B. Riepann Surfaces
§1. The topoclogy of surfaces.

It is convenient to establish fram the outset soame conventions and
notation for dealing with the topology of .surfaces. Thorough discussions

can be found in the books by H. Seifert and W. Threlfall (Lehrbuch der

Topologie, Tuebmer, 1934) end by L. V. Ahlfors and L. Sario (Riemann
Surfaces, Princeton Univ. Press, 1960}, for instance. If M is a compact
connected two-dimensional topological manifold of genus g then it is Just
& sphere with g handles, and can be dissected into a contractibie set by
cutting it along 2g paths issuing from & common base point P €M but
otherwise disjoint, one pair of paths for each handle as in figure 2. The
complement of this set of paths is a polygonal region A with kg boundery
ercs, in pairs corresponding to the two sides of each of the 2g dissecting
peths; M can be recovered from A by pesting these pairs of boundery arcs
together. The dissecting paths are oriented as shown in figure 2, and the
corresponding orientations of the boundery arcs of A are as shown in figure 3.
Ir M is the universal covering space of M , the choice of a point
2y € lying over Py &€ M establishes a canonical isomorphism between the
covering translation group T of M over M and the fundamental group
% (M,py) » by associating to any T €T the homotopy cless in Ii(M,Po)
of the image in M of any path from 2z, to Tz, in B . The choice of

another base point z, changes this isomorphism Yy an inner automorphisnm.

With a slight but not really confusing abuse of notation, let “5' g
dencte the 1ifts of the loops uu. J to paths in )| beginning at the base

slso

point 2. ; the ends of these peths will then be the points Auzo.!bzb ’
where Au.!h € T correspond to the homotopy classes of the original loops
a8, in tl(H,po) « The 1ift of the polygonal region 4 to M having
o, as one boundary arc then has as remaining boundary arcs the others

indicated in figure i, as can readily be verified by tracing out the



boundery path. In this figure and subseguently

-1.-1
c3 = IAJ,BJ] = ABEBAn 33 . Note that the oriented boundary of A is the

path

g
(1) 8A = le lCln.CJ_lu'j + cl.'.cd-lAJBJ - c]....CJBJuJ - Cl-..CJBJ} .

The elements Al""’Ag‘Bl""’Bg generate the group T ; it is evident

from figure % that they satisfy the relation
(2) C) Cpeeely = 1,

and in fact all relstions among these generators &re conseguences of this

pne relation. The subset A c f# will be called the fundamental polygon

associsted to this marking. The sets TA as T ranges over the group T
heve disjoint interiors, &and their union together with all translates of
their boundary arcs cover the entire covering surface H .

Any choice of & base point Zy [ ¥ and a set of dissecting paths
°1""'°g'31""'35 in this form will be.called 2 perking of the surface
M . There are of course & great many such choices. However two markings
will be considered as equivelent if the base points coincide and they can
be mapped to one ancther by a homeomorphism-or M +that preserves this base
point and that is homotopic to the identity through homeomorphisms that
elso preserve this base point. The generators Al,--.,A.g,Bl....,Bg of T

corresponding to equivalent markings are of course the sane.
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A compact connected Riemann surface of genus g is & tvo-dimensional
topological surface, and the surfaces considered here will normally all be
marked surfaces. The termiholoéy and notation as introduced here will be
used guite freely with little further comment in the remainder of the

discussion.



§2. Abelian differentials.

Let M be a coopect connected Riemann surface of genus g « Thus M
is a one-dimensional complex manifold, so has s coordinate covering
{Uu‘za} by opeﬁ subsets Uc in eath of vhich there is a complex local
coordinate z_ , and these local coordinstes are holomorphic functions of
one another in the intersections Ua n UB « A holomorphic or meromorphic
function on M 48 a function that is holomorphic or meromorphic in each
coordinate neighborhood, in terms of the given local coordinate there. A
holomorphic or meromorphic differential on M is a differential forz w
thst in a coordinate neighborhood Uu can be written ulUu = fn(za)dzn v
vhere fu(zu) is a holoporphic or meromorphic function of the local
coordinate z, 5 in an intersection Ua n UB such a form has equivalent

expressions uIUu nuU = tu(za)dzu = fa(zs)dzs » 30

dz
£{(z)=2¢(2.) « —L£ . A basic part of the theory of Riemann surfaces
a a g 8 dza

consists of existence theorems, asserting that there always exist at least
some such functions and differentials on any Riemann surface. These
results will be assured known, although what is assumed will be stated
explicitly, but sonme of the consequences of these results will be discussed

in detall, to establish the notation and terminology to be used here. These
topics are discussed in the books by Ahlfors and Sario,'ﬁy R. C. Gunning

(Lectures on Riemann Surfaces, Prinmceton Univ. Press, 1966), and by

H. M. Farkas and I. Kra (Riemann Surfaces, Springer-Verlag, 1980).

The first basic existence thesrem is that there are nontrivial
holomerphic differential forms on M vwhenever g > 0 , and that the set of
all such forms comprise a g-dinensional complex vector space. These forms

are sometimes called the Abelian differentisls or the diffentials of the

first kind on M . Any such form w Iis automatically a closed

differential form, and can be vieved as a I-invariant differential form on



the universal covering space M . Then since H is simply connected the

integral w(z) = ]: @ is & vell defined holomorphic function on M , and
0

is uniquely determined by the conditions that dwv = w &nd that

w(zo) #= 0 ;3 such functions will be called the Abelian integrals on M , and

will always be normalized to vanish at the bese point zo € . Note that
aw(Tz) - dw(z) = w(Tz) ~ w(z) = 0 for any covering translation T €T , so
thet w{Tz) - w(z) = w(T) 4s a complex constant called the period of w
mssociated to the element T €T . The mapping w : T' + T that
associates to each element T €T the period w(T) 4is clearly a group
homomorphism. Note that this period is easily seen to be independent of
the base point, since a change in base point merely has the effect of
adding & constant to wiz) , and can be described alternatively as

ol(T) = jy w wWhere Yo is any closed loop on M representing the homotopy
T .

tlass of the element in wl(M,pO) represented by the element T €T &

To any meromﬁrphic function £ on M +there Is mssociated as
customary its éivisor éi(f) = Ipvp(f)-p , & formal sum over the points
P €M , wvhere the coefficient vp(f) € z is the order of the function £
at the point p ; at all but finitely many points it is the ca#e that
vp(f) = 0 , and such points can be left out of the formal sum as
convenient, s0 ihat the divisor can be described alternatively as an
elenent of the free Abelian group generated by the points of M.
Bimilarly there can be essociated a divisor ﬁi(m) to any ﬁeromorphic
differential form w on M , merely setting £2(u)|Un =£%(fn) vhen
wlUu = fu(zn)ﬂzn ; this is & well defined divisor on M | since evidently
S(Iu) ‘Jz(fB) in U, n UB . These divisors cen be viewed as T-invariant

-
divisors on M , and it is often convenient to do so. At any pole of &



meromorphic function or differential form the principal part consists of

the negative povers of the Laurent expansion of the given function, or of
the coefficient of the given d@ifferential form, in terms of any local
coordinate systeﬁ at that point; the principal part depends of course on
the choice of the local coordinate system. In the case of the principal
part of a meromorphic differential form the residue is well defined, simply
as the integral around the singularity of interest, and that piece of the
principel part is independent of the choice of the local coordinate system.
It should be noted that a meromorphic function really has no well defined
residue, independent of the choice of local coordinate systen.

The second basic existence theorem is that for any finite principal
pert on M with total residue (the sun of the residues at all poles) equal
to zerc, there exists a meromorphic differential heving the prescribed
principal part. The total residue of a differential w is Just the
integral IBAN , where it can be supposed that there are no poles on 34,
and that integral is equal to zero since w is P-invariant and the
integrals along corresponding boundery arcs clearly cancel; the residue
condition is thus necessary. That it is sufficient is the main point of
course. The simplest instance of this existence theorem is the assertion
that for any point p €M there exists a meromorphic differential form
having a double pole with residue zero at that point and no other

singularities on M . Such a form is called a meromorphic Abelian

differentiel of the second kind, or just a @ifferential of the second kind

en M. 1If @, is such a differential then " can be vieved as a
meromorphic T-invariant differential form on M ; it is a closed
differential form outside ite singularities, and its integral around any

closed curve avoiding these singularities is zero since ¥ is simply



connected and the residue is zero at each singularity. The integral

wﬁ(z) = j: wp ig & wvell defined meromorphic function on M and is uniquely
0
determined by the conditions that dup = wy end that wP(zo) = 0 , vhere

this last normalization of course only makes sense when 24 £ p . This

will be called an Abelian integral of the gecond kind en M , and can as

here be normalized to vanish at the base point Zq € M provided that z,
does not represent the point p ; but there are more convenient normaliza-
t+ions that avoid this complication, end that ﬁill be discussed later. Just
gs for ordinary sbelien integrals wb(Tz) - Wf(z) = mP(T) is & constant
for any T €T , and is called +he period of VP associated to the element

T ; these periods comprise the period homomorphism mp € Hom(T,T) .

Ancther instance of the-same existence theorem is the assertion that
for any pair of distinct points PP of M there exists & meromorphic
differential form having simple poles at these polnts, with residue +]1 =&t
o, and residue -1 at p_, and no cther singularities on M . Buch e

form is called a meromorphic Abelian differential of the third kind, or

just & differential of the third kind on M. If wp o is guch a
-

differential then it can be vieved as a meromorphic T-invarilant
differentisal form on f ; 1t 1s = closed differentisl form on the simply
connected manifold H outside its singulsrities, but does not have &
single valued integral on H because it hﬁs nonzero residues at these
:ingularitiés. To renmedy that, choose & simple path & on M from p_

to p, .80 oriented arc with boundary ¥ =p - p . Now W o can be
.

vieved ss & holmorphic differentisl form on M outside the lifts to H of

this path &, and the integrel of this form around any closed path in the



complement of the lifts of & is zero since any such path must surround as
many points covering P, &s covering p_ The integral

v (z) = [Z w, is a well defined holomorphic function on M outside
¢ Zg PerP

t+he 1ifts of & , and is uniquely characterized by the conditions that

av, = u and that w.{z.) = 0 « This will be called an Abelian

integral of the third kind on T , and again can be normalized to vanish at

the base point z, € ¥ provided that Z, does not represent a polnt on
§ , although & nore convenient normelization will be discussed later.
Again ws(Tz) - VE(Z) = mG(T) ije a constant forany T € T, end is
called the period of Vs associated to the element T ; these periods
comprise the pericd homomorphism Wy € Hom(T,C) .

Now consider & marked Riemann surface M of genus g > 0 , and let
ul""'us be & basis for the Abelian differentials on M ; the
corresponding Abelian integrals Vyaeee ,wg are normalized to vanish at the
base point Zq € M . The periods of these abelian integrals are completely
determined by the values “i(AJ)'“‘i(BJ) , and it is convenient to arrange

these values &t the entries in the associated g x 28 period matrix

A= {A,A") ; here A',A" mre g xg matrix blocks with
L] ]
;\iJ = mi(AJ) . lij = "‘1(3.1) .

A basic property of this matrix is given by tbe following result due to
Riemann.

Theoren 1. The period matrix A = (A',A") has the properties that
{1) AYA" 15 & symmetric matrix,

{14) 4( [k LI ) ds e positive definite Hermitlan matrix.



Proof. View the differentials w, &nd their imtegrals v, as

i

holomorphic differsrmtisl forms end functions on M . The product v; o,
then a holomorphic differential form on M for which
(v, w J) = wy -y D , 50 Yy Stokes's theorenm

0= [alww)=[ wu .
a Y3 g Y
The boundary 84 has the form given in {1.1), so timt the integral over
3A can be written s 8 som of integrals over translates of the paths.
::J,.B‘j on M ; upon using the periods of the integrals to simplify this
expression, noting in particular that the period assoceiated to any

comutator CJ is zero, it follows that

0 = j W (C ¢l¢c Z)N (C .-.C '!.j - W (C asel BkZ) J(CIOI-CkBKZ)
k

-+ é Vi(Cl-..Ck 1Akz)w (C ---ck 1 k ) - wi(Clq--Ckz)uJ(Cl.--Ckz)}
k

2;-1 {f wyl2) », (2) = v (2) + (B, ]mj(z)

+ £ ['-ri(Z) + ui(Ak)]wj(z) - "1(Z)“’5(z”
k

Yooy (=uy(By) '{1 wylz) + wy(a) [ owy(2))

By

B, log(a) wy18,) = w(B)u(a)) ,

thus proving the Tirst assertion ol the theorem.

10

is
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Proof. Note first that for any period matrix A= (A",A") the g xg
block A' is necessarily nonsingular. Indeed if A' were singular there

t

would be some nonzero vector ¢ GEE such that “cA' = 0 ;3 but then

Ct Yo - ¥ = a(Yean) (T - 1t TR =0,

in contradiction to part (ii) of the preceding theorem. Note next that
changing the basis for the Abelian differentials by e linear transformation
C €GL(g,0) has the effect of replacing the period matrix A by ChA.
It is evident from these two observations that there is a unigue basis for
the Abelian differentiasls for which the period matrix has the form
pA= (I1,0) . In this special case the conclusions of the previous thecren
are {i) that 0 is a symmetric matrix and (ii) thet 1(§ - )} = 2 Imn is
positive definite, thereby concluding the proof.

The Abelian differentials of this corollary are called the canonicsl

Atelien differentirls for the marked Riemann surface M ; they depend on

the particular marking chosen, and are uniquely determined by it. They are

characterized by the period conditions

i,

(1) o (A) = 8 3

the remaining periods w, = wi(BJ) then form a matrix a.x {ui.}} e&s .
Throughout the remainder of the discussion here the canonical Abelian

differentials will always be the basis chosenAfor the space of Abelian

differentials.



1z

Proof. Note first that for any period matrix A= (A',A") the g xg
block A' 4is necessarily nonsingular. Indeed if A' vwere singular there

would be sOme nonzero vector ¢ EEg such that tch' = 0 ; but then
s tea®m - Atz = 1) (W) - 1em¥(ER) =0,

in contradiction to part {ii) of the preceding theorem. Note next that
changing the basis for the Abelian differentials by & linear transformation
tE GL(g,E) has the effect of replacing the perjod matrix A by CA.
T+ is evident from these two observations that there is & unigue basis for
+he Abelian differentiels for which the period matrix has the form
pa= {I,0) . In this special case the conclusions of the previous thecren
are (i) that f 4is & symmetric metrix and (ii) thet i(% - @) = 2 Imp is
positive definite, thereby concluding the proof.

The Abelian differentials of this corollary ere celled the canonical

Abelien differentiels for the marked Riemann surface M ; they depend on

the particuler marxing chosen, &and are uniguely determined by 1t. They are

characterized by the period conditions
() w,(R,) = & ;
i) J

the remaining periods iy = mi(BJ) then form & matrix n.= {uiJ} e&g .
Throughout the remainder of the discussion here the canonical Abelian
differentials will always be the basis chosen.for +the space of Abelian

differentials.
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The period matrix A = (I,0) of the canonical Abelian differentials
on the marked Riemann surface M 4s of the form considered in the
discussion of theta functions in part A, and conforming to the terminology
used there the g x g matrix block 8 will also de called the period
patrix of the marked surface M . The columns of A= (I,R) generate a

lattice subgroup _l_.__s (I.n)ﬂzg e g8 , and the associated complex torus

J = ﬁl{.- will be eelled the Jacobi variety of the marked surface M ;
this torus hes the natural marking corresponding to its representation in
this form. There are very strong interconnections between the surface M
and its Jacobi variety J , and the examinetion of these will be a
prooinent motif in the subsequent discussion. As a preamble to these
considerations, let w denote the column vector conposed of the g

canonical Abelian integrals, defining & holomorphic mapping
(2) wvi:far8,

For any element T €T it then follows that w(Tz) = w(z) + w(T) for some
vector o{T) € L5 in particlar u(AJ) = GJ and ”(BJ) = 963 « The
mepping w : T + l,_ defined by this period mepping is clearly a surjective
group homomorphism, the canonicgl generators of T being mapped to the
canonical generators of _1;' s this identifies _L_ with the sbelianization of

T , 50 the kernel is precisely the commutator subgroup of T . The

mapping (2) then induces a holomorphic mepping

(3) viMelr e =181,



1k

often called the Abel-Jacobi mapping.

There are corresponding canonical meromorphic Abelian differentials on
a marked Riemann surface M . For any point p €M the differential of
the second kind gp is uniquely determined up to & constant factor and the
addition of an Abeli;n differentinl. It is always possible to choose this
additive Abelian differential in such a wey that mp(AJ) =0 . The
resulting merozorphic differentiel will be called the canonicel

differential of the second kind with pcle p on +he marked Riemann surface

M , and is uniquely determined up to a nonzero constant factor. Similarly
for any distinct points p,»P_ on ¥ and simple path & with

3= p, = P_ the differentisl of the third kind mp \D is uniguely
+ ¥

deternined up to the addition of an Abelimsn differential, and the letter

can always be chosen so that mG(Aj) = 0 . The resulting meromorphic

differentiel will be called <he cancnical differential of the third kind
corresponding to the arc 6 on the marked Riemann surface M , and is
uniguely determined by this erc & ;5 it will be denoted by md

subsequently.
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§3. The cross-ratio function.

The canonicel differential of the third kind w, on & marked Riemann
surface M is really an everywhere defined peromorphic differential on
M , dbut its integral can only be defined a5 a single valued function in the
corplement of the 1ifts to M of the arc & . The problem is of course

that the integral VB(Z) = I: ws has logarithmic branch points at the
0

points of ¥ 1ying over P, and P_ ., vhere 2§ = P,- P_ s B0 the wvalue
ué(z) changes by 227i when continued analytically around any such branch

point; however the funection
(1} ps(z) = exp wa(z)

repains single valued upon such analytic continuetion. At any point of M
lying over P, the differential wg has a simple pole with residue +1 ,
so in & local coordinete 2z centered at thet point has principal part

<% dz ; ite integral is log z + (holomorphic function) , so PG(Z) extends
40 & holomorphic function with a simple zero at that point. On the other
band et any point of M lying over p_  the differential wa(z) has a
gimple pole with residue -1 , s0 in a local cocrdinate 2 centered at
that point has principal part --% dz ; its integral is

~log z + (holomorphic function) , 80 ps(z) extends to a meromorphic
function with a simple pole at that point. Thus ps(z) is a meromorphic
function on T , with sizple zeros at the points of fl 1ying over b, »
gimple poles at the points of f 1lying over P_» and no other geros Or
singularities. Moreover it follows from the pericdicity properties of the

integral vs(z) that
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(2) pé(AJz) = plz) , PG(BJz) = pglz) o exp “S(Bj)

for the generators Aj ,,IE'»‘j of T . Further properties of this auxiliery
function follow from & further anelysis of the periods of the integral
wa(z) .

Theorem 2. If 6 4s & simple path on the marked Riemenn surface i

disloint from the paths “J'BJ of the marking then

B,) = 2wl
ug(3,) [ o
If &',6" ere two disjoint sinple paths on M , disjoint from the paths
n‘}, g of the marking, then

[ oe =], v
Proof. Letv & denocte 2 lifting of the given path to the fundamental
polygon s c M, with 38= 2z -z for some points 2.,z €2. The
product wJ(z) wﬁ(z) of the Abelian integral wj(z) end the differential
wé(z) is a meropmorphic differentiel form in A ; it has a sinple pole et
-+

2z, with residue vd(z+) and a simple pole at z_ with residue vj(z_) .

g0 by the residue theorem

2'ni[wj(z+) - Vj(z;‘)] = 'E‘;A Vj(-"-) MG(Z)

= J& -
2k=l {I 'H'J(clo--ck-IZ)ma(clocock-IZ) 'H'J(Cl.--CkBkZ)uG(Cl...CkBkZ)

+ jBk vj(cl'"ck—lAkz)uﬁ(cl“'Ck-lAk(z) - VJ(Cln.Ckz)uﬁ(Cl-.-Ckz)}



T

= .y tuy ‘{k%(z) .8 Jg 0q(®)

= II-\G(BJ) »

since mB(AJ) = 0 by the normalization chosen. This yields the first

assertion of the theorem, since

= w(z)=-wiz).
EORRARER AR

Next let &',8" denote 1iftings of the other given paths to & , with
38! =z - z' and ag" = z: - 2" , and choose disjoint simple closed
curves y',y' in 4 so thet y' encircles &' and y' encircles §" .
The differential form wé.(z)mﬁn(z) is holomorphic in A outside the

interiors of these loops Y' end y" , so that

{A veilz) wenlz) = [ w(2) wgr(2) ¢ [ we(2)ugmlz)
Y Y

Yow the integral over 8 can be calculated Just as in the first part of
the proof, and is readily seen to vanish since uﬁ'(Aﬁ) = ”6"(Aj) =0 by
the chosen normalizetion. Inside y" <the differential form wé.(z)uﬁu(z)
is & well defined meromorphic differential form, having a simple pole &t
z) with residue vﬁ.(z:) . & simple pole at z" with re#idue -we.(z:) v

and no other singularities; so by the residue theorem

£" VG'(Z)O)GH(Z) = 2‘11V6|(z:) - w6|(z:)] = 2+l {' lﬂs" .
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Inside vy' however the function ws.(z) is not single valued; but
both ua.(z) and wsﬂ(z) are well defined near ' , 50 by Stokes's

theoren
Y' Yl TI

The differential fornm wﬁn(z)mé.(z) iz a well defined meromorphic

differential form inside y' , so as above

/. vgr(2uglz) = = | ven(z)ug (2)
Y Y

= -2nilven(z)) - weu(zl)]= -2ni {.‘”a" .
The desired result follows readily from this.
YNov consider any four distinet points 23025 & 58, in the
fundamental polygon & ¢ i1l , and choose disjoint simple paths &,y dinside

A with 8 = z, = 2, and dy = g, = 8y ¢ The second identity of the

preceding theorem shows that
‘"y(zl) - "’1(22) = v, la,) - vlay) ,
and exponentiating this yields the identity
pT(zl)/PY(z2) = Pﬁ(al)/Pé(aE) e

It is thus possible to define a function p(zl,zz,al,aa) of any four

distinct points of & by setting
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(3) Plz,.2,.8,,0,) = pv{zl)lpv(za) = p,le,)/psla;) -

The first equality in (3) shovs that this function extends to & meromorphic
function of "1"2) ENM xf for any fixed ("1"2) €axad,n o5, ,
and the second shows similarly that it extends to a meromorphic function of
(l.l.az) €M xH for any fixed (zl,za) Caxs,z vz, Ageneral
theorem of W. Rothstein (Ein neuer Beweils 'des ‘Hartogschen Hauptsatzes und
geine Ausdehnung suf meromorphe Funktionen. Msth. Z. 53 (1950), B84-95.)
then shows that this extended function is a meromorphic function of all
four varisbles ‘(zl,ze,ZB,ZM) E—Ah , and the functional eguationms (2)

extend this further to & meromorrhic function on ﬁh . This is called

. the eross-ratio function of the marked Riemann surfaces M , and is

Theorem 3. The cross-ratio function for the parked Riemann surface M
4s & meromorphic function on the four dimensional complex manifcld ﬂh
such that:

(1) Plz) 42548 v2,) has sizmple zeros along the subvariety
Uperl{zy = Tay) v (zp = Taj)] 3
(14) p(zl,zz,al.n.z) has simple poles slong the subvariety
UTGI‘“:]. = Taz) v (22 = Ta.l)] 3
(144) p(z.z.a.l.a.z) = p(zl,zz.a.a) =13
(iv) p(Ale.za.al.aa) = P(zl"z"'l"?) .
P(B,2y 2508, 085) = Bz, 258, 85 )exp 2nilvy(ey) = wylay)l 3
(V) Blzszpuny0np) = Blag.ep.2 %)
= p(za.zl.nl.la)'1 = plz,,z, "2"1)-1 .

These properties uniquely characterize the cross-ratio functiom.
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Proof. Condition {v) follows immedimtely from the defining formula
{3) vhenever Z) 4258, ,8, are distinct points in 4 , ®nd must then hold
throughout Fﬁ Yy the identity theorem for meromorphic functions.
Condition (iv) follows from the first equality in (3), together with the
observation (2) and the first part of Theorem 2. Combiming (iv) and (v)
ghows that similar functional eguations hold in all variables, so that it
is only necessary to prove the remaining assertions within the fundamental
polygon A . VWhenever Z,,84,8, &re distinct points of & it follows
from the first equelity in (3) that p(zl,za,al;ae) as a function of z,
has simple zeros at the points Tal , Simple poles mt the points Ta2 , and
takes the value 1 =at the point z, 3 similar results bold for the other
veriables by {v), end that suffices to demonstrate the first three
conditions as well. If f(zl.ze,al,aa) is any other function satisfying
the same conditions then p{zl,22,al.az)/f(zl,zz,al,az) = h(zl,zz,al,az)
iz & holemorphic end nowhere vanishing function on ﬁh Bs a consequence of
(1) and ({i). As e function of 2z, =alene it is r-inveriant by (iv), hence
must be B constant, 50 1s really independent of zZ, - It then follows fron
(v) thet it is & constant in all variables, and (iii) shows that that
constant is 1 , thereby concluding the proof.

It is worth noting explicitly that if the path & is deformed
continucusly holding the end points fixed then ihe period normelization
fixing the cancnical differential of the third kind wg is unchanged; thus
that differential really only depends on the homotopy :lasﬁ of the path
& . Of course the integral is only defined as a single valued function in

the complement of = fixed path, but that is another matter. The honofopy



2)

class of & is in turn fully determined bty giving the end points of any

lift of & to ] s 80 that is fully specified merely by giving those

s
points. This observation can be derived alternatively by noting from (1)

and {3) that
" ( d 4 Pslz)
(L) ws z) = 4z log pé(z)dz =3z log W dz
4
== log p(z,zl.al.az)dz

for any z, € M, vhere 38= 8, - a, for scme lift of the path & to

fi . It is often convenient to denote this differential Jjust dby Yy g (z} .
1*72
The unique Riemann surface of genus g = 0 is the projective line
M= Pl , which is simply connected so that M= M, and in this case the

cross-ratio function is the classical cross-ratio

(z - 2))  (25-8)
p(zl,zz,al,ae) = Tzl - aa) / Iza - 32)

The cross-ratic function in general has a corresponding analytic behavior,
at least in the sense that it hes a simple zero at 8 ,t simple pole at
L) and the value 1 at I, s vhence the terminclogy. That alsc suggests
the possibility of factoring the cross-ratio function correspondingly in
general; it remains only to find the analogue of the function z - a for
an arbitrary Riemann surface, and that vill be taken up after some further

necessary preliminaries are treated.



§4, Factors of automorphy.

Although the line bundles that arise naturally vhen dealing with
peromorphic functions and forms on Riepann surfaces can be described in
Jocal terms, it is more natural in desling with these bundles in connection
with thets functions %o descfibe them globally, by factors of autonmorphy a8
had arisen earlier in the discussion of the functional equations of theta
functions. This does require some further knovledge of the function-
theoretic properties of the universal covering space # . The simplest
approach is perhaps Just to assume the strongest result, the general
theorex of uniformization. Whenever the genus g of M is stirictly
positive the universal covering space # 1s a noncompact simply connected
Riemann surfece, and is biholomorphically equivelent either to the complex
plane £ 1in case g = 1 or to the unit disc D c [ in case g > 1.

In both ceses the function-theoretic properties are quite wvell known
and are treated in the books by Ahlfors and Sario and by Farkas and
Kra slready referred to.

I ii is any divisor on M then 51 can be viewed a8 a8 P-invariant
divisor on Ii + Whenever g > 0 so that M 4is either the complex plane
or the unit disc it then follows from Welerstrass's theorem that there
exists e meromorphic function £ on M with that as its divisor. This
function need not be invariant under T ; but its divisor certainly is, 80
that £(Tz)/f(z) = u(T,2) is a holomorphic and nowhere anishing function
of z €N for any fixed covering translation T €T , and it is easy to

gee from thie that
(1) : w(sT,z) = u(5,Tz)u(T,2z)

vhenever S,T €T « A novhere vanishing function » on TI' x M that
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eatisfies (1) as a function of T €T and is holomorphic as a function of

z ¢ M i called a factor of mutomorphy for the action of the group T on

M . For any such factor of automorphy g , 8 meromorphic function f on
# such that £(Tz) = p(T,2) . f£(z) for all T €T is called s

meromorphic relatively sutomorphic function for u - The holomorphic such

functions will be called the holomorphic relatively sutomorphic functions

for uw , or more cormonly Just the relatively automorphic functions for

u ;3 the set of these latter functions form & complex wvector space that
will be denoted by T{y) , end the dimension of this space will be denoted
vy ylu) + It is epperent that the product of any two factors of
autonorphy is agein a factor of automorphy, as is their quotient; so the
set of factors of automorphy for T form an abelian group, the identity of
which is the factor of automorphy for which y(T,2) =1 . Two factors of
automorphy u,v are called equivalent if there is & holomorphic and
novhere vanishing function h on M such thet h(Tz) = nlz)u(T,2)/v(T,2)
for all TET =and z € M : this 1s evidently an equivalence relation in
the usual sense.

Row to any divisor 22 on M there has as above been associated a
cactor of automorphy u , which edmits a meronorphic relatively sutomorphic
function ¥ for vhich sz(f) ‘Jg . This function ¢ 15 clearly determined
uniquely up to a holomorphic novhere vanishing function on #f , so that the
factor of automorphy is determined uniquely up to equivalence, by the
divisor ‘..2’ . On the other hand it is quite possible that different
divisors determine equivalent factors of automorphy; two divisors ,3.;:

F
will be palled l1inearly equivalent if they do deternine equivalent factors

of automorphy, and that will be indicated by vriting 3~9 . Cleerly
- -

,.9-,9' precisely when there exist meromorphic functions f,f' on M such
- -
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that §(f) = 8 ,5(f') =%" , and f,f' are meromorphic relatively

- - -
automorphic functions for the same factor of sutomorphy; but this condition
Just means that the quotient g = /' is a I'-invariant meromorphic
function on M , hence is yeally & mercmorphic function on M , so thet
2'75?' precisely when there is & meromorphic function g on M such that
Q{g) = ;}—,5' . - This lest condition is the classicel notion of linear
- - -
eguivalence of diviscrs, and indicetes the possibility of other relations
between factors of automorphy and meromorphic functions con H . To pursue
this line of thought further, consider & divisor S on M and its
essocinted factor of automorphy u ; thus there is a meromorphic relatively
automorphic function £ for this factor of sutomorphy, such that
égf) iij . 'Then vhenever h € I{y) the function L/f is a mercmorphic
function g on M such that ﬁ(g) +4 =,.1’(gf) =:9;(h) > 0 , where
ﬁiz 25 VP 2 0 means that v 2 D for all p ; conversely whenever g
is s meropmorphic function on M such that J (g) +£f3 0 then :é(gf) >0
sc that h = gf € T{u) « Thus there is & natureal isomorphism between the
vector space TI{u) and the vector spece of meromorphic functions g on H
such that J(g) +3 20 .

It cen be observed just as in the earlier discussion of factors of
gsutomorphy for a complex torus that the basic functional eguation (1) is
just the condition that T acts as a groué of holomorphic sutomorphisms of
the product manifold # =L by defining T(z,t} = (Tz,u(T,z) et) ; the
quotient space (M x E)/T under this action maps naturally to the
guotient space firr=41, and describes a complex line bundle over M.
The relatively automorphic functions ere sections of this bundle, and

equivalent factors of automorphy correspond to biholomophically equivalent

line bundles.
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The sinmplest nontrivial factors of automorphy for the action of T on

#1 are those that are independent of 2z , called the flat factors of

automorphy; for these, condition (1) reduces to the essertion that
]

u(sT) = u(s)u(T) , that s, that u € Hom(r,L) . Any such
representation is uniquely determined by its wvalues on the canonical
generators Al""'Ag'Bl""'Bg of [ , and these values can be prescribed
arbitrarily. It is convenient to introduce the two homeomorphisms

L} A g
0,+0, € Hom(T,L )} that for any vector t = (tl....,tg) €I are

defined by

(2) 0.(A,) = exp 2nit, pt(AJ) =1

-
Q
ﬂ’-
ut
LY
—
\

=1 pt(BJ) = exp 2nitJ .

Then any ¢ &€ Hom(T,T) can be written as the product ¢ = . Py for some
vectors s,t & ] , Bnd these vectors are uniquely determined up to
elements of Z2 . To see one instance in which these factors of
automorphy earise, note that the functional eguation (iv) in Theorem 3 can

be restated in the form

{3) p(Tzl.za,al,aa) = p

w(al-az)(T) * p(zl.za,al,az) ’

80 that the cross-ratio function p(zl.zz,al,az) vieved as a function of
the variable z, alone is a meromorphic relatively automorphic function

for the factor of automorphic Pula.-n.) ° As for the genersl properties
172

of these factors of mutomorphy, note the following.
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Theorer k. Any flat factor of automorphy is equivelent to for

Pt
some t € [® , and two factors of automorphy p 1Py &re equivalent
precisely when ? -t & ‘L’ ., the lattice subgroup generated by the period
matrix of M.

Proof. The factor of autoporphy ¢ = Ug Py ig equivalent to the
identity factor of automorphy precisely vwhen there is a holomorphic nowhere
venishing function h on M such that h{Tz) = ¢(T)h(z) for all T ET .
Since M is simply connectied there is always a single valued branch of

w(z) = 5—%—; log h(z) , and the functionel equation for h is equivalent to

+he conditicn that

wiA,z) = wiz) + sJ+m

(L)
wviB,z) =w(z) + t,  +n
J ) J J
for sone Integers m:j ,nJ . The differential dw{z) is then invariant

under T , so pust be an Abelian differential and hence be expressible s a

linear combination of the canconical Abelian differentials in the form
dw(z) = J e 0,(2)

for some constants ¢, 3 equivelently

(5) w(z) = ¢ + J.c,v,(2)

f;:r some constant ¢ = w(zp) . Since w(z) has the periods given by (&)

while w'i(z) bave the known periods as discussed in §2, it follows from

{5) that
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BJ‘PmJ‘cJ

tJ + o= E Cyugy v

BO that ¢ = o.P is equivelent to the identity factor precisely when

t
ty+n = 1y(sg + mduy, = E ”Ji(si + m)
for some integers nj,mJ , hence when

t-0s €1l

The desired result follows readily from this observation.

As enother preparatory interjection, the degree of a divisor
éf* Ipvp-p on M is defined to be the integer degér = Ip“p . It was
already observed that the canonical Abelian integrals on M can be used as
the components of a holomorphic mapping W ! M+ % <that induces a
holomorphic mapping w : M+ J , vhere g = Egli; is the Jacobi variety
of M. Since J is an abelian group this Abel-Jacodl mapping naturally
extends to a homomorphism from the free abelian group generated by the
points of M to the group J , that 1=, from the‘group of divisors'on M
to J , merely setting H(EQ = w([Pvp-p) = vapv(p) « In these terms the
analytical importance of flat factors of mutoporphy lies in the following
result..

Theorer 5. The factor of automorphy associsted to a divisor fi on M

4s equivalent to & flat factor of sutomerphy precisely wvhen deg:i_t 0.
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®
If deg 8 = 0 then Pul3) ¢ Hon{r,£ ) 4is a flat factor of automorphy
- -
associated to & .
®

Proof. If ¢ € Hom(r,I } is & factor of automorphy associeted to
some divisor ;‘Ff on M then there is a meromorphic relatively automorphic
function f for ¢ such thet $(f) = # . Tt can be supposed that this
divisor is disjoint from the paths "1"“"’5'51""'35 of the marking of
M . Then deg ; is just the total order of the function f in the

canonical fundamental polygon & c ¥ ., 5¢ by the residue thecren

zﬁ.ﬁg;=j d log £(z)
2A

= Tl {fukd log f(Cl...Ck_lz) - 4 log r(cl...ckakz)

+ jBkd log r(cl...ck_lakz) - 4 log f(Cl...Ckz)}

since d log f(Tz) = d logle(TIf{2)] = d log f(z) for 2ll T ET.
On the other hand if ﬁ’*—' ):Pvpup is & divisor with
deg §'= IP“P = 0 , for which it can again be assumed that _,9’—_ is disjoint
from the paths of the marking of M , then choose some points aj &€ A sO
that $ ie represented by the divisor &= J,v ea, on ¥ . Choose any
— =33
points &,b € A distinct from one another and from the points aJ . And

introduce the meromorphic function f on H defined in terms of the

cross-ratic funstion by

v
£(z) = I, p(z,b.aj,a) 3.
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It follows from (i) and (4ii) of Theorem 3 that f has order v, at the
point &, , order -):JvJ = 0 at the point b , and order zero othervise;
thus ﬁ(ﬂ = 2 when viewed as & divisor on M , so that the factor of
autonorpty u(T,z) = £(Tz)/f{z) represents the divisor;§; . However from

(3) it is apparent that

w(T,z) = 1

)
Jpw( “J‘B) (T

= P Iv,jﬂ,j - I"Ja)(T) = Py )T

as desired, to complete the proof.

This provides a useful explicit factor of sutomorphy describing any
divisor of degree 0; to extend it to an equally useful explicit factor of
autozorrhy describing any divisor, it is necessary to have some factor
descriding e divisor of degree l. Provisionally then suppose thet { 1is a
faztor of sutonorphy describing the divisor 1 » Py » where Py, € M is the
base point of M ; the problem of finding an explicit form for such &
factor of automorphy will be taken up in the next section. In terms of
this auxillary fector of automorphy, the following result holds.

Corollary. If § 1is a factor of automorphy associated to the divisor

1l - Pp then

ig a factor of automorphy essociated to an arbitrary divisor ;} on M.
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Proof. If wv=degl then 8 = vep, has degree O so by the
——————— - -
preceding theorem is represented by the factor of automorphy

p“(ﬁ"“‘zg) = pv(y ; here explicit use is made of the fact that 2z, € ¥

representing B, € M it the base point of M , since the Abelian integrals
are normalized so that w(zo) = 0 . The divisor :% = (Jg- v-pol + vep, 1s
then represented by the factor of automorphy Puly) * ;v as desired.

"o complete the discussion of factors of auégmorphy to some extent,
one further general existence theorem will be guoted here, the assertion
that every factor of automorphy admits a nontrivial meromorphic relatively
sutonorphic function. Any factoer of autonorphy is therefore eguivalent to
one associated to some divisor en M , hence to one of the form ptr;v for

some point t € I® &nd some integer v €Z, with v the degree of the

divisor. The intéger v will alsoc be called the degree or Chern class of

the factor of automerphy. Two factors Dttv and ps;u are equivalent
precisely when v=1y end t - s E‘l; . This shows thet the space of
equivalence classes of factors of automorphy, or what is the same thing the
space of linear equivalence classes of divisors en M , is naturally

represented by the nonconnected complex manifold J x X«
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§5. Theta factors of automorphy.

Consider nov the holomorphic mapping w 3 # » £ defined by the
canonical Abelian integrallen the marked Riemann surface M , and the
associated period homorphism w® : T + l;_from the covering translation
group T to the lattice subgroup L= (I.n)z?g c g2 defined by the
period matrix of M ; here w(Tz) = wiz) + w(T) forany T €T . If
plA,w) is e factor of autonorphy for the action of the lattice subgroup _E
on s . 1t clearly induces a factor of automorphy p{T,z) for the
action of the covering translation group T on M by setting
u(T,2) = ulw(T),w(2z)) , and equivalent factors of automorphy for L are
easily seen to induce equivalent factors of automorphy for T .

In particular the flat factors of automorphy TeaPy for -£ as

defined in A(3.3) induce the corresponding flet fectors of automorphy

o +p, for T es defined in (L.2); in this case it follows from A(5.2) and
Theorem 4 that flat factors for -L_ are equivalent precisely when the
induced flat factors for T are eguivalent, a sironger result than cen be
expected to hold in general. Next the theta factor of automorphy £ for
’L as defined in A(3.2) induces s factor of asutamorphy for T, explicitly

thet for which
: l
E(Aj,z) 1, E(BJ.z) exp - Zai[vd(z) +3 933] -

It is worth noting explicitly here that gince any commutator C € {r,ri
1ies in the kernel of the period homorphism w 3 T + [ it must
autopatically be the case that E(C,z) = 1 ; in particuler E(CJ-Z) =1

for the cormutators CJ = [AJ’BJI . Now the factor of automorphy £ nust
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be eguivalent to one in the standard form pt;v , 50 the first problen to
be faced is that of determining the appropriate parameters t € n .

v Z .+ As a convenient notatien introduce the Riemann point r € 2 .

the point having coordinates

1l
(2) Ty = I§=1 I“k VJ(Z)“’k(Z) + If::lek -5y

this will be viewed alternatively either as & point r € 2 orese
point T €J = E8/1 , as convenient.
-
Theorem 6. For the induced theta factor of mutomorply £ on & marked

Riemann surface of genus g
-~ g
£~ p. L7 -

Proof. There exists some meromorphic relatively sutomorphic function
£ for the factor of autonmorphy £ , and if ﬂtg(f) then
-

E ~ pvw)_zdegg” It cen be supposed that the divisor of £ is disjoint
-

from the paths of the marking of M, and then by the residue theoren

2% degﬁs IBA d log f{z)
- Iﬁ___l{jukd log £(CyeesC, ,2) = d log £(CyessC,Bi2)
+ Iﬂkd log £{(CyeeeCy 1A 2) = 4 log £(C)..uCy2))
=15, {-!"kd log (B, ,z) + Iakd log (A ,2)}

=X 2:1{1%%&)} = 2%l g .
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On the other hand if § is represented by the divisor J].v,-a, vhere

- i1 i
2, €4 and if va(z) is eny Abelian integral then vJ(z)d log f(z) isa
meromorphic differential form in & having sinmple poles at the points a,

vith residues v, vJ(ai) there, so by the residue theorem

2ni vj(gj = 29i Ii“i'wj(ai) = [aa UJ(Z) d log f{z)
= Iiﬂ{f Vjtz) d log f{z) - IVJ(z) + "’Jk”d log fz) ~ 2n1 u (2)]

+ [ [VJ(Z) + Gi] d log flz) - VJ(z) a4 log f{z)}

8
k
=, {‘{ - wy, 8 log riz) + 2nile(z)uk(z) + “’Jk“‘k('”
k
+ [ Gi 4 log £{z)} «
By

Here

j d log f(z) = log i‘(AkzD) - log f(zo) = 2ni o,

ﬂk

£ a4 log flz) = log f(Bkzo) - log f(zo) = Zwi[-'% W * nk}
k

for some integers m, .0, » gince f{z) is relatively autcmorphic for the

factor of automorphy £ , and conseguently

1 :
VJ(Q B - -2- NJJ -+ Ii=1{£k VJ(Z)Nk(Z) + (1 - mk)mdk + nkﬁi} .

or equivalently
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w&i) = r 4+ A

for the lattice vector A= (I,n)( ;) €Ll ; that suffices for the proof,
- ¢ _
since Py~ 1.
The products uﬁ(z)gk(z) are holomorphic differential forms on the

nniversal covering space M and their integrals fa “j(Z)Mk(z) and
;]

IB ub(z)wk(z) are interesting further inveriants called gquadratic period
L

classes; the Riemann point is & perticular linear combination of these
guadratic period classes, aside from the term -% mJJ and the lattice
vector A with conponents 1J = I§=1mjk e The ordinary period classes are
really determined merely by the homology classes of the paths of the
marking, but the guadratic period actually depend on the homotopy classes;
the precise extent to which that is the cese was discussed by E. Jablow
{Quadratic vector classes of Riemann surfaces, Duke J. Math., 1585), and a
characterizaticn of the Riemann constant &s the only linear combination of
quadratic perioé clesses dependent Just on the homology class of the
marking can be found there as well. |

In view of the preceding thecrem, it is tempting to try ptgllg &s
the explicit form for the basic factor of eutomorphy ¢ associated to the
divisor 1 = Py » for some parameter t € g8 ; Bome care rust be taken in
choosing appropriete b:anches of the g-th root of course, but if it is
possible to define a factor of automorphy this wey them it is clear froo
the first pert of the proof of Theorem 6 that it will represent sone
divisor of degree 1 , and by e&n eppropriate choice of t that divisor can
be made to be 1 « py This can indeed be accomplizhed. As a convenient

notation for this purpose introduce the point s & ré heving cocrdinates
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(3) g, =1 += 0

where r EEB is the Riemann point.
Theorem 7. The factor of sautomorphy ¢ for the covering translation
group of a marked Riemann surface of genus g defined by
(A ,z) =1, (B, ,z) = exp = 2xi {w,{z) + 8]
J Jd g J J
represents the divisor 1 P *
Proof. It is first necessary to demonstrate that this really defines
a factor of automorphy for the group T « Recall thet T 1s generated by
the elements Al""'Ag'Bi""'Bg subject only to the relation
Cl"'cg =1 and its consequences; thus T is isomorphic to the quotient
of the free group on the letters Al""’Ag’Bl""'Bg by the normal
subgroup generated by the word Cl"'cg . FNov from the expressions for
t(a

J

+here can be deduced a unigue expression for §(T,z) for eny word T in

,2) and :(Bj,z) and the functional equation g(ST,z) = g(8,T2)z(T,2)
the letters Al""’Ag’Bl""’Bg , and it is sufficient to show that
g{T,2z) =1 vhenever T = SCl...CSS'l for any word 5 « For this purpose

note that 1 = ;{‘I’I"l,z) = z(T,T'lz):(T'l,z) , B0 that

(T2 ,2) = g(T, 7ty

and consequently
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11

c(CJ,z) = C(AJBJAJ BJ ,Z)
. «1.-1 -1.-1 -1_=1_y-1 T N |
C(AJ,BgAJ BJ z)c(BJ,AJ BJ z)c(AJ,AJ B z) c(BJ.BJ z)
. _2ni o -1
exp 2 [wJ(AJ ]E!'3 z) "}(Bj z)]
= exp - 2ni :
g

therefore at least

C(cl"'cg‘Z) :(Cl.Cz...ng)...c(Cg.z) {exp g ) 1.

Moreover if R = Cl"'cg then for eny word 5

-1

K(S,Rs_lz) ;{B,S'lz) ;(S,S'lz)"1

g(SRS™™,z)

2(s,5702) «1 . g5, ) =1,
since R mets trivially eon 1.

Thus { is e well defined factor of sutomorphy, so there is some
perameter % € Eg such that ptc represents the divisor 1 = Py -
There is & slight complication here though, in that the base point Py
lies on the Boundary of the fundemental polygon. Therefore choose & point
zy € & rerresenting sone other point B € M , and consider first the

problen of determining the parameter tl € € such that Py T
1

represents the divisor 1 = P; s hence such that Py T adnits & relatively
1

sutomorphic function ¥ with fi(f) =1 +p; « As in the proof of the

preceding theorem it follows from the residue theorem that
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2xi wj(zl) = {A vJ(z) d log f(z)

= 35, U w,(2) 4 20g 2(2) - lvyl2) + wyl1d Log 1lz) - 2 ()]
AR 8] & 10g £(2) - v,(z) 4 log £(2))
k

= 28=l { - Wy d log f£{z) + -2—;-‘1 [wJ(z) uk(z) + ”Jk"ﬁc(z)]

+ | Gid log flz) .
Bk

Here

{ d log f£lz) = log f(Akzo) - log flzy) = 2mi m, >
k

'g d log f{z) = log (B, zy) - log £(zg)

k .

. 1l
= 2nltlk -2 s * nk] s

for sonme integers Ty el s since f is relestively automorphic for the

factor of sutomorphy Py t , and consequently
1l

1 1
vy(z)) = g epmy *+ g évd(”“‘x(‘) * g Y

1

1 J
- = [rJ -+ 2 NJJ - 'J] -+ tlJ + If‘l( Gknk - kamk)
= tlJ + AJ

for the lattice vector A = (I,n)(_;) 4 Lo Thus
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vJ(zl) =t + A,

80 that Py t represents the divisor 1 e Py 5 upon letting 2,

L ~p
1 w(z,)
approach Zy it follows by continuity that [ = Pulz )c represents the
0
divisor 1 - Py @s desired, thus concluding the proof.
I+ should be noted that with this choice of an explicit forzm for the
basic factor of sutomorphy £ , the eguivalence relation of Theoren 6

gctuelly becomes the identity
= E
(L) £= p ¢

where r € tf 45 the Riemann point. With the result of Thecrem T and
the pbservations made in the preceding secticn, very explicit standard
forms have been obtained for any factor of automorphy for the covering
translation group; and (4) indicates that these standard forms are quite

convenient for the study of theta functions on Riemann surfaces.
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86. The prime function.
Choose any two distinct points 8, .8, of the marked Riemann surface

M , and any holomorphic relatively automorphic functions I, G.r(p'{lJ):)

such that fglrh) =] e IJ . In terms of these functions fJ and the

crosa—rgtio function set
(1) q(zl.za) = p(zl.al,za.aa)rz(zl)fl(12) .

whe result is & meromorphic function on M x M, which will be called a

prime function for the marked Riemann surface M ; it has the following

properties.

Theorex 8. A prime function gqf zy .22) for the marked Riemann surface
M is a holomorphic function on the two-dimensiocnal complex manifold ﬁz
such that:
(1) qf zl,za) has simple zeros along the subvariety U'I\Er("l = Tz,) 3

(11) q(Tzl.za) = “(‘1"2)"-.:(:2)('” t(T,z)) forall T €T ;

These properties characterize the prime function uniquely up to & nonzerc
constant factor.

Proof. For any fixed point z, ¢ ¥ the cross-ratio function
p(zl.al.za,az) as a meromorphic function of :1'6 # bas simple zeros at
the points Tza and sizmple poles at the points Thz by Theorem 3, while
fa(:l) has simple zeros at the points Ta, Yty choice; the product
q(zl.za) is consequently a holemorphic function of 2, € M with simple
zeroz at the polints Tzz « The same argument with a reversal of the roles

of the varisbles 2, and z, shovs that q(zl.za) is a holomorphic
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function of 2, € M for esch fixed 2, € ff , and it then follows from the
theorem of Hartogs that q(zl,za) ig necesserily a holomorphic function of
both variables. The zero locus is us asserted in (1). Purthermore, again
for any fixed point z, € M , it follows from Theorem 3 as noted in (L.2)
that p(zl,al,za.az) as a function of 2z, is e meromorphic relatively

autonorphic function for the factor of sutomorphy Pulz.-a.) * g0 since rzé
2 2 ‘
r(pv(aa);) it is evident that q(zl,za) ¢ r(pv(za’;) as a function of

zl , &s desired. The same argument shovs of course that

q(zl.zz) ¢ I‘(pw(z )c) as & function of 2z, « The quotient
b

q(zl,zz)/q(zz,zl) , which is e holomorphic and nowhere vanishing funetion
on H2 from the first part of this proofl, is consequently invariant under
+he action of T on each factor, so must be a constﬁnt. Thus

q(zl,zz) = cq(za,zl) for some constant ¢ ¢ T , and since q(zl,za) has
e sigple zero &t 2z, ® I, it follows readily that £ = ~1 as desired.
Finally if q'(zl,zz) is any other function satisfying the three
conditions of the theorem then it follows from (i) that the quotient
q‘(zl,zé)lq(zl.za) is & holomorphic and nowhere vanishing function on

PP | and it follows from (1i) and-(iii) that it is invariant under the
sction of T 1in each varisble, so it must be & constant.

The prime function, like the croas—rﬁfio function, depends very much
on the marking of the surface M ; but unlike the cross-ratio function it
is not really uniquely determined, but only determined up to & nonzero
constant factor. At & later polnt in the discussion it will prove

convenient to normelize the prime function further, but for the present it
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will be left undetermined to the extent admissible. The prime function wvas
defined in terms of the cross-ratio function by (1); conversely the

cross-ratio function can be defined in terms of the prime function by

q(:l.ﬂ.l) 1(229‘2)
(2) Plz;,25.0).8,) = qlz, o8,) Wzyeey ] °

Indeed it i guite evident that this expression has the appropriate zeros
and poles, and satisfies the functional egquations demanded in Theorem 3, 80
by the uniqueness part of that theorem must actually be the erose-ratio
function. Note that changing the prime function by & constant factor does
not change the cross-ratio function. In the special case g= 0 the prime
sunction is of course just the linear polynomial q(zl..zz) =z -2, upto
s constant factor, but 1s in this case & meromorphic function, and (2) is
then the gtandard defining equation for the cross-ratig in !1 o In the
general case g > 0 the prime function is the replacement for the linear

function in the cross-ratio as given by (2).

In terms of the prime function q(zl,zz) set

gz ,2,)
(3) Wzyizp) = 8, alzyeg) = -.-3—11-—2- 8z,
and
L) ‘ o{z) = ¢(z,2) .

Eere 0(:.1.:.2) is a holomorphic differential form in =, € ¥ and a

holomorphic function in 2z, € # , bence ¢(z) 1s & holomorphic
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differentisl form on M ; the latter will be called the canonical form for

the marked Riemann surface H , and is determined uniquely by the prime
function. Bince q(zl.zz) hss a sizmple zero at z; = Z, it must be the
case that aq(zl.zz)lazllzlgz2 #0 , mo the differential form ¢(z) is

povhere zero on M . The quotients

(5) : «(T,2) = ¢{z)/¢(T2)

then determine & factor of autqmorphy for the action of the covering

translation group T on i , called the cancnical fector of sutonorphy;

this factor is not egquivalent to the constent factor even though ¢(z) is
holomorphic end novhere vanishing, since ¢{z) is & differentisl form
rather than a function. Any bolomorphic differentisl form o{z) on WM
cen be written uniquely as w(z) = f{z)¢(z) for the holomorphic function
f(zj « olz)/¢(z) , and w(z} 4s r-invariant hence is :.differential form
on M precisely when #£(Tz} = x{T,z) f{z) for all T €T . This sets up
s natural one-to-one correspondence betveen the Abelian differentials on M
and the relatively automorphic functions r{x) « Of course this can be
done, if not cgnonically so, for any holomorphic end novhere vanishiﬁg
differential form on M : the advantage of the canonical form is that the
aasociated factor of mutomorphy is already in the gtandard form.

Theorenm 9. The cenonical factor of sutomorphy on thé parked Riemann

gurface M of genus g 1is

«(T,z) = pk('r) ¢(T,2)%8"2 |

vhere
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k, = 2:"1

in terms of the Riemann point r € .
Proof. It follows from Theorem B (ii) and (3) that

o(T2,,2,) = dq(Tzy vz5)
"35; lpw(zz}(T) ;(T'zl) qtz1’22” dz,

= Dw(zz)(’l') C(T.zl) [0(21.22) + q(zl,za) d log ;(T'zl)]

and

Q(zl,Tza) --a-?-{ q(z T2, ) az,

e vz, )(T) z(Ty2,) q(zl.zz)] dzy

31

= 0u(2 )(T) t(T,z ) [#lz,42, ) + qlzy,2, ) 4 log pw(z )(T)] .

and consequently

#(Tz,y,T2;) = pv('I‘zz)(T) C(T.zl)lo(zl.l‘za) + q(zl,Tza) d log g(T,z,)]

= D7y )(T)c(‘r.zl) {pw(zl)(T)‘(T"a)[’(’l"a) + q(zl.za)_ 4 log "v(zl)(T)l

+ q(zl.Tza) d log (Twzy)} 5

then setting 2z, =z, =z and recalling that qlz,z) = q(z,Tz) = 0 yield

the result that
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HT2) = 0 raren(my(D) TT2I e(z) ©
Thus the eanonical factor of sutomorphy is
x(T,2) = °L2w(z)-m(r)(T) ;(T,z)'2 .

Using the definition of the representstion p, and Theorem T yields the

more explicit form ~

K(AJ.Z) =1,
2ri
&
exp-gli* [(2g - 2){w, {(z) + 8,) ~ 28(s )
E J J J 2 74
’2)28-2

:(Bé,z) = exp Eui[-zvj(z) - ""le v exp 2 [wd(z) + sJ]

°k(33) . c(BJ .
where kJ = 2(53 --Jé- m‘”) = ErJ as desired, thereby c®ncluding the proof.
To interpret this construction in an alternative manner, note that if

¢(z) is the cancnicel form on ¥ then

(6) ufz) = I:0¢

45 2 well defined holomorphic function on ¥ such that duflz) = é(z) is
povhere vanishing; thus this function defines a locally bibolomorphic
mapping u : M+ £ , 80 can be vieved as exhibiting H as spread ocut as
& locally unbranched holomorphic covering over an open subset DS ¥ .
It should be noted that it is pot asserted that u : M+D 48 a covering

gpace in the usual sense; that may be the case, but is not knowvn to be 8O-
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It is merely asserted that M 1s exhibited by u as being an analytic
configuration over D in the sense of Weierstrass, or & Riemann domain over
D 4n the sense used in the theory of analytic functions of several complex
wvariebles. The function u can be used as a local coordinate system in a
neighborhood of any point of M , end the resulting special mystem of

coordinates will be called the canonical coordinates on . This

coordinatization is uniquely determined by the marking up to & constant
factor, and will be uniquely determined if the prime function is.

One great advantage of having a coordinatization defined by a global
holomorphic function on ¥ iz that it is then possible to define
differentiation globally: if #(z)} is & holomorphic function on ¥ then
its derivative f£'{z) = dr(z)/dz with respect 1o the canonical coordinates
4g a well defined holomorphic function on M , and so are the second
derivative f"{z) = dzf(z)ldzz and all higher derivatives. This will be
used freely in the sequel, and whenever & derivative of a function on #

48 indicated it is always to be interpreted as the derivative with respect
to the canonical coordinates on M . Fote from (6) that 4in terms of the
canonical coordinates ¢ = du ; thus the function £(z) , vhen &
holomorphic differential form w(z) onm # is wvritten as

ol2) = £(z) ¢(z) = rlu)du , is Just the coefficlent of that form as
expressed in canonical coordinates, and in particular the identification of
Abeldian differentials on M with relatively automorphle functionl in r{x)
merely amounts to considering the coefficient vhen the differential is
expressed in canonical coordinates. When the cancnical Abelian
differentials are expressed in canonical coordinates as 'b(z’ = uj(z)dz .

vhere u3(z) {s the derivative of the Abelian integral vd(z) wvith
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respect to the canonical coordinates, then the functions wj(z) ¢ t(x) are
@ basis for the space of relatively sutomorphic functions for the factor of
sutomorply «{(T,z) = pk(T) :(T,z)ag"z .

For any point @ € ¥ and any transformation T €I there 1s an open
neighborhood U of & such that U sand TU are both mepped homeomorphically
to open subsets of [ - by the canonical coordinate function u ; there is
consegquently a vell defined biholomorphic mapping '1'-‘ : u(U) + u(TU) such
that T{uf{z)) = u(T(z)} whenever 2 €U . The mapping T can be
continued snalyticelly slong any path in ¥ beginning at & ; this does
not necesserily meen that it can be continued analytically along any path
in D beginning et ufa) , but it does lead to a definition of T ms a
holomorphic mapping T : D+ D although possibly multiple valued and
possibly with interjor singularities. Since dulz) = ¢(z) 1t does follow

upon differentisting the identity T(u(z)) = u(T(2)) that

T (ulz)) ¢(z) = ¢(Tz) , hence bty Theorem 9 that -
) Br(ul2) = «(2,2)7 = p_ (1) £(T,2)72EE .

In particular for the transformation T = AJ it follows that

Kj(u(z)) = 1 , and therefore that A,(u(z)) = u(z) + a; for some constant
a.‘1 ; this relation is preserved under analjtic continuation, eo that D
sust be left invariant under the wepping 33 tu+ U gu « It may be the
case that "J = 0 , 30 this need not be very significant. ©On the other
hand for the commutater C, = IAJ .BJ] it was noted that

;(CJ,Z) = exp 2wi/g , and consequently

Ej(u(z)) = exp(221/g)(2-2g) = exp ksi/g and Ea(u) = (exp hvifglu + <4

for some constant 1::.1 . There ere thus at least some nontrivial
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bolomorphic mappings of D to itgelf. Very little is known about the

geometric properties of this mapping u , such as vhether it is ever

one-to-one or even a covering mapping. The only case in vhich it is easy

to calculate 1tlis that in vhich g = 1 , and there it is the covering

mapping ulz) = exp ~2siz when § 41s identified with the complex plane.
Another advantage of the canonical coordinates that followvs from (1)

is that differenfiation with respect to these coordinates preserves functionel

equations expressed In terms of the standard factors of sutomorphy. ¥For

exapple if £ € r(pt;”) , 8o that f 4s & holomorphic function on %

satisfying £(Tz) = pt(T) t(T,2)%1(z) , then

ar(1z) = o, (T) (T,2)Vaelz) + vt{z) 4 log &(T,2z)]

’

g0 it follove from (7) that for aifferentiation with respect to the

canonical coordinates -
(8)  £(1) = o, (T «(T,02EEVe2) ¢ v £l2) F Log ST

On the other hand for the prime function when expressed in terms of

canonical local coordinates it follows from (3) and (4) that

ag(z,a)

F13 lz-a =1,

so since qfa,n) = 0 there is a local Taylor expansion in these

coordinates of the form

alz,) = (2= &) + (2 - 0) gy(z,0)
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vhere qz(z,s) is holomorphic nesr the diagonal. Kow g{z,n) = =q(z,8)
by Theorem 8, and therefore qe(z.n) = -qe(a,z) as =1l 80 that
necessarily qe(z,a) = (g7 = a)q3(z,l.) ; tius the Taylor expeansion actually

has the form
(9) ’ glz,a) = {z - a) + (z - e)3 q3(z.a)

in canonical coordinates, where qa(z,a) 48 holomorphic near the diegonal
and q3(z,a) = qa(a,z) . The coordinaste functions £ and & are really
globally defined on M . so‘ that q3(z,a) necessarily extends to &
meromorphic function on ¥ x M ; the possibility of zingularities occurring
arigses from the possibility that 2z - a = D for some points 2z ¥ a , since
the canonir\:a.l coordinates may not be one-ito-one.

When viewed as points of the Jacobl varlety J , the cenonical point
X and the Riemann point r are related by k=2r ‘since in the formula
for their relationship given in Theorem 9 the tern I,?:l wi,j represents &

g-1

point in the lattice subgroup i__ . The factor of automorphy p.L is

thus & square root of the canonical bundle « = pkc.?g—z

» in the sense that
(prc3"1)2 = x « There are of course several distinct square roots of the
canonical bundle; indeed there are clearly 228 guch up to equ_iva.lence,
given by o r‘_tcs"l vhere g runs over thé 2%8  gimtinct points of order
two 4n the group J, represented by the 22g half periods modulo ’]; « The
‘factor of automorply o= prts-l iz wn imtrinsically disiinguished one of

these square roots, and will be called the semicanonical factor of

automorphy, avoiding the temptatioms to eall it the canonical semicanonicel
factor of sutomorphy. (The letter o will nov have two distinct standard

uses; that should jead to no confusion, since the representation o €
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Fon({T,t") will seldom be needed in the sequel.) The thets factor of
automorphy is &= prt.g = of , 80 that the prime function q{z,s) can be
vieved as a relatively automorphic function for the factor of avtomorphy
Pula) :a"'l as & function of 3 , and correspondingly as a function of & .
A function f ¢ F{o) 1s mometimes considered as describing a half-order
differential £(2) 7dz , in the sense that this expression is TI-invariant
when properly {nterpreted and hence represents an analytic entity of one
sort or anotber on the Riemann surface M . Apalogously the prime function
q(z,2) can be considered as descriding an analytic entity

¥(z,2) = q(z,a)//3z Va2 , which transforme by the factor of automorphy
Pula) £ in the variadle : and correspondingly in the variable = . The
factor of automorphy & can be considered more primitive than its g-th
root [ ; at least it arose paturally earlier in the subject. The entity
E(z,a) {13 essentially Klein's prime form; it was used hy Klein in his
treatment of Riemann surfaces and theta functions, and 4 also used by Fay

in place of the prime function gq(z,a) that will be adopted bere, For

this point see the discussion in Fay's book (John D. Fay, Thete Functicns

on Riemenn Surfeces, Springer-Verlag, Lectures Notes in Msth. wvol. 352,

1973).
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§7. Canonial meromorphic differentisis.

ghe canonical meromorphic Abelian @ifferentiels on M can be expressed
guite simply and conveniently in terms of the prime functicn on H, es in
the following result. It may be recalled that the cenonicel differentisl
of the second kind has 80 far only been determined up to & eonstant factor;
the expression of this differentisl in terms of the prime function suggests

& unique determinstion for this differentinl, one that is particularly

patural in terms of the canonicel coordinstes on H and that will be used

consistently henceforth.

Theorem 10. For amy point & ¢ M, the canonical differentisl of the

second kind with & double pole at & can be written

v;(z) = ia‘ log qlz,a),

and in terms of the canonical local coordinate on M near & has & Laurent

L.

expansion with principel part
Fons

vile) = gy2 Tt

For sny points 8,0 85 € M representing distinct points of M and any path §

—~

in M such that 3§ = a,-2, end § projects to a simple path on M, the

gancnical differentisl of the third kind asgocisted to & can be written
q('n.l)
?
0 —
viE) =R A,y
Proof. Consider first the function

v (z) = -'5 log olz,.e),

@ well defined mercmorphic function ca M = M as & function of the two-
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warisbles z,a , ®ith simple poles along the subvarieties z =Ta for T e T.
As & function of 3 alone 1t satisfies the functional equation
v‘_(u) - -'; l.cg [p‘,(.’(!‘) t(T,2) qlz.0)]
(1)
= v (1) +-!‘ log Rya){T)s
so in particular
(2) v‘(AJ:) = v (z), v‘(BJ:) - v () +2e v'a(t). ~

where differentiation is as usual in terns of the canonical coordinates on

M. The derivative of this function of £ 43 clearly & I-invariant mero-

morphic differential v .( z) on ;!.. hence is & meromorphic differential on M,
and \r.(z) 4s 4its integral. This differential evidently has the form and
Laurent expansion ss in the ltl.tgnent of the theorem, 8o is a meromorphlc
differential of the second kind with a double pole at a; moreover since its
integral is invariant under the transformations AJ Yy (2) it has trivial
periods under the transformations A,, so must be the cu:oniul differential
of the second Xind as asserted. Next by combining formilas (3.k) and (6.2)

1t follovs that

v ‘( ) = log plz,2, .11.12)

qlz,e,) qlzy.8,) (2,8,)
) &) V8 N
"% 18 Mray) e, 1+ 18 Ty

as desired, thereby concluding the proof.

Corollary. The canonical differential of the second kind v m is a

merozorphic function of the two variables (z,8) s M x N, and sstisfies the
symmetry condition

v"(z) - w"(.).
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The eanonical differential of the third kind v' ‘(z) is & meromorphie

function of the three variables (:,ai.aa) ¢H M x M, where 3w 8 - e,
and satizfies the conditions that ‘

-
ﬁh)' =, w"(:.) 8w w'az(s),

where as alvays differentiation is with respect to the canonicel

R
'5-.11!“(:) =

coordinstes on N.

$hip assertion is such an immediste consequence of the formulas of
the preceding theorem that 4t peeds po further formal proof, but is well
worth steting explicitly for emphasis. Bince the canonicel differential of
the third kind v (z) is deternined fully ty the boundary points of & it is
really more convenient to denote it by w;l’az(z) where 86 = &8,-8,3
integral does depend quite definitely on the entire path & though, since it

the

can only be defined &s a single-valued function in the corplement of T & € M.
L]
The pormalization of the canonical differential of the second kind

4hat bas bereby been adopted is that for which the principal part has the

indicsted form in terms of canonical local ecordinates oo N; it is thereby
uniquely determined by the mrking on M. It is perhaps worth obaerving
explicitly that, slthough the prime function 1s only determined up to &
constant factor, this indeterminacy dces mot carry through to the canonieml
differentials because of the form fn which f_hone differentials are
expressed in terms of the prime function. It should also be noted that the
pesult of the preceding theorem has the obrious extensicn to more general
eenonical mercmorphic differentiels; for isstance r log qlz,2)/ % ®® 18
4he patural eanonical differentisl of the second kind with a triple pole at

¢he point a, end so on.



s3

¥ith the canonical differentials mov well establisbed, it is wvorth
discussing their periods in somevhat more detall. Note that any elepent

v ¢ T can be written uniquely 4n the form

k!

(3) T 3 % %

L J 'TY) YY)
3 ‘1 A‘ 31 B‘ c
for scme integers '3' BJ and some element C in the commutator subgroup,
C ¢ [r,I] © I+ The integers u,,B, of course depend on the element T, 80
should really be written nJ(T). OJ(T); as functions of T it is evident
that they are actually group bhomomorphisms '4".1 ¢ Hom (T, 2 ), and are
uniquely determined by the conditions that

o (a) = 8, o(z) =0,
(L)

8,(A) = O, 8(3,) = 8.
Tor the period class of the canonical differentisl of the second kind it is

clear from these general obaervations that

- wfD) e 321 [o,(T) (g} ¢ 8,(1) CREN )

L

and bence from (1) and (2) that
] '
(5) (T =k dog gy (M =2 J'_fl (1) v (o)

4n terms of the canonical coordinates. For the period claas of the

canonical differentisl of the third kind $t is evident from Theoren 2 that
6)  wgm=2u ;§1 8,(1) [y e

The basic normalizatiocn here 43 reflected in the fact that the periocds only

4dnvolve the bhomomorphisms '.1 and not the homomorphisms '.1 at all.
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The preceding discussion can be carried furtber, to yield equally
convenient pormelizations for the canonical meromorphic Abelien integrels
cn N; the resulting normal forms will be used consistently in the sequel.

Thepe forms have the advantege of not involving the values of the integrals

&t any particular points on M, thereby avoiding the problems that erise
when these points ere singular points. -

Theocren 11. The canonical Abelian integral of the second kind en the
an.rked. Riemann surface M ecan be taken in the form

v.(z) - -%- log qlz,s),

vhere the differentiation s ¢taken in tbe canonical local coordinstes on

o

M; 4t is then characterized es that meromorphic function of the varisbles

{z,8) &M x M, with simple poles along the gubvarieties ¢ = Ta for T e T

but po other singularities, such that

(1) v‘(Tz.) - \r.(:) + 29 .13:1 BJ(T) v"dh) Yorall Tel,

() wyle) KT, = v (a) - 22 31 B(D v () sranTer,

aod in terms of the marking on ¥ and the associated fundamental polygon
AC K,
() j“ v (a) &z=0  for @ €Aand = Licos, g
2 !
Proof. The derivative v a(") 48 precisely the canonical Abelian
Gifferential of the second kind of the preceding theorenm, 'so that 'g(s) can
be taken as the sssociated canonical Abelian integrel, and (7) 48 merely &

restatesent of the period formile {(s). Perhaps the easiest way to depon-

gtrate the pext desired result is first to pote that since the canonical
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factor of automorphy can be 'tritten -nriou?ly as
«1,2) = (T t(7,2)%62 - ’-2v{:)-dr)m g(T,2) 2
4t followvs immediately that

2
(20) d,r':)-aa = ’2?{!) + ‘T)*k('r) ® "d'r)-t-k(w) ’V{I)(?) 5
thus

--23-'5 log ¢ (T,z) = 2-%; 108 Byfg) (T
" so &y (5)
(1) ? 2 .
™ log tT,2) = -T }1 SJ(T) v J(!).
Consequently

'Tz(') T (z) -«%; log q{a,Tz)

'%105 [ala,2) &Tez) p,(,y(T)]

2ri .
- vz(.,) - T ng BJ(T) v J(S).
thereby estadlishing {B) since :(T.:)'l = T'(2z) in canonical local

coordinates on M. This shovs incidentally that \r:(a) 4s more paturally
vieved as & differential form in the variable sz, since then the preceding
functicnal equation takes the form

{12) 'Tz(" ATy = v‘(l) dz - -“% 321 BJ(T) .J("'

If & ¢ A the differential form v _(s) dz is well defined along the

paths uJ.BJ of the marking, so its integral s also well defined. Note in
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particular that

fu(a)aze= J -2-; 1o0g q(s,x) dz
[ o
J J
w log q(a.AJzo) - log q(a.zo)
= 29 |:|.1
for sooe-integer By since q(l,AJzo) = q(;,zo); bere of course log q{s,z)
gefers to any chosen branch of the logaritim along the path cJ. Eimilarly
note thnt

IBJ v (a) dz = Iﬁj *%,_- log qle,z) dz

= log q(a.BJzo) - log q(a.,zo)

= -3
2el [wé(a) = % + nd]
for some integer na, since

q(“szo) = qfs,z) p“{a)(BJ) ;(BJ.zo}
1
= qla,z ) exp 2sl [v,(8) -2 s, ]

where the factor of sutomorphy T bas the explicit form es in Theorem T. On
¢he other hand for the canonical Abelisn integral \rk(z) it follevs from the
residue theorem that

3{ vk(z) v:(o.) dg = 2 wk(a)

when & € 8, since v (a) dz has & simple pole with residue 1 at the point &;

but this integral cen &lso be calculated by using the known general form of

the canonical fundamental polygon and the period relation (12), with the
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result that

fv, (2) v (a) 8z

Yy
-1 | v (2) v_(a) 4z
,121 Icl... 4% - CyeeeCyByoy ¢ §ee+CyyAy 8y=Ce oLyt ML

-1/, o (adv (01 = [ (2) + g, ] Iola) & = 522w (2) e]]

+ }; !".1 {[vg(2) + 6] v (a) 82 - v (z) v, () &2}

= 2vi | 2vi
== (z) v (2) dz - (a) dz + == v, (z) dz
BJIIGJvkz vdz }uh{.jvza z 8}%1“432

+ o (wk(a) -}s- 5, + “k)

=2d (v (a) + = - IJ oy n,)s

where the Riepamn polnt T, 4z as in (5.2) and 5, =7y + wyye Comparing

these tvo expressions for the integral over 34 shows that B, - ) LWL 0
J

for all indices k, and therefore m, = n, = 0 for all indices k; in
particular (9) bolds as desired.
To conclude the proof it is only necessary to show that the function

v.(z) is completely characterized by the properties listed in the theoren:.
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For this purpose mote that the difference between \r._( t) and any other

function with the same properties is s meromorphic function f{e,z) on ;; :;
with at sost sizple poles along the subvarietles & = ta for T & I ae sole
singularities, and as & consequence of {7) end (B) this function satisfies
™) £(a,Ts) = £{a,z) for a1 T e T,

(8')  £{Ta.z) T,0)") = £{s,2) for all T € Te

Condition (B') implies that for each fixed point & € ;l-the function

#(a,z) as & function of & e M iz just & meromorphic differentiel form on K;
gince this form bas st most a single gimple pole, and mst also have

residue gero, it must actually be bolomorphic. Then (7') izplies that for

each fixed point & € M the function #(a,z) as & function of z ¢ M is &
r-i.njnriant bolomorphic function so mst be & constant. Thus f{a,z) = f£(e)
48 gn Abelian differential in a and is constant in £, hence iz really
independent of 2; but Yy (5) this differential form m.mt bave rero periods
along all the paths o, &nd it gust consequently vanish identically. Thus
£(a,t) is identicelly zero, so the uniqueness is established as desired and

the proof thereby econcluded.

Corollery. Let &y,8; € M represent distinct points of N, and let &8 be

2 path in ¥ such that 3¢ = a,~a, and § projects to & simple path in K.
Yhe agsocinted canonical Abelien differential of the third kind can be
written
] - .
o' ‘(z) = ¥ 00, (2) = v, (nl) 's('z)'

4t is possible to take as the corresponding pormalized Abelian integrel of
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¢he third kind the bolomorphic function on M =~ T § given by
vy(z} = [ wlz) &x.

xeé
Proof. As for the first assertion, it follovs from Theorem 10 that

v {z) = 3 2og q{z,8,)/ 2 -3/10g als,0,)/ 82, and from Theorem 11 that
9 log gz ,a) /2= w (t)- As for the second sssertion, the function w (z)

given Yty the integral adtove 1s clesrly & well defined holomerphic fhpction

in the set M ~ Up, ¢ T & by using the symmetry property of the Corollary to

Theorem 10 it follows that

vl = | W (s) axn T v e

xed x=s,
= "z("l) - ":("2)'
hence the derivative v', (z) is the canonical differential of the third
xind so v‘(z) can be taken as the canonical integral of the third kind as
desired.

The bebavior of the differential v' ‘(z) =v . . (z) as & functicn of
1iv2

-~ -
the points € M can be deduced immediately from the preceding theorem and
4ts ccrollary; further detailed discussion is really pot necessary. The
normeiization of the integral of the third kind given in this corollary will
be used consistently henceforth here; it amocunis to & simple prescription
for a well defined branch of the function log [q(z.e,) / qlz,0,) ], since it
eaz be written eguivalently as

. I ’

v‘(z) L log qfz,x) éx.
It is worth moting that with this pormslization, whenever the path & is

decomposed into & sz §= & ¢ & W -flitting it at scme interior point
& ¢ §, %0 that 34 = &, ~a and 3, = & -a,, then v (z) -"1(:) ov‘;:).
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O0f ecurse the integral formuils for v 6(’" yields a well defined holomorphic
function in K ~ 'r‘ér $§ for any path & © K, whether sizple or mot; if the

path is mot simple the eomplenent M ~ Vg o T8 will bave & pumber of
components, in each of vhich the functicn ¥ 8( z)- i{s well defined. For

instance the integral v (z) is & well defined holomorphic functlon in each
i

connected component of M ~ Uy .. Ta,; actually bty (17) this function s
4dentically zero in that connected compénent containing A, and it follows

quite easily from (15) thst wui(m = vul(z) + 2ui 8,(T) so that 'él;'i' vci(:)
4s an integer in each connected con;.\onent.

To complement the preceﬁihg considerations, it might be worth
digressing briefly here to digcuss an alternstive normalizstion of the
Abelian integral of the second kind. The meromorphic Abelian differentials
and integrals ere determined by thelr singularities only up to tbe addition
of an arbitrary bolomorphic Abelien differential or m:egul. They have
been pormalized here in such a manner that they bhave zero periods on the
elenents Ai.....A‘ e T An clt?mtive pormalization is that for which the
periods on the elements Al""""g’ Bl.....Bs, hence on all elements of T,
are purely imaginary. The advantages of this slternative normalizstion are
t¢bat 4t 48 intrinsic to the Riemann surface itself, in the sense that it s
independent of the marking, and that the reel parts of the integrals are

well defined functions oo the initlel Riemann surface M, since they are

f-invarient functions om M. The disadvantege i3 that these &ifferentials
and integrals are mot bolamorphic functions of the parameters Gescriding

¢he locetions of the singulsrities; it ig for this last reason that the
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alternative pormalization is not used here. At any rate, the alternatively

pormalized Abelian integral of the second kipd is the function

G(z.,a) = v (z) + I.,,ic.1 '3(’) for some constants ¢, ¢ [, and its period

for ary element T & T is then O(T,a) = u (T) ¢ {JuJuJ(‘!); in particular
O(A ) = ic,, (B ,0) = 21 v (a) + IJicJ o

or in vector notation

-> *> -
{o(a,.e) 3 1ckcg) = 4 e, {o(B,0) : 2<xeg]) = 2riv'(s) + 1 B¢

L 4
vhere ¢ = fe, : 2cace) ang 8= *a= {uy, ¢+ <), keg} 8 the period merix.
Recall that = X + 1 Y vhere X,Yare g * ¢ rul symmetric matrices and Y

is positive definite. These periods are purely dmagipary precisely wvhen

-
c:lsmd

», - * -
0O=fRe [2rd v (a) + 4 Bc]=-2sInv'(a) - T 5

L 4

&>
the vector ¢ is thus uniguely determined and given Yy ¢ = =2%x !'1

.

In v'{a),

so that the alternatively normalized Abelian integral Qf the second kind i
-

olz.a) = v (2) - 201 *1n o) T wl2)

L L
= v.(:) + 2% SRe v'(0) 1 wl2),
and is uniquely determined. Tts resl part is the Green's function for the

Riemann surface M,

- -1 -
(13) g(z,0) = Re v (z) + 25 tRe w'(a) Y™ Re w(z),
s well defined harmonle function of z on the Riemenn surface M with a

singularity at the point 3=a having an exp-;nlluu in canonical local

L ]
" coordinates centersd at a ¢ N of the fora

g{z,a) = =Re -'-3-; + (barmonic function).

. »
The Green's function is also harmopnic in the parameter a ¢ M, dbut is not

T-invariant.
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§8. Quadratic period functions.

The investigation of theta factors of gutomorphy for & Riemann surface
N led naturslly to & particular ccsbinstion of quadratic period classes,
the Riemann yoint r s ES defined in (5.2). The genersl quadratic periocd

classes I% vJ(z) "k(") and ja wJ(z) 5(:_) are interesting further

dnvariunts associated to the Riemann purface N; but eside from the Riemann
point itself they will not be considered much further here since at present
they seem wost useful in investigeting the effects of changes of markings,
and that is mnother topic altogether. Hovever there are analogous
guadratic period claeses involving mmmrphiﬁ Abelian different!.als. end
they will play a role in the sudbsequent discussion 80 vill be examined in
some detall.
Introduce then the integrals

J

(1) ¢(z) = x{;aJ v (x) o (x) .
P

for 1<3,k<g. It 1s elear that ¢i(r.) 4g & well defined holomorphic function

of the variable £ on the open subset =T uj 2 ¥~ U TaJ c M, in terms
TeY

of canonical local coordinates om M. It iz sometimes more convenient to

consider instead the associsted differential forms

Wt

(2) () = ¢ (2) &z,
which are well defined holomorphic ditfereniial forms on the open subset

M ~T °4 € ¥ and are independent of the cholce of coordinates on ¥. In

¢erms of these differentisl forms, the transformation forsula for the
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covering space of the connected poncompact surface N ~ a,, and Qi and

Abelian integral of the second kind given in Theorem 11 4izmplies that

@ G- [ 0o Jsmewlgme

x tGJ

- 2wt
- ___Oi () - 21 s, (T) u‘h)

for a1 T ¢ I+ Nov the paths T 8, decompose the surface N into s countable

union of separate connected components, each of which is the universal

J
are really defined separately on these various components. Hovever it 1s a

familiar result in complex analysis that functions defined by such
{ntegrals, vhich are of & form mch. 1iks that of the Cauchy integral
formila, can be continued analytically across the path of imtegration, Tut
¢hat the continustion will differ from the originally given function bty &
function determined from the integrand. That result can be used to derive
the folloving.

-

Treorex 12. The restriction of the differential form Oi to that
connected component lllo of M~T '.1 containing the fundamental polygon A can

‘e continued analytically from "o to all of M. The continuation is a holo-

morphic differential form i on M that satisfies

gm) = (o) + 20 4,01 4(0) -2 4 3 o

for all T ¢ T and

I“‘:ih)-zd 6‘16:_

for 15 258 and it is uniquely determined bty these two properties.
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Proof The first step §s to show that the differential form E(z) =
Qk(:) dz can be continued epalyticelly across all interior points of the
peth o,, and that if i(:) denctes the analytic eontiuation of Ii(z)

across o, from the right-hand side then S{z) - 5(:) = 2¢l uk(z) in &

neighborbood of uJ on its right-hand side. Indeed consider & point £, € M

nesr uJ and on the right-band side of ud; choose & segment 61 of the path

cJ ReATr I, and a path % Joining the end pointe of 61 but lying entirely
on the left-hand side of °j cthervise, as sketched in Figure 5. Then for

811 polnte ¢ € M near I
dli{z) = [ v (x) v (x) ax
J
) v (x) &x + [ v (x) v (x) dx.
61-62 z a Gl'l' Qz z
The Pirst integral on this last line i8 zero, gince for I near enough to

z, to 1ife outside the closed path & -8, the function v&(x) v' k(:t) is bolo-

porphic in x d4nside 51—62. The second integral does not really involve

Pigure 5
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any integration along the segment ol, represents a holamorphic function

of T that sdmits an mnalytic cootinuatlon across 61 and up to the path 8, -

It $s clear from this that Qi(z) can be continued analytically across &,

and that within the closed path 51-62 the analytic continuation is given by

"8 (o) - Ja-g+8 v,(x) v (x) ax;

therefore
;Q'i(z)’ - ;‘1(:) = 52!51 vz(x) v'k(x) dx

= -2vl residue . \rz(:) \r'k(x)

= 2vl W k( z)
for all points 2z within the closed path 61-62, since in canonical local
coordinates near =

vz(x) =« 1 4 (holomorphic function of x).
X-z

That establishes the asserted result, wvhich ean then bs extended to bold in
Y

precisely the same way for the full paths T “.1' Indeed note from the

transformation formula of Theorem 11 that w, ’(x) dAJz = w:(x) dz, and
J
consequently if aJ = c'J + a"" vhere u'a is the portion of uJ frem 2z, to

some interior point z, ¢ uJ and u':., is the complementary portion then

:ii(z) = [ v (x) az . v (x) ax

u:n:;‘.,‘t.u:".1

= I"‘;“' ver e v (x) & . ¥ K X) ax;

this last integral is of the same form as that considered before, but bas

J'o as an interior point, so the same argument as before shovs that

0"(:) extends across the path "3’; v n':, pear "Jzo' Fext from (3) 4t

follows that _oi('rz) - #)(2) 1s a holonorphic differential form on all of M,
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8o the properties alrealy epteblished for the m_ulrtic continmuation throuvgh
a v Adni hold in precisely the same way thmugh the image '.i‘(uj U AJuS).
and consequently bold for the full paths T “;)‘ I¢ s worth poting in this

eccnnection that the difference ﬁi(:) - 4(:) e 2l ‘k(") 4s T-inveriest.

Yhis shovs that the differentiel form gi cen be eontinued from any

eonnected component of M ~ T "J across ANy 'bounduy path in T ",) to0 &n

adjacent connected component of ¥ ~ I &,, and BoTecver that the eontinu-

ation will differ from the initially glven differentinl form in this nev

component bty @ global Abelian @ifferentiel on H; the continustion is there-

fore holomorphic throughout this nev component, and can similarly be

continued meross its boundary paths. Thus :‘l can be extended from the

connected component Ho of H~T uJ ¢o become @ bolomorphic differentisl

form Qiona.llorﬂ.
= X

To derive the transformational properties of the differential form 0‘1,

consider the portion of the boundary of the fundamental polygon & indicated

4n Figure 6. The transformation B, = ¢ 1ooC By (c "'clr-l) -lg

to C eeC B

-1
(Clﬁ..c A ) B (C seal A ) g T takes the side cl.-.c‘-n‘- 1 l lﬂt

18 1L

-1
and the transformation T = cl...,c,_(cl...c A = (c cesCp

PR LN

-1
(c eesCp A B, )1 & I takes the side CyeceC, A .8, 10 CyecoC B,; moreover
B A 48 the trenslete of A that ie adjacent to & along the pide cl...czsl 20
vhile T 4 4s the translate that is adjacent to 4 elong the side Cj-- CyBy-

The 2g elenents Bl""' - & 1'1....,18 are apother set of generators for I.

Bow 4f £ ¢ § then Ay B8 UT4 c M, so that _ﬂ(z) n_gi(s) whenever
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z cAvBAVT.Y consequently S satisfies (3) for T= 8, and T= T, and
that is just the desired result since 'J(sl.) = aJ(B‘_) = 0 and BJ(T'.) =

2
B, (A, )= 0 for £ #J. If £=J then at least AuTJAEﬁolothati

satisfies (3) for T = Ty s and that is again the desired result since

(1) = 34(151) = 0. Bovever 4 and 5,4 are adjacest along the side

Cyoee JBJ ay cT 8, % 1ie in separate connected components of M~ T g3

Ac M, wo that i(z) = S(z) vhepever £ ¢ A, but from the results

established in the first pert of the proof it mgt be the case that

;r’(z) = 3‘1(:) +2d u‘(z) vhenever ¢ ¢ SJA.

Figure §
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Then whenever £ € A 80 that SJ: € SJA

S(Slz) = :‘i(sjz) +2d "x{sa')

-:l'l(z) —-2-% 4 }l Bl(SJ) It(z) + 2¢d uk(SJz)

2xi
w22 g T sle) wle v e 4lo-
The differentisl & (z) is I-invariant, so that uk(SJz) = @ (z); and since

!:‘a.1 iz conjugate to BJ &5 observed above then BJ(SJ) = 1 and this last

formila can be revritten _
2xi
o) = Q) =22 4 § a0 o) e 20 (5 40,

which is the desired result for SJ = T. Thus the desired transformational

equation holds for all the elements Sl,..., 88. Tl""' TS' and since they
generate T 1t must consequently hold for alX T e T.

To determine the periods of these differential forms, for each & in

the range 1<f<g choose a point h!. £ Cl sse C"_IA'.B’_ end a path 8, from

lelto 1:",h 1ying in A except for its end points; let oy be that portion of

the path Cl see C"_]_A._B! from b!. to Cl cee C'.B’.A’.zo. and let Af. be that

portion of the canonical fundamental polygon & with boundary

“ﬂ.' u£+ o, - cl oces C&Bluz- T!.“l.

es sketched in Figure 7. Assuming that b!. is an interior point of the arc

€) =es Cp g8, fnplies that the path &, is disjoint from T o, for all J;

J

thus the path @, € Ho c M avoids 811 the points &t whieh f,here are auy

corplications in determining the values of the differentisl forms &, snd

consequently the perieds along a, at lemsgt can readily b= emlculated.



€9

-G 83

Yy

65

Figure T

Indeed

W :i(z) = Iﬁk(z) = [ (f vz(x) \r‘k(x) dx) ds
s, i

s ) zea, *° '
- [ (). v (x) a2) v (x) &,
‘xea, zea,

wbere the interchange of the order of integration is possitle since the
integral is continuous in the varisbles (z,x) ¢ 'E‘ x g Bov fix a point
i 3 %. let ¥y = cl cee CJBJx ‘cl see l'.!.“ls.’c.1 c 34, and choose a sequence
of points y ¢ A converging to ¥ ¢ 34 it can of course be supposed that
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¥, € A,’ror all vif ¢ ¢ and that y ¢ nlfo'r gll vif £= j. From the
transformationsl formule (15) of Theorem 11 it followvs that

(yldz = (G, «ve C,B,.x) dz
o watvlaz e Lo eglly o GFy

L f 4
« [ [v(x)dz+2d W'J(z) éx ]
€3,
= (x) az + 294 &,
z{glw" x | + g
for I:v'J(z) dz = Iulw'd(z) dz = 01 since G, 1s bomologous to &,

4
on M. On the cther hand since the points y end y do not lie on E'_ the

functions 'z(yv) converge to v (y) uniformly in z ¢ :t‘ 8o that

J. v, (y) dz = lim, |. vily) é.
ZEGL zeal

Hext since Vz(yv’ bas & simple pole at y  with residue 1 and y € &)

precisely vhen L=

[ (¥) dzzadresidueu(yJ=2d s, -
2 z
EAL 855" o

while from the transformational forzula (16) and the integral formula {17)
of Theorem 11

[ v,y dz= J. v (y) ¢z
3A£ ﬂz"‘ ﬂl— cl sow CIB’.G"“ Tsds

= [ v (y)dz+ ], ¥ty az
e, £

2¢i _,
- I“s[v‘(,”) -5 ,_(z)] éz = !ﬂzw"(y") de

2¥i
. ]_;L wz(y“) ds + =



T

since Tﬂ is conjugete to A;]‘ ; therefore

J.w ly) &z =24 (0-1--:).
S
so that

-2
]zl v, (x)az o
and consequently (4) becomes

2nl 2vi
I;‘i(z)---—‘— J‘J "k(:)dx---i— -

The desired result follows readily upon &b application of the
transformational formuls for _0_1 from the first part of the proof; for since

.!l is everyvhere holomorphic
- 2vd 3 . _
- 4 ";‘ S(Z) ITI.’:." €, «=e CB,a, = O, ih’)

=f e ] (G« 2u1 8 (2) - 22 g (2)] - I"ﬁm
o, = 8, = -

- ;%S(z) +2d & a‘;-.?%i- a.

It remsins merely to show that the two properties that have nov been
established determine the differentisl form ® (2z) uniquely. The
difference betveen any two differential rom: with these properties is an
Abelian differentizl on M as & consequence of the first property, and has
gzero periods a.iong all the paths @, &s & consequence of the second property
sc mist vanish identically; and that concluﬁen the proof.
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¥¢ ghould be poted that the differential forms _Gi ean be eontimied

analytically from any connected component of M=~T “3 {0 become bolomorphic

aifferentisl forms on all of ;. and thst ary two such eontinustions differ
bty an Abelian differential on M; the differential form fkm Just &
convenient eanonical cboice of one such considerstion. All continuations
setisfy the same functional equation under the action ef I, but bhave
different periods along the paths 8, The cenonical ehoice i(z) = é(z)dz
will be called & guadratic period form, and the eoefficient cl(z) &

quadratic period fumction. They will be of interest here primarily as

canonical solutions of the functionsl equstion of the preceding theoren.
"hat equation is particularly simple for § ¢k, and & solution of the
corresponding simple functionel equation for j = k ean be concocted by
combining the differential form :Ig and the canonical Abelian integral of
the second kipd; in terms of the functions rather than the differentiasl

forms the. result ie as follows.
o

Corollary. For any fixed point & ¢ ¥ the functlon
é(z;a) = é(z) - 4 vz(a)
satisfies
girsi0) T, = glzie) ¢ 2 8y(D) W (2)
forall T € T.

Proof. This is an immediste consequence of the forzulas o©f Theorems 11
and 12.

A few remarks about the pignificence of this functional equation
‘ ghould perbaps be inserted bere. In terms of any facter of automorphy

#{T,2) the group F can be vieved a3 acting as & growp of linear
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transformations on the vector space V of all bholomorphic functions on M
Yy setting

£7(z) = W7,2)" £(12)
foray f eVandTeT; the mapping £ & £* from V to V 1s cleerly
linear, and from the functional equation for a factor of automorphy it
follovs that

£57(2) = w(sT,2)" £(8T2)

. o(7,2)") (5,72)"Y £(5Te) = u(T,2)7F £5(T2)

hence that I(ST) = “.S)'I‘ for all 8§, T ¢ T» This sction, and therefore the
structure of V as a T-module, depend on the choice of the factor of auto-
morphy, vhich will be indicated when necessary by writing Vu. ¥ow to any
such T-module there are sssocliated cohomology gEroups EX( r,v u) for all
integers p 3 0. Formally let c?(r,v u) be the vector space of all mappings
b g Pp*l -»vu such that

1

HT T, TT aeees TT = KT 0eees 'rp)'r .
for all T,T, yeesy Ty € T, and let &: CP(r.v ) + 1%, V) be the
linear mapping that sends an element I € cP( r.vu) to the mapping

8 : 2 + ¥ defined by

Pl i
(&1} (To,'.l'l esees Tpi'l) - 120 (-1) r(To srees Ty 20 Typq voces Trl);

4t 4s clear that 8 f ¢ (:p"1 (I‘,V"), and e-straightforward celculation to
verify that & = 0. Ir ZP(r,¥) cCP(I,V ) is the kernel of the mapping
§: CP(r,yv) +CP*1 (r¥) ana BRIV = & c*Hr¥ ) then
PP(rv) < 2P(1,V ) and by definition |

EP(rv) = P(r¥) 1 BRIV ) 3

for p= 0 this is modified by setting BY( r.vu) = 0. In particular if

£ & r,vu) then £{I) = fo(z) €V, is a holonorphic functicn on M, and
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£(T) = £(1)T = N(T.:)‘l fo(Tz) for any element T ¢ T; moreover f ¢ ZD(r,Vu)
precisely vben
0= (&) (1,7) = £(T) - £(I)
« oT,2)"2 £ (Te) = £ (z)
for all l‘. bence vhen f_(z) is relatively avtomorphic for p. Thus
(v ) = T(4) s Just the space of bolomorphic relatively automorphic

functions for the factor of automorphy u(T,z). Fext if f ¢ cl(r v ) then
£(1,7T) = fo(T,z) 48 & holomorphic function en M for each T ¢ T, and

T .
£(1,.7,) = £(1.77, o) 0w z('rl.z)"l e O(Tl'I‘o'l,Toz) for any elements
TysT, € Te In thie casge £ €2 (r,vo) precisely when
o= (6)(1,7,,T,) = 1‘('1‘1.‘1‘ ) - 2(1,7,) t(1,7,)

= u('rl,z)'lf (z.7.7L, T, g} - fo(Ta.z) + f(Tl,z).
or eguivalently, upon setting Tl = T and 'I2 = ST, vhen

£ (57,2) = W7,2)t £ (5,72) + £(T,2) .
for 11 5, Tel; and £ ¢ B( 1',‘7“) precisely when ther: is some element
g c CD(B.V") described by a holomorphic function g(I) = go(z) £V, such that
£ (T,z) = £(1,7) = (&) (1,T) = g{T) ~ g(I)
= u7,272) g (T2) - g (2
forall T eT. .

The functional equation of the Corollary to Theorem 12, and that of
Theorem 12 {tself when written out inm terms of the coefficlents 0‘1( z) of
the Aifferentisl forms ®, are of just this fors. Thus the functions

£3(1,2) = 20 (1) v (x)

ecan be viewved as cocycles ti € Zl( .Y ‘) representing some cohomology
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classes [£l] € B(I,¥ ), for the F-module V, defined by the canonical

factor of automorphy, and Theorem 12 implies that
1 L .
f1=-¢ (4 21 fr}] 4o (1Y );
4ndeed

--{if-atd)

for the cochain 4 e cO(ry ) described by the holomorphic functions 4(:).
" Thus [f'1 ] = O vhenever § ¢ Xk, vhile [f"] 4s independent of 4§ or equi-

valently [21] = [12] = eee = [18] It is sctually the case that [f1] *0;

for if [f ] = O there would exist some holomorphic function gz) con H such

chet g(72) (7,2} = g(2) = 20 &(TI',(s), and then g(z) = 4(2) + v, (a)

would be a holomorphic differential form on M with a single nontrivial
simple pole at the point a, an impossiblity. The cocyles fi('r,z) are
really of a rather special form. Kote that for the trivinl factor of suto-

morphy u(T,z) = 1 the constant functions are & wvell derined f-submodule

!:I. c V,, the subscript bere referring to the I-module structure defined

Yy the trivial factor of sutomorply; moreover an element f_ & o r.tl) is
a cocycle precisely vhen it is & bomomorphism £ ¢ Hom (T,C), vhile the
only coboundaries are the trivial homomorphisms, so t.hn.t.

B(r,r,) = 2}(1,L,) = Kom (L), The cocycles £} 21V are of

the form of the product of the element B, ¢ Bon(r,2) = H (I,Z) and the
relatively autoporphic function v, (2) ¢ E°(T,7 ); and 1n general
mltiplication is easily seen to yield well defined homomorphism

B(r,z,) = 2(rv) - BV ),

a patural product construction.
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Bo far this is all quite formal end rather trivial, but it does
reflect some very inmteresting and pontriviel structure; pursulng this in
detail would be too much of a digression here, but a brief survey should be
included to justify as much of a digression ss already been intruded into
this discussion. The point is that these formal cohomology Eroups BP( r.vu)
are isomorphic to the analytic cohomology groups HP(M,n) of the bolomorphic
l1ine bundle y associated to the factor of sutomorphy w(T,.2); all are
f£inite-dimensional complex vector gpaces, but only HD(H.u) and BJ'(M,u) are
nontrivial end they are rela;ted to one ancther through the Berre duality
theorem, which asserts that Bl(H.u) is canonically isomorphic to the dual
of BD(H,:u"l). In particular then B I',V‘) = Hl(M,lt} = HD(M.].) = [; the
cohomology class [¢i] 3 Hl( I‘.V) thus generates this one-dimensicnal vector
gpace. In view of the Berre duslity theorem, the one-dimensionsal coﬁomology
groups can generally be replaced by gero-dimensional eohomology groups, 80
are usually only considered incidentally as they arisedUn pessing in
stendard arguments invelving exact cohomology segquences. However there are
cages in which they do arise naturally and merit independent consideration;
the functionsl equations of Theorem 12 are one form in which they will
grise in subseguent discuesion here.

fo turn nov in another direction, there is more to be =ald about these
functions 4(&) @s guedratic period integrals rather than just as solutions
of some interesting functional equations. First of all, the originsl
definition (1) involves the integration of the product of ope differentisl

" @nd one integral, mnd there are two cholces of vhich is which. The otber



cholice does not lead to much that is really ve:}r different though, since

I“'a (x) ulx) = [ & b0 we) & v v (x) &

J J
-v(A:)t(Az)-v(z)v(z)-Qi(s)

provided that £ ¢ T o} this can be revritten by using the knovn periods of

the Abelian differentials of the first and second xinds as

(5) Ixcuj"k(x) 'z(x) * Gi 'z("o) - 2 (2)
vhenever £ € rnJ. In this connection it should be recalled that the

normalization adopted for the canonical Abelian integral of the second kind

4involved its expression as & derivative of s prime function rather then its

wvanishing at the base point io ¢ M; thus "z(’o) 48 not necessarily zero.
Kext, the original definiticn {1) involves the integrstion only over
the paths uJ, but there are of course anslogous integrals over the paths BJ;
bhovever these latter integrals can be expressed in ter@s of the integrals
(1) and other standard invariants. For instance whenever z ¢ A then by the

residue theoren

- 2d 'J(I.) v (2) = Iy ean ¥o(X) vJ(x) o (x)

- J v (x)v (x)uk(x)
=l x 1...(:"1 ﬂz"'clooocbll"‘-c oooCP a -C P o '

- 3 !u v, (x)vy(x) wlx) = [o lx) + 2t w',_(:)] fry(x) + wy,] g lx)

211,: (2) [yl + 6] ) = w,(0) w() o)

= 21 ("4 J“:z(x) 9 (x) + 2 v (1) [G: ", * IC:J(:) « (x)]}
+ IBJ v (x) 4 (x)



[P

bence

£
(6) I’vatx) o (x) = 31 [o 4(s) ¢ 2 w'l(z)[%wj(z) (%)

+ 29 [o - wJ(z)] v, (s)

whenever £ € A, where all derivatives are as usual with respect to the

canonicel local ecordinpates on M. This expresses the quadratic period
dntegrals over the paths 5.1 in terms of those over the paths o, together

with the ordinary quadratic periocd classes and other standard invariants.
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35. vn.rietie-l of special positive divisors.

It 4s worth pesusing to indicste bhere hmr the tvo basic general
theorems about divisors on compact Riemann surfaces fit into tbe present
discussion. Pirst to aay divhor}on N there is associated as in the
Corollary to Theoren 5 the factor of autoBOrPYY A(y) ° Se3 | yntle as
4n the discussion in §4 two divisors are linearly cquin.lent precisely when
thelir associated factors of automorphy are equivaleat. Therefore two
" aivisors .“!’1 and S Sy wre linearly equivalent precisely when deg _.!'1 = deg__._ﬂa
and tr{") = ) in J; this is Abel's theorem.

Fext conlider a factor of autozmorphy which admits some pontrivial
bolomorphic relatively automorphic functions, hence one of the form

o= A vip) * & degdoor o positive divisord o As in the discussion in §L,
the vector space 1{ i) 43 isomorphic to the space of pe romorphic functions
g on M wuch that $(g) +832 O. It,.! = J v e for distioct points

a, ¢ M, the condition um.}(g) 45 30 means that g has as singularities
at most poles of order vy at the points a,. To any cuch function g there

ean be associated its principal parts at these points, the expression

I::l cu(z - 11) =J. the mapping from g to the coefficients {c“} is a
Jinear mapping to & vector space of dimension I vy = ceg P , and the
Xernel consists of the everyvhere holomorphic functions hence of the
complex constants. This thus shovs that Y(¢ .ﬁ) = dim r(; ) g degd +1,
=0 in particular the spaces N ;}) are ﬁnite-dmenlioul. A xore precise
estizate is the Riezmann-Roch theorem. vhich asserts that on a compact

- Riemann surface of geous §

ﬂc}) - ﬂu!'lh aesg_-o:l-_s.
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8o

where ® 38 the canonical factor of automorphy. This follows quite simply
from the preceding discussion. First eoneider e divisor :’; =g 4eost

4n which @&, are distinct points of M . 7o awy meromorphic function g

i
en H for which :}. {g) ¢ g 2 0 mssociste the differential of the second
kind &g , which will bave double poles at the points &, and zero periods
since its integral g 4s P-invariant. Any such differentisl arises from
gome function g d4n this way, and the kernel of the resulting linear
mapping from functions to differentials is the one-dimensional space of
constant functions; tbus ¥( %) =1 4s just the dimension of the space of
these particular differentia.l:. How any such differential can be written

uniquely in the form

8g(z) = 3., xgul2) + Ijﬂy.‘!”a (x)
d

in terms of the canonical differentials of the first a.nqd gecond kinds, for
sope constants Xy o ys e . In viev of the known periods for the
ecanonical Abelian differentials ui(z) and the period formules (6.10), the
condition that dg(z) bave zero period for the transformation Ay is that
= 0 and the condition that it have zero period for the transformstion
B:I. 4z that

!;-1 yvyle) =03

gherefore in terms of the g =y matrix We {"1(".1) tlci<g,1¢j<r}
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(2) ﬂ:',)-z-m{y cr"slg_lyﬁ(,:).o for 1<1<g)

- myraezyank Wa

On the other hant if £ ¢ “‘g;’ has diviscr ,!-(r) =2 then mitiplying s
function in r(:;;") Yy £ establishes sn isomorphisn betveen l(t;i)

and the space of functions in &) that vanish cm _-_l; . Any function in

r{x) can be written uniquely in the form
A= ﬁ 1t v‘(z)
4n terms of the canonical derivatives v'l( z) ¢ {x) , and therefore

'(c)-o for 1< J<r)

(3) 1(.:;;1) = dinft ¢85 s B, v

—

=g-rack W,

2
Combining (2) and (3) leads immediately to the identity
Yt ) elers-rank Vs 1(:;;) - & , vhich 45 the Riemann-Roch theorem.
it there are some coincidences among the points 8 8 simple modification
of this argument will give the proof. For example if = 8y but the
points are otherwise distinct then in exazining 1(;' ) it 4s neceuu& to
consider differentials of the second kind with trip'fc- poles at a, , %0 i

place of "1(‘) and s.z(s) 1t 1s necessary to use o (3} and

|

a.-_ztu)ln1 thus in the matrix W in place of v'(.l) and '-(.2) it

48 necessary to use 'i(.‘.l) and ';(.1, . !'he same modification of the
matrix W 4s needed in the analysis of 1(:;31) , vhich involves functions
4n I x) vanishing to the second order at q s+ 80 the proof proceeds in

Just the same way as before.
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Tt may be helpful for those not ¢erridbly familier with these theorems
%0 gee & typical end useful application of the himnn-Roch theorem, in

ghowing thet the Abelian differentiels on & compact Riemann surface of

genus g > O bave po common geros. If &1l the functions in rH{x) wanish

at some point & then @ividing these functions by g(z,a) yields elements
of ﬁz::") » 80 that 1(:;‘;1) = f{x) = g « It then follovs from the
Riemann-Roch theorem that ¥(g) = 1(:;:1) ¢141-g®2, 80 that there
sre at least tvo linearly independent functions f,.f, € Ng) - 1

2.(1'1 = a, then @, ¢a,, since othervise rllrz would be & bolomorphic
I~-invariant function hence & constant, contradicting the eondition that
tl.fa are linearly :Lpdependent. Therefore t:l‘lf’2 it e nontrivial
T~invarient meromorphic function, 80 8 peromorphic function on M with
divisor :9’ (f) = a - &, « This function takep every complex value
ygrecisely once on M outside & s since for eny ¢ € £ the function
£(2) - ¢ has & simple pole ot a, and must therefore ‘:n.ve a simple gero
at some 'other. single point of M . Thus £ cun be vieved ms & one-to-One
holomorphic mapping f : M ¢ E" , ¥hich meangs M 48 really Just the
Riemann aphere 21 and contradicts the assumption that g > 0 .

The eanonical Abelian integrals on the marked Riemann surface are the
coordinate functions of the holomorphic mepping w : H 8 ¢hat induces
¢he Abel-Jecobi mapping w : M o J <o the Jacodl variety of M , as
iscussed earlier. This mapping bas the following properties.

Theorem 10. The Abel-Jacodl mapping w : M ¢+ J for a marked Riemann
purfece of gemus g > 0 s & nonsingular biholoworphiec mapping between KN
and its image w(M) ©J .



Proof. If '{ll) - '(22) for distinct points £,,%p in M then by
Abel's theorem there would exist s meromorphic runction. £ on K with
}(t) 5, - %0 But & function ¢ with a sixple pole on N takes every
cowplex value ¢ Just once, since the function ¢ - ¢ mast have & single
gero on M , hence establishes & bibolomophic mpping £t N * !1 in
econtradiction to the assumption that g > 0 . The differential of the
Abel-Jacobi mmp is given by the vector of canonical Abelian differentisls
. olz) = aw{z) , and tbese have no common zeros &% already moted so the
sapping w: M +J 1s ponsingular. That suffices to conclude the proof.

The image of the Abel-Jacobl mapping vill be dencted by
w(M) =%, £J; thus W, can be vieved as an embedding of the Riemann

surface M 4n {ts Jacodl wariety. It is worth noting as ancther
consequence of the preceding theoren that the mepping v : M+ I8 s
alsc s noosingular bolomorphic mapping, and in this case v{zl = v(:z)
precisely vhen gz, = Tz, for some T ¢ I with period oT) = 0 , bence
precisely vhen T 1ldes in the commtator subgroup [1‘. ] € T since the
period homomorphism e : T + ; really amounts to the mapping of the group
T to its abelianization. If M= w(i) < rE then M $s an irreducidle
(or equivalently comnected) complex submanifold of [5 and the universal
covering mpging factors in the form f + i « M ; these coverings are
Gelois coverings, corresponding to the tover of subgroups 1 >(r,3r,
80 i M 43 just the maximal Abelian covering of N with covering
translation group L = W/Ir, 0 .

Btraightforvard extensions of the Abel-Jacobl mapping lead to &

" eollection of interesting and importent further subvarieties of the Jacobl
wariety. Yor any integer r2 0 dntroduce the natural bolomorphic mapping
wi +J defined by Wi ,eeeir,) = wlz)) 4eier v(z) ; the image 158
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bolomorphic subvariety w{¥) = L J . (It is & general result in
eomplex analysis that the image of & holom—rphie variety under a proper
bholomorphic Eapping is & holomﬁhic variety; in particulsr the image of &
compact complex manifold undexl- & holomorphic mapping iz & bolomorphic
variety.) Fote that the image does mot reslly depend on the order of the
points £ oeees®, o tut merely on the &ivisor ¥y oot B, 3 thus Vr can
be vieved as the image of the set of all positive divisors of degree T
uﬁder the netursl extension of the Abel-Jacobi mapping to & bomomorphism
from the group of divisors on M to the group J » These subvarieties are

consequently called the gubvarieties of positive divisors in J . The

condition that the mapping w : M’ J be independent of tbe order of the
fectors is equivalent to the condition that it factors through the quotient

gpace H( HrlE' of the naturel action of the gymmetric group G' %]

(r)

permutations of the factors M o The quotient space M can be viewed
as the variety of divisors of degree ¥ omn M , with t.he patural analytic
structure that it ioherts. In many ways the mapping v 3 W™ o3 18 the
more natural one to consider than w : M5 @ J o The more detailed analyeis
of this topic is too much of & digression to pursue further bere though.

Bote that 'Hr' can alec be characterized by
(%) V.= 3z e T) >0}

gpdeed whenever the factor of sutomorphy p,U edmits & montriviel
holomorphic relatively automorpbic function f & l'(ptzr } then

"S-(g) = gy Pocet B and the factors at;" and Du,(})l:? are equivalent, 80
that t end w3} = wlz,) ¢ccot wlz,) represent the same point in J o
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As the image of the connected bence irreducible complex manifcld M ,
each subvariety Vr 4 an irreducidble subvariety of tbe Jacobi wariety.
The Jacobian matrix of the mapping w3 N¥ +J at e point
(53000002,) € N 1s the g xr complex matrix {vi(sa) :1c1<8,
1<J¢ r} , vhere the de:intives are taken in anmy coordinate system on
M . If r < g then there are points (:1....,:,) et vhich this mstrix
4g of rank T , since the g  Abellan differentials I’i(l’-, az = w,(z) are
1inearly independent; at these points "r is -setun.n: an redimensional
manifold, so that the subvariety Hr 4s necessarily r-4imensional. It 1is
convenient to set \fo = 0 , the image of the origin hence the zero element
of the group J = 8/ L o and to set W, = ﬂ vbenever T € 0 ; there is

then the sequence of subvarieties

Weas® J o

a

Oivocwl sz :.0.:'_

‘lc\f‘hﬂ

&+l
The group structure of J can be used in the natural manner to define the
sum X+ Y of anxy two subsets XXed by setting

X+Ys x+y:1xtX,7 £Y) . Eince

"r = {v{zl) teuet v(zr) R el = {‘1 #ooat tr H 'l:1 cﬂl} 4t is evident
that Fr = "1 + "1 +ooet 11 » the sum of r coples of the image curve
i thus all these subvarieties W, are determined quite simply by W
alone. It is clear from this 4in turn that

{5) VeV =V

for any indices T,8 2 0 . A rather deeper use of the group structure

comes from introducing another operation X 6 Y on any two subsets
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XYeJd, defined folloving H. H. Mertens by
Ie Y= teJ1t+Yci}s

thus Y+ (XOY) €X , end XOY is the largest subset of J for vhich
4+his bholds. In these terms

(6) vrew'-wr_’ whenever T € g ¢

o demonstrete this mssertion mote firgt that both sides are emply ir
a>re If sgyx then W eV, OV, sin;e L LI ty (5).
On the other hand if t € ¥, © ¥, tben

€+ w(zl +aaet z.) €W, for anwy points 2, € M , 8o using the

characterization (1) yields

0« ﬂptd-w{zlh..#z.) ) = Y(':'1‘.:w-. ¢ c:.l"":')

&

tor- any points 2, e M, vhere g = r is the factor of automorphy
3 2 w( zJ) _

associated to the divisor ’4 e This {mplies by using the Riemann-Roch

theorem that
r ~1 =l
ﬁtp_t:'. gltaa:z ) P B~ l=1r z 0
8
for any points sJ g M , the last dnequality following from the sssumption
¢hst T € g 3 Eultiplying these relatively automorphie functions by

£e ﬂ‘zl"“gz } wvhere ,}(f) = gy $oact z' shows that there are strictly

" more than g - 1 = r 1inearly independent functions in r (:p g"‘r)
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vanishing at =z, tooot T for any points zJ ¢ M , and it is clear
from this that there must therefore be strictly more than g~ 1l -r + &8
linearly independent functions in I{:p_t;"r) « Thus

« lfp_tt.-r) >E=-1l=-T+8 , 80 from the Riemann-Roch theorem again
Ko T ™) >0

ani hence t ¢ Wh_' as desired. This sort of argument, ipcidentially, is
“quite common in the subject, with one modification or ancther.

There is a further collection of ipteresting subvarieties of J ,
obtained bty modifying the characterization (4) of the subvarieties W_ < J

by setting

{7) ' V:*&e-!:ﬂptgr)>v}

-

for any integers v,r 2 0 » For the special case wv= 0 this is just the

characterization (&), so that Vg =W, ,end in general

I P

T

Y¢ > 2g - 2 the Riemann-Roch theroem shovs that ﬂptf)-;-cr:l.-g

for all points t &€J , ®0 that

v J 4t r>2g-2 ,vETr~-§
W= .
r )# & r>28=-2,v>r-g°

the forma) definition (7) 4is sometimes extended by setting U: =
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vhenever v3 0 ,¥<0. Ir ¢ eV -‘HD then ttw(.s) for some
aivisor § of degree T , and e &) = :;1)+r+1-g i

.9- By, ¥ooot B consists of r dlstinct points wvhere ¥ £ g then in
general there will be g = ¥ linearly independent functions in T«x)
vanishing &t the &ivisor ¢9 . B0 that 1(:;1) eger and Y(ptr.’) =1 .
Thus the condition that t = vw(}) ¢ W) for “v>0 end r < g means that
the &ivisor &8 somevhat special, in that ﬁc}) 4s larger than ususl; for

4his reason the subsels ‘H: are called the I;bvarieties of special

positive divisors. It might be noted though that V: bas not yet been

ghowvn to be a holomerphic gubvariety of Wr

The investigation of these subsets 'H: < J 48 an extensive gudject in
4ts owvn right, &nd vill not much be discussed here. Hovever a fev rather
simple observations abdout the set-theoretic interrelations betwveen these
gubvarieties, extending what bas just been shovn for the simpler
gubvarieties Vr = ‘Hg . ¥ill be included for use in the: sequel. First, the

Riemann-Roch theorem cen be restated geometrically as the identity

g8 vr=l4g
(8) Vemko Voo o

where of course k=X = {E« x 2 2 §X} o Indeed tsif: precisely when

ve fo 0) = dp FEFNere1-g,

bhence precisely when k=% ¢ V::;lr‘ a8 Gesired. Hext, there are the

sather evident inclusions
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v v v vl
(9) W eV W =WV, 3f v=-120.
Indeed suppose that ¢ ¢ V;' and & ¢ M. Multiplication by the prime function
q{z,a) defines an injective linear mapping
1
l'(pt(') - ﬂpt:r-:.). o that 1[%.”(‘):“ }= 1(;;‘('.5) 2 T(Dtt,) > vand
consequently t + wla) c\l:ﬂ_. On the other basd X = {f ¢ X n‘(')sf(n) = 0}
4s a linear sudspace of { pt:r ) of codimension at most one, and division by
the prime function g(z,s) defines an injective linear mapping X « r(pt:" ::1);
1 =1
therefore ﬂ’t—v(u)‘r- )= fp e g} dinX ﬂpt:r) -1 v=1, 80 if
ve1l20 thent - wia) ¢ V:_"i as desired while 4f v= 0 this inequality
conveys no information sbout the point t. Ry iteration it follovs
{rmediately that

(100 WeW eVl W -V c v

|

and these two inclusions can be copbined as
v V-8

(1) LMEL AR A M v-820,

which is sometimes even more useful.

Bere (10) and (11) are generally strict inclusions rather than
equalitites as in {5), but are the best possible {nclusions of this sort &n
that sense that

v v
ﬂr_.-ﬂrew. i¢ r-v<g~-1,
(12)
v v
Veus = ¥r e (-V.).
v v Vs _ LV
Indeed it is clear from (10) that W € VIOV, end W SV @(-V.). To

begin vith the essier case of the reverse fnclusions, 42 t = W_ € wl‘_’ then

‘(’tr";}"‘::) - ‘("t.-v{.f...u.)a >v
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for any points &, € M; the subspace of r(ptz”’) consisting of those
functions vanishing st &, doeet B thus has dimension > v 3 O, and gince
the points s, are arbitrery 4t must be the case that ¥ pt:H') > v+ 8 80

wE v
that ¢ eV . On the other band 4f € < Vﬂ cW,. then
¥o. T % ceetl )= ¥(p T)> v
t c'l ;ns 't owl By tee .+n.)

for any polnts 8, € M, 8o by the Riemann-Roch theorem
ﬂ:p_t;'fr:-l...:;]‘) > v4¢ g = ¥ = 1; the subspace of I‘(:p_t:'-r) con-
B

sisting of those functions vanishing at '1+"'+'s thue has dimeneion

> veg-r=1320 and since the points 8, are arbitrary it must be the
cese that ¥{ tp_tl:"r) > véig-r-1+8 so by the Riemann-Roch theoren
again ¥{ 5, %) > vand ¢t ¢ W:_B. The sssertions (12) can be combined
into

{13) W ey

- r@(ﬂu-vs) ifr- vSg-121.

v v v
Indeed W) & C W @(w! - W) bty (10), vhile if ¢ €W, @(wg - ¥_) then

. N v + ¥ WO (- v+ VB
(t+ VW) ¥, cV sothatt W SWO(-W) =W and t eV

Incidentally note that (13) for the case v = O can be revritten
V: = Vr@' (W - Vs)
= [t €J st + v - v, eV vhenever v ev }

J

= ¥, + W,

1o €V, (W = vy + w)

vhenever T < § - 1; thus ﬂ’: iz an intersect;on of holomorphic subvarieties
go is itself & bolomorphic eubvariety of J whenever r L g- 1, and the
Riemann-Roch theorem in the geometric form (8) shows that V; is a holo-

" morphic subvarieiy for higher values of ¥ as well.
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This lesves open the guestions whether (10) and (11) are the best
possible inclusions in the other variables as well, that is to s&y, whether

4he inclusions

Yol wvr 9“:,,_. oW 2 “r\:: ew:‘ Vg =¥ 2 ":'e":
gre sctuelly egualities in same cases. This is & considerably harder
question, about which fairly little seems to be known in much generality.
{Such problems are discussed in the papers bty B. ven Geemen and G. van der
Geer, Kummer varieties and the moduli spaces of Abelian varieties, Anper. J.
Math. 108 (1586}, €15-642, and bty G. E. Welters, The surface C - C on
Jacobl varieties and second order theta functionms.’Acta Msth. 157 {1986),

1-22)
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§10. The canonical curve. - -

he Abel-Jacobl mapping, &cfined in terms of the canonicel A‘neliaﬁ
integrals, provides a canonical representation of any compact Riemann gur-
face &8 & ponsingular holomorphic subvariety of $tg Jecobi wariety, es
discussed in the preceding section. The ecanonical Abelian @ifferentials
can be used to cbtein another canonical representation ‘of most compect
Riemann surfeces, as follows. If w'(z) denotes the vector baving as com-

ponents the g canonical Abelian differentials vieved as relatively suto-

morphic functions V‘J(i) € I' {x) then sssociating to sny point z ¢ M the

value w'(z) € 8% ylelds a well defined holomorphic mapping v @ Mo+ eB.
It was demonstrated in the preceding section that the functicos wé(z) have

no common zeros; the point W' (z) € Eg therefore represents a point

[w{z}] ¢ $21, and that yields & well defined holomorphic mapping

[w']: M- 51, For amy covering transformstion T € B the vectors v (7T2)
gnd v'(z) differ only by e scalar factor =(T,z) so represent the same point
in projective space; therefore the last mappng induces a holomorphic mapping.

["]:M+ P&l This mepping is celled the canonical mapping, and its

dmage is called the canonical curve associated to the Riemann surface M.

This construction mnd hence the canonicsl curve depend on the marking, but
otherwise are &s canonical as the terminclogy suggests. As the image of a
compact complex menifold nnder & holomrpﬁic mapping, the canonieal curve
48 a bolomorphic subvariety of by Remmert's proper mapping theorem;
then by snother standard vesmlt, Chovw's theorem, the canonical curve is an

algebraic subvariety of EE"J'-
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Yor the case g = 1 this whole construction 48 0f course rather trivial
mapping the Riemann surface M to the point !o. For the cases g > 1 the
result of the construction depends to some extent on the pature of the
Riemann surface | M. Upder a very standard terminology, & Rlemann surface M
of genus g > 1 4s said to be kyperelliptic 1 Y p, &) > 1 for some factor
of automorphy pttz. or equivalently if there is some point t ¢ H’é € J; thus
4f M 4s a nonhyperelliptic surface of genus g > 1 then v(pt:"’) £ 1 for
all points t ¢ t%, or equivalently lé = §. The behavior of the canonical
mapping differs radically according to vhether the Riemann surface is hyper-
elliptic or not. -

Theorem 1k. For s nonhyperelliptic Riemann surface M of genus g > 1
the canonical mapping [v'] : M » p8-1 15 a nonsingular biholomorphic
mapping between M and its image, the canonical curve {w (™)) c -1,

The canonical curve is a nonsingular algebraic curve of degree 2g-2 in rs-1,

Proof, To see that the canonical mapping is one—tg-one. suppose to the
eontrary that [v'(z,)]= [#'(2,) ] for distinct points 2, and z,. There are
&-1 lipesrly independent Abelian differentials vanishing at £, each of
which can be written ss te . v (2) for some vector ¢ ¢ CE; for each such
airrerentinl Ve . w'(z,) = 0 by assurption, and since the vectors vi(z,)
and w'(zz) are linearly dependent necessarily . "(32) = 0 also, so each
vanishes at t];e point z, &8 wvell. The set of differentials vanishing at z;

and z, can be identified as usun.l with r(::;ir.;:]. and from an application

of the Riemann-Roch theorem 1[:.1:"2) = 1[::';':';) +3-g261¢35>1,

which means that M 3is hyperelliptic in contradiction to the hypothesis.
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To gee that the canonical mapping is :;onaingular, puppose to the
contrary thet it is uingular at some point g, € M. i1f gay W' (zl) ¢ 9 ¢then
the g-1 quotients t (g) = v (z)[w‘ (z) for 1 < § & g-1 can be teken as the
coordinste functions describing the canonical mapping near 24, in & cuitabdle
inhomogeneous coordinate system in -1 1n @ peighborhood of the image
point v'(zl . The condition thst this mepping be singuler st 2, 1s jJust
that
:_EE‘)""(’I)' ) v’ (z)

0= 1".1("1) = for 1 < J ¢ g-1,

w! (z )

which evidently amounte to the condition that the vectors v'(zll and u"{z )
gre linearly dependent. Then arguing as in the preceding paragraph shows
that any g-1 linearly independent Abelian differentiels vanishing at 2,
pecessarily vanish to tbe gsecond order &t 2z, , pince their derivatives

vapish there as well; thus 'r[:zi) = 1[::;2] > 1, which again contradicts
1 2

the hypothesis that M is nonhyperelliptic.

The canonical mapping [vw'] : M < 251 18 thus = one-to-one ponsingular
mapping, 60 its image i{s a nonsingular one-dimensional sudbvariety and the
wapping is & biholomorphic one between M and its image. If L s @&
hyperplane in g8-1 defined as the zero locus of some linear function [18%
4hen the inverse image under the canonicel mapplng of the interesection
L n [v' ()] 15 tbe subvariety {z €M = 2 (w(2)) = 0}; the function
g(v'(2) ) 48 @ linear combinaticn of Abelian differentisls, hence s itself
gn Abelian differential, =0 vapishes et 2g-2 pointe, counting mattiplicities,
and hence L 0 [v*(M)] consists of 2g-2 poinmts, counting multiplicities, and
¢he canonical curve [v'(M)] is an algebraic curve of degree og-2 as asserted.

That cnn;_;ludes the proof.
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Next suppose that N is & hyperelliptic Riemann surface of genus g > 1.

There is thus some factor of automorphy peca such that 1[pet2

) >1. 1t
1(pe;2) > 2 then there are at least three linearly dndependent relatively
automorphic functions for this factor of automorphy, o there are clearly
at least two linearly independent such functions that vanish at the dase
yoint z; dividing them by the function in I{g) vanishing at £, yields at
jeast tvo linearly independent functions in T(p,t), but since e(pt) =1
and by hypothesis M has genus g > 1, it is as noted earlier impossible
that y(p,t) > 1. It is thus the cese that 1(pe:2] = 2; 50 choose two
functions £,,f, € T [per.z] that are a basis for this space of relatively
automorphic functions. RKNote that rl and t2 have no common zeros, since
othervise the guotient :l':l.lf2 would be a meromorphic function with at most =

sizple pole as its singularity; but that 4s impoesible, since either tllta
1s holomorphic hence _conntsnt, contradicting the assumption that rl and !‘2
are linearly independent, or fll r2 describes a biholomgrphic mapping from
M to 11. contradicting the assumption that M has gem:; g > 1. Thus
fllfaiu s meromorphic function with either two distinct simple poles or one

1

double pole, and describes & holegmorphic mepping 7: M=+ TP that exhi'bits

M as & tvo-sheeted branched covering of '1. It is quite easy to see
conversely, that any Riemann surface that can be exhibited ms a two-sheeted
branched covering of 2 §s either hyperelliptic or of gemus g <1l

To simplify the notation set t = peta;' thus t is a factor of esutomorphy
with c{1) = (1) = 2, and £,,f, ¢ T (1) are & basis for this spece of
- functions. For any integer v 2 1 the v+ 1 functions t;. ti"lrz S,
t;f:' 1 tg belong to the space I(1”) and are easily seen to be linearly

independent; indeed any linear relation among these functions can be viewed
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as & bomogenous polynmomial P of degree v in two variables such that
P(tl,fz) = D, but such a polynomial can be written as & product of linear
factors end there can be mo montrivial such relation since the functions
fl,fa are linearly independent. This shovs that 7[1’) 2 v+ 1 vhenever
vz l. For the specisl cese v= g-1 the factor of sutomorphy

- - - 1- .
K‘tl-g has 'r(r:-rl By = y(<B l) + 1-g > 1 ; that means that KT £ 4q

-1 2g-2 .
the jdentity fector of sutomorphy so that k = 1874 = p(g—l)ég The point
e ¢ J thus bhss the property that {g-l)e = x ¢ J, the canonical point;
-2 1 &l s a
1 fg,...,fligé ; of can be taken 3

besis for the space K #1) = N{x) of Abelian differentials. The csnonical

furthermore the g functions flg-l,f

mapping in this case is the composition of the two-sheeted branched
covering ¥ : M + P’ teking @ point z £ M to the point [fl(z), 1’2(2) le Tt
and the mapping ¢ @ P 25 takxing a point [x1 .12] ¢ B to the point
[xlg-l ’Xlg_EXE"V' . ’xlng—e’x.?g—l] £ ]Pg_l. Tnis latter mapping is & well
known bibolemorphic imbedding of the Riemann sphere i !E"'l, vhere
the image ig the rational mormal curve of degree g-1; in inhomogenous
coordinates it has the more femiliar form t < (t,ta,--‘-,tg-l)- Thus for =
hyperelliptic Riemane surfece ¥ the canonical mapping 1s Just a concrete
venlization of the tvo-sgheeted branched eovering w : M +» !1. where 21
is represented ss the rastiocnal pormal curve in Eg'l. The canonical curve
4s then an algebraic curve of degree g-1 in -l

Bince w : M + !1 is just the mapping defined by the meromorphie
function rzlrl. it 48 clear that the inverse image -;1 (=) - [z ¥
' £,(2)/£,(s) = c} consists of the two points 2,,%, €M such that (fy-cfy) = |

& 2y + Zy% thus peta o= Czlt’? 50 that v(xl-!- za) ® @  The mapping ¥ is8

iptrinsically and hence uniguely determined Yy the canonical mapping, as
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Just descrided, so it is mu evident that the point e 31s uniquely
determined, or egquivalently :t.hst on & hyperelliptic Riemann surface there
4s » unique factor of sutomorphy t = P.“-z for vhich e(t) = ¥(1) = 2. The
point e i3 sometimes called the hyperelliptic poinmt of the Jacobl wvariety,
and can be described alternatively as e = H%.

Yor any Riemann surface M of genus g > 1 the associated canonical
curve is a well defined nonsingular algebraic curve in !5'1. bence is the
set of zeros of an ideal of bomogeneous polynomisls in g variables. This
fdesl will be called the Petri ideal, since it was analyzed extensively by

K. Petri. The polynomials P in this ideal are those for wvwhich

PV 1(:),...,v' S(z)) EO0Oinz ¢ ;, hence describe the algebraic relations
emong the canonical Abelian differentials on M. In the case of a hyper-
elliptic Riemann surface the Petri ideal is equivalent to the ideal of the
rational pormal curve, the ideal of all homogenecus polyuomials P such
that P(1,t,. .,tg-l) =0 in te T, & reel.sonably straightforward algebraic
set. The space of homogeneous polynonmials of degree n in g variables
has dimension p:—l) , vhile the space of polynomials in one variable t
thet can be written s P(1,t,... ,tg—l) vwhere P is & hamogenous polynomial

t(g—l)n'

pf degree n 4s spanned by the terms 1,ty000, hence has dimension

go-o+l; the terms of degree n in the Petri ideal are the space ’Pn of
homogeneous polynomials P of degree n such that P(l,tl,---,tg-l) = 0, hence
(1) din P= (3*:'1) - gnén-) if M s hyperelliptic.

In particular dizm B, = (3;1 2g+l = (Bal)ma cs.njs-(!;? -3g+2=

% (g+6){g-2)(g-1). 1In the case of a nonhyperelliptic Riemann gurface M on
the other hand, if P 4s a homogeneous polynonmial of degrée n then |

P(v}(z) ....’q&(z)) ¢ N ); bty the Riemann-Roch theorem dim T{ &) = (2n-1)(g-1)
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whenever a > 1, &nd by a. vell known t!‘:eore:u_: of M. Eoether the elements
p(w'(z),...,v°(z)] spen the full space I(), so that

(2) aiw P (5"':“) - (2n-1)(g-1) 4f M 4s monhyperelliptic.

In perticular dim P -(3*) 3{3-1)-( )mddim? -("’)-5(3 1) =
= % (g—3)(g Z+6-10).

For & eurve of genus 2 the canonical mapping M + !1 ean only be a
branched covering mapping, with the canonical curve being ! itself; thus
M 1is necessarily hyperelliptic. ¥For a curve of genus 3 the canonical
wapping takes H to a plane algebraic curve X € !2; if M is hyper-
elliptic X is a rational curve of degree 2, while othervise X is an
algebraic eurve of degree k. In the former case it follows from (1) that
dinm P2 = 1; there is up to & constant factor a unique quadric eguation
pa(vi(z), \ré(z). wé(z)) = 0 among the Abelimn differentials, and this
quadric equation is the defining equation for the canonical curve &nd &
generator of the full Petri ideal P. In the latter cese it followvs from
(2) that di.m}_’e = ci!.i_m‘_f’3 = 0 and dim P = 1; there is up to a constant
factor & unique quartic equeticn Hu(vi(") . \ré(z). wé(z)] = 0 among the
Abelian dirferentie.l_s but mo equation of lower degree, &nd this quartic
equation 1s the defining equation for the cenonical curve and a generator
of the full Petri ideal. For m curve of gems b the canonical mapping .
takes M to an slgebraic curve X € ¥; it K s hyperelliptic X isa
rational eurve of degree 3, while othewi;e X és an alé_ebnic curve of
degree 6. In the former case it follovs from (1) that dinP, = 3, so there
gre three lineerly independemt quadric equations emong the Abelisn
differentials; the canonical curve can be described geometrically ty two
quadric equations, but it takes three to generate the full Petri ideal. In

¢he latter case it follows from (2) that dim ’22 = 1 end dim 23 = 5;
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there is up to & constant factor a unique quadric eguation pszi(z),. .. ,wl"(z))= 0
among the Abelian differentials, but there are five linearly independent
cudlc equstions. In terms of homogeneous coordinates X, ,X,sXqeX), in
there is thus essentially one guadric equation Pz(’l"“"‘h) vanishing on
the canonical curve X € !h ; then ﬁpahl""'xh)"“' ’hpz(‘l""'xh)

are four liperaly independent cublc equations vanishing on X, and there
smust exist anotber cubic equation py (xl.....xh) vanishing on X as well,

| determined uniquely only up to a constant factor and an srbitrary linear
combination of the first four cublc eguations. Bince X 1s of degree 6

the two polyncnials P, Py nnishing there must sctually be the defining
equations of X, the product of their degrees alsc being €; these
polynomials serve to generate the full Petri ideal.

There is cone finer point about ponhyperelliptic Riemann surfaces of
genus g=l that will arise in the discussion later so should be mentioned
here. The quadric polynomial B, :;Pa is described by t*h x 4 matrix, the
rapk of vhich is another evident invariant attached to the Riemann surface;
¢this invariant vill for short just be called the rank of the Riemann surface.
It is alwvays possidle to choose a basis for the Abelian differentials on
that Riemann surface, although generally not the canonical basis for these
differentisls, so that the gquadric relation P betwveen the differentials is
4n a standard form. Yor rank 1 that relstion can be taken in the form
v'l(z)z = 0; but such a relation is impossidle, 80 this case cannot occur.

For rank 2 that relaticn can be taken in efther the form fl(z)a + "2 (:.)2 = 0.

or the forn v}(z) wi(z) = O, s0 again is impossible since the product of twvo
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popgzero functions cannot vanish jdentically. For rank 3 that relation can
be teken in either the form v' (2)2 + @ (z)a + v (2)2 = 0 or the form
W' (z) o« W (z) = v (:)2 and for rank k that relstion can be taken in
either the form v' (z)2 + ()2 e v NOL w ,(2)% = 0 or the forn
v'l(z) \r'2(2) = \r‘s(z)ao Both of these cases &0 arise, so that there are
yeslly the two separate cﬁsses of pophyperelliptic Riemann purfaces of
genus b, those of rank 3 and those of rank k. More can be said about this
classification, but will not be needed here; for conpleteﬁeu it might Jjust
be mentioned that the general case is that of rank ki, in vhich the space of
special positive divisors w;' consists precisely of two points, vhile the
gurfaces of rank 3 are those gpecial surfaces for which these two points
happen to coincide 80 that H; consiste of just & single po.int. The analysis
lesding to the connection between the rank and Vg i not a difficult one,
resting merely on the form of the guadric equations betwveen the Abelian
differentisls.

For Riemann surfaces of geous g > ;i the apalysis of the Petrl ideal is
rether more complicated, mwlving pore than just the dimensiocns of the
spaces P 3 4t is enough for present purposes merely to survey rather quickly
some of the results of this gnalysis that will be needed here, leaving
details and proofs to other sources. For a hyperelliptic surface éin F, =
= (551 ‘w (1), snd from standard properties of the rational nérml curve,
¢he elements of any basis for Pa generate the ideal of tﬁe canonical curve;
21l prelations among the Abelian differentials are consequences of the
quadric relations. On the other hand for & nophyperelliptic curve dim P, =

-2
-1
= (32 and in general it is again the case ¢hat the elements of any basie
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for :Pé generate the 3deal of the canonical curve, and all relations among
the Abelian differentials are consequences of the quadric relations; this
4s & result of Petri, altbough the wveaker assertion that the canonical curve
4s described geometrically as an inmtersection of quadrics is due to
Fnriques and Babbage. Bovever there are exceptional ﬁonh'perelliptic
curves for which the ideal of the canonical curve is generated by

bases tor_gz and ﬁ3; these are curves r;:r which the products of elements of
"fa by arbitrary linear forms do not span all of/?s, not on dimensional
grounds but rather because of 1inear dependencies among products of element
etﬁa by linear functions. The exceptional curves fall into two classes,
the first consisting of these nonhyperelliptic curves of genus g > 1 for
which Vg ¢+ ¢, and the second consisting of nonsingular plane curves of
degree five. If H% ¢ § but H% = § then the surface can be represented as s
three-sheeted branched covering of !1 but not as s covering vith fewver
sheets; such surfaces are usually called trigonal surfeces. These topics

ere discussed very nicely in the books by H. M. Farkas and I. Kra,

(Riemann Surfaces, Springer-Verlag 198@, end bty E. Arberello, M. Cornelbsa,

P. A. Griffiths, and J. Harris,(Geometry of Algebraic Curves I, Springer-

Verlag, 1983).



