Radiative Vlasov—-Maxwell Equations
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ABSTRACT. Inthe radiative Vlasov-Maxwell equations, the Lorentz force
is modified by the addition of radiation reaction forces. The radiation
forces produce damping of particle energy but the forces are no longer
divergence-free in momentum space, which has an effect of concentra-
tion to zero momentum. We prove unconditional global regularity of
solutions for a class of radiative Vlasov—-Maxwell equations with large
initial data.

1. Introduction

The kinetic description of collisionless relativistic plasma is provided
by the Vlasov-Maxwell equations. The problem of global regularity of
solutions of the Vlasov-Maxwell equations for large data has been studied
extensively, but remains unsolved. In this paper we prove global regularity
for large data for solutions of radiative Vlasov-Maxwell equations.

Radiation reaction forces in the plasma dampen the energy of the par-
ticles. A rigorous self-consistent derivation of the particle dynamics and
their radiation is fraught with fundamental challenges [30]. There are
several models of radiation in the physical literature [18], [27] and a for-
mal derivation from microscopic models [17]. Radiative forces are not ac-
counted for in the classical Vlasov-Maxwell equations. These forces are
significant for particles at large velocities.

The Vlasov-Maxwell equations are locally well posed [1]. Small data
results have been obtained [12], [28], in which the plasma is initially di-
lute, the solutions remain small and smooth, disperse and their asymptotic
behavior is free ([2-5]). This picture holds for nearly neutral data as well
([10],[8]). There are several recent results ([14, 21]) concerning the asymp-
totic behavior of small perturbations of steady states which do not depend
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on the space variable. Existence of global weak solutions was obtained in
[9].

For smooth large data, the possibility of spontaneous singularity for-
mation has been the focus of many analytical works. In seminal papers,
Glassey and Strauss [11, 13] proved that the only way singularities might
arise in finite time is through concentration of particle density at very high
velocity. Specifically, they proved that if the solution-averaged Lorentz
factor (y) is uniformly bounded, then no singularities can form in finite
time from smooth and localized initial data. The solution-averaged Lorentz
factor (y) is a function of space and time representing the kinetic energy
density of the particles. In [15] it was shown using Fourier analysis that
the singularities are averted if the electromagnetic fields remain bounded.
Several other results are based on Fourier methods [6], [7, 23].

A number of extensions of the results of Glassey and Strauss concern
moments of the type My, = [{y?)|1s(4x). In our notation,

= [ TETpP e p 1y dp

for an exponent 0. The average of the kinetic energy density considered
by Glassey and Strauss corresponds to M; .. In [22], control of My, where
0 >4/qand 6 < q < o is shown to be sufficient for regularity. Then, [29]
uses [22] to show that control of M, is sufficient for regularity. This result
was improved in [24] where it was shown that control of M, is sufficient
for regularity. In [19], it is proven that the solutions remain smooth if a
plane projection of the momenta is bounded through the evolution. The
results of [16] imply that finiteness of M, is sufficient for regularity. In
[20] it is shown that if 2 < g < co and 6 > 2/q, then control of My, is
sufficient for regularity, and if 1 < ¢ < 2 and 8 > 8/q — 3, then control
of My, is sufficient for regularity and an improvement [25] shows that if
0 > 3, then control of My, is sufficient for regularity. Results of global
regularity for cylindrical symmetry are announced in [31].

The Vlasov—Maxwell (VM) equations are formed by the Vlasov equa-
tion for the particle distribution function f = f(x, p,t), coupled to the
Maxwell equations for the electromagnetic (EM) fields E = E(x,t) and
B = B(x, t). The particle dynamics is driven by the Lorentz force

F, =E+vxB.

The radiative Vlasov-Maxwell (RVM) equations are the same equations,
except that the particles are forced by a total force

F:FL+FR

where Fy is the radiation reaction force. The main result of this paper is
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THEOREM 1. Assume that the initial data Ey(x) and By(x) for the electro-
magnetic fields E(x, t) and B(x, t) and the initial data fy(x, p) for the particle
distribution function f(x, p,t) are smooth, compatible, and decay at spatial
infinity. In addition assume

fo(x,0) =0

(the initial particle distribution vanishes at zero momentum) and

sup fo(x, p) exp (Aolpl) < o0
Xx,p

holds for some Ay > 0 large enough (the initial particle density decays uni-
formly exponentially at high momentum). Then, the solution of the RVM
equations is globally smooth and there exist constants C depending explicitly
only on the initial data so that

|E(x, t)| + |B(x, t)| + [V E(x, t)| + |V B(x, t)| < Cexp(Ct)
and

fOe,p, ) + IV fCe, p. DI+ N1+ PRIV, f(x, p, )] < Cexp(C exp(CH))
hold for all x, p and t.

In this paper we address the main problem, which is to obtain global a
priori bounds for large data. We do not strive for the most general function
spaces, and do not provide a construction of solutions. The construction
of solutions, asymptotic behavior for small data, and analysis of related
models, will be discussed in forthcoming works. We consider for simplicity
the single species model but the same proof applies to multiple species.

Some ideas of the proof and a comparison with the VM equations are
given below. Unlike the VM equations, where the total force F; is divergence-
free in p, div,F; = 0, the radiative force’s divergence

dinFR =0

is negative. Thus, unlike the VM case where f is automatically bounded if
initially so, in the RVM equations f is not bounded uniformly and can (and
will) grow in time. The danger is implosion, because the phase volume is
contracting. On the other hand, the radiation reaction force causes the flux
of the solution-averaged Lorentz factor to decay. Thus, the main danger
of singularity formation in RVM, as opposed to VM, is coming not from
high, but from low velocity. The radiation reaction force is used to obtain
unconditional a priori bounds on the fluxes of momenta

BllpY)e, = | llp)"fCx,p.ydp < M,
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(in our notation the Lorentz factor is y = [p] = /1 + |p|?, with the nor-
malized speed of light ¢ = 1, the velocity is v = p/[p] and p is the mo-
mentum). These flux bounds are a direct consequence of unconditional a
priori bounds on the particle distribution, which blow up like |p|™ near
the origin, but decay exponentially at large [p|.

Once these bounds are obtained, we deduce “flux of energy”-type bounds
on moments in terms of fluxes of moments and logarithms of gradients of
f. Here we use the propagation of the condition f(x, 0, t) = 0 due to the an-
nihilation of the contribution of the electric field at zero momentum. The
moment bounds are then used in conjunction with the Glassey—Strauss
method of representing the electromagnetic fields. We obtain bounds on
the EM fields in terms of a choice of logarithms of gradients of f, in other
words, in terms of a quantity

rnh1{10g+Hfo(tth,suplog+Hfo(Sth}.

s<t

The Glassey—-Strauss representation for gradients is then used together
with the EM bounds to obtain a priori estimates of the gradients of the
EM fields. Finally, we apply the bounds on the EM fields and their gradi-
ents to bound the gradients of f, closing the argument. Ultimately, global
regularity is a consequence of superlinear differential inequalities for the
gradients of f, with doubly logarithmic nonlinearity.

The paper is organized as follows: After a section on notation and pre-
liminaries (Section 2) where we describe the RVM equations, we make spe-
cific the form of the radiation reaction force Fr and summarize its proper-
ties in Section 3. We recall the Glassey—Strauss representation in Section
4, and in Section 5 we derive moment bounds. In Section 6 we obtain
bounds on the EM fields and in Section 7 we derive bounds for their gra-
dients. In Section 8 we obtain the final gradient bounds on f and conclude
the proof of Theorem 1. In Appendix A we verify some properties of the
Glassey—Strauss representation and in Appendix B we give the proofs of
ODE lemmas.

2. Preliminaries: notation, the RVM equations

The radiative Vlasov—-Maxwell equations are formed with the Vlasov
equation

o f +dive(vf) + div,(Ff) =0 (1)
with f(x, p,t) >0, (x,p,t) € R*xR* xR and

F=F +Fg (2)
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where F; is the Lorentz force
FF=E+vxB (3)
and Fy is the radiation reaction force, which will be discussed in the next
section (see Definition 1). The velocity is denoted by v,
p 4

N A P} @

and the Lorentz factor y by [p],

[p] = J1+[pl2. (5)

E(x, t) and B(x, t) are respectively the electric field and the magnetic field.
They solve the Maxwell equations,

OE—-V,xB=—j
div,E =p

9,B+V,xE=0 (©)
div,B=10
together with
p=/ﬂ&ﬂwamj:/ﬁ@=®- 7

Throughout the paper, for a function ¢(x, p, t), we denote the solution
average

<@mﬂ=/ﬂonU@ﬂ@~ ®)

The RVM equations are comprised of (1) with (2) and (6) with (7). Smooth
solutions of RVM require the following compatibility conditions to be sat-
isfied by the initial data: f; > 0,

divxEoz/fodp and div,B, = 0. 9)

3. The radiation reaction force

Let us write
K(x, 1) = (E(x, 1), B(x, 1)) (10)
and
K* =|Ef + |B = K[, (11)
DEerINITION 1. In this paper, the radiation reaction force is
Fr(x, p. 1) = —=x(IpDECx, p. 1) — MpK(x, 1)
with M > 2 a constant. Here 0 < y < 1 is a smooth cutoff,
x(r)=1for r < Ryand y(r) =0 for r > Ry, |x'(r)| < 2.
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REMARK 1. Some of the examples of radiation reaction forces in the
physical literature include ([18])

Fip = —hoy*(|F.)* - (v- E)*)
and the force due to inverse Compton scattering ([27])
FIC = —hUysz.
The parameter h > 0 measures the relative intensity of the reaction, and
is proportional to Planck’s constant. These examples grow quadratically
with the EM fields and vanish at p = 0. In the present work we use the
term —y E to mitigate the effect of the electric field at p = 0, and the linear
growth of Fg in the EM fields to close an a priori bound on the EM fields
using a bootstrap argument. The form in Definition 1 was chosen for its

simplicity, many other similar expressions, including modifications of F;;
and F;c will provide the same effect.

The effect of our radiation reaction force as it pertains to regularity is
as follows. Writing p = p/|p|, we find

F-p=(1-x(pDE - p - MK|p|

(12)
< =K(x, )(Mlpl = (1= x(pD)) <0
holds because
M>2, 1-yx(r)<aer. (13)
We note that
div,F, =0, (14)
however, div,Fr # 0; in fact
—div,F = 3MK(x, t) + x'(|p])E - p. (15)
We show in Section 5 that for large enough positive constants A,
3 N
(H+A>F-p—diva§0 (16)
holds. This is a key property of F.
Observe that
[F(x, p, Dl < (M + 2)|plK(x, 1), (17)
and differentiating, we find
IV, F(x, p, )| + [V,V,F(x, p, 1) < C(M + 2)K(x, t). (18)
Moreover,
IV F(x, p, )| < Clp|(IVLE| + [V.B| + K(x, 1)), (19)
and

IV, V. F(x, p, t)] < C(IVE| + [V B| + K(x, 1)). (20)
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The properties (16)-(20) are sufficient to obtain global regularity.

4. On the Glassey-Strauss representation

Differentiating the Maxwell equations results in the wave equations

oE = —9,j — Vyp, (21)
and
OB =V, x j. (22)
We write )
o= [ g0t~ b - yDdy. 9
|x—y|<t |x - y|
We consider the the tangential derivatives T;
T; = 9; — w;0; (24)

with o = (y — x)/|y — x|, which differentiate in directions parallel to the
light cone,

d
T, = —(g(y, t — |x — y])), 25
2, &y, t—Ix=yD) (25)
and the derivative
which differentiates in the running time s along the light cone,
d
d—g(x +(t—s)w,s) =(Vg)x+ (t — s)w,s). (27)
s
We note that
w-T+V=0. (28)

Now we note that, if g = Lh where L is a vector field belonging to the
linear span of T; and V and of h is bounded, then o' g is bounded. This is
done by integration by parts, using the representation (23) for Vh and Th.
The linear span can be with variable coefficients depending smoothly on
®.

Glassey and Strauss [11] represent E and B using the linear wave equa-
tions and expressing 9, and V,, as linear combinations of S and T; where

is the streaming derivative, and where T; is the tangential derivative given
in (24). The linear combinations are
Wi

0, =T + (S—v-T) (30)

1+w-v
and
S—v-T

0y = —.
1+w-v

(31)
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This procedure results in two sets of expressions, one coming from the
streaming derivative S and one coming from the tangential derivatives T..
The overall form is

K(x, 1) = (K7 + Kg)(x, 1) + O(1) (32)

where O(1) represents a smooth function of (x, t) which depends explicitly
on the initial data. For the expressions coming from S, we have

kst = [ | as(@.0)S )3 prt —1x— v dp— 2
x—y|<t

Ix — yl

= /Ot(t —s)ds /||—1 as(w,0)(S)(x +(t — s)w, p,s)dp dS(w)

(33)
where the kernel as = as(w, v) is an explicit analytic tensor valued function
satisfying

Vpas| < Clpl. (34)
The expressions coming from T are
d
Kr(x,t) = / ar(w,0)f(y,p,t —|x—y))dp y -
x-yl<t |x =yl

t (35)
_ / ds / ar(0,0) f(x + (t = ), p, 5) dp dS(w)
0 lw|=1

where the kernel ar = ar(w,v) is an explicit analytic tensor valued func-
tion satisfying
For the gradient of the field, the representation ([11] Theorem 4), which
is obtained via a similar procedure, has the form
V. K(x, t) = (V.K)rr + (Vi K)1s + (Vi K)ss)(x, £) + O(1) 37)

where O(1) represents a smooth function of (x, t) which depends explicitly
on the initial data. The terms are

VK)rr(x, 1) = /I | arr(w,0)f(y, p,t —|x =y dp P Ciny (38)
x=y|<t

(vxK)TS(xs t) = / | aTS(a)a U)(Sf)(y, p’ t— |x - yl) dp |x Ciyylz (39)
x—y|<t

(ViK)ss(x, t) = /I | ass(w,0)(S* /)y, p. t — x = yI) dp%- (40)
x=y|<t

Above, the kernels arr, ars and ass are explicit tensor valued analytic func-
tions which satisfy various properties (see [13] Lemma 4). In particular,
their derivatives in y and p are bounded by powers of [p].
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5. Moment bounds

In this section we use the radiation reaction force to obtain bounds for
moments

muw:qmwafmvu@nwx (41)

The charge density p corresponds to my(x, t) and, as a consequence of the
Vlasov equation (1), it obeys the conservation equation

.p + divyj = 0. (42)
For higher moments, from the Vlasov equation (1), we have
% . " ne
PUC div,(u[p]") = (- F)[p]"™), (43)
where we used
v=V,[p] (44)

and integrated by parts [ [p]"div,(Ff)dp. A key element of the proof
is provided by the unconditional a priori control of the fluxes vm, of the
moments m,,

mme:/&ww»mwrwzammw (45)

in terms of the initial data.

THEOREM 2. Let (f, E, B) be a smooth solution of the RVM equations on
[0, T]. Assume that there exists constant C, such that

0 < |pl foCx, p) exp (Alpl) < Gy
holds for some
S 3+ 2R,
— (M =2)([Ro)*
Then, foranyn >0

sup [vm,(, Dl < M,
0<t<T

holds with constants M,, depending explicitly only on n, A and C,.
Theorem 2 is a corollary of the a priori estimate:

THEOREM 3. Let (f, E, B) be a smooth solution of the RVM equations on
[0, T]. Assume that there exists a constant C, such that

0 < |pP folx, p)exp Alp| < Cy (46)

holds for some
3+ 2R,

> M= DR 7



10 PETER CONSTANTIN AND HEZEKIAH GRAYER II

Then,
0 < f(x, p. 1) < Colp|™ exp(—Alpl) (48)
holds fort < T.

Proor. The path map is defined by the ordinary differential equations

dX
E(a, m,t) =v(P(a, m,t)), X(a, 7,0) = a,
(49)
dpP
E(a, m,t) = F(X(a, r,t),P(a, r,t),t), P(a,n,0) = .
These represent the characteristic curves of the operator
Dt:at-i-l)'vx-f-F'vp. (50)
Note that
|X(a,m,t)—al<t, (51)

because |v| < 1. This property implies that the decay of f at spatial infinity
is controlled for finite time, as long as F is Lipschitz continuous.

We fix a single characteristic X(a, 7, t) and P(a, r, t). The equation (1)
implies

%f(X(a, 7, t),P(a,m,t),t) =

—(div,F(X(a, m,t),P(a,m, t),t)f(X(a,n,t),P(a,r,t),t). 2
For the purpose of economy of notation, let us write
r(t) = [P(a, 7, 1], (53)
for the momentum magnitude,
k(t) = K(X(a, m, t),1), (54)

for the field strength and
f(®) = f(X(a, 7, 1), P(a, 7, 1), 1) (55)

for the probability density on characteristics. These quantities depend on
initial data a and 7.
In view of (15), (52) results in

%log F(D) < BM + [y (r(e)DK(D. (56)
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For further economy, we suppress that r, k, f are evaluated at t. Using (12)
we have

% < —Mkr+(1— y(r)k
< —k(Mr—(1 - x(r) (57)
<0

where we use the facts that M > 2 and (1 — y(r)) < [Y/(r)|r < 2r. Let us
consider the function

d(r) = Ar + log r’. (58)
We have that

%(@(r) +log f) = @’(r)% + %logf

< - (A+ %) (Mkr — (1 = Y)k) +3Mk + ||k (59)

3

< —AWMkr— (1 - k) + =1 — )k + x|k
r

<O0.

The last inequality follows because A is large enough (47). Indeed, the
supports of y” and of (1 — y) are included in r > Ry, and

Mkr — (1 — y)k > k(M — 2)r > k(M — 2)R, (60)
there, while k((1 — y)3/r + |x’) < k(3/R, + 2). We deduce that
%(Pfeprr) <O0. (61)
We obtained on each characteristic
|P(a, , )] f(X(a,m,t),P(a, m,t),1)
< (fola, m)|xf exp Alz|) exp (~A|P(a, 7, 1))).
Straightfoward from (52) and f, > 0 is
f(X(a, 7, t),P(a,m,t),t) > 0. (63)

(62)

Reading (62) and (63) at x = X(a, 7,t), p = P(a,n,t) where (x, p,t) is
arbitrary in view of the fact that the flow map is invertible (due to the
inverse map theorem of Hadamard, see e.g. [26]) we deduce (48). 0

We show that bounds on moment fluxes imply bounds on moments
which depend logarithmically on gradients of f in either x or p. We define

Gy(t) = sup sup [V, f(x, p, s)| + 2, (64)

0<s<t x,p
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and
Gy(t) = sup [V, f(x, p, )| + 2. (65)
x.p

THEOREM 4. Let (f, E, B) be a smooth solution of the RVM equations on
[0, T]. Assume that (48) holds and that the initial data satisfies

fo(x,0) =0.

Then,
mu(x,t) < CM, + C, log G,(t)

holds for t < T with a constant C, depending continuously and explicitly
only on n and initial data.

Proor. We note first that f(x,0,t) = 0 holds as long as the solution is
smooth (because both v and F vanish at p = 0). Then, we write

/ feep0dp= [ (G p0- s 0)dp s HRf(x,p,t)dp
[pI< pl>
(66)

Using (48) which implies that | oor G p,dp < Colog 7 + 3, and opti-
mizing in R we obtain

p(x,t) < Clog Gy(¢). (67)

We have proved the claim for m; = p. For higher moments, we observe

ma(x, 1) < N2(m,(x, 1)) + (V2)" f(x,p,t)dp
Ipl<t (68)

< V2mu(x, 1) + (V2)"p(x, 1).

So, the bound on m, implies bounds on all higher moments, in view of
Theorem 2. O

We estimate in terms of G; the space-time average of m,,

mu(x, t) = ﬁ /Ot /l(u—l m,(x + (t — s)w, s) dS(w)ds. (69)

Let us denote the region

T, ) ={(y,5) : 0<s<tfx—y[<t—sh (70)
Fixing n and the vertex (x, t), we consider the quantity
dy
0w= [ moo L 7

lx—yl<t-=s
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and take the time derivative. Differentiating, we find

dQ 1 om, dy
i —m / mu(y, s) dS(y) + / 95 (. s)lx_ylz' (72)

|x—y|=t—s [x—y|<t—s

Then by the moment evolution law (43) and the property (17) of F

om, dy
s . S)|x —y]?

[x—yl<t—s
) / n<(v-F)[p]”1>(y,s)—diVy<v[P]”>(V’s)|x(iyy|z (73)
[x—yl<t—s
. " dy
. [ CKOn9 - div, ol 9 2
x—y|I<t—s

where C, depends only on n and the a priori moment flux bound M, in
Theorem 2. Then, integrating by parts

- [ dinlpn)

lx—yl<t-=s

dy
Ix — yf?

oy [ e elno9as)

le—yl=t-s

(74)

2
+P.V. / w-lp]")(y,s)d
ly — xP pINYy y
lx—yl<t—s
+ lirr(} Wlp]™(x,s) - / w dS(w).
|w|=1

We observe that on the right hand side of the equality above, the first term
is bounded by M,,, and the last term vanishes. Then integrating the equa-
tion (72) with respect to ds with (74) and (73) in hand yields upon dividing
by 4rt

ma(x, )

1 [t 1 1
<C,+ Cn—/ IK(s)|r=ds + —P.V./ w-{v[p]") dyds.
t Jo g 2t e |6 — yP P Y

(75)
Here, t > 0 and C, depends only on n and the initial data. Indeed, (47¢)"'Q(0)
is bounded uniformly in (x, t) for smooth data.

THEOREM 5. Let (f, E, B) be a smooth solution of the RVM equations on
[0, T]. Assume that the initial data fy(x, p) obeys fy(x,0) = 0 and the decay
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condition (46). Then

1 t
mu(x, 1) < C,,; / Ko(s)ds + Cr(1 + log G4(1))

0

and
m,(x, t) < C,(1 + log G,(t))

holds for t < T with constant C,, depending continuously and explicitly only
on n and initial data and Cr depending on n, initial data and T.

Proor. The bound for m, in terms of G, is an immediate consequence
of Theorem 4.

To show the bound for m, in terms of G;, we estimate the principal
value integral in (75) as follows. For fixed s, we split the spatial integral
into the regions [x — y| < § and § < |x — y| < t — s. The value § = §(s) is
chosen below.

The integral on § < |x — y| < t — s is bounded by

fo e Glehe dy
<|x—y|<t—s

For |x — y| < § and [p| > |x — y|™*, we evaluate

< CM,log (%) . (79)

/| WP FG.p dp < b=y oma( 9 (77)
pl2lx—yl

and thus the contribution of this term is bounded,

1
W - v[p]"f(y,p,s)dpd ‘
/Ix—yIS6 x —yP /p|z|x—y-K IS, p.5)dpdy

< CMy / x — 3 dy
[x—y|<8

< CM,, 8.

(78)

We are left with the integral for |x — y| < § and |p| < |x — y|™*. Because
the unit sphere average [ _ (@ -v)f(x, p, s)dS(w) vanishes, we have

lwl=1
1 n
A—yl@ x —yP “ /p|<|x—yk vlpl"f(y,p.s)dp d)"
< Csup|V£(s)| 4y o] dp
VP eyiss 16 = VP Jipiste-yis
< Csup|Vf(s)| o1,
v.p

(79)
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By choosing 0 < k < ﬁ andd = (t—s)/(2+ sup,, , IV, f(s)]), we find that
the time average of the principal value integral is bounded as

1 t 1
z_m/ mv /| - @lpl)(s) dy ds| < Cr(1 +log Gi(1)).

e = P
(80)
With this estimate and inequality (75), we have shown the bound in terms
of Gl . O

6. Electromagnetic field bounds

THEOREM 6. Let (f, E, B) be a smooth solution of the RVM equations on
[0, T]. Assume that the initial data fy(x, p) obeys fy(x,0) = 0 and the decay
condition (46). Let
Kao(2) = sup [KC, $)lr=.

0<s<t
Then
K(t) < C; (1 + minflog G,(t),log G,(t)})
holds for t < T with a constant C, depending continuously and explicitly
only on initial data and T.

Proor. We use the Glassey—Strauss representation (32) for Kand bound
the integrals K and K.

To bound the integral K with kernel as, we first use the Vlasov equa-
tion (1), Sf = —div,(F f), to integrate by parts in p, so

/aSSf dp = /(VpaS)Ff dp (81)
pointwise in (y, s). Then, properties (17) and (34) imply

' / asSf dp| < C / [ppIIKIf dp

(82)
< CM,K(s)|p=
because |p|[p] = [v][p]*. Therefore, Ks has the bound
d t
[ assrap < om [ - 9RO ds
lx—y|<t |x - )’| 0 (83)

t
< CM,T / Kl ds.
0

To bound the integral K; with kernel ar, we use Theorem 5 because
(ar) does not generally have a pointwise bound by a moment flux. In
particular, property (36) implies

d
/ arfdp——2—
[x—y|<t |x - y|

< CTmy(x,t) (84)
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pointwise in (x, t) and then we apply Theorem 5 for n = 1 using the bound
in terms of either G, or G,. Using the bound in terms of G,, we obtain

dy
arfd
[Cylﬁt Tf p |x - ,V|z

On the other hand, from the bound in terms of G, we have

dy
arfdp————
/| B dre

To conclude, we apply the estimate (83) for Ks with either estimate (85)
or (86) for Kt in the Glassey-Strauss representation, and use the Gronwall
inequality. O

t
<G / IK(s)|~ ds + Cylog Gi(t).  (86)
0

7. Gradient bounds for electromagnetic fields

Now that we know the bounds for the moments in Theorem 2 and the
uniform L bound on K in Theorem 6, we can use the Glassey-Strauss
representations (37) for the spatial gradients of E and B which we denote
by V,K.

THEOREM 7. Let (f, E, B) be a smooth solution of the RVM equations on
[0, T]. Assume that the initial data fy(x, p) obeys fy(x,0) = 0 and the decay
condition (46). Then

IV.K(, 1)1~ < Cilog Gi(t) log G,(t)

holds for t < T with a constant C, depending continuously and explicitly
only on initial data and T.

Proor. We use the representation (37) for the gradient V,K and bound
the integrals (V,K)rr, (V,K)1s and (V,K)ss.

The simplest term to bound is the integral (V,K)rs whose kernel ars
satisfies ([13], Lemma 4)

Vazs] < Clpl*. (57)
After using Sf = —div,(F f) to integrate by parts, we find
/aTSSf dp = /(VpaTS)Ff dp (88)
The properties (17) and (87) then imply

‘ / arsSfdpl < C / [p]*IpIKIf dp
< CMIK()]1

(89)
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with the fact |p|[p]* = [v|[p]°. Therefore, (V,K)rs has the bound

d t
/ arsSfdp—2—| < CM; / IK(s)li- ds
e—yl<t Ix — ¥l 0

< CMsTK.o(2).
In order to bound (V,K)ss, we first rewrite S* f appealing twice to the
Vlasov equation Sf = —div,(F f). Pointwise,
S(Sf) = =S(div,(Ff))
=V (Ff) : Vv —div,(S(Ff))
=V (Ff) : Vo —div,(fSF) — div,(FSf)
=V (Ff) : Vv —div,(fSF) + div,(Fdiv,(F f)).

We thus have three terms entering the expression of (V,K)ss. For n =
0,1, 2, the kernel ags satisfies ([13], Lemma 4)

V5 assl < Clp]*. (92)

(90)

(91)

For the last term, integrating by parts in p twice gives

/ass lep(Flep(Ff)) dp = /F . VP(F . vpass)f dp (93)
Then, properties (17), (18) and (92) imply

/assdivp(Fdin(Ff)) dp| < C/Ipl[p]4(|VpF|+lF|)lK|f dp

<c [ bllpFIKES dp ¢
< CMs[K($)[3.
The bound for the last term is therefore
d
/ ass div,(Fdiv,,(F f))dp—y‘
—yl<t |x — yl
(95)

<cm, [ (¢ = K- ds
< CMy(TK (D))"

For the second term, integration by parts in p yields

- [ assdiv(fsEydp = [ (pas(sES dp. (96)

From the Maxwell equations,
SE=v-V.E+V,xB—j,

SB=v-V,B—V,xE, (97)
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and so from property (92), noting that Sy = 0,

[asdiwrsrrap <c [iplprase+isshrap o
< CMs(Mo + [VK(s)l ).
The bound for the second term is then
/ ass div,(fSF) dp—— ‘
[x—y|<t | |
<om [ = 90+ 19K ds (99)
0
t
< CMT [ (b + 7. ds
0
For the first term, to integrate by parts the quantity
o
V.(Ef) : V0 = o(F, f)—” (100)
where 9; = 9/9dx;, we recall the decomposition of derivatives
P T+< i )( T-35) (101)
i = 1 v-1 —0o)
1+v-w
Repeated indices indicate summation. We then write
ass(Vo(Ff) : V,v) = AVT(F;f) + b/S(F; f) (102)
as the sum of two expressions.
The latter expression is
ov; w;
bIS(Ff) = 1 () assS(F, 103
G e 2 (103)
which becomes
b/S(F;f) = b’F;Sf + b’ fSF;. (104)

Observe that each term on the right hand side above may be treated in a
similar fashion to terms previously discussed; we use the Vlasov equation
to integrate by parts in p and use property (17) to deduce

) dy
b'F;Sfd
/|;C—y<t ’ f p|x - _V|

and we use properties (18) and (97) to arrive at

t
/ b’ fSF; dp |‘ < CMyT / (Mo + |V K($)| =) ds (106)
lx—y|<t 0
The former expression is

i av;
AR ) = - (T +
P p;

< CMT?K.o (1), (105)

Wi
v
1+v-w

T) ) (107)
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Each T; is a total y derivative, and so integrating by parts in y gives

[ am@nap == [ dwpdp o) (o)
Ix—yl<t )’| [x—yl<t |x — }/|2

where O(1) represents a function of (x, t) which depends explicitly on the
initial data. On the right hand side is the kernel A’ = r?3/9y;(A” /r) where
r = |x — y|, which in particular satisfies |A/| < C[p]* (see [13] Lemma 4).
The estimate for this expression is then by property (17)

N dy / 5
AIVT(Ff)d <C Kl|d +0(1
/|x L ATED Al <e [ P ”| AL
<M / IK(s)l ds + O(1)
0
<Cy(1 + MsTKo(1))
(109)

where C, depends only on the initial data. Taking together (109), (105) and
(106) gives us a bound on the first term entering the expression of (V,K)ss,
while the second and last term have bounds (99) and (95).

Therefore, (V,K)ss has the bound

t
/ ass(s*H ap—2 | < ¢, (1 PR+ / uvxK(s>||Lwds)
|x—y|<t |x - Y| 0

(110)
where Cr depends only on the initial data and T.
To bound (V,K) 71, we write the integral as

(V. K)rr(x, t) = / /|| 1aTT(co ) f(x+ (t = s)w, p, s)dp dS(w)

(111)
We split the integral on the backwards light cone into two pieces: the base
pieceon 0 < s <t — 4, and tip piece on t — § < s < t, where § is chosen
below. The properties of the kernel arr ([13], Lemma 4),

larr| < ClpP (112)
and
/ a(v, w)dS(w) =0, (113)
|w]=1
imply for the base piece

t—4 ds

t—s

arrf dp dS(e)| < C(M, + log Ga(1)) log (é) (14

lwl=1
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For the tip piece, we first note

/ arrf dp| < C / [PV f dp
[pl=(t—s)~* [pl>(t—s)7*

< C(t - ) / plEIpT f dp
[pl>(t—s)~*
S CMn(t - s)a

(115)

where n = [4 + a/k], and @, k are numbers chosen freely. We let & > 0 so

that
bods
/ / / arrf dp dS(w)
=5 £t =S Jjwl=1 J|p|>(t—s)*

Then, we choose k < % such that

tods
/ / / aTTf dp dS(a))‘
-5 L= 8 Jjol=1 Jipl<(t-s)~

t
< sup sup [V, f(x, p. s) / / pPdp  (117)
t=8 J|pl<(t—s)7*

<t x,p

< CM,87“. (116)

< 87 sup sup [V, f(x, p, 5)|.

<t x,p

With & = 1, we choose here § = #(2 + sup, , , [V.f(x, p, $)|)7/176%) jn
view of the above.
Therefore, we have the following bound for (V,K)rr

t
/ ds / arrf dp dS(ew)
o t—=8 Jjw=1

Putting together estimates (90), (110) and (118), we obtain

V,K(x, 1) < Cr (log@(t)logez(m [ 19K ds> (19)

where we chose to bound K2 by the product Clog G, log G, in view of
Theorem 5. Using the Gronwall inequality, we conclude the proof. U

8. Proof of Theorem 1

THEOREM 8. Let (f, E, B) be a smooth solution of the RVM equations on
[0, T]. Assume that the initial data fy(x, p) obeys fy(x,0) = 0 and the decay
condition (46). Then

IV fC Dl + TP1IV, fC Dl < C exp(C exp(Ct))

holds for t < T with a constant C depending continuously and explicitly only
on initial data.
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Proor. We consider the quantities

W(t) = sup [V f (sl + 3 (120)

s<t

and

Z(t) = sup [|plIV, f() + (1 + [pD f ()= + 3. (121)

s<t
Below we show W and Z obey the certain differential inequalities. We
write (1) as

D,f = ~(div,F)f (122)

and take derivatives in x and in p:

Dt(axif) = _(axiF) ’ vpf - (dinF)(ax,-f) - (axi(dinF))f (123)

and

Dt(apif) = _(apiv)'vxf_(dinF)(ap,-f)_(3p,~F)'vpf_(api(dinF))f (124)

We deduce inequalities for quantities

w=[Vfl+3 (125)
and
z=1+I[pDf +IpllVpfl+3. (126)
Using the estimates (17), (18), (19) and (20), we find that
D,w < C(Kw + (K + |V,K|)z) (127)
and
D,z < C(w+ Kz) (128)

from equations (123) and (124).
To see this, first multiply the equation (123) by 9. f/|V, f| and add in i
to obtain,

D[V, f| < |div, |V f| + [V FI|V, f| + [V, div, F| f
< C(K Vi f| + (K + [VKDUplIV, £ + 1 fD) (129)
< C(Kw + (K + [V,K|)z).

This implies (127). Then, we multiply (124) by |pld,, f/|V, fl and add in i to
obtain

PIDIT, 1 < 207, f1 + |plidiv, IV, f + |plI 7, div, Flf
< 2[V.fl+ CKlplIV, fI + Klplf) (130)
< C(w+ K2z).

We used [p[[V,v| < 2, which is immediate from (144) and [v| < 1. This
implies, with (122), the estimate (128). Now we have that

W(t) = sup [w(s)[r~, (131)

s<t
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and
Z(t) = sup [z(s)[ . (132)

s<t
Taking the supremum in time of (127) and (128), we find
sup [ D, w(s)|r=

s<t

(133)
<c (Kwu)W(t) + <Kw<t) + sup ||vxK<s>||Lm> z<t>>

s<t

and
sup [D;z(s)|~ < C(Ku()Z(t) + W(2)) (134)

s<t
We use now

LEMMA 1. Let g = g(t) be a positive Lipschitz function of t € [0, T] and
let G(t) = sup,_, g(s). Then, G = G(t) is Lipschitz and

G(t+h) - G(t
lim sup ( )= 60 < liminf sup [g'(s)].

h—0 h 0 <tye

By Lemma 1, differentiation under sup,_, for Lipschitz functions of
time is permissible. We have thus

dw
—— < liminf sup |D;w(s)| (135)
dt €0 o<phe
and
az .. .
= < liminf sup |D;z(s)| (136)

s<t+e

holds for almost all ¢t. Then, using Theorem 6 and Theorem 7 and the
continuity of the upper bounds allowing to set ¢ = 0, we arrive at the ODE
system

dd_‘:/ < C((log W)W + (log W)(log Z)Z) (137)
and
% < C((log 2)Z + W). (138)

We apply Lemma 2:

LEMMA 2. Let W = W(t) and Z = Z(t) be nondecreasing, Lipschitz
functions of t > 0. Let W(0) = W, and Z(0) = Z, and suppose
min {log W;, log Z,} > 1.
Assume that W(t) and Z(t) obey differential inequalities
dw

— < Cog W)W + (log W)(log 2)2)
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and

dzZ
’ < C((log2)Z + W).

Then the functions W and Z satisfy
W + Z < Cexp(Cexp(Ct))
where C depends only on W, and Z,.

REMARK 2. In contrast, the ODE

Y
— =Y(og Y)?
T (log Y)

blows up in finite time.

4

The proof of Theorem 1 is completed now by applying the bounds of
Theorem 8 to the bounds on the EM fields in Theorems 6 and 7.

Appendix A: Checking the nonlinear Glassey—Strauss
representation

Here we derive (33) and (35) and check the properties (34) and (36). The
expressions for E coming from S, Es are [11] p.63,

(Es)i

t w; +0;
: / dP/O A)—l (W) ($f)x = ro,p,t = ryrdrdS(w)

(139)
where w = y — x. Using the equation (1), denoting

N(y,p,s) = F(y,p, ) f(y, p, 5), (140)
and integrating by parts in (139) we obtain
(Es);

w; + U;
/dp/ /l(ul p’(l+(m-v)>N(x ro, p,t —r)rdrdS(w)

(141)
which we write as

(Es)i

t
1
_/dplt

w; +v; (142)
s A_th_s N(y,s)-V, (m) dS(y)ds
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The expressions (142) for Eg are nonlinear because they employ (1). The
expression for E [11] p. 63 is

(E7)i

S | 1 w; +v;
o / dpl (t—s) A—y:t—s .9 [p]? ((1 +(w- v))2> dS(y)(ds )
143

Note that Et is linear in f, because it comes without use of the equation of
evolution of f. There are analogous representations for B. The main point
here is to verify (34) and (36). We observe that

1
00 = ———= (i —vivr) = [p] ' A — v @ V)i (144)
J1+IpP
and .
fr=1- —. 145
[v] T (145)
We note the following facts. First,
1 _ vj _ w;j+v;
apj<1+a)~v> G +o-0) pld+o- oy (146)
and
w; + v; _ L(5U+vja),) _L(a)l—%v,)(a)]—l-v]) (147)
P \1+(@-v)) [pl 1+(0-0) [p] (1+(w-0))?

These are done by direct calculation, inserting w + v terms. The second
observation is that

lw+ovf (1—v)* + 2|v|6
(1+(w-v))? (1 —D?+ P8 +2(1 — Jolvls

(148)

where
S=1+w-p=1+cosb. (149)
Multiplying the numerator by 1—|v| and using (1—|v|)*> < (1—v|)? in the
numerator we see that the resulting fraction is less than 1, and therefore,
after taking square roots we have,

% < V2[p] (150)
where we used
(1= = [pIP(1 + o)) < 2[p]*. (151)
Also, from 1+ (w-v) =1+ |[v|cos @ > 1 — |[v| and (151) we have that

0<

. 2[p]°. (152)
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Thus, the second term in (147) obeys
1 (0 +v)(@; +v))
[p] 1+ (w-0))
and the first term in (147) is bounded in view of (152) by 4[ p]. This implies
9, (M)‘ < 6[p]. (154)

1+ (w-v)

‘1 ( @; + v; )
[p]? \ (1 + (@-v))?

We verified thus the bounds (34) and (36) in the representation of the elec-
tric field. After use of the equation (1) and integration by parts, the mag-
netic field representation [11] p.63, yields

| WXV
Bsz/dp/o t_s/lx_y:t_sN(y,s)-Vp (m> dS(y)ds (156)

From (146) and the inequalities (150) and (152) and because |0 xv| < |w +v|

we have
v, <w—xv>‘ < 10[p] (157)

< 2[p] (153)

Note also that

< 2+2[p]. (155)

1+ (w-v)
Finally, the representation of By from [11] is

! 1 WXV
br= /dp/o (t = 9 Jieoyimts ([P]z(l +(w- v))2> UL S)dS(y)(ds )
158

and we have
WXV

[p]*(1 + (w0 - v))?
concluding the verification of the inequalities (34) and (36).

< 242[p], (159)

Appendix B: ODE Lemmas

We prove here Lemma 1 and Lemma 2.

Proor oF LEMMA 1. If G(t) = g(s) with s < ¢, then g(s”) < g(s) for all
s < s’ < t (otherwise, G(t) would have been attained at s’ not at s) and
therefore G(s”) = g(s) for s” € [s, t] and the left derivative of G’(t—0) of G
at t vanishes. If g(t) < G(t) then G(s) = G(t) for a small interval of s > t
and so G'(t) = 0.

If g(t) = G(t) then for any ¢ > 0 we have

g(s) — g(1) < (s - t)L, (160)
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forall t < s < t+¢, where L, = sup,_.,..18'(s)|. We take 0 < h < ¢, write
g(s) < g(t) + hL, for s < t + h and take the supremum in s to deduce

G(t + h) < G(t) + hL,. (161)
Thus G’(¢ + 0) < L,. Because ¢ > 0 is arbitrary, we have
G/(t+0) < liminf L.
Finally, if G(t) = g(t) and g(s) < G(t) for all s < t then
G(s0) < G() + sup [g'(s)I(t = s0) (162)

/<t

holds by taking supremum of
8(s) < g(t) + sup |g'(sHI(t = 5) (163)

/<t

for s < sy < t. This concludes the argument. U

PROOF OF LEMMA 2. Consider Z = Z log Z. The differential inequality
for W then reads

‘Z_vf < C((log W)W + (log W)Z) (164)

and from the differential inequality for Z we have
dZ ~
It < ClogZ + 1)(W + 2). (165)

Now take W = W + Z. Because Z > Z we have log Z < logZ < log W.
We also have log W < log W, so we obtain

dw — =

and thus W is bounded by a double exponential of time. U
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