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ABSTRACT. We introduce the parity module of a matroid with coefficients in a field k. When k has
characteristic zero, we show that the parity module of a matroid is isomorphic to its intersection coho-
mology module, yielding a new intrinsic characterization of the latter. The structure and dimension
of the parity module can vary depending on the characteristic, giving rise to characteristic-dependent
generalizations of the Kazhdan–Lusztig and Z-polynomials of matroids. When the matroid is real-
izable over the complex numbers, the parity module is isomorphic to the hypercohomology of the
parity sheaf supported on the arrangement Schubert variety of any such realization. We also intro-
duce the notion of pure modules over any field k and show that they satisfy a matroid analogue of the
Beilinson–Bernstein–Deligne–Gabber decomposition theorem: Every pure module over the graded
Möbius algebra decomposes as a direct sum of shifts of the parity modules of matroids obtained by
restricting to flats.

1. INTRODUCTION

Parity sheaves were introduced by Juteau, Mautner, and Williamson in 2014, and have since be-
come fundamental objects in modular geometric representation theory [JMW14]. They provide a
well-behaved substitute for intersection cohomology sheaves with coefficients in a field of positive
characteristic, where the usual formalism can fail in important ways. In particular, parity sheaves
retain many of the structural features familiar from characteristic zero, including an analogue of
the Beilinson–Bernstein–Deligne–Gabber Decomposition Theorem in [BBD82].

The intersection cohomology module of a matroid was introduced in [BHM`] and played a key
role there in the proof of the Dowling–Wilson top-heavy conjecture [DW74], as well as in the proof
of the nonnegativity of Kazhdan–Lusztig polynomials of matroids conjectured in [EPW16]. In this
paper, we introduce the parity module of a matroid (Theorem A). This object is defined over any
coefficient field and agrees with the intersection cohomology module when the coefficient field
has characteristic zero (Theorem 1.4). Thus, in addition to giving a new characterization of the
intersection cohomology module of a matroid, our construction initiates the study of positive
characteristic analogues of Kazhdan–Lusztig and Z-polynomials of matroids.

1.1. Pure modules. Let L be a geometric lattice with minimal element 0̂ and maximal element 1̂.
This means that L is a finite graded lattice that is atomic, meaning that every element is a join of
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atoms, and semimodular, meaning that

rkpF q ` rkpGq ě rkpF _Gq ` rkpF ^Gq for all F,G P L.

Equivalently, L is the lattice of flats of a matroid [Oxl11, Theorem 1.7.5]. For any field k, the graded
Möbius algebra HpL;kq is a k-algebra with additive basis tyF | F P Lu, where yF is homogeneous
of degree rkF , with multiplication given by the rule

yF yG –

$

&

%

yF_G if rkF ` rkG “ rkpF _Gq,

0 if rkF ` rkG ą rkpF _Gq.

The element y0̂ is the identity element of HpL;kq. Whenever we use the word “module”, we
will always mean a module that is finitely generated and Z-graded. Likewise, the word “module
homomorphism” will always mean a degree-preserving homomorphism of graded modules. We
write rkL for the rank of the maximal element of L.

A subset Σ of L is called an upper set if it is upwardly closed, meaning that, whenever we have
F ď G and F P Σ, we also have G P Σ. Given an upper set Σ and an HpL;kq-module M, we define
submodules

annΣpMq – tm P M | yF ¨m “ 0 for all F P Σu and spanΣpMq – ktyF ¨m | F P Σ and m P Mu.

These two constructions allow us to define a notion of purity for HpL;kq-modules.

Definition 1.1. Let M be an HpL;kq-module.

(a) We call M flabby if annΣ1pMq ` annΣ2pMq “ annΣ1XΣ2pMq for any upper sets Σ1 and Σ2.

(b) We call M coflabby if spanΣ1
pMq X spanΣ2

pMq “ spanΣ1XΣ2
pMq for any upper sets Σ1 and Σ2.

(c) If M is both flabby and coflabby, we say that M is pure.

For an HpL; kq-module M “
À

iM
i, we write M˚ for its dual module, whose degree i piece is

HomkpM´i, kq. Note that the flabby and coflabby conditions are interchanged by duality: if M is
flabby, then M˚ is coflabby, and vice versa. Note also that we always have

annΣ1pMq ` annΣ2pMq Ď annΣ1XΣ2pMq and spanΣ1
pMq X spanΣ2

pMq Ě spanΣ1XΣ2
pMq;

the opposite inclusions characterize flabbiness and coflabbiness.

Our first main results are as follows (see the beginning of Section 1.7 for a discussion of the
distinction between lettered and numbered theorems).

Theorem A. Up to isomorphism of HpL; kq-modules, there is a unique HpL;kq-module EpL;kq

satisfying the following three conditions:

(a) EpL;kq is pure,
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(b) EpL;kq is indecomposable,

(c) there is an element x P E0pL; kq such that y1̂ ¨ x is nonzero.

Theorem B. This module EpL;kq has the following additional properties:

(a) EipL; kq “ 0 if i ă 0 or i ą rkL,

(b) E0pL; kq and ErkLpL; kq are 1-dimensional k-vector spaces.

(c) If L “ L1ˆL2, then EpL; kq – EpL1; kqbEpL2; kq as modules over the graded Möbius algebra
HpL; kq – HpL1; kq b HpL2; kq.

The module EpL; kq is called the parity module of L with coefficients in k. See Remark 1.32
for a more explicit way of expressing the indecomposability condition (b) in Theorem A, in terms
of costalk-to-stalk homomorphisms. In addition to this abstract characterization, we will give an
inductive construction of EpL;kq using elementary linear algebra.

Remark 1.2. The terms flabby and coflabby refer to a sheaf and a cosheaf on L which can be associ-
ated with an HpL; kq-module M, where L is given the topology with upper sets as open sets. This
point of view is important for the proof of Theorem A that begins in Section 6, but it is not needed
for the rest of the introduction or for the applications in the earlier sections.

Remark 1.3. In [BHM`], we gave a different definition of purity for modules over HpL;Qq. See
Proposition 8.16 for a proof that the two definitions agree.

Suppose that L is the lattice of flats of a matroid, and that this matroid is realizable by a linear
subspace V Ď CL1

, where L1 is the set of atoms of L. The arrangement Schubert variety YV of
V is by definition the closure of V inside of pCP1qL

1
, and it has the property that there exists a

degree-doubling isomorphism HpL; kq – H‚pYV ; kq [HW17]. Let EpYV ; kq denote the parity sheaf
of YV with coefficients in k [JMW14]. The following theorem justifies our use of the name “parity
module”.

Theorem C. If L is the lattice of flats of a matroid realized by a linear subspace V Ď CL1
, then

there exists a degree-doubling isomorphism EpL; kq – H‚pEpYV ; kqq as modules over the ring
HpL; kq – H‚pYV ; kq.

The intersection cohomology HpL;Qq-module IHpLq was introduced in [BHM`], where it was
the key character in the proof of the Dowling–Wilson conjecture for L. The definition of IHpLq

given there is rather complicated [BHM`, Section 3], and involves taking the orthogonal com-
plement of a recursively defined submodule of the augmented Chow ring CHpL;Qq introduced
in [BHM`22]. (See Section 4 for a review of the augmented Chow ring.) The following theorem
provides a direct and intrinsic characterization of the module IHpLq.
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Theorem 1.4. There is an isomorphism of HpL;Qq-modules EpL;Qq – IHpLq, and this isomor-
phism is unique up to multiplication by a nonzero scalar in Q.

Remark 1.5. As in the setting of Theorem C, suppose that L comes from a linear subspace V Ď CE .
If k “ Q, the parity sheaf of YV with coefficients in k coincides with the intersection cohomology
sheaf. Thus, combining Theorems C and 1.4, we obtain the statement that IHpLq is isomorphic to
the intersection cohomology module IH‚pYV ; kq. This is implicit in [BHM`, Section 1.3], but it is
not stated or proved explicitly.

For any F P L, we consider the lower interval LF and the upper interval LF defined by

LF – tG P L | G ď F u and LF – tG P L | F ď Gu.

The former corresponds to the restriction of the matroid of L to the flat F , while the latter cor-
responds to the contraction of the matroid of L by the flat F . Note that the inclusion of LF into
L is rank-preserving, while the inclusion of LF into L increases rank by rkF . There is a surjec-
tive homomorphism HpL;kq Ñ HpLF ; kq taking yG to yG if G ď F and to 0 otherwise. Thus an
HpLF ; kq-module can be given an induced HpL;kq-module structure.

Theorem D. Up to isomorphism and degree shift, the modules EpLF ; kq for F P L give a complete
set of indecomposable pure HpL; kq-modules. Consequently, every pure HpL; kq-module decom-
poses as a direct sum of shifts of these modules.

Example 1.6. The augmented Chow ring CHpL; kq is a pure module over HpL; kq (Proposition
4.5(e)), and therefore decomposes as a direct sum of shifts of the parity modules EpLF ; kq. The
shape of this decomposition reflects an interesting interaction between the combinatorics of L and
the characteristic of k. For example, when L is the lattice of flats of the uniform matroid U2,3, we
have

CHpL; kq –

$

&

%

EpL; kq if charpkq “ 2,

EpL; kq ‘ EpL0̂; kqr´1s if charpkq ‰ 2.

In Theorem F, we describe how an arbitrary pure module decomposes into shifts of parity modules
using costalk-stalk homomorphisms.

1.2. Polynomials. Consider the Z-polynomialZLptq, introduced in [PXY18], and the KL-polynomial
PLptq, introduced in [EPW16]. The stalk of the parity module of L at 0̂ is the graded vector space

EpL; kq – EpL; kq
L

spanLz0̂ EpL; kq.

By Theorem 1.4 along with [BHM`, Theorem 1.19], we have

ZLptq “
ÿ

iě0

ti dimEipL;Qq and PLptq “
ÿ

iě0

ti dimEipL;Qq. (1)
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By analogy with classical Kazhdan–Lusztig theory, for any prime p, we define the p-Z-polynomial
and p-KL-polynomial

pZLptq –
ÿ

iě0

ti dimEipL;Fpq and pPLptq –
ÿ

iě0

ti dimEipL;Fpq. (2)

We will show in Corollary 9.8 that field extensions do not affect the structure of parity modules.
Thus, in fact, Equation (1) holds with Q replaced with any field of characteristic zero, and Equation
(2) holds with Fp replaced with any field of characteristic p. By convention, we will write

0ZLptq “ ZLptq and 0PLptq “ PLptq,

and we will sometimes write F0 “ Q so that Equation (2) holds when p “ 0.

Theorem 1.7. Let p be a prime number or zero. The p-Z-polynomial and p-KL-polynomial satisfy
the following properties:

(a) If rkL “ 0, then pPLptq “ 1.

(b) For all L, the p-Z-polynomial is palindromic: pZLptq “ trkLpZLpt´1q.

(c) For all L, we have pZLptq “
ÿ

FPL

trkF pPLF
ptq.

In [BHM`], it was shown that deg 0PLptq ă prkLq{2 for all L with rkL ą 0. This inequality,
along with the three properties of Theorem 1.7, completely characterizes the polynomials 0ZLptq

and 0PLptq [BV20, Theorem 2.2]. For positive p, the degree of pPLptq can be larger than prkLq{2,
and Theorem 1.7 is not sufficient to compute the polynomials pZLptq and pPLptq. We do not know
of a purely combinatorial algorithm to compute these polynomials, except for the linear term —
see Proposition 1.9 below.

Remark 1.8. It follows from Theorem 1.4 and the hard Lefschetz property for IHpLq of [BHM`,
Theorem 1.6] that the coefficients of ZLptq form a unimodal sequence. Do the coefficients of pZLptq

form a unimodal sequence for p positive?

If fptq, gptq P Nrts, we write fptq ď gptq to mean that gptq ´ fptq P Nrts. Theorem E below
asserts that working in positive characteristic can only result in larger Z- and KL-polynomials. The
analogous result for classical Kazhdan–Lusztig polynomials can be found in [JW17, Proposition
4.2(3)].

Theorem E. If p is prime, we have

0ZLptq ď pZLptq and 0PLptq ď pPLptq,

with equality for all but finitely many primes.
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We define an element F in L to be p-resonant if F is not 1̂ and, for all G ą F with rkpGq “

rkpF q ` 2, the cardinality of the open interval pF,Gq is congruent to 1 modulo p. The only 0-
resonant elements are those of corank 1, for which there are no such G. However, there may be
p-resonant elements of corank larger than 1. For example, every proper flat of the Fano matroid is
2-resonant, and every nonempty proper flat of the ternary affine plane is 3-resonant.

Proposition 1.9. The coefficient of t in pZLptq is equal to the number of p-resonant elements of L.
The coefficient of t in pPLptq is equal to the number of p-resonant elements of L minus the number
of rank 1 elements of L.

1.3. Relation with the augmented Chow ring. Recall from Theorem 1.4 that EpL;Qq is isomor-
phic to IHpLq, which is a submodule of the augmented Chow ring CHpL;Qq containing the graded
Möbius algebra HpL;Qq. The following proposition gives an analogous pair of inclusions over an
arbitrary coefficient field.

Proposition 1.10. For any geometric lattice L and field k, there are inclusions of HpL; kq-modules

HpL; kq Ď EpL; kq Ď CHpL; kq.

The graded dimensions of HpL; kq and CHpL; kq depend only on L, not on k: The dimension
of HkpL; kq is the number of rank k elements of L, while the Hilbert series of CHpL; kq is the aug-
mented Chow polynomial CLptq studied in [FMSV24]. When k “ Q, the first inclusion, together
with the hard Lefschetz property of EpL;kq, was used in [BHM`] to prove the Dowling–Wilson
conjecture:

|Lk| ď |Ld´k| for all k ď d{2 “ rkL{2.

The second inclusion is built into the construction of IHpLq in [BHM`].

In the next two theorems, we specify exactly when each of these inclusions is an equality. A
simple, connected, modular matroid of rank greater than 1 is called a projective geometry [Wel76,
Chapter 12]. Given a projective geometry, there exists an integer q ě 2 such that every rank 2 flat
has cardinality q ` 1; this number is called the order. Examples of projective geometries include
the uniform matroid U2,n for n ě 3, which has order n´ 1, the projective geometry Pd´1pFqq for a
prime power q, which has order q, and all non-Desarguesian projective planes. We write Pd´1pFqq
to denote both the matroid and its lattice of flats.

Theorem 1.11. The following conditions are equivalent for L and k, with p the characteristic of k:

(a) The HpL;kq-module HpL; kq is pure;

(b) EpL;kq – HpL;kq as HpL; kq-modules;

(c) pPLptq “ 1;

(d) L is modular and every p-resonant element of L has corank 1;
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(e) L is isomorphic to a product of a Boolean lattice and a collection of finite projective spaces,
each with an order that is not a multiple of p.

The augmented Chow ring CHpL; kq has as a quotient the Chow ring CHpL; kq; see [AHK18]
and [BHM`22]. The Chow polynomialCLptq, which depends only on L and not on k, is defined to
be the Poincaré polynomial of CHpL; kq. For combinatorial descriptions of Chow and augmented
Chow polynomials, see [FMSV24].

Theorem 1.12. The following conditions are equivalent for L and k, with p the characteristic of k:

(a) The HpL;kq-module CHpL; kq is indecomposable;

(b) EpL;kq – CHpL;kq as HpL; kq-modules;

(c) pZLptq “ CLptq;

(d) pPLptq “ CLptq;

(e) Every non-maximal element of L is p-resonant.

We say that L is p-resonant if L and p satisfy the equivalent conditions of Theorem 1.12. A
matroid is p-resonant if its lattice of flats is p-resonant.

Example 1.13. We collect here some infinite families of p-resonant matroids.

(1) The uniform matroid U2,n is p-resonant if and only if n is congruent to 1 modulo p.

(2) A projective plane of order q is p-resonant if and only if p divides q. The prime power conjec-
ture predicts that every projective plane is p-resonant for a unique p [Oxl11, Section 6.1].

(3) The projective geometry Pd´1pFqq is p-resonant if and only if q is a power of p. More generally,
a q-niform matroid [Pro19] of rank at least 3 obtained by truncating a projective geometry over
Fq is p-resonant if and only if q is a power of p.

(4) For 1 ă t ă k ă n, the blocks of a Steiner system Spt, k, nq form the set of hyperplanes of a
rank t` 1 matroid on n elements [Wel76, Chapter 12]. A Steiner system Sp2, 3, nq exists if and
only if n is congruent to 1 or 3 modulo 6, and the corresponding matroid is 2-resonant if and
only if n is congruent to 3 or 7 modulo 12. A Steiner system Sp2, 4, nq exists if and only if n is
congruent to 1 or 4 modulo 12, and the corresponding matroid is 3-resonant if and only if n is
congruent to 4 or 13 modulo 36.

(5) A hyperoval is a set of q ` 2 points in P2pFqq that intersects every line in either 0 or 2 points;
such a set exists if and only if q is even. The restriction of P2pFqq to the q2 ´ 1 points in the
complement of a hyperoval yields a 2-resonant matroid.

(6) Start with a projective space of order q, and choose a codimension 2 subspace S. Consider
the pencil of hyperplanes containing S, choose k hyperplanes from the pencil, and restrict to
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the union of those hyperplanes. If k is congruent to 1 modulo p, then the resulting matroid is
p-resonant, and the same holds for its truncations.

1.4. Inclusions of geometric lattices. Consider a rank-preserving injective map of posets L Ñ M,
where L and M are geometric lattices. In Proposition 5.2, we show that any such inclusion comes
from the operation of deleting elements from the ground set of the corresponding simple matroid.

Example 1.14. If L is the lattice of flats of a simple matroid of rank n that is realizable over Fq, then
L includes into the lattice PnpFqq of linear subspaces of Fn`1

q , with different realizations inducing
different inclusions. If L is the lattice of flats of a matroid associated with a simple graph with n
vertices, then L includes into the lattice Πn of partitions of the set rns, which is the lattice of flats
of the matroid of the complete graph on n vertices.

The inclusion φ : L Ñ M induces an inclusion of rings HpL;kq Ñ HpM;kq, taking yF to yφpF q.

Theorem 1.15. If M is a pure HpM;kq-module, then it is also a pure HpL; kq-module.

Recall that the category of finite-dimensional graded modules over a finite-dimensional graded
algebra satisfies the Krull–Schmidt theorem [Ati56]. Therefore, when the graded HpL; kq-module
EpM; kq is decomposed into a direct sum of indecomposable graded submodules, the graded iso-
morphism classes of the indecomposable summands and their graded multiplicities are uniquely
determined. Consequently, the Poincaré polynomials of the corresponding multiplicity spaces are
well-defined invariants of the HpL; kq-module EpM; kq.

Let Spφ; kq – annLz0̂pEpM; kqq be the socle of EpM; kq as a module over HpL; kq, and let

Lpφ; kq – Spφ; kq
L`

spanLz0̂pEpM; kqq X Spφ;kq
˘

.

For each F P L, the injection φ induces an injection between the upper intervals LF Ñ MφpF q,
denoted φF . The following theorem describes a decomposition of EpM;kq into indecomposable
HpL; kq-modules in terms of the graded vector spaces LpφF ; kq.

Theorem 1.16. There is a (noncanonical) isomorphism of HpL; kq-modules

EpM; kq –
à

FPL

LpφF ; kq b EpLF ; kq.

In analogy with [Sta92], we define the local h-polynomials of φ by

ℓφptq – 0ℓφptq –
ÿ

iě0

ti dimLipφ;Qq and pℓφptq –
ÿ

iě0

ti dimLipφ;Fpq.

The module decomposition in Theorem 1.16 has the following polynomial interpretation. It
gives a recursive method for computing pℓφptq, assuming that the p-Z-polynomials of all lower
intervals in L and all upper intervals in M are known.
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Corollary 1.17. Let p be prime or zero. We have

pZMptq “
ÿ

FPL

pℓφF ptq pZLF ptq.

Remark 1.18. Suppose that L and M have the same rank and that the number of atoms of M is one
more than that of L. In matroid terminology, this means that L is obtained from M by deleting a
single element that is not a coloop. In this case, with p “ 0, Corollary 1.17 specializes to the second
part of [BV20, Theorem 2.8].

Remark 1.19. Let L1 and M1 denote the sets of atoms of L and M, respectively; we regard L1 as a
subset of M1 via φ. Suppose that we have a commutative diagram of complex vector spaces

VM CM1

VL CL1

such that L is the lattice of flats of the matroid realized by the linear subspace VL Ď CL1
, and

similarly for M. This induces a commutative diagram of arrangement Schubert varieties

YVM pCP1qM
1

YVL pCP1qL
1
.

The case p “ 0 of Theorem 1.16 gives a combinatorial description of the direct image of the in-
tersection complex ICpYVM ;Qq under this projection as a direct sum of intersection complexes on
YVL . When p ą 0 it describes the decomposition of the direct image of the parity sheaf EpYVM ;Fpq
as a direct sum of parity sheaves [JMW14, Section 3.3].

The second part of the following theorem is proved by showing that the graded vector space
Lpφ; kq satisfies a version of the relative hard Lefschetz theorem when p “ 0. It follows that the
polynomial pℓφptq is unimodal when p “ 0. Do the coefficients of pℓφptq form a unimodal sequence
for p positive?

Theorem 1.20. Let p be a prime or zero.

(a) The polynomial pℓφptq is palindromic: trkMpℓφpt´1q “ pℓφptq.

(b) When p “ 0, the polynomial pℓφptq is unimodal.

Let M{L be the geometric lattice Mφp1̂q
. Note that, by definition, Lpφ1̂; kq is isomorphic to the

parity module of M{L with coefficients in k as a graded vector space over k. Thus, Proposition 1.9
and Corollary 1.17 imply the following inequalities.



10 TOM BRADEN, JUNE HUH, JACOB P. MATHERNE, NICHOLAS PROUDFOOT, AND BOTONG WANG

Corollary 1.21. Let p be a prime or zero. If there is a rank-preserving inclusion φ : L Ñ M, then

pZM{Lptq ¨ pZLptq ď pZMptq.

In particular, the number of p-resonant elements of M is at least as large as the sum of the corre-
sponding numbers for L and M{L.

Corollary 1.22. For any F P M and any p which is prime or zero, we have

pZMF
ptq ¨ pZMF ptq ď pZMptq.

The equality holds if M is the product of MF and MF .

We illustrate Corollary 1.21 with a few examples.

Example 1.23. Corollary 1.21 implies that the Fano plane P2pF2q is not realizable over F3: An F3-
realization of P2pF2q would induce a rank-preserving inclusion P2pF2q Ñ P2pF3q, but the number
of 2-resonant flats of P2pF2q is 15, whereas the number of 2-resonant flats of P2pF3q is 13. Similarly,
P2pF5q is not realizable over F7, because the number of 5-resonant flats of P2pF5q is 63 and the
number of 5-resonant flats of P2pF7q is 57.

Example 1.24. Let AnpFqq be the lattice of affine subspaces of Fnq . We may regard these as linear
subspaces of Fn`1

q that are not contained in the hyperplane at infinity, so we have an embedding
AnpFqq Ď PnpFqq. The lattice PnpFqq has qn ` ¨ ¨ ¨ ` q ` 1 elements of rank n, whereas AnpFqq has
one fewer such element. Thus the second inequality of Corollary 1.21 is strict when p “ 0. If q is
odd, then PnpFqq has no additional 2-resonant elements, but AnpFqq has one additional 2-resonant
element, namely the minimal element. Thus the second inequality of Corollary 1.21 is an equality
when p “ 2. Note, however, that the inclusion of AnpFqq into PnpFqq does not take 2-resonant
elements to 2-resonant elements.

Example 1.25. There exists an exotic inclusion of A2pF3q into P2pF4q. The lattice P2pF4q has 21 0-
resonant flats, and the same number of 3-resonant flats, namely all flats of rank 2. The sublattice
A2pF3q has only 12 0-resonant elements, but it has 21 3-resonant elements. Thus the inequalities of
Corollary 1.21 are equalities when p “ 3.

Example 1.26. Let L be the geometric lattice associated with a Steiner system Sp2, 5, 45q, viewed as
a rank 3 paving matroid on 45 elements.1 Let M “ P2pF11q. Then L has 99 0-resonant elements
and M has 133 0-resonant elements. However, L has 145 2-resonant elements, and M has only
133 2-resonant elements. Thus the p “ 0 case of the second inequality of Corollary 1.21 does not
provide an obstruction to embedding L into M, but the p “ 2 case does.

1For constructions, see for example [CZ22]. There are at least 1072 non-isomorphic Sp2, 5, 45q designs.
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1.5. Upper homogeneous geometric lattices. We call M upper homogeneous if, for all F and G
in M of the same rank, there is an isomorphism of posets MF – MG. Examples of upper ho-
mogeneous geometric lattices include the projective geometry PnpFqq, the affine geometry AnpFqq,
and the partition lattice Πn.

Recall from Theorem 1.15 that a rank-preserving inclusion φ : L Ñ M gives the parity module
EpM; kq the structure of a pure module over HpL; kq. The following result follows from Corollary
1.17 via induction.

Theorem 1.27. If M is upper homogeneous, then the isomorphism type of EpM;kq as an HpL;kq-
module is independent of the choice of φ. In particular, the local h-polynomials for inclusions of
L into M do not depend on the choice of inclusion.

The following example shows that the conclusion of Theorem 1.27 can fail if M is not upper
homogeneous.

Example 1.28. Let Γ be the graph obtained from the complete graph K4 by deleting a single edge,
and let e be the unique edge of Γ that is not adjacent to the deleted edge. Let M be the lattice
of flats of the corresponding graphic matroid. Then M is not upper homogeneous, because the
matroid of the graph obtained by contracting e and simplifying is not isomorphic to the matroid
of the graph obtained by contracting a different edge and simplifying.

Let L be the Boolean lattice of rank 3. Inclusions of L into M correspond to choices of a spanning
tree for Γ, and there are two kinds of spanning trees: those that contain e and those that do not.
If φ : L Ñ M is an inclusion corresponding to a spanning tree that contains e, then we may use
Corollary 1.17 to compute that 0ℓφptq “ t ` t2. On the other hand, if ψ : L Ñ M is an inclusion
corresponding to a spanning tree that does not contain e, then 0ℓψptq “ 0.

For each L and p, we recursively define a polynomial pℓLpq, tq P Zrq, ts as follows:

(1) If rkL “ 0, then pℓLpq, tq “ 1.

(2) If rkL “ d ą 0, then pℓLpq, tq “
řd
k“0

“

d
k

‰

q
tk ´

ř

F‰0̂ pℓLF
pq, tq pZLF ptq.

This recursion indeed defines an element of Zrq, ts, since the q-binomial coefficients
“

d
k

‰

q
are poly-

nomials in q with integer coefficients.

The following proposition is a consequence of Corollary 1.17, as well as an illustration of Theo-
rem 1.27 in the case where rkL “ d and M “ Pd´1pFqq.

Proposition 1.29. If rkL “ d and there is an inclusion φ : L Ñ Pd´1pFqq, then pℓLpq, tq “ pℓφptq for
p “ 0 and for every prime p not dividing q.
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It follows that, if L is realizable over Fq, then pℓLpq, tq P Nrts for p “ 0 and for every prime p not
dividing q.

Example 1.30. Let U2,4 be the lattice of flats for the uniform matroid of rank 2 on 4 elements. We
may compute 0ℓU2,4pq, tq “ pq´ 3qt. In particular, 0ℓU2,4p2, tq “ ´t. This reflects the fact that U2,4 is
not realizable over the field F2.

1.6. Stalks, costalks, and decompositions. For any F P L, consider the upper sets

ΣěF – LF “ tG P L | G ě F u and ΣąF – ΣěF ztF u “ tG P L | G ą F u.

For any pure HpL; kq-module M and F P L, we define the costalk MrF s and the stalk MF by

MrF s – annΣ
ą0̂

`

spanΣěF
pMq

˘

rrkF s and MF –
`

spanΣěF
pMq{ spanΣąF

pMq
˘

rrkF s.

Observe that there is a natural costalk-stalk homomorphism

βF pMq : MrF s ÝÑ MF ,

given by including MrF s into yFMrrkF s and then projecting to MF .

Example 1.31. By Theorem 1.15, a rank-preserving inclusion φ : L Ñ M gives EpM; kq the struc-
ture of a pure module over HpL;kq. Its costalk at 0̂ in L is the socle Spφ;kq, and the image of the
costalk-stalk homomorphism at 0̂ is the quotient Lpφ; kq.

Theorem D implies that the HpL;kq-module M decomposes as a direct sum of shifts of the parity
modules EpLF ; kq. Theorem F below characterizes the multiplicity spaces in terms of the costalk-
stalk homomorphisms, generalizing Theorem 1.16.

Theorem F. For any pure HpL;kq-module M, there is an isomorphism of HpL; kq-modules

M –
à

FPL

impβF pMqq b EpLF ; kq.

Remark 1.32. It is typically difficult to check whether a given module over a ring is indecom-
posable. However, Theorem F provides us with such a procedure for pure modules over the
ring HpL;kq: a pure module M is indecomposable if and only if the costalk-stalk homomorphism
βF pMq is equal to zero for all but one choice of F P L, and the one nonvanishing homomorphism
has rank 1. In particular, EpL; kq is characterized, up to shift, by purity and the fact that

rkβF pEpL; kqq “

$

&

%

1 if F “ 1̂,

0 otherwise.



THE PARITY MODULE OF A MATROID 13

1.7. Structure of the paper. The technical core of this paper consists of Theorems A, B, C, D, E,
and F, all of which will be proved by introducing auxiliary categories of sheaves on posets. Rather
than beginning with this somewhat dense material, we will instead begin by assuming these six
results, and using them2 to prove the numbered theorems, propositions, and corollaries from the
introduction.

In Section 2, we define a filtration of an arbitrary HpL;kq-module and use it to prove Theorem
1.7. In Section 3, we study the Poincaré pairing on HpL; kq and use it to prove Theorem 1.11. In
Section 4, we study the augmented Chow ring CHpL;kq as a module over HpL;kq, and we use it
to prove Theorems 1.4 and 1.12, as well as Propositions 1.9 and 1.10. In Section 5, we consider
inclusions of geometric lattices L Ñ M and prove Theorems 1.15 , 1.16, and 1.20.

The remaining sections are devoted to the proofs of Theorems A, B, C, D, E, and F. Section 6
gives a way of replacing an HpL; kq-module M with an “exploded” version. Roughly, this means
replacing M by the graded vector spaces yFM for all F P L, together with the maps between them
induced by factorizations yF “ yGyH in HpL; kq. This generalizes to give a category CpΣ; kq of “ex-
ploded modules” for any upwardly closed subset Σ Ď L, in which only the spaces corresponding
to elements F P Σ are retained. This makes it possible to construct HpL;kq-modules inductively,
by adding elements to Σ one at a time.

In Section 7, we define the notion of flabbiness, coflabbiness, and purity for objects in CpΣ; kq,
agreeing with the notions for HpL;kq-modules when Σ “ L. We also generalize the stalk, costalk,
and duality functors to this setting. In order to prove Theorem E, we need to allow k to be a DVR
and define the notion of purity in this setting.

In Section 8, we apply this to give an inductive construction and classification of indecom-
posable objects in CpΣ; kq. When applied to the case Σ “ L, this gives Theorems A, D, and F. In
Section 9, we analyze the construction in greater detail in order to prove Theorems B and E. In Sec-
tion 10, we give a formula for the dimension of the Hom space between two pure HpL; kq-modules
in terms of their stalks and costalks, and use it to characterize parity modules with only scalar en-
domorphisms. Finally, in Section 11, we prove Theorem C by showing that the hypercohomology
of the parity sheaf EpYV ; kq satisfies the conditions of Theorem A.
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SIM-00825156 and NSF grant DMS-2053308. Jacob Matherne received support from NSF Grant
DMS-2452179 and Simons Foundation Travel Support for Mathematicians Award MPS-TSM00007970.
Nicholas Proudfoot was supported by NSF grants DMS-1954050, DMS-2053243, and DMS-2344861,
and by All Souls College. Botong Wang was partially supported by the Simons Foundation. Part

2Theorem C will not be needed to prove any of the numbered results.
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2. FILTRATIONS

In this section, we define a filtration of an arbitrary HpL; kq-module and use it to prove Theorem
1.7, assuming Theorems A and F. We begin by proving that the parity module EpL; kq satisfies the
following version of Poincaré duality.

Proposition 2.1. There is an isomorphism of HpL; kq-modules EpL; kq˚r´ rkLs – EpL;kq.

It follows that the polynomial pZLptq is palindromic: trkLpZLpt´1q “ pZLptq.

Proof. Flabbiness of EpL;kq implies coflabbiness of EpL;kq˚, and coflabbiness of EpL;kq implies
flabbiness of EpL; kq˚, so EpL; kq˚ is pure. Indecomposability of EpL;kq implies indecomposability
of EpL;kq˚. Let x P E0pL; kq be an element such that y1̂ ¨ x ‰ 0, and let φ P ErkLpL; kq˚ be a linear
functional that does not vanish on y1̂ ¨x. Then y1̂ ¨φ does not vanish on x, and is therefore nonzero.
Thus EpL; kq˚r´ rkLs – EpL;kq by Theorem A. □

Remark 2.2. Proposition 2.1 is equivalent to the existence of an HpL; kq-invariant nondegenerate
bilinear pairing B on EpL; kq that satisfies the orthogonality relations

BpEipL; kq,EjpL; kqq “ 0 unless i` j “ rkL.

Proposition 1.10, which we will prove in Section 4, says that EpL; kq embeds into CHpL;kq, and
Proposition 4.5(b) says that the Poincaré pairing on CHpL; kq is nondegenerate. Restricting the
Poincaré pairing from CHpL;kq to EpL; kq yields a nondegenerate symmetric bilinear pairing on
EpL; kq.3

For any HpL; kq-module M, the submodule yFM is naturally an HpLF ; kq-module. To see this,
we use the surjective homomorphism of graded k-algebras

σF : HpL; kq ÝÑ HpLF ; kq, yG ÞÝÑ yF yG,

where the product yF yG is computed in HpL; kq and then the resulting element, either yF_G or
zero, is interpreted as an element in HpLF ; kq. For instance, σF sends y0̂ to yF , which is the identity

3Let x be an element of E0
pL; kq such that y1̂ ¨ x is nonzero. Using Fitting’s lemma, one can show that an HpL; kq-

module endomorphism φ of EpL; kq is an automorphism if and only if φpxq ‰ 0. It follows that an HpL; kq-invariant
bilinear pairing B on EpL; kq is nondegenerate if and only if Bpx, y1̂ ¨ xq ‰ 0. Clearly, this condition is satisfied by the
restriction of the multiplicative pairing on CHpL; kq to its summand EpL; kq, for any splitting of CHpL; kq by EpL; kq.
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in HpLF ; kq. Then the action of HpLF ; kq on yFM is given by the formula

σF pzq ¨ yFm “ zyFm for any z P HpL;kq.

This is well-defined because the kernel of σF is the kernel of multiplication by yF . Put another
way, if we write ryG to denote the basis element of HpLF ; kq indexed by G P LF , we have

ryG ¨ yFm “ yGm.

It follows from this that, for any upper set Σ Ď LF Ď L and any HpL;kq-module M, we have

spanΣ yFM “ spanΣM and annΣ yFM “ annΣM X yFM, (3)

where the left sides of these equalities use the HpLF ; kq-module structure and the right sides use
the HpL; kq-module structure.

Lemma 2.3. Let M be an HpL;kq-module, and yFM the corresponding HpLF ; kq-module.

(a) If M is a pure HpL;kq-module, then yFM is a pure HpLF ; kq-module.

(b) For all G P LF Ď L, we have canonical stalk and costalk isomorphisms

pyFMqG – MGr´ rkF s and pyFMqrGs – MrGsr´ rkF s,

along with an identification of the costalk-stalk homomorphisms βGpyFMq “ βGpMq.

(c) If M is an indecomposable pure HpL; kq-module, then yFM is either zero or an indecompos-
able HpLF ; kq-module.

Proof. Parts (a) and (b) follow from Equation (3). For Part (c), suppose that M is indecomposable.
By Theorem F and Remark 1.32, the homomorphism βGpMq is equal to zero for all but one element
G, and the one nonvanishing homomorphism has rank 1. If G lies in LF , then the same property
will hold for the HpLF ; kq-module yFM, and hence yFM is an indecomposable HpLF ; kq-module.
Otherwise, we have yFM “ 0. □

Proposition 2.4. There is an isomorphism of HpLF ; kq-modules yFEpL; kqrrkF s – EpLF ; kq.

Proof. Lemma 2.3 implies that yFEpL; kqrrkF s is a pure and indecomposable HpLF ; kq-module. If
x is an element of E0pL; kq such that y1̂ ¨x is nonzero, then ry1̂ ¨ pyFxq is nonzero in yFEpL; kqrrkF s.
Therefore, by Theorem A, we have yFEpL; kqrrkF s – EpLF ; kq. □

Remark 2.5. This result also follows directly from our construction of the module EpL; kq; see
Remark 8.15. Indeed, this isomorphism is fundamental to the inductive construction that we give.

Lemma 2.6. Let Σ Ď L be an upper set, and let F P Σ be a minimal element. If M is a coflabby
HpL; kq-module, then the following natural map is an isomorphism:

MF r´ rkF s “ spanΣěF
pMq{ spanΣąF

pMq ÝÑ spanΣpMq{ spanΣzF pMq.
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Proof. Surjectivity follows from ΣěF Y pΣzF q “ Σ. Injectivity follows from coflabbiness, since

spanΣěF
pMq X spanΣzF pMq “ spanΣěF XpΣzF qpMq “ spanΣąF

pMq. □

Let m be the unique graded maximal ideal of HpL;kq, the span of all yF of positive degree. For
any HpL;kq-module M, we have a canonical filtration m0M Ě m1M Ě m2M Ě ¨ ¨ ¨ of M. The
associated graded grM is the vector space

grM –
à

kě0

mkM{mk`1M.

Note that grM is (noncanonically) isomorphic to M as a graded vector space, where the grading is
induced by the original grading on M. The proof of the following proposition is adapted from the
proof of [BHM`, Theorem 1.8].

Proposition 2.7. For any coflabby HpL;kq-module M, there is a canonical isomorphism of graded
vector spaces

grM –
à

FPL

MF r´ rkF s.

Proof. Let Π – tF P L | rkF ě ku and Σ – tF P L | rkF ą ku. We then have

mkM{mk`1M “ spanΠpMq{ spanΣpMq.

Write Lk “ tF1, F2, . . . , Fru. Thus, F1, . . . , Fr are precisely the elements of Π that do not belong to
Σ. For all i P t1, . . . , ru, let Σi – Σ Y tFiu. Then

à

FPLk

MF r´ks “

r
à

i“1

MFir´ks –

r
à

i“1

spanΣi
pMq{ spanΣpMq,

where the second isomorphism follows from Lemma 2.6. Consider the natural map

ρ :
r

à

i“1

spanΣi
pMq{ spanΣpMq ÝÑ spanΠpMq{ spanΣpMq.

Clearly, the map ρ is surjective. To see that ρ is injective, consider an element of its kernel

pm1, . . . ,mrq P spanΣ1
pMq ‘ ¨ ¨ ¨ ‘ spanΣr

pMq.

Let S – tFi | mi R spanΣpMqu, and assume for the sake of contradiction that S is both nonempty
and as small as possible. Since each component of ρ is injective, we have |S| ě 2. Let S “ S1 Y S2

be a nontrivial partition of S, and define

n1 –
ÿ

FiPS1

mi P spanΣYS1
pMq and n2 –

ÿ

FiPS2

mi P spanΣYS2
pMq.

By minimality of S, neither n1 nor n2 lies in spanΣpMq. But n1 ` n2 P spanΣpMq, which implies
that n1 and n2 both live in spanΣYS1

pMq X spanΣYS2
pMq “ spanΣpMq. □
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Proof of Theorem 1.7. Part (a) is immediate from the definitions. Part (b) follows from Proposition
2.1. Propositions 2.4 and 2.7 tell us that

grEpL;kq –
à

FPL

EpL; kqF r´ rkF s –
à

FPL

EpLF ; kqF r´ rkF s.

Taking Poincaré polynomials of both sides gives us Part (c). □

3. THE POINCARÉ PAIRING

In this section, we study the Poincaré pairing on HpL;kq and use it to prove Theorem 1.11,
assuming Theorems A, B, and E. Let p be zero or prime, and let k be a field of characteristic p.

Lemma 3.1. For all L, we have pPLp0q “ 1.

Proof. By Parts (a) and (b) of Theorem B, we have E0pL; kq “ E0pL; kq – k. □

Corollary 3.2. The coefficient of ti in pZLptq is greater than or equal to |tF P L | rkF “ iu|.

Proof. This follows from Theorem 1.7 and Lemma 3.1. □

Corollary 3.3. If pPLptq “ 1, then EpL; kq – HpL;kq.

Proof. If pPLptq “ 1, then EpL; kq is 1-dimensional and concentrated in degree 0, which means
that EpL;kq is generated as an HpL; kq-module by a single element x P E0pL; kq. This gives us a
surjection HpL; kq Ñ EpL; kq sending y to y ¨x. By Corollary 3.2, this must be an isomorphism. □

Consider the trace function τ : HpL; kq Ñ k that picks out the coefficient of y1̂. We have a
symmetric bilinear form on HpL; kq given by the formula xη, ξy – τpηξq. We will call this the
Poincaré pairing on HpL; kq.

Lemma 3.4. We have an isomorphism HpL;kq – EpL;kq if and only if the Poincaré pairing is
nondegenerate.

The Poincaré pairing on HpL;kq is analogous to that on the cohomology of a singular projective
variety over the complex numbers. Lemma 3.4 states that, in this case, cohomology is isomorphic
to intersection cohomology if and only if the Poincaré pairing is nondegenerate.

Proof of Lemma 3.4. Let d “ rkL. If the Poincaré pairing is nondegenerate, then it gives an isomor-
phism of HpL; kq-modules HpL; kq˚r´ds – HpL;kq. The module HpL; kq is always coflabby, and
hence HpL; kq˚r´ds is always flabby. Consequently, if the Poincaré pairing is nondegenerate, then
HpL; kq is pure, and is therefore isomorphic to EpL; kq by Theorem A.
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Conversely, suppose that HpL;kq – EpL; kq. Proposition 2.1 implies that there is an isomor-
phism ρ : HpL;kq – HpL; kq˚r´ds. Multiplying ρ by a nonzero scalar if necessary, we may assume
that ρpy0̂qpy1̂q “ 1. Then, for any η, ξ in HpL; kq, we have

ρpηqpξq “ ρpy0̂qpηξq “ τpηξq “ xη, ξy.

The fact that ρ is an isomorphism means that the Poincaré pairing is nondegenerate. □

Proposition 3.5. Let L be a projective geometry of order q, and k a field of characteristic p. Then
HpL; kq – EpL; kq if and only if q is not a multiple of p.

Proof. Let DpL; kq denote the ungraded Möbius algebra of L with coefficients in k. This algebra
has a k-basis tuF | F P Lu and multiplication given by uFuG “ uF_G for all F and G. It is a
filtered algebra whose associated graded is canonically isomorphic to HpL;kq.

Consider the trace function τD : DpL; kq Ñ k given by taking the coefficient of u1̂, along with the
symmetric bilinear form on DpL; kq given by the formula xξ, ηyD – τDpη ξq. If we choose a total
order on L that refines the partial order, then the matrix representing x´ ,´yD will be block lower-
right triangular, with diagonal blocks given by the restricted pairing between tuF | rkF “ iu

and tuF | crkF “ iu, where crkF – rkL ´ rkF . Setting the off-diagonal blocks to zero gives
the matrix that represents the Poincaré pairing on HpL;kq, thus each of the two bilinear forms is
nondegenerate if and only if the other is nondegenerate.

Consider an alternate basis tvF | F P Lu for DpL; kq, where

vF –
ÿ

FďG

µpF,GquG.

This basis has the property that vF vG “ δFGvF for all F and G, and therefore

xvF , vGyD “ δFG µpF, 1̂q.

It follows that the determinant of the bilinear form x´ ,´yD is equal to
ź

FPL

µpF, 1̂q “
ź

FPL

´

p´1qcrkF qpcrkF
2 q

¯

.

This determinant is equal to zero in k if and only if q is a multiple of p. The proposition therefore
follows from the conclusion of the previous paragraph along with Lemma 3.4. □

Lemma 3.6. If L “ L1 ˆ L2, then L has a p-resonant element of corank greater than 1 if and only
if either L1 or L2 has a p-resonant element of corank greater than 1.

Proof. We begin by noting that F1 is p-resonant in L1 if and only if pF1, 1̂q is p-resonant in L,
and similarly F2 is p-resonant in L2 if and only if p1̂, F2q is p-resonant in L. This proves the “if”
direction. For the other direction, it is sufficient to show that every p-resonant element of L has
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one of these two forms. Indeed, suppose that F1 P L1 and F2 P L2 with neither one maximal.
Choose Gi P Li covering Fi. Then rkpG1, G2q “ rkpF1, F2q ` 2, and the open interval between
pF1, F2q and pG1, G2q has cardinality 2, which is not congruent to 1 modulo p. □

Lemma 3.7. If L is Boolean, then an element of L is p-resonant if and only if it has corank 1. If L
is a projective space of order q, then an element of L of corank greater than 1 is p-resonant if and
only if q is a multiple of p.

Proof. Suppose F ă G P L with rkG “ rkF ` 2. If L is Boolean, then the open interval pF,Gq has
cardinality 2, which is never congruent to 1 modulo p. If L is a projective space of order q, then
pF,Gq has cardinality q ` 1, which is congruent to 1 modulo p if and only if p divides q. □

Proof of Theorem 1.11. If HpL; kq is pure, then HpL;kq satisfies the three conditions of Theorem A,
thus EpL; kq – HpL;kq. Conversely, if EpL; kq – HpL;kq, then HpL; kq is pure by definition of
EpL; kq. Thus condition (a) is equivalent to condition (b).

If EpL; kq – HpL; kq, then EpL; kq – k, thus pPLptq “ 1. Conversely, if pPLptq “ 1, then EpL; kq –

HpL; kq by Corollary 3.3. Thus condition (c) is equivalent to condition (b).

We next prove the equivalence of conditions (d) and (e). Birkhoff’s theorem states that a geo-
metric lattice L is modular if and only if L – L0 ˆ L1 ˆ ¨ ¨ ¨ ˆ Lr, where L0 is Boolean and Li is a
projective space of order qi for all i ě 1, see [Wel76, Chapter 12]. By Lemmas 3.6 and 3.7, such a
lattice has a p-resonant element of corank greater than 1 if and only if qi is a multiple of p for some
i. This establishes the equivalence between (d) and (e).

It remains to prove the equivalence between conditions (b) and (e). First, we assume that we
have an isomorphism L – L0 ˆ L1 ˆ ¨ ¨ ¨ ˆ Lr, where L0 is Boolean and Li is a projective space of
order qi for some qi that is not a multiple of p for each 1 ď i ď r. By Theorem B(c) and Proposition
3.5, we have

HpL; kq – HpL0; kq b ¨ ¨ ¨ b HpLr; kq – EpL0; kq b ¨ ¨ ¨ b EpLr; kq – EpL; kq.

Thus condition (e) implies condition (b). Conversely, suppose that HpL;kq – EpL;kq. This implies
that pPLptq “ 1, and therefore that 0PLptq “ 1 by Theorem E. By [EPW16, Proposition 2.14], this
implies that L is modular. By Birkhoff’s theorem, we have an isomorphism L – L0 ˆL1 ˆ¨ ¨ ¨ˆLr,
where L0 is Boolean and Li is a projective space of order qi for all i ě 1. By Theorem B(c), we have
HpLi; kq – EpLi; kq for all i ě 0, and by Proposition 3.5, qi is not a multiple of p for all i ě 1. This
proves that condition (b) implies condition (e), and thus completes the proof of the theorem. □
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4. THE AUGMENTED CHOW RING

In this section, we study the augmented Chow ring CHpL;kq as a module over HpL; kq, and we
use it to prove Theorems 1.4 and 1.12 as well as Proposition 1.9.

Let L1 be the set of atoms of L, and let SL be the ring of polynomials in two sets of variables:

SL – kryi | i is an element of L1s bk krxF | F is an element of Ls.

The augmented Chow ring of L with coefficients in k is the quotient algebra

CHpL; kq – SL{pIL ` JLq,

where IL is the ideal generated by the linear forms
ÿ

FPL

xF and yi ´
ÿ

ięF

xF , for every element i of L1,

and JL is the ideal generated by the quadratic monomials

xF1xF2 , for every pair of incomparable elements F1 and F2 of L, and

yi xF , for every element i of L1 and every element F of L satisfying i ę F .

By [BHM`22, Proposition 2.18], the k-subalgebra of the augmented Chow ring generated by the
elements yi is isomorphic to the graded Möbius algebra HpL;kq. The Chow ring of L with coeffi-
cients in k is defined to be the stalk

CHpL; kq – CHpL; kq0̂ “ CHpL;kq{xyi | i P L1y.

The Chow ring of a matroid is precisely the Chow ring of its associated Bergman fan, while the
augmented Chow ring is the Chow ring of the augmented Bergman fan. For a comprehensive
treatment of these constructions and their properties, we refer the reader to [BHM`22].

We will be particularly interested in the class βL – ´x0̂ in CHpL; kq.

Lemma 4.1.

(a) The space CH1pL; kq has k-basis txF | rkF ě 1u.

(b) The space CH1pL; kq has k-basis txF | rkF ě 2u.

Proof. The relation
ř

FPL xF allows us to express x0̂ in terms of xF for F of positive rank in
CHpL; kq. In the Chow ring, where yi “ 0 for all i, we have xi “ ´

ř

iăF xF for any i P L1. □

For any G P Lzt0̂u, we let mG be the number of atoms of LG.

Lemma 4.2. In the Chow ring CHpL; kq, we have the identity

βL “
ÿ

rkGě2

p1 ´mGqxG.
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Proof. For any element F of rank 1, we have
ÿ

FďG

xG “
ÿ

G

xG ´
ÿ

FęG

xG “ 0 ´ 0 “ 0.

It follows that
ÿ

rkGě1

mGxG “
ÿ

FďG
rkF“1

xG “
ÿ

rkF“1

ÿ

FďG

xG “ 0.

We therefore have
ÿ

rkGě2

p1 ´mGqxG “
ÿ

rkGě1

p1 ´mGqxG “
ÿ

rkGě1

xG ´
ÿ

rkGě1

mGxG “
ÿ

rkGě1

xG.

Since
ř

G xG “ 0, this is equal to ´x0̂ “ βL. □

Lemma 4.3. If mG is congruent to 1 modulo p for every element G P L of rank 2, then mG is
congruent to 1 modulo p for every element G P L of rank at least 2.

Proof. Let G be given of rank at least 2, and fix a rank 1 element F ď G. There is a surjective map

ν : pLGq1 ∖ tF u ÝÑ pLGF q1 “ LFG X L2

that takes F 1 to F _ F 1, and the cardinality of ν´1pHq is equal to mH ´ 1. We therefore have

mG ´ 1 “
ˇ

ˇpLGq1 ∖ tF u
ˇ

ˇ “
ÿ

HPpLG
F q1

pmH ´ 1q .

Thus, if mH is congruent to 1 for all H of rank 2, then mG is congruent to 1, as well. □

Recall that an element F P L is p-resonant if and only if F ‰ 1̂ and, for all G ą F with
rkpGq “ rkpF q ` 2, the cardinality of the open interval pF,Gq is congruent to 1 modulo p.

Corollary 4.4. We have βL “ 0 P CH1pL; kq if and only if 0̂ P L is p-resonant or rkL “ 0.

Proof. We have 0̂ ‰ 1̂ if and only if rkL ą 0, and the second condition for p-resonance of 0̂ is
equivalent to the statement that βL “ 0 by Lemmas 4.1, 4.2, and 4.3. □

The following statements are proved in [BHM`22] and [BHM`] when k “ Q, and the proofs go
through for arbitrary k without modification.

Proposition 4.5. Let CHpL;kq be the augmented Chow ring of L with coefficients in a field k.

(a) The HpL; kq-module homomorphism from HpL;kq to CHpL; kq sending 1 to 1 is injective
[BHM`22, Proposition 2.18].

(b) The Poincaré pairing on CHpL; kq is nondegenerate [BHM`22, Theorem 1.6(4)].
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(c) For all F P L, there is a canonical isomorphism

yF CHpL; kq – CHpLF ; kqr´ rkF s

of HpLF ; kq-modules [BHM`, Propositions 2.15 and 2.17].

(d) If rkL ą 0, the ideals xx0̂y and xyi | i P L1y are mutual annihilators [BHM`, Lemma 5.3].

(e) The HpL;kq-module CHpL; kq is pure [BHM`, Proposition 5.14].

The following proposition is proved in [BHM`, Proposition 5.9] without explicit reference to
the commutative diagram; we provide the full proof here for completeness.

Proposition 4.6. We have CHpL; kq1̂ – k – CHpL;kq
r1̂s

, and the costalk-stalk homomorphism
β1̂pCHpL; kqq is an isomorphism. For all F ‰ 1̂, we have isomorphisms

CHpL; kqrF s – CHpLF ; kqr´1s and CHpL; kqF – CHpLF ; kq

such that the following diagram commutes:

CHpL; kqrF s CHpL; kqF

CHpLF ; kqr´1s CHpLF ; kq.

βF pCHpL;kqq

– –

¨βLF

Proof. The first statement is very general: for any HpL; kq-module M, we have

M1̂ “ y1̂MrrkLs “ M
r1̂s
,

and the costalk-stalk map β1̂pMq is an isomorphism.

We prove the second statement for F “ 0̂. By part (d) of Proposition 4.5, we have

CHpL; kq
r0̂s

“ x0̂CHpL; kq – CHpL; kqr´1s,

where the isomorphism sends x0̂xF to ´xF . Using this isomorphism, the composition

CHpL; kqr´1s – CHpL; kq
r0̂s

CHpL; kq0̂ – CHpL; kq
β0̂pCHpL;kqq

is given by multiplication by ´x0̂ “ βL. The second statement for 0̂ ă F ă 1̂ follows from the
statement for F “ 0̂ using part (c) of Proposition 4.5 and Lemma 2.3. □

Proof of Theorem 1.4. By [BHM`, Theorem 3.21] and [BHM`, Proposition 6.4], IHpLq is an inde-
composable direct summand of CHpL;Qq that contains CH0pL;Qq, and its endomorphism ring as
an HpL;Qq-module consists only of scalars. In particular, it is pure by Proposition 4.5(e), and it
has an element 1 P IH0pLq “ CH0pL;Qq with the property that y1̂ ¨ 1 ‰ 0. Therefore, by Theo-
rem A, IHpLq is isomorphic to EpL;Qq as HpL;Qq-modules, and this isomorphism is unique up to
a nonzero scalar. □
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Proof of Proposition 1.9. By Proposition 4.5(e), Proposition 4.6, and Theorem F, there is an isomor-
phism

CHpL; kq – EpL; kq ‘
à

Fă1̂

βLF
CHpLF ; kq b EpLF ; kq. (4)

By Corollary 4.4, βLF
“ 0 if and only if F is p-resonant, and hence

CH1pL; kq – E1pL; kq ‘ kr, (5)

where r is the number of F ă 1̂ which are not p-resonant. Similarly, by taking stalks at 0̂ of both
sides of Equation (4), we obtain the equation

CH1pL; kq – E1pL; kq ‘ kr. (6)

By parts (a) and (b) of Theorem B, E0pL; kq and E0pL; kq are both 1-dimensional. By Lemma 4.1, the
dimension of CH1pL; kq is equal to the cardinality of L minus one, and the dimension of CH1pL; kq

is |L| ´ |L1| ´ 1. The proposition therefore follows from Equations (5) and (6). □

Remark 4.7. In Section 9.2, we give an alternative proof of Proposition 1.9 that does not use the
augmented Chow ring.

Proof of Proposition 1.10. Theorem F implies that EpL;kq is a direct summand of CHpL; kq, yielding
the second inclusion. Since E0pL; kq “ CH0pL; kq, the first inclusion follows from part (a) of
Proposition 4.5. □

Remark 4.8. The inclusion HpL; kq Ď EpL; kq can alternatively be deduced from the injectivity of
the map ρ appearing in the proof of Proposition 2.7.

Proof of Theorem 1.12. By Equation (4), EpL; kq is isomorphic to a direct summand of CHpL; kq, and
hence conditions (a), (b), and (c) are equivalent. By Equation (4) and Corollary 4.4, conditions
(b) and (e) are equivalent. By taking stalks at 0̂, we see that condition (b) implies condition (d).
Finally, condition (d) implies condition (e) by Equation (6). □

5. INCLUSIONS OF LATTICES

In this section, we prove Theorems 1.15, 1.16, and 1.20. As in Section 1.4, we consider a rank-
preserving inclusion of geometric lattices φ : L Ñ M. We begin by explaining why such an inclu-
sion always comes from the operation of matroid restriction.

We assume that φ : L Ñ M is an inclusion of posets satisfying

rkMpφpF qq “ rkLpF q for every F P L.
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Then φ preserves joins. Indeed, since every element of L is a join of atoms, it is enough to show
that φpF _Gq “ φpF q _φpGq for any F P L and G P L1. If G ď F , both sides are equal to φpF q. If
G ­ď F , then, since φ is order-preserving, φpF _Gq ě φpF q _ φpGq, and

rkM φpF _Gq “ rkLpF _Gq “ rkLpF q ` 1 “ rkMpφpF qq ` 1 “ rkM
`

φpF q _ φpGq
˘

.

It follows that φpF _Gq “ φpF q _ φpGq, as claimed.

Recall that the geometric lattice M may be viewed as the lattice of flats of a simple matroid with
ground set M1 by identifying F P M with the set

aMpF q – tG P M1 | G ď F u.

In the same way, L may be viewed as the lattice of flats of a simple matroid on the ground set L1.

Lemma 5.1. For any F P L, we have φ´1paMpφpF qqq “ aLpF q.

Proof. This is obvious when rkpF q ď 1. If the lemma holds for a particular F P L, then, by the
partition axiom for flats of a matroid, it also holds for every G that covers F . Thus, by induction
on rank, the statement holds for all F . □

Define a map δ : M Ñ L by letting δpF q be the join of the elements of φ´1paMpF qq for each
F P M. The map δ is clearly order-preserving, although it need not be injective. The composition
δ ˝ φ is the identity on L: indeed, the previous lemma shows that δ

`

φpF q
˘

is the join of aLpF q,
which is equal to F .

The composition φ ˝ δ need not be the identity. However, since φ preserves joins, φ
`

δpF q
˘

is the
join of the elements of φ

`

φ´1paMpF qq
˘

Ď aMpF q. It follows that φ
`

δpF q
˘

ď F for every F P M.

Proposition 5.2. The geometric lattice L is naturally isomorphic to the lattice of flats of the restric-
tion of M to S – φpL1q, or equivalently, to the lattice of flats of the matroid obtained from M by
deleting all elements of M1zS.

Proof. Considering every geometric lattice as a matroid, the lattice of flats of the restriction M|S is
equal to the set of all intersections aMpF q XS for F P M. Since φ is injective, it induces a bijection
between L1 and S, and so as posets,

M|S – tφ´1paMpF qq | F P Mu.

Since δ is surjective, it suffices to prove that

aLpδpF qq “ φ´1paMpF qq for all F P M.

Since δpF q is defined to be the join of the elements on the right hand side, we have

φ´1paMpF qq Ď aLpδpF qq.
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On the other hand, using Lemma 5.1 and the fact that φ
`

δpF q
˘

ď F , we get

aLpδpF qq “ φ´1 paM pφ pδpF qqqq Ď φ´1paMpF qq. □

We now study how the maps φ and δ interact with upper sets of L and M. For an upper set
Σ Ď L, define its M-saturation by

Σ` – tF P M | F ě φpGq for some G P Σu.

It is the smallest upper set containing φpΣq. For any HpMq-module M and any upper set Σ Ď L,
we have

annΣpMq “ annΣ`pMq and spanΣpMq “ spanΣ`pMq,

where on the left-hand sides of the two equations we regard M as a module over HpL; kq, and on
the right-hand sides of the two equations we regard M as a module over HpM;kq.

Lemma 5.3. For any upper set Σ Ď L, we have Σ` “ δ´1pΣq.

Proof. Suppose first that F P δ´1pΣq, so that δpF q P Σ. Since F ě φ
`

δpF q
˘

, we have F P Σ`.
Conversely, suppose that F P Σ`. Then there is G P Σ such that F ě φpGq. It follows that
δpF q ě δpφpGqq “ G, and hence δpF q P Σ. □

Corollary 5.4. For any pair of upper sets Σ1,Σ2 Ď L, we have

pΣ1 X Σ2q` “ Σ`
1 X Σ`

2 .

Proof of Theorem 1.15. For any pair of upper sets Σ1,Σ2 Ď L, we have

annΣ1pMq ` annΣ2pMq “ annΣ`
1

pMq ` annΣ`
2

pMq “ annΣ`
1 XΣ`

2
pMq

“ annpΣ1XΣ2q`pMq “ annΣ1XΣ2pMq,

and hence M is flabby as a module over HpL;kq. The proof of coflabbiness is similar. □

Proof of Theorem 1.16. By Theorem F, there is an HpL; kq-module isomorphism

EpM; kq –
à

FPL

impβF pEpM; kqqq b EpLF ; kq.

Thus we need only show that impβF pEpM; kqqq – LpφF ; kq for all F P L. When F “ 0̂, this is
immediate from the definition of Lpφ; kq; see Example 1.31. For arbitrary F , by Lemma 2.3 and
Proposition 2.4, we have

βF pEpM; kqq – βF pEpMφpF q; kqq.

Under this isomorphism, F is the minimal element of the geometric lattice LF , so the latter agrees
with LpφF ; kq. □



26 TOM BRADEN, JUNE HUH, JACOB P. MATHERNE, NICHOLAS PROUDFOOT, AND BOTONG WANG

Proof of Theorem 1.20. The palindromicity of the local h-polynomials follows from Corollary 1.17,
given the palindromicity of the Z-polynomials from Theorem 1.7. To be precise, say that a poly-
nomial fptq is d-palindromic if fptq “ tdfpt´1q. We claim that the local h-polynomial of φ is
d-palindromic with d “ rkpMq.

The statement is proved by induction on c “ rkpLq. When c “ 0, the local h-polynomial is
ZMptq, which is d-palindromic by Theorem 1.7. When c ą 0, the left-hand side of the equation
of Corollary 1.17 is d-palindromic, and all of the terms with F ‰ 0̂ are a product of a rkpMφF q “

crkpφpF qq-palindromic polynomial and a rkpLF q “ rkpF q “ rkpφpF qq-palindromic polynomial.
Since multiplying palindromic polynomials adds the degree of palindromicity, the result follows.

The proof of the unimodality of pℓφptq when p “ 0 relies on the decomposition theorem for
Lefschetz modules in [AHL25]. We will show in Proposition 9.7 that extending the coefficient
field does not change the structure of parity modules. Thus, when p “ 0, we may assume without
loss of generality that k “ R. By [BHM`, Theorem 1.6], the module EpM;Rq – IHpM;Rq satisfies
Poincaré duality, the hard Lefschetz property, and the Hodge–Riemann relations with respect to
the interior of the cone generated by tyi | i P M1u. It is therefore a Lefschetz module in the
sense of [AHL25]. We apply the decomposition package of [AHL25] to the subalgebra of HpM;Rq

generated by tyi | i P L1u, which is naturally identified with HpL;Rq. In particular, [AHL25,
Corollary 1.8] yields the relative hard Lefschetz theorem for Lpφ;Rq, from which it follows that
the polynomial ℓφptq is palindromic and unimodal. □

6. EXPLODING HpL;kq-MODULES

We now begin working toward the proofs of Theorems A, B, C, D, E, and F. As a first step,
we introduce a new category CregpL; kq and prove that it is equivalent to the category of finitely
generated graded HpL; kq-modules.

Though we have assumed until now that k is a field, we will now relax this assumption and
allow k to be any local principal ideal domain, meaning that k is either a field or a discrete valua-
tion ring. We will be particularly interested in the case of the p-adic integers, which will provide a
framework for comparing parity modules in characteristics 0 and p, leading ultimately to a proof
of Theorem E.
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6.1. The maps φ and ψ. Let M be an HpL; kq-module. For any F P L, let MpF q – yFMrrkF s. We
can factor the multiplication by yF as follows:

M
yF

//

φF
!!

MrrkF s

MpF q

ψF

::

Note that φF is surjective and ψF is injective, and MpF q is an HpLF ; kq-module via the construction
in Section 2. More generally, given G ď F P L, we choose an element H P LrkF´rkG with
G_H “ F , and define a commutative diagram

MpGq
yH

//

φF
G ##

MpGqrrkF ´ rkGs

MpF q

ψF
G

77

by setting φFGpyGmq – yHyGm “ yFm and ψFGpyFmq – yFm for all m P M. When G “ 0̂, we have
φF
0̂

“ φF and ψF
0̂

“ ψF . In general, the element H with G _ H “ F is not unique, but these maps
do not depend on the choice.

Proposition 6.1. The maps tφFG | G ď F u and tψFG | G ď F u satisfy the following relations:

(a) We have φFF “ idMpF q “ ψFF .

(b) If H ď G ď F , then φFGφ
G
H “ φFH and ψGHψ

F
G “ ψFH .

(c) For any elements F,G,H P L with H ď F ^G, we have

φGHψ
F
H “

$

&

%

ψF_G
G φF_G

F if F and G form a modular pair and H “ F ^G,

0 otherwise.

Note that the map φGHψ
F
H sends MpF q to MpGqrrkF ´ rkHs, while ψF_G

G φF_G
F sends MpF q to

MpGqrrkpF _ Gq ´ rkGs. The condition that F and G form a modular pair and H “ F ^ G is
exactly what is needed for these maps to have the same shift.

Proof of Proposition 6.1. Statements (a) and (b) are straightforward. To prove statement (c), choose
K P LrkF´rkH with yF “ yHyK and L P LrkG´rkH with yG “ yHyL. For an element yFm P MpF q,
we have

φGHψ
F
HpyFmq “ φGHpyFmq “ yLyFm.

Note that F _ L “ pH _Kq _ L “ pH _Kq _ pH _ Lq “ F _G, and

rkF ` rkL “ rkH ` rkK ` rkL “ rkF ` rkG´ rkH.
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If F and G form a modular pair and H “ F ^ G, this implies that rkF ` rkL “ rkpF _ Gq “

rkpF _ Lq, and so yLyF “ yL_F “ yF_G. This implies that

φGHψ
F
HpyFmq “ yLyFm “ yF_Gm “ ψF_G

G pyF_Gmq “ ψF_G
G φF_G

F pyFmq.

On the other hand, if F and G do not form a modular pair or H ă F ^ G, then rkL ` rkF ą

rkpL_ F q, and hence yLyFm “ 0. □

Remark 6.2. To improve readability, we will sometimes use an alternative notation for composi-
tions of the maps tφFG | G ď F u and tψFG | G ď F u by listing a sequence of elements, from right
to left and with each one comparable with the next, separated by Ö or Ô to indicate the order
relation. For instance, the relation (b) says that

pF Ô G Ô Hq “ pF Ô Hq and pH Ö G Ö F q “ pH Ö F q,

while relation (c) implies that

pG Ô pF ^Gq Ö F q “ pG Ö pF _Gq Ô F q

whenever F and G form a modular pair.

6.2. The category CpL; kq. Proposition 6.1 motivates the following definition. Consider the cate-
gory CpL; kq whose objects are tuples V “

`

tVpF qu, tφFGu, tψFGu
˘

consisting of a graded k-module
VpF q for each F P L along with graded k-linear maps

φFG : VpGq Ñ VpF q and ψFG : VpF q Ñ VpGqrrkF ´ rkGs

for each G ď F , satisfying the three conditions of Proposition 6.1. A morphism from V to W is
a system of linear maps tVpF q Ñ WpF q | F P Lu commuting with the maps tφFG | G ď F u and
tψFG | G ď F u.

Let CregpL; kq be the full subcategory of CpL;kq consisting of objects such that the maps φFG are
all surjective and the maps ψFG are all injective. We call such objects regular. There is a functor
Λ: HpL; kq–mod Ñ CregpL; kq taking M to ptMpF qu, tφFGu, tψFGuq as defined in Section 6.1. We refer
to ΛM as the explosion of M.

Proposition 6.3. The explosion functor Λ: HpL; kq–mod Ñ CregpL; kq is an equivalence of cate-
gories.

Proof. Define a functor Θ: CpL; kq Ñ HpL; kq–mod by sending an object ptVpF qu, tφFGu, tψFGuq to
Vp0̂q, with the HpL; kq-module structure defined by letting yF act by ψF

0̂
φF
0̂

. Let us check that this
defines an HpL; kq-module. Let F and G be given elements of L. If rkpF _ Gq “ rkF ` rkG, then
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pF,Gq is a modular pair and F ^ G “ 0̂. In this case, by properties (b) and (c) of Proposition 6.1,
for any a P Vp0̂q, we have

yF yGa “ p0̂ Ö F Ô 0̂ Ö G Ô 0̂qpaq

“ p0̂ Ö F Ö pF _Gq Ô G Ô 0̂qpaq

“ p0̂ Ö pF _Gq Ô 0̂qpaq “ yF_Ga.

On the other hand, if rkpF _Gq ă rkF ` rkG, then either F and G do not form a modular pair or
F ^G ‰ 0̂, so pF Ô 0̂ Ö Gq “ 0. This implies that yF yG annihilates Vp0̂q, as required.

It is clear that, for any HpL;kq-module M, we have a natural isomorphism ΘΛM – M. In
the other direction, if V “ ptVpF qu, tφFGu, tψFGuq is regular and M “ ΘV , then there is a natural
isomorphism

yFM “ impψF
0̂
φF
0̂

q – VpF qr´ rkF s,

since ψF
0̂

is injective and φF
0̂

is surjective. Putting these maps together gives a natural isomorphism
V – ΛΘV . □

Example 6.4. Consider the HpL;kq-module CHpL; kq. For each F P L, we have

ΛpCHpL; kqqpF q “ yF CHpL; kqrrkF s – CHpLF ; kq,

where the last isomorphism comes from Proposition 4.5(c). For any G ď F , the k-module homo-
morphism φFG : CHpLG; kq Ñ CHpLF ; kq agrees with the homomorphism φLG

F zG from [BHM`22,

Proposition 2.28], while ψFG agrees with the homomorphism ψLG

F zG from [BHM`22, Proposition
2.29].

Remark 6.5. The category CpL; kq can also be viewed as the category of finitely generated graded
modules for the k-path algebra C of a quiver with relations. The quiver has vertices given by
elements of L, and arrows in both directions between F and G whenever F covers G. If F covers
G, then we have the relation pF Ô G Ö F q “ 0. If F ‰ F 1 both cover G and H “ F _ F 1, then we
have the relations

pF 1 Ô G Ö F q “ pF 1 Ö H Ô F q

and

pH Ö G Ö F q “ pH Ö G1 Ö F q; pF Ô G Ô Hq “ pF Ô G1 Ô Hq.

The algebra C is graded by assigning degree zero to the upward arrows and degree one to the
downward arrows. If e is the idempotent corresponding to the path of length 0 at the vertex 0̂,
then eCe – HpL; kq, and the functor Θ of Proposition 6.3 is identified with the functor fromC–mod

to eCe–mod taking M to eM. Note, however, that the explosion functor Λ is not identified either
with the left adjoint N ÞÑ Ce beCe N nor with the right adjoint N ÞÑ HomeCepeC,Nq. Indeed, Λ is
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neither left nor right exact. The nice feature of the functor Λ is that it interacts well with duality;
see Section 7.3.

6.3. Localization. One of the main reasons to consider the category CregpL; kq instead of the equiv-
alent category HpL; kq–mod is that we can consider “local” categories on subsets of L. Given an
upper set Σ Ď L, let CpΣ; kq denote the category whose objects are tuples ptVpF qu, tφFGu, tψFGuq

satisfying the same properties as before, but with F,G P Σ. Similarly, we let CregpΣ; kq be the full
subcategory of CpΣ; kq consisting of objects such that the maps φFG are all surjective and the maps
ψFG are all injective. If Σ1 Ď Σ is another upper set, there is a forgetful functor CpΣ; kq Ñ CpΣ1; kq,
which we denote V ÞÑ V|Σ1 .

If we consider L as a topological space whose open sets are the upper sets, then the categories
CpΣ; kq behave like sheaves on L, in the sense that objects and morphisms glue. That is, given
upper sets Σ1 and Σ2, objects Vi of CpΣi; kq, and an isomorphism V1|Σ1XΣ2 – V2|Σ1XΣ2 , they glue
to give an object of CpΣ1 Y Σ2q that restricts to both V1 and V2. Furthermore, given objects V and
W of CpΣ1 Y Σ2q, we have an exact sequence of k-modules

0 ÝÑ HomCpΣ1YΣ2;kqpV,Wq ÝÑ HomCpΣ1;kqpV|Σ1 ,W|Σ1q ‘ HomCpΣ2;kqpV|Σ2 ,W|Σ2q

ÝÑ HomCpΣ1XΣ2;kqpV|Σ1XΣ2 ,W|Σ1XΣ2q.

The inclusion LF “ ΣěF Ď L induces a functor from CpL;kq to CpLF ; kq, which restricts to a func-
tor from CregpL; kq to CregpLF ; kq. Under the equivalence given by Proposition 6.3, this corresponds
to the functor

HpL; kq–mod ÝÑ HpLF ; kq–mod, M ÞÝÑ yFMrrkF s.

Remark 6.6. We also have a relation for lower intervals: an object V of CpLF ; kq can be extended
to an object of CpL;kq by letting VpGq “ 0 for all G ­ď F . This corresponds to pulling back by the
quotient homomorphism HpL; kq Ñ HpLF ; kq described at the end of Section 1.1.

7. PURITY, (CO)STALKS, AND DUALITY

In this section, we revisit various notions that we have already discussed for HpL; kq-modules,
such as purity (flabbiness and coflabbiness), stalk and costalk functors, and duality. For each of
these, we study the analogous properties and constructions for objects of the category CpΣ; kq.

7.1. Flabbiness and coflabbiness. An object V “ ptVpF qu, tφFGu, tψFGuq in CpΣ;kq has a dual na-
ture. The vector spaces VpF q together with the maps φFG can be viewed as a sheaf on Σ, viewed as
a finite topological space whose open sets are upper sets [Bac75]. Given an upper set Σ1 Ď Σ, we
define the sections on Σ1 by

Γ˚pΣ1,Vq – lim
ÐÝ
FPΣ1

VpF q,
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where the limit is taken using the maps φFG. In other words, Γ˚pΣ1,Vq is the submodule of
ś

FPΣ1 VpF q given by tuples pxF q for which φFGpxGq “ xF for all G ă F in Σ1. There is a re-
striction map Γ˚pΣ1,Vq Ñ Γ˚pΣ2,Vq for any upper sets Σ2 Ď Σ1 Ď Σ, and these maps define a
sheaf on Σ.

Dually, we can view ptVpF qu, tψFGuq as a cosheaf by defining its cosections on Σ1 to be

Γ!pΣ
1,Vq “ lim

ÝÑ
FPΣ1

VpF qr´ rkF s,

with the colimit taken using the maps ψFG . In other words, it is the quotient of
À

FPΣ1 VpF qr´ rkF s

by the relations ψFGpxq ´ x for all G ă F in Σ1 and x P VpF q. We have a corestriction map
Γ!pΣ

2,Vq Ñ Γ!pΣ
1,Vq for any upper sets Σ2 Ď Σ1 Ď Σ, and these maps define a cosheaf on Σ.

For any element F P Σ, the sections and cosections on ΣěF are particularly simple. Since ΣěF

is the smallest open set containing F , we have

Γ˚pΣěF ,Vq – VpF q and Γ!pΣěF ,Vq – VpF qr´ rkF s. (7)

Definition 7.1. We say that V is flabby if the restriction maps Γ˚pΣ1,Vq Ñ Γ˚pΣ2,Vq are all surjec-
tive. We say that V is coflabby if the corestrictions Γ!pΣ

2,Vq Ñ Γ!pΣ
1,Vq are all injective.

Remark 7.2. Based on Definition 1.1, the reader might expect us to define V to be pure if it is both
flabby and coflabby. This is correct if k is a field, but when k is a DVR we will want to impose an
additional condition, and similarly for HpL;kq-modules; see Definition 7.10.

We next show that the explosion functor Λ takes flabby (respectively coflabby) HpL;kq-modules
to flabby (respectively coflabby) objects of CpL;kq. For any HpL; kq-module M and any upper set
Σ, we have natural maps

Γ!pΣ,ΛMq ↠ spanΣpMq and M{ annΣpMq ãÑ Γ˚pΣ,ΛMq

induced by the maps pΛMqpF qr´ rkF s “ yFM Ñ spanΣpMq and M{ annΣpMq Ñ pΛMqpF q for all
F P Σ.

Proposition 7.3. Let M be an HpL;kq-module. The following are equivalent:

(a) M is coflabby.

(b) ΛM is coflabby.

(c) The map Γ!pΣ,ΛMq ↠ spanΣpMq is an isomorphism for all upper sets Σ Ď L.

Dually, the following are equivalent:

(d) M is flabby.

(e) ΛM is flabby.
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(f) The map M{ annΣpMq ãÑ Γ˚pΣ,ΛMq is an isomorphism for all upper sets Σ Ď L.

Proof. We begin by observing that ΛM is coflabby if and only if, for all upper sets Σ Ď L, the
corestriction map

Γ!pΣ,ΛMq ÝÑ Γ!pL,ΛMq “ M

is injective. The image of this map is spanΣpMq, so (b) and (c) are equivalent.

Suppose that (c) holds, and consider two upper sets Σ1 and Σ2. The fact that Σ ÞÑ Γ!pΣ,ΛMq is
a cosheaf gives an exact sequence

Γ!pΣ1 X Σ2,ΛMq ÝÑ Γ!pΣ1,ΛMq ‘ Γ!pΣ2,ΛMq ÝÑ Γ!pΣ1 Y Σ2,ΛMq.

Applying (c) we obtain an exact sequence

spanΣ1XΣ2
pMq ÝÑ spanΣ1

pMq ‘ spanΣ2
pMq ÝÑ spanΣ1YΣ2

pMq,

where the maps are induced by the natural inclusions, up to a sign. It follows that we have
spanΣ1

pMq X spanΣ2
pMq “ spanΣ1XΣ2

pMq, so (a) holds.

Conversely, suppose that (a) holds. We show that Γ!pΣ,ΛMq Ñ spanΣM is an isomorphism by
induction on |Σ|. If Σ is empty, then both sides vanish. If |Σ| ě 1, there are two cases. If Σ “ ΣěF

for some F , then both sides are equal to yFM. Otherwise, choose a minimal element F and let
Σ1 “ ΣztF u, so that Σ “ Σ1 Y ΣěF and Σ1 X ΣěF “ ΣąF . Consider the following diagram:

0 Γ!pΣąF ,ΛMq Γ!pΣ
1,ΛMq ‘ Γ!pΣěF ,ΛMq Γ!pΣ,ΛMq 0

0 spanΣąF
pMq spanΣ1pMq ‘ spanΣěF

pMq spanΣpMq 0

Since Σ has more than one minimal element, both Σ1 and ΣěF have fewer elements than Σ. The
induction hypothesis implies that the first and second vertical maps are isomorphisms, so the
result will follow by the five-lemma if we can show that both rows are exact.

The bottom row is exact on the left because the components of the map are inclusions, it is exact
on the right since spanΣpMq “ spanΣ1pMq ` spanΣěF

pMq, and it is exact in the middle by applying
property (a) with Σ1 “ Σ1 and Σ2 “ ΣěF . For the top row, exactness on the left follows from the
injectivity of the left vertical map and exactness of the bottom row. Exactness in the other two
places follows from the fact that Σ ÞÑ Γ!pΣ,ΛMq is a cosheaf.

This completes the proof that (a), (b), (c) are equivalent. The proof that (d), (e), (f) are equivalent
is analogous, with Γ! replaced by Γ˚, spanΣM replaced by M{ annΣM, and all arrows reversed. □

Example 7.4. The regular HpL; kq-module HpL; kq is coflabby because spanΣHpL; kq has a basis
tyF | F P Σu. On the other hand, HpL;kq is in general not flabby. For example, consider the lattice
of flats L of the rank 3 uniform matroid on E “ t1, 2, 3, 4u, so that the elements of L are E itself
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along with all subsets F Ď E with |F | ď 2. Then y3 ´ y4 P annΣě12 HpL; kq, since y3y12 “ yE “

y4y12, but y3 ´y4 R annΣě1 HpL; kq `annΣě2 HpL; kq. Since L is not modular, this also follows from
Theorem 1.11.

Example 7.5. Let L be the Boolean lattice on the ground set t1, 2u, so HpL; kq is isomorphic to
kry1, y2s{xy21, y

2
2y, with y12 “ y1y2. Then the maximal ideal m is not coflabby: we have y1mX y2m “

ky12, but y12m “ 0. On the other hand, since annΣě1 m ` annΣě2 m “ m “ annΣě1XΣě2 m and
pΣě1,Σě2q is the only pair of incomparable upper sets of L, it follows that m is flabby.

7.2. Stalks and costalks. We have already discussed the stalk and costalk functors

p qF , p qrF s : HpL; kq–mod ÝÑ k–mod.

We define analogous functors on the category CpΣ; kq as follows. For any F P Σ, and any object
V “ ptVpF qu, tφFGu, tψFGuq of CpΣ; kq, we define the stalk

VF – coker

˜

ÿ

GąF

ψGF :
à

GąF

VpGqrrkF ´ rkGs ÝÑ VpF q

¸

and the costalk

VrF s – ker

˜

ÿ

GąF

φGF : VpF q ÝÑ
à

GąF

VpGq

¸

.

These functors can also be described in terms of sections and cosections. Using the isomorphisms
in Equation (7), the restriction and corestriction maps for the inclusion ΣąF Ď ΣěF give maps

Γ!

`

ΣąF ,V
˘

rrkF s
ΨF

ÝÝÝÑ VpF q
ΦF

ÝÝÝÑ Γ˚

`

ΣąF ,V
˘

.

Then, we have VF “ cokerΨF and VrF s “ kerΦF . The following lemma is an immediate conse-
quence of the definitions.

Lemma 7.6. For an HpL;kq-module M, we have natural isomorphisms

pΛMqF – MF and pΛMqrF s – MrF s.

Remark 7.7. Lemma 7.6 illustrates why we have chosen to use the words “stalk” and “costalk” for
VF and VrF s. However, the reader is warned that VF is not isomorphic to the stalk of V in the sense
of sheaf theory. If we regard V as a sheaf on the finite topological space Σ, then ΣěF is the minimal
open set containing F , so the stalk of V at F is equal to Γ˚pΣěF ,Vq – VpF q, which is typically not
isomorphic to VF .

The following lemma is tautological when Σ1 “ ΣěF , but we will need it for arbitrary Σ1.

Lemma 7.8. Suppose we have upper sets Σ1 Ď Σ, and let Σ2 – Σ1ztF u, where F is a minimal
element in Σ1. Let V be an object of CpΣ; kq.
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(a) There is an exact sequence

0 ÝÑ VrF s ÝÑ Γ˚pΣ1,Vq ÝÑ Γ˚pΣ2,Vq,

and the last map is surjective if V is flabby.

(b) There is an exact sequence

Γ!pΣ
2,VqrrkF s ÝÑ Γ!pΣ

1,VqrrkF s ÝÑ VF ÝÑ 0,

and the first map is injective if V is coflabby.

Proof. The fact that V is a sheaf on Σ implies that we have an exact sequence

0 ÝÑ Γ˚pΣ1,Vq ÝÑ Γ˚pΣ2,Vq ‘ Γ˚pΣěF ,Vq ÝÑ Γ˚pΣąF ,Vq.

Thus, the kernel of the restriction map Γ˚pΣ1,Vq Ñ Γ˚pΣ2,Vq is isomorphic to the kernel of the
map ΦF : VpF q “ Γ˚pΣěF ,Vq Ñ Γ˚pΣąF ,Vq. This gives the first exact sequence, and flabbiness of
V implies the surjectivity of the last map. The proof of (b) is analogous. □

Lemma 7.9. An object V of CpΣ;kq is flabby if and only if ΦF : VpF q Ñ Γ˚

`

ΣąF ,V
˘

is surjective
for all F P Σ, and coflabby if and only if ΨF : Γ!

`

ΣąF ,V
˘

rrkF s Ñ VpF q is injective for all F P Σ.

Proof. We prove the first statement; the proof of the second statement is similar. The map ΦF is
by definition the restriction of sections from ΣěF to ΣąF , so it is surjective when V is flabby. Now
assume that ΦF is surjective for all F P Σ, and let Σ2 Ď Σ1 Ď Σ be given. We wish to show that the
restriction Γ˚pΣ1,Vq Ñ Γ˚pΣ2,Vq is a surjection.

By induction on |Σ1zΣ2|, it suffices to prove surjectivity when Σ1 “ Σ2 Y tF u for some F P Σ.
Given a section s P Γ˚pΣ2,Vq, the restriction s|ΣąF

extends to a section t P Γ˚pΣěF ,Vq “ VpF q,
since ΦF is surjective. The sections s and t agree on Σ2 XΣěF “ ΣąF , so they glue to give a section
on Σ1 whose restriction to Σ2 is s. □

7.3. Freeness and Duality. When k is a field, the endofunctor of HpL; kq–mod that sends M to
M˚ – HomkpM, kq is exact, and the natural map M Ñ pM˚q˚ is an isomorphism. (Recall that all of
our modules are finitely generated, and that any finitely generated HpL;kq-module is also finitely
generated as a k-module.)

When k is a DVR, however, we only have V – pV ˚q˚ when V is a free k-module, and the dual
of a split exact sequence is exact, but the duals of exact sequences are only left exact in general.
Because of this, we need to add an additional freeness hypothesis when k is a DVR. The case of a
DVR is needed for the proof of Theorem E, which appears in Section 9.4. For all other results in
the paper, nothing is lost by assuming that k is a field.
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Definition 7.10. An HpL;kq-module M is called locally free if the stalk MF is a free k-module for
all F P L. An object V of CpΣ;kq is called locally free if the stalk VF is a free k-module for all
F P Σ. An object of either HpL;kq–mod or CpΣ; kq is called pure if it is flabby, coflabby, and locally
free.

Remark 7.11. Lemma 7.6 and Proposition 7.3 imply that M is locally free if and only if ΛM is locally
free, and M is pure if and only if ΛM is pure.

Lemma 7.12. Let V be an object of CpΣ; kq. If V is pure, then it is regular.

Proof. We have Γ˚pΣěF ,Vq – VpF q, and for any G ď F , the restriction map from Γ˚pΣěG,Vq to
Γ˚pΣěF ,Vq is given by φFG. Thus flabbiness implies these maps are surjective. A dual argument
shows that coflabbiness implies the maps ψFG are injective. □

Proposition 7.13. If an object V of CpΣ; kq is coflabby and locally free, the following hold:

(a) For any upper set Σ1 Ď Σ, the space Γ!pΣ
1,Vq of cosections is a free k-module.

(b) The corestriction homomorphisms Γ!pΣ
2,Vq Ñ Γ!pΣ

1,Vq are split injections.

(c) Every VpF q is a free k-module, and each map ψFG is a split injection.

(d) For any upper set Σ1 Ď Σ, the space Γ˚pΣ1,Vq of sections is a free k-module.

Proof. Consider upper sets Σ2 Ď Σ1 Ď Σ, and suppose that Σ2 “ Σ1ztF u for a minimal element
F P Σ1. Lemma 7.8 gives an exact sequence of k-modules

0 ÝÑ Γ!pΣ
2,Vq ÝÑ Γ!pΣ

1,Vq ÝÑ VF r´ rkF s ÝÑ 0.

Since VF is free, the sequence splits, and if Γ!pΣ
2,Vq is free, then so is Γ!pΣ

1,Vq. Induction on
the quantity |Σ1| shows that Γ!pΣ

1,Vq is free, and induction on the quantity |Σ1zΣ2| shows that
the corestriction map Γ!pΣ

2,Vq Ñ Γ!pΣ
1,Vq is a composition of split injections, hence also a split

injection. The statement (c) is a special case of (a) and (b), since VpF q “ Γ!pΣěF ,VqrrkF s and the
maps ψFG are corestrictions.

To prove (d), we note that Γ˚pΣ1,Vq is a k-submodule of the free module
À

FPΣ1 VpF q, hence it
is torsion-free, and a finitely generated torsion-free module over a DVR is free. □

We next define the duality functor on CpΣ; kq. For an object V “ ptVpF qu, tφFGu, tψFGuq, let

WpF q “ pVpF qq˚rrkF s.

For any G ď F P Σ, let φ̄FG : WpGq Ñ WpF q be the dual of the k-module homomorphism

ψFGr´ rkF s : VpF qr´ rkF s ÝÑ VpGqr´ rkGs.
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Similarly, let ψ̄FG : WpF q Ñ WpGqrrkF ´ rkGs be the dual of the homomorphism

φFGr´ rkF s : VpGqr´ rkF s ÝÑ VpF qr´ rkF s.

Then we define V˚ to be the triple ptWpF qu, tφ̄FGu, tψ̄FGuq.

Lemma 7.14. Let M be an HpL; kq-module. If k is a field or if M is coflabby and locally free, then
there is a natural isomorphism ΛpM˚q – pΛMq˚.

Proof. By Proposition 7.13, M and MpF q are free k-modules, and ψF “ ψF
0̂
: MpF q Ñ MrrkF s is a

split injection. Dualizing and shifting gives a factorization of multiplication by yF on M˚:

M˚
yF

//

pψF q˚
%%

M˚rrkF s

MpF q˚rrkF s

pφF q˚

77

Since pψF q˚ is a surjection and pφF q˚ is an injection, we have an isomorphism M˚pF q – MpF q˚rrkF s.
Dualizing the maps φFG and ψFG is handled similarly. □

Lemma 7.15. Let Σ Ď L be an upper set and V an object of CregpΣq. If k is a field or if V is coflabby
and locally free, then V˚ is regular.

Proof. Since coflabbiness, local freeness, and regularity are all preserved under restriction from
CpΣ; kq to CpΣ1; kq, it is enough to prove the assertion when Σ “ ΣěF is a principal open set. But
ΣěF “ LF is a geometric lattice, so it is enough to prove the statement when Σ “ L. Let M – ΘV ;
then Proposition 6.3 tells us that V – ΛM. Since k is a field or M is coflabby and locally free,
Lemma 7.14 says that

V˚ – pΛMq˚ – ΛpM˚q,

which is regular by Proposition 6.3. □

When k is a field, the duality functor on CpΣ;kq interchanges the section and cosection functors.
This also holds when k is a DVR, but additional hypotheses are needed.

Proposition 7.16. Let V be an object of CpΣ; kq.

(a) There is a natural isomorphism Γ˚pΣ,V˚q – Γ!pΣ,Vq˚. For any Σ1 Ď Σ, this isomorphism
intertwines restriction to Σ1 for V˚ with the dual of corestriction for V .

(b) If k is a field or V is pure, then there is a natural isomorphism Γ!pΣ,V˚q – Γ˚pΣ,Vq˚. For any
Σ1 Ď Σ, this isomorphism intertwines corestriction for V˚ with the dual of restriction for V .
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Proof. By the definition of the cosection functor, we have an exact sequence
à

GěFPΣ

VpGqr´ rkGs ÝÑ
à

FPΣ

VpF qr´ rkF s ÝÑ Γ!pΣ,Vq Ñ 0.

Dualizing gives an exact sequence

0 Ñ Γ!pΣ,Vq˚ ÝÑ
à

FPΣ

V˚pF q ÝÑ
à

GěFPΣ

V˚pGq.

This is the sequence that defines the sections Γ˚pΣ,V˚q, which proves (a).

When k is a field, dualizing is an exact functor, and (b) can be proved in the same way. When
k is a DVR and V is pure, we proceed by induction on |Σ|. If Σ “ ΣěF , the result follows by the
identification of sections of V with VpF q and cosections of V˚ with V˚pF qr´ rkF s “ VpF q˚. In
particular, the result holds when |Σ| “ 1. When |Σ| ą 1, choose a minimal element F P Σ and let
Σ1 “ ΣztF u. Consider the sequence

0 ÝÑ Γ˚pΣ,Vq ÝÑ Γ˚pΣ1,Vq ‘ VpF q ÝÑ Γ˚pΣąF ,Vq ÝÑ 0.

This sequence is exact on the left and in the middle by the sheaf property of Γ˚, and it is exact
on the right because V is flabby. Furthermore, Γ˚pΣąF ,Vq is free by Proposition 7.13. Thus the
sequence splits, so dualizing it and using the inductive hypothesis gives an exact sequence

0 ÝÑ Γ!pΣąF ,V˚q ÝÑ Γ!pΣ
1,V˚q ‘ V˚pF qr´ rkF s ÝÑ Γ˚pΣ,Vq˚ Ñ 0,

where the first map is induced by the corestrictions. The isomorphism Γ!pΣ,V˚q – Γ˚pΣ,Vq˚

follows. □

Example 7.17. This example illustrates the need for the purity hypothesis in Proposition 7.16(b).
Let k “ Z2 be the ring of 2-adic integers, and let L be a Boolean lattice of rank 2. Let M “ HpL;kq,
endowed not with the structure of the regular module, but rather with the module structure given
by the map HpL;kq Ñ HpL; kq that sends yi to 2yi. Let W – ΛM, which is flabby but not coflabby
and not locally free. Let V – W˚, and note that V˚ – W . Thus Γ!pLzt0̂u,V˚q “ Γ!pLzt0̂u,Wq has
torsion, and therefore cannot be isomorphic to the dual of a k-module.

Proposition 7.18. Suppose that V is a pure object of CpΣ;kq. Then the dual V˚ is pure. For any
F P Σ, we have natural isomorphisms

pV˚qF – pVrF sq
˚rrkF s and pV˚qrF s – pVF q˚rrkF s.

Proof. By Proposition 7.13, the corestriction homomorphisms of V are split injections. Proposition
7.16(a) then implies that the restriction homomorphisms for V˚ are surjections, which means that
V˚ is flabby. Similarly, the flabbiness of V together with Proposition 7.16(b) shows that V˚ is
coflabby.
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Lemma 7.8(a) gives an exact sequence

0 Ñ VrF s ÝÑ Γ˚pΣěF ,Vq ÝÑ Γ˚pΣąF ,Vq ÝÑ 0,

which is split since Proposition 7.13 implies that Γ˚pΣąF ,Vq is free. Dualizing this sequence and
applying Proposition 7.16 gives the exact sequence

0 ÝÑ Γ!pΣąF ,V˚q ÝÑ Γ!pΣěF ,V˚q ÝÑ pVrF sq
˚ Ñ 0.

Then Lemma 7.8(b) gives the isomorphism pV˚qF – pVrF sq
˚rrkF s. Since duals are always free, this

shows that V˚ is locally free. The isomorphism pV˚qrF s – pVF q˚rrkF s is proved similarly. □

8. CONSTRUCTION AND DECOMPOSITION OF PURE OBJECTS

In this section we construct and classify indecomposable pure objects in CregpΣ; kq. Specializing
our results to Σ “ L will allow us to prove Theorems A, D, and F from the introduction.

8.1. Extending objects. We start by describing an inductive schema for building objects in CpΣ;kq.

Consider an upper set Σ Ď L, and suppose that ΣąF Ď Σ. Let V be an object of CpΣ; kq. If F P Σ,
we have the maps

Γ!

`

ΣąF ,V
˘

rrkF s
ΨF

ÝÝÝÑ VpF q
ΦF

ÝÝÝÑ Γ˚

`

ΣąF ,V
˘

.

We will see in Lemma 8.1 that the composition ΦFΨF depends only on the restriction of V to ΣąF .

Consider the system of maps ΞF pG,Hq : VpGqrrkF ´rkGs Ñ VpHq for all elementsG,H P ΣąF

defined by the formula

ΞF pG,Hq “

$

&

%

ψG_H
H φG_H

G if F “ G^H and G and H form a modular pair,

0 otherwise.

If F P Σ, then Proposition 6.1(c) tells us that ΞF pG,Hq “ φHF ψ
G
F , but the map is defined even if

F R Σ.

Lemma 8.1. The maps ΞF pG,Hq induce a map ΞF : Γ!pΣąF ,VqrrkF s Ñ Γ˚pΣąF ,Vq. If F P Σ,
then ΞF “ ΦFΨF .

Proof. To see that the maps ΞF pG,Hq pass to the limit, we need to show that

ΞF pG,HqψG
1

G “ ΞF pG1, Hq and φG
1

G ΞF pH,Gq “ ΞF pH,G1q (8)

for any G,G1, H P ΣąF with G1 ą G. We have G1 _ pG_Hq “ G1 _H , and

rkG1 ` rkH ´ rkpG1 _Hq ´ rkF

“ prkG1 ` rkpG_Hq ´ rkpG1 _Hq ´ rkGq ` prkG` rkH ´ rkpG_Hq ´ rkF q. (9)
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If the left side of (9) vanishes, then pG1, Hq is a modular pair and F “ G1^H . Since both summands
on the right side of (9) are nonnegative, they must also vanish, and so pG1, G_ Hq and pG,Hq are
modular pairs and G “ G1 ^ pG_Hq, F “ G^H . Then we have

ΞF pG,HqψG
1

G “ ψG_H
H φG_H

G ψG
1

G

“ pH Ö G_H Ô G Ö G1q

“ pH Ö G_H Ö G1 _H Ô G1q

“ pH Ö G1 _H Ô G1q “ ψG
1_H

H φG
1_H

G1

“ ΞF pG1, Hq.

On the other hand, if the left side of (9) is nonzero, then ΞF pG1, Hq “ 0. At least one of the
summands on the right side must be positive. If the first one is nonzero, then

φG_H
G ψG

1

G “ ΞGpG1, G_Hq “ 0,

while if the second is nonzero, then ΞF pG,Hq “ 0. In either case we get ΞF pG,HqψG
1

G “ 0, proving
the first part of (8). The proof of the second part is similar.

Finally, if F P Σ, we have ΞF pG,Hq “ φHF ψ
G
F for all G,H ą F , and it follows immediately that

ΞF “ ΦFΨF . □

Consider a pair of upper sets Σ1 Ď Σ with the property thatF is a minimal element in Σ and Σ1 “

ΣztF u. We wish to understand how to extend an object V 1 of CpΣ1; kq to Σ. From the preceding
discussion, giving an object V of CpΣ; kq and an isomorphism V|Σ1 – V 1 is equivalent to giving a
graded k-module VpF q and maps ΨF , ΦF making the triangle

Γ!pΣąF ,V 1qrrkF s Γ˚pΣąF ,V 1q

VpF q

ΞF

ΨF ΦF

(10)

commute. Indeed, given such a diagram we let VpGq “ V 1pGq for G ‰ F , and for G ą F , we let
ψGF be the composition

VpGq “ Γ!

`

ΣěG,V 1
˘

rrkGs ÝÑ Γ!

`

ΣąF ,V 1
˘

rrkGs
ΨF

ÝÝÝÑ VpF qrrkG´ rkF s.

Similarly, let φGF be the composition of ΦF with the restriction Γ˚pΣąF ,V 1q Ñ Γ˚pΣěG,V 1q “ VpGq.
This defines an object of CpΣ; kq with the required properties.

Lemma 8.2. If V is the extension of V 1 determined by the diagram (10), then

(a) V is flabby if and only if V 1 is flabby and ΦF is surjective.

(b) V is coflabby if and only if V 1 is coflabby and ΨF is injective.
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(c) V is coflabby and locally free if and only if V 1 is coflabby and locally free, VpF q is a free k-
module, and ΨF is a split injection.

(d) V is pure if and only if V 1 is pure, VpF q is a free k-module, ΦF is surjective, and ΨF is a split
injection.

Proof. Statements (a) and (b) follow immediately from Lemma 7.9. The statement (d) follows by
combining statements (a) and (c), so it is enough to prove (c).

If V is coflabby and locally free, then its restriction V 1 to Σ1 is again coflabby and locally free,
and Proposition 7.13 parts (b) and (c) show that VpF q is locally free and ΨF is a split injection.

Conversely, suppose that V 1 is coflabby and locally free, VpF q is free, and ΨF is a split injection.
Then Lemma 7.9 shows that V is coflabby, so we just need to check that V is locally free. ForG P Σ1,
the stalk VG “ V 1

G is a free k-module because V 1 is locally free, and since ΨF is a split injection, its
cokernel VF is isomorphic to a direct summand of the free k-module VpF q, and is therefore free.
This completes the proof. □

Example 8.3. Let L be the lattice of flats of the rank 2 uniform matroid on E “ t1, 2, 3u, so L “

t0̂, t1u, t2u, t3u, Eu. Let k “ Z2, the 2-adic integers. If we let V “ ΛHpL;kq, then the restriction
V|Σ

ą0̂
is pure, but V itself is not pure. Indeed, HpL;kq is coflabby, and Γ!pΣą0̂,Vq is isomorphic to

the graded maximal ideal m Ď HpL; kq. In degree 1, the diagram (10) becomes

H1pL; kq Γ˚

`

Σ
ą0̂,V

˘1
“

à

FPL1

H2pL; kq – k3,

H1pL; kq

Ξ0̂

Ψ0̂“id Φ0̂

where the component of Ξ0̂ corresponding to F P L1 is given by multiplication by yF . So with the
usual bases of the left and right sides the matrix representing Ξ0̂ “ Φ0̂ is

¨

˚

˝

0 1 1

1 0 1

1 1 0

˛

‹

‚

,

which has determinant 2. This map is not surjective, thus V is not flabby.

Example 8.4. Let L and k be as in Example 8.3, but this time consider the object

W :“ V˚ “ ΛpHpL;kq˚q.

For the purposes of this example, we will decorate our maps with a subscript of W to distinguish
them from the maps in Example 8.3. The restrictions of W and V to Σ

ą0̂ are isomorphic up to a
shift, but the map Φ0̂,W is the identity, thus W is flabby, while Ψ0̂,W “ Ξ0̂,W is given by the same
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matrix above. So Ψ0̂,W is injective, thus W is coflabby, but its cokernel has torsion, thus W is not
locally free. On the other hand, if we took k to be a field of characteristic 2, then Ψ0̂,W would not
be injective, and W would not be coflabby.

8.2. Extending morphisms. We now study how morphisms in our category extend when a new
element is added. We continue with the notation of the previous section: Σ and Σ1 are upper sets
with Σ “ Σ1 Y tF u. Given objects V,V 1 of CpΣ; kq, a homomorphism f : V Ñ V 1 is given uniquely
by its restrictions f |Σ1 and f |ΣěF

, subject to the condition that they agree when restricted to ΣąF

(in other words, homomorphisms form a sheaf on L considered as a topological space whose open
sets are upper sets). So, to extend a morphism from Σ1 to Σ, it is enough to consider the case where
Σ “ ΣěF and Σ1 “ ΣąF .

Our main results will be consequences of the following simple linear algebra lemma. Let k
denote the residue field of k. If A is a k-module, we put Ā “ A bk k, and if f : A Ñ B is a map
of k-modules, we let f̄ : Ā Ñ B̄ be the induced map of k-modules. If A and B are free k-modules,
then f̄ is surjective if and only if f is surjective, and f̄ is injective if and only if f is split injective.

Lemma 8.5. Suppose that we are given a commutative rectangle of free k-modules and maps of
the following form:

A1 B1 C1

A2 B2 C2

Ψ1

fA

Φ1

fC

Ψ2 Φ2

Then the following two statements hold:

(a) If Ψ1 is split injective and Φ2 is surjective, there exists a map fB : B1 Ñ B2 so that both squares
commute.

(b) If in addition Ψ2 is split injective, Φ1 is surjective, ker Φ̄1 Ď im Ψ̄1, ker Φ̄2 Ď im Ψ̄2, and fA and
fC are isomorphisms, then any map fB as in (a) must be an isomorphism.

Proof. Let us prove the statement (a). Since Ψ1 is split injective, we can find a complement B0 to
Ψ1pA1q in B1, and there is a unique way to define the restriction fB|Ψ1pA1q so that the left square
commutes, by letting

fBpΨ1pa1qq “ Ψ2pfApa1qq

for a1 P A1. This also makes the right square commute on Ψ1pA1q, since

Φ2fBpΨ1pa1qq “ Φ2Ψ2pfApa1qq “ fCpΦ1pΨ1pa1qqq

for all a1 P A1. Finally, since Φ2 is surjective and B0 is free we can find fB|B0 so that the right
square commutes on B0.
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To prove (b), first note that fB is an isomorphism if and only if f̄B is an isomorphism. Thus it is
enough to consider the case where k is a field.

Suppose that b1 is in the kernel of fB . Since fC is an isomorphism, we have b1 P kerΦ1, so there
exists a1 P A1 with Ψ1pa1q “ b1. Then Ψ2fApa1q “ fBΨ1pa1q “ fBpb1q “ 0, and since Ψ2 is injective
we have a1 “ 0 and thus b1 “ 0.

Next, take b2 P B2. Since Φ1 and fC are surjective, there exists b1 P B1 with fCΦ1pb1q “ Φ2pb2q.
Then b2 ´ fBpb1q is in kerΦ2 Ď imΨ2. Since fA is surjective, there exists a1 P A1 with Ψ2fApa1q “

b2 ´ fBpb1q. Then we have

fBpb1 ` Ψ1pa1qq “ fBpb1q ` Ψ2fApa1q “ fBpb1q ` b2 ´ fBpb1q “ b2,

so fB is surjective. □

Proposition 8.6. Given upper sets Σ1 Ď Σ and objects V,W in CpΣ;kqpure, any morphism V|Σ1 Ñ

W|Σ1 extends to a morphism V Ñ W .

Proof. By induction on |ΣzΣ1|, it is enough to consider the case Σ1 “ ΣztF u. A morphism f : V|Σ1 Ñ

W|Σ1 gives rise to the following commutative diagram, where we include V and W in the sub-
scripts to distinguish between maps associated with different objects:

Γ!

`

ΣąF ,V
˘

rrkF s VpF q Γ˚

`

ΣąF ,V
˘

Γ!

`

ΣąF ,W
˘

rrkF s WpF q Γ˚

`

ΣąF ,W
˘

ΨF,V ΦF,V

ΨF,W ΦF,W

Lemma 7.9 and Proposition 7.13 imply that all of these k-modules are free, ΨF,V is split injective,
and ΦF,W is surjective, so Lemma 8.5 says that there is a map VpF q Ñ WpF q making the squares
commute. This defines the required extension of f to Σ. □

8.3. Indecomposable pure objects. The results of Sections 8.1 and 8.2 allow us to construct pure
objects in CpΣ; kq and morphisms between them inductively by adding one element at a time to
Σ. Our next objective is to give a similar inductive description of indecomposability. The key
definition is the following.

Definition 8.7. For an object V of CpΣ; kq with F P Σ, we say that V is taut at F if kerΦF Ď imΨF .

Lemma 8.8. Let M be a pure HpL; kq-module. Then ΛM is taut at F if and only if the k-reduction
βF pMq of the costalk-stalk homomorphism βF pMq : MrF s Ñ MF vanishes.
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Proof. The exact sequences in Lemma 7.8 are split by Proposition 7.13. So after tensoring with k
they remain exact, and so we have kerΦF “ MrF s and cokerΨF “ MF . Hence, kerΦF Ď imΨF if
and only if βF pMq “ 0. □

Proposition 8.9. Given an object V 1 of CpΣ1; kqpure, there exists an object V of CpΣ;kqpure with
V|Σ1 – V 1 that is taut at F . It is unique up to a (non-unique) isomorphism.

Proof. By the results of Section 8.1, to construct V we need to define VpF q along with maps ΨF ,
ΦF factoring ΞF as in (10), so that ΨF is a split injection, ΦF is surjective, and kerΦF Ď imΨF . To
do this, choose a complement W Ď Γ˚pΣąF ,V 1q to the image of Ξ̄F . Since Γ˚pΣąF ,V 1q is a free
k-module by Proposition 7.13(d), we can lift W to a direct summand W of Γ˚pΣąF ,V 1q. Define
VpF q “ Γ!pΣąF ,V 1qrrkF s ‘ W , let ΨF be the inclusion of Γ!pΣąF ,V 1qrrkF s, and let ΦF equal ΞF
on the first summand and the inclusion on the second. The required properties are now easy to
verify.

Lemma 8.5 implies that, for any two such extensions, the identity map on their restrictions to
Σ1 extends to an isomorphism, so the extension V is unique up to isomorphism. □

Example 8.10. Continuing with the notation of Example 8.3, we illustrate the result of applying
Proposition 8.9 to the pure object V 1 “ pΛHpL; kqq|Σ

ą0̂
with coefficient ring k “ Z2. The degree 1

part of the map Ξ0̂,V 1 is a rank 2 map pF2q3 Ñ pF2q3, and a complement to its image is given by
the subspace W “ k ¨ p1, 1, 1q Ď pF2q3. If V is the object constructed in Proposition 8.9, then the
degree one part of Vp0̂q is a free k-module of rank four, and one can check that V is isomorphic to
ΛpCHpL; kqq. Note that this agrees with the statement of Theorem 1.12.

Proposition 8.11. Let V P CpΣ; kqpure be an object with V|Σ1 ‰ 0. Then V is indecomposable if and
only if V|Σ1 is indecomposable and V is taut at F .

Proof. First suppose that V is not taut at F , so kerΦF is not contained in imΨF . We will show that
V is decomposable. Since ΨF is a split injection by Proposition 7.13, tensoring the quotient map
π : VpF q Ñ VpF q{ imΨF with k̄ gives the quotient

π̄ : VpF q Ñ VpF q{ imΨF – VpF q{ imΨF .

By lifting an element of kerΦF that is not in imΨF , we obtain v P kerΦF whose image

v̄ P kerΦF “ kerΦF Ď VpF q

is not in the kernel of π̄. This implies that πpk ¨ vq is a direct summand of the free k-module
VpF q{ imΨF “ VF . Choose a complement W Ď VpF q{ imΨF to πpk ¨ vq.

We define a nontrivial direct sum decomposition V “ V1 ‘ V2 as follows:

(1) For G ‰ F , let V1pGq “ VpGq and V2pGq “ 0.
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(2) Let V1pF q “ π´1pW q, V2pF q “ k ¨ v.

Because imΨF Ď V1pF q and V2pF q Ď kerΦF , restricting the φ and ψ maps of V gives objects V1

and V2 of CpΣ;kq. Since VpGq “ V1pGq ‘ V2pGq for all G P Σ, we have constructed the required
direct sum decomposition; it is nontrivial since V1|Σ1 “ V|Σ1 is nonzero and V2pF q is nonzero.

Next, suppose that V is indecomposable but there is a non-trivial direct sum decomposition
V|Σ1 “ V 1

1 ‘V 1
2. By Proposition 8.9, there are pure extensions V1 and V2 of V 1

1 and V 1
2 that are taut at

F . But we have just seen that V must be taut at F , and V1 ‘ V2 is also taut at F , so the uniqueness
part of Proposition 8.9 implies that V – V1 ‘ V2, contradicting the indecomposability of V .

Finally, suppose that we are given a non-trivial decomposition V “ V1 ‘ V2 but V|Σ1 is in-
decomposable. Then one of V1|Σ1 or V2|Σ1 must vanish; suppose without loss of generality that
V2|Σ1 “ 0. Then we must have V2pF q ‰ 0, and so V2pF q ‰ 0. The vanishing of V2|Σ1 implies that
V2pF q Ď kerΦF and imΨF Ď V1pF q, so it follows that V is not taut at F . □

Theorem 8.12. For each element F P Σ, there is an object QF “ QF
Σ,k of CpΣ; kqpure for which the

following properties hold:

(a) QF pGq “ 0 unless G ď F ,

(b) QF pF q – k, concentrated in degree 0,

(c) QF is taut at all elements in ΣztF u.

This object is indecomposable and unique up to isomorphism. The collection of objects QF rks over
all F P Σ and all k P Z gives a complete set of indecomposable objects in CpΣ;kqpure.

Proof. We proceed by induction on |Σ|. Since the dependence on Σ is important in this proof but
the dependence on k is not, for the remainder of the proof we will denote the indecomposables
described in the theorem by QF

Σ .

When |Σ| “ 1, CpΣ;kqpure is equivalent to the category of free graded k-modules, and the result
is immediate. Now assume that |Σ| ą 1 and the result is known for all upper sets that are properly
contained in Σ. Let F be a minimal element in Σ and let Σ1 “ ΣztF u. By the inductive hypothesis,
we have modules QG

Σ1 for G P Σ1 representing all isomorphism classes of indecomposable objects
in CpΣ1; kqpure up to shift. By Proposition 8.9, each object QG

Σ1 has an extension QG
Σ that is pure and

taut at F , and Proposition 8.11 implies that this extension is indecomposable. We have one more
indecomposable object QF

Σ in CpΣ; kqpure given by setting QF
ΣpF q “ k in degree 0 and QF

ΣpGq “ 0

for all G ‰ F . It is easy to see that these objects satisfy the required conditions.

Now let V be any nonzero indecomposable object of CpΣ;kqpure. If V|Σ1 is nonzero, then Proposi-
tion 8.11 implies that V|Σ1 is indecomposable and V is taut at F . Thus we must have V|Σ1 – QG

Σ1rks

for some G ‰ F and some k P Z. But then V – QG
Σrks by the uniqueness part of Proposition 8.9.
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On the other hand, if V|Σ1 “ 0, then VpF q must be a free k-module of rank 1, which means that
V – QF

Σrks for some k P Z. □

8.4. Parity modules. In this section, we prove Theorems A, D, and F.

Definition 8.13. Let EpL;kq – ΘQ1̂
L,k, where Θ: C Ñ HpL; kq–mod is the functor introduced in

the proof of Proposition 6.3 and Q1̂
L,k is the indecomposable pure object from Theorem 8.12.

Recall from the introduction that, for any F P L, we have a natural surjective homomorphism
HpL; kq Ñ HpLF ; kq, and this means that EpLF ; kq is naturally a module over HpL; kq. The follow-
ing lemma follows from Remark 6.6.

Lemma 8.14. For any F P L, we have EpLF ; kq – ΘQF
L,k.

Proof of Theorem D. By Proposition 6.3, Remark 7.11, and Lemma 7.12, a complete set of indecom-
posable pure HpL; kq-modules (up to shift and isomorphism) is obtained from a complete set of
indecomposable pure objects of CpL; kq (up to shift and isomorphism) via the functor Θ. By Theo-
rem 8.12 and Lemma 8.14, one obtains the modules EpLF ; kq for all F P L. □

Proof of Theorem A. By Theorem D, EpL; kq is pure and indecomposable. Furthermore, we have

y1̂EpL; kq “ Q1̂
L,kp1̂qr´ rkLs – kr´ rkLs,

which implies the existence of an element x P E0pL; kq such that y1̂ ¨ x is nonzero.

Conversely, let M be an indecomposable pure module and x P M0 an element with y1̂x ‰ 0. By
Theorem D, there exists an element F P L and an integer k P Z such that M – EpLF ; kqrks. By
Lemma 8.14 and parts (a) and (b) of Theorem 8.12, we must have F “ 1̂ and k “ 0. □

Remark 8.15. Our construction of parity modules also gives an alternative proof of Proposition 2.4.
To see this, note that the restriction of Q1̂

L,k to the upper set LF is clearly isomorphic to Q1̂
LF ,k.

Applying the functor ΘF : CpLF ; kq Ñ HpLF ; kq–mod to this isomorphism gives an isomorphism

yFEpL; kqrrkF s – EpLF ; kq.

In [BHM`], a graded HpL;Qq-module is called pure if it is isomorphic to a direct sum of direct
summands of modules of the form CHpLF ;Qqrks, where F P L and k P Z. The next result says
that this definition agrees with our definition of pure modules.

Proposition 8.16. Let k be a field. An HpL;kq-module is pure if and only if it is isomorphic to a
direct sum of direct summands of modules of the form CHpLF ; kqrks, where F P L and k P Z.
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Proof. By Proposition 4.5(e), CHpLF ; kqrks is pure, and since purity is clearly preserved under
taking direct sums and direct summands, the “if” statement holds.

Considering CHpLF ; kq as an HpL; kq-module via the homomorphism HpL; kq Ñ HpLF ; kq, we
have yF CHpLF ; kq – kr´ rkF s and yGCHpLF ; kq “ 0 for G ­ď F . It follows that EpLF ; kq is
isomorphic to a direct summand of CHpLF ; kq. Thus, by Theorem D, every indecomposable pure
HpL; kq-module appears as a shift of a direct summand of CHpLF ; kq for some F P L. This proves
the “only if” direction. □

Theorem D implies that any pure HpL; kq-module M can be decomposed as a direct sum

M –
à

FPL

W pM, F q b EpLF ; kq (11)

for some finite-dimensional graded vector spaces W pM, F q. The next result, which proves Theo-
rem F, shows how to compute these multiplicity spaces.

Proof of Theorem F. As with all of the results stated in the introduction, we are assuming that k is a
field. We must show that W pM, F q is isomorphic to the image of the costalk-stalk homomorphism
βF pMq : MrF s Ñ MF . This follows by applying im pβGp´qq to both sides of (11). Indeed, if F ‰ G,
then QF

L,k – ΛEpLF ; kq is taut at G. By Lemma 8.8, this implies that βGpEpLF ; kqq “ 0, and
therefore the F summand of the right-hand side vanishes. On the other hand, the maps

k – EpLG; kqrGs ÝÑ yGEpLG; kqrrkGs ÝÑ EpLG; kqG – k

are isomorphisms, therefore the G summand of the right-hand side is isomorphic to W pM, Gq.
Thus we obtain the equation im pβGpMqq – W pM, Gq. □

Remark 8.17. Theorem F does not hold when k is a DVR. This is because it is possible for a pure
module M to be taut at F even though βF pMq is not zero. The object in Example 8.10 is an example.
Instead, the multiplicities in the decomposition of a pure HpL;kq-module are given by the graded
dimensions of the images of the reduced maps βF pMq.

9. PROPERTIES OF PARITY SHEAVES

The purpose of this section is to prove Theorems B and E.

9.1. Top and bottom degrees. In addition to giving a classification of indecomposable pure ob-
jects, Theorem 8.12 (or rather its proof) also gives an algorithm to construct them. Namely, to
construct QF “ QF

L,k, start with QF pGq “ 0 forG ­ď F , QF pF q “ k, and then use Proposition 8.9 to
define QF pGq for G ă F in decreasing order of rank. The following proposition is an application
of this algorithm.
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Proposition 9.1. The indecomposable pure object QF “ QF
L,k satisfies the following properties.

(a) For any G ď F , we have QF pGqi “ 0 if i ă 0 or i ą rkF ´ rkG.

(b) For any G ď F , we have QF pGq0 – QF pGqrkF´rkG – k.

(c) For any G ď H ď F , the restriction map

φHG : QF pGq0 ÝÑ QF pHq0

and the corestriction map

ψHG : QF pHqrkF´rkH ÝÑ QF pGqrkF´rkG

are both isomorphisms.

Proof. We will proceed by induction on the difference rkF ´ rkG. WhenG “ F , the statements (a)
and (b) hold because QF pF q is equal to k concentrated in degree 0. The only case of (c) to check is
G “ H “ F , which holds trivially since φFF and ψFF are both the identity map.

Now suppose that we are givenG0 ă F such that the proposition holds for allGwithG0 ă G ď

F . We apply these statements to the sections and cosections of QF on ΣąG0 . Looking at sections

Γ˚pΣąG0 ,QF q “ lim
ÐÝ
G0ăG

QF pGq “ lim
ÐÝ

G0ăGďF

QF pGq,

the fact that QF pGqi is zero when i ă 0 or i ą rkF ´ rkG implies that Γ˚pΣąG0 ,QF qi “ 0 for i ă 0

and i ě rkF ´ rkG0. Furthermore, statement (c) implies that all of the maps in the limit between
elements G0 ă G ď F are isomorphisms in degree 0, and so Γ˚pΣąG0 ,QF q0 – k and the maps
Γ˚pΣąG0 ,QF q0 Ñ QF pGq0 are isomorphisms for all G0 ă G ď F .

Dually, when we look at cosections

Γ!pΣąG0 ,QF q “ lim
ÝÑ
G0ăG

QF pGqr´ rkGs “ lim
ÝÑ

G0ăGďF

QF pGqr´ rkGs,

the statement (a) implies that QF pGqr´ rkGs vanishes in all degrees i ă rkG and i ą rkF , so
the limit vanishes for all degrees i ď rkG0 and i ą rkF . Statement (c) implies that all of the
maps in the limit between elements G0 ă G ď F are isomorphisms in degree rkF , so we have
Γ!pΣąG0 ,QF qrkF – k and the maps QF pGqr´ rkGsrkF Ñ Γ!pΣąG0 ,QF qrkF are isomorphisms for
all G0 ă G ď F .

We now consider the maps

Γ!

`

ΣąG0 ,QF
˘

rrkG0s
ΨG0

ÝÝÝÑ QF pG0q
ΦG0

ÝÝÝÑ Γ˚

`

ΣąG0 ,QF
˘

.

In degrees i ă 0 and i ą rkF ´ rkG0, both the sections and cosections vanish, so QF pG0qi “ 0,
giving the statement (a). In degree i “ 0, the cosections vanish while the sections are k, so we
have QF pG0q0 – k. In degree rkF ´ rkG0, the sections vanish while the cosections are k, giving
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QF pG0qrkF´rkG0 – k, so we have proved the statement (b) forG0. It also follows that the statement
(c) holds for G0. □

Remark 9.2. Applying the functor Θ to Q1̂, Proposition 9.1 immediately gives us the first two
statements of Theorem B. We will tackle the third statement in Section 9.3.

9.2. Next degrees in. Assume in this section that k is a field of characteristic p (allowing the pos-
sibility that p “ 0). Our next result gives a simple description of the spaces QF pGq in the next
degrees “in from the outside”, that is, in degrees 1 and rkF ´ rkG ´ 1. This gives an alternative
proof of Proposition 1.9 that does not involve the embedding EpL;kq in the augmented Chow ring
CHpL; kq. A reader who is only interested in the proofs of Theorems B and E may skip this section.

To simplify notation, we will restrict ourselves to the case where F is the maximal element 1̂.
Let Q “ Q1̂. For an upper set Σ Ď L, we let Σppq denote the set of p-resonant elements in Σ, where
p is the characteristic of k.

Theorem 9.3. For any G ă 1̂, there are isomorphisms

QpGq1 – kLGppq – QpGqcrkG´1

with the property that, for any G ă F ă 1̂, the maps

ψFG : QpF qcrkF´1 ÝÑ QpGqcrkG´1 and φFG : QpGq1 ÝÑ QpF q1

are given by the coordinate inclusion kLF ppq Ñ kLGppq and projection kLGppq Ñ kLF ppq, respectively.
If in addition F is a cover of G, so that crkF “ crkG´ 1, the map

ψFG : QpF q0 ÝÑ QpGq1

is the map k Ñ kLGppq sending 1 to the characteristic function of LGppq ∖ LF_Gppq, and the map
φFG : QpGqcrkG´1 Ñ QpF qcrkF – k is its transpose.

Before proving Theorem 9.3, we formulate and prove a lemma. Given a map a : L1 Ñ k, its
complementary Radon transform is the map Ca : L Ñ k given by

CapF q “
ÿ

DPL1 andD ­ďF

apDq.

The following lemma is proved in [Kun79, Section 3] under the additional assumption that p “ 0;
we prove it below for arbitrary fields.

Lemma 9.4. The map a ÞÑ Ca|Lppq is injective. If 0̂ is p-resonant, then there exists an a such that,
for any F P Lppq, we have CapF q “ δ0̂F .
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Proof. First we prove injectivity. Suppose that Ca vanishes on Lppq. If we can show that Ca van-
ishes on all of L, it will follow that a “ 0, since for any D P L1 we have

apDq “ Cap0̂q ´ CapDq.

We prove that CapF q “ 0 for all F P L by induction on the corank of F . When F “ 1̂ the
result is obvious, and when F has corank 1 it is p-resonant, so CapF q “ 0 by assumption. Now
take F P L of corank at least 2, and assume that Ca vanishes on all elements of smaller corank.
If F is p-resonant, then CapF q “ 0 by assumption. Otherwise, there is an element H ą F with
rkH “ rkF ` 2 such that the open interval pF,Hq has cardinality m with m´ 1 invertible in k. An
atom D P L1 with D ď H and D ­ď F lies below exactly one G P pF,Hq, and hence we have

ÿ

GPpF,Hq

CapGq “ pm´ 1qCapF q ` CapHq.

Our inductive hypothesis says that the left sum and CapHq both vanish, so CapF q “ 0, as desired.

For the second statement, suppose that 0̂ is p-resonant. Let apDq “ 1 for all D P L1, so that

CapF q “ |L1| ´ |pLF q1|.

Lemma 4.3 implies that, for any F ą 0̂, |pLF q1| is congruent to 1 modulo p. ThusCapF q “ 1´1 “ 0

for all F ‰ 0̂, while Cap0̂q “ 1 ´ 0 “ 1. □

Proof of Theorem 9.3. We will prove the statements about QpGq1; the statements about QpGqcrkG´1

follow from duality. We proceed by induction on crkG. When crkG “ 1, G is the only p-resonant
element of LG, and Proposition 9.1 says that

QpGq1 “ QpGqcrkG – k – kLGppq.

The statements about ψFG and φFG are trivial in this case.

Now suppose that crkG ą 1, and that the statements hold for all elements of smaller corank.
We need to compute the degree 1 part of the map ΞG : Γ!pLąG,QqrrkGs Ñ Γ˚pLąG,Qq. The source
of this map is

Γ!pLąG,QqrrkGs1 “ Γ!pLąG,QqrkG`1 “ lim
ÝÑ
FąG

QpF qr´ rkF srkG`1 “ lim
ÝÑ
FąG

QpF qrkG´rkF`1 – kpLGq1 .

The last isomorphism follows from Proposition 9.1 because, for F ą G, the quantity rkG´rkF `1

is negative unless F covers G, in which case it is zero. We represent elements of this space as
functions a : pLGq1 Ñ k.

For any F 1 with G ă F 1 ď F , our inductive hypothesis tells us that the restriction map φFF 1 is a
coordinate projection, thus the degree one part of the target of ΞG is

Γ˚pLąG,Qq1 “ lim
ÐÝ
FąG

kLF ppq “ kΣąGppq.
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If we represent elements of this space as functions ΣąGppq Ñ k, we claim that

ΞGpaq “ Ca|ΣąGppq,

where the complementary Radon transform Ca is computed in the lattice LG “ ΣěG.

To see this, let aF be the basis element in kpLGq1 corresponding to a cover F of G. It is the image
of 1 P QpF q0 in Γ!pLąG,QqrrkGs1. Then ΞGpaF q is determined by its image in QpHq1 over all
H ą G. If F ď H , then the image is zero, since F ^ H “ F ‰ G. This agrees with the claim, since
CaF is zero on LH when H ě F . On the other hand, if F ­ď H , then F _ H covers H , and the
image of ΞGpaF q in QpHq1 is the image of 1 under the map

k “ QpF q0
φF_H
F

ÝÝÝÝÝÑ QpF _Hq0
ψF_H
H

ÝÝÝÝÝÑ QpHq1 – kLHppq.

By the inductive assumption, φF_H
F is the identity and ψF_H

H sends 1 to the characteristic function
of LHppq ∖ LF_Hppq, which is the restriction of CaF to LHppq. The claim follows.

Now consider the diagram

kpLGq1 kΣąGppq

kLGppq

ΞG

ΨG ΦG

where ΨG is the map a ÞÑ Ca|LGppq and ΦG is the restriction to ΣąGppq. The triangle commutes, so
this diagram describes the degree 1 part of an extension of Q|ΣąG

to ΣěG “ LG. This extension is
pure, because ΦG is surjective and ΨG is injective, by Lemma 9.4. Finally, we must check that the
extension is taut atG. IfG is not p-resonant, then ΦG is an isomorphism, and tautness is automatic.
If G is p-resonant, then the kernel of ΦG is spanned by the characteristic function of G, which is in
the image of ΨG by the second part of Lemma 9.4. □

9.3. Künneth isomorphism. In this section we prove the last part of Theorem B, which is a
Künneth isomorphism for parity modules. Let L1 and L2 be geometric lattices. Then L1 ˆ L2

is a geometric lattice, with rank function rkpF1, F2q “ rkF1 ` rkF2. We have an isomorphism of
rings

HpL1; kq b HpL2; kq – HpL1 ˆ L2; kq, yF1
b yF2

ÞÝÑ ypF1,F2q.

Lemma 9.5. Let Mi be a graded HpLiq-module for i “ 1, 2. If M1 and M2 are both pure, then so is
their external tensor product M1 b M2.

Proof. Let M “ M1 b M2. To show that M is flabby and coflabby, we will use the criterion of
Lemma 7.9. Let V “ ΛM, and take pF1, F2q P LˆL2. We wish to show that the corestriction

Γ!pΣąpF1,F2q,Vq ÝÑ Γ!pΣěpF1,F2q,Vq “ ypF1,F2qM “ yF1M1 b yF2M2
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is injective and the restriction

pyF1M1 b yF2M2q rrkF1 ` rkF2s “ Γ˚pΣěpF1,F2q,Vq ÝÑ Γ˚pΣąpF1,F2q,Vq

is surjective.

Using the cover

ΣąpF1,F2q “ pΣąF1 ˆ ΣěF2q Y pΣěF1 ˆ ΣąF2q

and the fact that Γ!p´,Vq is a cosheaf gives us an exact sequence

Γ!pΣąF1 ˆ ΣąF2 ,Vq ÝÑ Γ!pΣąF1 ˆ ΣěF2 ,Vq ‘ Γ!pΣěF1 ˆ ΣąF2 ,Vq ÝÑ Γ!pΣąpF1,F2q,Vq ÝÑ 0.

Since the subset ΣąF1 ˆ tF2u Ď ΣąF1 ˆ ΣěF2 is cofinal, we have

Γ!pΣąF1 ˆ ΣěF2 ,Vq “ lim
ÝÑ

G1ąF1
G2ěF2

yG1M1 b yG2M2 – lim
ÝÑ

G1ąF1

yG1M1 b yF2M2 –

˜

lim
ÝÑ

G1ąF1

yG1M1

¸

b yF2M2,

where the last isomorphism holds because yF2M2 is a free k-module. Since M1 is coflabby and
locally free, the map from this space of cosections to M1 b M2 is a split injection, with image

´

spanΣąF1
M1

¯

b yF2M2 “ spanΣąF1
ˆΣěF2

M.

Similarly, Γ!pΣěF1 ˆ ΣąF2 ,Vq maps by a split injection into M1 b M2 with image

yF1M1 b

´

spanΣąF2
M2

¯

“ spanΣěF1
ˆΣąF2

M.

The intersection of these images is
´

spanΣąF1
M1

¯

b

´

spanΣąF2
M2

¯

“ spanΣąF1
ˆΣąF2

M,

which is the image of Γ!pΣąF1 ˆ ΣąF2 ,Vq in M1 b M2. It follows that the map

Γ!pΣąpF1,F2q,Vq Ñ Γ!pΣěpF1,F2q,Vq “ yF1M1 b yF2M2

is a split injection, which proves that M is coflabby and locally free.

The proof that M is flabby is similar, using the sheaf property of Γ˚p´,Vq. □

Proof of Theorem B. Parts (a) and (b) follow from Proposition 9.1, so it will suffice to prove part (c).
We need to show that EpL1q b EpL2q satisfies the conditions of Theorem A. Indecomposability is
clear, and purity follows from Lemma 9.5. Finally, we have

y
p1̂,1̂q

`

EpL1q b EpL2q
˘

“ y1̂EpL1q b y1̂EpL2q – kr´ rkL1s b kr´ rkL2s – kr´ rkpL1 ˆ L2qs. □
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9.4. Purity and base change. In this section, we consider how pure modules behave when the
coefficient ring k changes. Our ultimate goal is to prove Theorem E, along with the statement that
parity modules behave nicely under field extensions.

Suppose that k Ñ k1 is a ring homomorphism, where k is either a field or a DVR and k1 is a
field. We will mainly be interested in the cases (1) k1 is an extension field of k, (2) k is a DVR and
k1 “ k is its residue field, and (3) k is a DVR and k1 “ K is its fraction field. Given an upper set Σ,
we have a functor ´ bk k1 : CpΣ;kq Ñ CpΣ; k1q.

Theorem 9.6. Let V be an object of CpΣ; kq.

(a) For any Σ1 Ď Σ, the natural map Γ!pΣ
1,Vq bk k1 Ñ Γ!pΣ

1,V bk k1q is an isomorphism.

(b) If V is pure, then the natural map Γ˚pΣ1,Vq bk k1 Ñ Γ˚pΣ1,V bk k1q is an isomorphism.

(c) If V is pure, then so is V bk k1.

Proof. Tensoring with k1 is right exact, which means that it commutes with finite colimits, and in
particular it commutes with taking cosections. This proves (a).

The proof of (b) is by induction on |Σ1|. When |Σ1| “ 1, or more generally when Σ1 “ ΣěF for an
element F , the statement is true by definition. So assume |Σ1| ą 1, Σ1 has more than one minimal
element, and the statement is true for all smaller upper sets. Let F be a minimal element of Σ1 and
let Σ2 “ Σ1ztF u.

Since V is flabby, Lemma 7.8(a) gives us an exact sequence

0 ÝÑ VrF s ÝÑ Γ˚pΣ1,Vq ÝÑ Γ˚pΣ2,Vq ÝÑ 0.

Proposition 7.13(d) implies that Γ˚pΣ2,Vq is free, thus this exact sequence splits. It follows that
tensoring with k1 preserves exactness. Consider the following diagram:

0 // VrF s bk k1

��

// Γ˚pΣ1,Vq bk k1

��

// Γ˚pΣ2,Vq bk k1 //

��

0

0 // pV bk k1qrF s
// Γ˚pΣ1,V bk k1q // Γ˚pΣ2,V bk k1q // 0

We have already argued that the top row is exact. Left-exactness of the bottom row follows from
Lemma 7.8. The right vertical map is an isomorphism by our induction hypothesis, which implies
that the bottom row is also right exact.

We want to prove the middle vertical map is an isomorphism, and by the Five Lemma, it is
sufficient to show that the left vertical map is an isomorphism. To do this, we consider the same
diagram with Σ1 replaced by ΣěF and Σ2 replaced by ΣąF . Now the second and third vertical
maps are isomorphisms by the induction hypothesis, which shows that VrF s bk k1 Ñ pV bk k1qrF s

is an isomorphism. This completes the proof of (b).
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Finally, we prove (c). If V is pure, then its restriction homomorphisms are surjections, and (b)
implies that the restriction homomorphisms of V bk k1 are surjections. Thus V bk k1 is flabby.
Similarly, the corestrictions of V are split injections by Proposition 7.13, so (a) implies that V bk k1

is coflabby. Since we are assuming k1 is a field, local freeness is automatic. Thus Vbkk1 is pure. □

Proposition 9.7. If k Ñ k1 is a field extension, or if k is a DVR and k1 “ k is its residue field, then
there is an isomorphism

EpL; k1q – EpL;kq bk k1.

Proof. By Theorem 9.6, EpL; kq bk k1 is pure, and it is clearly not annihilated by y1̂, so it only
remains to show that it is indecomposable. By Theorem 8.12, it is enough to show that it is taut at
all elements F ‰ 1̂.

Consider first the case of a field extension. Let V “ ΛEpL; kq, and take an element F ‰ 1̂. Since
k is a field, V is taut at F if and only if kerΦF Ď imΨF . Since tensoring with k1 is exact, we have

kerpΦF bk k1q “ pkerΦF q bk k1 Ď pimΨF q bk k1 “ impΨF bk k1q.

By Theorem 9.6, ΦF bk k1 and ΨF bk k1 are the Φ and Ψ maps for V bk k1. So we have shown that
V bk k1 is taut at F , as desired.

The case k ÞÑ k is similar. Since V “ ΛEpL; kq is taut at F , we have kerΦF Ď imΨF . But
Theorem 9.6 implies that ΦF and ΨF are the Φ and Ψ maps for V̄ “ V bk k. Thus we see that
EpL; kq bk k1 is taut at F for all F ‰ 1̂, so it is indecomposable. □

The field extension case of Proposition 9.7 has the following immediate corollary.

Corollary 9.8. Let k be a field of characteristic p. We have

pZLptq “
ÿ

iě0

ti dimEipL; kq and pPLptq –
ÿ

iě0

ti dimEipL; kq.

Proof of Theorem E. We use base change by the homomorphisms Fp Ð Zp Ñ Qp. Proposition 9.7
tells us that

pZLptq “
ÿ

iě0

ti dimFp E
ipL;Fpq “

ÿ

iě0

ti rkZp E
ipL;Zpq “

ÿ

iě0

ti dimQp E
ipL;Zpq bZpQp.

Since EpL;Zpq bZpQp is pure and is not annihilated by y1̂, it has EpL;Qpq as a direct summand.
The first inequality follows. The proof of the inequality on stalks is similar. □
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10. DIMENSION OF THE SPACE OF HOMOMORPHISMS

In this section we assume that k is a field. It is possible to extend these results to the case where
k is a DVR, but we do not need it.

Let Σ be an upper set, and consider objects V,W in CpΣ; kq. Let homCpΣ;kqpV,Wq be the graded
hom space whose ith graded piece is HomCpΣ;kqpV,Wrisq. The graded hom space between two
graded k-vector spaces is defined in the same way.

Theorem 10.1. If V and W are both pure, then there is a non-canonical isomorphism of graded
vector spaces

homCpΣ;kqpV,Wq –
à

FPΣ

hompVF ,WrF sq.

Proof. We proceed by induction on |Σ|. If |Σ| “ 1, then Σ “ t1̂u and the category CpΣ; kq is
equivalent to the category of graded k-vector spaces, so the result is trivial.

Suppose that |Σ| ą 1, and let F be a minimal element in Σ, so that Σ1 “ ΣztF u is an upper set.
Then we have an exact sequence of graded vector spaces

0 ÝÑ hompVF ,WrF sq ÝÑ homCpΣ;kqpV,Wq ÝÑ homCpΣ1;kqpV|Σ1 ,W|Σ1q ÝÑ 0.

The second map is given by restriction, and it is surjective by Proposition 8.6. The first map is
given by sending α : cokerΨV,F Ñ kerΦW,F to a map that restricts to zero on Σ1, and whose
component at F is the composition

VpF q ↠ VF
α

ÝÝÑ WrF s ãÑ WpF q.

Applying the inductive hypothesis to morphisms V|Σ1 Ñ W|Σ1 gives the result. □

Proposition 6.3, Lemma 7.6, and Theorem 10.1 together imply the following corollary.

Corollary 10.2. If M and M1 are pure graded HpL; kq-modules, then there is a non-canonical iso-
morphism of graded vector spaces

homHpL;kqpM,M
1q –

à

FPL

hompMF ,M
1
rF sq.

Taking both M and M1 to be the parity module EpL; kq, we obtain the following result.

Corollary 10.3. We have EndHpL;kq EpL; kq – k if and only if, for every F ‰ 1̂ and every degree k,
either the stalk EpL; kqF or the costalk EpL; kqrF s vanishes in degree k.

In [BHM`, Proposition 6.4], we showed that the only endomorphisms of IHpLq “ EpL;Qq are
scalar multiplication. The proof relied on [BHM`, Proposition 6.3], which states that the stalk
IHpLqF vanishes in degrees greater than or equal to pcrkF q{2 and the costalk IHpLqrF s vanishes in
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degrees less than or equal to pcrkF q{2. Although the argument there was expressed in somewhat
different language, it follows the same outline given here.

Example 10.4. Let L “ U2,n be the lattice of flats for the uniform matroid of rank 2 on n elements,
and let k be a field of characteristic p. If n ” 1 modulo p, then EpL; kq – CHpL;kq by Theorem 1.12.
The degree 1 parts of the stalk CHpL; kq0̂ and the costalk CHpL;kq

r0̂s
are both isomorphic to k, and

we have EndHpL;kq EpL; kq – krεs{xε2y.

11. RELATION WITH TOPOLOGY

In this section, we assume that L is the lattice of flats of a matroid, and that this matroid is
realizable by a linear subspace V Ď CL1

, and we write Y “ YV – V Ď pP1qL
1

to denote the
associated arrangement Schubert variety. Given p P Y andG P L1, we will write pG P P1 “ CYt8u

to denote the corresponding coordinate. For any F P L, let

SF – tp P Y | pG “ 8 ðñ G ę F u.

By [PXY18, Lemma 7.6], we have SF – CrkF and the stratification

Y “
ğ

FPL

SF .

The strata S “ tSF | F P Lu are the orbits of the action of the additive group pV,`q on Y .
This implies that they form an algebraic stratification in the sense of Chriss–Ginzburg [CG97,
Definition 3.2.23] and a good stratification in the sense of Achar [Ach21, Definition 2.3.20]. It
follows that for any inclusion f of locally closed unions of strata, the functors f˚, f

˚, f!, f
! all

preserve S-constructibility.

Let k be either a field of arbitrary characteristic or a complete DVR of characteristic 0. Let
Db

SpY ; kq denote the derived category of sheaves of k-modules on Y that are constructible with
respect to S. For each element F P L, let iF : SF Ñ Y denote the inclusion. An object F in
Db

SpY ; kq is called ˚-even (resp. !-even) if, for every F P L, the cohomology sheaves Hkpi˚FFq

(resp. Hkpi!FFq) vanish for all odd k P Z and are free k-local systems for all even k P Z. It is called
even if it is both ˚-even and !-even. Juteau, Mautner, and Williamson defined a class of objects in
Db

SpY ; kq called parity sheaves, described by the following theorem [JMW14].

Theorem 11.1. There exists a collection tEpF ; kq | F P Lu of objects of Db
SpY ; kq satisfying the

following properties:

(1) EpF ; kq is even and indecomposable.

(2) The support of EpF ;kq is equal to SF .

(3) The pullback i˚FEpF ; kq to SF is a rank one constant k-local system in degree zero.
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This collection is unique up to isomorphism. Every even object in Db
SpY ; kq is isomorphic to a

direct sum of objects of the form EpF ; kqr2ks for some k P Z.

Proof. The uniqueness and support condition are [JMW14, Theorem 2.12]. Existence of the com-
plexes EpF ;kq follows from [JMW14, Corollary 2.35], since the closures of strata SF , which are
smaller arrangement Schubert varieties, have pV,`q-equivariant resolutions whose fibers have no
odd cohomology. □

For any object F in Db
SpY ; kq, the hypercohomology H‚pFq is naturally a graded module over

H‚pY ; kq. The next result, which is the main result of this section, identifies the hypercohomology
of the parity sheaves on Y with the parity modules of L. The special case where F “ 1̂ and k is a
field gives us Theorem C from the introduction.

Theorem 11.2. For any F P L, there is a degree-doubling isomorphism

EpLF ; kq – H‚pEpF ; kqq

of modules over HpL; kq – H‚pY ; kq.

The proof of this theorem will proceed in several stages. We begin by associating a sheaf and a
cosheaf to an even object in Db

SpY ; kq. For an upper set Σ Ď L, let

UΣ –
ď

FPΣ

SF

be the corresponding open union of strata, and let jΣ : UΣ Ñ Y be the inclusion. Let F P Db
SpY ; kq

be even.

Proposition 11.3. The assignment
Σ ÞÝÑ H‚pj˚

ΣFq

is a flabby sheaf on L, and the assignment

Σ ÞÝÑ H‚
cpj

˚
ΣFq

is a coflabby cosheaf on L. For any upper set Σ, both of these graded k-modules vanish in odd
degrees.

Proof. We first prove the parity vanishing statements, using induction on the cardinality of Σ. The
statements are trivial when Σ is empty. Assume it is nonempty, and choose a minimal element
F P Σ, so that Σ1 – ΣztF u is an upper set. By induction, both H‚pj˚

Σ1Fq and H‚
cpj

˚
Σ1Fq vanish

in odd degrees. Applying hypercohomology to the distinguished triangles of [Ach21, Theorem
1.2.10] gives exact sequences

¨ ¨ ¨ ÝÑ H‚pi!FFq ÝÑ H‚pj˚
ΣFq ÝÑ H‚pj˚

Σ1Fq
r1s

ÝÑ ¨ ¨ ¨ (12)
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and
¨ ¨ ¨ ÝÑ H‚

cpj
˚
Σ1Fq ÝÑ H‚

cpj
˚
ΣFq ÝÑ H‚

cpi
˚
FFq

r1s
ÝÑ ¨ ¨ ¨ . (13)

Since i˚FF and i!FF are both isomorphic to direct sums of constant free k-local systems with only
even shifts, it follows that H‚pi!FFq and H‚

cpi
˚
FFq both vanish in odd degrees and are free in even

degrees. Since the outer terms of the exact sequences vanish in odd degrees, the same is true of
the middle terms, completing the induction.

This argument also shows that the connecting homomorphisms in these exact sequences vanish,
so H‚pj˚

ΣFq Ñ H‚pj˚
Σ1Fq is surjective and H‚

cpj
˚
Σ1Fq Ñ H‚

cpj
˚
ΣFq is split injective for any inclusion

Σ1 Ď Σ of upper sets with |Σ1| “ |Σ| ´ 1. By induction, the same holds for any inclusion of upper
sets, which proves flabbiness and coflabbiness.

Finally, the parity vanishing proved above implies that, for any upper sets Σ1,Σ2 Ď L, the
Mayer–Vietoris sequences

¨ ¨ ¨ ÝÑ H‚pj˚
Σ1YΣ2

Fq ÝÑ H‚pj˚
Σ1
Fq ‘ H‚pj˚

Σ2
Fq ÝÑ H‚pj˚

Σ1XΣ2
Fq

r1s
ÝÑ ¨ ¨ ¨

and
¨ ¨ ¨ ÝÑ H‚

cpj
˚
Σ1XΣ2

Fq ÝÑ H‚
cpj

˚
Σ1
Fq ‘ H‚

cpj
˚
Σ2
Fq ÝÑ H‚

cpj
˚
Σ1YΣ2

Fq
r1s

ÝÑ ¨ ¨ ¨

split into short exact sequences. The first exact sequence says that Σ ÞÑ H‚pj˚
ΣFq is a sheaf, and

the second says that Σ ÞÑ H‚
cpj

˚
ΣFq is a cosheaf. □

Proposition 11.3 holds for even objects on any variety stratified by affine spaces; for example, it
also holds for the Schubert stratification of a flag variety. But the exploded modules introduced in
Section 6.1 have additional structure, namely an identification (up to shift) of the sections of the
sheaf with the cosections of the cosheaf on principal open sets. In order to prove Theorem 11.2,
we need this additional structure. It is easy to see that the sheaf and cosheaf of Proposition 11.3
agree on the maximal open set UL “ Y , since Y is compact and therefore

H‚pFq “ H‚
cpFq

for any F P Db
SpY ; kq. But to relate the sheaf and cosheaf beyond this extreme case we need the

following proposition, which is particular to the geometry of the arrangement Schubert variety Y .

For all F P L, let UF “ UΣěF
and jF “ jΣěF

.

Proposition 11.4. For any F P Db
SpY ; kq and any F P L, there is a natural isomorphism

H‚pj˚
FFq

„
ÝÑ H‚

cpj
˚
FFqr2 rkF s

of functors from Db
SpY ; kq to graded k-modules with the property that the composition

H‚pFq ÝÑ H‚pj˚
FFq ÝÑ H‚

cpj
˚
FFqr2 rkF s ÝÑ H‚

cpFqr2 rkF s “ H‚pFqr2 rkF s

with the restriction and corestriction maps coincides with the action of yF P HpL;kq.
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Before proving Proposition 11.4, we show how it implies Theorem 11.2. The proof will be based
on the following result, which is an immediate consequence of Propositions 11.3 and 11.4.

Corollary 11.5. For any even object F P Db
SpY ; kq and any F P L, the kernel of the multiplication

by yF on H‚pFq is equal to the kernel of restriction H‚pFq Ñ H‚pj˚
FFq and the image is equal to

the image of the corestriction H‚
cpj

˚
FFq Ñ H‚

cpFq.

Remark 11.6. This corollary can be interpreted as saying that the exploded module V – ΛH‚pFq is
built from the spaces VpF q “ H‚pj˚

FFq – H‚
cpj

˚
FFqr2 rkF s, with the maps φGF given by restriction

and the maps ψGF given by corestriction.

Proof of Theorem 11.2. We first show that, for any even object F in Db
SpY ; kq, the HpL; kq-module

M – H‚pFq (with degrees halved) is pure. More precisely, following Definition 7.10, we show
that the exploded module V – ΛM is flabby, coflabby, and locally free.

Let Σ Ď L be an upper set. We have isomorphisms

Γ!pΣ,Vq – lim
ÝÑ
FPΣ

H‚
cpj

˚
FFq – H‚

cpj
˚
ΣFq,

where the first isomorphism follows from Corollary 11.5 and the second follows from the cosheaf
property of Proposition 11.3. Proposition 11.3 then shows that V is coflabby.

In the same way, we have isomorphisms

Γ˚pΣ,Vq – lim
ÐÝ
FPΣ

H‚pj˚
FFq – H‚pj˚

ΣFq,

and we conclude by Proposition 11.3 that V is flabby.

Next, we show that the stalk and costalk of V at any F P L are identified with their topological
counterparts. For the stalk, we have

VF “ cokerΨF,V

– coker
`

H‚
cpj

˚
ΣąF

Fqr2 rkF s Ñ H‚
cpj

˚
FFqr2 rkF s

˘

– H‚
cpi

˚
FFqr2 rkF s

– H‚pi˚FFq,

where the second isomorphism follows from the exact sequence (13) (recall that the connecting
homomorphisms of this sequence vanish). Since the cohomology sheaves of i˚FF are constant free
k-local systems, H‚pi˚FFq is free, and so V is locally free. We have completed the proof that V is
pure.
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We have a dual isomorphism for the costalk:

VrF s “ kerΦF,V

– ker
`

H‚pj˚
FFq Ñ H‚pj˚

ΣąF
Fq

˘

– H‚pi!FFq,

where the second isomorphism follows from the exact sequence (12). Combining these isomor-
phisms, we see that the costalk-stalk homomorphism βF pMq, which is the composition

VrF s ÝÑ VpF q ÝÑ VF ,

is identified with the natural map

H‚pi!FFq ÝÑ H‚pi˚FFq.

Now suppose that F is the parity sheaf EpF ;kq. We wish to show that the exploded module
V “ ΛH‚pFq is isomorphic to QF

L,k as defined in Theorem 8.12, since Lemma 8.14 then yields
M – ΘV – EpLF ; kq. We know that V is pure, so we must verify the remaining conditions of
Theorem 8.12.

For any G ­ď F we have VpGq – H‚pj˚
GFq “ 0, since EpF ; kq is supported on SF , and we also

have VpF q – H‚pj˚
FFq – k, since EpF ; kq restricts to a constant rank one local system on SF .

It remains to show that V is taut at all G ‰ F . This is trivial if G ­ď F since VpGq “ 0, so
suppose thatG ă F . The restriction j˚

GF is indecomposable by [JMW14, Proposition 2.11], and SG
is closed inUG, so we can apply [JMW14, Lemma 2.21] together with the fact that SG is contractible
to deduce that the image of the natural homomorphism

H‚pi!GFq ÝÑ H‚pi˚GFq

does not contain any non-trivial direct summands as k-modules. Equivalently, the induced homo-
morphism of k-modules

H‚pi!GFq ÝÑ H‚pi˚GFq

is zero.4 We have seen that this map is identified with βGpMq, so Lemma 8.8 shows that V is taut
at G, as desired. □

Proof of Proposition 11.4. Let B Ď L1 be a basis for F . In other words, B is a minimal set of atoms
whose join is F . We have |B| “ rkF .

Let X “ pP1qB , and let p : Y Ñ X denote the inclusion of Y into pP1qL
1

followed by projection
onto the factors indexed by B. This map is equivariant for the action of pV,`q, where the action

4Note that, if k is a field, then k “ k and the two homomorphisms are the same.



60 TOM BRADEN, JUNE HUH, JACOB P. MATHERNE, NICHOLAS PROUDFOOT, AND BOTONG WANG

of v P V on X forgets the coordinates not in B. If W “ CB Ď X is the locus of points where no
coordinate is 8, then we have p´1pW q “ UF , the union of all SG with G ě F .

The class yF P HrkF pL; kq – H2 rkF pY ; kq is the product of yb for b P B. This implies that
yF “ p˚α, where α P H2 rkF pX; kq is the standard generator. We can describe the class α as a map
of sheaves in the following way. Let i be the inclusion of t0u Ď W into X . Under the natural
isomorphism

H2 rkF pX; kq – HomDbpX;kqpkX , kXr2 rkF sq,

the class α is given by the composition

kX ÝÑ i˚i
˚kX

–
ÝÑ i!i

!kXr2 rkF s ÝÑ kXr2 rkF s, (14)

where the first and third maps are the adjunctions and the middle map is obtained using the
standard orientation of X as a smooth complex variety. More precisely, if a : X Ñ t0u is the
projection, the orientation induces an isomorphism a!kt0u – kXr2 rkF s, and applying i! gives an
isomorphism

kt0u – i!a!kt0u – i!kXr2 rkF s

which, together with the fact that i˚ “ i!, gives the required map.

We can obtain a map of sheaves representing the class yF “ p˚α by pulling back the map (14)
by p. We have p˚kX “ kY , so this will give a map kY Ñ kY r2 rkF s. To see what the pullback of the
middle sheaf i˚i˚kX is, consider YF – p´1p0q. It is the arrangement Schubert variety associated
with the vector subspace VF – V X p´1p0q, considered as a subspace of CL1zF . Let f : YF Ñ Y

denote the inclusion. Since i˚ “ i!, proper base change implies that

p˚i˚i
˚kX – f˚f

˚p˚kX – f˚f
˚kY .

Thus pulling back (14) by p expresses the cohomology class yF as a composition

kY ÝÑ f˚f
˚kY ÝÑ kY r2 rkF s.

The action of yF on the hypercohomology of F P Db
SpY ; kq is then given by tensoring this map

with F , using the natural isomorphism kY bF » F , and taking hypercohomology. The projection
formula and compatibility of tensor with pullbacks give

f˚f
˚kY b F – f!f

˚kY b F

– f!pf
˚kY b f˚Fq

– f˚f
˚pkY b Fq

– f˚f
˚F .
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This gives the bottom row in the following diagram:

pjF q˚j
˚
FF pjF q!j

˚
FFr2 rkF s

F f˚f
˚F Fr2 rkF s

ζ η

The outer diagonal maps come from the adjunctions, together with the fact that j˚
F “ j!F . To

construct the inner diagonal maps ζ and η, apply pjF q˚j
˚
F to the bottom left map, apply pjF q!j

˚
F to

the bottom right map, and use the fact that the adjunction maps

pjF q!j
˚
F f˚f

˚F ÝÑ f˚f
˚F ÝÑ pjF q˚j

˚
F f˚f

˚F

are isomorphisms, because the support of f˚f
˚F is contained in YF , which is a closed subset of

UF .

Taking hypercohomology of the upper path in the diagram gives homomorphisms

H‚pFq ÝÑ H‚pj˚
FFq

H‚pηζq
ÝÑ H‚

cpj
˚
FFqr2 rkF s ÝÑ H‚

cpFqr2 rkF s “ H‚pFqr2 rkF s

factoring the action of yF . What remains is to show that H‚pηζq is an isomorphism. In fact, we
will show that H‚pηq and H‚pζq are both isomorphisms. This will follow from understanding the
local geometry of Y near YF . We have an isomorphism pp, qq : UF

„
ÝÑ W ˆYF , where q : UF Ñ YF

is defined as follows. Choose a complement ĂW to VF in V . The restriction p̃ “ p|
ĂW
: ĂW Ñ W

is an isomorphism, and we let qpxq “ x ´ p̃´1pppxqq for x P UF . The inverse map is given by
pw, xq ÞÑ x` p̃´1pwq for w P W , x P YF .

Using this, one can construct a stratification-preserving action of Cˆ on UF with fixed point set
YF , and which contracts UF onto YF , given by the formula5

pppt ¨ xq, qpt ¨ xqq “ ptppxq, qpxqq, t P Cˆ, x P UF .

If we let g : YF Ñ UF denote the inclusion, so f “ jF ˝ g, then the contracting lemma [Ach21,
Theorem 2.10.3] gives isomorphisms q˚ » g˚ and q! » g! of functors Db

SpUF ; kq Ñ DbpYF ; kq. In
particular, for an object G of Db

SpUF ; kq, we have natural isomorphisms

H‚pGq – H‚pq˚Gq – H‚pg˚Gq, H‚
cpGq – H‚pq!Gq – H‚pg!Gq.

Since both the source and target of ζ are pushforwards of objects on UF , to show that H‚pζq is an
isomorphism it is enough to note that all of the maps in the left triangle become isomorphisms
after applying f˚ “ g˚j˚

F . Similarly, the fact that H‚pηq is an isomorphism follows by noting that
the maps in the right triangle become isomorphisms after applying f ! “ g!j!F . □

5Beware that this action does not extend to an action on Y .
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