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Abstract: We study the equilibrium temperature distribution in a model for strongly
magnetized plasmas in dimensions two and three. Provided the magnetic field is suffi-
ciently structured (integrable in the sense that it is fibered by co-dimension one invariant
tori, on most of which the field lines ergodically wander) and the effective thermal dif-
fusivity transverse to the tori is small, it is proved that the temperature distribution is
well approximated by a function that only varies across the invariant surfaces. The same
result holds for “nearly integrable” magnetic fields up to a “critical” size. In this case,
a volume of non-integrability is defined in terms of the temperature defect distribution
and is related to the non-integrable structure of the magnetic field, confirming a physical
conjecture of Paul et al (J Plasma Phys 88(1):905880107,2022). Our proof crucially uses
a certain quantitative ergodicity condition for the magnetic field lines on a full measure
set of invariant tori, which is automatic in two dimensions for magnetic fields without
null points and, in higher dimensions, is guaranteed by a Diophantine condition on the
rotational transform of the magnetic field.

1. Introduction

The heat conduction in strongly magnetized plasmas is influenced locally by the direction
of the magnetic field B : RY — R?. In three dimensions, Braginskii [1] (see also [2,3])
derived an effective anisotropic diffusion equation for the temperature 7' in such an
environment which, in steady state and free of heat sources, reads

div(bV,T + Vi T) =0 (1.1)
where, assuming the magnetic field has no null points | B| # 0, we introduced
b=B/|IBl V,=b-V, Vj:V—be. (1.2)

This equilibrium equation captures macroscopically the phenomenon that charged par-
ticle dynamics strongly influenced by B favors collisions aligned with 4. In (1.1), the
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Fig. 1. Examples of fibered magnetic fields. Left: a 2d magnetic field without null points on a (topologically)
annular domain—the periodic channel. Integral curves are levels of the streamfunction. Right: a 3d toroidal
magnetic field; depicted in grayscale are distinct level surfaces of the first integral, ¥, the flux function

parameter £ > O represents the ratio x| /k| of the transverse diffusion coefficient to the
longitudinal. In general it is a scalar function of local density and field magnitude | B,
however its magnitude is small in many applications of interest where | B| is large. In
our work, we consider this system on RY with d > 2, and we treat & as a constant and
study the limit & — 0.

For arbitrary B, it is not immediate what emerges in the limit ¢ — 0 of (1.1),
given some fixed boundary conditions. We focus on toroidal “Arnold fibered” fields B.
These are solenoidal vector fields B having the property that there is a smooth function
¢ : D — R defined in a bounded region D C R¢ with |Vy/| # 0 in D, whose level
sets Sy are (d — 1)-dimensional tori such that v is a first integral

B-Vy =0. (1.3)

We shall term these fields (foroidally) fibered. In two dimensions, if B is divergence-
free and sufficiently smooth, then B = V1A for a “streamfunction” A : D — R where
Vi = (—0y, dx). If B has no nulls, then |[VA| > 0, so any non-vanishing divergence-
free field in two dimensions is fibered by its streamfunction, e.g. Y = A. See Fig. la. In
three dimensions, its straightforward to write down explicit fibered fields, see (1.13) and
Fig. Ib. Moreover, as we will later discuss, non-degenerate magnetohydrostatic (MHS)
equilbria have this property.

The temperature equation (1.1) is to be solved in a toroidal shell D with boundaries
S+ that are level sets of the firstintegral . Call _ := inf p ¥ and ¥, := supp, . Since
¥ is non-degenerate by assumption, S+ are the levels corresponding to the values 4.
To complete the problem, we impose Dirichlet boundary conditions for the temperature
field T : D — R on these surfaces. Overall, we consider the system

div(bVpT +eVET) =0 in D,

(1.4)
T =T, on S¢,

for constants 7_, Ty. The system (1.4) is used in practice as an efficient method to
visualize the flux surfaces of the magnetic field [2,4,5].

To state our main result concerning the convergence of T,, we use some notions from
mixing to characterize the behavior of B via its trajectories on the flux surfaces Sy .
Denoting I = [_, ¥, ], we distinguish surfaces Sy whose label ¥ is in the set

E(y, M) := {w € 1 lulljrcs,) < MIVaull 2s,), forallu e H‘(sw)} (1.5)

for some nonnegative y and M, where H ~Y(Sy) denotes the homogeneous Sobolev
space of index —y on Sy as defined in (2.10). The definition of these sets is motivated
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by a Diophantine condition, see (4.1) and the following discussion. The sets E(y, M)
of labels may be empty or may have full measure, depending on B. We then define the
collection

N(y, M) =1\ E(y, M), (1.6)

of “non-ergodic” values of 1. Note that if M > M’ then N(y, M) C N(y, M’).

Definition 1. We say that B satisfies the “coercive ergodicity condition” if, with N (y, M)
defined as in (1.6), for some ¢, y > 0, we have

Jim Mpu(N(y. M) =0, (1.7)

where © denotes the one-dimensional Lebesgue measure.

Our main result below roughly states that, provided B is ergodic on almost all of the
surfaces Sy, such that the ergodicity condition holds, the temperatures profiles T, indeed

converge (in H'(D)) to the effective temperature Ty. A consequence of our theorem is
that the limiting temperature profile Ty itself fibers B. This fact partially motivated the
work of Paul-Hudson—Helander [5].

Theorem 1.1. Let d > 2 and let B be toroidally fibered by v, and let D be the region
bounded by two level sets Sy. Fore > 0, let T, : D — R be the solution of system (1.4)
for constants T— and Ty. If the ergodicity condition from Definition I holds, then

T, > To:=O®) in H(D) (1.8)

where @ (Yr) is the solution of the one-dimensional boundary-value problem on r €

[l/fﬂ 1/f+]

d [de
— = Vyld#dD) =0, © =T 1.9
dl//<d1ﬁ/5¢| a ) (+) + (1.9)

where 9=V denotes (d — 1) dimensional Hausdorff measure on Sy
In particular, there exists a constant C := C(D, B) > 0 such that

1T — Toll g1 (py < Cere, (1.10)

where c is the largest number so that there is a y > 0 making condition (1.7) of
Definition 1 hold.

Remark 1. 1f one weakens the ergodicity condition (1.7) to the condition that Mlim (N (y,
— 00
M)) = 0, the same proof shows that (1.8) still holds but without the explicit rate (1.10).

See Remark 4. We thank the anonymous reviewer for pointing this out.

Remark 2. By the previous remark, the coercive ergodicity condition (1.7) is not neces-
sary if one only wants the convergence (1.8). It would be interesting to determine if this
weaker condition is in fact necessary. We leave this to future work.
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The proof is given in § 2. Briefly, if each integral curve of Bls, covers Sy densely
for some v, (that is, if Sy is an “irrational torus”), one encounters a small divisors
problem; the operator Vg is bounded below on Sy, but the lower bound may be arbitrarily
small. However, for ¢ € E(y, M), this lower bound cannot be less than 1/M. On
the complement N (y, M), the operator Vp is not bounded below, but the ergodicity
condition (1.7) ensures that the measures of the sets N (y, M) go to zero as M increases.
The net result is one of homogenization to a one-dimensional limit profile adapted to
the geometry of the invariant tori that satisfies an effective diffusion equation. See § 2
for further discussion.

In the upcoming Corollaries 1.1, 1.2, we show that this condition holds for a large
family of physically-relevant vector fields B. Whenever d = 2, the sets N (y, M) are
empty for large enough M that is, every surface Sy, is ergodic in this setting (in three and
higher-dimensions, the ergodicity condition need not be true in general). Thus ¢ in bound
(1.10) may be taken to oo for any y > 0. It follows from our main theorem that, in this
case, we have convergence of 7 to the effective temperature 7. More quantitatively:

Corollary 1.1. Let d = 2 and let B be a non-vanishing divergence-free vector field.
Then

17e = Tollg1py < Ce, (1.11)
where Ty = O () where O is given by (1.9) and  is the streamfunction of B.

In three dimensions, an important example of fibered fields are the smooth solutions
of the magnetohydrostatic equations

(curl B) x B = Vp, div B =0, inD C R3, (1.12)

having the property that the pressure satisfies Vp # 0. As noted by Arnold [6,7] since
|V p| is nonvanishing by assumption, each surface S, is a smooth two-dimensional
surface which admits two everywhere transverse non-vanishing tangent vector fields
(curl B and B) and are thus two-dimensional tori or cylinders. In this setting B is fibered
by its pressure, ¥ = p. It is straightforward to construct fields B of this type which are
axisymmetric, see e.g. [8,9]. It is an open problem (see [9, 10]) to construct such smooth
magnetohydrostatic equilibria with |V p| > 0 outside of Euclidean symmetry.

More generally, in three dimensions, given a non-degenerate function ¢ : D — R
whose level sets are tori along with functions 6, ¢ : D — R, any vector field of the
form

B=Vy x VO+V¢ x Vy (1.13)

is divergence-free. If x is chosen so that x = x (v, ¢), B is fibered by v/, and known as
“integrable” because the integral curves of B obey a Hamiltonian system with Hamilto-
nian x, and this Hamiltonian is integrable in the usual sense! when 9y x = 0 (see (1.15)
in the footnote). See Fig. 1, right panel. Fields of this form play an important role in the

I we suppose that with B as in (1.13), the functions 6, ¢, ¥ together form a coordinate system in D. Then
for any smooth u : D — R, we have Vu = 9y uVr + 35uVé + dguVe and so, writing J = Viy x VO - V¢,
which is nonvanishing by our assumption, we have the formula

(B Vu = [dpu+1(¥,0,9)dgu+ (W, 0, ¢p)oyul J, (1.14)

where T (¥, 0, ¢) := —dg x (¥, 0, ¢) and where we have introduced the rotational transform ¢(y, 6, ¢) =
Ay x (¥, 8, ¢). There is a simple interpretation of the function x . Consider any integral curve of B, parametrized
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problem of confining a plasma with a magnetic field [11]. Such fields may sometimes
be regarded as MHS solutions held steady by external forcing (e.g. by current carrying
coils in some particular geometry) [12—14].

Suppose 6, ¢ form a coordinate system on Sy, and so we write u = u(y, 6, ¢). Then
if Bis asin (1.13) with g x = 94 x = 0, it follows after writing ((¥) = x' (),

(B - Vyu = [dgu+(f)dgu] J, (1.16)

where J = Vi x VO - V¢. Generally, by a theorem of Sternberg [15], if B is any
nonvanishing divergence-free vector field fibered by a function v, (in particular, this
includes the case x = x (¥, ¢) of (1.13)) then on each Sy, there are coordinates 0, ¢ and
anumber ¢ = () so that, expressed in these coordinates, B takes the form (1.16) for a
function J = J (¥, 8, ¢) > 0. We call the function ¢ from (1.16) the rotational transform.
Our main result in three dimensions, proven in § 4, is that provided ¢ is invertible with
Lipschitz inverse, we have convergence T, — Ty in H 1 (D).

Corollary 1.2. Letd = 3 and let B be toroidally fibered by V. Suppose that the rotational
transform t from (1.16) is invertible and for some L > 0

V1 — Y2l = Lle(¥1) — t(¥2)] (1.17)

holds for all yr1, Yo € 1. Then the ergodicity condition (1.7) holds for any y > 1 with
¢ = 1. Consequently,

1
ITe — Tollg1(py < Cé3, (1.18)
where Ty = © () where ® is given by (2.6).

In other words, we show that the ergodicity condition holds for integrable Arnol’d
fibered fields B with monotone rotational transform. Such fields are of specific interest
in the plasma physics community, see the discussion in [12]. However such plasma
equilibria, if they exist, may be unstable, or difficult to physically realize. Thus, it is
important to also understand the behavior of non-integrable fields dypx # 0. There is
an obstruction: the behavior of particle transport (and thus of heat) in non-integrable
fields can be quite complicated because non-integrable Hamiltonian systems may exhibit
chaos.

In [5], the authors consider a model of non-integrable magnetic fields taking the form
(1.13) where

Xe(P,0,¢) = xo(¥) +&“x1 (¥, 0, $), (1.19)

anda > 1/2. A modification of the proof of Theorem 1.1 (see Sect. 5) gives the following
generalization of Corollary 1.2 to fields of this type which are “weakly nonintegrable.”

Footnote 1 continued
by ¢. That is, we consider W (¢), 9 (¢) defined by

d,_B-vv _ d  _B-VO _
6 B-ve W 45" T B.ve WK

(1.15)

with the understanding that the quantities on the right-hand sides are evaluated at (¥, 6, ¢) = (W (¢), ¥ (¢), ¢).
Thus the integral curves of B satisfy a Hamiltonian system with Hamiltonian x. Note that if dg x = 0, the
above system is integrable (has a conserved quantity) since ¥ is constant along the flow. This also be seen
from the formula (1.14).
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We require the following anisotropic Sobolev spaces tailored to the invariant tori: f €
LZ(D) which are finite in the norm

n
1 1300 = /w Lf @ Mg s, A (1.20)

Theorem 1.2. Suppose that B has the form (1.13) where x = x, is given by (1.19) for
a > 1/2 and satisfies 109 x1llL<(py < 1 and dgx1lsp = 0. Moreover, denote By the
field when ¢ = 0, and assume that « = x|, satisfies the condition from Corollary 1.2.
Then, there is a constant C = C(L) such that

_ 1
IVpe (Te = To) 2 + 1 Te — Toll72 < Ce* Mdpxil72 + Ce3 (1ATol1%0,) + 1ATOlI7) ©
(1.21)

4
Voo (Te — To)ll 2 < Ce* [ Bpx1 1175 + Ce3 (1ATol1 0, + IATOlI7 ) -
(1.22)

When a > 1/2, the estimate (1.21) implies that 7, — Tp almost everywhere. When
a = 1/2, we show the same result is true, and in this case, even though p* = lim,_, ¢ T, —
Top € H'(D) may not vanish almost everywhere, we find p*| s, = 0 for all ¢ except
possibly for a family of ¢ lying in a set of measure zero. Here, p*|s, denotes the
trace of the function p* on the surface Sy, and this quantity is well-defined whenever
p* € H'(D), by the trace theorem. In fact, the support of p* = lim,_, p is contained
in the collection of non-ergodic surfaces N(y) = I \ E(y), which has measure zero,
where E(y) denote the family of ergodic surfaces

Ey)= | Ey. m). (1.23)
M=>0

Corollary 1.3. Under the hypotheses of Corollary 1.2 with a = 1/2, the sequence
pe = Ty — To converges weakly in H' to a distribution p* in H' (D) with the property
that

P¥lsy =0, whenever yr € E(y). (1.24)
That is, the support of p* is contained in N (y) = I\E(y).

Our final result relates directly to the work of [5]. In that paper, the authors consider
the sets

N(@©) ={(¥,0,¢) : IVyT (W, 0, 91> > eV T (¥, 6, 917}, (1.25)

where b = B/|B| with B as in (1.13), and study them as a proxy for the “non-
integrability” of the field B. Using the estimates from the above section, we can get
an upper bound on the measure of the set in the limit & — 0.

Proposition 1.1. Define B as in(1.13) and N (¢) as in (1.25). Suppose that the boundary
values T+ from (1.9) satisfy Ty # T_. Under the hypotheses of Corollary 1.2, there is a
constant C depending continuously on || Tyl o<, |1/ Tyl oo, 173 | zoe, (1 =11V x1 ll 7o)~}
and (1 — )~ so that

WV @) = C (27 9g 1 1 + £ 21 AT 10, ) - (1.26)
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Note that the “integrable” case corresponds to taking x; = 0 and it follows that in
this case

lin}) w(N(g)) =0. (1.27)

Since now x = xo is integrable, this agrees with the fact that the effective volume of
non-integrability is zero. If x; is nonzero, we get the same result with @ > 1/2 but if
a = 1/2 we instead have

lim (M) = Cll3x1 7. (1.28)

This exhibits a relationship between the volume of the set (1.25) and the above proxy for
non-integrability of the Hamiltonian y, captured by the 8-dependence of the perturbation

X1-

Remark 3. A true measure of non-integrability would be the volume of the complement
of the set of invariant tori that are perturbations of the unperturbed tori. The problem of
determining this volume could, in principle, be treated by converse KAM theory (see
e.g. [16]). We leave the problem of relating the above notion of non-integrability to this
one to future work.

Our proof of the Proposition (see Sect. 5) partially confirms a conjecture announced
in [5]. There, the authors conjecture that lim,_.o (N '(¢)) = 0 precisely when B is an
integrable field. The above result shows that, at least for the family of model fields (1.13)
we consider here, integrability implies that the measure of these sets vanishes.

2. Proof of Theorem 1.1

The limiting profile ® () is a function of the flux function ¢ only, and is determined
from the following heuristic. If B is fibered, expanding T, = Ty + ¢7} leads to

div(bV,To) = 0, @2.1)
div(Vi o) = — div(bV,T). (2.2)

Equation (2.1) is underdetermined for 7p; indeed noting that » - Vi = 0 one sees that
any function

To = ©®) (2.3)

will satisfy (2.1). This arbitrariness of ® may be eliminated by considering the second
condition. Indeed, note that since b is tangent to each surface Sy, we have
div(bV,Ty)

_ div ([Wbﬂ) ) 2.4)
vyl s, — S\ vl ] s, '

where divs, denotes the divergence operator on Sy,. See Lemma A.2. In light of this,
equation (2.2) comes with the following compatibility condition: on each invariant torus
Sy,

AT
/ =0 gpdb =, (2.5)
5, VY]
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where d.7#@=1 is the (d — 1) dimensional Hausdorff measure on Sy . Here we used that
V,j- Tp = VT since b - VI = 0. Because T is constant on Sy, it follows from Lemma
(A.1) (see (A.6)) that the solvability requirement (2.5) and the boundary conditions of
(1.4) are satisfied if ® is the unique solution to (1.9). From (1.9), we deduce that the
effective temperature distribution is given explicitly by

_ H(p: o) [V ds
OW)=T-+ (T, — T_)m, where H(Y; ) = /1// TGy (2.6)
Here, I is given by
INCD) =f [Vy[dA. (2.7
Sy

In two dimensions, I'(1) is simply the circulation of the vector field B = VJ-zﬂ on the
circle Sy :

flVdef: B -de. (2.8)
Sy Sy

Observing (2.5), we start with the following simple lemma. We first introduce the
homogenous fractional Sobolev seminorms on Sy. For each §y we pick coordinates
01, ...,04-1 on Sy such that 6; maps Sy to [0, 2x]. For k € 741 we define

1

1= e

d—1
/ N [[e"%u@r.....00-1)d60; - -doy. (2.9)
[0,27]¢—

j=1

and then for y € R, we define || - || 5, by

||u||§_~"(sw = Y kPrakP. (2.10)
keZd=1\0

Recall also that (1.20) defines the anisotropic spaces H ) tailored to the tori. The
result is then

Lemma 2.1. Suppose that F € HY)(D)NL>® (D) for some y > 0and that F satisfies

f Eqpan 0, (2.11)
sy IVl

forall € [W—, V¥.]. There is a constant C depending only on D, B and r so that for
any M > 0 we have

/ Fudp
D

< CM||F|l gon|IVpull 2 + Cle(N(y, MYV Flpoollull 2. (2.12)




On the Distribution of Heat in Fibered Magnetic Fields Page 9 of 21 57

Proof. By the co-area formula (A.1), we have

¢+ F
Fudu:/ / udsVay. (2.13)
/D v Js, VY v

Now, for each v, we write

/ L awan
5, IVYI

=/ i IG(llf, Oty ooy Oa—)u(p, 01,...,04-1)d0y ---dby_1, (2.14)
[0,2]9—

where G = ﬁ |h|1/2, where we are writing the metric on Sy as h = haﬁde"deﬁ and
|h| = det hqp. By Parseval’s theorem,

/ . G, 01, ...,00-1)u(y,01,...,04-1)d0; ---dfs_
[0,2714~

=@u™ Y G by, =k, (2.15)

kezd-1

where F , u are defined as in (2.9). Now we note that

G, 0>=f ——|h|'/2d6) -+ dbg =f —da4H =,
[0,2714-1 VY| s, V¥

(2.16)

by assumption. We therefore have

/ F wdA D = @my= N G by, k), (2.17)
sy IVY1 keZd=1\0

and it follows that

/ Fudu
D

Now we split [Y_, Y] = E(y, M) U N(y, M) and bound

Ve _
<c / > 1GW. by, —k)| dy. 2.18)
V= Jki£0

/w Y G, by, —k)| dy

LM k20

< Gl ar splull g-v (s, d¥
/weEw.M) o)

=M Gy s IVBullL2s,) d¥
VeEE(y,M)

= MIIGllgonpyIVBullL2(pys (2.19)
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by the definition of E(y, M) and

f D IGW. bR, =k Y < Gl 20y lull22()
VeN(r.M) 120
k|
< u(N(y, M) Gl o) llull 2(py- (2.20)
This gives the result. o

Our main result, Theorem 1.1, will be a direct result of the following estimate.

Proposition 2.1. Define Ty = O () where ® is given by (2.6) and let p = T, — Tp.
Under the hypotheses of Theorem 1.1, there is a constant C depending only on the
domain D so that for each ¢ > 0 and M > 0, we have

IVepl72 +elVypll72 +elpoll7
= ¢ (M2 ey, M) (IATo 0,0 + AT <) @21)
Proof. The remainder p satisfies
div(bVpp) + & div(Vj‘p) = —eATy, in D, (2.22)
pls. =0, (2.23)

where we wrote ATy = diV(VbL Tp) since b - VIy = 0. If we multiply (2.22) by p and
integrate over D, then use the co-area formula (A.1) we find

/s AT
/ (|vbp|2+e|vbip|2)duzs/ ATopduzef / 270 5 dd=Dgy.
D D v Js, VI

(2.24)

Recall that we have defined Ty so that ' = ATy satisfies the condition (2.11). We can
therefore apply Lemma 2.1, and by (2.12) we have

¥ AT
UL, e
vo Js, IVVI
< Me| ATyl yon IVppll 2 + (N (v, M) ATyl < Il 12

< M| ATy (NG M IATYI L v pl2, + 2 2
=3 ol 0. 58“( (v, M) ATo I 7 +§II bplle+§8||p||Lz
(2.25)
for any § > 0. Since p|yp = 0, by Poincaré’s inequality we have
lpl?, < CplVoll2,. (2.26)

where Cp is the Poincaré constant for D. Taking § so that §Cp is sufficiently small, we
see from (2.24) and (2.25) that there is a constant C > 0 depending only on Cp so that

2 L2 2
IVoolz2 +ellVipliz2 +ellpliz2

= ¢ (M2 ey, M) (IATo1Z00 + IATOIE ). @27)

after using (2.26) again to bound 5||,o||i2 < C’||V;,,o||i2 + C/e;“||Vlj-,o||%2 for another

constant C’. O
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Proof of Theorem 1.1. 1f we take M = S_Tic, then writing N, = N (y, 8_21?), 2.21)
gives

IViplz + o1, < oo (146752 u (Vo)) (1AT0 130, + ATl ) (228)

IVspllz2 = Ce™*25 (14675 u(No) ) (IATo 20, + IATo I )
(2.29)

By assumption, lim;_, ¢ P 1 (Ng) = 0 and the result follows. O

Remark 4. If one replaces assumption (1.7) with the weaker assumption that Mlim W(N (y,
—00

M)) = 0, a nearly identical argument gives that lim.—.o [|Vpl|l;2 = 0. Indeed, it is
enough to take M = M (¢) so that lim,_, g M 2¢ = 0 and then note that by assumption
limg—0 u(N(y, M(¢))) = 0.

3. Proof of Corollary 1.1: The 2d case
If |[B] > 0in D, B is fibered by its streamfunction ¢, B = Vlw. ‘We bound

_ _ c s
lulZ0g = > @O <Y kPGP < ———Vaulis,, (3D
HY(Sy) keizzo ]2 mfsw | B| (Sy)

for a constant C > 0. Here we have used that B spans the tangent space to Sy at each
point. Therefore, E(0, M) = D whenever M > m, and so N (0, M) is empty in
this case. Thus (1.7) holds for any ¢ > 0 and the result follows.

4. Proof of Corollary 1.2: The 3d Integrable Case

We first show that if y > 1, under the hypotheses of Corollary 1.2, the condition (1.7)
holds with ¢ = 1. We start by relating this condition to the “Diophantine” condition.

Let I = [¥_, ¥4]. Fix t = () with ¢ € L®(). Let |(m, n)| = vm? +n%. We
define

1
D(y,M) = {1// el :|m+(y¥)n| > M

mm(mmeﬁum}mn
n)|r

If Y € D(y, M) for some y, M, we will say that v is “Diophantine” and that the surface
Sy is a “Diophantine surface”. With m + ((y/)n replaced by w - (m, n) for w € R?, these
sets play a fundamental role in the proof of the celebrated KAM theorem [17]. Note that if
Y € D(y, M), the flow of B is ergodic in the usual sense by e.g. Theorem 3.1 from [18],
since in particular ¢ € D(y, M) requires that ¢ (1) is irrational. The condition in (4.1)
can therefore be thought of as a quantitative measure of the ergodicity of the flow of B.
Similarly, one can think of the “coercive ergodicity”” assumption from Definition 1 as the
requirement that the restriction of the flow of B to “most” surfaces Sy is (quantitatively)
ergodic, in the above sense.

These sets are empty if y < 1 by the classical Dirichlet approximation theorem (see
[19, Theorem 9.1]) but it turns out that if ¢ is bi-Lipschitz and y > 1 they have positive
measure; in fact the complement of Uys-0D(y, M) has zero measure, as the next result
shows.



57 Page 12 of 21 T. D. Drivas, D. Ginsberg, H. Grayer II

Lemma 4.1. Lett : I — R be an invertible function and suppose there is L > 0 so that

1
7 = ol = 1) — W)l = Ll — . 4.2)

Define D(y, M) as in (4.1) and let i denote the one-dimensional Lebesgue measure. If
y > land M > 0, there is a constant K depending only on (1), L, and 1/(y — 1) so
that

1 1
u\ D(y,M)) = K <—] + M) . 4.3)
M

Taking M — oo in (4.3) shows that the set of ¥ which fails the condition (4.1) for
all M > 0 has zero measure. Equivalently, the set of i satisfying the condition in (4.1)
for some M has full measure, though in general the complement may be nonempty.

Proof. This result follows from a straightforward modification of the argument from
e.g. [19, Theorem 9.3]. We include the details here for the convenience of the reader.
For (m, n) € Z*\(0, 0), we define

Onm(y, M) = {w el :m+1(Y)n| < 4.4)

1
M|<m,n>|y}’
so that

INDy,m< | Huwly, M. 4.5)
(m,n)#(0,0)

Ifn #0, H(m n)(y, M) is contained in the interval [y1, Y] C I where y; are such that

(Y1) = W % and ((Yn) = —u(¥1) (such ¥r1, ¥ exist and are unique since
by (4.2) ¢ is invertible). These are the maximal and minimal values of ¥ such that (4.4)
holds for a given (m, n). Therefore

L

wgnny (v, M) < Y1 — Y| < M. (4.6)

Ifn =0,,0)(y, M) = I when|m| < M~Y0+Y) and itis empty otherwise. Therefore

Yo w@am s M) <Y uMeo s M)+ Y (T (v, M)

(m,n)#(0,0) m#0 (m,n)#(0,0),n£0
1 L L 1
</l — + — T —— 4.7
<M 5 o 2 Tl D
[m],|n|>1

since there are two terms in the second sum on the first line with m = 0. The last sum
here is bounded by

2 <2 _
>3 e <12 [

m=1n=1
i 1 /OO dw 45
el mY 1/m w(1+w2)7’/2' '
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Now we bound

/‘1 dw < /1 dw ) 4.9)
P — =logm, .
ym WA +w)Y2 ™ w s
and
o dw 1
1 m =Cy—-D) (4.10)

for a continuous function C. It follows that the above sum is bounded by

o0 o0 )

1 1 _ 1 ) c it
2. G S Xy lom+ CO) @11
m=1n= m=

which is finite for y > 1.
In this case we therefore have

wa\ Dy ;) = (U Mo (7, M)

(m.n)#(0,0)

1 1

for a constant Cy depending only on |/|, L and 1/(y — 1), which proves (1.26). O

Remark 5. If one replaces the assumption that ¢ is bi-Lipschitz with the (essentially
weaker) assumption that ¢ is C' but has only finitely many critical points, a slight
modification of the above proof gives (the slightly weaker result) u(Upy I\ D(y, M)) =
0. Indeed, for any € > 0, let B<(x;) denote the ball of radius € around each critical
point x;. On I\ Uy, Be(x;), ¢ is locally bi-Lipschitz. Applying the above argument to
I\ Uy, Bc(x;) and taking M — 00, one gets

uwUn I\ D(y, M)) < Ce

for a constant C depending on the number of critical points. Since € was arbitarary
this gives the stated result. Combining this argument with Remark 4 and the upcoming
argument gives an alternative version of Corollary 1.2 where the assumption 1.17 is
replaced with the above-mentioned assumption, but where the conclusion is the slightly
weaker result that ||7; — To|lg1(py — 0 in place of (1.18). We thank the anonymous
reviewer for pointing this out.

The values of Y € D(y, M) are sometimes called “strongly non-resonant”, and the
surfaces Sy with » € D(y, M) are called “non-resonant flux surfaces”.

Proof of Corollary 1.2. We first consider a field of the form (1.13) when x = x (1) and
where 6, ¢ form a coordinate system on each Sy,. With ¢ (y) = x’(¥), in this setting we
have

(B-Vyu=1J[0pg+1(¥)dp|u, J=VyxVO- V¢ (4.13)

where J # 0 by assumption. We claim that the Diophantine surfaces are ergodic, in the
sense that there is a constant C with

D(y,CM) € E(y, M) (4.14)
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for any M > 0. It follows from this claim that N(y, M) € I\D(y, CM) and so the
condition (1.7) holds for any ¢ < 1, since (4.3) then implies that

n(N(y, M)) < % M =1 (4.15)

We now prove (4.14). Whenever ¢ € D(y, M), for any smooth functionu : Sy — R,
we have

= 2
s,y = 20 Tutm W1~ 2 o Im+@nfPlaom, ).

(m,n)€Z2\0 (m2 * nz))’ - (m,n)€Z2\0
(4.16)
Now we note that by (4.13),
(V/B/J\u)(llf, m,n) = =2mwi(m+1(Y)n)u(y, m, n). 4.17)
It follows that if ¢ € D(y, M), there are constants C1, C; so that
1l s,y < CLM2IVa sl < CoMP I Vpul}agg, (4.18)

and this gives (4.14).

We now show how to get the same result for any non-vanishing divergence-free
fibered field provided the rotational transform satisfies the bound (1.17). We first show
that the rotational transform is well-defined in this setting; that is, that we can find
coordinates so that B takes the form (1.16).

In light of (A.7), since div B = 0, it follows that |[Vy|~!is an integral invariant of
Bls, (namely U = V|~ ! is a conserved density along the flow of Bls, on Sy ) and so
by Sternberg’s theorem (Theorem 1 of [15]), B is orbitally conjugate to a constant vector
field on Sy . That is, there are coordinates (6, ¢)) on Sy, so that in these coordinates, there
is a nonvanishing function J = J (6, ¢) so that on Sy, B takes the form

(B-Vu=1J(3s+3p)u, ueC>(Sy) (4.19)

for a real number ¢ (compare with (1.14)), where VT denotes the tangential gradient
on Sy, given by VIu = (V= V)|V |2V - V)u when u is a function defined in a
neighborhood of Sy,. Applying this theorem on each Sy, then gives t = (/).

The above proof goes through with a minor change, which is that we want to replace
the fractional Sobolev norm ||u|| 5, , which was defined relative to a fixed coordinate
system (because the Fourier coefficients 7(k) depend on the choice of coordinates in
(2.9)), with a fractional Sobolev norm ||u|| % defined relative to the coordinates guaran-
teed by Sternberg’s theorem. This means we want to modify the definition of E(y, M)
and define

E(y, M) = {w €1 Nullzr = MIVaullpas,) forallu e H (Sw)}

(Sy) —
(4.20)

It is clear that the proof of Theorem 1.1 goes through without change if we replace
the sets E(y, M) with E(y, M). It is also clear from the formula (4.19) and the above
argument that there is a constant C > 0 so that (4.14) holds with E replaced with E if
the rotational transform ¢ = ¢(v) from (4.19) satisfies (1.17). O
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5. Proof of Theorem 1.2, Corollary 1.3 and Proposition 1.1: the non-integrable
case

We now consider the non-integrable case x; # 0 of (1.19). With B as in (1.13)—(1.19),
we set

Bo=Vy x VO+i((¥)Vp x Vi, B =V x Vi (5.1)
where () = x/,(¥). We then write b = B/|B| in the form

By _ B

b=b0+8ab1, b()= s 1= —.
|B| |B|

(5.2)

5.1. Proof of Theorem 1.2. We start by recording a simple estimate.

Lemma 5.1. If |V il < 1 and a > 1/2, there is a constant C > 0 so that for any
function u € HY(D), we have

1
2 12 2 1 2 2 112
= (1012 41V ulF2) < 19bu 12 +e Vgl <€ (IVbullo+el Vi ulls ).

(5.3)
Proof. This follows after writing V,, = V;, — &V}, noting that |b;| < C|V x|, and
|Viou| < |Voul+e*|Vx11|Vul,  |Vioul = [(V = boViy)u| <|Vjul +&*|Vx1]|Vul

(5.4)

for smooth u. It follows that for u € H' (D),
IVbouell7 2 + &l Vil 2 < IVoull72 + el Vyull7s + e IVt Ze [ Vull72.  (5.5)

Provided 2a > 1, this gives

(1= e VxulliLoo) 1 Vaoull 72 + (L = [Vxall 7o) I Vagull 72 < IVsull7s + el Vyul7a,

(5.6)
which is the second bound in (5.3). The first bound is nearly identical. |
Proof of Corollary 1.2. Since Vp, Ty = 0 we have

div(bVpTo) + ¢ diV(VbLTO) = e?div(bVp, Tp) + e ATy — e div(bV, 1)
= (g% — e'*9) div(bVy, Tp) + £ div(VTp). (5.7)

Then p = T, — Ty satisfies
div(bVpp) + e div(Vjr p) = (1% — ) div(bVp, Tp) — e div(VTy)  in D, (5.8)
pls. =0. (5.9)

Since dg x1lsp = 0 by assumption, b is tangent to d D and so if we multiply this by p
and integrate over D, we find

[ 190 el pP i = [ ATopdus et =) [ ToVopdu,
D D D
(5.10)
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after integrating by parts in the second term on the right-hand side. Since |V, To| <
|89 x11|Tg|, for any 8 > 0 we have

2a
2 12 € 2 2 8 2
IVbplly2 +ellVyplly. < £y ||39X1||Lz||T(§||Loo + EIIVbPIILz

Ve div VT,
/ / 20 ) Dy
_Js, VY

+&

) (5.11)

Arguing as in (2.25)-(2.27) and using (5.3), this implies that there is a constant C > 0
so that for any M > 0,
IVeop 72+ €l Vs pll72 +€llpll7 2
= Ce 017313 + € (M6 + enN (v, M) (IATo 0 + 1 AT ) -
(5.12)

If we take M = &~ 1/3 and use the estimate (4.15) for W(N(y, M)), we find
_ 1
IV ollz + o132 < €~ ag a2 + Ce¥ (IATolZ 0, +IATHIE) . (5.13)
2a 2 3 (1IATo |12 AT |2 5.14
IVaoollp2 = Ce 9o xilly2 + Ce3 (1ATo 0. + IATON 00 ) - (5.14)

O

5.2. Proof of Corollary 1.3. Before proving Corollary 1.3, we collect some preliminary
results. First, from the uniform bounds (1.21) and (1.22), it follows that that the sequence
T. — Ty has weak limit p* in H I and that Vi (Te — Tp) converges strongly to 0 in L2,

If we knew that Vp p* was smooth, it would follow that Vg p* = 0 everywhere. We
however only know that Vg p* is in L? and in particular the restriction Vg p* s, need
not be defined. The following result shows that Vg p* ls, = 0ina weak sense.

Lemma 5.2. Let p* = limg_,0 Ty — Ty. For any ¥ and any v € C2(SI/,), with B’ =
BIVy|~!,

/ p* divs, (B'v) d#“~ D = 0. (5.15)
Sy

Remark 6. The statement of (5.15) holds with B’ replaced by B (or indeed any mul-
tiple of B) but it is more convenient for our purposes to use B’ since divsw (B'v) =
V| div(Bv) = |V |Vpv, by (A.7) and the fact that div B = 0. See Lemma 5.3.

Proof. The idea is to use Stokes’ theorem to write (5.15) in terms of an integral in the
interior of D and to integrate by parts in the interior to exploit the fact that Vgp* = 0
almost everywhere.

Fix a surface Sy. Define a cutoff function O € C*°(R) such that Q(z) = 1 when
|z| < 1and Q(z) = 0 when |z| > 2. Define

0s(¥) = Q((¥ — ¥)/9), (5.16)
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so that Qs(v) vanishes when | — /| < 28 and Qs(yy) = 1 when | — /| < 6.
Let D_(¥') = D N {3y < v'}. Then the boundary of D_ (/') is Sy U Sy_, and if § is
sufficiently small, Qs vanishes identically on Sy,_.

Let V denote the constant extension of v to D_(y'), V(¥, 0, ¢) = v(y/', 0, ¢) for
all (y,0,¢) € D_(y'). By Stokes’ theorem, since the outer unit normal to Sy is
Vi/|Vir|, we have

/ p* divs,, (B'u) d#4=D = | (n-n)p*divg L (B'V)Qs dor @
Sw/ Sw/
) Vi
= Qs div (,0* divg ,(B/V)—> du
D_ v [V
+ / p*divs, (B'V) V. (V03 du (5.17)
D_ v VY|

The first term here is bounded by
Idivs,, BV 1y — <y 10" 1 y—y1<) < €820l 25, 0¥ a1 () (5:18)

As for the second term, we use the identity (A.7) to write

divs, (B'V) =

1

div(BV), (5.19)
V|
and since % -(VQs) = %|V1ﬁ|Q:s and b is tangent to Sy, the second term in (5.17)
is

1

—/ p*div(BV)Q5du
8 Jp_

1
— | p*divs, (B'V)|Vy|0Q}du
8 Jp. v

1
-5 / Va(p*OpVdu,  (5.20)
D_

after integrating by parts. We have therefore shown that for any § > 0,
f p*divs, (B'V) =V
Sy
l * !/
+5C (IVBo* 2 + IV Qjll2) IV 2

= C8'2vllcas, ) 10* a1 () (5.21)

< C8' 21l caqs, ) 1™ 11 o)

where we used that Vgu = 0 whenever u = u(y) and that Vgp* = 0 in L. Taking
8 — 0 gives the claim. O

The condition (5.15) nearly says that p* = 0 on each Sy, in the sense of distributions,
but in order to conclude this we would need to know that any test function v can be written
in the form v = divg, (Bw) for some test function w. This need not be possible on an
arbitrary surface Sy, but by the next Lemma it is possible provided Sy is a Diophantine
surface. We set

D)= |J Dy, m). (5.22)
M=>0
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Note that by (4.14), D(y) € E(y) where E(y) = Uy~0E (v, M) denotes the collection
of all ergodic values of 1. Note also that by Lemma 4.1, the complement 7 \ D(y) has
zero measure when y > 1.

Lemma 5.3. Fix y > 1 and define D(y) as in (5.22). If y € D(y) and v € H**V (Sy,)
for some s > 0, there is w € H®(Sy) satisfying

divs, (Bw)=v, B =B|Vy|". (5.23)

Remark 7. The equation (5.23) is sometimes known as the “magnetic differential equa-
tion”. Lemma 5.3 simply says that you can solve this equation on good (sufficiently
ergodic) flux surfaces.

Proof. We start by using (A.7) to write

1 1
divg, (B'w) = div(Bw) = Vaw, (5.24)
v V| V|
and so (5.23) takes the form
Veyw =1V, V =J|V{lv, (5.25)

where recall J = |g|~'/2 = (VY x V@) - V¢|. We now define
i

E—m_H(I/I)nV(m,n). (5.26)

w(m,n) =
Because ¥ € D(y), for some M > 0, we have the bound
Y o~
@n, P = M (m?+n2)" |V m, mP2, (5.27)

so that in particular w € H*(Sy) whenever v = V/(J|VY¥]) € H**V(Sy). By the
identity (4.17), it follows that w satisfies (5.23). |

Proof of Corollary 1.3. Fixy > 1anddefine D(y) asin(5.22). It follows from Lemma 5.3
that given v € C*(Sy), there is w € C*(Sy) so that with divg, (B|V{|w) = v. It
then follows from Lemma 5.15 that

/p*vdfﬂd*”:/ p*divs, (B|VY|w)dz“~D =0, (5.28)
Sy Sy

as required. O

5.3. Proof of Proposition 1.1: effective volume of non-integrability. It follows immedi-
ately from the equation (1.9) (or, equivalently, (2.6)) for Tp = ® () that either Tj is
constant or else TO/ is nonvanishing. Since Tpls, = T4 # T— = Tp|s_ we have that TO/ is
nonvanishing and in particular Té is bounded below. With A = minp |T6|_1, for any set
N C D we therefore have

M(N)sﬂwazdusc(ﬁfN|VjT|2du+A2/N|Vjp|2du>, (5.29)
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where we used that Tj = |[Vy/| 72V Ty- Vi and that [VTy| < |V T| < |ViET[+|Viipl?.

In particular, with N = N (¢), since ||V T eIV, T %

22 < ,
L>(N(e)) — L2(N(#))

M(N(e))SCA2<81/ |VbT|2d,U~+/ |V;p|2du)
N N(e)

(&)

< (e-l/ Vot du+e ™! [ (opP e+ [ |V;p|2du>
N(e) D D

<! (/ |VbTO|2dM+/ |vhp|2du+e/ |Vblp|2du).
N(e) D D

(5.30)
Since b = by + by and V,, Ty = 0, we have

Vo TollZ ) < &NV, Toll 2y < €100 X172 ) 1T ey (5:31)
To handle the second and third terms in (5.30), we use (1.21)-(1.22) combined with
(5.3). By (5.31) we therefore have

(N (g)) < CA? (82“*‘ 190 X117 2y 1 T 1 7.0 2y + s‘/3||ATo||§,<o.w(D)) . (532
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Appendix A. Geometric Identities from the Co-area Formula

In this section we collect some geometric formulas that we will use repeatedly. In what
follows, we fix ¥/ : D — R such that [Vy| # 0 on D and so that the level surfaces Sy,

are codimension one manifolds which foliate D. Let _ = infp ¥ and ¥, = supp .
We will use the co-area formula
Vs u i
f udp =/ f —d9 Dy, (A1)
D _Js, VY

see e.g. [20]. We start with a simple result that generalizes Lemma E.2 from [21].

Lemma A.l. [f F € HZ(D), we have

9 Fawe = /

dy Jg, s

@1
div( vV F) e (A2)
" [V [V
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Proof. We start with the observation that

v
/ Fd%("’l)—/ Fds4—b :f div( v F) dpu,  (A3)
Sv2 Sy Dy1.92 VYl

where Dy, y, = Uy, <y’<y, Sy’ denotes the region bounded by the surfaces Sy, , Sy,.
Indeed, by the divergence theorem,

v v
/ div( v F) du =/ S0 . YV g ptd-
Dy vy |V‘(/f| Syrp |V¢l|

+/ S Y pdD, (A4)
S0, V|

where n5¥ denotes the outward-pointing unit normal to Sy . Then

vV vy

nS = — and n = ———| | (A.5)
V| lsy, V| lsy,

so (A.4) gives (A.3). Dividing (A.3) by ¥»» — 11 and taking the limit gives (A.2). |
In particular, if ' = F(3) is constant on Sy, writing AF = div(VF) = div(Vy F')

we have
(-1
/AFﬂzi / |V |F'daz @D
Sy V| dy \Js,

d
— vy |d# 4D | F . A6
dw([/%|w| } ) A6

Another consequence of the formula (A.1) is the following

Lemma A.2. Let X be a vector field defined in D with the property that X|s,, is tangent
10 Sy. Then the divergence div X in D is related to the divergence operator divs, on

Sy by
div X _ div ([ X } ) (A7)
vulls, Ll ls ) '

In particular, if X is divergence-free in D, then ¢ := |Vr|~! |Sw is a density conserved
by X on Sy.

Proof. This can be seen by working in local coordinates but it is simpler to use (A.1)
and note that if u € C°°(D) is any test function then

Vs dpd=1
—fdivXud,u:f(X~V)udu=/ X -Vyu ——
D D v Jsy V|

Ve dp@-"n
= / X -Vhu——
s, VY|

Vs X
= _/ / divs, (—) ud @b,
s, VY|



On the Distribution of Heat in Fibered Magnetic Fields Page 21 of 21 57

where we used that X - V = X - V7 on Sy, where VT denotes the tangential gradient
on Sy,

T vy
VIiU=(V—-——=VYy-V]u (A.8)
V|
whenever u is an extension of U from Sy, to aneighborhood of Sy, . By (A.1), the left-hand
side is
Ve o divx
—/ / N2 dwd-D, (A.9)
v Js, VY
Then (A.7) follows since u is arbitrary. |
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