C Aﬂ an M-convex set.
The (strong) representation space of J over F is defined as the set R;(F) of all strong
F-representations of J. The weak representation space of J over F is the set R} (F) of
all weak F-representations of J. The group R~ acts diagonally on the (weak and strong)
representation space. The (strong) thin Schubert cell of J over F is Grj(F) =R;(F)/R-o.
The weak thin Schubert cell of J over F is Gty (F) = R} (F)/Rxo.

Remark 3.18. Let J C Aﬁ be an M-convex set. There exists a tract T, called the universal
tract of J, and, for every tract F, a bijection

Hom(7T),F) — Gry(F)
which is functorial in F, see [4, Proposition D].

Remark 3.19. It follows from our considerations in Section 3.2 that we have, for all
0 < g1 < q2 < oo, the inclusion Ry (T, ) CRy(Ty,), and similarly for weak representations
and (weak) thin Schubert cells.

Remark 3.20. If F is a field or F € {Ty, T}, then we have R;(F) = RY(F) by [4,
Theorem J]. This is not the case for 0 < g < oo, see [3, Example 3.37].

Representations over T are essentially the same thing as M-convex functions.

Definition 3.21. A function f: A? — RU {eo} with non-trivial support J = {a € Z" |
f(a) # oo} is M-convex if it satisfies the following exchange property: for o, € J and
k € [n] with oy > Sy, there is an [ € [n] with oy < §; and

fla) + f(B) = fla—ex+e) +f(B+er—e). (8)

Lemma 3.22 ([4, Proposition 4.10]). Let J be an M-convex set and p: Ag — To=R>p
a function with support J. Then p is a weak Ty-representation of J if and only if
f = —log(p) is M-convex.
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The set R;(F) is also invariant under rescaling by elements of (F*)", see [4, Section
6.1]. In more detail, given an F-representation p: AY — F of Jand t = (¢1,...,t,) € F*",
we define

n
(o)) = (T147) ol 9)
i=1
The same holds true for weak representations.

Definition 3.23 (Realization spaces). The realization space of J over F is defined as the
quotient set Gr;(F) = R;(F)/F*". Similarly, we define Gr} (F) =R} (F)/F*".

The representation spaces R;(T,) and R} (T,) can naturally be considered as subsets
of R’

>0’
Schubert cells as well as the (weak) realization spaces with the quotient topology. The

and as such they inherit the Euclidean topology of ]RJ>O. We equip the (weak)

goal of this section is to prove that these spaces are topological manifolds with boundary
by employing the results from Section 2.

Let J C A be an M-convex set. The coordinate-wise logarithm map
log: R., — R’

is a homeomorphism. By the description in part (2) of Lemma 3.9, it maps the set
R/(Tw) = R¥(T.) to a linear subspace V; of R”.

Proposition 3.24. Let 0 < g < oo, and let T C V; be either 10g(R;(Ty)) or log(RY (T,)).
Then (0,T,V) is strongly star-shaped.

Proof. We first prove the case of strong representations. It is clear from the definitions

that R;(T,) C R’ ;, and hence log(R,(T,)) is closed. Let p € R;(T,) and 0 < < 1. We

have to show that
pi:d —Rso,  ar—pla)

is in the interior of R;(T,) relative to Rj(Te). Let s <7, 6, <a €A, "%, iy,...,i € [n],
and jp, ..., js € [n]. If in the corresponding Pliicker relation at most two terms are nonzero,
it is satisfied, as a relation over T, by all elements of R;(T.) by Lemma 3.9.

Assume otherwise. We have, for all 0 </ <,
pl(a+eio+""e/\i1"'+ei5)1/q'pt<a+ei1+€j2+"'+€js)l/q
:p<a+eio—|—...e/\il...+eis)[/q.p(a+eil_i_ejz_’_..._’_ejs)t/q
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s t/q
<< )3 p<a+eio+~~€;~-+eix>~p<a+eik+ejz+~-~+ejs>>
k=0 k£l
N
< Z p(a+ei0+...El.;...+eis)t/q.p(a+eik+ej2_f_._'_f_ejs)l/q

N

where the first inequality holds because p € R;(T,) and the second inequality follows
from Lemma 3.7. Thus, every p' € Rj(T«) in the proximity of p; satisfies all Pliicker
relations over T,. This shows the claim for strong representations. The proof for weak
representations is identical after restricting to the case s = 2. U

The coordinate-wise logarithm map log: RJ>0 — R’ induces a homeomorphism
log: R.,/R-o — R’/R1,

where 1 is the all-ones vector. The dimension 7(J) of V;/R1 is called the Tutte rank. By
[4, Section 10.2] this is the rank of the multiplicative group of the universal tract of J.
The image of Gr;(Ty) under this map is called the (local) Dressian Drj of J. The orbit
of the constant-one map J — R+ under the action from Equation (9) is mapped by the
coordinate-wise logarithm map log: RJ>0 — R’ to a linear subspace W; of V;, which is
called the lineality space of Dr;. We obtain an induced map

log: RL /R, — R’ /W,

which satisfies log(Gr;(T,)) = log(R,(T,))/W; for all 0 < g < . We write Dr; =
log(Gr;(Ty)), and call this set the reduced Dressian of J.

Theorem 3.25. Let B C V;/R1 be the unit ball with respect to some norm and let X =
B\ (Dr;NdB). For 0 < q < oo, the spaces Grj(T,) and Gty (T,) are both homeomorphic
to X. In particular, these spaces are topological manifolds with boundary which can be

compactified to a closed ball of dimension T(J).

Proof. By Proposition 3.24 and part (1) of Lemma 2.8, both (0,log(Gr,(T,)),V;/R1)
and (0,1og(GrYy(T,)),V;/R1) are strongly star-shaped. It follows from the definition
of Ty and part (2) of Lemma 2.8 that Dr;Nd B is equal to S(0,log(Gr;(Ty))) (resp.
5(0,1og(Gr}y (T,)))). Thus the claim follows from Corollary 2.3. O
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We have a similar result for the spaces Gr;(T,) and Gr} (T,). The proof is the same
as for Theorem 3.25.

Theorem 3.26. Let B C V; /W be the unit ball with respect to some norm and let X =
B\ (Dr;NdB). For 0 < g < oo, the spaces Gr;(T,) and Gty (T,) are both homeomorphic
to X. In particular, these spaces are topological manifolds with boundary which can be

compactified to a closed Euclidean ball.

3.4. Foundations. Let J C AZ be an M-convex set. There exists a tract Fy, called the
foundation of J, such that for every tract F' there is a bijection

Hom(Fy,F) — Grj(F)

which is functorial in F; cf. [4, Section 6]. We call the image of the identity map F; — FJ
in Gr} (Fy) under this bijection the universal weak rescaling class of J.

Example 3.27. The foundation Fj of J is finite (in the sense that F’ JX is finite) if and only if
Gr;(T.) is a singleton. Indeed, the space Gr;(Tw) = Gr} (T.) corresponds bijectively to
the set of tract homomorphisms F; — T.., which by Example 3.10 corresponds bijectively
to the set of group homomorphisms F;* — R. Since F;* is a finitely generated abelian
group, there is a non-trivial group homomorphism F;* — R~ if and only if |F;*| = eo.

The theory of foundations, as developed in [8, 10], gives us an explicit way of calculat-
ing GrY(T,), and hence (by Theorem 3.26) Gr,(T,).

For 0 < g < oo and every tract ', we define on Hom(F, T,;) the compact-open topology,
where we consider F with the discrete topology and T, = R with the Euclidean
topology. We recall from [4, Section 12] the following facts:

Proposition 3.28. Let J be an M-convex set and let Fy be its foundation. Then the
bijection Hom(Fy,T,) — Gr}(Ty) is @ homeomorphism.

Proposition 3.29. If a tract F is the colimit of a finite diagram of tracts F;, i € I, then the
topological space Hom(F,Ty) is the limit of the corresponding diagram of topological
spaces Hom(F;, T,), i € I.

Recall from [4, Proposition 2.29] that every M-convex set J can be decomposed (as a
Cartesian product) into indecomposable M-convex sets, and that such a decomposition is
unique up to permuting the factors. In particular, the number ¢(J) of indecomposable
components of J is well-defined.
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Proposition 3.30. Let J C AY be an M-convex set with c(J) indecomposable components
and s =n—c(J) (see [4, Section 2.5.1]). Then there is a (non-canonical) homeomorphism

Gr(T,) ~ G} (T,) x "

We draw some consequences for the spaces Gry(T,) from this. Note that by The-
orem 3.25, Theorem 3.26, and Proposition 3.30, we immediately get corresponding
statements for the spaces Gr;(T,), Gry(T,), and Gr,;(T,):

Corollary 3.31. [f two M-convex sets J and J, have the same foundation, then Gry (T,)
and % (Ty) are homeomorphic. In particular, this happens in the following cases:

(1) J1 and J, are combinatorially equivalent in the sense of [4, Definition 2.23], e.g., if
J1 and J> are matroids that are dual to each other.

(2) J1 is a matroid and J, is obtained from J| by a segment-cosegment exchange in the
sense of [9].

Proof. In [4, Corollary 7.5] and [9, Theorem D], it was shown that the foundations agree
in these cases. [l

Theorem 3.32. Let M be a matroid that does not have a U, s or Uz 5 minor. (This happens,
for example, whenever M is a ternary matroid.) Then Gry (T,) is homeomorphic to the
product of finitely many half-open intervals and discs with three points removed from the
boundary.

Proof. We consider the five tracts [F», '3, 1D, H, U defined as follows. Each of these tracts
is a partial field. More precisely, the unit group is the unit group of a certain ring R and

the null set is the ideal generated by all formal sums of three elements a;,a;,as € R* that

1 1
Yx? 1—x

(¢ € C is a primitive root of unity. It was shown in [8, Theorem B] that the foundation of
M is the coproduct of finitely many tracts Fi, ..., F, from {F,,F3,1D,H, U}. For each of
these five tracts, we determine the topological type of Hom(F,T,).

sum to zero in R. The rings in question are F»,F3,Z[3],Z[(s], and Z[x ], where

The unit group of each of the rings F»,[F3, and Z[(g] is finite. Thus, by Example 3.27,
the space Hom(F, T,) is a singleton for F' € {IF,,F3,H}. The tract U is the foundation
of the matroid U> 4 [10, Section 3.2], which by Theorem 3.26 shows that Hom(U, T,) =
Gry, , (T,) is a disc with three points removed from the boundary. Finally, since Z[%] * s
generated by 2 and —1, and since R+ is torsion-free, for every x > 0 there is a unique
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FIGURE 3. A 2-dimensional projection of the Petersen graph

group homomorphism ¢y : Z[3]* — R~ with ¢(2) = x. The null set of D is the ideal
generated by 24 (—1) + (—1). Hence ¢, € Hom(ID, T,) if and only if x'/7 < 2. This
identifies Hom(ID, T,;) with the half-open interval (0,29]. The claim now follows from
Proposition 3.29. U

Theorem 3.33. Let M be a matroid. Then Gry(T,) is homeomorphic to the inverse limit
of a finite diagram of topological spaces, each of which is homeomorphic to a disc with
three points removed from the boundary or a five-dimensional ball with a copy of the

Petersen graph (Figure 3) removed from the boundary.

Proof. Tt follows from Proposition 3.29 and [10, Theorem B] that Gr} (T, ) is homeomor-
phic to the direct limit of a finite directed system of topological spaces Gr’y (T, ), where J
is one of the matroids U, 4,U; 5,Cs,U 4 © Uy 2, F; or their duals. Here Cs is a series ex-
tension of U, 4 and F7 is the Fano matroid. By [10, Remark 5.2], the spaces G’/ (T, ) are
all homeomorphic to each other for J € {U, 4,Cs,U» 4 ® U, » }, and thus homeomorphic to
a disc with three points from the boundary removed by Theorem 3.26. By Theorem 3.26
and [41, Example 4.3.2] (together with the fact that the tropical Grassmannian equals
the Dressian for U, ,, see p.184 of loc. cit.), the space g};l s (T,) is homeomorphic to
a five-dimensional ball with a copy of the Petersen graph removed from the boundary.
Finally, since F7 is binary, the space Gry. (T,) is a singleton, cf. Example 3.27. O

Remark 3.34. The results in [10] give an explicit description of the directed system
appearing in Theorem 3.33 in terms of certain embedded minors of the matroid M.

3.5. Maslov dequantization. The realization of triangular hyperfields as tracts allows
for the following reformulation of Maslov dequantization (cf. Viro’s papers [55, 56]).
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In a nutshell, the idea behind Maslov dequantization is to deform the usual addition
(a,b) — a+ b of nonnegative real numbers via the rule

(a,b) > (a'/7+b"/ )",
which in the limit as g goes to zero becomes the tropical sum:

lim (al/‘l + bl/q)q = max{a,b}.
qg—0
In the language of tracts, Maslov dequantization is reflected in the fact that the tropical
hyperfield Ty is the limit as g — O of the triangular hyperfields T, for g > 0, in the sense
that Ny, = (1,~0Nr,. This limiting process extends to Ty-rational points of varieties,
leading to a novel framework for amoebas and their “tropical” limit, as explained in the
following.

Let X be a complex variety embedded into the torus (C*)". The g-amoeba of X is the
image A, (X) of X under the map (C*)" — R”" given by

(a1,..san) —> (logla]’,....,logas]9).
The tropicalization of X is the Hausdorff limit
X"P = Ap(X) = lim A, (X)
q—0
as a subset of R”.

These spaces are controlled by a certain tract F = C(xy,...,x,) /7~ (I) associated
with X C (C*)", which we define in the following. Let R = C[x}', ..., x;!] be the ring
of Laurent series over C and let I C R be the vanishing ideal of X. As a pointed monoid,
F is the submonoid {ax" |a € C,n € Z"} of R/I, where P is the class of p € R in R/I.
The inclusion F — R extends linearly to a semiring homomorphism 7: F* — R, where
Ft =Nlax" | a € C*,n € Z"] is the ambient semiring of F. The null set of F is the
pullback Nr = 7~ (I) of the vanishing ideal of X.

For the purposes of the following construction, we define a complex tract to be a tract
T together with a tract morphism a7 : C — T'. For example, T, is a complex tract (for
g > 0) with respect to the map z — 2|9, which is a tract morphism aT,: C — T, since
whenever Y a; € N¢ (i.e., Y a; = 0 in C), the |g;| form the side lengths of a (possibly
degenerate) n-gon in the Euclidean plane, and thus Y |a;|7 € Np, by Lemma 3.5. A
C-linear map between complex tracts S and T is a tract morphism f: S — T such that
ar = foas. We denote by Homc(S,T) the set of C-linear maps from S to 7. The
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natural inclusion g : C — C(x1,...,x,) /7' (I) = F provides F with the structure of a
complex tract.

Since F* is generated by X7, .. .,X,, the evaluation map
LF,T " Hom¢(F,T) — (T*)"
[fF%T] — (f(xl)7-.,7f(xn))

is an injection for every complex tract 7. Also, by construction, the image of the map
trc: Homg(F,C) — (C*)" is equal to X.

Proposition 3.35. Let X C (C*)" be a subvariety. Let Ay(X) C R" be its g-amoeba (for
g > 0) and let Ag(X) = X"P C R" be its tropicalization. Let F = C(x1,...,x,) /7= '(I)
be as above. Then A4(X) is contained in the image of the embedding

log(axmq): Homc(F,T,) — R”
[f: F =T, +—— (logf(xi),...,log f(xn))

forall g >0, and X'"™P = im(log(Lngo)) as subsets of R".

Proof. The inclusions ¢, are evidently functorial in 7', and thus C — T, induces the
commutative diagram:

X = Hom(F,C) ——5 5 (C*)"

! |

LFTq ~
Hom(F,T;,) — (']I‘qx)” T R"
Thus A, the image of X — R", is contained in the image of Hom(F, Tq) — R”", as

claimed.

We turn to the claim that X"°P = im(log(bxgro)). By [43, Corollary 6.4], the Hausdorff
limit X"°P = lim,_,oA,(X) is equal to the bend locus of I"P in R", where I"P is
the tropicalization of I with respect to the trivial absolute value |- o : C — R>o. By
Kapranov’s theorem ([41, Theorem 3.1.3]) and a result of Payne [46, Proposition 2.2],
the bend locus of I"P is equal to the image X"P of the Berkovich space X*" C G;*"
under the Payne map G,;"" — RZ . As explained in [6, Example 3.8] and [40, Theorem
3.5], the Kajiwara—Payne tropicalization X jg equal to Hom¢ (F, Tp), which concludes

the proof. U
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Remark 3.36. In contrast to tropicalizations, the amoebas A, (X) (for g > 0) are typ-
ically lower-dimensional subspaces of logHom¢(F,T,). For example, we will see in
Section 5.1 that the image of the thin Schubert cell X = Gry(C) for M = U, 5 under
the coordinate-wise squared absolute value map |- |>: X — RI% /R is exactly the
boundary dPLy, of the projective space PLy, of Lorentzian polynomials with support M
(Lemma 5.11.(3)). We will see in Section 4.4 that dPLy, and hence the amoebas A, (X)
for g > 0, all have dimension eight.

On the other hand, logHomc¢ (F, T,) is always star-shaped (with respect to the origin
of R!Y/R), which follows from Lemma 3.7 by the same arguments as in the proof of
Proposition 3.24. Thus logHom¢ (F, T5) contains the minimal star-shaped set containing
Az (X). In the example X = Gry, ,(C), this shows that log Hom¢ (F, T,) has nonempty
interior in R'°/R, and thus has dimension nine.

Remark 3.37 (Difference between the tropicalized Grassmannian and the Dressian).
The thin Schubert cell X = Gr;(C) embeds into the torus (C*)’/C* by means of
its non-vanishing Pliicker coordinates indexed by J. Let F = C(xo | a € J) /7~ (I)
be as in Proposition 3.35. Then the tropicalization Gr;(C)"P is equal to the subset
logHom¢ (F,Ty) of R/ /R.

As explained in Remark 3.18, we have Gr;(C) = Hom¢ (F,C) = Hom(7},C) for the
universal tract 77, which is, roughly speaking, the tract generated over IE‘IjE by variables
Xq for a € J and whose null set is generated by the Pliicker relations. The space
logHom (T}, Ty) equals the Dressian Dr; of J as subsets of R’ (cf. the passage before
Theorem 3.25). Under these identifications, the inclusion Gr,(C)"P — Dr; corresponds
to the map Homg (F, Ty) — Hom(7},Ty) given by pre-composition with 7y — F.

4. The topology of spaces of Lorentzian polynomials

4.1. Definitions. We denote by H(d,n) the space of homogeneous polynomials of degree
d in x1,...,x, with nonnegative real coefficients. Let L,zl be the space of homogeneous
quadratic polynomials f € H(2,n) with strictly positive coefficients whose Hessian s
has Lorentzian signature, that is, H has one positive eigenvalue and n — 1 negative
eigenvalues, counting multiplicities. A strictly Lorentzian polynomial of degree d in
X1,...,%, is a polynomial f € H(d,n) with strictly positive coefficients such that 9 f € f.i
for all o € Aﬁf =2, A Lorentzian polynomial is a limit of strictly Lorentzian polynomials.
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It was shown in [18] that a nonzero polynomial f € H(d,n) with nonnegative coefficients
is Lorentzian if and only if it satisfies one of the following equivalent conditions:

(1) The support of f is an M-convex set and the Hessian of d%f € H(2,n) has at most
one positive eigenvalue for all o € A9~2,
(2) The partial derivative 0 f is identically zero or log-concave on R” ; for all a € L%,

For an M-convex set J, we denote by L; the set of Lorentzian polynomials with support
J.

Example 4.1. A polynomial f € R[xy,...,x,] is called (real) stable if f =0 or f(w)#0
forall w= (wy,...,w,) € H", where H := {z € C | Im(z) > 0} is the complex upper half-
plane. Homogeneous stable polynomials with nonnegative coefficients are Lorentzian
by [18, Proposition 2.2]. Moreover, in degree two the notions of stable and Lorentzian
coincide by [18, Lemma 2.5]. We denote the set of stable polynomials with nonnegative
coefficients and support J by S;.

The multiplicative group R acts on L; by scalar multiplication, and we denote the
quotient space by PL;. Similarly, the multiplicative group RY, acts on L; by scaling
each variable, and we denote by L; the quotient space. The same notation applies to
spaces of stable polynomials. If

xOé
f= Z Ca’y € H(d,n),

aEAd

we define pr: A — R by pr(a) = ca.

The space of Lorentzian polynomials with support J can be related to representations
of J over Ty and T. as follows.

Lemma 4.2. If f is a Lorentzian polynomial with support J, then py € R} (To).

Proof. LetJ C Ag be an M-convex set, let f € Ly, and let p = pr. Let a € Aﬁ_z and
choose i, j,k,I € [n] such that one of the three terms

plateitej)platerte)platete)plate;te)platei+e)plate;+er)
is zero. Without loss of generality, we can assume that

pla+ei+ej)=0.
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To show that ps € R} (T.), we need to prove that the other two terms are equal to one
another. If i = j, this is clear, and so we may assume that i # j. The multi-affine part of
0°f is Lorentzian, cf. [18, Corollary 3.5]. Because Lorentzian polynomials of degree
two are real stable, we can apply [14, Lemma 6.1] and the claim follows. U

Remark 4.3. As a consequence of Lemma 4.2 and the equality R} (Tw) = R/ (Tw) (see
Remark 3.20),if f =Y Ad ca’&—o; € Ly is Lorentzian then py belongs to R 7(Tw), which
means that f satisfies all degenerate Pliicker relations. More precisely,

Cﬁ+ei0 ’ C7+ei1 - Cﬁ+€il ’ C7+ei0
for all 5,y € Aﬁfl such that CBveig+ei, —e " Cryter = 0 whenever k € [n] and f; > .

By [14, Lemma 6.1], this fact is known for stable polynomials when § — e, = v —¢;
for some k,I € [n], i.e., stable polynomials satisfy the degenerate 3-term Pliicker relations.
That Lorentzian polynomials, or even stable polynomials, satisfy all degenerate Pliicker
relations appears to be a new observation.

An example of a degenerate Pliicker relation with more than 3 terms is
€123 €456 + C124°C356 + C134-C256 + €234°C156 € N,
0 0

for the matroid J = {o € A | a; < 1 for all i € [n] and e3 +e4 £ '}, which is a parallel
extension of Uz 5 with parallel elements 3 and 4. Consequently, we have c¢123 - c456 =
C124 - €356 for any Lorentzian polynomial f =} Ad ca’&—a, with support J.

For f = ZaeAg Ca);—a! and p > 0, we define Rp(f) =Y pead cgz_ﬁ

Theorem 4.4 ([18]). Let f be a Lorentzian polynomial with support J. Then:

(1) For every 0 < p < 1, the polynomial Ry(f) is Lorentzian.

(2) pyis a To-representation of J if and only if the polynomial R, (f) is Lorentzian for
allp>0.

Proof. Part (1) is [18, Proposition 3.25]. Part (2) follows from [18, Theorem 3.14],
together with Lemma 3.22. U

4.2. Simplification of Lorentzians in degree two. We first recall the following property
of M-convex sets J C AZ.



32 Matthew Baker, June Huh, Mario Kummer and Oliver Lorscheid

Lemma 4.5. Let J C A2 be an M-convex set. Let V C [n] be the set of all i € [n] such that
ei+ej € J for some j € [n], and let E be the set of all two-element subsets {i,j} CV
such that e; +e; € J. Finally, let D the set of all i € J such that 2e; € J. Then:

(1) We have ei+ej € J foralli€ Dand j€V.

(2) The graph G = (V,E) is a complete multipartite graph where V is partitioned into the
equivalence classes of the equivalence relation ~ generated by i ~ jife;+ej ¢ J.

Proof. Leti € V such that 2¢; € J and let j € V. Because j € V, there exists k € V such
that e; +e; € J. If k =i, then we are done. Otherwise, it follows from M-convexity that
ej+e; € J. This proves part (1). For part (2), we note that E is the set of bases of a rank
2 matroid on the ground set V, which is a parallel extension of a uniform matroid U, ;.
The claim then follows from [22, Corollary 5.4], noting that the equivalence class of
i €V is the flat (or parallel class) of i. [

Definition 4.6. Let J C A2 be an M-convex set. We use the notation from Lemma 4.5.
By part (2) of Lemma 4.5, there is a partition V = [ [\, V; such that {i, j} is an edge of
G if and only if i and j are contained in two different V;. Fori € V, we let p(i) € [r] be
such that i € V,,(;). We then define

JP = {2e,) | i€ DYU{ei+e;|i,j € [r] andi# j} C A7,

Theorem 4.7 (Simplification). Let J C A,% be an M-convex set and J™ as above. Let
f € H(d,n) with supp(f) = J such that py € Rj(Ts). Then:

(1) There exists a unique polynomial g € H(d,r) with supp(g) = J*™ and unique
A,y Ay > 0 such that:
(1) Forall j € [r] we have Ljcy, Ai = 1.

(2) As polynomials in H(d,n), we have
fxt,x) = g( Z AiXiy ey Z )\ixi)-
i€V i€V,

(2) f is Lorentzian if and only if g is Lorentzian.

Proof. Let k,l € [r] be two different indices, and let fj; the polynomial obtained from f
by setting all variables to zero that are not in Vi, UV;. We claim that there are ay,a; > 0,
ay > 0, and uf’l >0, i€V, UV, such that

Yot =Y m' =1

icVy i€V,
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and

fa=ag- Y Frap- Y ZFrag- (Y 0 - (Y i) (10)

i€DNV ieDNV; i€V i€V,

We further require ag, = 0 (resp. a; = 0) if DNV, = & (resp. DNV, = &). Then all
Qe 11, Akl s uf’l are uniquely determined by Equation (10) if they exist. It follows from
part (1) of Lemma 4.5 that DNV, # & implies |V;| = 1, and the same holds true for V;.
Therefore, the claim is clear when DN (V, UV;) # &, and for the remainder of the proof
we assume that DN (V, UV;) = @. In this case, the claim is equivalent to the matrix
(pr(ei+ej))iev,, jev, having rank one. However, this is true because p € Ry(To) implies
that every 2 X 2 minor of this matrix vanishes.

In order to prove part (1), it remains to show that for all pairwise different k,1,1’ € [r]
and i € V, we have Mf’l = uf’l . To this end, let iy, iy € Vi, j1 €V}, and j, € Vy. Then

prlei +ei)-prlej +ejp) =0,
=0
Because py is a representation over Te, this implies that

prlei +ej)prlei, +ej,) = prlei, +ejy)prlei, +ej,).
If we plug in the expressions from Equation (10) for the coefficients of f, we obtain

kl kil kIl kl’_ kI kU ki Ok
ariag ;) u], w1 = agga it 15 s i

Wthh shows that pﬁl,uil = :“11 plz . This means that the vectors (uf’l | i € Vi) and

( ;' | i € Vi) are linearly dependent. Because both are in the standard simplex, these

vectors must be equal. This implies the claim of part (1).

For part (2), assume first that g is Lorentzian. Then f is Lorentzian by [18, Theorem
2.10]. Conversely, assume that f is Lorentzian. We obtain g by setting all but one
variable from each group equal to zero and appropriately scaling the remaining one. This
operation also preserves the Lorentzian property by [18, Theorem 2.10]. U

Definition 4.8. Given f € H(d,n) with supp(f) = J such that ps € R;(T.), we call the
unique polynomial g from Theorem 4.7 the simplification of f.

Corollary 4.9. Let J C A% be an M-convex set. We use the notation from Definition 4.6.
Fori € [r], let Ay, be the open standard simplex in RY:, and consider the map

QZJ‘]: RJsimp(Too) XA‘O/I X oo XA%r — R](Too), (pg,)\l,...,)\n) — pf

where f = g(¥icy, Ai%iy - - - Liey, Aixi). Then:
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(1) vy is bijective.

(2) Both vy and @/le are regular in the sense that they are given by rational functions

without poles on their domains.

(3) ¥y maps Ljsimp ><A§’,1 X oee X A{’,r onto Lj.

Proof. 1t is clear that vy is regular, and by Theorem 4.7 it is bijective. This proves
part (1) and for part (2) it remains to show that the inverse of v, is regular on R;(Tw).
This follows from the fact that g can be recovered from f by equating all variables
from one group, and the \; can be recovered by dividing suitable coefficients of f by a
corresponding coefficient of g. Part (3) is covered by Theorem 4.7. 0

Corollary 4.10. Let f be a Lorentzian polynomial of degree two and let J = supp(f). If
the Hessian of the simplification of f has full rank, then f is in the interior of Ly relative
to R ](Too).

Proof. If the Hessian of the simplification of f has full rank, then it is in the interior of
L smp. Hence the claim is implied by Corollary 4.9. 0

We will later need the following partial converse of Corollary 4.10.

Lemma 4.11. If f is in the interior of Ly for M = U, , then the Hessian of f has full

rank.

Proof. Let f € Ly be such that the Hessian A of f has rank less than n. Note that this
implies n > 2. Let 0 # v € ker(A). Because every off-diagonal entry of A is positive,
there are at least two indices j,k € [n] such that v; and v are nonzero. Because n > 2,
there exists i € [n]\{j,k}. Now let B = (b,y),s be the symmetric n x n matrix such that

bix =bri=1,bjx =byj= —”j—f", and all other entries are zero. Then
J
vi+v
VBy=2- (vivk—vjvk l : k) =22
Vj
Furthermore, letting e = ¢; + ¢, we have ¢’ Be = 2 and
Vi+v
¢Bv=VBe=v;+vi—v;- L)
v
j

Finally, we compute

(A-e+p-v)(A—e-B)(he+ ) = N2(e'Ae — 2€) 4 % - € - v7.
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Therefore, for small enough ¢ > 0, the matrix A — ¢ - B is positive definite on the two
dimensional span of e and v. This shows that f is not in the interior of L. U

4.3. Strong star-shapedness in degree two. For J C Afl an M-convex set, we now
examine the image log(Ly) of L; under the coefficient-wise logarithm map. Note that we
take coefficients with respect to the normalized monomial basis, i.e.,

log(Ly) = {(logca)ag 'y ca% e L,} CR.

acJ

By Lemma 4.2, log(Ly) is contained in the linear space V; = log(R;(Tw)). Further-
more, it follows from Theorem 4.4 that log(Ly) is star-shaped with respect to the origin.
However, in general the origin does not lie in the interior of log(L;y). In particular, the
triple (0,log(Ly),V;) is not strongly star-shaped in general. However, we will prove that
log(Ly) is a strongly star-shaped subset of V; with respect to another point.

Lemma 4.12. Let A = (a;});j be a symmetric n x n matrix with entries in R>o which has
exactly one positive eigenvalue. If 0 < d; < ajj for all i € [n], then the matrix

A" = A —Diag(dy,...,d,)

has exactly one positive eigenvalue or is the zero matrix.

Proof. Assume that the matrix A’ is not the zero matrix. Then A’ has at least one positive
eigenvalue, because it has only nonnegative entries. It cannot have more than one positive
eigenvalue, because then the same would be true for the matrix

A=A +Diag(d,,...,d,)
as Diag(dy,...,d,) is positive semidefinite. O
Theorem 4.13. Let J C A2 be an M-convex set. For every i € [n], let a;; € [0,1], and

consider the polynomial
x2
f= Z aii'j‘i‘ Z XiX;.
2e;€J e[+ej61, 175]
(1) The set log(Ly) is star-shaped with respect to log( f).
(2) If a;; < 1 for every i € [n], then the Hessian of the simplification of f has full rank.

(3) If aji < 1 for every i € [n], then (log(f),log(Ly), V) is strongly star-shaped.
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Proof. For part (1), we need to prove that for all g € Ly and p € [0, 1] we have

log(f) + p- (log(g) —log(f)) € log(Ly). (11)

Let (a;j)i; and (b;;);; be the Hessian matrices of f and g, respectively. Then (11) is
equivalent to the matrix

(aw(@)p) —(b”) — Diag(d,,...,d
ij - =\%j).. g(dy,...,dy)
Cll] ij ij

1-p

having exactly one positive eigenvalue, where d; = bf; (I —a; 7). This follows from

Lemma 4.12 together with [18, Lemma 3.24].

For part (2), we observe that the Hessian of the simplification of f has the form
H=1,-D,

where 1, is the r X r all-ones matrix and D is a diagonal matrix whose diagonal v has
strictly positive entries that are at most 1. Furthermore, if r = 1, then the entry of v is
1

strictly less than 1. Letting w be the vector whose i-th entry is v; 2, the matrix H has the
same rank as

H=ww—1I.

The matrix w-w' has only one nonzero eigenvalue, which is the norm of w. Because
O0<v;<land0<vy <1ifr=1,the norm of w is strictly larger than 1, which implies
that H' has full rank.

In order to prove part (3), we first note that log(Ly) is closed because Ly is closed. By
part (2) and Corollary 4.10, the point log(f) is in the interior of log(L;) relative to V;.
In order to conclude that (log(f),log(Ly)) is strongly star-shaped as a subset of V;, we
would like to apply Lemma 2.6. To this end, we need to prove that for every g € L; there
exists 0 < po < 1 such that for every p € (po, 1), the point

xp = log(f) +p- (log(g) —log(f))

lies in the interior of log(L;) relative to V;. We can write x, = log(h,,) for some polyno-
mial /,,. The determinant of the Hessian of the simplification of 7, is an analytic function
in p by Corollary 4.9. It does not vanish for p = 0 by part (2). Therefore, it has only
isolated zeros. This implies that there exists 0 < po < 1 such that for every p € (po, 1),
the Hessian of the simplification of £, has full rank. By Corollary 4.10, this implies the
desired statement. U
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4.4. Conclusion about the topology. Now we are ready to complete the proof of
Theorem 1.7. Consider the linear operator N on polynomials defined by the con-
dition N(x%) = ’CCM—C: (We call N the normalization operator.) If a polynomial f is
Lorentzian, then N(f) is also Lorentzian by [18, Corollary 3.7]. We will prove that
(log(N(f7)),log(Ly),V;) is strongly star shaped for every M-convex J C A%, where
V; =1og(R;(T)), as above, and f; =Y ,cs ’(;—O: is the (exponential) generating function

of J,ie.,
xOé
N =X 7
O;’J (al)?
More generally, for any real number ¢, we write N; for the linear operator on polyno-

mials defined by the condition
(07

(at)”

The operator Ny is the identity and the operator N is the normalization operator N. Note

N, (x%) =

furthermore that Ny oN; = Ny;. The following lemma generalizes [18, Corollary 3.5]
and [18, Corollary 3.7] by interpolating between them.

Lemma 4.14. The operator N, preserves the Lorentzian property for all t > 0.

Proof. The proof of [18, Corollary 3.7] admits a straightforward generalization and
shows that the symbol of N; is a Lorentzian polynomial in 27 variables. U

We will need the following lemma.
Lemma 4.15. Let f =¥ 3cpa cﬂ—ﬁ, P, a € A?72, and g = d*N,(f) for some t € R. Then

g((1+a)) - xi,...,(1+ap) -x,)

1 ; 1+a\" 7
(a!)t . (i_zlca+26i . (2+al> EI—'— I<Z Ca+€i+ej' .xl.xj .

<i<j<n

Proof. This is a straight-forward calculation. U

Next, we note that the linear subspace W; C R/ spanned by the vectors («;)qeys for
i € [n] is contained in V;. Adding a multiple of one of these vectors in log-coordinates
corresponds to scaling one variable of the corresponding polynomial by a positive
constant. As the latter preserves Lorentzians, we conclude that Wy +log(L;) = log(Ly).

Theorem 4.16. Lett > 0, let J C Az be an M-convex set, and let f; be the generating
function of J. Then (1og(N;(fr)),log(Ly), V) is strongly star-shaped.



38 Matthew Baker, June Huh, Mario Kummer and Oliver Lorscheid

Proof. We will apply Lemma 2.5 to (x,,X) = (log(N;(f7)),log(Ly)). To this end, we
consider V = V; as a linear subspace of U = R’. For every a € A?~2, we consider the
M-convex set

Jo={aeA|atacl}.
We let U, = R% and 7, = 9*: U — U,. Then V, =V, = log(Ry,(T)) C U, and
X, = log(Ly,) satisfy the assumptions of Lemma 2.5. Therefore, it suffices to show that

(ma(x),Xa) = (108(9“Ni(f7)),10g(Ly,))

is strongly star-shaped as a subset of V;, forall a € AY~2 By Lemma4.15 and Lemma 2.7,
this follows from part (3) of Theorem 4.13. ]

Remark 4.17. Theorem 4.16 is in general not true for the space of stable polynomials Sy
with support J, even if S; is nonempty. For example, for the non-Fano matroid M = F,~,
the basis generating polynomial fjy is not stable, although Sy; # & [22, Example 11.5]. In
particular, the set log(Sys) is not even star-shaped with respect to log( fir) = 1log(N(fur))-
In Theorem 5.18 we will consider a matroid M for which S); is not even connected.

Lemma 4.18. Let J C AY be an M-convex set and let f; be the generating function of J.
Fort >0andv € V; CR’, we have

log(N;(f7)) + s-v € log(Ly)
forall s > 0 if and only if v: J — R is M-concave.

Proof. The “if” direction follows from Theorem 4.4 and the fact that the operator N;
preserves Lorentzians (Lemma 4.14). The “only if” direction is implied by [18, Theorem
3.20] and Tarski’s principle which says that a first-order sentence in the language of
ordered fields holds in a given real closed field if and only if it holds in R [48, Section
3] O

Theorem 4.19. Let B C V;/R1 be the unit ball with respect to some norm, and let
X =B\ (DryNdB). Then the space PL; is homeomorphic to X.

Proof. Lett > 0. By Theorem 4.16 and part (1) of Lemma 2.8, it follows that

(log(N:(f7)),log(PPLy),V;/R1)

is strongly star-shaped. It follows from Lemma 4.18 and part (2) of Lemma 2.8 that
Dr;NdBis equal to S(log(N;(f7)),log(PLy)). Thus the claim follows from Corollary 2.3.
O
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Corollary 4.20. For an M-convex set J, the space PL; is a manifold with boundary.

Proof. This follows from Corollary 2.4 and Theorem 4.16. 0
Corollary 4.21. The spaces PLj, Gr;(T,), and Gt} (T,) are all homeomorphic to each
other:

Proof. This is Theorem 4.19 together with Theorem 3.25. U

By the same argument, we obtain the corresponding results for orbit spaces.

Theorem 4.22. Let B C V;/W; be the unit ball with respect to some norm and let
X =B\ (Dr;NdB). Then the space L; is homeomorphic to X.

Corollary 4.23. The spaces L;, Gr;(T,), and Gry(T,) are all homeomorphic to each
other.

The preceding results allow us to transfer all the results on the topology of Gry (T,)
and Gr} (T,) from Section 3.4 to L; and PL;.

5. Some detailed examples

5.1. Small uniform matroids. In this section we fix a matroid M on [n]. The map
C—Rso, z+— 2%

defines a homomorphism of tracts from the field C to T, by Lemma 3.11. From this, we
obtain a (continuous) map Rys(C) — Rys(T5). Our goal is to prove the following:

Theorem 5.1. The image of the map Ry (C) — Ry (T») is contained in Lyy. In fact, every
polynomial in the image is stable. Moreover, we have:

(1) If M has a U, 4 minor, then the image of Ry (R) is contained in d Ly.
(2) If M has a U, 5 minor, then the image of Ry/(C) is contained in d Ly.
(Here d Ly is the boundary of Ly relative to Ry (Tw).)
(3) If M = U, 4, then the induced map

Gry(R) — dLy

is a homeomorphism.
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(4) The map Gr(2,4)(R) — 9dPL(2,4)x is the quotient by the multiplicative group
{—1,1}* acting on Gr(2,4)(R) via rescaling.

Remark 5.2. By [16], the space PL(2,4)y is homeomorphic to a five-dimensional ball.
Therefore, part (4) of Theorem 5.1 implies that the quotient space

Gr(2,4)(R)/{-1,1}*

is homeomorphic to a four-dimensional sphere. This non-obvious fact was independently
proven in [20].

Remark 5.3. Let 7: Gr'(2,4)(R) — Gr(2,4)(R) be the universal cover. It is well
known that Gr'(2,4)(R) is homeomorphic to S? x S? and 7 is the quotient map by the
action of (z,¢) on §% x §2, where ¢ : §? — §? is the antipodal map. In order to describe the
map from part (4) of Theorem 5.1, for i = 1,2,3, let ;: S> — S? be the reflection along
the hyperplane x; = 0, where we think of S? being embedded in the standard way into R>,
and let g; = (h;,h;) be the diagonal action on $2 x S%. Furthermore, let g4 exchange the
two copies of S? x S2. Then g1, ..., g4 generate a group K isomorphic to {—1,1}* that acts
on §2 x §2. The map Gr"(2,4)(R) — dPL(2,4)x, obtained by precomposing 7 with the
map from part (4) of Theorem 5.1 is the quotient map S? x % — (S x §?) /K. Since the
componentwise antipodal map (z,¢) is in K, it factors through the map ($? x $?)/(t,t) —
(S? x §2) /K, which is the map from part (4) of Theorem 5.1. As in the previous remark,
we obtain as a corollary the non-obvious statement that (S> x §?) /K is homeomorphic to
s,

The proof of Theorem 5.1 requires some preparation.

Lemma 5.4. Let K be R or C. The map Ry (K) — Ry (T») is proper:

Proof. Let B be the set of bases of M. The map K — R® defined by taking the square
of the absolute value of each coordinate is clearly proper. The restriction to the preimage
of the set where all coordinates are nonzero remains proper. The same is then true for the
restriction to the closed subset of points satisfying the Pliicker relations. 0

Corollary 5.5. Let K be R or C. The map Gr,,;(K) — Gr,,(T3) is closed.

Proof. Let A C Gr,,(K) be a closed subset and let B C Gr;,(T,) be its image. Then the
preimage A’ of A under the map Ry (K) — Gr,,(K) is sent by the map Ry (K) — Ry(T>)
to the preimage B’ of B under the map Ry (T2) — Gry,(T>). The set A is closed, as
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the preimage of a closed set, and B’ is closed by Lemma 5.4. Finally, because Gr,,(T,)
carries the quotient topology of Ry, (T»), we see that B is closed. U

Lemma 5.6. Let 0 # f € R|xy,...,x,] be a homogeneous polynomial of degree d with
nonnegative coefficients.

(1) If there exist positive semidefinite Hermitian d X d matrices Ay, ...,A, such that
f=det(xjA| +---+x,4,),
then f is stable.
(2) If f is stable, then f is Lorentzian.

Proof. Part (1) is [14, Lemma 4.1] and part (2) is [18, Proposition 2.2]. ]

Lemma 5.7. Let A be a complex d x n matrix with columns vy,...,v, € C%, let X be the
n x n diagonal matrix with diagonal entries xy, ..., x,, and let f = det(AXA*). Here B*

denotes the conjugate transpose of a matrix B.

(1) We have the following equalities:

f:det(xl'V1'VT+"'+Xn'Vn'V;:): Z |A(S)‘2Hxl
se () <

where A(S) denotes the determinant of the d x d submatrix of A whose columns are
indexed by S.

(2) The polynomial f is stable (and hence Lorentzian).
In particular, the image of the map Ry (C) — Ry (T7) is contained in Sp; C Lyy.
Proof. The first equality in part (1) is straight-forward and the second one follows from

the Cauchy—Binet formula. Now part (2) follows from Lemma 5.6 applied to the positive
semidefinite Hermitian d x d matrices v; - v}. O

The proof of Lemma 5.7 gives a more precise description of the image of the map
RM(C) — Ly

Lemma 5.8. A Lorentzian polynomial f € Ly is in the image of Ry (C) — Ly if and
only if there are positive semidefinite Hermitian d x d matrices Ay,...,A, such that
A1+ -+ A, is positive definite and

f=det(xjA; + - +x,4,). (12)
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It is in the image of Ryr(R) — Ly if and only if these matrices can be chosen to be real.

Proof. The ‘only if” direction for both claims follows from part (1) of Lemma 5.7. For
the ‘if” direction, we first observe that the matrices A; must have rank one by [15, page
1207] (since f is multi-affine). Thus, we can write A; = v; - v} for suitable v; € cd (resp.
v; € R? in the real case). The coefficients of f are given by the square of the absolute
value of the maximal minors of the matrix whose columns are vy,...,v,, which proves
the claim. U

Whether a multi-affine polynomial f has a representation as in Equation (12) was
characterized in [36] for real matrices and in [1] for Hermitian matrices. Namely, f has a
representation of this form if and only if the polynomial

of of . 9%

3_x,- . 8_x] ' 8xl-8x Jj
is a (Hermitian) square for all i, j € [n]. We will derive another characterization when f
has degree two.

Lemma 5.9. Consider r > 1 and the polynomial
f=at= 3+ +x7).
There are Hermitian 2 X 2 matrices Ay,...,A, such that
f=det(xjA;+---+x4,) (13)

if and only if r < 4. These matrices can be chosen to be real if and only if r < 3.
Furthermore, whenever such matrices exist, they can be chosen in such a way that A is

the identity matrix.

Proof. In both cases, the ‘if” direction can be deduced from the following identity:

x%—x%—x%—xi:det <x1+‘x2 x3—|—ix4> i (14)

X3—iX4 X1—Xx2
Conversely, assume there are Hermitian (resp. real symmetric) 2 X 2 matrices Ay, ...,A,
with f = det(A(x)) where A(x) = xjA| +---+x,A,. If r > 4 (resp. r > 3), then, for
dimension reasons, there exists 0 # A € R” such that A(\) = 0. Then the gradient of
det(A(x)) vanishes at A\, which contradicts the assumption that f = det(A(x)) because
the gradient of f = x% — (x% + -+ +x2) does not vanish at nonzero points in R”. U



Lorentzian polynomials and matroids over triangular hyperfields. Part 1 43

Proposition 5.10. Assume that the rank of M is two. A Lorentzian polynomial f € Ly, is
in the image of Ry (C) — Ly if and only if its Hessian has rank at most four. It is in the
image of Ry (R) — Ly if and only if its Hessian has rank at most three.

Proof. We prove the statement for Ry/(C) — Lyy; the statement about Ry (R) — Ly,
follows analogously.

Let f € Ly. Because f has degree two and nonnegative coefficients, and because
its Hessian has exactly one positive eigenvalue, there is a linear change of coordinates
¢ R" — R" with ¢(e;) = Y7, e; such that

2 2 2
fotr=xt— (B4 ),
where r is the rank of the Hessian of f.

Assume that f is in the image Ry;(C) — Ly;. Then, by Lemma 5.8, there are Hermitian
2 x 2 matrices Ay, ...,A, such that f = det(A(x)), where A(x) = xjA| + - - - +x,A,,. This
implies that

X = (x4 +ay) = det(A(v(x)).

Lemma 5.9 now implies that r < 4.

Conversely, assume that r < 4. Then, by Lemma 5.9, there are Hermitian 2 x 2
matrices Ay, ...,A, such that f o1 = det(A(x)) and A| = I, is the identity matrix. (Here
we choose A, 1 =---=A, =0.) We have

f=det(A(v' (x)))

and A(¢ "1 (X%, e;)) = L is positive definite. By Lemma 5.8, it remains to prove that

A(p~1(e;)) is positive semidefinite for i = 1,...,n. This follows since
det(t-L+A(W 1 (e)) = f(t,....t, t+1 ,t,....1)
ith position

has only non-positive zeros (which follows from the fact that f has nonnegative coeffi-
cients). L]

Lemma 5.11. Let M be a matroid of rank two and let n € N be maximal such that M has
an Uy ,-minor.

(1) If n < 3, then the map Ry (R) — Ly is surjective.
(2) If n =4, then the map Ry (C) — Ly is surjective.
(3) If n =15, then the map Ry (C) — d Ly is surjective.
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Proof. Let f be an element of the target of one of the maps in question. It follows from
Corollary 4.9 that the Hessian of f has rank at most three in case (1) and rank at most
four in case (2). In case (3), it follows from Corollary 4.9 and Corollary 4.10 that the rank
of the Hessian of f is at most four. Now the claim follows from Proposition 5.10. [

Proof of Theorem 5.1(1)—(2). We prove part (2); part (1) can be proved analogously.
Suppose M has a U, 5 minor, i.e., there are disjoint, possibly empty, subsets X,Y C [n]
such that (M /X)\Y is isomorphic to U, 5. Without loss of generality, we can assume that
]\ (X UY) = [5]. We consider the commutative diagram

RM (C) e LM

N

RU275 (C) B LUz,s

where the horizontal arrows are the coefficient-wise absolute square maps z + |z|> and
the vertical arrows correspond on the level of polynomials to
h— (H ih) ’x‘:O for jeY-
iex 0% ! ’

Let f € Ly be in the image of Ry (C) — Ly,. It suffices to show that for every € > 0,
we have (1+¢)-log(f) & log(Lys). For this, it suffices to show that for every ¢ > 0,
we have (1 +¢)-log(g) ¢ log(Ly, ), where g € Ly, 5 is the image of f under the map
Ly — Ly, from (15). Because g is in the image of the map Ry, ;(C) — Ly, 5 from (15),
the Hessian of g has rank at most four by Proposition 5.10. Thus, Lemma 4.11 implies
that g is on the boundary of Ly, s (inside Rus s (Tw)). By Theorem 4.16, this shows that
(1+¢)-log(g) ¢ log(Ly, ) for all € > 0. O

We now prepare for the proof of parts (3) and (4) of Theorem 5.1.
Lemma 5.12. Let f = x% —x% —x% —xﬁ and
Ar=(0%),  A=0%) A=(00) A= (%)
The following holds true:
(1) f=det(x1A] + x4+ x3A3 +x4A4).
(2) The set of tuples (B, B2,B3,B4) of Hermitian 2 x 2 matrices with

f =det(x1By +x2By +x3B3 +x4By)
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consists of exactly four orbits under the SL,(C)-action of coordinate-wise conjuga-
tion, i.e., (31,32,33,34) — (SBlS*,SBzS*,SBgS*,SB4S*)f0rS € SLQ((C). Again S*

denotes the conjugate transpose of S.

(3) The following tuples are representatives of the four orbits:

(A1,A2,A3,A4), (—A1,—A2,—A3,A4), (A1,A2,A3,—As), (—A1,—Az,—A3,—As).

Proof. Part (1) is a direct calculation, see also Equation (14). For part (2), we first observe
that such a tuple (Bj,B,,B3,B4) is necessarily a basis of the real vector space H of
Hermitian 2 x 2 matrices. Indeed, if not, there would be some 0 # A € R* such that B()\)
is the zero matrix, but then the gradient of det(B(x)) at A would be zero, contradicting
f = det(B(x)). Therefore, there exists an automorphism of the vector space H which
maps A; to B;. Because it preserves f, this automorphism is an element of the Lorentz
group O(1,3). On the other hand, the action Y — SYS* for § € SL,(C) defines a group
homomorphism SL,(C) — O(1,3) whose image is the identity component SO (1,3) of
O(1,3). Because O(1,3) has four connected components [30, page 15], this shows that
there are four orbits. For part (3), it remains to show that the four given matrices are
in different orbits. This can be seen by observing that the SL,(C)-action preserves the
property of being positive definite, and that elements in the image of SL,(C) — O(1,3)
have positive determinant. U

Corollary 5.13. The set of all tuples (By,By,B3,B4) of Hermitian 2 x 2 matrices such
that By is positive definite and

det(x; By +x2By +x3B3 +x4B4) = \- (x% —x% —x% —xi)

for some \ > 0 consists of exactly two orbits under the GL,(C)-action of coordinate-wise

conjugation. Complex conjugation exchanges these two orbits.

Proof. By Lemma 5.12, the set in question is the union of the GL;,(C)-orbits of the
following pair of complex conjugated tuples:

(A17A27A37A4) and <A17A27A37 _A4)

Because GL,(C) is connected, for every S € GL,(C) the automorphism Y — SYS* of
the space of Hermitian matrices has positive determinant. This shows that these are two
different orbits. U
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Lemma 5.14. Let f = x% — % —x% and
A=), A4=0"%),  Aa=(10)
The following holds true:
(1) f=det(x1A] +x247 + x3A3).
(2) The set of tuples (By,B2,B3) of real symmetric 2 X 2 matrices with
f =det(x;B +x2B2 +x3B3)

consists of exactly four orbits under the SL,(R)-action of coordinate-wise conjuga-

tion.

(3) The following tuples are representatives of the four orbits:

(A17A27A3)7 (_Ala_A27A3)7 (A17A27_A3), (_Alv_A27_A3)'
Proof. This follows from an argument similar to the proof of the previous lemma.  [J

Corollary 5.15. The set of all tuples (By,B>,B3) of real symmetric 2 X 2 matrices such
that By is positive definite and

det(x; By +x2By +x3B3) = A - (x} — x5 — x3)
for some \ > 0 consists of exactly one orbit under the GL,(R)-action of coordinate-wise

conjugation.

Proof. By Lemma 5.14, the set in question is the union of the GL;(RR)-orbits of the two
tuples

(A1,A2,A3) and (A1,A2, —A3).

The claim then follows from the identity

-1 0 -1 0
A1.A). A7) = A1.Ar). —A . ]
(A1,A2,A3) <0 1)(17 2, 3)(0 1)

Lemma 5.16. Let M = U, , for n 2> 3, and let f € Ly. The Hessian of f has rank at least
three.

Proof. After scaling the first three variables appropriately, we can assume that the coffi-
cients of the monomials x;x; for 1 <i < j < 3 are all one. Now the claim is apparent. L[]
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Proof of Theorem 5.1(3). Let M = U, 4. We first prove that the map Gr,,(R) — dL,, is
surjective. For this, it suffices to prove that the map Ry (R) — d Ly, is surjective. To this
end, let f € dLy. By Corollary 4.10, this implies that the rank of the Hessian of f is at
most three, and therefore f is in the image of Rys(R) — d Lys by Proposition 5.10.

As a next step, we prove injectivity of the map Gr,,(R) — dL,,. To this end, let R and
R’ be real 2 x 4 matrices that both represent the same f € d Ly;. We have to show that,
after scaling their columns by nonzero scalars, their rows span the same two dimensional
subspace of R*. Let vy, v2,v3,v4 € R? and v}, v}, v}, € R? be the columns of R and R,
respectively. Letting A; = v; -V} and A; = v} -V} fori = 1,2,3,4, Lemma 5.7 shows that

f= det(x1A1 + x4 +x3A3 +X4A4) = det(xlA’l +X2A/2 +X3A,3 +X4A2).

By Corollary 4.10 and Lemma 5.16, the Hessian of f has rank three. Thus, by a linear
change of coordinates, one can bring f to the form x% — x% — x%. Therefore, it follows
from Corollary 5.15 that there exists S € GL,(R) such that A; = SA.S' forall i = 1,2,3,4.
Replacing R’ by SR does not change the row span, so we can assume from now on that
vivt = vy holds for i = 1,2,3,4. This implies that v; = v/ for i = 1,2,3,4 as desired.
Therefore, the map Gr,,(R) — dL;, is continuous and bijective. Because it is also
closed by Corollary 5.5, it is a homeomorphism. U

Proof of Theorem 5.1(4). We denote by G = (R*)* and H = (R*)* the groups that act on
Gr(2,4)(R) and PL(2,4)x, respectively. We also write f: Gr(2,4)(R) — dPL(2,4)x
and ¢: G — H for the map that takes squares coordinate-wise. Finally, we let K =
ker(p) = {—1,1}*.

Since Gr(2,4)(R) is compact, it suffices to show that the fibers of f are exactly the
orbits of the action of K on Gr(2,4)(R). By construction, we have ¢(g).f(x) = f(g.x) for
all g € G and x € Gr(2,4)(R). This shows in particular that every fiber of f is invariant
under K. We also note that every fiber f~!(y) of f is contained in an orbit of G; this
follows from part (3) of Theorem 5.1 for y € dPLy, , and the fact that G acts transitively
on Gry(R) for every other matroid M of rank 2 on [4].

Next, we claim that it suffices to prove for all x € Gr(2,4)(R) that

v ' (Hy(x) CK-Gy. (16)
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In fact, if f(x) = f(y) then there exists g € G with y = g.x and thus ¢(g) € Hy(y). By
Equation (16), we can write g = ab witha € K and b € G,. Thus, y = g.x = a.(b.x) = a.x,
which proves the claim.

In order to prove Equation (16), let x € Gry(IR). We first note that H s, consists of all
tuples for which all the entries corresponding to the same connected component of M
agree. Then ¢~ ' (H f(x)) consists of all tuples for which all the entries corresponding to
the same connected component of M agree up to a sign. This proves Equation (16), and
hence Theorem 5.1(4). U

We conclude with a lemma for future reference.

Lemma 5.17. Let M be a matroid of rank two. Then the fiber over every element in the
image of the map Gr,,(C) — Ly, is an orbit under complex conjugation.

Proof. The statement is trivial if the simplification of M is U >. Hence we can assume
that M has a U, 3-minor. We first prove that the fiber over an element in the image
of Gry,(R) is a singleton. By Proposition 5.10 and Lemma 5.16, the Hessian of every
element f in the image of Ry/(R) — Ly, has rank three. The desired statement now
follows from the same argument we used to prove injectivity in Theorem 5.1(3).

Next, we prove that the fiber over an element in the image of Gr,,(C) which is not in the
image of Gr,,(IR) has cardinality two, and that the two fibers are exchanged by complex
conjugation. Let R and R’ be complex 2 x n matrices that both represent the same f in the
image, which cannot be represented over R. Let vy,...,v, € C? and Vi, € C? be
the columns of R and R, respectively. Letting A; = v;- v and A; =V, -v/* fori=1,...,n,
Lemma 5.7 shows that

f=det(xjA; + - +x,4,) = det(x1A] + -+ +x,A}).

By Proposition 5.10, the Hessian of f has rank four. Thus, by a linear change of
coordinates, one can bring f to the form x% — x% —x% — xi. Using Corollary 5.13, we can

then argue as in the proof of injectivity in Theorem 5.1(3). U

5.2. The Betsy Ross matroid. The Betsy Ross matroid By is the rank 3 matroid on 11
elements whose point-line arrangement is illustrated in Figure 2. The goal of this section
is to prove the following theorem.

Theorem 5.18. We have Grg, (T;) = Grg, (T,) for all 0 < g < oo. Moreover; there is an
explicit homeomorphism Grg, (Te) — R which maps Grg  (Ty) to the closed interval
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[~ 4] for all 0 < g < o. It identifies the space Lg,, with the closed interval [—2,2] and
Sg,, with its boundary points {—2,2}.

By [10, Appendix A.3.5], the foundation of By is the golden ratio partial field G,
considered as a partial field or as a pasture.* Partial fields and, more generally, pastures
can be realized in different ways as tracts, and a suitable interplay of two such realizations
G and G, allows us to determine both Gry, (T,) and Gry, (T,).

The tract G; is the foundation of the matroid By; in the sense of Section 3.4 and
satisfies Gryy | (F) = Hom(Gy,F) for every tract F. Its unit group G| = G* is the
multiplicative subgroup of R* generated by —1 and the golden ratio b = HT\E The
null set of G is the ideal of N[G{] generated by all formal sums of three elements
ai,az,az € G =G*U{0} that sum to zero in R.

The tract G, has the same unit group G5 = G* as G and the null set of G; consists
of all formal sums of elements that sum to zero in R, without any restriction on their
lengths. Since Ng, C Ng,, the identity map G| — Gy is a tract morphism, which
defines a weak rescaling class p in Grg | (Gy). By [11, Section 1.5], G, is perfect and
thus Gry  (Gz) = Grg,, (G2), which shows that p is in fact a strong rescaling class.
Consequently, composing p with a tract homomorphism v : G, — F yields a strong
rescaling class of Gry , (F) for every tract F.

Remark 5.19. A concrete matrix representation of p is given by

0 1 1 1 1 I 1 1 1 1
01 p4+1 ¢ o+1 0 ¢ ¢ ¢+1 0 |,
I 1 o 2 0 ¢ ¢ 1 1 0

A=

S = O

in the sense that it is represented by the map Uz 11 — G that sends e; +e; + ¢, to the
minor of the 3 x 3-submatrix of A with columns i < j < k. This matrix was computed
using an implementation of the algorithms developed in [21].

Now we determine Gry  (Te) = Grp,, (Te). Clearly, for all # € R the map
w[: GX —>R>0, X ’X’t

YAsa partial field, G is the pair (G*,R) where R = Z[y] is the subring of R that is generated by the
golden ratio ¢ = ”Tﬁ and G* = R* is the unit group of R.
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is a group homomorphism. Because the abelian group G* has rank one, every group
homomorphism G* — R+ is of this form. By Example 3.10, this implies that

RH@BH(T‘X’)7 t'—>pl‘ = ¢lop (17)

is a bijection; in fact, it is a homeomorphism. Moreover, for every 0 < g < oo, the map
pr is in Gy (T,) if and only if ¢/, defines a tract homomorphism G| — T,. Finally, the
map py is in Grg, (T,) if ¢; defines a tract homomorphism G, — T,. Hence the first part
of Theorem 5.18 follows from the following lemma.

Lemma 5.20. The following holds for all g > 0:

(1) If t € [—q,q|, then v; is a homomorphism of tracts G, — T,
(2) Ift € [—q,q|, then ¥y is not a homomorphism of tracts Gy — T,,.

Proof. The unique nontrivial field automorphism of Q(b) sends b to —b~! and thus
restricts to an automorphism 7 of both | and G5. For all € R, we have ¢)_; = ¢y oT.
Hence it suffices to prove (1) and (2) for ¢ > 0. By definition of G, part (1) follows
from part (1) of Lemma 3.11. For part (2), it suffices by part (2) of Lemma 3.11 to find
ay,az,az € G* with a; +az + a3 = 0. We can choose, for example, a; = b% ay = —b,
and a3 = —1. ]

The remaining parts of Theorem 5.18 are covered by the following proposition.

Proposition 5.21. Lett € R and f; € R[xy,...,x11] be such that p;, = p;. Then f; is
Lorentzian if and only if t € [—2,2] and f; is stable if and only ift € {—2,2}.

Proof. Theorem 5.1 implies that f, is stable. Applying the unique nontrivial field
automorphism of Q(b), as in the previous proof, we conclude that f_, is stable as well.
Part (1) of Theorem 5.1 implies, moreover, that f> and f_, are boundary points of Lg,,.
Hence Theorem 4.4 implies the claim on Lorentzian polynomials.

For the claim on stable polynomials, recall that by [14, Theorem 5.6] the polynomial
fz 1s stable only if the polynomial

_df af
8)61 8)611 ! 8x18x11

is nonnegative on R!!. We define the polynomial g; to be the restriction of W; given by:

Wi

_2 _
X1=xp=x3=x5=x7=x11=0,x4 = 1—|—bt,x6:b "+b t,x8 :x,X9:bt,x10: —b'.
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One can calculate that

(b +x+1) (b¥x—b¥x—4b*x — b* —2b'x — b’ +x)
g(x)=— o )

We note that g;(x) is nonnegative on R for every value of # >> 0 for which f; is stable.

Because g;(x) has degree two, it is nonnegative if and only if its discriminant is non-
positive. The discriminant is given by
(B +1)° (b —3b' +1)°
b2t ’
It is non-positive if and only if it is zero, and one checks that the only real values of 7 for

which this expression is zero are t = 2 and t = —2. This shows the remaining part of the
claim. ([l

6. Compactifications and Euler characteristics

Let J C A? be an M-convex set. Theorem 4.19 shows that PL; has a compactification
that is homeomorphic to a closed Euclidean ball. On the other hand, one can consider the
closure PL; of PL; inside the projective space of homogeneous polynomials of degree
r in n variables. It was conjectured in [18, Conjecture 2.29] that PL; is homeomorphic
to a closed Euclidean ball in the case that J = Aﬁ. This was confirmed in [16, Theorem
3.3] for a larger class of polymatroids, also including all uniform matroids. It was
asked in [16, Question 5.1] whether this is true for arbitrary polymatroids, or at least for
matroids [16, Question 5.3]. The analogous question was also asked for spaces of stable
polynomials, i.e., whether PS; is homeomorphic to a closed Euclidean ball for every
polymatroid J [16, page 7]. The following summarizes our findings in connection with
these questions:

Theorem 6.1. Let J be an M-convex set.

(1) If Gr;(Tw) is a singleton, then PL; is homeomorphic to a closed Euclidean ball. In
this case, either PS; = PL; or PS; = @.
(2) If J is rigid, i.e., Gr;(To) is a singleton, then the Euler characteristic of PLy is equal

to one.

(3) There is a rigid matroid M with dim(Gry;(Tw)) = 1 such that PSy is nonempty with
Euler characteristic not equal to one. In particular, the set P Sy is nonempty but not
homeomorphic to a closed Euclidean ball.
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(4) There is a matroid M with dim(Gr,,(Ty)) = 1 such that the Euler characteristic of
PLy is not equal to one. In particular, the set PLyy is not homeomorphic to a closed
Euclidean ball.

Part (1) is shown in Proposition 6.25 and part (2) in Proposition 6.26. Parts (3) and (4)
are Example 6.34 and Example 6.37, respectively.

Remark 6.2. It follows from Example 3.27 that the space Gr;(T.) is a singleton if and
only if the foundation Fj of J (see Section 3.4) is finite.

Remark 6.3. The condition that Gr;(T.) is a singleton is satisfied, for example, when J
is a binary matroid or a projective geometry of projective dimension d > 2 over a finite
field [17, Propositions 3.5 and 3.6]. If M is a binary matroid, then PS,; = PLy, if and
only if M is a regular matroid. This follows from the previous theorem in combination
with [17, Theorem 1.4].

6.1. Initial polymatroids and base polytopes. For every r,n € N, the space of nonzero
Lorentzian polynomials of degree r in n variables has a natural stratification:

| ] L;.
JCAZ M-convex

We will need to understand when the closure of one such cell intersects another cell.

Definition 6.4. Let J C A? be M-convex and @ # J' C J a subset. We say that J’ is
an initial subset of J if there exists an M-convex function v: J — R which takes only
nonnegative values and is zero exactly on J'. A polymatroid is an initial polymatroid of
another polymatroid if its corresponding M-convex set is an initial subset of the M-convex
set of the other polymatroid.

Remark 6.5. It follows directly from the definition of M-convex sets and M-convex
functions that every initial subset of an M-convex set is M-convex itself.

Example 6.6. If a matroid M’ is a relaxation of another matroid M in the sense of
[45, Theorem 1.5.14], then M is an initial matroid of M’.

Lemma 6.7. Let & # J,J' C AZ be M-convex sets. The following are equivalent:
(1) J' is an initial subset of J.

(2) frely.
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J

Here fy =Y ey %xa is the is the (exponential) generating function of J' as defined in
Section 4.4.

Proof. It follows from Theorem 4.4 that (1) implies (2). It is clear that (2) implies
(3). Now assume (3). The curve selection lemma from semi-algebraic geometry [12,
Theorem 3.19] implies that there are algebraic Puiseux series ¢, (¢) for « € J such that
the polynomial

y e

acJ a!

is in Ly for for sufficiently small # > 0, and in L for # = 0. This means that the function
viJ =R, a > val(cqy (1))

takes only nonnegative values and is zero exactly on J’. From [18, Theorem 3.20], it
follows that v is M-convex, which proves (1). [

Remark 6.8. Spaces of stable polynomials are less well-behaved with respect to initial
polymatroids. For example, the non-Fano matroid F;~ is a relaxation of the Fano matroid
F7. By [22, Example 11.5], we have SF7— # J, but Sp, = @ by [14]. An example of a
relaxation M’ of a matroid M such that Sy, = @ but Sy, # @ is given in [37, Example
4.10].

We now take a more careful look at the set Ly Ly in the case where it is nonempty.

Lemma 6.9. Let J' be an initial subset of J. Then the set log(Ly NLy) C R” is star-
shaped with respect to the origin.

Proof. Let f =Y ey t5x* € Ly, and let (fi)ien C Ly be a sequence converging to f.
Writing fi =Y e %xa € Ly, it follows from Theorem 4.4 that for all 0 < p < 1 and all

Y e
i € N, the polynomial f; , = Y e, %ot s Lorentzian as well. For fixed 0 < p < 1, the

a!l

limit of the sequence (f; ,)ieny C Ly is the polynomial Y, ;—%xa € L. This shows the
claim. 0

For understanding the topology of a star-shaped set, we need to understand the rays it
contains.
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Lemma 6.10. Let J' be an initial subset of J. If V' € R? is such that —\-v' € log(LyNL,)
forall X > 0, then for every N € N, there is an M-convex function v: J — R which extends
V' and satisfies v(3) > N for all § € J\J'.

Proof. Let v/ € R’ be such that —\ -1/ € log(L; NLy) for all A > 0. This implies that
the polynomial with coefficients in the field of Puiseux series

ﬂ/(a)
\ X e LJ/

8= L

acl’

is Lorentzian and belongs to the closure of the set of Lorentzian polynomials with support
J over the field of Puiseux series. Now let ¢ > 0, and let ¢ € N be larger than N and
every v/ (a) for a € J'. We consider the intersection of the ball of radius 7 around g
in the max-norm on the coefficients with the set of Lorentzian polynomials over the
Puiseux series with support J. By assumption, this intersection is nonempty. Therefore,
there exist Puiseux series ¢, (f) for a € J such that val(c, (7)) = V/(«a) if a € J' and
val(c,(t)) > g otherwise, and such that ¥, cag?xa
function v: J — R defined by v(«) = val(c, (7)) has the desired properties. O

is Lorentzian. This implies that the

Before we continue, we note a useful consequence of Lemma 6.10. For d,n € N and
a tract F, we define the Polygrassmannian PolyGr(d,n)(F) to be the projectivization
of the set all functions p: A? — F whose support is M-convex and that are a strong
F-representation of their support. If d < n, then we define Gr(d,n)(F) to be the subset of
PolyGr(d,n)(F) consisting of projective equivalence classes of functions whose support
is contained in [0, 1]". If F = T, for some 0 < g < oo, then these spaces inherit a topology

from the Euclidean topology on Ri%, see [4, Section 10.1] for equivalent definitions and
further properties. We demonstrate that the connection between Lorentzian polynomials
and M-convex functions can be used to recover some basic properties of Dressians
[18, Lemma 3.27].

Corollary 6.11. For every d,n € N, the space Gr(d,n)(Ty) is the closure of its maximal
cell Gry,,(To). The same is true for polymatroids, namely PolyGr(d,n)(To) is the

closure of its maximal cell GrAg(To).

Proof. Let p: AY — R+ be a Ty-representation of some polymatroid, and let J be the
support of p. Since J is M-convex, the generating polynomial f; is Lorentzian. By
definition, it is a limit of Lorentzian polynomials with full support Aﬁf . By Lemma 6.7, J
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is an initial subset of AY. By Lemma 4.18, the function —(logop): J — R satisfies the
hypotheses of Lemma 6.10. Thus, for every N € N, there exists an M-concave function
vy: A — R which extends logop and satisfies vy(a) < —N for all o € A\J. This
shows that py = expouwy is in RAg (Tp) and satisfies

pn(a) = p(a) if a € J,

pN () =
pn() < e N otherwise.

It follows that p = limy_,. py, Which yields the claim for PolyGr(d,n)(Ty). The claim
for Gr(d,n)(Ty) can be shown in the same way using the result from [16] that every
multiaffine Lorentzian polynomial is a limit of multiaffine Lorentzian polynomials with
full support. O

Initial polymatroids of a given polymatroid can be understood in terms of regular poly-
matroid subdivisions. We assume some familiarity with the theory of regular subdivisions.
As references we recommend [23, Section 5] or [32, Section 1.2].

Definition 6.12. Let & #J C Ag be an M-convex set. The base polytope BP; of J is the
convex hull of J in R”". A regular polymatroid subdivision of J (or of BP;) is a regular
subdivision of J that is induced by an M-convex function v: J — R (i.e., the subdivision
equals the subset of BP; where v is not differentiable).

Remark 6.13. Let v: J — R be an M-convex function.

(1) Let /: R" — R be a linear function and a,b > 0. Then the M-convex functions v
and a-v +b-{|; induce the same regular polymatroid subdivision, see e.g. [23,
Proposition 5.4.1].

(2) Let J' C J be the set of vertices of a cell’ in the regular polymatroid subdivision
induced by v. Then there is a linear function ¢/: R"” — R such that v + /|; takes only
nonnegative values and is zero exactly on J'. This shows that the initial subsets of
J are exactly those subsets of J that correspond to a cell in a regular polymatroid
subdivision of J. In particular, it follows from Remark 6.5 that subsets of J which
correspond to a cell in a regular polymatroid subdivision of J are themselves M-

convex.

3 By a cell of a regular polymatroid subdivision we mean one of the (not necessarily maximal) polytopes
that comprise the regular polymatroid subdivision (which is a compact polyhedral complex).
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(3) Let p: J — Ty be a Ty-representation of J and let t = (,...,t,) € (R>g)". By
Lemma 3.22, the function v = —log(p): J — R is M-convex. If /: R" — R is the
linear function that maps the i-th unit vector to —log(t;), then

—log(t.p) =v+4|;,

where 7.p denotes the action of p defined in Equation (9). Thus —log(p) and
—log(.p) induce the same regular polymatroid subdivision (by part (1) of this
remark), and we can speak of the regular polymatroid subdivision induced by an
element of Gr;(Ty). By Lemma 3.22, every regular polymatroid subdivision of J is
induced by an element of Gr,;(Ty) in this sense.

The easiest special case where the intersection Ly ML is always nonempty is when
the base polytope of the initial subset J’ corresponds to a face of the base polytope of J.

Lemma 6.14. Let @ #J CJ C Aﬁf be M-convex sets, and let f € Lj. We consider the
orbit

Or ={f(e1x1,...,€nxs) | €1,...,6, >0} CLy.
The following are equivalent:
(1) BPy is a face of BP,.
(2) The closure of Oy intersects Ly.

In this case, the intersection of the closure of Oy with Ly is

O, ={g(e1x1,...,€nxn) | €1,...,€4 > 0},
where g is the sum over all terms in f that correspond to points in J'.

In particular, Ly \Ly is nonempty whenever BP is a face of BP;

Proof. Assuming (1), there exists § € R" such that the linear form (—,/) takes its

minimum -y on BP; exactly on BP;. Then we have
limf(eﬁl_wrxl,...,eﬁrwrxn):gGLJ/, (18)
€—0

which proves (2). By replacing each x; by €;x; for some ¢; > 0 in Equation (18), we

further see that the intersection of the closure of Oy with Ly contains O,.

Now assume (2), and let & € Ly be in the closure of O. By the curve selection lemma
[12, Theorem 3.19] and the existence of semi-algebraic sections [50, Proposition 4.5.9],
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there are algebraic Puiseux series ¢;(r) for i € [n], which are positive for small enough
t > 0, such that
h=1limf(ci(t)xy,...cn(t)xy).
t—0
Letting 8 = (val(ci(t)),...,val(cy(r))) € R”, this implies that the linear form (—, /)
takes its minimum on BP; exactly on BP;/, where it is zero. This shows (1). Furthermore,

h= lirr(}f(cl (0)x1,-..ca(t)xn) = gy, ..., c"x,),
t—
where ¢ € R is the coefficient of smallest degree in ¢;(t). This shows that 1 € O,. [

Corollary 6.15. Let @ # J' CJ C AY be M-convex sets such that BPy is a face of BP;.
For vV € R’ the following are equivalent:

(1) —X\-v' €log(LyNLy) forall X > 0.

(2) V' extends to an M-convex function v: J — R.

Proof. 1t follows from Lemma 6.10 that (1) implies (2). Assume (2) holds, and let
v: J — R be an M-convex function that extends v/. For every g > 0, it follows from

Theorem 4.4 that the polynomial f =), c; %(T)xa is Lorentzian. Hence, by Lemma 6.14,

/

the polynomial g =Y ¢ qya—:a)xa is in the closure of L;. This establishes (1). 0

If the reduced Dressian Dr; = —log(Gr;(Ty)) of J has only finitely many rays, we
have a good understanding of the rays in log(L; N Ly).

Theorem 6.16. Let J C A? be an M-convex set such that 1og(Gr;(Tg)) has only finitely
many rays. Let & # J' C J be an initial subset, and let Wy be the linear subspace of
R corresponding to the image under the orbit of the generating polynomial under
the rescaling action of (R*)". Finally, let 0 #1' € R’ " Then —v/ generates a ray of
log(L;NLy) if and only if one of the following holds:

(1) BPy is a face of BP; and V' is the restriction of an M-convex function v: J — R.

(2) BP, is not a face of BPy and v' € W)

Proof. The case where BPy is a face of BP; was settled in the preceding corollary.
Thus, we may assume that BP is not a face of BP;. If v/ € Wy, then it follows from
Lemma 6.14 that —/ generates a ray of log(L; NLy). Conversely, assume that —/
generates a ray of log(L;NLy). By Lemma 6.10, there exists an M-convex function
vo: J — R extending /. For every i € N, we recursively define v;: J — R to be an
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M-convex extension of v such that v;(3) > maxes(vi—1(7)) for all 5 € J\J'. This is
possible by Lemma 6.10. Because log(Gr;(Ty)) has only finitely many rays, there are
i>j, A>0,and w € W; such that

Avi=vi+w.

This show that the restriction of w to J’, which lies in Wy, is equal to (A — 1) - /. Thus,
it remains to show that \ # 1. Assume for the sake of a contradiction that A =1, i.e.,
that w = v; — v;. By construction, v;(3) > v;() for every 3 € J\J'. This shows that w is
nonnegative on J and is zero exactly on J'. Because w € Wj, this implies that BP is a
face of BPy, contradicting our previous assumption. U

6.2. Compactly supported Euler characteristic. Building upon the results from the
previous subsection, we will compute the Euler characteristic of PLy; for some matroids
M. In particular, we will see an example of a matroid M for which y(PLy,) # 1, which
shows in particular that PLy, is not homeomorphic to a ball.

To this end, for any M-convex J, we consider the decomposition

PL; = | |(PLyNPLy),
J/
where the disjoint union is over all initial subsets J' of J.

For computing x (PLy) in terms of the cells PL; NPL;/, we will make use of some
concepts and results from tame topology (see [54] for an introduction to this topic).

We say that a subset S C R" is definable if it is of the form
{xeR"|3Iye€ R¥ P(x,y,e*, ) =0},

where P is a real polynomial in 2(n + k) variables, and where x = (x1,...,x,), y =
(V1yeeesyi)s € = (€9,...,e"), e = (&1,...,e"). Amap f: S — R™ from a definable
set S C R” is definable if its graph is definable. It was shown by Wilkie [58] that the
definable sets form an o-minimal structure. This implies in particular that:

(1) Every semi-algebraic set and every semi-algebraic map is definable.
(2) Boolean combinations of definable sets are definable.

(3) If A is definable, then so are R x A and A x R.

(4) The image of a definable set under a definable map is definable.

Example 6.17. Note that the map R” — R" x +— ¢ is definable but not semi-algebraic.
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Remark 6.18. Let S C R"*! be a definable set. Then the set
{xeR"|FeR:(x,1) €S}
is the image of S under the definable map
r: R 5 R (x,1) — x,
and thus is again definable by property (4) of o-minimality. Similarly, the set
{xeR"|Vr €R: (x,1) € S} = R"\xw(R""1\S)
is definable. We say that definable sets satisfy quantifier elimination.

Theorem 6.19 (§4.2 in [54]). There is a unique integer-valued map x . on the set of
definable sets that satisfies the following conditions:

(1) x+(R") = (=1)",

(2) If S, T C R" are disjoint definable sets, then x,(SUT) = x«(S) + x«(T),

(3) If S C R" is a definable set and f: S — R™ is an injective definable map, then
X+(8) = X« (f(S)).

(4) If SCR" and T C R”" are definable sets, then x+(S X T) = x«(S) - x«(T).

Remark 6.20.

(1) Let S C R" be a compact definable set. Because S can be triangulated by means
of definable homeomorphisms, see [54, §8.2], it follows that x.(S) is equal to the
topological Euler characteristic x(S) of S, defined as the alternating sum

X(8) =bo—b1+by—b3+---,
where b; is the rank of the ith singular homology group of S.

(2) If S C R”" is definable but not compact, then x.(S) might differ from x(S). For
example x (R") = 1 because R” is contractible, but y.(R") = (—1)" by part (1) of
Theorem 6.19.

Applying these considerations to our situation, we obtain the following formula.
Lemma 6.21. Let J be an M-convex set. Then

X(PLy) = Y x«(PLyNPLy) = = Y x«(lyNLly) = = Y x«(log(LyNLy)),
7 7 7

where the sums are over all initial subsets J' of J.
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Proof. The first equality follows from part (2) of Theorem 6.19. For proving the second
equality, we first note that PL; NPPLy can be identified with the subset of Ly N L
consisting of all polynomials for which the sum of the coefficients is equal to one. Under
this identification we obtain the homeomorphism

(PL,NPLy) x Rog — L;NLy, (f,A) = - f.

Because x.(R-0) = x«(R) = —1 by part (1) of Theorem 6.19, the second equality of
the claim now follows from part (4) of Theorem 6.19. Finally, the third equality follows
from part (3) of Theorem 6.19. O

The sets log(Ly ML) are star-shaped by Lemma 6.9. Thus we can use Lemma 6.21
and the following lemma to compute the Euler characteristic of y (PLy).

Lemma 6.22. Let X C R" be a closed definable set that is star-shaped with respect to
the origin. Let S C R" be the unit sphere. Consider the set of rays contained in X :

SX)={veS|Vt>0:t-veX}.
Then S(X) is a definable set satisfying x(S(X)) + x»(X) = L.

Proof. By Remark 6.18, definable sets satisfy quantifier elimination, and thus the set
S(X) is definable. For the same reason, the following map is definable:

P X — R, x»—>inf{t>0|§€X}.
Furthermore, by Lemma 2.2, we have for all x € X:

(D) ¥(x) < L.

(2) If ¢(x) > 0, then m €X.

(3) ¥(x) =0if and only if x = 0 or x # 0 and ﬁ € S(X).
The proof of Lemma 2.2 also shows that 1) is lower semi-continuous, as this part of the
proof only uses that X is closed and star-shaped.

Let B C R” be the closed unit ball, and consider the map
X

1= (x) + [Ixll

The map is well-defined because for all x € X we have 0 < ¢/(x) < 1 and x # 0 whenever

o X — B\S(X), X

¥ (x) = 1. Its norm is lower semi-continuous, because ¢ is. For fixed x € X, the map

ox: [0,1] = Ry, A= p(A-x)
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is continuous, its norm is monotonically increasing, and it satisfies ¢,(0) =0 and ¢, (1) =
x. This shows that the image ¢(X) is star-shaped with respect to the origin. Furthermore,
¢ is definable, and a short calculation shows that it is injective. Thus x,(X) = x«(¢(X)).

We claim that the closure Y of ¢(X) is the disjoint union of ¢(X) and S(X). A point
x € X is mapped by ¢ to S if and only if ¢(x) = 1. Thus, by (3), we cannot have
o(x) = Hi_l\ € S(X). This shows that ¢(X) and S(X) are disjoint. Now let x € S(X),
meaning that ||x|| = 1 and7-x € X for all r > 0. We have

. . Ix
A ole) =l ==

This shows that S(X) is contained in the closure of ¢(X).

Conversely, let (x;);cn be a sequence in X such that (¢(x;));en converges. If it is
unbounded, then (¢(x;));cn converges to a point in S(X). Otherwise, it converges to a
point in ¢(X) by semi-continuity and star-shapedness. Thus we have shown that the
closure Y of ¢(X) is the disjoint union of ¢(X) and S(X). As Y is a compact star-shaped
definable set, we have

1= x:(Y) = x+(0(X)) + X+ (S(X)) = x(X) + x4 (S(X)). O

Corollary 6.23. For every M-convex set @ # J C A%, we have x.(PLj) = x«(Dry).

Proof. Tt suffices to prove that y.(log(L;)) = x«(log(Rs(Tp))). By Lemma 3.22 and
Lemma 4.18, the star-shaped definable sets log(L;) and log(R,(Ty)) contain the same
rays. The claim therefore follows from the preceding lemma. U

Remark 6.24. The preceding corollary, together with Theorem 1.1, imply that for all
d,n we have Y ; x.(Dr;) = 1, where the sum is over all nonempty M-convex sets J C AZ
or over all matroids J of rank d on [n]. We do not know how to prove this combinatorial
statement without the detour to Lorentzian polynomials.

Proposition 6.25. If @ # J C AY is an M-convex set such that Gr,(T.) is a singleton,
then PLy is homeomorphic to the base polytope BP;. In particular, it is homeomorphic
to a closed ball.

Proof. The assumptions imply that PL; is the orbit closure of the generating polynomial
under the action of RY ) by rescaling the variables. Thus the claim follows directly from
the proposition in [26, §4.2]. U
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If Gr,(Ty) is a singleton, but Gr,(T..) is not, we are not able to conclude that PL;
is homeomorphic to a closed ball, but we can at least show that it has the same Euler
characteristic as a closed ball:

Proposition 6.26. Let & £ J C Aﬁf be a rigid M-convex set, that is, the space Gr;(Ty) is
a singleton. Then x(PLy) = 1.

Proof. We use the notation from Theorem 6.16. Because J is rigid, it follows that
log(Ry(Ty)) = Wy. Thus, for every initial subset J' of J, the union of rays contained in
log(L;NLy) is exactly the set Wy. Lemma 6.22 now implies that

X+ (l0g(PL; NPLy)) = —x«(log(Ly ML) = —xu(Wyr) = (= 1)L,

This shows that x(PLy) = ¥ (—1)3mW,)=1 where the sum is over all initial subsets
J' of J. Because J is rigid, every M-convex function J — R is the restriction of a linear
function R” — R, see Remark 6.13. This implies that the initial subsets J’ of J are exactly
those nonempty subsets of J for which BP is a face of BP;. Moreover, the dimension
of BP is dim(Wj) — 1. It follows that y(PLy) is the Euler characteristic of BP;, which
implies the claim. U

The following theorem will allow us to compute the Euler characteristic y(PLy) in the
case that the polyhedral fan Dr; = —log Gr;(Ty) consists of finitely many rays. Here
and in the following, we refer to the restriction map res; y :log Gr;(To) — log Gr(To)
that is given by p — p|,.

Theorem 6.27. Let @ # J C A% be an M-convex set such that log Gr,(T) consists of m
rays. Fori=0,...,n, let g; be the number of initial subsets J' of J such that BP; has
dimension i and is not a face of BP;. In addition, fori=0,...,nand j=0,...,m, let f;;
be the number of initial subsets J' of J such that BP; has dimension i, is a face of BP,,
and such that the image of res; y : log Gr;(To) — log Gr;/(To) consists of j rays. Then

x(PLy) = i(—l)i' <8i+ ifij'(l —j)> :
i=0 J=0

Proof. We use the formula

X(PLy) = = Y x«(log(LyNLy)),
J/
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where the sum is over all nonempty initial subsets of /. By Lemma 6.22 and Theorem 6.16,
we find, as in the proof of Proposition 6.26, that

—X*(log(fJﬂLJ/)) _ (_1)dim(WJ/)fl _ (_l)dimBPJ/
in the case that BP is a face of BP; and
—x«(log(LyNLy)) = —((= 1)) 4 j. ()@t — (1) dmBPr (1 — j)

otherwise, where j is the number of rays of the image of log Gr;(Ty) — log Gr(Ty).
This implies the claim. l

Remark 6.28. Given an M-convex set J, one can compute the polyhedral fan log Gr;(Ty),
for example, using the software gfan [31]. In the case that J is a matroid, this is described
in detail in [19, Algorithm 1]1°. If log Gr,;(Ty) consists only of finitely many rays, then one
can compute the numbers g; and f;; from Theorem 6.27 as follows. We first compute all
initial subsets of J. To this end, we have to compute all faces of the polytope BP; and all
faces of the regular subdivisions of BP; defined by a generator of each ray of log Gr;(Ty).
This can be done, for example, using the software polymake [27], where the command
Subdivision0fPoints allows to compute the regular subdivisions. Finally, for every
initial subset J’, we record the dimension of BP; and, if BP, is a face of BP;, then we
also record the number of rays of the image of res; ;s : log Gr,;(Ty) — log Gr/(Ty).

Example 6.29. Let M = U, 4 be the uniform matroid of rank 2 on 4 elements, whose
base polytope is an octahedron. It has three non-trivial regular matroid subdivisions
corresponding to the three rays of log Gr;(Ty). None of these subdivisions subdivides
any of the proper faces. It follows that foo = 6, f10 = 12, fo0 = 8, and f33 = 1. All other
Jfij are zero. Each of the three non-trivial subdivisions consists of two pyramids that
intersect at a quadrilateral, hence each contains two additional faces of dimension three
and one of dimension two. Thus go = g1 =0, g» = 3, and g3 = 6. By Theorem 6.27, we
obtain

X(PLy) =6—12+(3+8) — (6+1-(1-3)) = 1.

Definition 6.30. For every n > 4, the elliptic matroid T, is defined to be the matroid of
rank 3 on the ground set [n] for which a three element subset {7, j,k} C [n] is a non-basis
ifand only if i+ j+k =0 (mod n).

5With minor adaptions, this algorithm can also treat the case of a general M-convex set J but in this

paper we will perform such computations only in the case that J is a matroid.
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Remark 6.31. The matroid 7, can be realized in the projective plane as the subgroup of
points on an elliptic curve generated by a torsion point of order n, hence the name. The
complex representation spaces of J,, have been studied in [13,35].

Computer experiments suggest that log ggp (Tp) is one-dimensional, consisting of pre-

cisely pT_l rays, whenever p > 7 is a prime number. We compute the Euler characteristic
for some small prime numbers.

Example 6.32. The matroid M = T5 has the two non-bases {0, 1,4} and {0,2,3}. This
matroid is binary and therefore rigid. Thus y(PLys) = 1 by Proposition 6.26.

Example 6.33. The matroid M = 77 has the five non-bases {0, 1,6}, {0,2,5}, {0,3,4},
{1,2,4}, and {3,5,6}. It coincides with the matroid P; from [45, page 644]. The fan
log Gr,,(Ty) consists of three rays, and we calculate that

30 00 0
150 0 0 0
281 0 0 0
(fi)ij=1222 0 0 24
68 0 0 36
6 0 0 13
0 00 1

The vector (g;); is equal to (0,0,72,267,294,111,12). From Theorem 6.27, we can now
calculate that y(PLy,) = 1.
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FIGURE 4. The deletion of J1; by 11 is a configuration of ten points and

ten lines in the plane such that each point is contained in three lines and

each line contains three points. Its Dressian was studied in [19].
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Example 6.34. Finally, we consider the matroid M = T;. The fan log Gr,,(Ty) consists

of five rays, and we calculate that

(fij)ij =

The vector (g;); is equal to

150
1620
5510
8680
8260
5720
2820
915
175
15
0

S O O O O oo o o o o

S O O O O O o o o o o

1120
1960
975
205
15

(O 0 3360 21590 51250 63330 47005

o o O O

784
1747
1445
645
165
22

S O O O oo oo o o o

22050 6405 1040 70 )
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From Theorem 6.27, we can now calculate that y (PLy,) = 11. In particular, the space
PLy, is not homeomorphic to a ball. This answers [16, Questions 5.1 and 5.3] in the
negative.

We believe that the spaces PLy; and Gr,,(To) for M = T, deserve further attention.
We formulate a conjecture and a question in this regard.

Conjecture 6.35. Let n > 7 be an integer.

(1) The reduced Dressian Drg is one-dimensional if and only if 7 is prime.

(2) When n = p is prime, the one-dimensional fan mgp consists of precisely prl rays.

Griffin Edwards has verified the conjecture computationally for all n with 7 < n < 26.

Question 6.36. Let p > 11 be a prime number and M = T,. What is the Euler character-
istic x(PLy)? In particular, is it equal to p?

Note that p =7 and p = 11 are the first prime numbers satisfying the assumptions of
[13, Theorem 1] and [13, Theorem 2], respectively. This might explain the failure of
Conjecture 6.35 and Question 6.36 for small primes p.

In [16, page 7], it was also asked whether the closure of PS; is homeomorphic to
a closed Euclidean ball for every M-convex set J. We give a negative answer to this
question as well:

Example 6.37. Let M = B be the Betsy Ross matroid from Section 5.2. Because M is
rigid, every initial matroid corresponds to a face of the base polytope. The f-vector of
the base polytope of M is

(140 1410 5010 9355 10774 8257 4295 1470 305 32 1).

We have seen in Section 5.2 that PSj; consists of two orbits under rescaling of the
variables. By Lemma 6.14, the closure of each orbit is the disjoint union of cells
corresponding to faces F' of the base polytope that are, under the log map, homeomorphic
to a real vector space of dimension dim(F). For each face F, these cells are themselves
orbits. Thus the two cells are either disjoint or equal to one other. If MF is the initial
matroid corresponding to the face F, then the two cells are equal if and only if resy u; :
Gry(Te) — GIyy, (Tw) is not injective. The following table records the number of faces
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in each dimension for which this happens:

(140 1410 5010 8705 8770 5775 2570 715 105 5 O).

Therefore, we can compute the Euler characteristic X(WM) of PSyy as
2—(140—1410+5010 — 8705+ 8770 — 5775+ 2570 — 715+ 105 -5+ 0) = 17.

In particular, this shows that the space PSy; is not homeomorphic to a ball.

6.3. Compactifications of orbit spaces. The next goal is to provide a natural compacti-
fication of the orbit spaces L; and Gr;(T,). This is done via the concept of Hausdorff
quotients, as introduced in [28]. We first recall their construction.

6.3.1. The Hausdorff quotient. Let X be a compact metrizable space. Recall that for any
choice of metric on X, the set H(X) of compact subsets of X equipped with the Hausdorff
metric is again a compact metric space. The topology of H(X) does not depend on
the metric on X. A continuous map f: X — Y of compact metrizable spaces induces a
continuous map H(f): H(X) — H(Y). We will make frequent use the following easy
lemma:

Lemma 6.38. Let (K;);cn be a sequence of compact subsets K; of X that converges to
the compact set K C X in the Hausdorff metric. For eachi € N, let U; be a dense subset
of Ki. Then K is the set of all x € X for which there is a sequence (x;);cn with x; € U; that
converges to X.

Given a topological group G acting continuously on X, we recall from [28] the
construction of the Hausdorff quotient X /5 G. We consider the map

e: X — H(X), x—> Gx.

Let U be the set of open, dense, and G-invariant subsets of X. Then the Hausdorff
quotient of X by G, denoted X /G, is defined as

X/uG= () e(U).

UucU

Because X /G is a closed subspace of H(X), it is compact and metrizable.

Definition 6.39. A set U € U is stable if e|y: U — H(X) is continuous. A set U € U is
semi-stable if X /gG = e(U).
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Remark 6.40. Being stable implies being semi-stable [28, Remark 1.2].

In certain situations, the Hausdorff limit interacts nicely with the Hilbert quotient of a
projective variety.

Theorem 6.41 ([28, Theorem 7]). Let X be a complex projective variety equipped with
the action of a group scheme G. Assume that every point of the Hilbert quotient X /// G is
a reduced closed subscheme of X. Then, with respect to the analytic topology on X ///G,

there is a natural homeomorphism
X/)|G— X/uG

which maps a reduced closed subscheme to its underlying set.

As a corollary, we find that the Hausdorff quotient of the complex Grassmannian with
respect to the action of the algebraic torus is the underlying topological space of the
Chow quotient:

Corollary 6.42. Consider the action of G = (C*)" on the complex Grassmannian
Gr(d,n)(C). There is a natural homeomorphism

Gr(d,n)(C)//G — Gr(d,n)(C)/uG

from the Chow quotient to the Hausdorff quotient which sends a cycle to its underlying
set.

Proof. Let us denote X = Gr(d,n)(C). By [33, Lemma 1.5.3], every point in X ///G is
a reduced closed subscheme of X. Thus the preceding theorem gives a natural homeo-
morphism X ///G — X /g G. Furthermore, by [33, Theorem 1.5.2], the natural morphism
X///G — X //G is an isomorphism. O

6.3.2. Compactifications of Ly and Gr;(T,). LetJ be a polymatroid on [n] of rank r, and
let U denote either PL; or Gr, (T, ) for some arbitrary but fixed ¢ > 0. We consider U as a
subset of PR>¢[x1,...,x,], which we identify with the set of polynomials in R[xy,...,x,],
whose coefficients sum to one. On the latter space, we consider the Euclidean metric d
and we let X denote the closure of U. The group G = R acts on X by rescaling. For
J' C J another M-convex set, we write Uy = PLy or Uy = Gry/(T,), respectively.

Remark 6.43. For p € X, we can explicitly describe the orbit closure of p. Namely, for
every face F' of the base polytope of J, we denote by pr the polynomial obtained from p
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by removing all terms that do not correspond to elements of F. Then Gp is the union of
Gpr over all faces F.

Lemma 6.44. Let K C U be a compact subset. For every ¢ > 0, there exists 6 > 0 such
that for all py,p, € K withd(p1, p2) < 6 and all q, in the orbit closure of p, there is a
point q; in the orbit closure of py with d(q1,q2) < €.

Proof. We denote by G the orbit closure in PR>q[xy,...,x,] of the polynomial with
support J and all coefficients equal to each other. We consider the map

Vv:GxK—X

defined by coefficient-wise multiplication and then dividing by the sum of the coefficients.
By Remark 6.43, for every p € K the image /(G x {p}) is exactly the orbit closure
of p. By the Heine—Cantor theorem, the map ¢ is uniformly continuous. This means
that for every € > 0, there exists § > 0 such that for all (g1, p1), (g2,2) € G x K with
d(g1,82) +d(p1,p2) <6, we have d(¥(g1,p1),v(82,p2)) < €. Given p1,py € K with
d(p1,p2) < d and a point ¢; in the orbit closure of py, it follows that ¢; = (g, p1) for
some g € G and d(q1,%(g, p2)) < €, which proves the claim. O

Corollary 6.45. The open subset U of X is stable.

Proof. This follows from the previous lemma, together with the fact that U is locally
compact. U

Lemma 6.46. The map e: X — H(X), x — Gx restricted to U is an open mapping onto
its image.

Proof. Let V C U be an open subset, and let x € V. We have to show that e(x) = Gx has
an open neighborhood in e(U) which is contained in the image of V under e. Let € > 0 be
such that the open ball B of radius € around x is contained in V. We claim that the open
ball of radius ¢ around Gx is contained in the image of V. Indeed, if the orbit closure Gy
of y € U has Hausdorff distance smaller than ¢ to Gx, then in particular it intersects B
nontrivially. Because orbits of G are closed in U, there exists y' € Gy B. This shows
that e(y) = e(y’) is in e(B). O

Corollary 6.47. The Hausdorff quotient X /G is a compactification of U /G.
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Proof. By Corollary 6.45 and Lemma 6.46, the map that sends an orbit x € U /G to the
point in H(X) that corresponds to its closure is a homeomorphism onto its image V. By
stability of U, the closure of V is X /g G. L]

We will denote the compactification X /gG by HC(L;) resp. HC(Gr,;(T,)) when
U =PL; and U = Gr;(T,), respectively. Our compactification is compatible with the
Chow quotient of complex Grassmannians:

Theorem 6.48. Let J = Uy, , and g > 0.

(1) The map
Gr(d,n)(C)//(C*)" — HC(Gr,(Ty)),

which sends a cycle in the Chow quotient to the image of its underlying set under the

coordinate-wise map 7 — |z 9, is continuous.

(2) Similarly, the map
Gr(d,n)(C)//(C*)" — HC(L(d,n)x),

which sends a cycle in the Chow quotient to the image of its underlying set under the

coordinate-wise absolute square map, is continuous.

Proof. This follows from Corollary 6.42 and the fact that the gth power of the coordinate-
wise absolute value map sends every (C*)"-orbit closure to an R” ;-orbit closure. [

Next, we study the boundary points of X /yG. Recall that U denotes either PL;
or Gry(T,) and that X is the closure of U considered as a subset of PR>q[x1,...,%,].
Then, by definition, the elements of X /G are compact subsets of X and the set of orbit
closures of elements of U is an open dense subset of X/ G. We will see in the following
Theorem 6.49 that the remaining points of X /g G are not orbit closures themselves but
finite unions of such.

We let P = BP; C R” be the base polytope of J. Let & be a regular polymatroid
subdivision of P, whose maximal cells correspond to initial polymatroids Ji,...,J;. We
denote by Y (2) the set of all K € X/uG for which there exist x; € Uy, fori=1,...,s,
such that K = U{_, Gx;.

Theorem 6.49. The following holds true.

(1) For x € X there exists K € X /yG C H(X) such that x € K.
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(2) We have X /G = U»Y (&), where the union is over all regular polymatroid subdi-
visions & of P.

(3) We have Y () # & for every regular polymatroid subdivision & of P.

Proof of Theorem 6.49(1). Lety € X, and let (y;);cn be a sequence in U converging to
y. Then the sequence (Gy;);en in X /5 G has a subsequence converging to some point x.
Then x contains y by Lemma 6.38. U

Lemma 6.50. Let K € X /G and let J' C J be an M-convex set such that KNUy # @.
Then KNUy is a G-orbit.

Proof. Let (y;)ien be a sequence in U such that the corresponding sequence of orbit
closures converges to K in the Hausdorff metric. By Lemma 6.38, we can assume
without loss of generality that (y;);cny converges to a point y € K NUjy. We will prove
that KNUy; = Gy. If g € G, then (gy;);en converges to gy. Thus, by Lemma 6.38, we
see that Gy C KNUy. Conversely, let z € KNUy. By Lemma 6.38, there is a sequence
(gi)ien in G such that (g;y;);en converges to z. Then the sequence (g;y);cn in Gy also
converges to z. Since Gy is a closed subset of Uy, it follows that z € Gy. 0

In light of Remark 6.43 and the preceding lemma, in order to prove part (2) of
Theorem 6.49, it remains to show that for all K € X /g G, the set of J' C J such that
KNUy # @ corresponds exactly to the cells in a regular polymatroid subdivision of P.
To this end, we will associate to a sequence (y;);en in U an M-convex function on J with
values in a certain real closed field R. M-convex functions with values in a real closed
field R other than R are defined in the same way as over R, and it follows either from
Tarski’s principle, which says that a first-order sentence in the language of ordered fields
holds in a given real closed field if and only if it holds in R [48, Section 5], or in the same
way as over R that parts (1) and (2) of Remark 6.13 remain valid in this more general
setup. Similarly, Tarski’s principle implies that every regular polymatroid subdivision of
P that is induced by an M-convex function with values in R can also be realized by an
M-convex function with values in R. In the following, we will introduce the real closed
field that we will be using.

6.3.3. Interlude on the X -saturation. We first recall some basic properties of the so-
called X -saturation R* of R, see [49, §2.2]. Let J be a non-principal ultrafilter on N, i.e.,
an ultrafilter containing the filter of cofinite subsets of N, and let R* be the ultrapower
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RN /F of R with respect to F. This is the set of equivalence classes of sequences in R,
where two sequences (x;);en and (y;);en are defined to be equivalent if the set of indices
i € N for which x; = y; is in F. By [49, Theorem 2.2.7 and 2.2.8], the ultrapower R*
is a real closed field. Here sum and product are defined as the equivalence class of the
component-wise sum and product of two representing sequences, respectively. Moreover,
one can consider R as a subfield of R* via the map R — R* that sends a to the class of
the constant sequence (a);cn. The total order on R* is given by

[(xi)eN] >0<:>{iEN|x,~>O}€97. (19)

Next recall, for example from [34], that the convex hull o of R in R* is the set of
all elements x € R* such that there are a,b € R with a < x < b. It is clear that 0 is a
valuation ring of R* which contains R. The maximal ideal m of o consists of all x € R*
such that for all € € R with € > 0, we have |x| < e. Finally, we denote by x = 0/m the
corresponding residue field, and by 7w: 0 — x the natural homomorphism.

Lemma 6.51. The restriction of 7 to R is an isomorphism onto k.

Proof. This follows from [34, Proposition 2.5.3] and the fact that R has no free Dedekind
cut, see [34, §2.9]. ]

In light of Lemma 6.51, we may identify x with R. The value group of R* is the
abelian group I' = (R*)* /0. The relation a < b defined by a~'b € o for a,b € T makes
I' a totally ordered group. Since R* is real closed, I is divisible. We will use additive
notation for the group I'.

By Hahn’s embedding theorem [29], we can embed I" into the additive group of a real
closed field R, namely the field of Hahn series over R, whose value group is the divisible
closure of the group of Archimedean equivalence classes of I'. Because I" is divisible, it
is a Q-linear subspace of R. For f € (R*)*, we let v(f) denote the residue class of f in
I' C R. We further define v(0) = co. The map v: R* — RU {0} is a valuation on R* that
is compatible with the ordering of R*, meaning that v(a) > v(b) for positive a,b € R*
implies a < b.

Remark 6.52. Let (x;);cy be a sequence in R and let x* = [(x;);en] € R* be its cor-
responding class. If (x;);cry is convergent, then 7(x*) = lim; ;e (x;);cy. Conversely,
if x* € o, then (x;);cry has a subsequence converging to m(x*). Furthermore, we have
v(x*) > 0 if and only if 7(x*) = 0. If x & o, then (x;);cn is unbounded.
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In the proof of Theorem 6.49 we will need the following two lemmas.

Lemma 6.53. Let J C A? be an M-convex set. Let (Ym)men be a sequence in R;(T,), for
some q > 0, and let y* = [(y)men) be its equivalence class in (R*)’. The map

p:J— R, ar—v(y*(a))

is M-convex.

Proof. In order to prove that p is M-convex, we will use a characterization of M-convex
functions due to Murota [44, Theorem 6.4]: A function f: J — R is M-convex if and
only if for all « € AY~2 and all i, j, k,I € [n] such that {i,k} N {j,1} = @,

flateiter)+flatej+e)
> min{f(a+ei+ej)+f(oz—|—ek—|—el), f(oz+ei+el)+f(a+ej+ek)}. (20)

By Tarski’s principle the same characterization applies to functions with values in the
real closed field R.

Now consider a sequence (yu)men in Ry(T,) for some ¢ > 0. Let a € AY~2 and
i,j,k,1 € [n] such that {i,k}N{j,l} = @. Then for all m € N we have

ym(a+eite)/® yu(atej+e) '
< ym(otei+e) T ym(ater+e) T+ ymla+eite) T yu(a+e;+e) .
By the definition of the order on R*, see Equation (19), this implies that
Yi(ateite)y (atej+e)'
< y(atete)y (atete) T+ y (ate+e)/ly (atej+e).

Now taking the valuation of both sides implies that p satisfies Equation (20) because the
valuation v on R* is compatible with the order on R*. OJ

Lemma 6.54. Let J C A? be an M-convex set. Let (gy)men be a sequence in Ly and
consider the equivalence class y* = [(ym)men) € (R*)’ where y, = p,, € R’. The map

p:J— R, ar—v(y*(a))

is M-convex.
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Proof. The corresponding statement was shown in [18, Theorem 3.20] for the valued real
closed field of real Puiseux series and the same proof applies to R*.

Alternatively, the statement of the lemma follows from the previous lemma and the
fact that g,, € Ly implies y,, € R;(T»), for all m € N, which we will show in [5]. O

The role that the field R* plays in the proof of Theorem 6.49 can be roughly ex-
plained as follows. For K € X/pG every point x € K is the limit of a sequence in U
by Lemma 6.38. Such a sequence can be interpreted as a point with coordinates in
R*. Its valuation is M-convex by the two preceding lemmas and thus defines a regular
polymatroid subdivision.

6.3.4. Proof of Theorem 6.49. For part (2) of Theorem 6.49, it remains to show that
for K € X/yG, those J' C J with KNUy # @ correspond exactly to the cells in a
certain regular polymatroid subdivision of P. We consider a sequence in U such that the
corresponding sequence of orbit closures converges to K in the Hausdorff metric. Such a
sequence is represented by a sequence (y;);cny in R’. Letting y* = [(yi)ien] € (R*)’ be
its equivalence class, Lemmas 6.53 and 6.54 imply that the map p: J — R, a +— v(y},) is
M-convex. Let & be the polymatroid subdivision of J induced by p.

First, we let J' C J be such that there exists z € K NUjy. We will show that J’ defines a
cell of the subdivision 2. By Lemma 6.38, there is a sequence (g;);cx in G such that
(zi)ien = (givi)ien converges to z. Let z* € (R*)’ be the equivalence class of (z;);en.
As above, the map p': J — R, o — v(z}) is M-convex and J’ is the set of « € J where
¢’ attains its minimum. If g* is the equivalence class of (g;)icn in (R% )", then for all

a € J, we have
n

pl(a) =pla)+ ) v(g)) aj.

j=1
In particular, the M-convex functions p and p’ only differ by a linear function, which
shows that they induce the same subdivision of J. Thus, the cell defined by J’ is in 2.

Conversely, let J' C J be the lattice points of a cell in &2. This means that there is
a linear function /: R" — R such that p' := p+[|; attains its minimum exactly at J'.
We can further assume that this minimum is zero. Because p takes its values in the
Q-linear subspace I" of R, we can choose [ to take its values on J in I" as well. For j € [n],
choose 17 € R, with v(t}) = I(e;), and let (g;)ien be a sequence in G representing the
tuple (¢1,...,t7) € (R%,)". Let (z:)ien = (giyi)ien, and let z* be the element of (R*)” it
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represents. By construction, we have v(z};) > 0 for all o« € J and v(z},) = 0 if and only
if « € J'. This means that z, € o for all & € J and 7(z})) # 0 if and only if & € J'. By
Remark 6.52, there is a subsequence of (g;y;);eny Which converges to an element with
support J'. Such element lies in x NU; by Lemma 6.38. Thus we have proven part (2) of
Theorem 6.49.

For part (3), let &7 be a regular polymatroid subdivision, and let p: J — R be an
M-convex function that induces &. Let (t;);cn be a nullsequence with#; > 0 for all i € N,
and define the sequence (y;);cn in Gry(Top) via

()G')a — tl,'l)(Oé) )

Since X /G is compact, after passing to a subsequence if necessary, we can assume
that (Gy;);en converges. We claim that the limit point is in ¥ (). Indeed, letting
v = [(yi)ien] € (R*)? and t* = [(#;);en] € R*, it follows that

V(o) = pla) - v(17)

for all o € J, concluding the proof of Theorem 6.49. U

6.3.5. Examples. In some examples, we can show that X /g G is homeomorphic to a
closed Euclidean ball.

Example 6.55 (Rigid polymatroids). If J is rigid, i.e., the space Gr;(Ty) is a singleton,
then U /G is homeomorphic to a closed Euclidean ball whose dimension is the rank of
the multiplicative group of the foundation of J, see Theorem 3.26 and Theorem 4.22.
Moreover, since U /G is compact, we have X /yG = U /G by Corollary 6.47.

Examples of rigid matroids are binary matroids and projective geometries over finite
fields, for which X /5 G is a point, and the Betsy Ross matroid, for which X/gG is
homeomorphic to a closed interval.

The next simplest case is when log Gr;(Ty) is one-dimensional and consists of a
finite number r of rays. In this case, by Theorem 3.26 and Theorem 4.22, U /G is
homeomorphic to a closed Euclidean ball with r points removed from its boundary —
one for each ray of log Gr;(Ty). These rays correspond to pairwise different regular
polymatroid subdivisions. If we further assume that every proper initial matroid of M
has a finite foundation, then Theorem 6.49 implies that X /5 G is obtained from U /G by
adding r points. Hence X /G is homeomorphic to a closed Euclidean ball.
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Example 6.56. Every proper initial matroid of U, 4 is binary. Thus X /G is homeomor-
phic to a two dimensional closed disc.

Example 6.57. For the non-Fano matroid J = F,, the space log Gr;(Ty) consists of
exactly one ray. The two maximal cells of the corresponding regular matroid subdivision
are the base polytopes of the Fano matroid and another matroid which is graphic by
[25, Theorem 5.4]. In particular, both are binary. The space X /G is homeomorphic to a
closed interval, with one endpoint corresponding to the non-trivial matroid subdivision.

Example 6.58. Let J1; be the matroid from Example 6.34. We have already seen that
log Gr;(Ty) consists of five rays. A computer calculation shows that every initial matroid
of Ty is binary. Therefore, the space X /pG is homeomorphic to a four-dimensional
closed ball.

6.3.6. The Grothendieck—Knudson moduli space of stable rational curves. Recall that the
Chow quotient of Gr(2,n)(C) is isomorphic to the Grothendieck—Knudson moduli space
ﬁoﬁ of stable rational curves with n marked points [33, Chapter [V]. By Theorem 6.48,
there is a natural continuous map

Mo, — HC(L(2,n)x),
where HC(L(2,n)x) = HC(Ly, ). We discuss this map for n =4 and n = 5. (These are

the first interesting cases, as for n < 4 source and target are a point.) We further observe
that, by construction, the map is constant on orbits of the action of complex conjugation
on ﬁam

The space ﬁ(m is the complex projective line, and by Example 6.56 the space
HC(L(2,4)) is homeomorphic to a closed disc.

Lemma 6.59. The map Mo 4 — HC(L(2,4)w) is the quotient by the action of complex
conjugation.

Proof. Since the map is continuous and both source and target are compact Hausdorff
spaces, it suffices to show that the map is surjective and its fibers are exactly the orbits
under complex conjugation. By Lemma 5.11, the map Mo 4 — Ly, , is surjective. This
establishes the surjectivity of our map, because Mo 4 and HC(I_J(ZV, 4)g) are compacti-
fications of Mg 4 and LUz, ,- Fibers of points in LUz. , are orbits by Lemma 5.17. The
compactification M)A has three additional points, all of them are real, and these are
mapped injectively to the three additional points in the compactification of Ly, . 0
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The space mﬁ is the complex projective plane blown-up at four general points. By
Lemma 5.11, the image of the map My s — HC(L(2,5)) is the closure of d Ly, ; inside
HC(L(2,5)x), which we denote by dHC(L(2,5)x).

Lemma 6.60. The map My s — dHC(L(2,5)w) is the quotient by the action of complex
conjugation.

Proof. As in Lemma 6.59, we need to show that each fiber of the map is a single orbit
under complex conjugation. By the description in [33, Section 1.2], for every cycle
Z € Gr(2,5)(C)//(C*)? there is a regular matroid subdivision of the base polytope of
U, 5, corresponding to matroids My, ..., M,, such that

Z=7Z1U---UZ,,

where each Z; is the orbit closure of a point from Gryy, (C). The fiber over the image of Z
is equal to

{c"(Z))U---Uc*(Z,) | e1,...,e, € {0,1}},

where o denotes complex conjugation. However, for every regular matroid subdivision
of the base polytope of U, s, at most one of the Z; is not mapped to itself by . Thus the
fiber over the image of Z is just the orbit of Z. 0

Remark 6.61. The quotient map of ﬁO,S by complex conjugation was studied in detail
in [52], and it exhibits some beautiful combinatorics. For example, the authors define
cell structures on ﬂoj and its quotient which are, in a certain precise sense, dual to the
Desargues graph and the Petersen graph, respectively.

For n > 6, fibers of Mo, — HC(L(2,n)g) can consist of more than one complex
conjugate pair:

Example 6.62. Let n > 6, let a,b € C be distinct non-real complex numbers, and let
ct,-..,c, € R be pairwise distinct real numbers. We construct a stable curve X, ;, with n
marked points that has two irreducible components. On the first component, we mark
the three real points cy,c;,c3, while the remaining n — 3 points cy,...,c, are marked
on the second component. Finally, the point a on the first component is identified with
the point b on the second one. Then the four stable curves X, ; Xz, Xa’l;, and X[ﬂ;

represent four distinct points in ﬁoﬂ which are all mapped to the same point under the
map Mo, — HC(L(2,n)x).
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