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THE PARITY MODULE OF A MATROID

TOM BRADEN, JUNE HUH, JACOB P. MATHERNE, NICHOLAS PROUDFOOT, AND BOTONG WANG

ABSTRACT. We introduce the parity module of a matroid with coefficients in a field k. When k has
characteristic zero, we show that the parity module of a matroid is isomorphic to its intersection coho-
mology module, yielding a new intrinsic characterization of the latter. The structure and dimension
of the parity module can vary depending on the characteristic, giving rise to characteristic-dependent
generalizations of the Kazhdan-Lusztig and Z-polynomials of matroids. When the matroid is real-
izable over the complex numbers, the parity module is isomorphic to the hypercohomology of the
parity sheaf supported on the arrangement Schubert variety of any such realization. We also intro-
duce the notion of pure modules over any field k and show that they satisfy a matroid analogue of the
Beilinson—-Bernstein—Deligne-Gabber decomposition theorem: Every pure module over the graded
Mobius algebra decomposes as a direct sum of shifts of the parity modules of matroids obtained by
restricting to flats.

1. INTRODUCTION

Parity sheaves were introduced by Juteau, Mautner, and Williamson in 2014, and have since be-
come fundamental objects in modular geometric representation theory [[MW14]. They provide a
well-behaved substitute for intersection cohomology sheaves with coefficients in a field of positive
characteristic, where the usual formalism can fail in important ways. In particular, parity sheaves
retain many of the structural features familiar from characteristic zero, including an analogue of
the Beilinson-Bernstein—Deligne-Gabber Decomposition Theorem in [BBDS82].

The intersection cohomology module of a matroid was introduced in [BHM "] and played a key
role there in the proof of the Dowling—-Wilson top-heavy conjecture [DW74], as well as in the proof
of the nonnegativity of Kazhdan-Lusztig polynomials of matroids conjectured in [EPW16]. In this
paper, we introduce the parity module of a matroid (Theorem A). This object is defined over any
coefficient field and agrees with the intersection cohomology module when the coefficient field
has characteristic zero (Theorem 1.4). Thus, in addition to giving a new characterization of the
intersection cohomology module of a matroid, our construction initiates the study of positive
characteristic analogues of Kazhdan-Lusztig and Z-polynomials of matroids.

1.1. Pure modules. Let £ be a geometric lattice with minimal element 0 and maximal element 1.
This means that £ is a finite graded lattice that is atomic, meaning that every element is a join of
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atoms, and semimodular, meaning that
rk(F) + rk(G) = tk(F v G) + 1k(F A G) forall F,G € L.

Equivalently, £ is the lattice of flats of a matroid [OxI11, Theorem 1.7.5]. For any field k, the graded
Mébius algebra H(L; k) is a k-algebra with additive basis {yr | F' € £}, where yr is homogeneous
of degree rk F', with multiplication given by the rule

yrvg frk F +1kG =r1k(F v G),

Yryc =
0 ifrk F + 1k G > rk(F v G).

The element y; is the identity element of H(L;k). Whenever we use the word “module”, we
will always mean a module that is finitely generated and Z-graded. Likewise, the word “module
homomorphism” will always mean a degree-preserving homomorphism of graded modules. We
write rk £ for the rank of the maximal element of £.

A subset X of £ is called an upper set if it is upwardly closed, meaning that, whenever we have
F < Gand F € ¥, we also have G € X. Given an upper set £ and an H(£L; k)-module M, we define
submodules

anny (M) :={meM |yr-m =0forall F e ¥} and spany;(M) :=k{yr-m | F € ¥ and m € M}.
These two constructions allow us to define a notion of purity for H(£; k)-modules.
Definition 1.1. Let M be an H(£; k)-module.

(a) We call M flabby if anny;, (M) + anny, (M) = anny, ~x, (M) for any upper sets £; and X.
(b) We call M coflabby if spany; (M) n spany,, (M) = spany;, x,, (M) for any upper sets ¥; and ¥,.
(c) If M is both flabby and coflabby, we say that M is pure.

For an H(£;k)-module M = @), M?, we write M* for its dual module, whose degree i piece is
Homy (M~ k). Note that the flabby and coflabby conditions are interchanged by duality: if M is
flabby, then M* is coflabby, and vice versa. Note also that we always have

anny;, (M) + anny, (M) € anng, ~x,(M) and spany, (M) n spany, (M) 2 spany, -, (M);

the opposite inclusions characterize flabbiness and coflabbiness.
Our first main results are as follows (see the beginning of Section 1.7 for a discussion of the

distinction between lettered and numbered theorems).

Theorem A. Up to isomorphism of H(L; k)-modules, there is a unique H(£; k)-module E(£; k)
satisfying the following three conditions:

(a) E(L;k) is pure,
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(b) E(£;k) is indecomposable,

(c) there is an element = € E°(£; k) such that y; - z is nonzero.

Theorem B. This module E(£;k) has the following additional properties:

(@) E{(L;k) =0ifi <Oori>rkL,

(b) E%(L;k) and E*k~(L;k) are 1-dimensional k-vector spaces.

(c) If L = L1 x Ly, then E(L;k) = E(L1;k)®E(L2; k) as modules over the graded Mobius algebra
H(L; k) = H(L1;k) @ H(L2; k).

The module E(£;k) is called the parity module of £ with coefficients in k. See Remark 1.32
for a more explicit way of expressing the indecomposability condition (b) in Theorem A, in terms
of costalk-to-stalk homomorphisms. In addition to this abstract characterization, we will give an
inductive construction of E(£; k) using elementary linear algebra.

Remark 1.2. The terms flabby and coflabby refer to a sheaf and a cosheaf on £ which can be associ-
ated with an H(£; k)-module M, where £ is given the topology with upper sets as open sets. This
point of view is important for the proof of Theorem A that begins in Section 6, but it is not needed
for the rest of the introduction or for the applications in the earlier sections.

Remark 1.3. In [BHM ], we gave a different definition of purity for modules over H(L; Q). See
Proposition 8.16 for a proof that the two definitions agree.

Suppose that £ is the lattice of flats of a matroid, and that this matroid is realizable by a linear
subspace V < C*', where £ is the set of atoms of £. The arrangement Schubert variety Y, of
V is by definition the closure of V inside of (CPY)*', and it has the property that there exists a
degree-doubling isomorphism H(£;k) =~ H*(Yy; k) [HW17]. Let £(Yy; k) denote the parity sheaf
of Yy, with coefficients in k [[MW14]. The following theorem justifies our use of the name “parity
module”.

Theorem C. If £ is the lattice of flats of a matroid realized by a linear subspace V' < C’Cl, then
there exists a degree-doubling isomorphism E(£;k) = H*(£(Yy;k)) as modules over the ring
H(L;k) = H(Yy; k).

The intersection cohomology H(£; Q)-module TH(£) was introduced in [BHM ], where it was
the key character in the proof of the Dowling—Wilson conjecture for £. The definition of IH(L)
given there is rather complicated [BHM™, Section 3], and involves taking the orthogonal com-
plement of a recursively defined submodule of the augmented Chow ring CH(£; Q) introduced
in [BHM*22]. (See Section 4 for a review of the augmented Chow ring.) The following theorem
provides a direct and intrinsic characterization of the module TH(L).
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Theorem 1.4. There is an isomorphism of H(£; Q)-modules E(£; Q) =~ IH(£), and this isomor-
phism is unique up to multiplication by a nonzero scalar in Q.

Remark 1.5. As in the setting of Theorem C, suppose that £ comes from a linear subspace V < C¥.
If k = Q, the parity sheaf of Yy, with coefficients in k coincides with the intersection cohomology
sheaf. Thus, combining Theorems C and 1.4, we obtain the statement that IH(£) is isomorphic to
the intersection cohomology module IH*(Yy; k). This is implicit in [BHM™, Section 1.3], but it is
not stated or proved explicitly.

For any F € £, we consider the lower interval £ and the upper interval £ defined by
L ={GelL|G<F}and Lr={Gel|F<G).

The former corresponds to the restriction of the matroid of £ to the flat F', while the latter cor-
responds to the contraction of the matroid of £ by the flat F. Note that the inclusion of £ into
£ is rank-preserving, while the inclusion of £ into £ increases rank by rk F. There is a surjec-
tive homomorphism H(£;k) — H(L!;k) taking y to yg if G < F and to 0 otherwise. Thus an
H(£LF;k)-module can be given an induced H(£; k)-module structure.

Theorem D. Up to isomorphism and degree shift, the modules E(£; k) for F € £ give a complete
set of indecomposable pure H(£; k)-modules. Consequently, every pure H(L; k)-module decom-
poses as a direct sum of shifts of these modules.

Example 1.6. The augmented Chow ring CH(L;k) is a pure module over H(L;k) (Proposition
4.5(¢)), and therefore decomposes as a direct sum of shifts of the parity modules E(£%";k). The
shape of this decomposition reflects an interesting interaction between the combinatorics of £ and
the characteristic of k. For example, when £ is the lattice of flats of the uniform matroid Us 3, we
have

E(L;k) if char(k) = 2,

lle

In Theorem F, we describe how an arbitrary pure module decomposes into shifts of parity modules
using costalk-stalk homomorphisms.

1.2. Polynomials. Consider the Z-polynomial Z(¢), introduced in [PXY18], and the KL-polynomial

Py (t), introduced in [EPW16]. The stalk of the parity module of £ at 0 is the graded vector space
E(£; k) = E(£;k)/ spang, s E(L; k).

By Theorem 1.4 along with [BHM™, Theorem 1.19], we have

Zg(t) = Y ' dimE'(£;Q) and Pr(t) = Y t'dimE/(L; Q). (1)

=0 =0
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By analogy with classical Kazhdan-Lusztig theory, for any prime p, we define the p-Z-polynomial
and p-KL-polynomial
pZo(t) = > ' dimE(L;F,) and ,Pg(t) = > ' dimE'(L;F,). )
i=0 i=0

We will show in Corollary 9.8 that field extensions do not affect the structure of parity modules.
Thus, in fact, Equation (1) holds with Q replaced with any field of characteristic zero, and Equation
(2) holds with IF,, replaced with any field of characteristic p. By convention, we will write

OZL(t) = Zﬁ(t) and opg(t) = PL(t),
and we will sometimes write Fy = Q so that Equation (2) holds when p = 0.

Theorem 1.7. Let p be a prime number or zero. The p-Z-polynomial and p-KL-polynomial satisfy
the following properties:

(@) If rk £ = 0, then , P (t) = 1.
(b) For all £, the p-Z-polynomial is palindromic: ,Z(t) = t™<%,Z(t71).
(c) Forall £, we have ,Z.(t) = Z R F Py ().

Fel

In [BHM*], it was shown that deg o P;(t) < (rk£)/2 for all £ with rk £ > 0. This inequality,
along with the three properties of Theorem 1.7, completely characterizes the polynomials (Z(t)
and (P (t) [BV20, Theorem 2.2]. For positive p, the degree of ,P;(t) can be larger than (rk £)/2,
and Theorem 1.7 is not sufficient to compute the polynomials ,Z(¢) and ,P;(t). We do not know
of a purely combinatorial algorithm to compute these polynomials, except for the linear term —
see Proposition 1.9 below.

Remark 1.8. It follows from Theorem 1.4 and the hard Lefschetz property for IH(L) of [BHM™,
Theorem 1.6] that the coefficients of Z (¢) form a unimodal sequence. Do the coefficients of ,Z ()
form a unimodal sequence for p positive?

If f(t),g(t) € N[t], we write f(t) < g¢(t) to mean that g(t) — f(t) € N[¢t]. Theorem E below
asserts that working in positive characteristic can only result in larger Z- and KL-polynomials. The

analogous result for classical Kazhdan-Lusztig polynomials can be found in [JW17, Proposition
4.2(3)].

Theorem E. If p is prime, we have
OZL(t) < pZL(t) and OPL(t) < pPL(t),

with equality for all but finitely many primes.
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We define an element F in £ to be p-resonant if F is not 1 and, for all G > F with tk(G) =
rk(F') + 2, the cardinality of the open interval (F,G) is congruent to 1 modulo p. The only 0-
resonant elements are those of corank 1, for which there are no such G. However, there may be
p-resonant elements of corank larger than 1. For example, every proper flat of the Fano matroid is
2-resonant, and every nonempty proper flat of the ternary affine plane is 3-resonant.

Proposition 1.9. The coefficient of ¢ in ,Z(t) is equal to the number of p-resonant elements of £.
The coefficient of t in , P (t) is equal to the number of p-resonant elements of £ minus the number
of rank 1 elements of L.

1.3. Relation with the augmented Chow ring. Recall from Theorem 1.4 that E(£; Q) is isomor-
phic to IH(£), which is a submodule of the augmented Chow ring CH(£; Q) containing the graded
Mobius algebra H(£; Q). The following proposition gives an analogous pair of inclusions over an
arbitrary coefficient field.

Proposition 1.10. For any geometric lattice £ and field k, there are inclusions of H(L; k)-modules

H(L;k) € E(L;k) <€ CH(L; k).

The graded dimensions of H(£; k) and CH(£L;k) depend only on £, not on k: The dimension
of H*(£; k) is the number of rank k elements of £, while the Hilbert series of CH(L; k) is the aug-
mented Chow polynomial C (¢) studied in [FMSV24]. When k = Q, the first inclusion, together
with the hard Lefschetz property of E(£; k), was used in [BHM™*] to prove the Dowling—Wilson
conjecture:

|CF| < |£97F) forall k < d/2 = rk £/2.
The second inclusion is built into the construction of IH(L) in [BHM'].

In the next two theorems, we specify exactly when each of these inclusions is an equality. A
simple, connected, modular matroid of rank greater than 1 is called a projective geometry [Wel76,
Chapter 12]. Given a projective geometry, there exists an integer ¢ > 2 such that every rank 2 flat
has cardinality ¢ + 1; this number is called the order. Examples of projective geometries include
the uniform matroid U, ,, for n > 3, which has order n — 1, the projective geometry pd-1 (F,) fora
prime power g, which has order ¢, and all non-Desarguesian projective planes. We write P4~ 1(F,)
to denote both the matroid and its lattice of flats.

Theorem 1.11. The following conditions are equivalent for £ and k, with p the characteristic of k:
(a) The H(L;k)-module H(L; k) is pure;
(b) E(L;k) = H(L;k) as H(L; k)-modules;
(© pPe(t) =1;

(d) £ is modular and every p-resonant element of £ has corank 1;
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(e) £ is isomorphic to a product of a Boolean lattice and a collection of finite projective spaces,
each with an order that is not a multiple of p.

The augmented Chow ring CH(L; k) has as a quotient the Chow ring CH(£;k); see [AHK18]
and [BHM*22]. The Chow polynomial C(¢), which depends only on £ and not on k, is defined to
be the Poincaré polynomial of CH(£; k). For combinatorial descriptions of Chow and augmented
Chow polynomials, see [FMSV24].

Theorem 1.12. The following conditions are equivalent for £ and k, with p the characteristic of k:

(a) The H(L;k)-module CH(L; k) is indecomposable;
(b) E(L;k) = CH(L;k) as H(L; k)-modules;

(©) pZc(t) = Cr(t);

(d) pPe(t) = Cr(t);

(e) Every non-maximal element of £ is p-resonant.

We say that £ is p-resonant if £ and p satisfy the equivalent conditions of Theorem 1.12. A
matroid is p-resonant if its lattice of flats is p-resonant.

Example 1.13. We collect here some infinite families of p-resonant matroids.

(1) The uniform matroid Us ,, is p-resonant if and only if n is congruent to 1 modulo p.

(2) A projective plane of order g is p-resonant if and only if p divides q. The prime power conjec-
ture predicts that every projective plane is p-resonant for a unique p [Oxl11, Section 6.1].

(3) The projective geometry P4~1(FF,) is p-resonant if and only if ¢ is a power of p. More generally,
a g-niform matroid [Pro19] of rank at least 3 obtained by truncating a projective geometry over
[F, is p-resonant if and only if ¢ is a power of p.

(4) For 1 <t < k < n, the blocks of a Steiner system S(t, k,n) form the set of hyperplanes of a
rank ¢ + 1 matroid on n elements [Wel76, Chapter 12]. A Steiner system S(2, 3, n) exists if and
only if n is congruent to 1 or 3 modulo 6, and the corresponding matroid is 2-resonant if and
only if n is congruent to 3 or 7 modulo 12. A Steiner system S(2, 4, n) exists if and only if n is
congruent to 1 or 4 modulo 12, and the corresponding matroid is 3-resonant if and only if n is
congruent to 4 or 13 modulo 36.

(5) A hyperoval is a set of ¢ + 2 points in P?(FF,) that intersects every line in either 0 or 2 points;
such a set exists if and only if ¢ is even. The restriction of P*(F,) to the ¢*> — 1 points in the

complement of a hyperoval yields a 2-resonant matroid.

(6) Start with a projective space of order ¢, and choose a codimension 2 subspace S. Consider
the pencil of hyperplanes containing .S, choose k£ hyperplanes from the pencil, and restrict to
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the union of those hyperplanes. If k£ is congruent to 1 modulo p, then the resulting matroid is
p-resonant, and the same holds for its truncations.

1.4. Inclusions of geometric lattices. Consider a rank-preserving injective map of posets £ — M,
where £ and M are geometric lattices. In Proposition 5.2, we show that any such inclusion comes
from the operation of deleting elements from the ground set of the corresponding simple matroid.

Example 1.14. If £ is the lattice of flats of a simple matroid of rank n that is realizable over F,, then
£ includes into the lattice P"(FF,) of linear subspaces of F}*!, with different realizations inducing
different inclusions. If £ is the lattice of flats of a matroid associated with a simple graph with n
vertices, then £ includes into the lattice II,, of partitions of the set [n], which is the lattice of flats
of the matroid of the complete graph on n vertices.

The inclusion ¢: £ — M induces an inclusion of rings H(L; k) — H(M;k), taking yr to y,r)-

Theorem 1.15. If M is a pure H(M; k)-module, then it is also a pure H(£; k)-module.

Recall that the category of finite-dimensional graded modules over a finite-dimensional graded
algebra satisfies the Krull-Schmidt theorem [Ati56]. Therefore, when the graded H(£;k)-module
E(M;k) is decomposed into a direct sum of indecomposable graded submodules, the graded iso-
morphism classes of the indecomposable summands and their graded multiplicities are uniquely
determined. Consequently, the Poincaré polynomials of the corresponding multiplicity spaces are
well-defined invariants of the H(£L; k)-module E(M; k).

Let S(¢;k) = ann,5(E(M;k)) be the socle of E(M;k) as a module over H(£; k), and let

L(p; k) = S(p; k) / (spang o (E(M; k) n S(p;k)).
For each F' € £, the injection ¢ induces an injection between the upper intervals Lr — M, p),

denoted ¢r. The following theorem describes a decomposition of E(M; k) into indecomposable
H(£L;k)-modules in terms of the graded vector spaces L(¢r; k).

Theorem 1.16. There is a (noncanonical) isomorphism of H(£; k)-modules

E(M;k) = @ L(pr; k) @ E(L"; k).
Fel

In analogy with [Sta92], we define the local h-polynomials of ¢ by
Lo(t) = oly(t) = Z t'dim L' (p; Q) and ,l,(t) = Z ' dim L (; ).

i>0 i=0
The module decomposition in Theorem 1.16 has the following polynomial interpretation. It
gives a recursive method for computing ,,/,(t), assuming that the p-Z-polynomials of all lower
intervals in £ and all upper intervals in M are known.
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Corollary 1.17. Let p be prime or zero. We have
pZm(t) = 2 plor(t) pZer ().
Fel
Remark 1.18. Suppose that £ and M have the same rank and that the number of atoms of M is one
more than that of £. In matroid terminology, this means that £ is obtained from M by deleting a

single element that is not a coloop. In this case, with p = 0, Corollary 1.17 specializes to the second
part of [BV20, Theorem 2.8].

Remark 1.19. Let £! and M! denote the sets of atoms of £ and M, respectively; we regard £! as a
subset of M! via ¢. Suppose that we have a commutative diagram of complex vector spaces

Vi —— CM

|

Vp —— C%

such that £ is the lattice of flats of the matroid realized by the linear subspace V; < CLl, and
similarly for M. This induces a commutative diagram of arrangement Schubert varieties

Yy, — (CPHM'

| l

Yy, — (CPY*',

The case p = 0 of Theorem 1.16 gives a combinatorial description of the direct image of the in-
tersection complex IC(Yy, ; Q) under this projection as a direct sum of intersection complexes on
Yv,. When p > 0 it describes the decomposition of the direct image of the parity sheaf £(Yy,; F))
as a direct sum of parity sheaves [[MW14, Section 3.3].

The second part of the following theorem is proved by showing that the graded vector space
L(p; k) satisfies a version of the relative hard Lefschetz theorem when p = 0. It follows that the
polynomial ,,,(t) is unimodal when p = 0. Do the coefficients of ,¢,(¢) form a unimodal sequence
for p positive?

Theorem 1.20. Let p be a prime or zero.
(a) The polynomial ¢, (t) is palindromic: %M 0, (t71) = 0, (t).
(b) When p = 0, the polynomial ¢, () is unimodal.
Let M /L be the geometric lattice M¢(i). Note that, by definition, L(y;;k) is isomorphic to the

parity module of M /L with coefficients in k as a graded vector space over k. Thus, Proposition 1.9
and Corollary 1.17 imply the following inequalities.
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Corollary 1.21. Let p be a prime or zero. If there is a rank-preserving inclusion ¢: £ — M, then

pZM/L (t) ’ pZL (t) < pZM(t)'

In particular, the number of p-resonant elements of M is at least as large as the sum of the corre-
sponding numbers for £ and M/L.

Corollary 1.22. For any F' € M and any p which is prime or zero, we have

pZMp () - pZpr () < pZp(2)-

The equality holds if M is the product of My and M.

We illustrate Corollary 1.21 with a few examples.

Example 1.23. Corollary 1.21 implies that the Fano plane P?(Fs) is not realizable over F3: An F3-
realization of P?(F2) would induce a rank-preserving inclusion P?(Fy) — P?(F3), but the number
of 2-resonant flats of P?(F2) is 15, whereas the number of 2-resonant flats of P%(F3) is 13. Similarly,
P2(F5) is not realizable over F;, because the number of 5-resonant flats of P?(F5) is 63 and the
number of 5-resonant flats of P?(F7) is 57.

Example 1.24. Let A"(F;) be the lattice of affine subspaces of ;. We may regard these as linear
subspaces of F ™! that are not contained in the hyperplane at infinity, so we have an embedding
A™(F,) < P*(F,). The lattice P"(IF,) has ¢" + - -- + ¢ + 1 elements of rank n, whereas A" (F,) has
one fewer such element. Thus the second inequality of Corollary 1.21 is strict when p = 0. If ¢ is
odd, then P*(FF,) has no additional 2-resonant elements, but A" (F,) has one additional 2-resonant
element, namely the minimal element. Thus the second inequality of Corollary 1.21 is an equality
when p = 2. Note, however, that the inclusion of A"(FF,) into P"(F,) does not take 2-resonant
elements to 2-resonant elements.

Example 1.25. There exists an exotic inclusion of A%(F3) into P?(FF,). The lattice P?(F4) has 21 0-
resonant flats, and the same number of 3-resonant flats, namely all flats of rank 2. The sublattice
A?(F3) has only 12 0-resonant elements, but it has 21 3-resonant elements. Thus the inequalities of
Corollary 1.21 are equalities when p = 3.

Example 1.26. Let £ be the geometric lattice associated with a Steiner system S(2, 5,45), viewed as
a rank 3 paving matroid on 45 elements." Let M = P?(Fy;). Then £ has 99 O-resonant elements
and M has 133 0-resonant elements. However, £ has 145 2-resonant elements, and M has only
133 2-resonant elements. Thus the p = 0 case of the second inequality of Corollary 1.21 does not
provide an obstruction to embedding £ into M, but the p = 2 case does.

IFor constructions, see for example [CZ22]. There are at least 1072 non-isomorphic S(2, 5, 45) designs.
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1.5. Upper homogeneous geometric lattices. We call M upper homogeneous if, for all ' and G
in M of the same rank, there is an isomorphism of posets Mr =~ M. Examples of upper ho-
mogeneous geometric lattices include the projective geometry P"(F,), the affine geometry A™(F,),
and the partition lattice II,,.

Recall from Theorem 1.15 that a rank-preserving inclusion ¢: £L — M gives the parity module
E(M;k) the structure of a pure module over H(L; k). The following result follows from Corollary
1.17 via induction.

Theorem 1.27. If M is upper homogeneous, then the isomorphism type of E(M; k) as an H(L; k)-
module is independent of the choice of ¢. In particular, the local h-polynomials for inclusions of
£ into M do not depend on the choice of inclusion.

The following example shows that the conclusion of Theorem 1.27 can fail if M is not upper
homogeneous.

Example 1.28. Let I' be the graph obtained from the complete graph K, by deleting a single edge,
and let e be the unique edge of I' that is not adjacent to the deleted edge. Let M be the lattice
of flats of the corresponding graphic matroid. Then M is not upper homogeneous, because the
matroid of the graph obtained by contracting e and simplifying is not isomorphic to the matroid
of the graph obtained by contracting a different edge and simplifying.

Let £ be the Boolean lattice of rank 3. Inclusions of £ into M correspond to choices of a spanning
tree for I', and there are two kinds of spanning trees: those that contain e and those that do not.
If p: £ — M is an inclusion corresponding to a spanning tree that contains e, then we may use
Corollary 1.17 to compute that ¢f,(t) = t + t2. On the other hand, if ¢): £ — M is an inclusion
corresponding to a spanning tree that does not contain e, then ¢/, (t) = 0.

For each £ and p, we recursively define a polynomial ,¢.(q,t) € Z|[q, t] as follows:

(1) If rk £ = 0, then ¢ (g, t) = 1.

) Ifrk £ = d > 0, then ,lg(q,t) = Y9, [1],8° = Xrso pler(@:t) pZer (2),

This recursion indeed defines an element of Z|[q, t], since the g-binomial coefficients [i]q are poly-
nomials in ¢ with integer coefficients.

The following proposition is a consequence of Corollary 1.17, as well as an illustration of Theo-
rem 1.27 in the case where rk £ = d and M = P~ 1(F,).

Proposition 1.29. If tk £ = d and there is an inclusion ¢: £ — P4"1(F,), then 0z (q,t) = ,{,(t) for
p = 0 and for every prime p not dividing g.
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It follows that, if £ is realizable over [, then ,¢;(q,t) € N[¢] for p = 0 and for every prime p not
dividing gq.

Example 1.30. Let U, 4 be the lattice of flats for the uniform matroid of rank 2 on 4 elements. We
may compute o/y, ,(¢q,t) = (¢ — 3)t. In particular, o/, ,(2,t) = —t. This reflects the fact that Us 4 is
not realizable over the field Fs.

1.6. Stalks, costalks, and decompositions. For any F' € £, consider the upper sets
Yop=Lp={GelL|G=2F} and Y.p =3>p\{F} ={Ge L |G > F}.
For any pure H(£; k)-module M and F' € £, we define the costalk Mz and the stalk M by
M[p = anns_, ( spany,_,. (M))[rk F] and Mp = ( spany,_, (M)/spany,_, (M))[rk F].
Observe that there is a natural costalk-stalk homomorphism
Br(M): Mp) — Mp,
given by including M) into yzM[rk F'] and then projecting to M.

Example 1.31. By Theorem 1.15, a rank-preserving inclusion ¢: L — M gives E(M;k) the struc-
ture of a pure module over H(£;k). Its costalk at 0 in £ is the socle S(y; k), and the image of the
costalk-stalk homomorphism at 0 is the quotient L(¢; k).

Theorem D implies that the H(£; k)-module M decomposes as a direct sum of shifts of the parity
modules E(L; k). Theorem F below characterizes the multiplicity spaces in terms of the costalk-
stalk homomorphisms, generalizing Theorem 1.16.

Theorem F. For any pure H(£; k)-module M, there is an isomorphism of H(£; k)-modules

M = (@ im(Br (M) ® E(LF: ).
Fel
Remark 1.32. It is typically difficult to check whether a given module over a ring is indecom-
posable. However, Theorem F provides us with such a procedure for pure modules over the
ring H(£; k): a pure module M is indecomposable if and only if the costalk-stalk homomorphism
Br(M) is equal to zero for all but one choice of F' € £, and the one nonvanishing homomorphism
has rank 1. In particular, E(£L; k) is characterized, up to shift, by purity and the fact that

1 ifF=1,
rk Br(E(L;k)) = ,
0 otherwise.
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1.7. Structure of the paper. The technical core of this paper consists of Theorems A, B, C, D, E,
and F, all of which will be proved by introducing auxiliary categories of sheaves on posets. Rather
than beginning with this somewhat dense material, we will instead begin by assuming these six
results, and using them? to prove the numbered theorems, propositions, and corollaries from the
introduction.

In Section 2, we define a filtration of an arbitrary H(£; k)-module and use it to prove Theorem
1.7. In Section 3, we study the Poincaré pairing on H(L; k) and use it to prove Theorem 1.11. In
Section 4, we study the augmented Chow ring CH(£;k) as a module over H(£; k), and we use it
to prove Theorems 1.4 and 1.12, as well as Propositions 1.9 and 1.10. In Section 5, we consider
inclusions of geometric lattices £ — M and prove Theorems 1.15, 1.16, and 1.20.

The remaining sections are devoted to the proofs of Theorems A, B, C, D, E, and F. Section 6
gives a way of replacing an H(£; k)-module M with an “exploded” version. Roughly, this means
replacing M by the graded vector spaces yrM for all I € £, together with the maps between them
induced by factorizations yr = ygyn in H(L; k). This generalizes to give a category C(3; k) of “ex-
ploded modules” for any upwardly closed subset ¥ < £, in which only the spaces corresponding
to elements F' € ¥ are retained. This makes it possible to construct H(£L; k)-modules inductively,
by adding elements to 3 one at a time.

In Section 7, we define the notion of flabbiness, coflabbiness, and purity for objects in C(3;k),
agreeing with the notions for H(£; k)-modules when ¥ = £. We also generalize the stalk, costalk,
and duality functors to this setting. In order to prove Theorem E, we need to allow k to be a DVR
and define the notion of purity in this setting.

In Section 8, we apply this to give an inductive construction and classification of indecom-
posable objects in C(X; k). When applied to the case ¥ = £, this gives Theorems A, D, and F. In
Section 9, we analyze the construction in greater detail in order to prove Theorems B and E. In Sec-
tion 10, we give a formula for the dimension of the Hom space between two pure H(£; k)-modules
in terms of their stalks and costalks, and use it to characterize parity modules with only scalar en-
domorphisms. Finally, in Section 11, we prove Theorem C by showing that the hypercohomology
of the parity sheaf £(Yy; k) satisfies the conditions of Theorem A.
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SIM-00825156 and NSF grant DMS-2053308. Jacob Matherne received support from NSF Grant
DMS-2452179 and Simons Foundation Travel Support for Mathematicians Award MPS-TSM00007970.
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2Theorem C will not be needed to prove any of the numbered results.
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2. FILTRATIONS

In this section, we define a filtration of an arbitrary H(£; k)-module and use it to prove Theorem
1.7, assuming Theorems A and F. We begin by proving that the parity module E(£; k) satisfies the
following version of Poincaré duality.

Proposition 2.1. There is an isomorphism of H(£; k)-modules E(£; k)*[—rk £] =~ E(£L; k).
It follows that the polynomial ,Z(¢) is palindromic: %€, Z;(t71) = ,Z;(¢).

Proof. Flabbiness of E(£;k) implies coflabbiness of E(£;k)*, and coflabbiness of E(£;k) implies
flabbiness of E(£; k)*, so E(£;k)* is pure. Indecomposability of E(£; k) implies indecomposability
of E(£;k)*. Let 7 € E°(£; k) be an element such that y; - = # 0, and let ¢ € E™*“(£;k)* be a linear
functional that does not vanish on y; - . Then y; - ¢ does not vanish on z, and is therefore nonzero.
Thus E(L;k)*[—rk £] =~ E(£L;k) by Theorem A. O

Remark 2.2. Proposition 2.1 is equivalent to the existence of an H({; k)-invariant nondegenerate
bilinear pairing B on E(£; k) that satisfies the orthogonality relations

B(E'(L;k),E/(£;k)) = 0 unlessi + j = 1k L.

Proposition 1.10, which we will prove in Section 4, says that E(£;k) embeds into CH(£; k), and
Proposition 4.5(b) says that the Poincaré pairing on CH(£;k) is nondegenerate. Restricting the
Poincaré pairing from CH(L;k) to E(£;k) yields a nondegenerate symmetric bilinear pairing on
E(L;k).?

For any H(£;k)-module M, the submodule yzM is naturally an H(L r; k)-module. To see this,
we use the surjective homomorphism of graded k-algebras

or: H(L;k) — H(LF; k), ye — YFYa,

where the product yryc is computed in H(L;k) and then the resulting element, either yp, ¢ or
zero, is interpreted as an element in H({ r; k). For instance, o sends y; to yr, which is the identity

3Let z be an element of E°(£;k) such that y; - « is nonzero. Using Fitting’s lemma, one can show that an H(Z£; k)-
module endomorphism ¢ of E(£L;k) is an automorphism if and only if ¢(z) # 0. It follows that an H(£; k)-invariant
bilinear pairing B on E(£; k) is nondegenerate if and only if B(x, y; - ) # 0. Clearly, this condition is satisfied by the
restriction of the multiplicative pairing on CH(£; k) to its summand E(£; k), for any splitting of CH(L; k) by E(£; k).
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in H(L p; k). Then the action of H(L p; k) on yrM is given by the formula
or(2) -ypm = zypm for any z € H(L; k).

This is well-defined because the kernel of o is the kernel of multiplication by yr. Put another
way, if we write y¢ to denote the basis element of H(L ; k) indexed by G € £, we have

Yo - yrm = ygm.
It follows from this that, for any upper set ¥ < L < £ and any H(£; k)-module M, we have
spany, yrM = spany M and anny ypM = anny M N ypM, (3)

where the left sides of these equalities use the H(L ; k)-module structure and the right sides use
the H(L; k)-module structure.

Lemma 2.3. Let M be an H(£; k)-module, and yrM the corresponding H(L r; k)-module.
(a) If M is a pure H(£; k)-module, then yzM is a pure H(L r; k)-module.
(b) For all G € L < £, we have canonical stalk and costalk isomorphisms
(yrM) = Ma[~ 1k F] and (M) = Mg[— rk F],
along with an identification of the costalk-stalk homomorphisms S (yrM) = Bg(M).

(c) If M is an indecomposable pure H(£; k)-module, then yrM is either zero or an indecompos-
able H(L r; k)-module.

Proof. Parts (a) and (b) follow from Equation (3). For Part (c), suppose that M is indecomposable.
By Theorem F and Remark 1.32, the homomorphism (g (M) is equal to zero for all but one element
G, and the one nonvanishing homomorphism has rank 1. If G lies in £, then the same property
will hold for the H(£ ; k)-module yrM, and hence yzM is an indecomposable H(£ r; k)-module.
Otherwise, we have ypM = 0. ]

Proposition 2.4. There is an isomorphism of H(£ ; k)-modules yrE(L; k)[rk F'] =~ E(Lp; k).

Proof. Lemma 2.3 implies that yrE(£; k)[rk F] is a pure and indecomposable H(L r; k)-module. If
z is an element of E°(£; k) such that y; - = is nonzero, then §; - (yp2) is nonzero in yrE(L; k)[rk F].
Therefore, by Theorem A, we have ypE(L;k)[rk F'] = E(Lp; k). O

Remark 2.5. This result also follows directly from our construction of the module E(£;k); see
Remark 8.15. Indeed, this isomorphism is fundamental to the inductive construction that we give.

Lemma 2.6. Let X < £ be an upper set, and let ' € ¥ be a minimal element. If M is a coflabby
H(£L;k)-module, then the following natural map is an isomorphism:

Mp[—1k F] = spanzzF(M)/ spany,_,. (M) — spanE(M)/spanZ\F(M).
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Proof. Surjectivity follows from X2 U (X\F') = . Injectivity follows from coflabbiness, since
Spanzgp(M) N SPaDE\F(M) = Spanngm(E\F)(M) = spany_ . (M). O

Let m be the unique graded maximal ideal of H(£; k), the span of all yr of positive degree. For
any H(£L;k)-module M, we have a canonical filtration m'M 2 m!'M 2 m?M 2 --- of M. The
associated graded gr M is the vector space

gr M == @ m"M/mF M.
k=0
Note that gr M is (noncanonically) isomorphic to M as a graded vector space, where the grading is
induced by the original grading on M. The proof of the following proposition is adapted from the
proof of [BHM™, Theorem 1.8].

Proposition 2.7. For any coflabby H(£; k)-module M, there is a canonical isomorphism of graded
vector spaces

grM =~ (P Mp[—rk F].
Fel

Proof. Letll .= {F e L |tk F > k}and ¥ = {F € £ |tk F > k}. We then have
m*M/m* 1M = spang; (M) /spany, (M).

Write £F = {[, F, ..., F,}. Thus, F}, ..., F, are precisely the elements of II that do not belong to
Y. Forallie {1,...,r}, let¥; = X U {F;}. Then

D Mp[—k] = DMp [ = @ spans, (M) spans; (M),
Felk i=1 i=1

where the second isomorphism follows from Lemma 2.6. Consider the natural map
T
p: @ spang, (M)/spany;(M) — spang; (M) spans; (M).
i=1
Clearly, the map p is surjective. To see that p is injective, consider an element of its kernel

(m1,...,m;) € spany, (M) @ - - - @ spany, (M).

Let S := {F; | m; ¢ spany, (M)}, and assume for the sake of contradiction that S is both nonempty
and as small as possible. Since each component of p is injective, we have |S| > 2. Let S = S; U S
be a nontrivial partition of S, and define
ny = 2 m; € spany, g, (M) and ng = Z m; € spany, g, (M).
F;eSq F;eSs
By minimality of S, neither n; nor ns lies in spany,(M). But n; + ng € spany, (M), which implies
that n; and ny both live in spany, g, (M) N spang, g, (M) = spang(M). O
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Proof of Theorem 1.7. Part (a) is immediate from the definitions. Part (b) follows from Proposition
2.1. Propositions 2.4 and 2.7 tell us that

grE(L;k) = P E(L;K)p[—1k F| = @ E(Lp; k) p[— 1k F].
Fel Fel

Taking Poincaré polynomials of both sides gives us Part (c). O

3. THE POINCARE PAIRING

In this section, we study the Poincaré pairing on H(£;k) and use it to prove Theorem 1.11,
assuming Theorems A, B, and E. Let p be zero or prime, and let k be a field of characteristic p.

Lemma 3.1. For all £, we have ,P;(0) = 1.

Proof. By Parts (a) and (b) of Theorem B, we have E°(L;k) = E(£L;k) =~ k. O

Corollary 3.2. The coefficient of ¢’ in ,Z; (t) is greater than or equal to |[{F € £ | rk ' = i}|.

Proof. This follows from Theorem 1.7 and Lemma 3.1. O

Corollary 3.3. If ,P;(t) = 1, then E(£; k) =~ H(L; k).

Proof. If ,P(t) = 1, then E(£L;k) is 1-dimensional and concentrated in degree 0, which means
that E(£; k) is generated as an H(£;k)-module by a single element = € E°(£;k). This gives us a
surjection H(L;k) — E(£L;k) sending y to y - z. By Corollary 3.2, this must be an isomorphism. [J

Consider the trace function 7: H(L;k) — k that picks out the coefficient of y;. We have a
symmetric bilinear form on H(£;k) given by the formula (n,{) = 7(n§). We will call this the
Poincaré pairing on H(L; k).

Lemma 3.4. We have an isomorphism H(L;k) =~ E(£;k) if and only if the Poincaré pairing is
nondegenerate.

The Poincaré pairing on H(£; k) is analogous to that on the cohomology of a singular projective
variety over the complex numbers. Lemma 3.4 states that, in this case, cohomology is isomorphic
to intersection cohomology if and only if the Poincaré pairing is nondegenerate.

Proof of Lemma 3.4. Let d = rk £. If the Poincaré pairing is nondegenerate, then it gives an isomor-
phism of H(£; k)-modules H(L;k)*[—d] = H(L;k). The module H(£; k) is always coflabby, and
hence H(L; k)*[—d] is always flabby. Consequently, if the Poincaré pairing is nondegenerate, then
H(L;k) is pure, and is therefore isomorphic to E(£; k) by Theorem A.
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Conversely, suppose that H(L; k) =~ E(£;k). Proposition 2.1 implies that there is an isomor-
phism p: H(L;k) = H(L; k)*[—d]. Multiplying p by a nonzero scalar if necessary, we may assume
that p(y;)(y;) = 1. Then, for any 7, in H(£L; k), we have

p()(§) = pyp)(n) = 7(n&) = {1, &)

The fact that p is an isomorphism means that the Poincaré pairing is nondegenerate. O

Proposition 3.5. Let £ be a projective geometry of order ¢, and k a field of characteristic p. Then
H(L;k) =~ E(L; k) if and only if ¢ is not a multiple of p.

Proof. Let D(£;k) denote the ungraded Mobius algebra of £ with coefficients in k. This algebra
has a k-basis {ur | F' € £} and multiplication given by upug = up,¢ for all F and G. Itis a
filtered algebra whose associated graded is canonically isomorphic to H(L; k).

Consider the trace function 7 : D(£;k) — k given by taking the coefficient of u;, along with the
symmetric bilinear form on D(£; k) given by the formula (£, n)p = T (n¢). If we choose a total
order on £ that refines the partial order, then the matrix representing (-, —)p will be block lower-
right triangular, with diagonal blocks given by the restricted pairing between {up | tk F' = i}
and {ur | ctck F' = i}, where crk F' := rk £ — rk F'. Setting the off-diagonal blocks to zero gives
the matrix that represents the Poincaré pairing on H(£;k), thus each of the two bilinear forms is
nondegenerate if and only if the other is nondegenerate.

Consider an alternate basis {vp | F' € £} for D(£; k), where

VFp = Z p(F, Gug.
F<G

This basis has the property that vpvg = dpgur for all F' and G, and therefore

(vp,ve)p = 0ra p(F,1).

It follows that the determinant of the bilinear form (—, —)p is equal to
1_[ N(Fa i) _ H ((_1)Crqu(Crl;F)> ‘
Fel Fel

This determinant is equal to zero in k if and only if ¢ is a multiple of p. The proposition therefore
follows from the conclusion of the previous paragraph along with Lemma 3.4. O

Lemma 3.6. If £ = £; x L9, then £ has a p-resonant element of corank greater than 1 if and only
if either £1 or £ has a p-resonant element of corank greater than 1.

Proof. We begin by noting that F} is p-resonant in £; if and only if (F},1) is p-resonant in £,
and similarly F5 is p-resonant in £ if and only if (i, F5) is p-resonant in £. This proves the “if”
direction. For the other direction, it is sufficient to show that every p-resonant element of £ has
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one of these two forms. Indeed, suppose that F; € £; and F» € £, with neither one maximal.
Choose G; € £L; covering F;. Then rk(G1,G2) = rk(F1, F2) + 2, and the open interval between
(F1, Fy) and (G1, G2) has cardinality 2, which is not congruent to 1 modulo p. O

Lemma 3.7. If £ is Boolean, then an element of £ is p-resonant if and only if it has corank 1. If £
is a projective space of order ¢, then an element of £ of corank greater than 1 is p-resonant if and
only if ¢ is a multiple of p.

Proof. Suppose F' < G € L withtk G = rk F' + 2. If £ is Boolean, then the open interval (F, G) has
cardinality 2, which is never congruent to 1 modulo p. If £ is a projective space of order g, then
(F,G) has cardinality ¢ + 1, which is congruent to 1 modulo p if and only if p divides ¢. O

Proof of Theorem 1.11. If H(L; k) is pure, then H(L; k) satisfies the three conditions of Theorem A,
thus E(£;k) =~ H(L;k). Conversely, if E(£;k) = H(L;k), then H(£;k) is pure by definition of
E(L;k). Thus condition (a) is equivalent to condition (b).

IfE(L;k) = H(L; k), then E(L; k) =~ k, thus ,P;(t) = 1. Conversely, if ,P;(t) = 1, then E(£; k) ~
H(£L;k) by Corollary 3.3. Thus condition (c) is equivalent to condition (b).

We next prove the equivalence of conditions (d) and (e). Birkhoftf’s theorem states that a geo-
metric lattice £ is modular if and only if £ =~ Ly x £ x --- x L,, where £ is Boolean and £; is a
projective space of order ¢; for all ¢ > 1, see [Wel76, Chapter 12]. By Lemmas 3.6 and 3.7, such a
lattice has a p-resonant element of corank greater than 1 if and only if ¢; is a multiple of p for some
i. This establishes the equivalence between (d) and (e).

It remains to prove the equivalence between conditions (b) and (e). First, we assume that we
have an isomorphism £ =~ £y x £1 x --- x £,, where L is Boolean and £; is a projective space of
order ¢; for some ¢; that is not a multiple of p for each 1 < 7 < r. By Theorem B(c) and Proposition
3.5, we have

H(L;k) = H(Losk) @ - - @ H(Lrs k) = E(Lo: k) ® - ® E(Lrs k) = E(£; k).

Thus condition (e) implies condition (b). Conversely, suppose that H(£; k) =~ E(£;k). This implies
that ,P;(t) = 1, and therefore that (P (t) = 1 by Theorem E. By [EPW16, Proposition 2.14], this
implies that £ is modular. By Birkhoff’s theorem, we have an isomorphism £ =~ Ly x L1 X -+ x L,
where £ is Boolean and £; is a projective space of order ¢; for all i > 1. By Theorem B(c), we have
H(Li; k) = E(L;;k) for all i > 0, and by Proposition 3.5, ¢; is not a multiple of p for all ¢ > 1. This
proves that condition (b) implies condition (e), and thus completes the proof of the theorem. [
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4. THE AUGMENTED CHOW RING

In this section, we study the augmented Chow ring CH(£; k) as a module over H(£; k), and we
use it to prove Theorems 1.4 and 1.12 as well as Proposition 1.9.

Let £! be the set of atoms of £, and let S;; be the ring of polynomials in two sets of variables:

S = k[y; | i is an element of £L'] @y k[zr | F is an element of £].
The augmented Chow ring of £ with coefficients in k is the quotient algebra
CH(L:k) = Sc/(Ig + Js),

where I is the ideal generated by the linear forms

2 zp and y; — Z xzp, forevery element i of £!,
Fel iF

and J; is the ideal generated by the quadratic monomials
TrXF,, for every pair of incomparable elements F; and F of £, and
yizp, for every element i of L' and every element F of £ satisfying i < F.

By [BHM*22, Proposition 2.18], the k-subalgebra of the augmented Chow ring generated by the
elements y; is isomorphic to the graded Mdobius algebra H(£; k). The Chow ring of £ with coeffi-
cients in k is defined to be the stalk

CH(L;k) = CH(L;k)g = CH(L; k) /(s | i € £).

The Chow ring of a matroid is precisely the Chow ring of its associated Bergman fan, while the
augmented Chow ring is the Chow ring of the augmented Bergman fan. For a comprehensive
treatment of these constructions and their properties, we refer the reader to [BHM*22].

We will be particularly interested in the class 3, = —x; in CH(L; k).
Lemma 4.1.
(a) The space CH!(L;k) has k-basis {zf | tk F > 1}.
(b) The space CH'(£;k) has k-basis {zp |k F = 2}.

Proof. The relation » ... xr allows us to express z; in terms of zr for F' of positive rank in
CH(L; k). In the Chow ring, where y; = 0 for all ;, we have z; = — Y, _pazrforanyie £l O

For any G € £\{0}, we let m¢ be the number of atoms of £.
Lemma 4.2. In the Chow ring CH(£;k), we have the identity
B = Z (1 —mg)zg.

rk G=2
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Proof. For any element F' of rank 1, we have

Z xG:ng— 2 zg=0—-0=0.

F<G G F&G
It follows that
S mero= ¥ wo- ¥ ¥ aa-0
rkG>1 F<G rk F=1F<G
rk F'=1

We therefore have

Y A=ma)rg = ), (L—mg)ra= ), 2g— Y, mgra= Y, =g

rk G=2 rkG=1 rkG>=1 rkG=1 rkG=1

Since >, z¢ = 0, this is equal to —z; = 3. O

Lemma 4.3. If mq is congruent to 1 modulo p for every element G € £ of rank 2, then m¢ is
congruent to 1 modulo p for every element G € £ of rank at least 2.

Proof. Let G be given of rank at least 2, and fix a rank 1 element F' < (. There is a surjective map
vi (LY {FY — (LG = LE £
that takes F’ to F v F’, and the cardinality of v~ !(H) is equal to mpy — 1. We therefore have

mag— 1= N{F}| = > (mu—1).
He(LE)1

Thus, if my is congruent to 1 for all H of rank 2, then m is congruent to 1, as well. ]

Recall that an element ' € £ is p-resonant if and only if F' # 1 and, for all G > F with
rk(G) = rk(F') + 2, the cardinality of the open interval (F, G) is congruent to 1 modulo p.

Corollary 4.4. We have 5, =0¢€ CH!(L; k) if and only if 0 € £ is p-resonant or rk £ = 0.

Proof. We have 0 # 1 if and only if rk £ > 0, and the second condition for p-resonance of 0 is
equivalent to the statement that 5, = 0 by Lemmas 4.1, 4.2, and 4.3. ]

The following statements are proved in [BHM22] and [BHM ] when k = Q, and the proofs go
through for arbitrary k without modification.

Proposition 4.5. Let CH(L; k) be the augmented Chow ring of £ with coefficients in a field k.

(@) The H(L;k)-module homomorphism from H(£;k) to CH(L;k) sending 1 to 1 is injective
[BHM*22, Proposition 2.18].

(b) The Poincaré pairing on CH(£; k) is nondegenerate [BHM 22, Theorem 1.6(4)].
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(c) For all F' € £, there is a canonical isomorphism
yr CH(L; k) = CH(L p; k)[— rk F]
of H(L p; k)-modules [BHM™, Propositions 2.15 and 2.17].
(d) Ifrk £ > 0, the ideals (z3) and (y; | i € £') are mutual annihilators [BHM", Lemma 5.3].
(e) The H(L;k)-module CH(L;k) is pure [BHM ™, Proposition 5.14].

The following proposition is proved in [BHM™, Proposition 5.9] without explicit reference to
the commutative diagram; we provide the full proof here for completeness.

Proposition 4.6. We have CH(L;k); =~ k = CH(L;k)[i], and the costalk-stalk homomorphism
B;(CH(L;k)) is an isomorphism. For all F' # 1, we have isomorphisms

CH(L; k)[F] = Cj(ﬁp, k)[—l] and CH(@7 k)F = Cj(ﬁp, ]k)
such that the following diagram commutes:

Br(CH(L:k))

CH(L; )z CH(L; k) p

E l;

CH(Lpik)[-1] ——F CH(Lp:k).

Proof. The first statement is very general: for any H(£; k)-module M, we have
Mj = yiMrk L] = M),
and the costalk-stalk map $3; (M) is an isomorphism.
We prove the second statement for ' = (. By part (d) of Proposition 4.5, we have
CH(L; k)[()] = 25 CH(L; k) = CH(L; k)[—1],
where the isomorphism sends zz to —z . Using this isomorphism, the composition

By (CH(L;k))
_—

CH(L;k)[—1] = CH(L; k) CH(L; k), = CH(L;k)

is given by multiplication by —x5 = ;. The second statement for 0 < F' < 1 follows from the
statement for F' = 0 using part (c) of Proposition 4.5 and Lemma 2.3. O

Proof of Theorem 1.4. By [BHM™, Theorem 3.21] and [BHM™, Proposition 6.4], IH(L) is an inde-
composable direct summand of CH(L; Q) that contains CHY(£; Q), and its endomorphism ring as
an H(£L;Q)-module consists only of scalars. In particular, it is pure by Proposition 4.5(e), and it
has an element 1 € IH°(£) = CH(£; Q) with the property that y; - 1 # 0. Therefore, by Theo-
rem A, IH(£) is isomorphic to E(£; Q) as H(£; Q)-modules, and this isomorphism is unique up to
a nonzero scalar. O
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Proof of Proposition 1.9. By Proposition 4.5(e), Proposition 4.6, and Theorem F, there is an isomor-
phism
CH(L;k) = E(L;k) @ @ By, CH(Lrik) ® E(L"; k). (4)
F<1

By Corollary 4.4, 3, = 0if and only if F' is p-resonant, and hence
CH'(L;k) = EYNL; k) @K, (5)

where 7 is the number of F' < 1 which are not p-resonant. Similarly, by taking stalks at 0 of both
sides of Equation (4), we obtain the equation

CH'(L;k) =~ E' (£ k) @k (6)

By parts (a) and (b) of Theorem B, E°(£; k) and E°(£; k) are both 1-dimensional. By Lemma 4.1, the
dimension of CH!(£; k) is equal to the cardinality of £ minus one, and the dimension of CH! (L;k)
is |£| — |£1| — 1. The proposition therefore follows from Equations (5) and (6). O

Remark 4.7. In Section 9.2, we give an alternative proof of Proposition 1.9 that does not use the
augmented Chow ring.

Proof of Proposition 1.10. Theorem F implies that E(£;k) is a direct summand of CH(L; k), yielding
the second inclusion. Since E°(L;k) = CHY(L;k), the first inclusion follows from part (a) of
Proposition 4.5. O

Remark 4.8. The inclusion H(L;k) < E(£;k) can alternatively be deduced from the injectivity of
the map p appearing in the proof of Proposition 2.7.

Proof of Theorem 1.12. By Equation (4), E(£; k) is isomorphic to a direct summand of CH(£; k), and
hence conditions (a), (b), and (c) are equivalent. By Equation (4) and Corollary 4.4, conditions
(b) and (e) are equivalent. By taking stalks at 0, we see that condition (b) implies condition (d).
Finally, condition (d) implies condition (e) by Equation (6). O

5. INCLUSIONS OF LATTICES

In this section, we prove Theorems 1.15, 1.16, and 1.20. As in Section 1.4, we consider a rank-
preserving inclusion of geometric lattices ¢: £ — M. We begin by explaining why such an inclu-
sion always comes from the operation of matroid restriction.

We assume that ¢: £ — M is an inclusion of posets satisfying

rkav(o(F)) = rkg (F) forevery F e L.
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Then ¢ preserves joins. Indeed, since every element of £ is a join of atoms, it is enough to show
that p(F v G) = p(F) v p(G) forany F € £ and G € £!. If G < F, both sides are equal to ¢(F). If
G « F, then, since ¢ is order-preserving, p(F v G) = ¢(F) v ¢(G), and

rkpt o(F v G) =1k (F v G) =1k (F) + 1 = tkaq(@(F)) + 1 = kg (@(F) v 9(G)).
It follows that p(F' v G) = ¢(F) v ¢(G), as claimed.

Recall that the geometric lattice M may be viewed as the lattice of flats of a simple matroid with
ground set M! by identifying F' € M with the set

am(F) = {Ge M' |G < F}.
In the same way, £ may be viewed as the lattice of flats of a simple matroid on the ground set £1.

Lemma 5.1. For any F € £, we have ¢ (anm(¢(F))) = ag(F).

Proof. This is obvious when rk(F') < 1. If the lemma holds for a particular F' € £, then, by the
partition axiom for flats of a matroid, it also holds for every G that covers F'. Thus, by induction
on rank, the statement holds for all F'. O

Define a map 6: M — £ by letting §(F) be the join of the elements of ¢! (ax(F)) for each
F € M. The map ¢ is clearly order-preserving, although it need not be injective. The composition
§ o ¢ is the identity on £: indeed, the previous lemma shows that 6(¢(F)) is the join of ag(F),
which is equal to F'.

The composition ¢ o § need not be the identity. However, since ¢ preserves joins, ¢ (8(F)) is the

join of the elements of ¢ (¢! (am(F))) < anm(F). It follows that ¢ (6(F)) < F for every F € M.

Proposition 5.2. The geometric lattice £ is naturally isomorphic to the lattice of flats of the restric-
tion of M to S = ¢(L1), or equivalently, to the lattice of flats of the matroid obtained from M by
deleting all elements of M!\S.

Proof. Considering every geometric lattice as a matroid, the lattice of flats of the restriction M|S is
equal to the set of all intersections a(F') n S for F' € M. Since g is injective, it induces a bijection
between £! and S, and so as posets,

MIS = {p Y am(F)) | F e M},
Since 0 is surjective, it suffices to prove that
ag(6(F)) = ¢ Ham(F)) forall F e M.
Since §(F') is defined to be the join of the elements on the right hand side, we have

o~ Ham(F)) € ag(8(F)).
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On the other hand, using Lemma 5.1 and the fact that ¢ (6(F)) < F, we get
ag(6(F)) = ¢~ (am (9 (6(F)))) < ¢~ (apm(F)). O

We now study how the maps ¢ and ¢ interact with upper sets of £ and M. For an upper set
¥ ¢ £, define its M-saturation by

Y= {FeM|F = p(G) for some G € 3}

It is the smallest upper set containing ¢(X). For any H(M)-module M and any upper set ¥ < £,
we have

anny (M) = anny+ (M) and spany.(M) = spany+ (M),
where on the left-hand sides of the two equations we regard M as a module over H(£; k), and on

the right-hand sides of the two equations we regard M as a module over H(M; k).

Lemma 5.3. For any upper set ¥ € £, we have X1 = §71(2).

Proof. Suppose first that F' € (%), so that §(F) € . Since F > ¢(6(F)), we have F € XF.
Conversely, suppose that ' € XF. Then there is G € ¥ such that ' > ¢(G). It follows that
I(F) = 0(¢(G)) = G, and hence §(F) € X. O

Corollary 5.4. For any pair of upper sets 31, Y, < £, we have

(21 ﬂ22)+ = Eii_ mZ;

Proof of Theorem 1.15. For any pair of upper sets ¥, £, we have
anny, (M) + anny, (M) = anny (M) + anny (M) = anny+ oo (M)
= ann(y, ~y,)+ (M) = anny, ~x, (M),

and hence M is flabby as a module over H(L; k). The proof of coflabbiness is similar. 0

Proof of Theorem 1.16. By Theorem F, there is an H(£; k)-module isomorphism
E(M;:k) = P im(8p(E(M;k))) @ E(L7; k).

Fel
Thus we need only show that im(8r(E(M;k))) = L(gr;k) for all F € £. When F = 0, this is
immediate from the definition of L(p;k); see Example 1.31. For arbitrary F', by Lemma 2.3 and
Proposition 2.4, we have

Pr(E(M;K)) = Br(E(Mr); k).
Under this isomorphism, F' is the minimal element of the geometric lattice £, so the latter agrees
with L(¢r; k). O
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Proof of Theorem 1.20. The palindromicity of the local h-polynomials follows from Corollary 1.17,
given the palindromicity of the Z-polynomials from Theorem 1.7. To be precise, say that a poly-
nomial f(t) is d-palindromic if f(t) = t?f(t~!). We claim that the local h-polynomial of ¢ is
d-palindromic with d = rk(M).

The statement is proved by induction on ¢ = rk(£). When ¢ = 0, the local h-polynomial is
Zm(t), which is d-palindromic by Theorem 1.7. When ¢ > 0, the left-hand side of the equation
of Corollary 1.17 is d-palindromic, and all of the terms with F # 0 are a product of a rk(M,,.) =
crk(¢(F))-palindromic polynomial and a k(L) = 1k(F) = rk(p(F))-palindromic polynomial.
Since multiplying palindromic polynomials adds the degree of palindromicity, the result follows.

The proof of the unimodality of ,/,(t) when p = 0 relies on the decomposition theorem for
Lefschetz modules in [AHL25]. We will show in Proposition 9.7 that extending the coefficient
field does not change the structure of parity modules. Thus, when p = 0, we may assume without
loss of generality that k = R. By [BHM ™", Theorem 1.6], the module E(M; R) =~ IH(M;R) satisfies
Poincaré duality, the hard Lefschetz property, and the Hodge-Riemann relations with respect to
the interior of the cone generated by {y; | i € M'}. It is therefore a Lefschetz module in the
sense of [AHL25]. We apply the decomposition package of [AHL25] to the subalgebra of H(M; R)
generated by {y; | i € £1}, which is naturally identified with H(L;R). In particular, [AHL25,
Corollary 1.8] yields the relative hard Lefschetz theorem for L(¢;R), from which it follows that
the polynomial /() is palindromic and unimodal. O

6. EXPLODING H(£L; k)-MODULES

We now begin working toward the proofs of Theorems A, B, C, D, E, and F. As a first step,
we introduce a new category C:cs(£;k) and prove that it is equivalent to the category of finitely
generated graded H(£;k)-modules.

Though we have assumed until now that k is a field, we will now relax this assumption and
allow k to be any local principal ideal domain, meaning that k is either a field or a discrete valua-
tion ring. We will be particularly interested in the case of the p-adic integers, which will provide a
framework for comparing parity modules in characteristics 0 and p, leading ultimately to a proof
of Theorem E.
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6.1. The maps ¢ and . Let M be an H(£; k)-module. For any F € £, let M(F') = ypM|[rk F']. We
can factor the multiplication by yr as follows:

M yF M[
M(F)

Note that ! is surjective and 9% is injective, and M(F') is an H(£ r; k)-module via the construction

rk F]

in Section 2. More generally, given G < F € £, we choose an element H € LR F—rk G yith
G v H = F, and define a commutative diagram

YH

M(G)[rk F — rk G]

%/E

by setting 0L (yem) = yryem = yrm and YE(ypm) = ypm for all m € M. When G = 0, we have
pg = ¢" and ¢f" = ¢’ In general, the element H with G v H = F is not unique, but these maps
do not depend on the choice.

Proposition 6.1. The maps {5 | G < F} and {¢f | G < F} satisfy the following relations:

(a) We have of, = idy(r) = ¥F.
(b) If H < G < F, then L% = ok and Gyl = k.
(c) For any elements F, G, H € L with H < F' A G, we have

¢(F;VG ©EvE if F and G form a modular pairand H = F A G,

G | F
O = .
otherwise.

Note that the map ¢$F sends M(F) to M(G)[rk F' — vk H], while ¢5¥%pEvY sends M(F) to
M(G)[rk(F' v G) — rkG]. The condition that F' and G form a modular pair and H = F' A G is
exactly what is needed for these maps to have the same shift.

Proof of Proposition 6.1. Statements (a) and (b) are straightforward. To prove statement (c), choose
K e L% H with yp = ygyx and L € L5775 H with yg = ygyr. For an element ypm € M(F),
we have

P (yrm) = o5 (yrm) = yryrm.
Notethat FvL=(HvK)vL=(Hv K)v (HvL)=FvG,and

tkFF+rkL=1kH +rk K +rkL =rkF +rkG —rk H.
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If F and G form a modular pair and H = F A G, this implies that rk F' + rk L = rk(F' v G) =
rk(F v L), and so yrLyr = yrvF = yrvc. This implies that

W5t (yrm) = yryrm = yroem = Y% (yroam) = vEY Yok C (yrm).

On the other hand, if F' and G do not form a modular pair or H < F A G, thentk L + rk F' >
rk(L v F), and hence yrypm = 0. O

Remark 6.2. To improve readability, we will sometimes use an alternative notation for composi-
tions of the maps {¢f, | G < F} and {¢f | G < F} by listing a sequence of elements, from right
to left and with each one comparable with the next, separated by ,/ or ™\ to indicate the order
relation. For instance, the relation (b) says that

(FNGNH)=(FN\H) and (H /G F)=(H/F),

while relation (c) implies that

(GN(FAG) /F)= (G (FvG)N\F)

whenever F' and G form a modular pair.

6.2. The category C(£L;k). Proposition 6.1 motivates the following definition. Consider the cate-
gory C(£;k) whose objects are tuples V = ({V(F)}, {¢&}, {v&}) consisting of a graded k-module
V(F) for each F' € £ along with graded k-linear maps

b V(@) - V(F) and v&: V(F) - V(G)[tk F — 1tk G]

for each G < F, satisfying the three conditions of Proposition 6.1. A morphism from V to W is
a system of linear maps {V(F) — W(F) | F € £} commuting with the maps {p% | G < F} and
(k| G < F}.

Let Creg(£; k) be the full subcategory of C(£;k) consisting of objects such that the maps ¢f; are
all surjective and the maps v/, are all injective. We call such objects regular. There is a functor
A: H(L;k)-mod — Creg(£:k) taking M to ({M(F)}, {0L}, {vE}) as defined in Section 6.1. We refer
to AM as the explosion of M.

Proposition 6.3. The explosion functor A: H(L;k)-mod — Ciee(£;k) is an equivalence of cate-
gories.

Proof. Define a functor ©: C(£;k) — H(L;k)-mod by sending an object ({V(F)}, {pL}, {v&}) to
V(0), with the H(£; k)-module structure defined by letting yr act by wg ngF . Let us check that this
defines an H(L;k)-module. Let F' and G be given elements of £. If rk(F' v G) = rk F' + rk G, then
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(F,G) is a modular pair and F' A G' = 0. In this case, by properties (b) and (c) of Proposition 6.1,

for any a € V(0), we have

yryca =0/ FN 0./ G\ 0)(a)
=0/ F/(FvG)NGEN0)()
=0/ (Fv &)\ 0)(a) =yr.ca.
On the other hand, if rk(F v G) < rk F 4+ rk G, then either F' and G do not form a modular pair or
FAG#0,50 (F~N 0, G)=0. This implies that yryq annihilates V(0), as required.

It is clear that, for any H(£;k)-module M, we have a natural isomorphism ©AM =~ M. In
the other direction, if V = ({V(F)}, {pL}, {v:L}) is regular and M = OV, then there is a natural
isomorphism

yrM = im(yg of) = V(F)[-1k F],

since Q/Jg is injective and gog is surjective. Putting these maps together gives a natural isomorphism
Y~ AOV. 0

Example 6.4. Consider the H(£;k)-module CH(L; k). For each F' € £, we have
A(CH(L;k))(F) = yr CH(L; k) [rk F] = CH(L 3 k),

where the last isomorphism comes from Proposition 4.5(c). For any G < F, the k-module homo-
morphism ¢%: CH(Lg;k) — CH(Lp;k) agrees with the homomorphism <p§fG from [BHM 22,
Proposition 2.28], while 1/}5 agrees with the homomorphism ¢§€G from [BHM*22, Proposition
2.29].

Remark 6.5. The category C(£;k) can also be viewed as the category of finitely generated graded
modules for the k-path algebra C of a quiver with relations. The quiver has vertices given by
elements of £, and arrows in both directions between F' and G whenever F covers G. If F' covers
G, then we have the relation (FF\ G / F) = 0. If F # F' both cover G and H = F v F’, then we
have the relations

(F'\NG/ F)=(F' /H\F)
and
(H/ G/ F)=(H/G /F); (FNGNH)=(FNG X H).
The algebra C' is graded by assigning degree zero to the upward arrows and degree one to the
downward arrows. If e is the idempotent corresponding to the path of length 0 at the vertex 0,
then eCe =~ H(£; k), and the functor © of Proposition 6.3 is identified with the functor from C-mod

to eCe-mod taking M to eM. Note, however, that the explosion functor A is not identified either
with the left adjoint N — Ce ®.c. N nor with the right adjoint N — Hom.c.(eC, N). Indeed, A is
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neither left nor right exact. The nice feature of the functor A is that it interacts well with duality;
see Section 7.3.

6.3. Localization. One of the main reasons to consider the category C.cs (£; k) instead of the equiv-
alent category H(L; k)-mod is that we can consider “local” categories on subsets of £. Given an
upper set ¥ < £, let C(X;k) denote the category whose objects are tuples ({V(F)}, {¢L}, {vE})
satisfying the same properties as before, but with F, G € ¥. Similarly, we let C,es(X; k) be the full
subcategory of C(X; k) consisting of objects such that the maps ¢, are all surjective and the maps
Y& are all injective. If &' < ¥ is another upper set, there is a forgetful functor C(3;k) — C(2;k),
which we denote V — V|y.

If we consider £ as a topological space whose open sets are the upper sets, then the categories
C(X;k) behave like sheaves on £, in the sense that objects and morphisms glue. That is, given
upper sets ¥; and X, objects V; of C(X;; k), and an isomorphism Vi |x, ~5, = V2|5, ~x,, they glue
to give an object of C(X; U X9) that restricts to both V; and V,. Furthermore, given objects 1 and
W of C(X; U X2), we have an exact sequence of k-modules

0 — Homg (s, U5, (V, W) — Home(s 0 (Vs Ws, ) @ Home sy, (Vls,, Wls,)
- HomC(ElmZz;k) (VIs1n5:s WISt a5, )-

The inclusion L = ¥>r < £ induces a functor from C(£; k) to C(Lr; k), which restricts to a func-
tor from Creg (£; k) to Creg (£ 3 k). Under the equivalence given by Proposition 6.3, this corresponds
to the functor

H(L;k)-mod — H(Lp;k)—mod, M — ypM|[rk F.

Remark 6.6. We also have a relation for lower intervals: an object V of C(£;k) can be extended
to an object of C(£; k) by letting V(G) = 0 for all G £ F. This corresponds to pulling back by the
quotient homomorphism H(£;k) — H(L'; k) described at the end of Section 1.1.

7. PURITY, (CO)STALKS, AND DUALITY

In this section, we revisit various notions that we have already discussed for H(£; k)-modules,
such as purity (flabbiness and coflabbiness), stalk and costalk functors, and duality. For each of
these, we study the analogous properties and constructions for objects of the category C(X; k).

7.1. Flabbiness and coflabbiness. An object V = ({V(F)}, {pL}, {¢&}) in C(Z;k) has a dual na-
ture. The vector spaces V(F) together with the maps ¢f; can be viewed as a sheaf on ¥, viewed as
a finite topological space whose open sets are upper sets [Bac75]. Given an upper set ¥/ < ¥, we
define the sections on ¥’ by

[x(,V) = lim V(F),
FeY’
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where the limit is taken using the maps ¢%. In other words, I'.(X',V) is the submodule of
[1resy V(F) given by tuples (z) for which % (z¢) = xp for all G < F in ¥'. There is a re-
striction map I', (X', V) — I'(¥",V) for any upper sets X < ¥/ < ¥, and these maps define a
sheaf on .

Dually, we can view ({V(F)}, {1/£}) as a cosheaf by defining its cosections on ¥’ to be

Ty(Z,V) = lim V(F)[- 1k F],
FeX!

with the colimit taken using the maps ¥f. In other words, it is the quotient of @ sy V(F)[—rk F]
by the relations & (z) — x for all G < F in ¥’ and # € V(F). We have a corestriction map
(X", V) - I'\(X,V) for any upper sets X" < ¥/ € ¥, and these maps define a cosheaf on X.

For any element F' € 3, the sections and cosections on X> r are particularly simple. Since ¥>
is the smallest open set containing I, we have

I (S5, V) = V(F) and Ty(Ssp, V) = V(F)[— 1k F]. 7)

Definition 7.1. We say that V is flabby if the restriction maps I', (X, V) — I', (X", V) are all surjec-
tive. We say that V is coflabby if the corestrictions I'i (X", V) — I'i(X/, V) are all injective.

Remark 7.2. Based on Definition 1.1, the reader might expect us to define V to be pure if it is both
flabby and coflabby. This is correct if k is a field, but when k is a DVR we will want to impose an
additional condition, and similarly for H(L; k)-modules; see Definition 7.10.

We next show that the explosion functor A takes flabby (respectively coflabby) H(£L; k)-modules
to flabby (respectively coflabby) objects of C(£;k). For any H(L; k)-module M and any upper set
¥, we have natural maps

I'(3, AM) — spany, (M) and M/anny (M) < 'y (X, AM)

induced by the maps (AM)(F)[— 1k F] = yrM — spany (M) and M/ anny (M) — (AM)(F) for all
FeX.

Proposition 7.3. Let M be an H(£; k)-module. The following are equivalent:

(a) M is coflabby.

(b) AM is coflabby:.

(c) The map I'i(X, AM) — spany, (M) is an isomorphism for all upper sets ¥ < £.
Dually, the following are equivalent:

(d) M is flabby.

(e) AM is flabby.
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(f) The map M/ anny, (M) — I'.(3, AM) is an isomorphism for all upper sets ¥ < L.

Proof. We begin by observing that AM is coflabby if and only if, for all upper sets ¥ < £, the
corestriction map

(%, AM) — I'(L,AM) = M
is injective. The image of this map is spany, (M), so (b) and (c) are equivalent.

Suppose that (c) holds, and consider two upper sets £; and 3. The fact that ¥ — I'/(X, AM) is
a cosheaf gives an exact sequence

(31 N 39, AM) — T'(21, AM) @ I (22, AM) — T'1(X1 U ¥a, AM).
Applying (c) we obtain an exact sequence
spany, ~x, (M) — spany, (M) @ spany;, (M) — spang, s, (M),

where the maps are induced by the natural inclusions, up to a sign. It follows that we have
spany, (M) n spany, (M) = spany, -y, (M), so (a) holds.

Conversely, suppose that (a) holds. We show that I')(3, AM) — spany; M is an isomorphism by
induction on |X|. If ¥ is empty, then both sides vanish. If |X| > 1, there are two cases. If ¥ = X5 p
for some F, then both sides are equal to yrM. Otherwise, choose a minimal element F' and let
Y =¥\{F},sothatY = ¥ U ¥sp and ¥’ n X5 p = ¥ . Consider the following diagram:

0—— F!(E>F,AM) e F!(E/,AM)(—BF!(Egp,AM) — F!(E,AM) — 0

| | l

0 —— spany_, (M) —— spany,/ (M) @ spany,_, (M) —— spang(M) —— 0

Since ¥ has more than one minimal element, both ¥’ and ¥ have fewer elements than X. The
induction hypothesis implies that the first and second vertical maps are isomorphisms, so the
result will follow by the five-lemma if we can show that both rows are exact.

The bottom row is exact on the left because the components of the map are inclusions, it is exact
on the right since spany,(M) = spany, (M) + spany,_, (M), and it is exact in the middle by applying
property (a) with ¥; = ¥’ and ¥ = ¥ . For the top row, exactness on the left follows from the
injectivity of the left vertical map and exactness of the bottom row. Exactness in the other two
places follows from the fact that ¥ — I'j(X, AM) is a cosheaf.

This completes the proof that (a), (b), (c) are equivalent. The proof that (d), (e), (f) are equivalent
is analogous, with Iy replaced by I',., spany; M replaced by M/ anny. M, and all arrows reversed. [

Example 7.4. The regular H(L; k)-module H(L;k) is coflabby because spany, H(L; k) has a basis
{yr | F € £}. On the other hand, H(£;k) is in general not flabby. For example, consider the lattice
of flats £ of the rank 3 uniform matroid on E = {1, 2, 3,4}, so that the elements of £ are F itself
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along with all subsets F' = E with |F| < 2. Then y3 — y4 € anny_,, H(L; k), since y3yi12 = yg =
yay12, butyz —ys ¢ anny_, H(L; k) +anny_, H(L; k). Since £ is not modular, this also follows from
Theorem 1.11.

Example 7.5. Let £ be the Boolean lattice on the ground set {1,2}, so H(£;k) is isomorphic to
k[y1,y2]/{y?,y3), with y12 = y192. Then the maximal ideal m is not coflabby: we have y;m N yom =
ky12, but y1am = 0. On the other hand, since anny_, m + anny_, m = m = anny_,~x., m and
(X1, X52) is the only pair of incomparable upper sets of £, it follows that m is flabby.

7.2. Stalks and costalks. We have already discussed the stalk and costalk functors
()r, )y H(L5k)-mod — k-mod.

We define analogous functors on the category C(X; k) as follows. For any F' € ¥, and any object
V= ((V(E)}, {pE}, {vE}) of C(2; k), we define the stalk

Vp = coker ( D vE: @ V(G)kF —1kG] — V(F)>

G>F G>F
and the costalk

Vir) = ker ( Z oS V(F) — @ V(G)) .

G>F G>F
These functors can also be described in terms of sections and cosections. Using the isomorphisms

in Equation (7), the restriction and corestriction maps for the inclusion X p < ¥ give maps

Vp

F1(2>F,V)[rkF] V(F) o F*(E>F5V)-

Then, we have Vr = coker Ur and Vi) = ker ®p. The following lemma is an immediate conse-
quence of the definitions.

Lemma 7.6. For an H(£;k)-module M, we have natural isomorphisms
(AM)F = MF and (AM)[F] = M[F]

Remark 7.7. Lemma 7.6 illustrates why we have chosen to use the words “stalk” and “costalk” for
Vi and V). However, the reader is warned that V is not isomorphic to the stalk of )V in the sense
of sheaf theory. If we regard V as a sheaf on the finite topological space ¥, then ¥ r is the minimal
open set containing F, so the stalk of V at F'is equal to '« (X5, V) = V(F'), which is typically not
isomorphic to V.

The following lemma is tautological when ¥/ = X2 r, but we will need it for arbitrary ¥'.

Lemma 7.8. Suppose we have upper sets ¥’ < 3, and let X" := ¥'\{F'}, where F' is a minimal
element in ¥'. Let V be an object of C(X; k).
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(a) There is an exact sequence
/ n"
O ’V[F] )F*(Z,V) )]._‘*(2 ,V)7

and the last map is surjective if V is flabby.

(b) There is an exact sequence
0" V)[tk F] — I, V) [tk F] — Vr — 0,

and the first map is injective if V is coflabby.

Proof. The fact that V' is a sheaf on ¥ implies that we have an exact sequence
0—Tu(X,V) — (X" V)@ T (25, V) — Tu(Esp, V).

Thus, the kernel of the restriction map I'. (X, V) — T'.(X”,V) is isomorphic to the kernel of the
map ®p: V(F) =T'w(X>F,V) — I'i(X~F, V). This gives the first exact sequence, and flabbiness of
V implies the surjectivity of the last map. The proof of (b) is analogous. O

Lemma 7.9. An object V of C(%;k) is flabby if and only if ®p: V(F) — I'x(E-p,V) is surjective
for all F € &, and coflabby if and only if Up: I (S5, V) [tk F] — V(F) is injective for all F € ¥.

Proof. We prove the first statement; the proof of the second statement is similar. The map ®r is
by definition the restriction of sections from ¥  to ¥~ , so it is surjective when V is flabby. Now
assume that @ is surjective for all F' € 3, and let ¥” € ¥’ < ¥ be given. We wish to show that the
restriction I', (X', V) — T (X", V) is a surjection.

By induction on |X/\¥"|, it suffices to prove surjectivity when ¥/ = ¥” U {F} for some F € .
Given a section s € I', (X", V), the restriction s|y_, extends to a section t € I'x(X>p,V) = V(F),
since @ is surjective. The sections s and ¢ agree on X" n X5 p = ¥, so they glue to give a section
on Y/ whose restriction to ¥’ is s. O

7.3. Freeness and Duality. When k is a field, the endofunctor of H(£;k)-mod that sends M to
M* := Homg (M, k) is exact, and the natural map M — (M*)* is an isomorphism. (Recall that all of
our modules are finitely generated, and that any finitely generated H(£L; k)-module is also finitely
generated as a k-module.)

When k is a DVR, however, we only have V' =~ (V*)* when V is a free k-module, and the dual
of a split exact sequence is exact, but the duals of exact sequences are only left exact in general.
Because of this, we need to add an additional freeness hypothesis when k is a DVR. The case of a
DVR is needed for the proof of Theorem E, which appears in Section 9.4. For all other results in
the paper, nothing is lost by assuming that k is a field.
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Definition 7.10. An H(£;k)-module M is called locally free if the stalk M is a free k-module for
all ' € £. An object V of C(X;k) is called locally free if the stalk Vr is a free k-module for all
F € 3. An object of either H(£; k)—-mod or C(X; k) is called pure if it is flabby, coflabby, and locally
free.

Remark 7.11. Lemma 7.6 and Proposition 7.3 imply that M is locally free if and only if AM is locally
free, and M is pure if and only if AM is pure.

Lemma 7.12. Let V be an object of C(X; k). If V is pure, then it is regular.

Proof. We have I'y(X>r,V) = V(F), and for any G < F, the restriction map from I',(¥>¢, V) to
I«(Xsr,V) is given by ¢L. Thus flabbiness implies these maps are surjective. A dual argument
shows that coflabbiness implies the maps 5, are injective. O

Proposition 7.13. If an object V of C(3; k) is coflabby and locally free, the following hold:

(a) For any upper set ¥/ < 3, the space I'|(X/, V) of cosections is a free k-module.
(b) The corestriction homomorphisms I'i(X", V) — I'/(¥/, V) are split injections.
(c) Every V(F) is a free k-module, and each map v/, is a split injection.

(d) For any upper set X' < 3, the space I', (X', V) of sections is a free k-module.
Proof. Consider upper sets ¥” < ¥’ < 3, and suppose that ¥” = ¥'\{F'} for a minimal element
F e ¥'. Lemma 7.8 gives an exact sequence of k-modules

0— (X", YV) — /(X V) — Vp[—1k F] — 0.

Since Vr is free, the sequence splits, and if I'i/(X",V) is free, then so is I'/(X’, V). Induction on
the quantity |X’'| shows that I'i(X', V) is free, and induction on the quantity [X/\X"| shows that
the corestriction map I'i(X",V) — I''(¥, V) is a composition of split injections, hence also a split
injection. The statement (c) is a special case of (a) and (b), since V(F) = I''(X>F, V)[rk F] and the
maps 1l are corestrictions.

To prove (d), we note that I',. (X', V) is a k-submodule of the free module @ ;s V(F), hence it
is torsion-free, and a finitely generated torsion-free module over a DVR is free. O

We next define the duality functor on C(X;k). For an object V = ({V(F)}, {¢E}, {vE}), let
W(F) = (V(F))*[tk F].
Forany G < F € 3, let ¢ : W(G) — W(F) be the dual of the k-module homomorphism

VE[- 1k F: V(F)[-1k F] — V(G)[- 1k G].
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Similarly, let /5 : W(F) — W(G)[rk F — rk G] be the dual of the homomorphism

[~ 1k F]: V(G)[ 1k F] — V(F)[~ 1k F].
Then we define V* to be the triple ({(W(F)}, {@L}, {vE}).

Lemma 7.14. Let M be an H(L; k)-module. If k is a field or if M is coflabby and locally free, then
there is a natural isomorphism A(M*) =~ (AM)*.

Proof. By Proposition 7.13, M and M(F) are free k-modules, and ¢" = wg : M(F) - M[rk F]is a
split injection. Dualizing and shifting gives a factorization of multiplication by yr on M*:

M* yr

M*[rk F]

%/F)*

M(F)*[rk F]

Since (1/f")* is a surjection and (p*")* is an injection, we have an isomorphism M* (F) =~ M(F)*[rk F].
Dualizing the maps ¢f, and %, is handled similarly. O

Lemma 7.15. Let ¥ < £ be an upper set and V an object of C.c;(X). If k is a field or if V is coflabby
and locally free, then V* is regular.

Proof. Since coflabbiness, local freeness, and regularity are all preserved under restriction from
C(%;k) to C(X';k), it is enough to prove the assertion when ¥ = X3 5 is a principal open set. But
Y>r = L is a geometric lattice, so it is enough to prove the statement when ¥ = £. Let M == OV;
then Proposition 6.3 tells us that V =~ AM. Since k is a field or M is coflabby and locally free,
Lemma 7.14 says that

V* >~ (AM)* = A(M¥),

which is regular by Proposition 6.3. O

When k is a field, the duality functor on C(3; k) interchanges the section and cosection functors.
This also holds when k is a DVR, but additional hypotheses are needed.

Proposition 7.16. Let V be an object of C(3; k).
(a) There is a natural isomorphism I', (X, V*) =~ T'/(X,V)*. For any ¥’ < ¥, this isomorphism
intertwines restriction to ¥’ for V* with the dual of corestriction for V.

(b) If kis a field or V is pure, then there is a natural isomorphism I'|(X, V*) = I'. (X, V)*. For any
Y’ ¢ ¥, this isomorphism intertwines corestriction for V* with the dual of restriction for V.
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Proof. By the definition of the cosection functor, we have an exact sequence

@ V(G)[-1kG] — @ V(F)[- 1k F] — T\(Z,V) — 0.
G=FeX FeXx

Dualizing gives an exact sequence

0—-T(ZV)* — DVHF)— D V(G
FeXx G=FeXx

This is the sequence that defines the sections I'. (X, V*), which proves (a).

When k is a field, dualizing is an exact functor, and (b) can be proved in the same way. When
k is a DVR and V is pure, we proceed by induction on [X|. If ¥ = ¥, the result follows by the
identification of sections of V with V(F) and cosections of V* with V*(F)[—rk F| = V(F)*. In
particular, the result holds when |X| = 1. When || > 1, choose a minimal element F' € ¥ and let
¥ = ¥\{F}. Consider the sequence

0 — Te(T,V) — T (X, V) @ V(F) —> Ty (Sop, V) —> 0.

This sequence is exact on the left and in the middle by the sheaf property of Iy, and it is exact
on the right because V is flabby. Furthermore, I'yx(X~F, V) is free by Proposition 7.13. Thus the
sequence splits, so dualizing it and using the inductive hypothesis gives an exact sequence

0 — Ty (Sap, V) — T(Z, V*) @ V*(F)[- 1k F] — T (3, V)* — 0,

where the first map is induced by the corestrictions. The isomorphism I'|(X, V*) =~ T, (X, V)*
follows. a

Example 7.17. This example illustrates the need for the purity hypothesis in Proposition 7.16(b).
Let k = Z5 be the ring of 2-adic integers, and let £ be a Boolean lattice of rank 2. Let M = H(L; k),
endowed not with the structure of the regular module, but rather with the module structure given
by the map H(L; k) — H(L;k) that sends y; to 2y;. Let W := AM, which is flabby but not coflabby
and not locally free. Let V := W*, and note that V* = W. Thus I'/(£\{0}, V*) = T(£\{0}, W) has
torsion, and therefore cannot be isomorphic to the dual of a k-module.

Proposition 7.18. Suppose that V is a pure object of C(X;k). Then the dual V* is pure. For any
F e ¥, we have natural isomorphisms

Proof. By Proposition 7.13, the corestriction homomorphisms of V are split injections. Proposition
7.16(a) then implies that the restriction homomorphisms for V* are surjections, which means that
V* is flabby. Similarly, the flabbiness of V together with Proposition 7.16(b) shows that V* is
coflabby:.



38 TOM BRADEN, JUNE HUH, JACOB P. MATHERNE, NICHOLAS PROUDFOOT, AND BOTONG WANG

Lemma 7.8(a) gives an exact sequence
00— V[F] — F*(EZF,V) — F*(E>F,V) N 0’

which is split since Proposition 7.13 implies that I'. (X~ , V) is free. Dualizing this sequence and
applying Proposition 7.16 gives the exact sequence

0—0)/(2ap, V) —T/(2sp, V) — (V[F])* — 0.

Then Lemma 7.8(b) gives the isomorphism (V*)r = (Vg))*[rk FF]. Since duals are always free, this
shows that V* is locally free. The isomorphism (V*)p = (Vr)*[rk [] is proved similarly. O

8. CONSTRUCTION AND DECOMPOSITION OF PURE OBJECTS

In this section we construct and classify indecomposable pure objects in C,e¢ (2; k). Specializing
our results to ¥ = £ will allow us to prove Theorems A, D, and F from the introduction.

8.1. Extending objects. We start by describing an inductive schema for building objects in C(X; k).

Consider an upper set ¥ < £, and suppose that ¥. » < . Let V be an object of C(3; k). If F € &,

we have the maps
Ve

T (Ssp, V) [tk F] V(F) 25 Ty (S2p, V).
We will see in Lemma 8.1 that the composition ¢ ¥ depends only on the restriction of V to ¥~ r.
Consider the system of maps ¢ (G, H): V(G) [tk F'—rk G] — V(H) for all elements G, H € ¥
defined by the formula
YGVHGVH  if [ = G A H and G and H form a modular pair,
0 otherwise.

Er(G,H) = {

If I € ¥, then Proposition 6.1(c) tells us that Zp(G, H) = ¢, but the map is defined even if
F ¢
Lemma 8.1. The maps =Z¢(G, H) induce a map Zp: I'(X-p, V)[tk F] — T (Z-p, V). f F € &,
then EF = (I)F\I/F
Proof. To see that the maps =z (G, H) pass to the limit, we need to show that
=2r(G, H)Yg =Zp(G' H) and ¢ Ep(H,G) = Zp(H,G) (8)
forany G,G',H € ¥ p with G’ > G. Wehave G' v (Gv H) = G' v H,and
kG + 1k H—1k(G'v H) =tk F
= (kG + k(G v H) —1k(G' v H) —1kG) + (tkG + tk H — k(G v H) —tk F). (9)
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If the left side of (9) vanishes, then (G’, H) is a modular pair and F' = G’ A H. Since both summands
on the right side of (9) are nonnegative, they must also vanish, and so (G, G v H) and (G, H) are
modular pairsand G = G’ A (G v H), F = G A H. Then we have

=G, HWE = v§ g
=H/GvHNG/GQG)
=H/ GVvH/GvHNG)
= (H /G vHNG)=pg g1

==p(G, H).

On the other hand, if the left side of (9) is nonzero, then Zx(G’, H) = 0. At least one of the

summands on the right side must be positive. If the first one is nonzero, then

PGV HYGE — 24(G',G v H) =0,

while if the second is nonzero, then = (G, H) = 0. In either case we get Zr (G, H)y& = 0, proving
the first part of (8). The proof of the second part is similar.

Finally, if F' € ¥, we have Zp (G, H) = ¢ sz for all G, H > F, and it follows immediately that
=p = 0pUp. ]

Consider a pair of upper sets X' < 3 with the property that F' is a minimal elementin ¥ and ¥’ =
Y\{F'}. We wish to understand how to extend an object V' of C(¥';k) to X. From the preceding
discussion, giving an object V of C(X;k) and an isomorphism V|s» =~ V' is equivalent to giving a
graded k-module V(F') and maps ¥y, @ making the triangle

(Zap, V) [tk F] =F Le(Bap, V)
\ / (10)

commute. Indeed, given such a diagram we let V(G) = V'(G) for G # F, and for G > F, we let
¢g§ be the composition

V(G) = T1(S26, V) [tk G] — T\(S=p, V') [tk G] 5 V(F)[rk G — rk F.

Similarly, let % be the composition of ® - with the restriction T'x (X, V') — T'w (226, V') = V(G).
This defines an object of C(X; k) with the required properties.

Lemma 8.2. If V is the extension of V' determined by the diagram (10), then

(a) Vis flabby if and only if V' is flabby and @ is surjective.
(b) Vis coflabby if and only if V' is coflabby and ¥ is injective.
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(c) V is coflabby and locally free if and only if V' is coflabby and locally free, V(F) is a free k-
module, and ¥ is a split injection.

(d) Vis pure if and only if V' is pure, V(F) is a free k-module, ® is surjective, and ¥ is a split
injection.

Proof. Statements (a) and (b) follow immediately from Lemma 7.9. The statement (d) follows by
combining statements (a) and (c), so it is enough to prove (c).

If V is coflabby and locally free, then its restriction V' to ¥’ is again coflabby and locally free,
and Proposition 7.13 parts (b) and (c) show that V(F) is locally free and V¥ is a split injection.

Conversely, suppose that V' is coflabby and locally free, V(F') is free, and ¥ is a split injection.
Then Lemma 7.9 shows that V is coflabby, so we just need to check that V is locally free. For G € ¥,
the stalk Vg = V(. is a free k-module because V' is locally free, and since ¥ is a split injection, its
cokernel Vr is isomorphic to a direct summand of the free k-module V(F'), and is therefore free.
This completes the proof. O

Example 8.3. Let £ be the lattice of flats of the rank 2 uniform matroid on £ = {1,2,3}, so £ =
{0, {1}, {2}, {3}, E}. Letk = Z,, the 2-adic integers. If we let V = A H(L;k), then the restriction
V|g>6 is pure, but V itself is not pure. Indeed, H(L; k) is coflabby, and I'i(3_j,
the graded maximal ideal m < H(£; k). In degree 1, the diagram (10) becomes

2.5 V) = P H*(Lik) =

where the component of Z; corresponding to F' € L1 is given by multiplication by y. So with the

V) is isomorphic to

usual bases of the left and right sides the matrix representing =5 = ®; is

0 1 1
1 0 11,
110

which has determinant 2. This map is not surjective, thus V is not flabby.

Example 8.4. Let £ and k be as in Example 8.3, but this time consider the object
W= V* = AH(L;k)*).

For the purposes of this example, we will decorate our maps with a subscript of W to distinguish
them from the maps in Example 8.3. The restrictions of W and V to ¥_ are isomorphic up to a
shift, but the map @ ,,, is the identity, thus W is flabby, while ¥; ,,, = Zj ,,, is given by the same
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matrix above. So Uy ), is injective, thus W is coflabby, but its cokernel has torsion, thus W is not
locally free. On the other hand, if we took k to be a field of characteristic 2, then ‘IIO,W would not
be injective, and W would not be coflabby.

8.2. Extending morphisms. We now study how morphisms in our category extend when a new
element is added. We continue with the notation of the previous section: ¥ and X’ are upper sets
with ¥ = ¥’ U {F'}. Given objects V, V' of C(X; k), a homomorphism f: V — V' is given uniquely
by its restrictions f|yy and f|s_ .., subject to the condition that they agree when restricted to X.
(in other words, homomorphisms form a sheaf on £ considered as a topological space whose open
sets are upper sets). So, to extend a morphism from ¥’ to ¥, it is enough to consider the case where
Y= Ezp and ¥/ = E>F.

Our main results will be consequences of the following simple linear algebra lemma. Let k
denote the residue field of k. If A is a k-module, we put A=A®k andif f: A > Bisa map
of k-modules, we let f: A — B be the induced map of k-modules. If A and B are free k-modules,
then f is surjective if and only if f is surjective, and f is injective if and only if f is split injective.

Lemma 8.5. Suppose that we are given a commutative rectangle of free k-modules and maps of

the following form:
N3

Ay B, 1
fAJ lfc
A2 7, B2 o, 02

Then the following two statements hold:
(a) If ¥y is split injective and @, is surjective, there exists a map fg: B1 — B2 so that both squares
commute.

(b) If in addition W5 is split injective, ®; is surjective, ker & < im ¥y, ker @3 < im ¥y, and f4 and
fc are isomorphisms, then any map fg as in (a) must be an isomorphism.

Proof. Let us prove the statement (a). Since ¥, is split injective, we can find a complement By to
U1 (A;) in By, and there is a unique way to define the restriction fg |\1,1( 4,) so that the left square
commutes, by letting

fe(¥1(a1)) = 2(falar))
for a; € A;. This also makes the right square commute on ¥;(A;), since

D2 fp(Pi(a1)) = P2Wa(fa(a1)) = fo(P1(Vi(a1)))

for all a; € A;. Finally, since ®; is surjective and By is free we can find fp|p, so that the right
square commutes on By.
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To prove (b), first note that f5 is an isomorphism if and only if f5 is an isomorphism. Thus it is
enough to consider the case where k is a field.

Suppose that by is in the kernel of fg. Since f¢ is an isomorphism, we have b, € ker ®4, so there
exists a; € Ay with Uy (a;) = b1. Then Wofa(a1) = fpVWi(a1) = fp(b1) = 0, and since V¥, is injective
we have a; = 0 and thus b; = 0.

Next, take by € Bs. Since ®; and f¢ are surjective, there exists by € By with fo®;(b1) = $2(b2).
Then b2 — fp(b1) is in ker @2 < im V9. Since f4 is surjective, there exists a; € A; with Uy f4(a;) =
by — fp(b1). Then we have

f(b1 +¥i(ar1)) = fB(b1) + Wafalar) = fp(b1) + b2 — fB(b1) = bo,
so fp is surjective. O

Proposition 8.6. Given upper sets ¥’ € ¥ and objects V, W in C(Z; k) pure, any morphism V|yy —
W]sy extends to a morphism V — W.

Proof. By induction on |¥\Y'|, it is enough to consider the case ¥/ = ¥\{F'}. A morphism f: V|sy —
W]sy gives rise to the following commutative diagram, where we include V and W in the sub-
scripts to distinguish between maps associated with different objects:

Ty (3= p, V) [tk F] _ IR L yp) 2R, Ty (Sap, V)

J |

Lemma 7.9 and Proposition 7.13 imply that all of these k-modules are free, ¥y, is split injective,
and ®r)y is surjective, so Lemma 8.5 says that there is a map V(F) — W(F') making the squares
commute. This defines the required extension of f to . 0

8.3. Indecomposable pure objects. The results of Sections 8.1 and 8.2 allow us to construct pure
objects in C(3;k) and morphisms between them inductively by adding one element at a time to
Y. Our next objective is to give a similar inductive description of indecomposability. The key
definition is the following.

Definition 8.7. For an object V of C(X; k) with F' € 3, we say that V is taut at F if ker &y < im Up.

Lemma 8.8. Let M be a pure H(£;k)-module. Then AM is taut at F if and only if the k-reduction

Br(M) of the costalk-stalk homomorphism Sr(M): M{fr) — M vanishes.
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Proof. The exact sequences in Lemma 7.8 are split by Proposition 7.13. So after tensoring with k
they remain exact, and so we have ker & = My and coker W = Mp. Hence, ker &f < im U if
and only if Sp(M) = 0. O
Proposition 8.9. Given an object V' of C(X';k)pure, there exists an object V of C(X;k)pure With
Vl]sy = V' that is taut at F. It is unique up to a (non-unique) isomorphism.

Proof. By the results of Section 8.1, to construct V we need to define V(F') along with maps ¥,
@ factoring =r as in (10), so that U is a split injection, ®F is surjective, and ker r < im VU p. To
do this, choose a complement W < T« (3=r, V) to the image of Ep. Since Iy (B~ p, V') is a free
k-module by Proposition 7.13(d), we can lift W to a direct summand W of I'x(X-r,)’). Define
V(F) =T'(3=p,V)[tk F] @ W, let U be the inclusion of I'i(X. , V') [tk F], and let @ equal =Zp
on the first summand and the inclusion on the second. The required properties are now easy to
verify.

Lemma 8.5 implies that, for any two such extensions, the identity map on their restrictions to
¥’ extends to an isomorphism, so the extension V is unique up to isomorphism. O]

Example 8.10. Continuing with the notation of Example 8.3, we illustrate the result of applying
Proposition 8.9 to the pure object V' = (AH(£L;k))|s_, with coefficient ring k = Zs. The degree 1
part of the map ?,v/ is a rank 2 map (F2)?> — (F3)3, and a complement to its image is given by
the subspace W = k- (1,1,1) < (F2)3. If V is the object constructed in Proposition 8.9, then the
degree one part of V(0) is a free k-module of rank four, and one can check that V is isomorphic to
A(CH(L;k)). Note that this agrees with the statement of Theorem 1.12.

Proposition 8.11. Let V € C(2;k)pure be an object with V|s # 0. Then V is indecomposable if and
only if V| is indecomposable and V is taut at F.

Proof. First suppose that V is not taut at F, so ker ®  is not contained in im ¥ . We will show that
V is decomposable. Since ¥ is a split injection by Proposition 7.13, tensoring the quotient map
7: V(F) — V(F)/im ¥ with k gives the quotient

7 V(F) - V(E)/im VU p = V(F)/im TF.
By lifting an element of ker @ that is not in im ¥ i, we obtain v € ker ®» whose image

veker®p = ker ®p < V(F)

is not in the kernel of 7. This implies that n(k - v) is a direct summand of the free k-module
V(F)/im Vg = Vp. Choose a complement W < V(F)/im U to w(k - v).

We define a nontrivial direct sum decomposition V = V; @ V, as follows:

(1) For G # F,let Vi (G) = V(G) and V2(G) = 0.
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(2) Let Vi(F) = = Y(W), Vo(F) =k - v.

Because im Wy < Vi (F) and Va(F) < ker @, restricting the ¢ and ¢ maps of V gives objects V;
and Vs of C(X; k). Since V(G) = Vi(G) @ V2(G) for all G € %, we have constructed the required
direct sum decomposition; it is nontrivial since V1|5 = V|5v is nonzero and V,(F') is nonzero.

Next, suppose that V is indecomposable but there is a non-trivial direct sum decomposition
V]sy = V] @®V;. By Proposition 8.9, there are pure extensions V; and Vs of V; and V) that are taut at
F. But we have just seen that V must be taut at ', and V; @ V; is also taut at F, so the uniqueness
part of Proposition 8.9 implies that V = V; @ V», contradicting the indecomposability of V.

Finally, suppose that we are given a non-trivial decomposition V = V; ® V, but V|y is in-
decomposable. Then one of Vi |5y or Vs|sy must vanish; suppose without loss of generality that
Valsy = 0. Then we must have Vo (F) # 0, and so Va(F') # 0. The vanishing of V,|sy implies that

Vo(F) € ker @ and im W < V(F), so it follows that V is not taut at F. O

Theorem 8.12. For each element F € 3, there is an object QF = Qg’k of C(Z; k) pure for which the
following properties hold:

(@) QF(G) =0unlessG < F,
(b) QF (F) = k, concentrated in degree 0,
(c) OF is taut at all elements in ¥\ {F'}.

This object is indecomposable and unique up to isomorphism. The collection of objects Q' [k] over
all F € ¥ and all k£ € Z gives a complete set of indecomposable objects in C(X; k)pure-

Proof. We proceed by induction on |X|. Since the dependence on ¥ is important in this proof but
the dependence on k is not, for the remainder of the proof we will denote the indecomposables
described in the theorem by QL.

When |X| = 1, C(3; k) pure is equivalent to the category of free graded k-modules, and the result
is immediate. Now assume that [¥| > 1 and the result is known for all upper sets that are properly
contained in X. Let I’ be a minimal element in ¥ and let ¥’ = ¥\{F'}. By the inductive hypothesis,
we have modules Q, for G € Y’ representing all isomorphism classes of indecomposable objects
in C(2'; k)pure up to shift. By Proposition 8.9, each object QF, has an extension Qf that is pure and
taut at F', and Proposition 8.11 implies that this extension is indecomposable. We have one more
indecomposable object QL in C(X;k)pue given by setting OL (F) = k in degree 0 and Q% (G) = 0
for all G # F'. It is easy to see that these objects satisfy the required conditions.

Now let V be any nonzero indecomposable object of C(X; k) pure. If V|5 is nonzero, then Proposi-
tion 8.11 implies that V|s; is indecomposable and V is taut at F. Thus we must have V|swv =~ O, [k]
for some G # F and some k € Z. But then V >~ Q%[k] by the uniqueness part of Proposition 8.9.
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On the other hand, if V|yy = 0, then V(F) must be a free k-module of rank 1, which means that
V =~ QL[k] for some k € Z. O

8.4. Parity modules. In this section, we prove Theorems A, D, and F.

Definition 8.13. Let E(£L;k) = GQ%k, where ©: C — H(L;k)-mod is the functor introduced in

the proof of Proposition 6.3 and Qbk is the indecomposable pure object from Theorem 8.12.

Recall from the introduction that, for any F' € £, we have a natural surjective homomorphism
H(L; k) — H(LF; k), and this means that E(£; k) is naturally a module over H(£; k). The follow-
ing lemma follows from Remark 6.6.

Lemma 8.14. For any F € £, we have E(L; k) =~ GQik.

Proof of Theorem D. By Proposition 6.3, Remark 7.11, and Lemma 7.12, a complete set of indecom-
posable pure H(L; k)-modules (up to shift and isomorphism) is obtained from a complete set of
indecomposable pure objects of C(£; k) (up to shift and isomorphism) via the functor ©. By Theo-
rem 8.12 and Lemma 8.14, one obtains the modules E(£%'; k) for all F' € £. O

Proof of Theorem A. By Theorem D, E(£;k) is pure and indecomposable. Furthermore, we have
yiB(Lik) = Qp (- rk £] = k[ rkL],

which implies the existence of an element = € E°(£;k) such that y; - = is nonzero.

Conversely, let M be an indecomposable pure module and z € M? an element with y;2 # 0. By
Theorem D, there exists an element I € £ and an integer k € Z such that M =~ E(£%;k)[k]. By
Lemma 8.14 and parts (a) and (b) of Theorem 8.12, we must have F' = land k = 0. O

Remark 8.15. Our construction of parity modules also gives an alternative proof of Proposition 2.4.
To see this, note that the restriction of Qhk to the upper set L is clearly isomorphic to QiF’k.
Applying the functor ©r: C(LF; k) — H(L p; k)-mod to this isomorphism gives an isomorphism

yrB(L; k) [k F] = E(Lp3 k).
In [BHM™"], a graded H(£; Q)-module is called pure if it is isomorphic to a direct sum of direct

summands of modules of the form CH(L%; Q)[k], where F € £ and k € Z. The next result says
that this definition agrees with our definition of pure modules.

Proposition 8.16. Let k be a field. An H(L;k)-module is pure if and only if it is isomorphic to a
direct sum of direct summands of modules of the form CH(L%';k)[k], where F € £ and k € Z.
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Proof. By Proposition 4.5(e), CH(L!;k)[k] is pure, and since purity is clearly preserved under
taking direct sums and direct summands, the “if” statement holds.

Considering CH(L!; k) as an H(£; k)-module via the homomorphism H(£;k) — H(LF;k), we
have yp CH(L;k) =~ k[-rk F] and yg CH(LT;k) = 0 for G £ F. It follows that E(£%;k) is
isomorphic to a direct summand of CH(L%'; k). Thus, by Theorem D, every indecomposable pure
H(£;k)-module appears as a shift of a direct summand of CH(£%; k) for some F € £. This proves
the “only if” direction. O

Theorem D implies that any pure H(£; k)-module M can be decomposed as a direct sum

M= @ WO, F)®EL; k) (11)
Fel
for some finite-dimensional graded vector spaces W (M, F'). The next result, which proves Theo-
rem F, shows how to compute these multiplicity spaces.

Proof of Theorem F. As with all of the results stated in the introduction, we are assuming that k is a
tield. We must show that W (M, F') is isomorphic to the image of the costalk-stalk homomorphism
Br(M): Mg — Mp. This follows by applying im (8c(—)) to both sides of (11). Indeed, if F' # G,
then QF, = AE(LFk) is taut at G. By Lemma 8.8, this implies that Sc(E(£";k)) = 0, and
therefore the F' summand of the right-hand side vanishes. On the other hand, the maps

k = E(L% k)] — ycE(L% k) [1kG] — E(L% k)¢ =k

are isomorphisms, therefore the G summand of the right-hand side is isomorphic to W (M, G).
Thus we obtain the equation im (8g(M)) = W(M, G). O

Remark 8.17. Theorem F does not hold when k is a DVR. This is because it is possible for a pure
module M to be taut at F' even though (M) is not zero. The object in Example 8.10 is an example.
Instead, the multiplicities in the decomposition of a pure H(£L; k)-module are given by the graded

dimensions of the images of the reduced maps Sr(M).

9. PROPERTIES OF PARITY SHEAVES

The purpose of this section is to prove Theorems B and E.

9.1. Top and bottom degrees. In addition to giving a classification of indecomposable pure ob-
jects, Theorem 8.12 (or rather its proof) also gives an algorithm to construct them. Namely, to
construct Q" = QF', start with Q" (G) = 0 for G & F, Q" (F) =k, and then use Proposition 8.9 to
define Q¥ (G) for G < F in decreasing order of rank. The following proposition is an application
of this algorithm.
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Proposition 9.1. The indecomposable pure object OF" = OF . satisfies the following properties.

(a) Forany G < F, we have Q' (G)! = 0ifi <Oori > rk F — 1k G.
(b) For any G < F, we have QF(G)? =~ QF (G)*kF'—kC ~ k.
(c) Forany G < H < F, the restriction map

i QN(G)" — Qf (1)
and the corestriction map

wg: QF(H)rkF—rkH _ QF(G)rkF—rkG

are both isomorphisms.

Proof. We will proceed by induction on the difference rk F'—rk G. When G = F, the statements (a)
and (b) hold because Q¥ (F) is equal to k concentrated in degree 0. The only case of (c) to check is
G = H = F, which holds trivially since ¢ and ¢%. are both the identity map.

Now suppose that we are given Gy < F' such that the proposition holds for all G with Gy < G <
F. We apply these statements to the sections and cosections of QF on Y. ,. Looking at sections
F*(E>Go’ QF) = lﬁl QF(G) = Lﬂl QF(G)a
Go<G Go<G<F
the fact that Q%' (G)? is zero when i < 0 or i > rk F' — 1k G implies that I'x (X~ ¢,, Q) = 0 fori < 0
and i > rk F' — rk Gjp. Furthermore, statement (c) implies that all of the maps in the limit between
elements Gy < G < F are isomorphisms in degree 0, and so I'.(X-q,, Q)0 ~ k and the maps
i (Z=cy, 910 — OF(G)° are isomorphisms for all Gy < G < F.

Dually, when we look at cosections

[/(S26,, Q") = lim Q7 (G)[~1kG] = lim QF(G)[-rkdl,
Go<G Go<G<F
the statement (a) implies that QO (G)[— 1k G] vanishes in all degrees i < rkG and i > rk F, so
the limit vanishes for all degrees i < rkGy and i > rk F. Statement (c) implies that all of the
maps in the limit between elements Gy < G < F are isomorphisms in degree rk F', so we have
[1(2sg,, QF) ™ F ~ k and the maps OF (G)[— 1k G]'* " — T'(Z=q,, QF)™* " are isomorphisms for
allGp < G < F.

We now consider the maps
7 ?
Ly (860, Q") [tk Go] —> Q" (Go) — T (E=c, 7).

In degrees i < 0 and i > rk F — 1k Gy, both the sections and cosections vanish, so Q' (Gp)* = 0,
giving the statement (a). In degree i = 0, the cosections vanish while the sections are k, so we
have QF(Gp)? =~ k. In degree rk F' — 1k G, the sections vanish while the cosections are k, giving
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oFf (GO)lrk F—rkGo ~ k sowe have proved the statement (b) for G. It also follows that the statement
(¢) holds for Gy. O

Remark 9.2. Applying the functor © to ol Proposition 9.1 immediately gives us the first two
statements of Theorem B. We will tackle the third statement in Section 9.3.

9.2. Next degrees in. Assume in this section that k is a field of characteristic p (allowing the pos-
sibility that p = 0). Our next result gives a simple description of the spaces OF(G) in the next
degrees “in from the outside”, that is, in degrees 1 and rk ' — rk G — 1. This gives an alternative
proof of Proposition 1.9 that does not involve the embedding E(£; k) in the augmented Chow ring
CH(L; k). A reader who is only interested in the proofs of Theorems B and E may skip this section.

To simplify notation, we will restrict ourselves to the case where F is the maximal element 1.
Let Q = Q. For an upper set & < £, we let ¥(p) denote the set of p-resonant elements in ¥, where
p is the characteristic of k.

Theorem 9.3. For any G < 1, there are isomorphisms
Q(G)l ~ kﬁg(p) ~ Q(G)crkG—l
with the property that, for any G < F < 1, the maps
wg: Q(F)crkal _ Q(G)crkGfl and ng: Q(G)l N Q(F)l

are given by the coordinate inclusion k*# () — k*<(?) and projection k*¢ () — k*r(), respectively.
If in addition F is a cover of G, so that crk F' = crk G — 1, the map

VG QF) — Q(G)!
is the map k — k*¢() sending 1 to the characteristic function of £ (p) ~ Lr,c(p), and the map

ok 9(@) G- — Q(F)“kE ~ Kk is its transpose.

Before proving Theorem 9.3, we formulate and prove a lemma. Given a map a: £ — k, its
complementary Radon transform is the map C,: £ — k given by

Co(F) = > aD)
Defland DLF
The following lemma is proved in [Kun79, Section 3] under the additional assumption that p = 0;

we prove it below for arbitrary fields.

Lemma 9.4. The map a — C(p) is injective. If 0 is p-resonant, then there exists an a such that,
for any F' € L(p), we have Cy(F) = 6.
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Proof. First we prove injectivity. Suppose that C, vanishes on £(p). If we can show that C, van-
ishes on all of £, it will follow that a = 0, since for any D € £! we have

a(D) = Ca(()) - Ca(D)‘

We prove that C,(F) = 0 for all F € £ by induction on the corank of F. When F = 1 the
result is obvious, and when F has corank 1 it is p-resonant, so C,(F) = 0 by assumption. Now
take F' € £ of corank at least 2, and assume that C, vanishes on all elements of smaller corank.
If F is p-resonant, then C,(F') = 0 by assumption. Otherwise, there is an element H > F with
rk H = rk F' + 2 such that the open interval (F, H) has cardinality m with m — 1 invertible in k. An
atom D € £! with D < H and D < F lies below exactly one G € (F, H), and hence we have

D1 CalG) = (m = 1)Cu(F) + Ca(H).
Ge(F,H)

Our inductive hypothesis says that the left sum and C,,(H) both vanish, so C,(F') = 0, as desired.
For the second statement, suppose that 0 is p-resonant. Let a(D) = 1 for all D € £, so that

Ca(F) = 1LY = [(£)1].

Lemma 4.3 implies that, for any F > 0, |(£¥)!] is congruent to 1 modulo p. Thus C,(F) =1—1 =0
for all F # 0, while C,(0) =1 -0 = 1. O

Proof of Theorem 9.3. We will prove the statements about Q(G)!; the statements about Q(G)*k¢~1
follow from duality. We proceed by induction on crk G. When crk G' = 1, G is the only p-resonant
element of £, and Proposition 9.1 says that

Q(G) = Q(G)™ ¢ = k = kb,
The statements about 1/15 and cpg are trivial in this case.

Now suppose that crk G > 1, and that the statements hold for all elements of smaller corank.
We need to compute the degree 1 part of the map =Z¢: I''(L~, Q) [tk G] — T'x(L>q, Q). The source
of this map is
P!(L>G, Q)[I’k G]l _ F!(L>G, Q)rkG-i-l _ h_r)n Q(F)[— I‘kF]rkG+1 _ h_rr)l Q(F)rkG—rkF—i-l ~ k(Lg)1.

F>G F>G
The last isomorphism follows from Proposition 9.1 because, for F' > G, the quantity rk G —rk F' +1
is negative unless F' covers G, in which case it is zero. We represent elements of this space as
functions a: (£g)! — k.

For any F’ with G < F’ < F, our inductive hypothesis tells us that the restriction map ¢, is a
coordinate projection, thus the degree one part of the target of Z¢ is

I (L>¢, Q)" = lim KEF®) — Z>a®)
F>G
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If we represent elements of this space as functions ¥~ ¢(p) — k, we claim that

=a(a) = Cals.c):
where the complementary Radon transform C, is computed in the lattice Lo = X q.

To see this, let ap be the basis element in k(¢)" corresponding to a cover F of G. It is the image
of 1 € Q(F)? in I'(£L~¢, Q)[rk G]'. Then Z¢(ar) is determined by its image in Q(H)' over all
H > G. If F < H, then the image is zero, since ' A H = F' # G. This agrees with the claim, since
CaF is zero on Ly when H > F. On the other hand, if F' £ H, then F' v H covers H, and the
image of Z¢(ar) in Q(H)! is the image of 1 under the map

FvH FvH

k=0(F)° 5, o(F v H)® Y1, Q(H)! ~ KkEn ),

By the inductive assumption, oLV # is the identity and ;¥ sends 1 to the characteristic function
of Ly (p) \ LFu(p), which is the restriction of Cy, to Ly (p). The claim follows.

Now consider the diagram

k(£a)! =6 M)
m 4
kLc®)

where ¥ is the map a — Cy| o(p) and @ is the restriction to Y- (p). The triangle commutes, so
this diagram describes the degree 1 part of an extension of Qly,_,, to ¥~ = L. This extension is
pure, because ®¢ is surjective and ¥ is injective, by Lemma 9.4. Finally, we must check that the
extension is taut at G. If GG is not p-resonant, then ® is an isomorphism, and tautness is automatic.
If G is p-resonant, then the kernel of ® is spanned by the characteristic function of G, which is in
the image of ¥ by the second part of Lemma 9.4. O

9.3. Kiinneth isomorphism. In this section we prove the last part of Theorem B, which is a
Kiinneth isomorphism for parity modules. Let £; and L3 be geometric lattices. Then £; x Lo
is a geometric lattice, with rank function rk(F, F3) = rk F; + rk F5. We have an isomorphism of
rings

H(L1;k) @ H(L23k) = H(L1 x L23k),  yp, @Up, — Y71, 1)

Lemma 9.5. Let M; be a graded H(£;)-module for i = 1, 2. If M; and M, are both pure, then so is
their external tensor product M; @ M.

Proof. Let M = M; ® M. To show that M is flabby and coflabby, we will use the criterion of
Lemma 7.9. Let V = AM, and take (F1, F3) € £« Lo. We wish to show that the corestriction

DX (m,m), V) — D (m, ), V) = Y, m)M = Yy M1 @ yr, Mo
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is injective and the restriction
(yr M1 ® yr,Ma) [tk Fy + 1k 3] = Ta(Sx (i 1), V) — Ta(So (1.1, V)
is surjective.
Using the cover
Eomp) = (Esn X Esp) U Bk X Espm)
and the fact that I'i(—, V) is a cosheaf gives us an exact sequence

F!(E>F1 X E>F27l)) - P!(2>F1 X EZFqu) <—BF'(22F1 X 2>F27]j) - P!(2>(F1,F2)7V) - 0

Since the subset ¥- p, x {F»} € Yo x Y>p, is cofinal, we have

N(Esp xEem, V) = lim yo,Mi ®@ye,Mz = lim yo, My ® yp,Ma = ( lim yG1M1> ® yr,Ma,
gl>§1 G1>F1 G1>F1
2212

where the last isomorphism holds because yz, M is a free k-module. Since M; is coflabby and
locally free, the map from this space of cosections to M; ® M is a split injection, with image

(span2>F1 Ml) Qyr,Mg = Spany;_ . xs.p, M.
Similarly, I' (2> 7, x ¥-f,, V) maps by a split injection into M; ® Ms with image
yr M1 ® (span2>F2 M2> = spany_, x5 M.
The intersection of these images is
(spauf12>F1 M1> ® <span2>F2 Mz) = spany_ . w5 . M,
which is the image of I'/(X- 5, X X2 p,, V) in M1 ® Ma. It follows that the map
DEsr,m), V) = D (m,m), V) = Yr M1 @ yr, Mo

is a split injection, which proves that M is coflabby and locally free.
The proof that M is flabby is similar, using the sheaf property of I'.(—, V). O

Proof of Theorem B. Parts (a) and (b) follow from Proposition 9.1, so it will suffice to prove part (c).
We need to show that E(£1) ® E(L3) satisfies the conditions of Theorem A. Indecomposability is
clear, and purity follows from Lemma 9.5. Finally, we have

Yadp (E(£1) @ E(L2)) = 11E(L1) @ y;E(L2) = k[—1k £1] @ k[—rk Lo] = k[— k(L1 x Lg)]. O
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9.4. Purity and base change. In this section, we consider how pure modules behave when the
coefficient ring k changes. Our ultimate goal is to prove Theorem E, along with the statement that
parity modules behave nicely under field extensions.

Suppose that k — k' is a ring homomorphism, where k is either a field or a DVR and k' is a
field. We will mainly be interested in the cases (1) k' is an extension field of k, (2) k is a DVR and
k' = k is its residue field, and (3) k isa DVR and k’ = K is its fraction field. Given an upper set %,
we have a functor — ® k': C(X; k) — C(X; k).

Theorem 9.6. Let V be an object of C(X; k).

(a) For any ¥’ € %, the natural map I'i(X, V) ® k’ — I'(¥/, V ® k') is an isomorphism.
(b) If V is pure, then the natural map I'. (X, V) Qx k’ — T'. (¥, V ® k') is an isomorphism.
(c) If Vis pure, then sois V ® k'.

Proof. Tensoring with k’ is right exact, which means that it commutes with finite colimits, and in
particular it commutes with taking cosections. This proves (a).

The proof of (b) is by induction on |¥’'|. When |¥'| = 1, or more generally when ¥’ = X3 for an
element F, the statement is true by definition. So assume |¥’| > 1, ¥’ has more than one minimal
element, and the statement is true for all smaller upper sets. Let ' be a minimal element of ¥’ and
let X" = X\{F}.

Since V is flabby, Lemma 7.8(a) gives us an exact sequence

0— Vg — Lu(E, V) — Tu(¥",V) — 0.

Proposition 7.13(d) implies that I'x(X", V) is free, thus this exact sequence splits. It follows that
tensoring with k’ preserves exactness. Consider the following diagram:

0 —— Vir) Rk kK —— T2 V) @k —= T.(X", V)@ k' —— 0

J J J

00— (V& k/)[p] — Ve K) —— T2 VR k') —— 0

We have already argued that the top row is exact. Left-exactness of the bottom row follows from
Lemma 7.8. The right vertical map is an isomorphism by our induction hypothesis, which implies
that the bottom row is also right exact.

We want to prove the middle vertical map is an isomorphism, and by the Five Lemmua, it is
sufficient to show that the left vertical map is an isomorphism. To do this, we consider the same
diagram with ¥’ replaced by ¥ and X" replaced by ¥- . Now the second and third vertical
maps are isomorphisms by the induction hypothesis, which shows that V5 ®x k' — (V ®k k') [
is an isomorphism. This completes the proof of (b).
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Finally, we prove (c). If V is pure, then its restriction homomorphisms are surjections, and (b)
implies that the restriction homomorphisms of V ® k' are surjections. Thus V ® k' is flabby.
Similarly, the corestrictions of V are split injections by Proposition 7.13, so (a) implies that V ® k'’
is coflabby. Since we are assuming k' is a field, local freeness is automatic. Thus V® k' is pure. [

Proposition 9.7. If k — k' is a field extension, or if k is a DVR and k’ = k is its residue field, then
there is an isomorphism

E(L:;K) =~ B(L; k) @ K.

Proof. By Theorem 9.6, E(£;k) ®x k' is pure, and it is clearly not annihilated by y;, so it only
remains to show that it is indecomposable. By Theorem 8.12, it is enough to show that it is taut at
all elements F # 1.

Consider first the case of a field extension. Let V = AE(£; k), and take an element F' # 1. Since
k is a field, V is taut at F if and only if ker ® < im ¥ . Since tensoring with k’ is exact, we have

ker(CI)F Rk k/) = (ker (PF) Rk k' (im \IJF) Rk k' = im(\IJF Rk ]k/).

By Theorem 9.6, & ® k' and VU ®y k' are the ® and ¥ maps for V ® k’. So we have shown that
Y ®y k' is taut at F', as desired.

The case k — k is similar. Since V = AE(L;k) is taut at F', we have ker ®p < im Up. But
Theorem 9.6 implies that & and WU are the ® and ¥ maps for V = V ® k. Thus we see that
E(L;k) ® K is taut at F for all F # 1, so it is indecomposable. O

The field extension case of Proposition 9.7 has the following immediate corollary.
Corollary 9.8. Let k be a field of characteristic p. We have

pZc(t) = >t dimE (L;k) and ,P(t) = ). ' dimE'(£;k).

=0 =0

Proof of Theorem E. We use base change by the homomorphisms F,, < Z, — Q,. Proposition 9.7
tells us that

pZc(t) = .t dimp, B'(L;F,) = > t'rky, B(L;Z,) = ) ¢ dimg, E'(£;Z,) ®7, Q).

=0 =0 =0

Since E(£;Z,) ®z, Q) is pure and is not annihilated by y;, it has E(£; Q) as a direct summand.
The first inequality follows. The proof of the inequality on stalks is similar. O
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10. DIMENSION OF THE SPACE OF HOMOMORPHISMS

In this section we assume that k is a field. It is possible to extend these results to the case where
k is a DVR, but we do not need it.

Let X be an upper set, and consider objects V, W in C(¥;k). Let homg (s (V, W) be the graded
hom space whose i graded piece is Home(s5)(V, W[i]). The graded hom space between two
graded k-vector spaces is defined in the same way.

Theorem 10.1. If V and W are both pure, then there is a non-canonical isomorphism of graded
vector spaces

homc(g;]k)(v, W) = (—B hOIIl(VF, W[F])
Fex

Proof. We proceed by induction on |X|. If [$| = 1, then ¥ = {1} and the category C(Z;k) is
equivalent to the category of graded k-vector spaces, so the result is trivial.

Suppose that |X| > 1, and let F' be a minimal element in ¥, so that ¥’ = X\{F} is an upper set.
Then we have an exact sequence of graded vector spaces

0— hOHl(VF, W[F]) E— hOmc(Z;k) (V, W) — hOmc(E/;k) (V‘El, W|E’) — 0.

The second map is given by restriction, and it is surjective by Proposition 8.6. The first map is
given by sending «: coker Uy p — ker @)y r to a map that restricts to zero on ¥, and whose
component at F' is the composition

V(F) - Vg = W[F] — W(F)
Applying the inductive hypothesis to morphisms V|sy — W|sy gives the result. O

Proposition 6.3, Lemma 7.6, and Theorem 10.1 together imply the following corollary.

Corollary 10.2. If M and M’ are pure graded H(£;k)-modules, then there is a non-canonical iso-
morphism of graded vector spaces

homyy (g (M, M) = () hom(Mp, M{z).
Fel

Taking both M and M’ to be the parity module E(£; k), we obtain the following result.

Corollary 10.3. We have Endy ) E(£; k) = k if and only if, for every F' # 1 and every degree k,
either the stalk E(£; k) or the costalk E(£; k) [y vanishes in degree k.

In [BHM™, Proposition 6.4], we showed that the only endomorphisms of IH(L) = E(£; Q) are
scalar multiplication. The proof relied on [BHM™, Proposition 6.3], which states that the stalk
IH(L)r vanishes in degrees greater than or equal to (crk )/2 and the costalk TH(L)(f) vanishes in
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degrees less than or equal to (crk F)/2. Although the argument there was expressed in somewhat
different language, it follows the same outline given here.

Example 10.4. Let £ = U, , be the lattice of flats for the uniform matroid of rank 2 on n elements,
and let k be a field of characteristic p. If » = 1 modulo p, then E(£; k) = CH(£; k) by Theorem 1.12.
The degree 1 parts of the stalk CH(L; k); and the costalk CH(L; k) o) are both isomorphic to k, and
we have Endy g i) E(L; k) = k[e]/(e?).

11. RELATION WITH TOPOLOGY

In this section, we assume that £ is the lattice of flats of a matroid, and that this matroid is
realizable by a linear subspace V < C*', and we write Y = ¥y == V < (P})*' to denote the
associated arrangement Schubert variety. Givenp € Y and G € £1, we will write pi € P! = Cu{oo}
to denote the corresponding coordinate. For any F' € £, let

Sp={peY |pg=0 < GLF}

By [PXY18, Lemma 7.6], we have S =~ C™* " and the stratification

Y:|_|SF.

Fel

The strata S = {Sp | F € L} are the orbits of the action of the additive group (V,+) on Y.
This implies that they form an algebraic stratification in the sense of Chriss-Ginzburg [CG97,
Definition 3.2.23] and a good stratification in the sense of Achar [Ach21, Definition 2.3.20]. It
follows that for any inclusion f of locally closed unions of strata, the functors f., f*, fi, fHall
preserve S-constructibility.

Let k be either a field of arbitrary characteristic or a complete DVR of characteristic 0. Let
D%(Y';k) denote the derived category of sheaves of k-modules on Y that are constructible with
respect to S. For each element F' € £, let ir: Sp — Y denote the inclusion. An object F in
D4%(Y;k) is called #-even (resp. !-even) if, for every F € £, the cohomology sheaves H*(i%.F)
(resp. H*(i%.F)) vanish for all odd k € Z and are free k-local systems for all even k € Z. It is called
even if it is both *-even and !-even. Juteau, Mautner, and Williamson defined a class of objects in
Dg(Y; k) called parity sheaves, described by the following theorem [JMW14].

Theorem 11.1. There exists a collection {£(F;k) | F € £} of objects of D%(Y;k) satisfying the
following properties:

(1) £(F;k) is even and indecomposable.

(2) The support of £(F;k) is equal to Sp.

(3) The pullback i},£(F'; k) to Sr is a rank one constant k-local system in degree zero.
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This collection is unique up to isomorphism. Every even object in D%(Y;k) is isomorphic to a
direct sum of objects of the form £(F;k)[2k] for some k € Z.

Proof. The uniqueness and support condition are [[MW14, Theorem 2.12]. Existence of the com-
plexes £(F;k) follows from [JMW14, Corollary 2.35], since the closures of strata Sp, which are
smaller arrangement Schubert varieties, have (V, +)-equivariant resolutions whose fibers have no
odd cohomology. O

For any object F in D%(Y;k), the hypercohomology H*(F) is naturally a graded module over
H*(Y'; k). The next result, which is the main result of this section, identifies the hypercohomology
of the parity sheaves on Y with the parity modules of £. The special case where F = 1 and k is a
field gives us Theorem C from the introduction.

Theorem 11.2. For any F € £, there is a degree-doubling isomorphism
E(LF; k) =~ H*(E(F;k))
of modules over H(L; k) =~ H*(Y; k).

The proof of this theorem will proceed in several stages. We begin by associating a sheaf and a
cosheaf to an even object in D%(Y';k). For an upper set & < £, let

Us, = USF

be the corresponding open union of strata, and let js;: Us; — Y be the inclusion. Let F € D%(Y;k)
be even.

Proposition 11.3. The assignment
Y — B (55 F)
is a flabby sheaf on £, and the assignment
¥ — HC(jsF)
is a coflabby cosheaf on £. For any upper set ¥, both of these graded k-modules vanish in odd
degrees.

Proof. We first prove the parity vanishing statements, using induction on the cardinality of ¥. The
statements are trivial when ¥ is empty. Assume it is nonempty, and choose a minimal element
F € ¥, so that ¥’ := ¥X\{F} is an upper set. By induction, both H*(j$,F) and H(j&,F) vanish
in odd degrees. Applying hypercohomology to the distinguished triangles of [Ach21, Theorem
1.2.10] gives exact sequences

(] . (] .3k (] 3 1
c s HE (i F) — H(j5F) — B (j% F) b . (12)
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and

- HIGEF) — HLGEF) — HUGHF) o (13)
Since i%.F and i'.F are both isomorphic to direct sums of constant free k-local systems with only
even shifts, it follows that H* (i) and H (i%.F) both vanish in odd degrees and are free in even
degrees. Since the outer terms of the exact sequences vanish in odd degrees, the same is true of
the middle terms, completing the induction.

This argument also shows that the connecting homomorphisms in these exact sequences vanish,
so H*(j5F) — H*(j5F) is surjective and H (55, F) — HZ (j5F) is split injective for any inclusion
Y’ < ¥ of upper sets with |¥'| = |X| — 1. By induction, the same holds for any inclusion of upper
sets, which proves flabbiness and coflabbiness.

Finally, the parity vanishing proved above implies that, for any upper sets 31,32 < £, the

Mayer—Vietoris sequences

. . . .. [1]
s H (G5, Ux, F) — HU (45, F) @ H* (55, F) — H*(j5, Ax, F) — -+

and

o/ . o/ - o/ o/ [1]
T HC(];1GEQ‘F) - Hc(];)l"r) ®Hc(]§2f) - HC(J§1u22f) -

split into short exact sequences. The first exact sequence says that ¥ — H?*(j5:.F) is a sheaf, and
the second says that > — H (j5:F) is a cosheaf. O

Proposition 11.3 holds for even objects on any variety stratified by affine spaces; for example, it
also holds for the Schubert stratification of a flag variety. But the exploded modules introduced in
Section 6.1 have additional structure, namely an identification (up to shift) of the sections of the
sheaf with the cosections of the cosheaf on principal open sets. In order to prove Theorem 11.2,
we need this additional structure. It is easy to see that the sheaf and cosheaf of Proposition 11.3
agree on the maximal open set U; = Y/, since Y is compact and therefore

H*(F) = He(F)

for any F € D%(Y;k). But to relate the sheaf and cosheaf beyond this extreme case we need the
following proposition, which is particular to the geometry of the arrangement Schubert variety Y.

Forall F' e £,let Ur = Us_, and jr = js_,.
Proposition 11.4. For any F € Dg (Y;k) and any F € £, there is a natural isomorphism
H*(j7-F) — HE(jpF)[21k F]
of functors from D%(Y';k) to graded k-modules with the property that the composition
H*(F) — H*(jpF) — He(GpF)[2rk F] — HI(F)[2rk F] = H*(F)[2rk F]

with the restriction and corestriction maps coincides with the action of yr € H(L; k).
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Before proving Proposition 11.4, we show how it implies Theorem 11.2. The proof will be based
on the following result, which is an immediate consequence of Propositions 11.3 and 11.4.

Corollary 11.5. For any even object F € D%(Y;k) and any F € £, the kernel of the multiplication
by yr on H*(F) is equal to the kernel of restriction H*(F) — H*(j;F) and the image is equal to
the image of the corestriction H? (j5F) — He(F).

Remark 11.6. This corollary can be interpreted as saying that the exploded module V := AH®(F) is
built from the spaces V(F) = H*(j+F) ~ H2(j5F)[2rk F], with the maps ¢% given by restriction
and the maps 9% given by corestriction.

Proof of Theorem 11.2. We first show that, for any even object F in D%(Y;k), the H(£; k)-module
M = H*(F) (with degrees halved) is pure. More precisely, following Definition 7.10, we show
that the exploded module V := AM is flabby, coflabby, and locally free.

Let ¥ < £ be an upper set. We have isomorphisms

Fe¥

where the first isomorphism follows from Corollary 11.5 and the second follows from the cosheaf
property of Proposition 11.3. Proposition 11.3 then shows that V is coflabby.
In the same way, we have isomorphisms

[ (2,V) = im H* (jpF) = H*(j57),
FeX

and we conclude by Proposition 11.3 that V is flabby.

Next, we show that the stalk and costalk of V at any F' € £ are identified with their topological
counterparts. For the stalk, we have

Vi = coker Ury,
=~ coker (H (j5_ . F)[2rk F] — H (j5F)[21k F])
~ HS(i%F)[2 1k F]
= H*(i}.F),
where the second isomorphism follows from the exact sequence (13) (recall that the connecting
homomorphisms of this sequence vanish). Since the cohomology sheaves of i}, are constant free

k-local systems, H?*(i}.F) is free, and so V is locally free. We have completed the proof that V is
pure.
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We have a dual isomorphism for the costalk:
V[F] =ker®ry
= ker (H*(j3F) — H*(j5_ . F))
=~ H*(ip F),

where the second isomorphism follows from the exact sequence (12). Combining these isomor-
phisms, we see that the costalk-stalk homomorphism (M), which is the composition

Virp — V(F) — Vr,
is identified with the natural map
H* (ipF) — H* (i}.F).
Now suppose that F is the parity sheaf £(F';k). We wish to show that the exploded module
VY = AH*(F) is isomorphic to Qik as defined in Theorem 8.12, since Lemma 8.14 then yields

M =~ OV =~ E(LF;k). We know that V is pure, so we must verify the remaining conditions of
Theorem 8.12.

lle

For any G € F we have V(G) =~ H*(j%F) = 0, since £(F;k) is supported on Sr, and we also
have V(F') =~ H*(j5F) =k, since £(F'; k) restricts to a constant rank one local system on Sg.

It remains to show that V is taut at all G # F. This is trivial if G € F since V(G) = 0, so
suppose that G < F. The restriction j/F is indecomposable by [[MW14, Proposition 2.11], and Sg
is closed in Ug, so we can apply [[MW14, Lemma 2.21] together with the fact that S¢ is contractible
to deduce that the image of the natural homomorphism

H* (i, F) — H° (i, F)

does not contain any non-trivial direct summands as k-modules. Equivalently, the induced homo-
morphism of k-modules

H* (i F) — He (i F)

is zero." We have seen that this map is identified with 55(M), so Lemma 8.8 shows that V is taut
at G, as desired. i

Proof of Proposition 11.4. Let B < L' be a basis for F. In other words, B is a minimal set of atoms
whose join is F. We have |B| = rk F.

Let X = (P')B, and let p: Y — X denote the inclusion of Y into (P')*" followed by projection
onto the factors indexed by B. This map is equivariant for the action of (V, +), where the action

4Note that, if k is a field, then k = k and the two homomorphisms are the same.
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of v € V on X forgets the coordinates not in B. If W = CP < X is the locus of points where no
coordinate is o, then we have p~}(W) = U, the union of all S with G > F.

The class yr € H&F(L;k) = H2™%F(Y;k) is the product of y, for b € B. This implies that
yr = p*a, where o € H2™F (X k) is the standard generator. We can describe the class a as a map
of sheaves in the following way. Let i be the inclusion of {0} < W into X. Under the natural
isomorphism

H?™F (X k) = Hom po x4 (ks kx [21k F]),
the class « is given by the composition

ky — iyi'ky — i’k [21k F] — ky[21k F], (14)

where the first and third maps are the adjunctions and the middle map is obtained using the
standard orientation of X as a smooth complex variety. More precisely, if a: X — {0} is the
projection, the orientation induces an isomorphism a!k{o} ~ ky[21k F], and applying i' gives an
isomorphism

k{O} = i!a!k{o} = Z'kx [2 rk F]
which, together with the fact that ¢, = 7, gives the required map.

We can obtain a map of sheaves representing the class yr = p*a by pulling back the map (14)
by p. We have p*ky = ky, so this will give a map ky — ky-[21k F']. To see what the pullback of the
middle sheaf i.i*ky is, consider Y := p~1(0). It is the arrangement Schubert variety associated
with the vector subspace Vi == V  p~1(0), considered as a subspace of C*'\F'. Let f: Yr — Y
denote the inclusion. Since i, = i1, proper base change implies that

priiky = fuf* P kx = fufTky.
Thus pulling back (14) by p expresses the cohomology class yr as a composition
ky — fof"ky — ky[21k F].

The action of yr on the hypercohomology of F € D%(Y;k) is then given by tensoring this map
with F, using the natural isomorphism ky ® F ~ F, and taking hypercohomology. The projection
formula and compatibility of tensor with pullbacks give

[ fky ®F = fif'ky @ F
= fi(f*ky ® f*F)
= fof"(ky @ F)
>~ fof*F.
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This gives the bottom row in the following diagram:

jF *ij jF er}—[QrkF

I T

f«f*F F[2rk F]

The outer diagonal maps come from the adjunctions, together with the fact that j% = ji. To
construct the inner diagonal maps ¢ and 7, apply (jr)«j} to the bottom left map, apply (jr)j; to
the bottom right map, and use the fact that the adjunction maps

(]F)'];f*f*f—’ f*f*]:—’ (]F)*]}k?f*f*]:

are isomorphisms, because the support of f. f*F is contained in Yz, which is a closed subset of
Ur.

Taking hypercohomology of the upper path in the diagram gives homomorphisms

H* (n¢)

H*(F) — H*(jpF) — H(jpF)[2rk F] — HY(F)[2rk F] = H*(F)[2rk F]

factoring the action of yr. What remains is to show that H?*(7() is an isomorphism. In fact, we
will show that H*(n) and H*(() are both isomorphisms. This will follow from understanding the
local geometry of Y near Y. We have an isomorphism (p,q): Up — W x Yg, where q: Up — Yr
is defined as follows. Choose a complement W to Vi in V. The restriction p = p\VT/: . 7
is an isomorphism, and we let ¢(z) = = — p~!(p(z)) for x € Up. The inverse map is given by
(w,z) — x +p H(w) forwe W,z € Y.

Using this, one can construct a stratification-preserving action of C* on U with fixed point set
YF, and which contracts Ur onto Y, given by the formula®

(p(t-2),q(t- x)) = (tp(z),q(x)), teC* zeUr.

If we let g: Yr — Ur denote the inclusion, so f = jr o g, then the contracting lemma [Ach21,
Theorem 2.10.3] gives isomorphisms ¢, ~ ¢* and ¢ ~ ¢' of functors Dg(UF;k) — DYYp;k). In
particular, for an object G of Df’S(U r; k), we have natural isomorphisms

H*(G) = H'(¢:G) = H'(¢°G), Hi(G)=H"(¢G) =H"(4').

Since both the source and target of { are pushforwards of objects on Ur, to show that H*(({) is an
isomorphism it is enough to note that all of the maps in the left triangle become isomorphisms
after applying f* = ¢g*j}. Similarly, the fact that H*(n) is an isomorphism follows by noting that
the maps in the right triangle become isomorphisms after applying f' = ¢'jt. 0

SBeware that this action does 1ot extend to an action on Y.
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