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ream 4d Whitney frisk

Tomakethis dream a reality we need
easyB gammaAgammaB exist

gammaAcupgammaB nullhomotopi we'llbeinsettingswi
eg pi1leftXbackslashleftAcupBrightright1

D
gammaA

q Dembedded HARDrB
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Togetthese settings wewill often need fingermoves whith increase the geom
selfint of A

CorB but kill certain commutation in of the complement

P 7 p kill leftbetaalpha1betaalpharight in
pi1leftXArightfingeralphan profline

propto

move

A A

Proof Near an intersection A is modeled on P1timesleft0rightcupleft0righttimesD2 In XcdotA theform

StimesS lives w Stimesleft0rightbeta and leftOrighttimesS meridian around fingered branch2 conj ofbeta byα

Since pi1lefttonright commutative know betaalpha1betaalpha commute

In general 41 Whitney must fail nonshine knot exist
so not every D2 B4 canbemade

embedded el 2

What if we allow D to be immersed

Obs Thedifference between w
embedded D2 and ulimmersed D2 i

double point loops generating pi1
D



coreHalfdial piture

Thinkeningup w immersed D2 w n doublepts is Gnleftstimesbetaright w pi1 generatedby DPLs

ntimes selfplumbed 24

D

anask pi1leftXbackslashPright1 byfinger moves So DPCs
bound immdisks

D

appose oneof these disks were embedded We'd kill a double point

zoom Whithertwist

D 1
eep going At each stage Dn kill all pi1leftnuDn1right possibly introduing more pi1 Do infty ly

the thinkered ribhd is TnvDn Ta is a Casson handle

Rank The immersed disks at eachstage

maybemede disjointfrom
all previous

stagesbyfingermoves leftpi1XbackslashDn1right1
andfromeachother againbyFMSJ simplest Casson handle

Thm Casson 1974 Let pi1leftXright1 and D1ldotsDn be immersed transverse 2disks w partialDirightarrowpartialX4

embedded disjointly Assume existsbeta1ldotsbetaninH1leftXmathbbZright st betaicdotbetai even and Dicdotbetajdeltaij ThentheDi'smay

be regularly homotopedveld to be disjoint andwe maybuild disjoint
embedded CH3CH1ldotsC



withthefirst stageof CHi being Di suththateach CHi is proper htpyeguiv.nl partialS1timesD
to D1timesmathbbR2

romthe piture one can see pi1leftCHright1 Onecan check it has the correctrelative homology
open 24

Casson does somemore toget proper htpy equov

Than Freedman19821 Each CHi it in fait homeomorphic rel partial to D1timesmathbbR2

canreplace Di with the core of this open 2h and perform Whitney tricks



82 Kirby diagrams

Kirby diagrams of plumbing selfplumbing

cocore positive plumbinghh
D leftxyrightinBtimesD2leftyxrightinEtimesD2E

negativeplumbing

leftyyrightsimleftyxright
core

coreof h is Dtimes0
thinkenthis picture up to get
relative handle decomp of h

wrt attachingregion v1
one 0h one 1 h one 24

thisin D

2 love

O

H
2h111

plumbing identifies D w cocore of h

h where does the 1his feet goh

cocore D

backslash

verifythat this 2h.at link in exactly
what's drawn in 111

indotted urlenotation a plumbing look like signof the clasp depends on signof plumbing



selfplums in essentially the same way h
h

isotopy
positive

mk Here we use a symmetry of a Whitehead link Byuntristing the left side isotoping

Whitehead double of a knot k is Whleftnright
StimesD This is WhleftRright

negative

It WhijleftHright denotes Wh of leftcomponent of
Hopt and Wh of right

then WhijleftHrightWhijcdotleftHright

itt ijij

ni VStimesD

Example selfplumbed 2h i.e immersed 2h

h

Sanitycheck Ignoring the attaching circle he is just OcircS1timesB3
core

Halfdial piture

StimesD



Thinkeningup ntimes selfplumbed 2 h.is Gnleftstimesbetaright

Kirby diagram of implest H

and so on

Rmh Deleting orange get cannellation ignoring attaching data CH is trivial i.e
differto D1timesD2

isotopy

cancel

isotopy

2
bctechnically

untwisted whiteheaddouble

soneedto undothe twist

In general the nth stage Tn is a 2h and a 1 h i.e deleted slicedisk

attachingregionfor Tn

T12h attained then cut out a slice disk SD

T2 can make it so that this slice
disks her in UISD samestory

simplest

is the CassonhandlecircTinftyD2timesD2 AUSD

In principle it'd be nice to work with an endpoint compatified CH and show that that's

standard homeo to D1timesD2 rel J But this is false



of that compantified CH is not D2timesD2

partialleftCHrightS3Wh where Wh is the Whitehead continuum Wh s3

partialleftoverlineCHrightS3Wh

s3Wh f s3 in fact 5 wh isn't a mfd D

mhThe diagrams above were for the simplest CHFor more double pts allow replication
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Kirby812.4

3 TheWhitehead continuum

Construction

Y0S1timesD2S3
Clasp lives inside andhas y1vleft1rightasp JStimesD

keep going
In the language of decompositions the Whitehead pattern defines a

decomposition of X as Dpi0leftWhright a
WhnYnS3

Why is partialleftCHrightS3Wh
Think of y0StimesD2partialleftDtimesD2right Then eash Yn is a thickening lefttimesD2right

of 2SDal Of course TuDtimesDbackslashSDuRightarrowCHTinftyD2timesD2couIWh
Note Wh lives in the S1timesD2 boundary andthe cone is into intr

StimesD2Y0

D2 comeWh

StimesD attachingregionD2

So partialleftlefttrightrightS3 Wh

Why is partialleftoverlineCHrights3Wh
Not sure the compactiflation just crushes each connected component of Wh

whichit connected anyways to a point

Why it S1WhncongS37 i.e why doesn't the
whitehead decomposition shrink

Def X is simplyconnected at infty if
forall apt kX exists Ipt Lk st loops outside L can

be shrunk outside k i.e st pi1leftXLrightfraciopluspi1leftXKright is the zeromap

Prop S Wh is not simply conn at infty

piS3rightarrowS3Wh let ypileftWhright be a mtd ptProp

suppmtd



KleqS3Wh apt then
exists word abhd uof yinS3Wh st UcapKphi

pi1lefturight Wh y Rank U exists b c 5Wh
Hausdorff Requires uppersemi

continuity

n
s SWhpi

KKpi1leftkright

Lpi1leftS1WhUright is preimage of closed hence dosed in S3 hence opt

WTS pi1leftleftS2WhrightLrightrightarrowpi1leftleftS2WhrightUright is trivial

Enough to note leftSWhrightLpi1leftUleftyrightrightcongUleftyright since pi is homeaway

BleftptrightsimeqS2from Whandy so pi1leftdright1

UiS3backslashintleftYiright Claim forall apt kk0 exists loop outside k which hits u0Pofof prop

during its contrition i e

pi1leftfracleftSWLrightYUrightrightarrowpi1leftleftS3cdotWHK0rightright
nontrivial

Supp ow

KKi for some ileftSWhUUiright is an exhaustion by apt sets1

pi1leftYnirightrightarrowpi1leftYn0rightmu0 pi1leftY11irightrightarrowpi1leftY11iright trivial

pi1 int Tiwh
piileftYHright

pi1 lint T0Wh

mujleqpartialTj a meridian pttimespartialD2 is essential in T1 Wh

If not it bds immersed Dean's Honma embedded disk in Tj Wh

Cptnest dish lives in Ti Tk for some kj

Delete thickened dish from T get a ball containing The

Mi and core of The form an iterated Whitehead link which is split

hence unlink

Can compute invariants e.g Milnor invariant to show not so



Push Mi into int leftTiright so mi essential in pi1 lint leftTirightWh
Claim It essential in pi1 int leftT0rightWL too socontradiation

Why

mu0 s dish intersects Tk in 2n meridian

T1subsetT0

1
Mbigtriangleup

n s dish living in To The C To Wh

M M blueandpink loops are clearly htpi

basept

Mo is produstof conjugates AfMi But mu0inpi lint T0Wh nontriv so MiUpshot

isalso nontriv

So compantified CH is not a std 2h D1timesD2 since partialoverlineCHneqS1

mu Thefact that 53Wh In s3 can be reworded as saying
the whitehead decomposition

opendoesn't shrink

mathbbR3whtimesmathbbRconghmathbbR4 That's how Freedman used Casson handles to provediskV

ink Infact

embedding

mhFor CH not thesimplest use replication in the Whitehead doubling procedure



4 Skyscrapers and Bing decompositions

skyscrapers allow attaining thinkened surfaces notjust selfplumbed thickened disks

immD K
4

ima D2

sum_11timesD2

hall A skyscraper is a kind of infinite tower where a tower is made of stages Each

stage is a bunch of thinkered surfaces or
thickened immersed disks blokes Stages

attach to the previous stage along generation of pi1

Technically a skyscraper require Njgeq4 surface stages for each j th disk stage s7 sumNi2irightarrowinfty
Also a skyscraper in the endpt compantified infinite tower

hydoesthis simplify theprf of DET technically Sigmag1

Kirby diagrams of skyscraper now involve diagrams Asum_gtimesD2

isotopy

andconnect sums

things will get attached along meridianof 1 h blue

so skyscraper has lots of Bing doubling

CHit Wh doubling only since Kirbydiagram is whitehead link

vleftredrightStimesD2 put thistorus in traceout
anotherred comekeepgoingNow Bioy



Why do we like Bing doubling

Thm Consider a solid torus Y0 Consider Y Y0 formed by either Bing or
Whiteheaddoubling

andso on where we choose Bing Wh
based on a sequence

RashAllowfor

Iso Y1ldotsYb are formed by Bing doubling ybi1 is by Wh etc
ramifilation

Bs1Wbetal2Wldots

Let DwedgeYi This is the decomposition assoc to this sequence Definethedecomp

space S3D as the quotient where each conn component is crushed to a point

Then D shrinks i.e the quotient piSrightarrowSD is approximable by homeomorphous

iff sumbi2irightarrowinfty
such decomp are called mixed Bing Whitehed decomposition

bi0 Whitehead decoup asson to H whith doesn't shrink S 54Wh

isn't ABH since 54Whisn't even a mfd

OnlyBiry shrinks Bing 1952 or DET
15.2

Rank WhnYu heonly
oneconncomp

Upshot Skyscraper simplify the it bc 2 skyscraper congLS3 and in fact skyscraperconghD2timesP
Also recall Casson then requires pi11 thin of work for a bigger cless of pi1


