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Abstract. We define and initiate the study of analytic de Rham stacks of relative Fargues–
Fontaine curves. To this end, we develop a theory of analytic de Rham stacks with sufficiently
strong descent and approximation properties. Specializing to the de Rham stack of the Far-
gues–Fontaine curve attached to Cp, we apply the general theory to obtain a new geometric
proof of the p-adic monodromy theorem, avoiding any reliance on earlier results on p-adic differ-
ential equations. Building on the foundations established here, we plan in a sequel to investigate
the cohomology of de Rham stacks of relative Fargues–Fontaine curves in geometric situations
and, in particular, provide a stack-theoretic definition of Hyodo–Kato cohomology.
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1. Introduction

Let p be a prime number.

1.1. p-adic geometry, beyond perfectoid spaces. A large part of this paper is devoted to
developing some foundational work on derived p-adic geometry within the world of analytic stacks.
This framework will be used critically by some of us to define an analogue of prismatic/syntomic
cohomology (incarnated as coherent cohomology of certain stacks) for rigid analytic varieties.
However, in the context of the present paper, its relevance lies in the fact that it serves to provide
a new definition of analytic de Rham stacks in p-adic geometry. This extends the results of [RC24a],
which developed a powerful theory of the analytic de Rham stack, providing the necessary tools for a
robust theory of analytic D-modules on rigid analytic varieties (including, among other statements,
Poincaré duality). However, when applying [RC24a] to more exotic spaces like Fargues–Fontaine
curves (as we aim to do in this paper), one runs into technical issues making [RC24a] not directly
applicable. These technical questions circle around the descent of the functor X 7→ XdR, or its
commutation with limits. The new definition that we present in Section 4 will solve these issues
in a satisfactory manner.

We now provide a motivation for our construction. Let us recall that for a scheme X, its
algebraic de Rham stack XdR

alg is a sheafification of the functor R 7→ X(Rred). Sheafifying for the
fpqc-topology and working in characteristic p, the functor X 7→ XdR

alg is essentially1 right adjoint
to the perfection functor Y 7→ Y perf .2 One can observe that for semiperfect rings, which form a
basis for the fpqc topology, we have Rred = Rperf and that an fpqc-cover R → S of Fp-algebras
induces an exact sequence

0→ Rperf → Sperf → Sperf ⊗Rperf
Sperf → . . .

by passing to the filtered colimit over Frobenius. This implies that, for a scheme X, the fpqc sheafi-
fication of the functor R 7→ X(Rred) is the functor R 7→ X(Rperf). This justifies the adjunction
formula

Hom(Spec(R), XdR
alg ) = Hom(Spec(Rperf), X).

In particular, we see that X 7→ XdR
alg commutes with limits (which a priori is non-obvious because

of the involved sheafification). One can then also observe that XdR
alg depends itself only on the

perfection of X, i.e., the functor represented by X on perfect rings.
Our definition of an analytic de Rham stack is modelled on the above adjunction between

perfection and the algebraic de Rham stack by replacing the perfection with “perfectoidization”.
More precisely, let AnStk be the category of analytic stacks (as defined in [CS24], in particular in
the “light” setting), and let PerfdQp

be the category of perfectoid spaces over Qp. It is not difficult
to construct a functor (a naive version of “perfectoidization” or “associated diamond”)

F : AnStk→ Shv(PerfdQp
),

by sending an analytic stack Y to the v-sheafification of Spa(R,R+) 7→ Y (AnSpec((R,R+)□). One
might hope that F admits a right adjoint G, and that X 7→ G ◦ F (X) realizes analytic de Rham
stacks. But this hope is too naive: a basic desideratum for any reasonable theory of analytic de
Rham stacks is that the analytic de Rham stack of the analytic affine line A1,an

Qp
over Qp,□ is given by

the quotient A1,an
Qp

/G†
a, where G†

a is the overconvergent neighborhood of the origin in A1,an
Qp

acting

1One needs to be careful with the exact definitions of the categories involved, but we content ourselves with the
discussion that follows.

2Note that this notion of de Rham stack is different from that one of Drinfeld and Bhatt–Lurie in the theory of
prismatization of formal schemes.
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on A1,an
Qp

by addition. This however is not realized by the functor G ◦ F . Namely, the functor F
identifies the algebraic affine line AnSpec(Qp[T ]) with the analytic affine line A1,an

Qp
, and thus

G ◦ F (AnSpec(Qp[T ])) = G ◦ F (A1,an
Qp

),

i.e. the natural map from A1,an
Qp

to its analytic de Rham stack would extend to the algebraic
A1, something we do not want. We can follow [RC24a] here, and attack this problem (in a first
approximation) by replacing the source of the functor F by sheaves on so-called bounded Qp-
algebras (Section 2.1). These are Qp-algebras, which are roughly given by “non-complete Banach
algebras”. By definition, the algebraic and analytic affine line are identified as functors on bounded
Qp-algebras, and moreover each bounded Qp-algebra A admits a distinguished ideal, its †-nilradical
Nil†(A), which intuitively consists of all elements of spectral norm 0. For a bounded Qp-algebra
set A†−red := A/Nil†(A), the †-reduction of A. Building on the theory of bounded Qp-algebras,
[RC24a] has developed the aforementioned theory of analytic de Rham stacks by !-sheafifying for
a given X the functor A 7→ X(A†−red) on bounded Qp-algebras.

However, for general bounded Qp-algebras A, the †-reduction A†−red is still a rather general type
of solid Qp-algebra. We will introduce a notion of Gelfand rings, which ensures that the (uniform)
completion of A†−red is a Banach Qp-algebra. These always admit nontrivial maps to perfectoid
Qp-algebras, and hence play better in the desired adjunction.

Another simplification we make in this paper is that we endow all Qp,□-algebras with the induced
analytic ring structure. This has two major effects. On the one hand, it makes many proofs easier
as descendability becomes easier to check.3 In fact, to further facilitate such descendability proofs,
we make countability/separability/lightness assumptions throughout the paper.4 On the other
hand, working only with induced analytic ring structures has the effect of identifying the usual
rigid unit disc DQp = Spa(Qp⟨T ⟩,Zp⟨T ⟩) with its Huber compactification DQp . This may seem
undesired, but in fact on the level of de Rham cohomology it is helpful: namely, the well-behaved
de Rham cohomology of the disc is its overconvergent de Rham cohomology. Usually, this is subtle
to define as it seems to require the choice of an overconvergent structure. But in fact we show
here that the analytic de Rham stack of DQp

– which is also the analytic de Rham stack of DQp
as

defined in this paper – computes overconvergent de Rham cohomology, thereby giving a canonical
definition of the latter, Example 4.7.6. In particular, when discussing adic spaces in this paper, we
will always have to assume that they are partially proper (or work with †-rigid spaces in the sense
of Definition 4.3.6).

The choice of using only induced analytic ring structures has as another consequence. Namely,
we will usually replace localizing to open subsets on the adic spectrum by localizing to closed
subsets of the Berkovich spectrum. This is perfectly feasible in the context of analytic stacks.

We are now in a position to define the target category of perfectoidization that we will use.

Definition 1.1.1.
(1) A perfectoid Tate algebra A over Qp is called separable if A is a separable Banach algebra

over Qp. That is, A admits a countable dense subset.
(2) If A is a perfectoid Tate algebra over Qp, we letM(A) be the maximal Hausdorff quotient of

Spa(A,A◦).5 Equivalently,M(A) is the Berkovich spectrum of A consisting of equivalence
classes of continuous multiplicative seminorms | − | : A→ R≥0 with |1| = 1.

(3) A morphism A → B of perfectoid Tate algebras over Qp is an arc-cover if the morphism
M(B)→M(A) on Berkovich spaces is surjective.

(4) We let ArcStkQp
be the category of hypersheaves of anima on the arc-site of separable

affinoid perfectoid spaces over Qp.

The category ArcStkQp
will serve as our replacement for the category of v-sheaves on perfectoid

spaces over Qp, and we can now move to our restricted version of the category of analytic stacks.
As mentioned before, we will have to restrict ourselves to bounded Qp-algebras A, in fact some

full subcategory thereof. Associated to a bounded Qp-algebra A (always seen as an analytic ring
over Qp,□ through the induced analytic ring structure) are:

• its †-nilradical Nil†(A) ⊆ A,

3As far as only categories of quasi-coherent sheaves are concerned, the D□̂-theory of [AM24] offers an option
to allow more general descent on perfectoid spaces, but this does not seem to help with generalizing geometric
constructions such as of the analytic de Rham stacks.

4Recently, Zelich and Aoki have constructed faithfully flat maps, which are not descendable, [Zel24], [Aok24].
Hence, some restriction here like countable generation is necessary.

5As for example discussed in [Sch18a, Proposition 13.9].
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• its †-reduction A†−red := A/Nil†(A),
• its subring A≤1 ⊆ A of (overconvergent) powerbounded elements, Definition 2.2.8,6

• its uniform completion Au := (A≤1)∧p [1/p] (where M∧p denotes the p-adic completion),
Definition 2.3.1.

Of course, we can map a bounded ring A to the arc-sheafification of the functor

R 7→ MapQp,□−alg.(A,R)

on separable perfectoid rings. It is however not necessarily true that a given !-cover A → B of
bounded rings induces a surjection on associated arc-sheaves.7 To solve this issue we study the
following notion, which might be of independent interest.

Definition 1.1.2. A bounded Qp-algebra A is called Gelfand if Au is a Banach Qp-algebra.

We note that the condition that the bounded Qp-algebra B := Au is Banach implies that B≤1/p
is discrete (in contrast to being a rather general solid Fp-algebra). Hence, being Gelfand puts a
strong constraint on a bounded Qp-algebra. For a partial justification of our choice of terminology
(motivated by conversations with Clausen), see Remark 3.1.7.

Example 1.1.3. An example of a bounded Qp-algebra which is not Gelfand is the ring A =
Zp[[T ]][1/p] (with topology induced by the (p, T )-adic topology on Zp[[T ]]). Indeed, A≤1/p = Fp[[T ]]
is not discrete.

If A is a Gelfand ring, we define its Berkovich spectrum M(A) as the Berkovich spectrum of
the Banach algebra Au. We show, following [CS24]:

Proposition 1.1.4 (Proposition 3.2.10). Let A be a Gelfand Qp-algebra with M(A) a metrizable
compact Hausdorff space with finite cohomological dimension. There is a natural map of analytic
stacks over Qp,□

AnSpec(A)→M(A)Betti ×AnSpec(Z) AnSpec(Qp,□)

satisfying universal !-descent.

To supplement the usefulness of Gelfand rings, we also prove the following theorem.

Theorem 1.1.5 (Proposition 3.3.5). Let A be a Gelfand Qp-algebra. Then A is Fredholm, i.e.,
each dualizable object in D(A) = ModA

(
D(Qp,□)

)
is of the form M ⊗A(∗) A for a perfect module

M over the animated ring A(∗).

As with perfectoid rings, we put separability assumptions. More precisely, we introduce the
following notions.

Definition 1.1.6 (Definition 4.2.6).
(1) A Gelfand ring A is called separable if Au is a separable Banach algebra over Qp.
(2) The category of Gelfand stacks GelfStk is defined as the category of analytic stacks on (the

opposite of) the category of separable Gelfand rings GelfRingω1 ⊆ AnRingQp,□
.

(3) For A ∈ GelfRingω1
, we denote by GSpec(A) the functor corepresented by A on separable

Gelfand rings.

In this definition, we used the notion of analytic stacks over (the opposite of) a suitable small
subcategory of analytic rings; we refer to Section 4.2 for the details.

The category of Gelfand stacks inherits a 6-functor formalism from the category of analytic
stacks over Qp, which we will use heavily. It contains fully faithfully the category of partially
proper rigid analytic spaces over Qp, and even the larger category of derived Berkovich spaces
over Qp, a category which we define in Section 4.7 and which generalizes the category of (good)
Berkovich spaces over Qp;8 this construction is analogous to the one of derived Tate adic spaces of
[RC24a, Section 2.7].

Remark 1.1.7. It is a natural question to wonder how the category GelfStk relates to the category
AnStkQp,□ of analytic stacks over Qp,□. There is a unique left exact colimit preserving functor
(−)An : GelfStk→ AnStkQp,□ , sending GSpec(A) to AnSpec(A) for A a separable Gelfand ring.

6In [RC24a, Definition 2.6.1] the ring of power-bounded elements is, on underlying anima, given by the subanima
of maps Qp⟨T ⟩ → A. As the Tate algebra Qp⟨T ⟩ is uncountably generated over Qp as a solid algebra, we replace it
by its better behaved overconvergent variant Qp⟨T ⟩≤1 :=

⋃
r>0 Qp⟨prT ⟩.

7One can hope that a generalized notion of perfectoid Tate rings might solve this issue. However, in order to
relate our theory to [Sch25] and [Sch24a] it seems easier to restrict instead the class of bounded Qp-algebras.

8For the notion of good Berkovich space, see [Ber93].
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This functor may not be fully faithful on general Gelfand stacks, but it is on derived Berkovich
spaces over Qp, which will be all we need in practice.

The functor (−)An has a right adjoint (−)Gelf : AnStkQp,□ → GelfStk. To illustrate what it does,
here are some simple examples:

• (AnSpec(Qp[T ]))Gelf = A1,an
Qp

:=
⋃

n GSpec(Qp⟨pnT ⟩) is (the Gelfand stack incarnation of)
the analytic affine line.

• (AnSpec(Zp((T ))
∧p [1/p]))Gelf = ∅, namely, Zp((T ))

∧p [1/p] does not admit any morphism
as a solid Qp-algebra to a non-archimedean field extension of Qp (the ring Zp((T ))

∧p [1/p] is
known as the Amice ring in p-adic Hodge theory and arises geometrically as the completed
residue field at the type (5) point in the closure of the affinoid unit disc, up to replacing T
by T−1).

• Continuing Example 1.1.3, (AnSpec(Zp[[T ]][1/p]))Gelf is the open unit disc over Qp (seen as
a Gelfand stack, via the fully faithful embedding of (partially proper) rigid analytic spaces
in Gelfand stacks). In other words, the generic fiber of AnSpec(Zp[[T ]]) in Gelfand stacks
coincides with the rigid analytic generic fiber of the formal scheme Spf(Zp[[T ]]) in the sense
of Berthelot (one could generalize this statement to formal schemes locally of finite type
over Zp).

We note that for the first example, working with stacks on bounded rings would have produced the
same answer, but not for the third example (indeed, Zp[[T ]][1/p] is already a bounded Qp-algebra).

For the study of Gelfand stacks, it is useful to replace the category of all separable Gelfand rings
by a subclass of bounded rings forming a basis of the !-topology on separable Gelfand rings. With
this in mind, we introduce the following notions.

Definition 1.1.8 (Definition 4.6.1). Let A be a Gelfand ring.

(1) We say that A is nilperfectoid if A†−red is a perfectoid ring. We let GelfRingnilperfdQp
⊂

GelfRingQp
be the full subcategory of nilperfectoid Gelfand rings.

(2) We say that A is totally disconnected if M(A) is a profinite set. We say that A is strictly
totally disconnected if it is totally disconnected and all its completed residue fields are
algebraically closed fields. We let GelfRingtdQp

⊂ GelfRingQp
(resp. GelfRingstdQp

) be the full
subcategory of (strictly) totally disconnected Gelfand rings.

We prove that for any separable Gelfand ring A, there exists a descendable map A→ A′, which is
quasi-pro-étale on uniform completions, with A′ a separable nilperfectoid ring (Proposition 4.6.4).
In particular, nilperfectoid rings form a basis of the !-topology. They play a role analogous to
the role played by semiperfectoid rings in integral p-adic Hodge theory. In fact, they are in some
sense a generalization of them: generic fibers of semiperfectoid rings are examples of nilperfectoid
rings (see Proposition 3.1.19). We defined Gelfand stacks using all (separable) Gelfand rings rather
than only (separable) nilperfectoid rings, to facilitate the comparison with †-rigid spaces and more
generally (derived) Berkovich spaces over Qp.

Remark 1.1.9. The definition of the diamond associated to a rigid analytic space X over Qp is
based on the idea of only remembering this space through the collection of all maps from perfectoid
spaces to it. This works as long as one only cares about “topological” information about X (such
as its étale cohomology), because X becomes perfectoid locally for the pro-étale and v-topology.
This substitution is very useful since perfectoid rings have nice cohomological properties (such
as almost vanishing of higher cohomology of the integral structure sheaf). On the other hand,
if one is interested in things such as (filtered) de Rham cohomology of smooth rigid spaces or
locally analytic representations of p-adic Lie groups, one needs to consider functors defined on a
category of rings with a possibly non-trivial (dagger) nilradical. Thus, we see that nilperfectoid
rings are so to say the minimal choice of a category of rings combining both features, i.e. the
notion of Gelfand stack is as close as possible to the notion of arc-stack (over Qp) while allowing
non-trivial overconvergent thickenings; and we will see next that the difference is in some sense
exactly measured by the construction of the analytic de Rham stack.

1.2. A new definition of analytic de Rham stacks. With these preparations, we can come
to (a first version of) the definition of the analytic de Rham stack. We define in Section 4.5 the
perfectoidization functor

(−)⋄ : GelfStk→ ArcStkQp
,

as the colimit preserving functor sending GSpec(A), A ∈ GelfRingω1
to the functor Marc(A) :=

(GSpec(A))⋄, which sends a separable perfectoid Qp-algebra B to the anima HomGelfRingω1
(A,B).
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Its right adjoint is the big analytic de Rham stack functor

(−)DR : ArcStkQp
→ GelfStk.

Remark 1.2.1. In fact, (−)⋄ is itself the right adjoint of a functor (̂−) : ArcStkQp
→ GelfStk that

realizes light arc-stacks (over Qp) geometrically. The functor (̂−) is the left Kan extension of the
functor that sends the arc-stack Marc(A) represented by a totally disconnected perfectoid ring A
to GSpecA. Via the functor (̂−) and the 6-functor formalism on GelfStk, one obtains a 6-functor
formalism for Ô-cohomology on arc-stacks over Qp; this justifies the notation. See the end of
Section 4.4 for more on the relation to [AM24] and [ALBM24].

Example 1.2.2. Here is an example illustrating how these functors play with each other. Let G
be a compact p-adic Lie group. Let Gla = GSpec(C la(G,Qp)) ∈ GelfStk, with C la(G,Qp) the ring
of locally analytic functions on the group G. We have (Gla)⋄ = G, (̂Gla)⋄ = GSpec(C(G,Qp)) and
the counit morphism (̂Gla)⋄ → Gla is the map induced by the inclusion C la(G,Qp) → C(G,Qp).
We also have GDR = Gsm = GSpec(C lc(G,Qp)) (locally constant functions) and the unit morphism
Gla → ((Gla)⋄)DR is the map induced by the inclusion C lc(G,Qp) → C la(G,Qp), Example 5.6.8,
Remark 4.8.7.

As the capital letters notation may suggest, (−)DR is not what we will consider as the “right”
version of the analytic de Rham stack functor in the present paper9. One important, or at least very
useful, aspect for the applications of the theory both in this text (Section 7) and in future work is
that the functor sending X to its analytic de Rham stack should have strong descent properties: if
X → X ′ is an epimorphism of (light) arc-stacks over Qp, we want the induced map XDR → X ′,DR

to be an epimorphism of Gelfand stacks. It is however false in this general setting10. For reasons to
be explained in the main body of the paper, the situation would simplify considerably if separable
strictly totally disconnected rings would form a basis of the !-topology on separable Gelfand rings.
But it is unfortunately not true that all separable Gelfand rings R admit a descendable map to such
a ring (Remark 4.4.8). Nevertheless, we do prove such a statement under some sort of finiteness
assumption on R: we show it when R is quasi-finite dimensional (qfd for short), i.e., its uniform
completion is quasi-pro-étale over a finite-dimensional analytic affine space over Qp.

Remark 1.2.3. To ensure the existence of a descendable cover by a strictly totally disconnected
ring, we will see that finite cohomological dimension of the Berkovich space is enough (Propo-
sition 4.6.4). But we want to work with a class of separable Gelfand rings having such covers
and which is stable by fiber products, and the last condition would not be guaranteed if we con-
sidered only the condition of having a Berkovich space of finite cohomological dimension. One
could instead restrict to separable Gelfand rings A such that each Berkovich residue field of Au

has finite geometric transcendence degree over Qp, which implies finite cohomological dimension
of the Berkovich space. But to get hyperdescent, rather than mere descent, we will need to use
the stronger qfd condition in Section 5.6.

For this reason, we replace in the above the categories ArcStkQp , GelfStk by their versions

ArcStkqfdQp
, GelfStkqfd

defined on qfd separable perfectoid rings, resp. qfd separable Gelfand rings, instead of all separable
perfectoid rings, resp. all separable Gelfand rings. We still have a similarly defined perfectoidization
functor (denoted by the same letter):

(−)⋄ : GelfStkqfd → ArcStkqfdQp
,

Definition 1.2.4. The qfd perfectoidization functor has a right adjoint, that we call the analytic
de Rham stack functor, and denote

(−)dR : ArcStkqfdQp
→ GelfStkqfd.

If X is a qfd Gelfand stack, we will abuse notation and write

XdR = (X⋄)dR.

9We believe each version of the de Rham stack has its own advantages and drawbacks. We chose the one best
suited to our needs, but for other questions the DR choice would have been reasonable too (and for many questions
both versions can be used).

10Indeed, if it were the case we would have XDR = XBetti for X a compact Hausdorff space (realized as an
arc-stack on the left hand side); however this is not true, see Example 4.5.9.
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There is also a relative version: if X → Y is a morphism of qfd Gelfand stacks, we denote by

XdR/Y = XdR ×Y dR Y

the relative analytic de Rham stack of X over Y .

Here are some important properties of the analytic de Rham stack that we prove.

Theorem 1.2.5. (1) (Theorem 5.6.6) The functor (−)dR commutes with limits and colimits.
In particular, if Y → X is an epimorphism of qfd Gelfand stacks, the map Y dR → XdR is
an epimorphism of qfd Gelfand stacks.

(2) (Proposition 4.7.11) Let X be a qfd derived Berkovich space over Qp, in the sense of Def-
inition 4.3.1 (for example, a classical Berkovich space is qfd as an arc-stack). Then XdR

is the sheafification for the !-topology of the qfd Gelfand stack sending A ∈ GelfRingqfdω1

to X(A†−red). Furthermore, if X → Y is a map of qfd derived Berkovich spaces whose
associated map X⋄ → Y ⋄ of arc-stacks is an immersion, XdR/Y = Y †X . In particular,
XdR = (Y †X )dR, where Y †X is the overconvergent neighbourhood of X in Y (cf. Defini-
tion 4.7.9).

(3) (Theorem 4.7.14) Let K be a qfd complete non-archimedean field over Qp, separable as a
Qp-Banach space, and X a †-rigid space over K (see Definition 4.3.6; equivalently a dagger
space in the sense of Große-Klönne [GK00]). Then the natural map X → XdR/K is an
epimorphism of Gelfand stacks and we have a presentation as qfd Gelfand stacks

XdR/K = lim−→
[n]∈∆op

(X×Kn+1)†∆X .

In particular,
(A1,an

Qp
)dR = A1,an

Qp
/G†

a,

with G†
a = GSpec(Qp⟨T ⟩≤0), the overconvergent neighborhood of the origin, acting by

translations.

Some remarks are in order.

Remark 1.2.6.
• The assertions of the theorem also hold for the big de Rham stack without any qfd as-

sumption, with the critical exception of commutation with colimits in point (1). Point
(1) of Theorem 1.2.5 allows one to compute some examples. For example, it shows that
Marc(Cp)

dR = GSpec(Qp). It also implies that if G is a locally profinite group, and
BG ∈ ArcStkqfdQp

its classifying (arc-)stack, then

(BG)dR = BGsm,

with Gsm the Berkovich space with underlying topological space G and sheaf of functions
given by the locally constant functions of G with values in Qp. This example works the
same for the big analytic de Rham stack.

• Point (2) of Theorem 1.2.5 shows that for qfd derived Berkovich spaces over Qp, the analytic
de Rham stack as defined in this paper agrees with the one defined in [RC24a], in a sense
made precise in Section 4.7.

• The last assertion of point (2) of Theorem 1.2.5 can be regarded as a general version of
Kashiwara’s lemma for the analytic, rather than algebraic, de Rham stack (overconvergent
completions replacing formal completions).

1.3. 6-functor formalism for the analytic de Rham stack. One important benefit of defining
the analytic de Rham stack as a (certain kind of) analytic stack is that one gets for free the associ-
ated cohomology theory, i.e. (overconvergent) de Rham cohomology in this case (cf. Section 5.2),
a category of coefficients equipped with 6 operations, namely quasi-coherent sheaves on this stack.
As usual, to make it useful, one needs to exhibit examples of morphisms which behave well from the
point of view of the 6 operations like smooth or proper morphisms should: in technical parlance,
cohomologically smooth and proper morphisms (see e.g. [HM24] for precise definitions). We first
introduce the following convenient notion.

Definition 1.3.1 (Definition 5.1.3, Definition 5.1.6). Let f : Y → X be a morphism of qfd arc-
stacks over Qp.

(1) We say that f is locally of quasi-finite dimension (or lqfd) if there is a strict closed cover
Yi ⊂ Y (i.e. a cover by closed subspaces that can be refined by an open cover) such that
the maps Yi → X are ω1-cocompact, qcqs and quasi-pro-étale over some relative affine
space Yi → Ad,⋄

X (with d possibly depending on i).
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(2) We say that f is étale if, locally in the arc-topology of X and the analytic topology of Y , f
factors as a composite of open immersions ([Sch24a, Definition 4.21]) and finite étale maps.
We say that f is smooth if, locally in the arc-topology of X and the analytic topology of
Y , f factors as a composite Y g−→ Ad,⋄

X → X where g factors as a composite of finite étale
maps and open immersions.

For instance, usual smooth, resp. étale, maps of classical Berkovich spaces over Qp induce
smooth, resp. étale maps on the associated arc-stacks over Qp.

We then prove the following theorem.

Theorem 1.3.2.
(1) (Proposition 5.1.4) Let f : Y → X be a morphism of qfd arc-stacks over Qp, which is lqfd

arc-locally on X. Then fdR : Y dR → XdR is !-able. If in addition f is proper, then fdR is
cohomologically proper.

(2) (Theorem 5.1.7) Let f : Y → X be a smooth morphism of qfd arc-stacks over Qp. Then
the map Y dR → XdR is cohomologically smooth, with dualizing sheaf given by 1Y dR [2d] if
f is of pure dimension d. If f is étale, then fdR is in addition cohomologically étale.

(3) (Proposition 5.7.1) Let X = D̊×,⋄
∞ = lim←−x 7→xp

D̊×,⋄
Qp

be the open punctured pre-perfectoid unit
disc seen as an arc-stack. Then, the map XdR → GSpec(Qp) is cohomologically smooth
with dualizing sheaf isomorphic to 1X [2].

Once again, the statement of the theorem deserves some remarks.

Remark 1.3.3.
• Points (1) and (2) of Theorem 1.3.2 give in particular finiteness and Poincaré duality

for de Rham cohomology of smooth proper rigid varieties over Qp, even with coefficients
(“analytic D-modules”). More generally, one gets Poincaré duality in the non-proper case,
using compactly supported de Rham cohomology (realized by the lower-shriek functor
along de Rham stacks).
• Let X be a partially proper smooth rigid variety over Qp. In this paper, we do not make

precise the relation between quasi-coherent sheaves on XdR and analytic D-modules, e.g.
as defined in the work of Ardakov–Wadsley, whence the quotation marks in the previous
item. This relationship will be analyzed in detail in [RJRC].
• Continuing the previous item, if one thinks to quasi-coherent sheaves on XdR for X a

smooth rigid space over Qp as some category of D-modules on X, it might be surprising
at first sight that such a notion extends to much more general Berkovich spaces, such as
perfectoid spaces, and only depends on the underlying arc-stack! The situation should
be compared with the situation over the complex numbers, where the analytic de Rham
stack of a complex manifold is literally isomorphic to its Betti stack ([Sch24b, Theorem
II.3.1]). In both cases, it is really the “analyticity” condition on D-modules that makes
this phenomenon possible.
• The example from point (3) of Theorem 1.3.2 is used later in the paper in Section 6, see

Section 1.4, to show cohomological smoothness results for the de Rham stack of the relative
Fargues–Fontaine curve. Cohomological smoothness of XdR in this case might seem unex-
pected: inverse limits of cohomologically smooth maps are rarely cohomologically smooth
again (e.g., the uncompleted perfectoid open unit disc is not cohomologically smooth).

1.4. de Rham stacks of Fargues–Fontaine curves and the p-adic monodromy theorem.
Since the analytic de Rham stack can be defined for any (light, qfd) arc-stack, it makes sense to
consider more exotic examples than smooth rigid varieties over Qp, even though the latter, such
as flag varieties relevant among others for versions of Beilinson–Bernstein localization, are the first
to come to mind. One key class of examples for this paper are relative Fargues–Fontaine curves:
while they are honest Berkovich (usually, adic) spaces for partially proper perfectoid spaces of
characteristic p, they are for more general inputs only defined as arc-stacks over Qp. More precisely,
we introduce the following definition, where we denote by ArcStkqfdFp

the category of qfd arc-stacks
over Fp.

Definition 1.4.1. Let X ∈ ArcStkqfdFp
. We define the following qfd arc-stacks over Qp:

(1) The open punctured curve11 YX := X ×Marc(Fp)Marc(Qp).
(2) The Fargues–Fontaine curve FFX := YX/φZ

X , where φX is the Frobenius of X.

11Also called the “punctured Fargues–Fontaine disc”.
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Given X as before, we can form the analytic de Rham stack YdR
X , and the analytic de Rham

stack of FFX , called the Hyodo–Kato stack of X and denoted

XHK := FFdR
X .

For X ∈ GelfStkqfd we write YdR
X := YdR

X⋄ and XHK := (X⋄)HK.

Remark 1.4.2. In a sequel to this paper, we will show that Hyodo–Kato stacks geometrize
Colmez–Nizioł’s Hyodo–Kato cohomology for rigid analytic varieties over p-adic fields, [CN25],
in the sense that the coherent cohomology of the Hyodo–Kato stack computes Hyodo–Kato coho-
mology. This explains our choice of terminology.

We establish some basic properties of this construction. For example, we prove:

Theorem 1.4.3 (Theorem 6.3.1). Let f : Y → X be a map of qfd arc-stacks over Zp and let
fHK : Y HK → XHK be its associated morphism of Hyodo–Kato stacks.

(1) Suppose that, locally in the arc-topology of X, f is lqfd (see Definition 5.1.3), then fHK is
!-able. Furthermore, if f is proper then fHK is cohomologically proper.

(2) Suppose that f is smooth of pure relative dimension d, then fHK is cohomologically smooth,
that is, it is suave and its dualizing sheaf is invertible. Furthermore, the dualizing sheaf is
given by the d-th tensor power of the Tate twist (Definition 6.2.8). Moreover, if f is étale,
then it is cohomologically étale.

The statement is not difficult to prove after the work of the previous sections. In particular,
the cohomologically smoothness of (2) reduces to Theorem 1.3.2(3), as was already pointed out.
The computation of the dualizing sheaf requires some more work, and it will follow from the
general Poincaré duality statement of [Zav23, Theorem 1.2.12] after proving that the Hyodo–Kato
cohomology is ball-invariant, satisfies excision, and after constructing a theory of first Chern classes.
A similar statement holds for the induced morphism YdR

Y → YdR
X , and in fact, it follows from it.

Finally, we specialize the discussion to the case of a field extension L ⊆ Cp of Qp. For such an
L, we simply write LHK = Marc(L)

HK (noting that this only depends on the completion of L).
We construct in Section 7 a GalsmQp

-equivariant morphism

Ψ: CHK
p → BFHK

p
V(−1)

with BFHK
p

V(−1) the classifying stack over FHK

p
∼= GSpec(Qun

p )/φZ of the geometric vector bundle
V(−1) associated with the simple isocrystal D−1 = (Qun

p , pφ) of slope −1. Note that vector bundles
on BFHK

p
V(−1) are naturally equivalent to (φ,N)-modules over Qun

p , by Cartier duality.

Remark 1.4.4. Concretely, to define Ψ, we need to construct a (non-split) GalQp
-equivariant

extension of vector bundles of O(−1) by O on CHK
p . One way to obtain it (or rather its op-

posite) is by considering the first-degree cohomology of the Hyodo–Kato stack of Tate’s elliptic
curve (Lemma 7.3.7). It can also be described very concretely, which happens to be useful for
computations (Construction 7.3.6).

We are now in a position to state our version of the p-adic monodromy theorem precisely.

Theorem 1.4.5 (Theorem 7.1.1). The pullback along Ψ: CHK
p → BFHK

p
V(−1) defines a t-exact

equivalence
Ψ∗ : Perf(BFHK

p
V(−1)) ∼−→ Perf(CHK

p ).

In particular, for any Qp ⊆ L ⊆ Qp the category of vector bundles on LHK is naturally equivalent
to the category of (φ,N,GalL)-modules over Qun

p .

We refer to Section 7.1 for a more detailed discussion of the relation between Theorem 1.4.5 and
the p-adic monodromy theorem of André, Kedlaya, and Mebkhout, and for a summary of its proof.
Here, we would only like to stress that both the statement and the proof of the theorem make no
use of p-adic differential equations: it is only when unraveling the statement (via some explicit
description of Qcyc,HK

p ) that they appear (Corollary 7.2.10). Rather, our proof makes extensive use
of the formalism developed in this paper, such as descent and the 6-functor formalism of de Rham
stacks, and the geometry of Banach–Colmez spaces. We note, in addition, that by a spreading-out
argument, Theorem 1.4.5 formally implies a version of the p-adic monodromy theorem locally at
classical points of a rigid space over Qp (Corollary 7.5.5).
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Remark 1.4.6. Continuing Remark 1.4.2, we recall that Colmez–Nizioł’s Hyodo–Kato cohomology
takes values in (φ,N)-modules over Qun

p (with a Galois action when the rigid space is defined over
a finite extension of Qp). This was for us a strong indication that our stacky construction should
relate to Hyodo–Kato cohomology.

Remark 1.4.7. Let X be a variety over Fp, and regard it as a qfd arc-stack over Fp. We expect
the category of quasi-coherent sheaves D(XHK) to be a category of coefficients for overconvergent
F -isocrystals on X; in particular, this stack should compute the rigid cohomology of X. This will
be explored in the forthcoming PhD thesis of Junhui Qin.

1.5. Plan of the paper. Section 2 starts with some general results about bounded rings, recalling
and complementing the results of [RC24a]. In Section 3, we discuss the important notion of Gelfand
ring and show in particular that one can attach to them a Berkovich spectrum with good properties.
These two sections, which are more dry than the others, develop the necessary (derived, topological)
algebra needed for the rest of the paper. Many of the ideas presented here arose from the joint
project between A., L.B., R.C. and S. on the analytic prismatization, and the work of one of us on
the geometrization of the real local Langlands correspondence [Sch24b].

Section 4 and Section 5 construct a robust theory of analytic de Rham stacks in p-adic geometry.
In Section 4, the important notion of (qfd) Gelfand stack is introduced and the analytic de Rham
stack functor is defined as a right adjoint to the perfectoidization functor. We also introduce the
category of derived Berkovich spaces over Qp and explain some properties of their analytic de
Rham stacks. Finally, we show a descent result for the formation of the analytic de Rham stack.
At the end of Section 4, Theorem 1.2.5 is proved, with the exception of the commutation of the
analytic de Rham stack functor with colimits, shown in Section 5. This section is devoted to the
6-functor formalism of analytic de Rham stacks. We provide examples of cohomologically proper
and smooth morphisms, proving in particular Theorem 1.3.2, and show various properties of the
cohomology of the analytic de Rham stack, such as its coincidence with de Rham cohomology for
smooth overconvergent rigid spaces. Section 5 ends with a proof of arc-hyperdescent for the de
Rham stack, the part of the paper where the qfd assumption is most critically used.

Hyodo–Kato stacks and their 6-functor formalism are the subject of Section 6. This includes
Theorem 1.4.3 above. Our version of the p-adic monodromy theorem, cf. Theorem 1.4.5, is proved
in Section 7.

Finally, Appendix A contains basic facts about nuclear and ω1-compact solid modules, used in
Section 5.

1.6. Conventions and notations. In general, we work in the context of ∞-categories (following
[Lur09], [Lur17]) and we consider derived constructions, e.g., for global sections, tensor products
or quotients. Moreover, we work in the context of light condensed mathematics, and more specif-
ically in the light solid setup, e.g., classical Banach spaces over Qp are seen as solid Qp-modules.
Occasionally, we refer to papers based on non-light condensed mathematics. We explain in the
beginning of Section 2.1 how this reasoning can be justified.

Given a condensed anima X, a subobject of X is by definition a condensed anima Y with a
monomorphism Y → X. In this case, we also write Y ⊆ X. Given R a discrete animated ring (or
discrete E∞-ring spectrum), we let Dδ(R) denote the symmetric monoidal category of R-modules
in spectra Sp, and let D(R) be the symmetric monoidal category of R-modules in condensed spectra
Cond(Sp). Given an analytic ring A, we let A▷ denote its underlying condensed ring. We say that
A is an analytic ring structure on A▷. We have a colimit preserving symmetric monoidal fully
faithful embedding Dδ(A(∗)) → D(A); an A-module M is called discrete over A if it belongs to
the essential image of this functor.

1.7. Acknowledgements. For useful discussions related to the content of this paper, we are
grateful to Ko Aoki, Bhargav Bhatt, Dustin Clausen, Pierre Colmez, Wiesława Nizioł, Alexander
Petrov, Andrea Pulita, Junhui Qin, and Alberto Vezzani. The third author would like to thank
Akhil Mathew for giving him the opportunity to present the results of this paper at the University
of Chicago, and for providing very useful feedback on it.

Some of the ideas in this paper were conceived during the Hausdorff trimester program “The
arithmetic of the Langlands program” in 2023, and the authors would like to thank the HCM
for making such an event possible. Work on this project was carried out at several institutions,
including the Max Planck Institute for Mathematics in Bonn, the Institute for Advanced Study,
Princeton University, l’IRMA (Université de Strasbourg), and LMO (Université d’Orsay); we thank
these institutions for their hospitality and support. The fourth author would also like to thank
Columbia University and the Simons Foundation for supporting him during the academic year
2023–2024 as a Junior Simons Fellow.
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2. Generalities on bounded rings

In this section we review and expand the theory of bounded rings over Qp introduced in [RC24a].

2.1. Bounded rings. In the following we work within the theory of light condensed mathematics12

and analytic stacks as in [CS24]. All rings are supposed animated unless otherwise specified. Given
an analytic ring A we denote by D(A) its derived ∞-category of complete A-modules.

Unfortunately, some of our references work in a “light setup”, while others in a “non-light” one.
We will often use references to the latter ones, because in many situations the proofs go through
verbatim. We remark that in the solid theory the category D(Z□) (defined in the light setting)
embeds fully faithfully as a symmetric monoidal ∞-category into its non-light version, and this
embedding preserves colimits and countable limits. In particular, certain statements in the light
setup can literally be reduced to their non-light counterparts (without having to imitate the proof).
With this general way of reasoning in mind, we don’t go into the details of how to transfer particular
statements to the light setting.

Let Zp,□ be the analytic ring of solid p-adic integers and let Qp,□ be the analytic ring of solid
p-adic numbers. We denote by RingZp,□

the category of solid Zp,□-algebras and by RingQp,□
the

category of solid Qp,□-algebras. Let us start by recalling the definition of the full subcategory of
bounded Qp,□-algebras

RingbQp,□
⊂ RingQp,□

introduced in [RC24a, Section 2.6].13

Before spelling out the definition, let us recall that a basic property of a bounded Qp-algebra
A is that each element f ∈ A(∗) is bounded, i.e. the morphism of solid Qp,□-algebras Qp[T ] → A
sending T to f , extends, for some n ∈ N, to a morphism Qp⟨pnT ⟩ → A of Qp[T ]-algebras, where
Qp⟨pnT ⟩ ∼= Zp[p

nT ]∧p [1/p] denotes the Tate Qp-algebra in pnT . We note that any such extension
is in fact unique due to the idempotency of Qp⟨pnT ⟩ over Qp[T ]. However, being bounded is not
just a condition on A(∗), but on A(S) for any light profinite set S.

Given a light profinite set S, we define the solid algebra Zp,□⟨N[S]⟩ as the p-adic completion of
the free solid Zp-algebra Zp,□[N[S]] generated by S.

Definition 2.1.1 ([RC24a, Definition 2.6.1]). Let A ∈ RingQp,□
. We define the subring A◦ ⊂ A of

power bounded elements as the subring with S-points, for any light profinite set S, given by

A◦(S) := MapRingZp,□
(Zp,□⟨N[S]⟩, A).

The subring of the bounded elements Ab ⊂ A is defined as

Ab = A◦[1/p].

We say that A is bounded if the natural map Ab → A is an equivalence.

In other words, given A ∈ RingQp,□
, the S-points of Ab are given by maps f : S → A such that

there exists some n ∈ N such that the map pnf : S → A extends to a morphism of algebras

Zp,□⟨N[S]⟩ → A.

This definition is sensible thanks to the idempotency properties of the Zp,□[N[S]]-algebra Zp,□⟨N[S]⟩,
[RC24a, Lemma 2.4.7]. This means that the functor A 7→ Ab is idempotent, and being bounded
is a property on solid Qp-algebras and no extra structure. The fact that Ab is indeed a solid
Qp-algebra follows from [RC24a, Lemma 2.4.8] as proven in Proposition 2.6.9 of loc.cit..

Lemma 2.1.2. The inclusion RingbQp,□
→ RingQp,□

of bounded Qp-algebras into solid Qp-algebras,
has as a right adjoint the functor A 7→ Ab. In particular, the full subcategory RingbQp,□

⊂ RingQp,□

is stable under all colimits.

Proof. These assertions are formally implied by the definition of a bounded Qp-algebra. □

Remark 2.1.3. By construction, the algebraic affine line AnSpec(Qp[T ]) and the analytic affine
line A1,an

Qp
get identified as functors on bounded Qp-algebras.

Examples 2.1.4.
(1) If A is a classical Banach Qp-algebra viewed as a solid Qp-algebra, then A is bounded,

[RC24a, Lemma 2.6.5].

12We will usually say light profinite set, but otherwise the adjective “light” will always be implicit.
13Up to the issue of “light vs. non-light” that we clarified before.
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(2) Taking care of non-trivial induced ring structures as in [RC24a] the category of bounded
affinoid Qp-algebras, as defined in [RC24a, Definition 2.6.10.(3)], contains all classical Tate
Huber pairs (A,A+)□ over Qp. Namely, the condition of being bounded for a solid affinoid
ring [RC24a, Definition 2.6.6] only depends on its underlying solid algebra.

Remark 2.1.5. Let A ∈ RingQp,□
be a solid Qp-algebra, and let S be a light profinite set. We can

define a new solid Qp-algebra AS := HomQp,□
(Qp,□[S], A), i.e., AS is the condensed ring sending a

light profinite set T to A(T ×S). Let us say that A is weakly bounded if for any light profinite set
S each element f ∈ AS(∗) is bounded. This condition is in general different from being bounded.
As a counterexample one has [RC24a, Example 2.5.1], namely, let A = Qp,□[N[S]] be the free solid
Qp-algebra on a profinite set S, let n > 1 and consider the map fn : S → Sn → A where the first
is the diagonal map and the second the natural map. We have an induced map fn : A→ A, we let
B = π0(A⊗fn,A Qp), that is, the quotient of A obtained by killing the solid module generated by
fn(S). The algebra B is the initial static solid algebra that parametrizes maps g : S → R with R
a solid Qp-algebra such that fn : S → R is the zero map. Applying this construction not just for
S → Sn but for all Sk → Skn, one can construct an augmented solid Qp-algebra B′ such that its
augmentation ideal I is nilpotent after evaluating at any profinite set T . However, one can show
that the natural map A→ B′ will not extend to the algebra Qp,□⟨N[S]⟩.

There are two main relevant features of bounded rings that we shall recall next.

2.2. The †-nilradical. The first new feature in the category of bounded rings is the existence of
a new nilradical Nil†, called the †-nilradical which heuristically consists of elements of norm zero,
see [RC24a, Definition 2.6.1]. Let us recall its definition since it will play an important role in
the rest of the paper. We need some preparations. Given a light profinite set S we let Zp,□JN[S]K
denote the completion of Zp,□[N[S]] with respect to its natural filtration, see [RC24a, Definition
2.4.5]. It has the explicit description

Zp,□JN[S]K =
∏
n∈N

Zp,□[S
n/Σn]

where Sn/Σn is the light profinite set given by the quotient of Sn by the natural action of the
symmetric group on n-letters (see [RC24a, Lemma 2.4.3]).

Lemma 2.2.1. Let S, S′ be light profinite sets. Then Zp,□⟨N[S]⟩ is the subring of Zp,□JN[S]K whose
S′-points consists of formal series ∑

n∈N
an

where an ∈ Zp,□[S
n/Σn](S

′) are elements such that an → 0 in the p-adic topology of the ring
Zp,□JN[S]K(S′).

Proof. Set A := Zp,□⟨N[S]⟩. By definition A is the p-adic completion of the algebra B := Zp,□[N[S]].
Therefore, for a light profinite set S′, we have that A(S′) is the p-adic completion of B(S′) (because
the evaluation at S′ commutes with limits). But B =

⊕
n∈N Zp,□[S

n/Σn], so an element in B(S′)
consists of series

∑
n an with an ∈ Zp,□[S

n/Σn](S′) that is eventually zero. The lemma follows. □

For the next lemma, we recall that a morphism f : A → B of solid Qp-algebras satisfies ∗-
descent, if the natural functor D(A)→ Tot

(
D∗(B⊗A•+1)

)
is an equivalence. Here, the ∗ indicates

that the implicit morphisms in the limit are given by tensoring, i.e., ∗-pullback.

Lemma 2.2.2. Let f : A→ B be a morphism of solid Qp-algebras such that f satisfies ∗-descent.
If B is bounded, then A is bounded.

Proof. Let S be a light profinite set and consider a map S → A. We want to show that there
is some n ≫ 0 such that the natural map A → A ⊗Qp,□[N[S]] Qp,□⟨N[pnS]⟩ is an equivalence. By
taking n such that the map B → B⊗Qp,□[N[S]] Qp,□⟨N[pnS]⟩ is an equivalence (which exists as B is
bounded) the lemma follows by ∗-descent. □

Definition 2.2.3. Let r ∈ R≥0. We define the ring Qp,□⟨N[S]⟩≤r as the solid subring of Qp,□JN[S]K
whose S′-points are series ∑

n

an

with an ∈ Qp,□[S
n/Σn](S′) such that there is r′ > r with |an|r′n → 0 where the norm | − | is taken

with respect to the p-adic topology of Qp,□[N[S]](S′) (we normalize | − | so that |p| = p−1).
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In other words, Qp,□⟨N[S]⟩≤r(∗) is the ring of overconvergent functions on the S-dimensional
closed disc of radius r.

Clearly, we have Qp,□⟨N[S]⟩≤s ⊆ Qp,□⟨N[S]⟩≤r if r ≤ s.

Remark 2.2.4. A priori Qp,□⟨N[S]⟩≤r is only defined as a subpresheaf of Qp-algebras of Qp,□JN[S]K.
By Lemma 2.2.5 (1) below it is indeed a sheaf on light profinite sets and even a solid Qp-module.

Lemma 2.2.5. Let S be a light profinite set and r ∈ R≥0. The following hold:
(1) The subpresheaf on light profinite sets Qp,□⟨N[S]⟩≤r ⊂ Qp,□JN[S]K is indeed a condensed

set and a solid Qp,□-algebra.
(2) Let K be an infinitely ramified algebraic extension of Qp. We have the description

(2.2.1) K ⊗Qp
Qp,□⟨N[S]⟩≤r = lim−→

b∈K
|b|>r

K□⟨N[bS]⟩

where the left-hand side is a priori understood as the tensor product of presheaves. In
particular, Qp,□⟨N[S]⟩≤r is a bounded Qp,□-algebra and idempotent over Qp,□[N[S]]. Here,
K□ denotes K with its induced analytic ring structure from Qp, and K□⟨N[bS]⟩ ∼= K□⟨N[S]⟩,
and the transition maps for r < |b′| < |b| in the colimit are given by the unique morphisms
of K□-algebras, which sends S ⊆ K□⟨N[S]⟩ to b′

b S ⊆ K□[S] ⊆ K□⟨N[S]⟩.
(3) We have that Qp,□⟨N[S]⟩≤1 ⊂ Qp,□⟨N[S]⟩ as subalgebras of Qp,□JN[S]K.

Proof. Part (2) implies (1) as then Qp,□⟨N[S]⟩≤r will be a retract of a solid Qp,□-module. It will
also show part (3) as we can check this inclusion after base change to K. Let us then prove (2).
It suffices to prove (2.2.1), in fact bounded algebras are stable under retracts of solid Qp-modules
since they are stable under ∗-descent by Lemma 2.2.2 and the right hand side term of the equation
is clearly bounded. Similarly, the idempotency over Qp,□[N[S]] follows since this can be checked
after base change to K by descent, where it follows by [RC24a, Lemma 2.4.7].

Thus, let us prove (2.2.1). Let S′ be a light profinite set, denote A = Qp,□⟨N[S]⟩≤r and B =
Qp,□JN[S]K (seen as presheaves on light profinite sets). By definition, A(S′) ⊂ B(S′) consists of
sums ∑

n

an

with an ∈ Qp,□[S
n/Σn](S

′) such that there is r′ > r with |an|r′n → 0 for the p-adic norm of
Qp,□[S

n/Σn](S
′). The triangular inequality shows that A(S′) is indeed a Qp-subalgebra of B(S′)

(even a Qp(S
′)-algebra). Thus, we can write A = lim−→r′>r

Ar′ where Ar′ is the subpresheaf of B
whose S′-valued points are precisely those sums

∑
n an as before such that |an|r′n → 0. By the

ultrametric inequality Ar′(S
′) ⊂ B(S′) is a Qp-algebra. Let us take r′ to be a rational number

and let F/Qp be a finite extension admitting an element b of norm r′. Then, we can describe
(A ⊗Qp

F )(S′) = A(S′) ⊗Qp
F as the sums

∑
n an with an ∈ F□[S

n/Σn] such that |bnan| → 0 for
the p-adic valuation. The latter identifies with the S′-valued points of F□⟨N[bS]⟩ (cf. Lemma 2.2.1).
This implies that

Ar′ ⊗Qp F = F ⟨N[bS]⟩
where the LHS tensor product is understood as a tensor product of presheaves. Taking base
change to K and knowing that the valuations of elements of K are dense in R we have the desired
description of (2.2.1). □

Remark 2.2.6. A consequence of Lemma 2.2.5 is that we could have used the algebras Qp,□⟨N[S]⟩≤1

instead of Qp,□⟨N[S]⟩ to define bounded rings as both define the same notion of a bounded ele-
ment. This is the correct point of view to extend the theory of bounded rings from solid rings to
gaseous rings, see [Sch24b, Lecture V.2], as the latter seems to behave well only for overconvergent
functions. Indeed, for the gaseous tensor product, the algebras Qp,gas⟨N[S]⟩≤1 are idempotent over
Qp,gas[N[S]], but not the algebras Qp,gas⟨N[S]⟩.

Definition 2.2.7. Given a solid Qp,□-algebra A we write

A⟨N[S]⟩≤r := A⊗Zp,□ Qp,□⟨N[S]⟩≤r.

We can now define the following subobjects represented by the algebras of Lemma 2.2.5 (the
definition is producing subobjects thanks to the idempotency statements proved in that lemma).

Definition 2.2.8. Let A be a solid ring over Qp,□ and r ∈ R≥0. We define the following objects:
(1) The Zp,□-subring of norm-1-elements A≤1 ⊂ A is the subpresheaf whose S-valued points

are given by
A≤1(S) = MapRingQp,□

(Qp,□⟨N[S]⟩≤1, A).
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More generally, for r ∈ R≥0 we define the solid A≤1-submodule A≤r ⊂ A to be the
subpresheaf whose S-valued points are

A≤r(S) = MapRingQp,□
(Qp,□⟨N[S]⟩≤r, A).

(2) When r = 0, we denote Nil†(A) = A≤0 and call it the †-nilradical of A.
(3) We define the A≤1-ideal of p-adically nilpotent elements to be A<1 =

⋃
r<1A

≤r. More
generally for r > 0, we define A<r :=

⋃
r′<r A

≤r′ .

Remark 2.2.9.
(1) The definition of the †-nilradical given above agrees with the one introduced [RC24a,

Definition 2.6.1]. In fact, Qp⟨N[S]⟩≤0 = Qp{N[S]}† in the notation of loc. cit..
(2) In [RC24a, Definition 2.6.1.(2)] the subgroup A◦◦ ⊆ A of topologically nilpotent elements is

defined. However, the natural inclusion A<1 ⊆ A◦◦ is strict in general: take A = ZpJT K[ 1p ],
then the element T is in A◦◦ by definition, but there is no r < 1 such that the map Qp[T ]→
A extends to Qp⟨T ⟩≤r. Indeed, we actually have maps the other way around A→ Qp⟨T ⟩≤r

as T is topologically nilpotent in the second algebra, and both are idempotent over Qp[T ].
Alternatively, one can note that the subgroup of topological nilpotent elements in the

sense of Definition 2.2.8 has as underlying points elements a ∈ A such that for some
s ∈ N≥1 the sequence (p−nans)n is a null-sequence in A. On the other hand, the ideal of
[RC24a, Definition 2.6.1(2)] only asks for (an)n to be a null sequence in A. This variant
of the ideal will be more convenient for us in the rest of the paper (and also behaves much
better in the gaseous setting).

Next, we want to show that the presheaves of Definition 2.2.8 are indeed condensed anima.

Lemma 2.2.10. Let S′ → S be a surjection of light profinite sets. Then the natural map

(2.2.2) Qp,□[N[S]]⊗Qp,□[N[S′]] Qp,□⟨N[S′]⟩≤1
∼−→ Qp⟨N[S]⟩≤1

is an equivalence. In particular, the presheaves of Definition 2.2.8 are condensed anima.

Proof. By the projectivity of free solid Zp-modules, we have an epimorphism of solid Zp-modules
Zp,□[S

′] → Zp,□[S], this map has a section s : Zp,□[S] → Zp,□[S
′] which gives rise to a map of

Qp-algebras
s̃ : Qp,□[N[S]]→ Qp,□[N[S′]].

Using the presentation of Qp,□⟨N[S′]⟩≤1 as convergent sequences of Definition 2.2.3, one verifies
that this map extends to

s̃ : Qp,□⟨N[S]⟩≤1 → Qp,□⟨N[S′]⟩≤1.

Composing with the natural map

Qp,□⟨N[S′]⟩≤1 → Qp,□[N[S]]⊗Qp,□[N[S′]] Qp,□⟨N[S′]⟩≤1,

this produces a morphism of idempotent Qp,□[N[S]]-algebras

Qp,□⟨N[S]⟩≤1 → Qp,□[N[S]]⊗Qp,□[N[S′]] Qp,□⟨N[S′]⟩≤1.

Since the category of idempotent algebras is a poset and there exists a morphism in the other
direction, one deduces that it must be an equivalence. For the final statement, it suffices to show
that A≤1 defines an hypersheaf in light profinite sets, as the other cases can be reduced to this by
Lemma 2.2.11 below. Now, given a surjection S′ → S as before, the equivalence (2.2.2) yields the
cartesian square

A≤1(S) A≤1(S′)

A(S) A(S′).

Then A≤1 is a hypersheaf as A is so. □

Lemma 2.2.11. Let A be a bounded ring. We have the following relations:
(1) Let r ≥ 0. Then A≤r =

⋂
r′>r A

≤r′ =
⋂

r′>r A
<r′ .

(2) Let r > 0. Then A<r =
⋃

r′<r A
≤r′ =

⋃
r′<r A

<r′ .

(3) Let r, r′ ≥ 0. Then the composition A≤r ×A≤r′ ⊆ A×A mult.→ A factors over A≤rr′ ⊆ A.
(4) Let r, r′ ≥ 0. Then the composition A≤r ×A≤r′ ⊆ A×A add.→ A factors over A≤max{r,r′} ⊆

A.
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Proof. For (1), the inclusion A≤r ⊆
⋂

r′>r A
≤r′ is clear as Qp,□⟨N[S]⟩≤r′ ⊆ Qp,□⟨N[S]⟩≤r if r′ >

r. Conversely, one notes that, by definition, Qp,□⟨N[S]⟩≤r =
⋃

r′>r Qp,□⟨N[S]⟩≤r′ , which implies⋂
r′>r A

≤r′ ⊆ A≤r. Clearly, the systems A≤r′ , A<r′ are cofinal among each other, which implies⋂
r′>r A

≤r′ =
⋂

r′>r A
<r′ .

For (2), the first equality is the definition of A<r. The second equality follows again by cofinality.
For (3), let S be a light profinite set, and let f ∈ A≤r(S), g ∈ A≤r′(S). We need to see that

the product fg ∈ A(S) lies in A≤rr′(S). This reduces to the universal situation, which is given
by A = Qp,□⟨N[S]⟩≤r⊗Qp,□ Qp,□⟨N[S]⟩≤r′ , the canonical morphisms f, g, and the universal product
fg, itself given by the composition

Qp,□[N[S]]
α→ Qp,□[N[S]]⊗Qp,□ Qp,□[N[S]]→ A.

Here, the first morphism α is induced by the diagonal S 7→ S×S ⊆ N[S
∐
S] using Qp,□[N[S]]⊗Qp,□

Qp,□[N[S]] ∼= Qp,□[N[S
∐
S]]. Now, A embeds into Qp,□JN[S

∐
S]K, and by Definition 2.2.3 the

assertion reduces to the following observation: Let x =
∑

n∈N an ∈ Qp,□⟨S⟩≤rr′ , and assume that
|an|sn → 0 for some s > rr′. Write s = tt′ with t > r and t′ > r′. Write α(x) =

∑
n,m bn,m

with bn,m ∈ Qp,□[S
n/Σn × Sm/Σm] ⊆ Qp,□JN[S

∐
S]K (i.e., bn,m = 0 if n ̸= m, and bn,n is the

image of an under the diagonal embedding Sn/Σn → Sn/Σn × Sn/Σn). Then |bn,m|tn(t′)m → 0
as |an|sn → 0.

Lastly, the proof of the assertion in (4) is similar, and reduces eventually to the ultrametric
inequality of the p-adic norm. □

Remark 2.2.12.
(1) Keep the notation of Definition 2.2.8. Given Lemma 2.2.11, the fact that A≤1 is a solid

Zp,□-algebra and that A≤r for r ≥ 0 are solid A≤1-modules follow by the same argument
as in [RC24a, Proposition 2.6.9]. Alternatively one can argue via descent from an infinitely
ramified extension of Qp to use Lemma 2.2.5, and or by writing A≤0 or A≤1 as a suitable
intersection of multiplicative translates of the ring A◦ there defined. Note also that

Ab =
⋃
r

A≤r

is the subring of bounded elements of A, while A◦ ⊂ A≤1 (as Qp,□⟨N[S]⟩≤1 ⊆ Qp,□⟨N[S]⟩).
(2) We recall that the idempotency of Qp,□⟨N[S]⟩≤r implies that πi(A≤r) = πi(A) for i > 0,

i.e., A≤r, A<1, Nil†(A) are condensed subanima of A. This also implies that the property
of being bounded only depends on the static quotient π0(A) of A.

We aim to prove useful criteria to check containment in A≤1. For this reason, we establish the
following technical lemma.

Lemma 2.2.13. Let S be a light profinite set. Then for all n ≥ 1 the natural map

Qp,□[N[S]]→ Qp,□[N[S]]⊗Qp,□[N[Sn]] Qp,□⟨N[Sn]⟩≤1,

where the tensor in the second term is induced by Sn → Sn/Σn → Qp,□[N[S]], factors through
Qp,□⟨N[S]⟩≤1. In particular, the natural map

Qp,□[N[S]]⊗Qp,□[N[Sn]] Qp,□⟨N[Sn]⟩≤1 → Qp,□⟨N[S]⟩≤1

is an isomorphism of idempotent Qp,□[N[S]]-algebras.

Proof. It suffices to prove that the map

Zp,□[N[S]]→ Zp,□[N[S]]⊗Zp,□[N[Sn]] Zp,□⟨N[Sn]⟩

factors through Zp,□⟨N[S]⟩ as then the other statement will follow. Indeed, using Lemma 2.2.5(2),
we may pass to an infinitely ramified extension of Qp, then write the base change of Qp⟨N[S]⟩≤1

as a colimit of Qp⟨N[S]⟩.
Let A = Zp,□[N[S]]⊗Zp,□[N[Sn]] Zp,□⟨N[Sn]⟩, it suffices to show that π0(A) is p-adically complete.

Indeed, this would show that π0(A) is a Zp,□⟨N[S]⟩-algebra, but the latter is idempotent over
Zp,□[N[S]], therefore A is a Zp,□⟨N[S]⟩-algebra (indeed, all πi(A), i > 0 will be modules over
Zp,□⟨N[S]⟩).

To prove the claim, it suffices to show that Zp,□[N[S]] is a static Zp,□[N[Sn]]-module of finite
presentation, in fact this would imply that π0(A) is a static Zp,□⟨N[Sn]⟩-module of finite presen-
tation and any such module is p-adically complete. For a light profinite set S′, let FreeZp,□(S

′) be
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the free associative Zp,□-algebra generated by S′. We have a commutative diagram of associative
algebras with horizontal surjective maps

FreeZp,□(S) Zp,□[N[S]]

FreeZp,□(S
n) Zp,□[N[Sn]].

Thus, to show that Zp,□[N[S]] is of finite presentation as Zp,□[N[Sn]]-module it suffices to prove
that it is of finite presentation as a FreeZp,□(S

n)-module. On the other hand, we have that

FreeZp,□(S) =

n−1⊕
i=0

FreeZp,□(S
n)⊗Zp,□ Zp,□[S

i]

as left FreeZp,□(S
n)-modules, therefore FreeZp,□(S) is a finitely presented FreeZp,□(S

n)-module (as
each Zp,□[S

i] is a compact projective Zp,□-module). Thus, it suffices to show that Zp,□[N[S]] is a
finitely presented FreeZp,□(S)-module. For proving this, first note that given a finite set S we have
a right exact sequence of graded modules

(2.2.3) FreeZp,□(S)⊗Zp

2∧
Zp[S]→ FreeZp,□(S)→ SymZp

Zp[S]→ 0

functorial in S. Now, if S = lim←−i
Si is a countable limit of finite sets, by taking limits of graded

modules on (2.2.3), we get a right exact sequence

FreeZp,□(S)⊗Zp,□

2∧
Zp,□[S]→ FreeZp,□(S)→ Zp,□[N[S]]→ 0

proving the claim, and so finishing the proof of the lemma. □

We can now verify the desired criterion.

Corollary 2.2.14. Let S be a light profinite set, A a bounded Qp-algebra and f : S → A a map
such that the n-th power f (n) : Sn → A factors through A≤r, then f factors through A≤r1/n .
Moreover, the following hold:

(1) f factors through A≤r for some r > 0 if and only if for all r′ > r of the form r′ = pa/b

with a ∈ Z and b ∈ N>0 the b-th power f (b) : Sb → A factors through p−aA<1. In the last
condition, p−aA<1 can be replaced by p−aA≤1.

(2) f factors through A<r for some r > 0 if and only if there is some r′ < r of the form
r′ = pa/b with a ∈ Z and b ∈ N>0 whose b-th power f (b) : Sb → A factors through p−aA<1.
The the last condition, p−aA<1 can be replaced by p−aA≤1.

Proof. We prove the first claim. Let f : S → A be such that f (n) : Sn → A factors through A≤r.
We want to show that f factors through A≤r1/n . Without loss of generality we can assume that r
and r1/n are rational (by writing A≤r =

⋂
r<r′ A

≤r′ with r′ rational, Lemma 2.2.11). Multiplying
by some power of p we may also assume that r < 1. We need to see that the map

A→ A⊗Qp,□[N[S]] Qp,□⟨N[S]⟩≤r1/n

is an isomorphism provided that

A→ A⊗Qp,□[N[Sn]] Qp,□⟨N[Sn]⟩≤r

is an isomorphism. We may base change (using ∗-descent) to a finite extension K of Qp. Therefore,
we can assume that there is a pseudo-uniformizer π in A with |π|p = r1/n (using that r1/n is
rational, r < 1 and non-zero). In this case, we can write

K□⟨N[S]⟩≤r1/n = K□⟨N[πS]⟩≤1

and
K□⟨N[Sn]⟩≤r = K□⟨N[(πS)n]⟩≤1.

Then, by rescaling we can assume that r = 1. In this case the claim follows from Lemma 2.2.13.
We now prove the next claims. In the forward direction of (1) it suffices to consider the universal

case, namely the map f : S → A = Qp,□⟨N[S]⟩≤r. Then f (b) : Sb → Qp,□⟨N[S]⟩≤r extends to a map
Qp,□⟨N[Sn]⟩≤rb → A (this follows from the definition of these algebras, Definition 2.2.3), and
thus f (b) ∈ A≤rb(Sb). Therefore, paf (b) ∈ A≤p−arb(Sb) (as p ∈ A≤1/p and p−1 ∈ A≤p.). But
r′ = pa/b > r implies p−arb < 1, and thus paf (b) ∈ A<1(Sb), i.e., f (b) factors through p−aA<1.
Conversely, if paf (b) factors through A<1 (or just A≤1) for all r′ = pa/b > r then in particular f (b)
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factors through A≤pa

. By the first part of the corollary the map f factors therefore through A≤r′ .
Taking limits as r′ → r we deduce that f factors through A≤1 as wanted.

Now, we check (2). Assume that f factors through A≤s ⊆ A<r. Then take some s < r′ =
pa/b < r. By (1) f (b) factors through p−aA<1 as desired. Conversely, assume that f (b) factors
through p−aA≤1 = A≤pa

for some r′ = pa/b < r. Then f factors through A≤r′ by the first part of
the corollary, and thus through A<r as r′ < r. □

Example 2.2.15. Let A be a classical Banach algebra over Qp, seen as a solid Qp-algebra. Then
A≤1 is the classical Zp-algebra A′ of power-bounded elements in A (for a similar assertion, see
[RC24a, Lemma 2.6.5]). Indeed, let A0 ⊆ A be a ring of definition. Then A0 ⊆ A is open with
A/A0 discrete. This implies that for each continuous map f : S → A with S a light profinite set, and
such that f(S) ⊆ A′ the image of S lies in a finitely generated A0-subalgebra B ⊆ A′. But then B
is bounded (hence p-adically complete), and Sn → B for all n ≥ 0. Thus, the map Zp,□[N[S]]→ A
classified by f extends to Zp,□⟨N[S]⟩, and hence a fortiori to Qp,□⟨N[S]⟩≤1. Conversely, if f : S → A
lands in A<1, then f(s) ∈ A has to be topological nilpotent for any s, and therefore A<1 = A◦◦

is the set of topologically nilpotent elements in A. Using Corollary 2.2.14 one can conclude that
A≤1 = A′.

Lemma 2.2.16. Let f : A → B be a morphism of bounded Qp-algebras satisfying ∗-descent. Let
B• be the Čech conerve of f . Then for r ∈ [0,∞) the natural maps

A≤r → Tot(B•,≤r) and A<r → Tot(B•,<r)

are equivalences.

Proof. As the map f satisfies ∗-descent, we have that A = Tot(B•). Thus, all terms in the lemma
are subojects of A and it suffices to prove the following fact: let g : S → A be a map whose
composite S → B factors through B≤r (resp. B<r), then g factors through A≤r (resp. A<r).
The first case follows by ∗-descent from the fact that S → A factors through A≤r if and only if it
extends to a map Qp,□⟨N[S]⟩≤r → A. For the second case, by Corollary 2.2.14, f factors through
A<r if and only if there is r′ = a

b < r such that f (b) : Sb → A factors through A≤a, which then can
be tested by ∗-descent. □

Lemma 2.2.17. Let {Ai}i∈I be a filtered diagram of bounded Qp-algebras with colimit A. Then
for any r > 0 the natural map

lim−→
i

A<r
i → A<r

is an equivalence.

Proof. Using descent from an infinitely ramified algebraic extension of Qp, we can reduce to the
case that r = 1, see Lemma 2.2.16. Both terms are full condensed subanima of A, therefore we
can assume without loss of generality that the Ai and so A are static. Let S be a light profinite
set and let f : S → A<1, then there is some r < 1 such that f lifts to

f̃ : Qp⟨N[S]⟩≤r → A.

For any r < r′′ < r′ < 1 the map Qp⟨N[S]⟩≤r′ → Qp⟨N[S]⟩≤r factors through the condensed sub-
algebra Br′′ ⊂ Qp,□JN[S]K consisting of sums

∑
n an with an ∈ Qp,□[S

n/Σn] such that (|an|(r′′)n)n
is uniformly bounded for the p-adic norm of (the points of) Qp,□[S

n/Σn]. This algebra Br′′ is a
light Smith space (Definition A.0.1), so in particular compact. Thus, we can lift the map f̃ to
some map of Qp-modules g : Br′′ → Ai for some i. We want to see that after enlarging i this map
becomes a morphism of algebras. Indeed, being a morphism of algebras means 1 goes to 1 (which
we can guarantee as this holds on A), and that the multiplication maps are compatible. This last
compatibility is guaranteed since Br′′ ⊗Qp,□ Br′′ is still a light Smith space, so compact, and so the
defect of g being a multiplicative map can be tested via a linear map Br′′ ⊗Qp,□ Br′′ → Ai. Since
the composite to A is zero (as Br′′ → A is an algebra morphism) there is some index i′ > i such
that Br′′ ⊗Qp,□ Br′′ → Ai → Ai′ is an algebra morphism. This provides a lift of f to S → Ai′ that
can be extended to Qp,□⟨N[S]⟩≤r′ proving what we wanted. □

Remark 2.2.18. The analog of Lemma 2.2.17 for A≤1 is false: given a light profinite set S,
e.g., S = {∗}, the identity Qp,□⟨N[S]⟩≤1 → Qp,□⟨N[S]⟩≤1 = lim−→r>1

Qp,□⟨N[S]⟩≤r does not factor
through some Qp,□⟨N[S]⟩≤r as otherwise the inclusion Qp,□⟨N[S]⟩≤r → Qp,□⟨N[S]⟩≤1 would be an
isomorphism for some r > 1.

One of the most important features of the †-nilradical is that it is an ideal for bounded rings,
see [RC24a, Proposition 2.6.9 (3)]. We can then define the †-reduction of a bounded algebra:
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Definition 2.2.19 ([RC24a, Definition 2.6.10]). Let A be a bounded algebra. Its †-reduction is
the bounded Qp,□-algebra A†−red := A/Nil†(A). We say that a bounded algebra is †-reduced if the
map A→ A†−red is an equivalence.

We note that the cofiber of Nil†(A)→ A is automatically concentrated in degree 0 (as Nil†(A)
defines a condensed subanima). Hence, A†−red is static, and acquires the structure of a condensed
Qp,□-algebra (even solid, cf. Remark 2.3.4).

The following is an analog of [RC24a, Proposition 2.6.16].

Proposition 2.2.20. Let A be a bounded Qp-algebra, then we have a pullback square

A≤1 A†−red,≤1

A A†−red.

The same holds for A≤r for r ∈ R≥0 and A<1. In particular, we have that Nil†(A†−red) = 0 and
so A†−red is †-reduced.

Proof. It suffices to prove the first part for the A<r elements (r > 0), since the others follow from
Lemma 2.2.11. Set B = A†−red. Let S be a light profinite set and f : S → A a map whose
composite g : S → A → B factors through B<r. By Corollary 2.2.14 there is some r′ = pa/b < r
such that the map g(b) : Sb → B factors through p−aB<1. So, by letting S′ := (

⊔
k∈N S

bk) ∪ {∞},
we can extend the sequence

p−akg(bk) : Sbk → B

to a null sequence g̃ : S′ → B. Then, we can find a lift f̃ : S′ → A of g̃ which will land in some
A≤s for some s > 0 (as A is bounded). Then, the difference between p−akf (bk) : Sbk → A and
the restriction f̃ |Sbk : Sbk → A lands in Nil†(A). Therefore, p−akf (bk) lands in A≤s for all k ≥ 1

and by Lemma 2.2.13 one has that f lands in A≤(s|p|ak)1/bk = A≤s1/bk|p|a/b

= A≤s1/bkr′ . Since this
holds for all k ≥ 1, by taking limits as k →∞ one deduces that f factors through A≤r′ ⊂ A<r as
wanted. The claim Nil†(A†−red) = 0 follows then since Nil†(A) = A≤0 and by definition we have
a fibration

Nil†(A)→ A→ A†−red.

□

Remark 2.2.21. The proof of Proposition 2.2.20 shows that for any quotient A → B with
fib(A→ B) ⊆ Nil†(A), one has a pullback square on ≤ r or < r elements as in Proposition 2.2.20.

The following is a version of [RC24a, Lemma 2.6.18] (up to the change from A◦ to A≤1 and the
fact that A must be static in loc. cit.).

Lemma 2.2.22. Let A be a static bounded Qp-algebra. Then A is †-reduced if and only if A≤1 is
p-adically separated.

Proof. Assume that A is †-reduced. Then
⋂

n∈N p
nA≤1 = Nil†(A) = 0 and A≤1 is p-adically

separated. Conversely, assume that A≤1 is p-adically separated. Let S be a light profinite set, and
let S → Nil†(A) be a map. Then for any n ≥ 1, this map lies in A≤1/pn

= pnA≤1. Thus, this map
factors through

⋂
n∈N p

nA≤1 = 0, and therefore Nil†(A) = 0. □

Remark 2.2.23. The current definition of the nilradical suffices for all the applications in p-adic
Hodge theory we have encountered so far. However, it has a technical disadvantage: given a †-
reduced bounded ring A it could be that A(S) has non-trivial nilpotent elements for some light
profinite set S. This does not happen though if A is Gelfand in the sense of Definition 3.1.1 below,
see Proposition 2.3.6. A fix to this problem involves a different definition of the †-nilradical which
agrees with the former definition in the Gelfand situation. Since this deficiency of the current
definition of Nil† will not play a role in this paper we will not comment more about it, except in
Remark 2.3.5.

The following statement should not be a surprise.

Lemma 2.2.24. Let A be a bounded ring, then for any r < 1 the pair (A≤1(∗), A≤r(∗)) is a
Henselian pair.

Proof. We have to show that A≤r is contained in the Jacobson radical of A≤1(∗) and that for any
monic polynomial P (T ) ∈ A≤1[T ] such that P (T ) ∈ A≤1/A≤r[T ] has a root α, we can lift α to a
root α in A. Without loss of generality we can take r = |p|. Let a ∈ pA≤1 = A≤|p|, we have a
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map Zp⟨Tp ⟩≤1 → A≤1, since 1 + T is invertible in Zp⟨Tp ⟩≤1 then 1 + a is invertible in A≤1 proving
that a is in the Jacobson radical. Now, consider a monic polynomial P in A≤1 with a root α
modulo p. Fix α′ a lift of α. Write P (T ) = Tn + an−1T

n−1 + · · · + a0, we then have a map of
rings f : B → A≤1 with B = Zp⟨X0, . . . , Xn−1, Y ⟩≤1 → A≤1 mapping Xi to ai and Yi to α′. Let
P̃ (T ) = Tn + Xn−1T

n−1 + · · · + X0, the map f factors through B⟨ P̃ (T )−Y
p ⟩≤1. It is easy to see

using Newton’s method that there is a root Ỹ of P̃ (T ) in B⟨ P̃ (T )−Y
p ⟩≤1 that agrees with Y modulo

p. The image α of Ỹ in A≤1 produces the desired root. □

2.3. Uniform completion of bounded rings. We discuss another important construction on
bounded Qp-algebras, which generalizes the uniform completion of Huber rings.

Definition 2.3.1. Let A be a bounded Qp-algebra. The uniform completion of A is the bounded
A-algebra

Au = (lim←−
r

A≤1/A≤r)[1/p]

(with the limit taken in solid Zp-algebras) endowed with the induced analytic ring structure from
A. We say that a bounded Qp-algebra A is uniform if the map A→ Au is an equivalence.14

Remark 2.3.2. In other words,
Au = (A≤1)∧p [1/p].

We note that the natural morphism A → Au factors over A†−red, and that Au is automatically
static.

Lemma 2.3.3. Let A be a bounded Qp-algebra. The inclusion

(A≤1)∧p ↪→ lim←−
r→0

A/A≤r

induces an isomorphism
Au ∼−→ lim←−

r→0

A/A≤r.

Proof. First, note that multiplication by p on lim←−r
A/A≤r is invertible: we already have an iso-

morphism
p· : A/A≤r ∼−→ A/A≤r|p|.

This gives an injective map Au → lim←−r
A/A≤r. Next, we want to show that this map is also a

surjection. Let S be a light profinite set with a map f : S → lim←−r
A/A≤r. If r < 1, then we can

lift the projection fr : S → A/A≤r to a map f̃r : S → A (using that Zp,□[S] is a projective solid
Zp,□-module). Since A is bounded, there is some s > r such that f̃r factors through A≤s. We
claim that for any r′ < r the projection fr′ : S → A/A≤r′ factors through A≤s/A≤r′ . Suppose
the claim holds, then for |p|−k > s we have that pkf factors through lim←−r

A≤1/A≤r = (A≤1)∧p

proving the surjectivity. Let us now show the claim: let f̃r′ : S → A be a lift of fr′ , then we know
that f̃r − f̃r′ ∈ A≤r, by the ultrametric inequality (Lemma 2.2.11), and since s > r, we get that
f̃r′ lands in A≤s, as desired. □

Remark 2.3.4. The algebra A≤1 is Zp,□-solid: indeed, this can be checked after base change to
the ring of integers of a ramified extension of Qp containing p−1/n for all n > 0 and then

A≤1 = ∩np−1/nA◦

which is solid by [RC24a, Proposition 2.6.9 (3)]. This immediately implies that Au is Zp-solid.

Remark 2.3.5. For having a definition of the uniform completion of a general bounded Qp-
algebra A, such that for all S profinite Au(S) is a classical uniform Banach ring, one should use
a variant Ã≤r of the subspaces A≤r for r ≥ 0. By definition, Ã≤r(S) will consist of those maps
∗ → C(S,A) = AS (in the notation of Remark 2.1.5) that extend to Qp⟨T ⟩≤r. This variant contains
A≤r but is in general much larger, and it is not obvious at first sight that this definition should
give a solid module (though it turns out to be the case). The variant of the nilradical mentioned
in Remark 2.2.23 is then the intersection

Ñil
†
(A) = ∩rÃ≤r.

14We recall that a non-archimedean Banach ring A is uniform iff its topology can be defined by a power-
multiplicative norm iff its spectral seminorm is a norm iff its subring A0 of power-bounded elements is bounded iff
A0 is p-adically complete, if A is a Banach Qp-algebra. See [Sch24a, Proposition 2.21] and [KL15, Definition 2.8.1].
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However, Proposition 2.3.6 below shows that this difference is irrelevant for Gelfand rings (that
will be introduced in Definition 3.1.1).

Proposition 2.3.6. Let A be a bounded Qp-algebra. The following hold:
(1) Au is a bounded Qp-algebra and we have a pullback square in D(Zp,□)

(2.3.1)
A≤1 Au,≤1

A Au.

Similarly for A≤r for r ∈ R≥0 and A<1. In particular, taking r = 0, the natural map
A†−red → Au is injective and the natural map (A†−red)u → Au is an isomorphism.

(2) We have Au,≤1 = lim←−r<1
A≤1/A≤r and Au,<1 = lim←−r<1

A<1/A≤r. In particular, the map
(Au)u → Au is an isomorphism, so Au is uniform, and the uniform completion of A only
depends on its †-reduction A†−red, and Au is static.

(3) We have Nil†(Au) = 0, i.e. Au is †-reduced.
(4) An object f ∈ A is invertible if and only if its image in Au is so.

Proof. We prove (1). We may assume that A is static. Let us first show that Au is bounded. This
follows from the fact that Au = (A≤1)∧p [ 1p ] is the generic fiber of a p-adically complete solid ring,
see [RC24a, Lemma 2.6.13]. Let S be a light profinite set and let g : S → A be a map such that
the composite f : S

g−→ A → Au factors through Au,<1 (by Corollary 2.2.14). There is a power
f (s) : Ss → Au,<1 that factors through pAu,<1. By Corollary 2.2.14 it suffices to show that there
is some power g(s) : Ss → A that factors through A<1, by changing S to S2s we can then assume
that f factors through p2Au,<1.

The map p−1f : S → Au,<1 extends to a morphism of algebras

H : Zp,□JN[p−1S]K→ Au,<1.

In particular, we have an induced map

f̃ : S′ :=
⊔
n

(p−1S)n ∪ {∞} → Au,<1

mapping ∞ to zero. Recall that Au = lim←−r
A/A≤r by Lemma 2.3.3. Let r < 1 and consider the

composite
f̃r : S′ → Au → A/A≤r.

We can find a lift g̃ : S′ → A of f̃r. Note that for all n ≥ 1 the restriction of g̃|Sn agrees with
p−ng(n) : Sn → A modulo A≤r ⊂ A<1. There exists some s > r such that g̃ factors through A≤s.
Since r < s the ultrametric inequality yields (Lemma 2.2.11 (4)) that p−ng(n) lands in A≤s for all
n ≥ 1 and by Corollary 2.2.14 one sees that g lands in pA≤s1/n for all n ∈ N, and so in pA≤1 ⊂ A<1

as wanted. The same argument works as well for A≤1 replaced by A≤r′ for some r′ ≥ 0.
It is left to show that A/A≤r ∼= Au/Au,≤r for r ≥ 0. For this it suffices to see that the

map A/A≤r → Au/Au,≤r is surjective as injectivity follows by what we have already proven.
By multiplying with some power of p, we may assume that r ≥ 1, in which case the desired
surjectivity is implied by the one for r = 1. Hence, we assume r = 1. By Lemma 2.3.3 we have a
map π : Au → A/A≤1. We have that ker(π) = lim←−r<1

A≤1/A≤r = (A≤1)∧p and so ker(π) ⊂ Au,≤1.
Therefore, given S a light profinite set and a map f : S → Au, we can take a lift g̃ : S → A with
composite f̃ : S → A → Au such that the difference f − f̃ lands in ker(π) ⊂ Au,≤1, proving the
desired surjectivity.

We now continue with part (2). It is clear that Au is static since A≤1 ⊂ A is a full subanima,
in particular πi(A≤1) = πi(A) for i ≥ 1 is a Qp-module which is killed after p-completion. From
Lemmas 2.2.11 and 2.3.3 one deduces that π : Au → A/A<1 has kernel ker(π) = (A<1)∧p . Indeed,
for r < 1 we have a short exact sequence

0→ A<1/A≤r → A/A≤r → A/A<1 → 0,

taking limits one has a short exact sequence

0→ (A<1)∧p → Au → A/A<1 → 0.

Thus we have an inclusion (A<1)∧p ⊂ Au,<1. We want to show that this inclusion is an equality.
Let f : S → Au,<1. As before, we can find a map g̃ : S → A with composite f̃ : S → A→ Au such
that the difference f − f̃ lands in (A<1)∧p . In particular, f̃ lands in Au,<1 and by part (1) g̃ lands
in A<1. This implies that f itself is in (A<1)∧p proving what we wanted.
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Next we prove part (3). By (2) we know that Au,≤1 = (A≤1)∧p is classically p-adically complete,
so p-adically separated and by [RC24a, Lemma 2.6.18] Au is †-reduced.

Finally, we prove (4). Let f ∈ A be an element such that the reduction f ∈ Au is invertible, let
s ∈ R>0 be such that f ∈ A≤s. Let g ∈ Au be an inverse of f . By part (2), we can find an element
g̃ ∈ A such that g̃ = g+ h with h ∈ Au,≤1/2s. Hence, we have that 1− g̃f maps to −hf ∈ Au,≤1/2

and so by part (1) that 1− g̃f ∈ A≤1/2. Hence, the element 1− g̃f defines a map Qp⟨T ⟩≤1/2 → A
mapping T 7→ 1 − g̃f . Since 1 − T is invertible in Qp⟨T ⟩≤1/2, one has that g̃f is invertible in A
which implies that f is so. □

Corollary 2.3.7. The inclusion of uniform bounded Qp-algebras into all bounded Qp-algebras has
A 7→ Au as a left adjoint. In particular, for any diagram {Ai}i∈I of bounded Qp-algebras, the
natural map (lim−→i

Ai)
u → (lim−→i

Au
i )

u is an equivalence.

Proof. This follows from the facts that Au is uniform and that each morphism of bounded Qp-
algebras A→ B induces a morphism A≤1 → B≤1. □

Example 2.3.8. Let S be a light profinite set and A := Qp,□⟨N[S]⟩≤1. Then A≤1 = A∩Zp,□⟨N[S]⟩,
and Au,≤1 = Zp,□⟨N[S]⟩.
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3. Gelfand rings and their Berkovich spectrum

This chapter introduces the notion of Gelfand ring, a suitable class of bounded rings. Using
Gelfand rings, we will define in the next chapter a variant of analytic stacks, called Gelfand stacks,
of which analytic de Rham stacks will be examples. The definition of Gelfand rings was motivated
by conversations of the fourth author and fifth author with Clausen about different aspects of the
theory of bounded rings; in particular, it was inspired by an analogous definition given by Clausen
in the complex situation.

A main advantage of Gelfand rings is that there is a good theory of Berkovich spectrum for
them, generalizing the one of Banach algebras.

3.1. Definition and main properties.

Definition 3.1.1. A bounded Qp-algebra A is said to be Gelfand if A/A≤1 is a discrete condensed
set. We let GelfRingQp

⊂ RingbQp
be the full subcategory of Gelfand Qp-algebras (also called Gelfand

rings).

Remark 3.1.2. Filtered colimits of discrete condensed sets, subobjects of discrete condensed
sets, and quotients of discrete condensed sets are again discrete. Moreover, extensions of discrete
condensed abelian groups are again discrete. This implies that a bounded Qp-algebra is Gelfand
if and only if one of following objects is a discrete condensed set:

A/A≤r, A/A<r, A≤r/A≤s, A<r/A<s,

for some r > s > 0.

Example 3.1.3. For a light profinite set S and r ≥ 0 the bounded Qp-algebra A = Qp,□⟨N[S]⟩≤r

is Gelfand if and only if S is finite. Indeed, A≤1/A≤|p| contains Fp,□[S] as a direct summand, and
this Fp,□-module is discrete if and only if S is finite. For the converse, one notes that A is a colimit
of Banach algebras over Qp, and one can apply Proposition 3.1.4.

The following lemma provides enough stability properties of the category of Gelfand Qp-algebras:

Proposition 3.1.4. The category GelfRingQp
is stable under colimits in bounded Qp-algebras.

Moreover, a bounded ring A is Gelfand if and only if Au is a Banach Qp-algebra.

Proof. By Proposition 2.3.6 we have an isomorphism A/A≤1 = Au/Au,≤1. Hence, a bounded ring
A is Gelfand if and only if Au is Gelfand. Now, for A a bounded ring, one has Au = Au,≤1[ 1p ]

where A≤1,u is a p-adically complete and separated solid abelian group. Thus, Au is a Banach
Qp-algebra if and only if Au,≤1/p = A≤1/p is a discrete Fp-vector space. Since |p| = p−1, Au is
Banach if and only if A≤1/A≤p−1

is discrete. By Remark 3.1.2 this last happens if and only if A
is Gelfand.

The stability of Gelfand rings under colimits in bounded Qp-algebras follows from the com-
patibility of uniform completion under colimits (Corollary 2.3.7), and the fact that the uniform
completion of a colimit of Banach algebras is a Banach algebra. □

With the previous proposition in mind, we give the following definition of the Berkovich spectrum
of a Gelfand ring.

Definition 3.1.5.
(1) Let B be a Banach algebra over Qp. The Berkovich spectrum M(B) of B is the topological

space whose underlying set is the set of all continuous multiplicative seminorms |− | : B →
R≥0 such that |p| = p−1. Given x ∈ M(B) an element of the Berkovich spectrum, we
denote | − |x its associated multiplicative seminorm. Consider the inclusion map

(3.1.1) M(B) ↪→
∏
f∈B

R≥0

sending x ∈ M(B) to the tuple (|f |x)f∈B . The topology of M(B) is defined to be the
induced topology from the product topology in (3.1.1). In other words, the topology of
M(B) is the coarsest topology making the mapsM(B)→ R≥0 sending x 7→ |f |x for f ∈ B
a continuous map.

(2) Let A be a Gelfand ring. We define the Berkovich spectrum of A to be

M(A) :=M(Au).
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(3) Let A be a Gelfand ring, and (f1, . . . , fn, g) a tuple of elements in A generating the
unit ideal. Let X = M(A) be its Berkovich spectrum. We define the rational subspace
X( f1,...,fng ) ⊂ X to be the closed subspace of multiplicative seminorms | − | : Au → R≥0

such that |fi| ≤ |g| ≠ 0 for i = 1, . . . , n. A closed subspace Z ⊂ X is called a rational
subspace if it admits a presentation of the form Z = X( f1,...,fng ) as before.

Let us recall some basic properties of the Berkovich spectrum.

Remark 3.1.6. Let B be a Banach Qp-algebra.
(1) The Berkovich spectrum M(B) is a compact Hausdorff space. Indeed, any continuous

multiplicative seminorm | − | : B → R≥0 must send B≤1 to the interval [0, 1], being a
power bounded element. Hence, one has a closed embedding M(B) ↪→

∏
f∈B≤1 [0, 1]

makingM(B) a closed subspace of a compact Hausdorff space and hence itself compact.
(2) Let S ⊂ B≤1 be a dense subspace. Then the map M(B) →

∏
f∈S [0, 1] sending x to

(|f |x)f∈S is a closed embedding: this follows by continuity of the multiplicative seminorm.
In particular, if B admits a countable dense subspace (i.e. it is a separable Banach algebra),
M(B) is a metrizable compact Hausdorff space.

Remark 3.1.7. Recall that a Banach ring B is said to be uniform if the Gelfand transform

B →
Ban∏

x∈M(B)

κ(x)

is an isometric embedding, where κ(x) stands for the completion of the fraction field of the com-
pletion of B with respect to the semi-norm corresponding to x (a Banach field) and the product
is taken in the category of Banach rings. Equivalently ([Sch24a, Proposition 2.21]), B is uniform
if the norm defining the Banach ring structure is power multiplicative. For a non-archimedean
Banach ring which is Tate (i.e. admits a topologically nilpotent unit), this is also equivalent to the
condition that the subring of power-bounded elements B◦ is bounded. Over Qp, the category of
uniform Qp-Banach algebras B, with continuous algebra morphisms, is equivalent to the category
of p-adically complete and p-torsion free Zp-algebras R with R totally integrally closed in R[1/p],
with functors given by B 7→ B◦ and R 7→ R[1/p] (with norm given by |f | = min{|pn|, f ∈ pnR}),
see [Bha17, Proposition 5.2.5]. In particular, for a Banach Qp-algebra B, its uniform completion
(in the sense of Huber rings) coincides with the uniform completion as defined in Definition 2.3.1.

As a consequence, the uniform completion of a Gelfand ring is a uniform Qp-Banach algebra,
i.e. one for which its Gelfand transform is an isometric embedding. This motivates our choice of
terminology.

Lemma 3.1.8. Let f : A→ B be a morphism of Gelfand rings. Then we have a continuous map
M(f) :M(B) → M(A) that pullbacks rational subspaces to rational subspaces. Furthermore, if
Au ∼−→ Bu, then the map M(f) identifies rational subspaces.

Proof. The continuity and stability of rational subspaces under pullbacks is classical from the
Banach case. It is left to see that if A and B have the same uniform completions then rational
subspaces are identified. We can assume without loss of generality that B = Au. Let X =
M(A) =M(Au) and let f1, . . . , fn, g ∈ Au be elements generating the unit ideal. We claim that
there is ϵ > 0 such that for any choice of elements f̃1, . . . , f̃n, g̃ in A such that fi − f̃i ∈ Au,≤ϵ and
g − g̃ ∈ Au,≤ϵ, we have an equality of rational subspaces

X(
f1, . . . , fn

g
) = X(

f̃1, . . . , f̃n
g̃

).

This implies the lemma as the image of A in Au is dense. To prove the claim, after multiplying
all fi and g by a pseudo-uniformizer, we can assume without loss of generality that they belong to
Au,≤1. We note that as (f1, . . . , fn, g) generate the unit ideal, there exists some pseudo-uniformizer
π ∈ Qp such that X( f1,...,fng ) ⊂ X(πg ). We claim that any ϵ > 0 such that ϵ < |π| works. Indeed,
if g − g̃ ∈ Au,≤ϵ, then x ∈ X satisfies |g|x ≥ |π| if and only |g̃|x ≥ |π| and for such seminorms one
has |g|x = |g̃|x. Similarly, if fi − f̃i ∈ Au,≤ϵ and if x ∈ X is such that |fi|x ≤ |g|x and |g|x ≥ |π|,
then |f̃i|x = |fi + (f̃i − fi)| ≤ sup{|f̃i|, ϵ}, and so |f̃i|x ≤ |g|x. □

Proposition 3.1.9. Let A be a Gelfand ring with Berkovich spectrum X = M(A). Let Z ⊂ X
be a rational subspace. Then there is an idempotent morphism A → AZ of Gelfand rings such
that a map A → B of Gelfand rings induces a factorization A → AZ → B if and only if the
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map of Berkovich spectra M(B) → X factors through Z. More explicitly, if Z = X( f1,...,fng ) is a
presentation of Z as a rational subspace with fi, g ∈ A generating the unit ideal, we have

(3.1.2) AZ = A[
1

g
]⊗Qp Qp⟨T1, . . . , Tn⟩≤1/

L(gTi − fi) = A⊗Qp Qp⟨T1, . . . , Tn⟩≤1/
L(gTi − fi).

In that case, the map M(AZ) → M(A) is an homeomorphism onto Z and identifies rational
subspaces of M(AZ) and rational subspaces of A contained in Z. We call AZ the Berkovich
rational localization of A along Z.

Proof. Let us show that the two presentations of the algebra (3.1.2) agree. For this, it suffices
to see that g is invertible in the presentation B = A ⊗Qp

Qp⟨T1, . . . , Tn⟩≤1/
L(gTi − fi). Since

(f1, . . . , fn, g) generate the unit ideal, there are elements ai, b ∈ A such that
∑

i aifi + bg = 1,
hence in the algebra B we have 1 =

∑
i aigTi + bg = g(

∑
i aiTi + b) proving that g is invertible as

wanted.
The first presentation of (3.1.2) is clearly idempotent: it is the composite of the idempotent

maps

A→ A[
1

g
]→ A[

1

g
]⊗Qp[T1,...,Tn] Qp⟨T1, . . . , Tn⟩≤1

where Ti 7→ fi/g. The second presentation shows that AZ is a Gelfand ring. We will show that the
algebra AZ satisfies the universal property stated in the lemma. The uniform completion Au

Z is the
uniform completion of the classical rational localization of the Banach algebra Au along Z, thus, it
is classical thatM(AZ)→ X induces an homeomorphism with Z identifying rational localizations.
Let A→ B be a morphism of Gelfand Qp-algebras such that M(B) → X factors through Z. We
claim that the map B → B ⊗A AZ is an isomorphism, as AZ is idempotent this produces a
uniquely defined map AZ → B, establishing its universal property. By the universal property
of rational localizations for Banach algebras, which is classical, we have a unique factorization
Au → Au

Z → Bu and therefore an isomorphism Bu ∼−→ (B ⊗A AZ)
u. By Lemma 3.1.10 below we

have an isomorphism B
∼−→ B ⊗A AZ proving what we wanted. □

Lemma 3.1.10. Let A be a Gelfand ring and A → AZ a Berkovich rational localization as in
(3.1.2). Suppose that Au ∼−→ Au

Z is an isomorphism. Then A
∼−→ AZ is an isomorphism.

Proof. The rational subspace Z ⊂M(A) is the locus {|fi| ≤ |g| ̸= 0}. It suffices to show that the
following hold:

(i) g ∈ A is invertible.
(ii) fi

g ∈ A
≤1.

Indeed, if this holds, then we have a map AZ = A[ 1g ]⊗Qp
Qp⟨T1, . . . , Tn⟩≤1/

L(gTi − fi)→ A, and
since AZ is idempotent over A, we get A ∼= AZ . The claim (i) follows from the fact that g ∈ A
is invertible if and only if its image in Au is so (see Proposition 2.3.6 (4)). The claim (ii) follows
from Proposition 2.3.6 (1) and the fact that the image of fi/g are in Au,≤1. □

Lemma 3.1.11. Let A be a Gelfand ring, the following are equivalent:
(1) A = 0.
(2) A†−red = 0.
(3) Au = 0.
(4) M(A) = ∅.

Proof. It is clear that (1)⇒(2)⇒(3)⇒ (4). To see that (4)⇒(1), note that M(A) = ∅ implies
that M(A) = {|1| ≤ 1/2} = ∅, and by Lemma 3.1.10 that the map 1 → A factors through
Qp⟨T ⟩≤1/2 → A, but 1− T is a unit in Qp⟨T ⟩≤1/2 and so it is 0 = 1− 1 in A proving that A = 0
as wanted. See also [Sch24a, Theorem 2.14]. □

Lemma 3.1.12. Let A = lim−→i
Ai be a filtered colimit of Gelfand rings. Then the natural map of

Berkovich spectra
M(A)→ lim←−

i

M(Ai)

is an homeomorphism. Furthermore, given Z ⊂ M(A) a rational subspace, there is some i and a
rational subspace Zi ⊂M(A) such that Z is the pullback of Zi along M(A)→M(Ai).

Proof. This follows from the analogous statement for Banach spaces, see [Sch24a, Proposition
3.2]. □

Lemma 3.1.13. Let A be a Gelfand ring, f ∈ A and let X =M(A). The following are equivalent:
(1) f ∈ Nil†(A).
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(2) The locus X(f ̸= 0) ⊂ X is empty.

Proof. Suppose that f ∈ Nil†(A), then f = 0 in Au and so X(f ̸= 0) = ∅. Conversely, if
X(f ̸= 0) = ∅ one has that X = X(|f | = 0) =

⋂
r>0X(|f | ≤ r) which by Proposition 3.1.9

translates to the condition that f ∈
⋂

r>0A
≤r = Nil†(A). □

Lemma 3.1.14. Let A be a Gelfand ring. The following are equivalent:
(1) Given f ∈ A, either f ∈ Nil†(A) or f is invertible.
(2) A†−red is a field.
(3) Au is a field.
(4) M(A) is a point.

Proof. Since Nil†(A) is the kernel of A → A†−red, (1)⇒(2). It is clear that (2)⇒(3) as the com-
pletion of a normed field is also a field. The implication (3)⇒(4) follows from the fact that
the Berkovich spectrum of a field is just a point. Finally, for (4)⇒(1), let f ∈ A, and denote
X =M(A). As a set we have that X = X(|f | ≠ 0)

⊔
X(|f | = 0), since X consists of a point this

yields that either X = X(|f | ̸= 0) or X = X(|f | = 0). By Proposition 3.1.9 this means precisely
that either f is invertible or f ∈ Nil†(A) respectively. □

Definition 3.1.15. Let A be a Gelfand ring and let x ∈ M(A) be a point in its Berkovich
spectrum. The stalk of A at x is the Gelfand ring

Ax = lim−→
x∈Z⊂M(A)

AZ

defined as the filtered colimit of rational localizations of A containing x (note that M(Ax) is a
point by Lemma 3.1.12). We define the Berkovich residue field of A at x to be

κ(x) := (Ax)
u

(note that κ(x) is a field thanks to Lemma 3.1.14), equivalently we define κ(x) to be the completed
residue field at x ∈M(A) =M(Au) of the Banach algebra Au.

Proposition 3.1.16. Let A be a Gelfand ring and X =M(A) its Berkovich spectrum. The functor
sending a rational subspace Z ⊂ X to the idempotent algebra AZ of Proposition 3.1.9 promotes
uniquely to a surjective morphism of locales F : Sm(D(A)) →M(A) from the smashing spectrum
of D(A) toM(A), such that for Z ⊂M(A) a rational localization one has that F−1(Z) = D(AZ).
Moreover, if A→ B is a morphism of Gelfand rings, we have a (necessarily unique) commutative
diagram of locales

(3.1.3)
Sm(D(B)) M(B)

Sm(D(A)) M(A).

Proof. Let X =M(A) and consider the site Xrat of rational subspaces of X with covers given by
finitely many jointly surjective rational covers. By Proposition 3.1.9 we have a functor

D: Xop
rat → PrLD(A)

sending Z ⊂ X to D(AZ) with morphisms given by pullbacks. We claim that D satisfies descent. It
suffices to show that D satisfies descent along a rational cover {Xi → X}. By [And21, Proposition
4.3] any rational cover is refined by a composite of either simple Laurent covers of the form
X = X( 1f )∪X( f1 ) or simple balanced covers X = X( 1f )∪X( 1

1−f ), hence, by a dévissage argument
it suffices to consider these two cases. For both situations, it suffices to consider the universal case
A = Qp⟨T ⟩≤r with r > 0, and the statement reduces to show that the following sequences are
exact

0→ Qp⟨T ⟩≤r → Qp⟨T ⟩≤1 ⊕Qp⟨T ⟩≤r⟨T−1⟩≤1 → Qp⟨T±1⟩≤1 → 0

and

0→ Qp⟨T ⟩≤r → Qp⟨T ⟩≤r⟨(1− T )−1⟩≤1 ⊕Qp⟨T ⟩≤r⟨T−1⟩≤1 → Qp⟨T ⟩≤r⟨T−1, (1− T )−1⟩≤1 → 0,

which is a standard computation.
Next, we construct the map of locales F : Sm(D(A))→ X. We proceed in several steps:
Step 1. Consider the ring A = Qp⟨T ⟩≤r. We claim that the collection of rational subspaces

{a ≤ |T | ≤ b} for 0 ≤ a < b ≤ r gives rise to a map of locales

|T | : Sm(D(Qp⟨T ⟩≤r))→ [0, r].
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Indeed, given a closed interval [a, b] ⊂ [0, r] we have the idempotent morphism of algebras

A→ A([a, b])

where A([a, b]) is the rational localization given by a ≤ |T | ≤ b. Using the considerations at the
beginning of the proof and direct computations, one sees that:
(a) If [a, b] ∩ [c, d] = ∅ then A([a, b])⊗A A([c, d]) = 0.
(b) If a < c < b < d then A([a, b])⊗A A([c, d]) = A([c, b]).
(c) If [a, b] = lim←−i

[ai, bi] then A([a, b]) = lim−→i
A([ai, bi]).

(d) If [a, b] = [c, d] ∪ [f, g] then A([a, b]) = A([c, d])×A([c,d]⊗AA[f,g]) A([f, g]).
Consider a finite disjoint union of intervals I =

⊔
i Ii, by the previous points we have an

idempotent A-algebra AI =
∏

iAI . Let U = [0, r]\I be the complement of I in [0, r], and define
the coidempotent coalgebra CU = fib(A → AI). For general open subspace V ⊂ [0, r], we define
the coidempotent coalgebra

CV = lim−→
U⊂V

CU

where U runs over the basis of complements of finite disjoint unions of closed intervals in [0, r]
contained in V . Then CV is a coidempotent coalgebra of A (being a filtered colimit of such), and
it verifies the following properties (as consequence of (a)-(d) above):

(i) If U =
⋃

i Ui is a union open subspaces then CU = lim−→i
Ui.

(ii) CU ⊗A CU ′ = CU∩U ′ .
(iii) For U = [0, r]\I the complement of a finite disjoint union of intervals, we have that CU =

fib(A→ AI), recovering the original definition for U .
The datum of the coidempotent coalgebras CU for U ⊂ [0, r] open is precisely the datum of a

map of locales
F : Sm(D(A))→ [0, r].

It is also clear from the construction that F−1([a, b]) = D(A([a, b])).
Step 2. Let A be a general Gelfand algebra. Thanks to Step 1, given f ∈ A≤1 we have a natural

morphism of locales
|f | : Sm(D(A))→ Sm(D(Qp⟨T ⟩≤1))→ [0, 1].

Taking the product along all the f ∈ A≤1 we get a map

F : Sm(D(A))→
∏

f∈A≤1

[0, 1].

We claim that the map F factors through the Berkovich spectrumM(A) ⊂
∏

f∈A≤1 [0, 1], where the
inclusion is given by evaluating f in the norm associated to the point x ∈M(A), see Remark 3.1.6
(2). To prove this, we have to see that if U ⊂

∏
f∈A≤1 [0, 1] is an open subspace disjoint toM(A),

then F−1(U) = ∅. Let f1, . . . , fn ∈ A≤1 and consider the projection

(|fi|)i :M(A)→
n∏

i=1

[0, 1].

It suffices to show that if the pre-image of the locus
⋂n

i=1{ai ≤ |f | ≤ bi} ⊂
∏n

i=1[0, 1] (with
ai < bi) in M(A) is empty, then its pre-image in Sm(D(A)) is also empty. This translates to the
fact that if M(A)(ai ≤ |fi| ≤ bi) = ∅ then A ⊗Qp[T1,...,Tn] B = 0, where B is the pushout of the
overconvergent algebras Qp⟨Ti : ai ≤ |Ti| ≤ bi⟩†, and Ti 7→ fi. But this is a rational localization
of A with empty Berkovich spectrum which must vanish thanks to Lemma 3.1.11. This proves the
claimed factorization

F : Sm(D(A))→M(A).

It is clear from the construction that for Z ⊂M(A) a rational subspace one has F−1(Z) = D(AZ)
with AZ as in Proposition 3.1.9. The functoriality with respect to maps of Gelfand rings is also
clear.

Finally, we want to see that F is surjective, for that it suffices to see that the pre-image of
any point is non-empty, this follows from the fact that given x ∈ M(A) the map A → κ(x)
towards the residue field induces the inclusion x ∈ M(A), and so κ(x) is an A-module supported
on x ∈M(A). □

The following lemma discusses a particular case where the uniform completion of a Gelfand ring
is perfectoid.

Lemma 3.1.17. Let A be a Gelfand ring such thatM(A) is profinite and such that each Berkovich
residue field is perfectoid. Then Au is perfectoid.
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Proof. We can assume without loss of generality that A = Au is uniform. We want to show that
Au is a perfectoid ring. Since M(A) is a profinite set, the presheaf mapping a clopen subspace
U ⊂ M(A) to (AU )

≤1 is a sheaf of condensed rings, so it suffices to prove that A is perfectoid
locally in its analytic topology. We first show that A admits a pseudo-uniformizer π ∈ A<1 (locally
in the analytic topology) such that πp|p. Let x ∈M(A), we know that κ(x) is perfectoid. So κ(x)
admits such pseudo-uniformizer π and by p-adic approximation we can assume that π extends to
a function in a neighbourhood x ∈ U ⊂M(A). By further refining the neighbourhood we we can
even assume that πp|p in AU obtaining the desired pseudo-uniformizer. By replacing A by AU we
can assume that π is defined over A. It is left to show that the Frobenius map ϖ : A≤1/p→ A≤1/p
is surjective, since the formation F : U 7→ (AU )

≤1/p is a sheaf overM(A) and this space is acyclic
(again, since it is profinite) we can check the surjectivity on stalks. But the stalk at x of F is just
κ(x)≤1/p by Lemma 2.2.17, since κ(x) is perfectoid we know that Frobenius is surjective proving
what we wanted. □

We finish this subsection with a statement relating uniform completion and perfectoidization,
Proposition 3.1.19.

Lemma 3.1.18. Let A → B be a morphism of Gelfand rings such that the map of uniform
completions Au → Bu is a surjection. Then F :M(B) → M(A) is a Zariski closed immersion
given by the vanishing locus of the ideal I = ker(A→ B). If in addition F is an isomorphism then
Au ∼→ Bu.

Proof. Let Iu := ker(Au → Bu). We know that M(B) is the zero locus of Iu by taking Hausdoff
quotients of [RC24a, Corollary 2.7.15]. Thus, it suffices to show that the zero locus of I and Iu

agree. Without loss of generality we can replace A and B by their †-reductions, in this situation
A ⊂ Au and Bu, so that I = A ∩ Iu. Let I≤1 = A≤1 ∩ Iu, then the p-completion of I≤1 gives
rise to a Zp-Banach lattice Iu,≤1 ⊂ Iu. Thus, for all n ∈ N and f ∈ Iu there is fn ∈ I such that
f − fn ∈ pnIu,≤1. This implies that the loci |fn| ≤ 1/pn and |f | ≤ 1/pn in M(Au) are the same.
Taking n→∞ one deduces that |f | = 0 in the vanishing locus of I, proving what we wanted.

Suppose now that F is an homeomorphism. By the open mapping theorem, to prove that
Au → Bu is an isomorphism it suffices to show that it is a bijection. Since it is already surjective
we only need to prove injectivity. Let f ∈ ker(Au → Bu), then the locus where {|f | ≠ 0} is empty
and thus f ∈ Nil†(Au). But since Au is an uniform Banach algebra it has trivial †-radical and so
f = 0. □

We use the previous discussion and “Zariski closed implies strongly Zariski closed” to prove the
following link between uniform completion and perfectoidization.

Proposition 3.1.19. Let A be a perfectoid Banach ring and let A → B be a quotient. Then the
natural map Bu → Bperfd from the uniform completion to its perfectoidization, i.e., the initial
perfectoid Banach ring under B, is an isomorphism. Furthermore, the map B → Bu is surjective.

Proof. We may replaceB by π0(B) and assume thatB is static (this does not changeB†−red, Bu, Bperfd).
We now clarify the existence of Bperfd. Let I := ker(A → B) be the ideal defining B, and
I≤1 := I ∩ A≤1, B0 := A≤1/I≤1. Then the p-completion of B0 is semiperfectoid and given by
B

∧p

0 = A≤1/I, where I is the completion of I in A≤1 for the p-adic topology. In particular,
A≤1 → (B0)

∧p is a surjection of p-complete rings. Let C be a perfectoid ring and consider a
map g : B → C, then, as C is a Banach ring, g musth factor through B → B

∧p

0 [ 1p ] → C and
the perfectoidization of B and (B0)

∧p [ 1p ] must agree. This last is nothing but the generic fiber of
the perfectoidization of (B0)

∧p in the sense of [BS22, Corollary 7.3]. By [BS22, Theorem 7.4 and
Remark 7.5], the map A→ Bperfd is surjective and the associated map of adic spaces

Z = Spa(Bperfd)→ Spa(A)

is a Zariski closed embedding given by the vanishing locus of I which agrees with the vanishing
locus of I by Lemma 3.1.18, the same holds for Berkovich spaces M(Bperfd)→M(A). But then,
Lemma 3.1.18 implies that the uniform completion of B and of A†−I = lim−→Z⊂U, U rational open

AU

agree and are equal to Bperfd, proving what we wanted. □

3.2. The morphism to the Berkovich spectrum. In this subsection, we explain (following
[CS24]) the construction of a natural morphism

AnSpec(A)→M(A)Betti
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of analytic stacks from the analytic spectrum of a Gelfand Qp-algebra A to the Betti incarnation
of its Berkovich spectrum, under some finite dimensional hypothesis. The main result is Proposi-
tion 3.2.10.

Throughout, we write AnRing for the category of analytic rings and AnStk for the category of
analytic stacks. For the definition of the latter, we refer the reader to Section 4.2.

In order to construct a map from A towards its Berkovich spectrum as analytic stacks we need
to recall a few facts about the Betti stacks. We start with the functor Prof light → AnStk, sending
a light profinite set S to SBetti = AnSpec(C(S,Z)). We have the following lemma.

Lemma 3.2.1. Let Ringδω1
be the ∞-category of countable animated discrete rings. Consider the

functor
D! : Ringδ,opω1

→ Cat∞

given by mapping a ring A ∈ Ringδω1
to its derived category of (condensed) modules with transition

maps given by upper !-maps. Then D! is a flat hypersheaf.

Proof. By [Mat16, Proposition 3.31] flat covers in Ringδω1
are 2-descendable, so the functor D! is

a sheaf for the flat topology. We want to show that it is an hypersheaf. By [Man22, Proposition
A.3.21] it suffices to show that for any flat hypercover A→ A• in Ringδω1

, the functor

(3.2.1) D(A)→ lim←−
[n]∈∆

D!(An)

is fully faithful. By applying the (dual of the) strategy of [Man22, Proposition 3.1.26] it suffices to
prove that given a flat map of countable discrete rings f : A→ B the functor f !(−) = HomA(B,−)
has cohomological dimension ≤ 1.15 By Lazard’s theorem we can write B as a filtered colimit of
finite projective A-modules ([Lur17, Theorem 7.2.2.15]). As A,B are countable (hence B is an ω1-
compact A-module), we can assume that the filtered colimit is countable. Then the cohomological
bound follows. □

Since light condensed anima are hypersheaves on light profinite sets, using Lemma 3.2.1 we can
extend the above functor Prof light → AnStk to a left exact colimit preserving functor16

CondAnilight → AnStk, X 7→ XBetti

Remark 3.2.2. By [HM24, Remark 3.5.15], if X is a locally compact Hausdorff space, D(XBetti)
is the left completion of the derived category Shv(X,Zcond) of condensed abelian sheaves on X. If
X is paracompact and has local finite Z-cohomological dimension, the natural symmetric monoidal
functor Shv(X,Zcond)→ D(XBetti) is an equivalence.

Notice that for X a condensed anima, D(XBetti) has a full subcategory Dδ(XBetti) obtained by
hyperdescent from discrete modules over the rings C(S,Z) with S light profinite, we call Dδ(XBetti)
the full subcategory of discrete sheaves on XBetti. Similarly as before, if X is a locally compact
Hausdorff space, Dδ(XBetti) is the left completion of the category of abelian sheaves Shv(X,Z) on
X, and, if X is paracompact and has local finite Z-cohomological dimension, then Shv(X,Z) =
Dδ(XBetti).

As we now explain, we can give a functor of points description of Betti stacks, cf. [CS24, Lecture
20]. Recall from [Aok23, Theorem A] that the functor

Shv(−;Sp) : Locop → CAlg(PrLst)

sending a locale to its category of Sp-valued sheaves has a right adjoint given by the smashing
spectrum Sm(−), i.e., the locale of idempotent algebras. This gives for C a presentably symmetric
monoidal stable ∞-category and a locale X a natural equivalence of anima

(3.2.2) MapLocop(X,Sm(C)) = MapCAlg(PrLst)
(Shv(X; Sp)⊗, C).

We note that connective idempotent algebras over analytic rings, which a priori are only E∞-
algebras, naturally acquire the structure of an animated ring. This crucially uses lightness.

Lemma 3.2.3. Let A be an analytic ring and let D ∈ CAlg(D≥0(A)) be a connective commutative
algebra. Suppose that A → D is idempotent, then D has a natural structure of an animated ring
making A→ D a localization of analytic rings.

15It suffices to have an universal bound, but it turns out that 1 is optimal.
16Note how lightness is used crucially here. Also, note that the desire to construct such a functor is the reason for

requiring that analytic stacks are not merely sheaves on analytic rings for the !-topology, but a stronger condition.



ANALYTIC DE RHAM STACKS OF FARGUES–FONTAINE CURVES 29

Proof. This follows form the fact that ModD(D≥0(A)) ⊂ D≥0(A) is a full subcategory stable under
all limits, colimits and internal Homs. Indeed, this category defines an uncompleted analytic ring
structure DA/ on A by [RC24b, Definition 4.1.1], and the animated ring structure on DA/[∗] = D
is automatic in the light set up by [RC24b, Corollary 4.2.7]. □

Lemma 3.2.4. Let X be a metrizable compact Hausdorff space of finite cohomological dimension,
let S be a light profinite set and f : S → X a surjection. Then the map of analytic stacks
f : SBetti → XBetti is proper and descendable, i.e, f∗(1) ∈ D(XBetti) is a descendable algebra.

Proof. Properness follows from [HM24, Lemma 4.8.2 (ii)], descendability is proven in [Sch24b,
Proposition II.1.1]. □

Proposition 3.2.5. Let X be a metrizable compact Hausdorff space. For A an analytic ring let
Map+Locop(X,Sm(D(A))) ⊂ MapLocop(X,Sm(D(A))) be the full subspace of maps of locales satisfying
the following condition: there is a surjective map from a light profinite set S → X, a !-cover A→ B
and a morphism of analytic rings C(S,Z)→ B that induces a commutative diagram of locales

(3.2.3)
Sm(D(B)) Sm(D(A))

S X.

Then the natural map
(3.2.4)

Map(AnSpec(A), XBetti)→ MapCAlg(PrL
D(Z))

(Shv(X;Zcond),D(A)) = MapLocop(X,Sm(D(A))).

induces an equivalence onto Map+Locop(X,Sm(D(A))) (here D(Z) is the derived category of con-
densed abelian groups).

Remark 3.2.6. The mapping space in the middle of (3.2.4) involves sheaves on X valued in
condensed abelian groups, while the adjunction of [Aok23, Theorem A] involves sheaves valued in
spectra. This does not cause any problem since, given an ∞-topos X and a presentable category
C, one has a natural equivalence of presentable categories

X ⊗ C ∼= Shv(X, C)
where the left term is Lurie’s tensor product, and the right term is the category of C-valued sheaves
on X. Indeed, by [Lur17, Proposition 4.8.1.17], one has a natural equivalence

X ⊗ C ∼= RFun(Xop, C)
where the right term is the category of functors Xop → C which admit left adjoints. As X is
presentable, the latter identifies with the category of limit preserving functors Xop → C which is,
by definition, the category Shv(X, C) of C-valued sheaves on X.

Proof of Proposition 3.2.5. Let us first suppose thatX = S is profinite. Then SBetti = AnSpec(C(S,Z))
is an affinoid stack and then the LHS term of (3.2.4) is just the same as morphisms of analytic
rings C(S,Z) → A, which, as C(S,Z) is discrete, is the same as morphism of animated rings
C(S,Z)→ A▷(∗). We want to see that the natural map

(3.2.5) MapAnRing(C(S,Z), A)→ MapLocop(S,Sm(D(A)))

already induces a bijection. For proving this, we compose with the map (3.2.2). For any clopen
subspace U ⊂ S the map C(S,Z) → C(U,Z) is idempotent. Since Z → C(S,Z) is and ind-étale
map of E∞-rings (resp. of animated rings), we have that the map

MapAnRing(C(S,Z), A) = MapAni(Ring)(C(S,Z), A▷)

→ MapCAlgZ
(C(S,Z), A▷) = MapAnRingZ−E∞

(C(S,Z), A)

from morphisms between analytic rings to morphisms between the underlying Z− E∞-rings is an
equivalence; here, we denoted by A▷ the condensed ring underlying A. By [RC24a, Lemma 2.1.3]
the functor D : AnRingZ−E∞

→ CAlg(PrLD(Z)) from Z − E∞-analytic rings to condensed Z-linear
presentable symmetric monoidal categories is fully faithful. By (3.2.2) we deduce that (3.2.5) is an
equivalence as wanted.

For proving the statement about general X, note first that the functors sending an analytic ring
A to Map+Locop(X,Sm(D(A))) and Map+Locop(X,Sm(D(A))) satisfy universal ∗-descent (and so in
particular !-descent). Thus, it suffices to prove the desired claim locally in the !-topology of A.
First, we show that (3.2.5) factors through Map+Locop(X,Sm(D(A))). Indeed, let f : AnSpec(A)→
XBetti be a morphism of analytic stacks and let S → X be an epimorphism of condensed anima
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with S a light profinite set. Then SBetti → XBetti is an epimorphism of analytic stacks and
then so is SBetti ×XBetti

AnSpec(A) → AnSpec(A). Thus, there is a !-cover A → B and a lift
AnSpec(B)→ SBetti×XBetti

AnSpec(A). This provides the map desired map C(S,Z)→ B making
(3.2.3) commute. Now, let us show that the map

Map(AnSpec(A), XBetti)→ Map+Locop(X,Sm(D(A)))

is surjective. Let Sm(D(A))→ X be a morphism of locales in Map+Locop(X,Sm(D(A))) correspond-
ing to a D(Z)-linear symmetric monoidal functor Shv(X,Zcond) → D(A), by hypothesis there is
a profinite set S, a surjective map S → X and !-cover A → B with a map C(S,Z) → B making
(3.2.3) commute. By [Aok23, Theorem A] this gives rise to a commutative square of D(Z)-linear
symmetric monoidal categories

D(B) D(A)

Shv(S,Zcond) Shv(X,Zcond)

Taking Čech nerves, and knowing that the functor AnRing → CAlg(PrLD(Z)), A 7→ D(A), preserves
colimits (see [RC24b, Proposition 4.1.14]), we have a cosimplicial diagram of symmetric monoidal
categories

(Shv(S×Xn+1,Zcond))[n]∈∆ → (D(B⊗An+1))[n]∈∆

which by the case of profinite sets already proven corresponds to a simplicial diagram of morphisms
of analytic stacks

(AnSpec(B⊗An+1))[n]∈∆op → (S×Xn+1
Betti )[n]∈∆op .

Taking geometric realizations, and knowing that AnSpec(B)→ AnSpec(A) is an epimorphism, we
get the desired map of analytic stacks

AnSpec(A)→ XBetti.

It is left to show that (3.2.4) is fully faithful. Since XBetti is 0-truncated (as it arises from a
0-truncated condensed anima), we only have to show that two maps f, g : AnSpec(A) → XBetti

inducing the same morphism of locales Sm(D(A))→ X must agree. Consider the map

(f, g) : AnSpec(A)→ (X ×X)Betti = XBetti ×XBetti

we want to see that this map factors through the diagonal. We know that this holds at the level
of locales. Therefore, it suffices to prove the following claim: let f : AnSpec(A) → XBetti be a
morphism of analytic stacks such that the morphism of locales Sm(D(A))→ X factors through a
closed subspace Z ⊂ X, then f factors through f : AnSpec(A) → ZBetti ⊂ XBetti. We can prove
this claim locally after a !-cover of A and after taking pullbacks along an epimorphism S → X
with S a light profinite set. We can then assume that X = S is profinite in which case the claim
is clear. □

Corollary 3.2.7. Let X be a metrizable compact Hausdorff space of finite cohomological dimension
and let A be an analytic ring. The set Map(A,XBetti) of morphisms of analytic stacks is naturally
equivalent to the set of morphisms of locales

F : Sm(D(A))→ X

such that there is a !-cover A → B such that the functor Shv(X,Z) → D(B) preserves connective
objects.

Proof. By Proposition 3.2.5 we must identify the space Map+
Loc+

(X,Sm(D(A))) with those maps
F as above that locally on the !-topology of A preserve connective covers. Let F : Sm(D(A))→ X
be a morphism of locales and let A → B be a !-cover such that the composite G : Sm(D(B)) →
Sm(D(A)) → X induces a morphism of symmetric monoidal categories that preserves connective
objects. Let S → X be an epimorphism from a profinite set, then h : SBetti → XBetti is prim
and descendable by Lemma 3.2.4. Then, [Sch23, Proposition 6.19] implies that AnSpec(B)×XBetti

SBetti → AnSpec(B) is also prim and descendable and so a !-cover. On the other hand, we can find
S such that h∗1S = lim−→i

Ci is a filtered colimit of finite products of connective idempotent algebras
in Shv(X,Z) (consider S to be the limit of the poset of finite closed covers of X), by Lemma 3.2.3,
given a connective idempotent algebra ZX → C ′ the pullback B⊗ZX

C ′ is connective and so has a
natural animated ring structure. It follows that the fiber product AnSpec(B)×XBetti

SBetti is the
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analytic spectrum of the analytic ring C = lim−→i
B ⊗ZX

Ci, and as AnSpec(C) → AnSpec(B) is a
!-cover, the map F fits in a commutative square

AnSpec(C) SBetti

AnSpec(A) XBetti

where the left vertical arrow is a !-cover, so it belongs to Map+
Loc+

(X,Sm(D(A))). Conversely,
suppose that F : Sm(D(A))→ X is in Map+

Loc+
(X,Sm(D(A))), then we can find a !-cover A→ B

and a surjective map from a profinite set S → X that fits in the diagram (3.2.3). Since the
pullback along Shv(X,Z) → Shv(S,Z) preserves connective objects (and is even t-exact), the
functor Shv(X,Z)→ D(B) also preserves connective objects proving what we wanted. □

We apply the previous abstract nonsense in order to construct a map from the analytic spectrum
of (suitable) bounded Qp-algebras to their Berkovich spectrum. We need a preliminary lemma,
which will allow us to invoke the previous corollary.

Definition 3.2.8. A morphism of Gelfand Qp-algebras A→ B is called Berkovich étale if, locally
after a strict rational cover ofM(B) (that is, a cover that can be refined by an open subcover), it
factors as a composite of finite étale17 maps and rational localizations on the Berkovich spectrum.
A morphism A → B of Gelfand algebras is called Berkovich pro-étale if B = lim−→i

Ai is a filtered
colimit of Berkovich étale maps. We say that it is uniformly Berkovich étale, resp. uniformly
Berkovich pro-étale, if its uniform completion Au → Bu is the uniform completion of a Berkovich
étale, resp. Berkovich pro-étale map A′ → B′.

Lemma 3.2.9. Let A be a Gelfand Qp-algebra. One can construct a Berkovich pro-étale map
A→ Aw such that M(Aw) is profinite and M(Aw)→M(A) is surjective. Moreover, if M(A) is
metrizable, Aw is such that M(Aw) is a light profinite set.

Proof. Consider the filtered diagram J consisting on finite covers of M(A) by Berkovich rational
subspaces and let {AI}I∈J be the associated filtered system of bounded Qp-algebras where AI =∏

i∈I Ai and A→ Ai is the corresponding Berkovich rational localization.18 We claim that Aw =
lim−→i

Ai does the job. First, by Lemma 3.1.12, we have that

M(Aw) = lim←−
I∈J
M(AI) = lim←−

I∈J

∐
i∈I

M(Ai)

so it is indeed a profinite set that surjects ontoM(A) (this is a standard construction of a profinite
cover of a compact Hausdorff space). Note that if M(A) is metrizable the poset J has a cofinal
countable subdiagram, soM(Aw) is also light (using that the inverse limit does not change if one
replaces M(Ai) by its profinite set of connected components, which is again light as it admits a
surjection from a metrizable compact Hausdorff space). □

Proposition 3.2.10. Let A be a Gelfand Qp-algebra with M(A) a metrizable compact Hausdorff
space with finite cohomological dimension. The natural map of locales Sm(D(A)) → M(A) of
Proposition 3.1.16 induces a natural map of analytic stacks over Qp,□

(3.2.6) AnSpec(A)→M(A)Betti ×AnSpec(Z) AnSpec(Qp,□)

satisfying universal !-descent. Furthermore, there is a descendable Berkovich pro-étale cover A→ B
such that M(B) is a light profinite set.

Proof. Consider the light profinite set S constructed from the poset of Berkovich rational localiza-
tions of M(A) as in Lemma 3.2.9. Then the map f : S → M(A) is surjective, and by the proof
of Corollary 3.2.7 the pullback B = A⊗ZM(A)

f∗1S is an analytic ring which is actually Berkovich
pro-étale by the construction in the proof of Lemma 3.2.9, and that is descendable (so a !-cover)
by Lemma 3.2.4. It is clear that the map

Shv(M(A),Z)→ D(B)

preserves connective objects, so by Corollary 3.2.7 we obtain the desired map

AnSpec(A)→M(A)Betti

of analytic stacks.

17By definition, a finite étale map A → B is one induced by a finite étale map A(∗) → C, i.e., B = C ⊗A(∗) A.
18More precisely, J consists of all morphisms A → B where B =

∏
i∈I Ai for some rational localizations A → Ai.

This class of A-algebras is stable under finite colimits, and hence filtered.
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It is left to see that (3.2.6) satisfies universal !-descent. It suffices to check the statement after
base change along a proper and descendable morphism SBetti → M(A)Betti of Betti stacks with
S a light profinite set. As M(A) is a metrizable compact Hausdorff space of finite cohomological
dimension, any surjection from S light profinite is proper and descendable.

Because AnSpec(A)×M(A)Betti
SBetti is again represented by a Gelfand ring B by the previous

discussion, andM(B) = S, we can assume without loss of generality thatM(A) is light profinite.
It suffices to show that the morphism AnSpec(Au) → AnSpec(A) → M(A) = M(Au) satisfies
!-descent. Hence, we can further assume that A is a Banach Qp-algebra. Write S = lim←−n

Sn as
a countable limit of finite sets with surjective transition maps, it suffices to show that each map
C(Sn,Qp)→ A is 1-descendable, then [Man22, Proposition 2.7.2] will show that C(S,Z)⊗Qp → A
is 2-descendable. To prove that C(Sn,Qp) → A is 1-descendable it suffices to find a section as
C(Sn,Qp)-modules. Now the map C(Sn,Qp) → A factors as a product of maps Qp → As with
s ∈ Sn corresponding to the fibers of S → Sn. Then, it suffices to show that for a Banach Qp-
algebra A one has a section of Qp → A as solid Qp-modules. This is just a consequence of the
Hahn–Banach theorem. □

One has the expected equivalence between étale sites on Gelfand ring and its uniform completion:

Proposition 3.2.11. Let A be a Gelfand ring with uniform completion Au. Let X = AnSpec(A)
and Y = AnSpec(Au). Then the natural maps of sites

Yfét → Xfét and YBerk−ét → XBerk−ét and YBerk−proét → XBerk−proét

are equivalences.

Proof. By the same argument as in [Sch18a, Lemma 15.6] it suffices to deal with the finite étale
case, namely, Berkovich étale maps are locally in the Berkovich topology compositions of rational
localizations and finite étale maps, we have M(Au) = M(A) by definition (identifying rational
localizations by Lemma 3.1.8) and the case of Berkovich pro-étale maps follows by passing to limits.
For the equivalences between finite étale maps, by [GR03, Proposition 5.4.5.3] it suffices to see that
A≤1(∗) is Henselian along (p), which follows by Lemma 2.2.24. □

3.3. Fredholm property of Gelfand rings. Let us recall the definition of Fredholm analytic
ring. In the following, for an analytic ring A, we denote by A▷ its underlying condensed ring.

Definition 3.3.1. An analytic ring A is said to be Fredholm if all dualizable A-module are discrete,
i.e. if they arise from perfect A▷(∗)-modules via the fully-faithful embedding

Dδ(A▷(∗)) ↪→ D(A)

from the derived ∞-category Dδ(A▷(∗)) of classical (i.e. non-condensed) A▷(∗)-modules.

In this section, we allow non-induced analytic ring structures on bounded rings in the sense of
[RC24a, Definition 2.6.10], i.e., the analytic ring structure is assumed to be obtained by making
elements in the underlying ring solid. To have a clear terminology, we call these analytic rings over
Qp,□ bounded affinoid Qp-algebras (as in [RC24a, Definition 2.6.10]), reserving the notion “bounded
Qp-algebras” for bounded affinoid rings over Qp,□ whose analytic ring structure is induced from
Qp,□.

Lemma 3.3.2. Let A be a bounded affinoid Qp-algebra and let K ∈ D(A) be static. Assume that
K is a finitely presented solid π0(A)-module. If π0(K ⊗A A

†−red) = 0, then K = 0.

Proof. We can assume that A is static and work within the abelian category of A-modules. The
statement of the lemma is equivalent to the following: let f : A[S′]→ A[S] be a map of A-modules
(for S′, S light profinite sets) whose base change f to A†−red is an epimorphism, then f is an
epimorphism. By replacing S′ and S by larger profinite sets if necessary we can assume that
S′ = S, so that f is an endomorphism of A[S] (e.g., S = S′ can be taken to be the Cantor set).
Let

Nil†(A)[S] = fib(A[S]→ A†−red[S]) = Nil†(A)⊗A A[S]

and suppose that f is surjective. Then, by projectivity f has a section g : A†−red[S] → A†−red[S]
which can be lifted to a map g : A[S] → A[S] such that idA[S]−fg factors through A[S] →
Nil†(A)[S]. Thus, we are left to prove the following claim:

Claim. Let A be a bounded affinoid Qp-algebra, S a light profinite set and h : A[S]→ Nil†(A)[S]
an A-linear map, then idA[S] − h : A[S]→ A[S] is an isomorphism.
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We will reduce the proof of this claim to a concrete case where we can do an explicit computation.
The analytic ring structure of A is given by the set of solid elements A+ consisting on those a ∈ A▷

such that the map Z[T ] → A depicted by a extends to Z[T ]□ → A. Writing A+ as a union of
finitely generated subrings A+

i , we can write A = lim−→i
A▷

A+
i,□/

, and as A[S] is compact, we can

assume without loss of generality that there is a map Z[T1, . . . , Tn]□ → A such that A has the
induced analytic ring structure.

To continue with the computation, we need to understand how bounded rings can be described
from sifted colimits of easier rings. For this, consider PairZ[T1,...,Tn]□ ⊂ Fun(∆1,RingZ[T1,...,Tn]□) the
full subcategory of maps of animated solid Z[T1, . . . , Tn]□-algebras consisting on those maps A→ B
are surjections on connected components. The category PairZ[T1,...,Tn]□ has compact projective
generators given by base changes along Z□ → Z[T1, . . . , Tn]□ of finite coproducts of pairs of the form
Z□[N[S]]

id−→ Z□[N[S]] (corepresenting the underlying ring of A), and Z□[N[S]]→ Z (correpresenting
the kernel I = fib(A→ B)).

Now, let A be a bounded affinoid Qp-algebra with induced analytic ring structure from a
map Z[T1, . . . , Tn]□ → A, and consider the pair C → D given by A◦ → A◦/Nil†(A) (with
A◦ being defined as in [RC24a, Definition 2.6.1]). Then any map from Z[T1, . . . , Tn]□[N[S]]

id−→
Z[T1, . . . , Tn]□[N[S]] to C → D will factor through the idempotent pair Zp⟨T1, . . . , Tn⟩□⟨N[S]⟩ →
Zp⟨T1, . . . , Tn⟩□⟨N[S]⟩ (note that colimits in Fun(∆1,RingZ[T1,...,Tn]□) are calculated pointwise).
Similarly, any map Z[T1, . . . , Tn]□[N[S]] → Z[T1, . . . , Tn] towards (C[1/p] → D[1/p]) = (A →
A†−red) will factor through the map Qp⟨T1, . . . , Tn⟩□⟨N[S]⟩≤0 → Qp⟨T1, . . . , Tn⟩□. Putting all to-
gether, one deduces that the pair A→ A†−red can be written as a sifted colimit of base changes to
Qp,□ of finite coproducts in PairZ[T1,...,Tn]□ of the form

(a) Qp⟨T1, . . . , Tn⟩□⟨N[S]⟩ → Qp⟨T1, . . . , Tn⟩□⟨N[S]⟩ and
(b) Qp⟨T1, . . . , Tn⟩□⟨N[S]⟩≤0 → Qp⟨T1, . . . , Tn⟩□.

Now, let {Ai → Bi}i be a sifted diagram in PairZ[T1,...,Tn]□ whose colimit is A→ A†−red. Let h :

A[S]→ Nil†(A)[S] be an A-linear map corresponding to a map of condensed sets S → Nil†(A)[S].
Let Ii = fib(Ai → Bi), then Nil†(A)[S] = lim−→i

Ii[S] (for Ii[S] = Ii⊗Ai Ai[S]). Since we are working
with solid abelian groups and the diagram is sifted, there are finitely many i1, . . . , ik such that h
factors through S → Ii1,...,ik [S] where Ii1,...,ik is the fiber of

Ai1 ⊗ · · · ⊗Aik → Bi1 ⊗ · · · ⊗Bik

with tensor product over Z[T1, . . . , Tn]□. By the previous discussion we can take pairs Ai → Bi

which are finite coproducts (over Z[T1, . . . , Tn]□ and so over Qp⟨T1, . . . , Tn⟩□ by idempotency) of
the pairs of the form (a) and (b) above, in that situation we even have that Ii = Nil†(Ai). Hence,
we have reduced the previous claim to the following one:

Claim. Consider the ring A = Qp⟨T1, . . . , Tn⟩□⟨N[X]⟩⟨N[Y ]⟩≤0 for {T1, . . . , Tn} a finite set of
variables and X and Y light profinite sets. Let S be a light profinite set and let h : A[S] →
Nil†(A)[S] be an A-linear map, then 1− h : A[S]→ A[S] is an isomorphism.

We finally give the proof of this claim. Note that

Nil†(A) = ker(Qp⟨T1, . . . , Tn⟩□⟨N[X]⟩⟨N[Y ]⟩≤0 → Qp⟨T1, . . . , Tn⟩□⟨N[X]⟩).

We can write A = lim−→r>0
Ar with Ar = Qp⟨T1, . . . , Tn⟩□⟨N[X]⟩⟨N[Y ]⟩≤r and set

Ir = ker(Ar → Qp⟨T1, . . . , Tn⟩□⟨N[X]⟩).

Then Nil†(A) = lim−→r>0
Ir. Thus, there is some r such that the map h : S → Nil†(A)[S] factors

through Ir[S]. Note that rescaling Y by p does nothing to A but multiplies the r’s in the indexes
by the norm of p, so by taking r close enough to 0 and modifying Y by some power of p we can
even assume that h factors through I<1[S] with

I<1
1 := ker(Zp⟨T1, . . . , Tn⟩□⟨N[X]⟩JN[pY ]K→ Zp⟨T1, . . . , Tn⟩□⟨N[X]⟩).

But then the composite h : S → I<1
1 [S] → Zp⟨T1, . . . , Tn⟩□⟨N[X]⟩⟨N[Y ]⟩[S] =: C[S] is 0 modulo p

and so the map 1− h : C[S]→ C[S] is an isomorphism, since the map 1− h : A[S]→ A[S] is just
a base change of this we deduce that it is an isomorphism as well proving what we wanted. □

Next, we improve Lemma 3.3.2 from the †-reduction to the uniform completion.

Lemma 3.3.3. Let A be a bounded affinoid Qp-algebra and let K ∈ D(A) be static. Assume that
K is a finitely presented solid π0(A)-module. If π0(K ⊗A A

u) = 0, then K = 0.
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Proof. By Lemma 3.3.2 we can assume that A is †-reduced, so it is static and A▷ ↪→ Au is injective
as

⋂
n p

nA≤1 = Nil†(A) = {0}. By an approximation argument, and writing A = lim−→B⊂A+
(A▷, B)□

as a filtered colimit where B runs over finitely generated subrings of A+, we can assume that A is
of the form A = A▷

Z[s1,...,sn]□/ for certain elements si ∈ A+. Set R = Z[s1, . . . , sn]□, by flatness of
R[S]□ as solid R-module (for S a light profinite set), we know that the map A[S] = A⊗R R[S] ↪→
Au[S] = Au⊗RR[S] is injective. Since R is finitely generated we also know by [Man22, Proposition
2.12.10] that Au,≤1[S] is p-adically complete and so equal to the p-adic completion of A≤1[S].

Similarly as in the proof of Lemma 3.3.2, it suffices to show the following claim:

Claim. Let S be a light profinite set and f : A[S] → A[S] such that the base change fu to Au[S]
is surjective, then f is surjective.

Let S and f : A[S] → A[S] be as before. Since Au[S] is a projective Au-module we have a
section gu : Au[S] → Au[S] of fu. So that fugu = idAu[S]. Since Au[S] = lim←−r

A[S]/A≤r[S], for
an arbitrary r we can find gr : A[S]→ A[S] such that gu − gr sends S to Au,≤r[S]. In particular,
there is some r such that 1− fugur sends S to Au,<1[S] and so fugur : Au[S]→ Au[S] is invertible.
Therefore, we can construct a map g : A[S]→ A[S] such that the base change of fg : A[S]→ A[S]
to Au is an isomorphism, even better, such that 1− fg maps S to A≤r[S] for a fixed but arbitrary
0 < r < 1. Now, as A is bounded, we can write A≤1 as a filtered colimit of p-complete rings
A◦

i , and so, by taking r = |p|, there is some i such that the map 1
p (1 − fg) : S → A≤1[S] factors

through a map h : S → A◦
i [S]. In particular, 1 − ph : A◦

i [S] → A◦
i [S] is an isomorphism by

Nakayama’s lemma, and since fg : A[S] → A[S] is just the base change of 1 − ph we get that fg
is an isomorphism proving that f is surjective and finishing the proof of the lemma. □

Remark 3.3.4. In the notation of Lemma 3.3.3, let Ku = π0(A
u ⊗A K). It is natural to expect

that the map K → Ku is injective as K is finitely presented, but we do not know how to prove it.

Proposition 3.3.5. Let A be a bounded affinoid Qp-algebra. If Au is Fredholm, then A is Fredholm.
In particular, Gelfand rings are Fredholm.

Proof. The proof takes inspiration from [Sch24b, Proposition VI.1.7]. Thanks to [Sch24b, Proposi-
tion VI.1.5], it suffices to show that if K is a compact complex such that K⊗AA

u is perfect then K
is perfect. We can assume that K is connective, and by an induction argument it suffices to show
that there is a map f : Am → K such that the cofiber cofib(f) is 1-connective. By Lemma 3.3.2
and Lemma 3.3.3 it suffices to find a map f such that the base change fu : Au,m → K ⊗A Au

is surjective on π0. Thus, by writing K as a retract of a finite complex with terms A[S] for S a
profinite set, we can assume that K is a retract of a compact object C≤1[ 1p ] with C≤1 a complex
of A≤1-modules, and even that the map C≤1[ 1p ]→ K is an isomorphism on π0. By approximating
along subrings B ⊂ A+ of finite type, we can assume that A = AB/. Then C ⊗A A

u is the generic
fiber of the p-adic completion of C≤1. Thus, given a map hu : Au,≤1,n → C≤1 we can always find
a map g : A≤1,n → C≤1 such that hu − gu is 0 modulo pAu,≤1. Applying this to a surjection
Au,m → K ⊗A Au → C≤1 ⊗A≤1,u Au (after rescaling for it to factors through C≤1), we get the
desired map f : Am → K.

The final assertion for Gelfand rings follows from the previous assertion, Proposition 3.1.4, and
[And21, Theorem 5.50]. □
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4. Perfectoidization and analytic de Rham stacks

In this section, we discuss (a version of) perfectoidization, and then we construct analytic de
Rham stacks through the right adjoint of perfectoidization (as outlined in Section 1.1). Let us
explain this more precisely. For such a picture to make sense while giving the “expected” analytic
de Rham stack, we need, as already mentioned in the introduction, to first replace

AnStkQp,□,

the category of analytic stacks over Qp,□, in the sense of Clausen–Scholze (Definition 4.2.1), by

GelfStk,

the category of Gelfand stacks, that we introduce in Definition 4.2.6 by replacing analytic rings over
Qp,□ with separable Gelfand rings (Definition 4.2.6). The relation between these two categories of
geometric objects is encoded by an adjunction19:

AnStkQp,□ GelfStk
(−)Gelf

(−)An

Namely, (−)Gelf maps an analytic stack X to the functor it represents on separable Gelfand rings,
and its left adjoint sends GSpec(A) for a separable Gelfand ring A to AnSpec(A) (Lemma 4.2.7).
The separability assumption on the rings is there to make several descendability arguments work.

The target of the perfectoidization functor should now be the category of arc-stacks over Qp.
For the same technical reasons as with Gelfand rings, it is useful to impose separability; this leads
us to the introduction of ArcStkQp

, the category of light arc-stacks over Qp (Definition 4.1.8).
The perfectoidization functor (−)⋄ sends GSpec(A) for a separable Gelfand ring A, to the functor
it represents on separable totally disconnected perfectoid rings. One would like the analytic de
Rham stack functor to be its (fully faithful) right adjoint, so that we have an adjunction (in fact,
a morphism of ∞-topoi):

ArcStkQp GelfStk.
(−)DR

(−)⋄

This right adjoint does exist, but will not be our definition of the de Rham stack. Instead, we will
call it the big de Rham stack, as it is defined on the big category of all separable perfectoid rings,
in contrast to what we will call simply the de Rham stack.

Remark 4.0.1. Before saying why we do not define the de Rham stack functor as this right
adjoint, let us point out that we show in Proposition 4.5.5 that (−)⋄ is itself a right adjoint of a
functor (̂−) : ArcStkQp → GelfStk that realizes light arc-stacks (over Qp) geometrically. The functor
(̂−) is the left Kan extension of the functor that sends the arc-stack Marc(A) represented by a
totally disconnected perfectoid ring A to GSpecA. We thus have another adjunction pair:

GelfStk ArcStkQp
.

(−)⋄

(̂−)

Via the functor (̂−) and the 6-functor formalism on GelfStk (inherited from AnStkQp), one obtains
a 6-functor formalism for Ô-cohomology on arc-stacks over Qp; this justifies the notation. See the
end of Section 4.4 for more on the relation to [AM24] and [ALBM24].

Now, let us briefly discuss why the de Rham stack functor defined in this way does not have all
the desired properties and how we change its definition. One important aspect for the applications
of the theory both in this paper (Section 7) and in future work is that the functor sending X to its
analytic de Rham stack should have strong descent properties: if X → X ′ is an epimorphism of
(light) arc-stacks over Qp, we want the induced mapXdR → X ′,dR to be an epimorphism of Gelfand
stacks. It is however false in this general setting, indeed, if it were the case then XDR = XBetti

for X a compact Hausdorff space and this is not true, see Example 4.5.9. As will be explained in
more detail below (see the beginning of Section 4.8), the situation would simplify considerably if
separable Gelfand rings whose uniform completion is strictly totally disconnected perfectoid would
form a basis of the !-topology on separable Gelfand rings. But it is unfortunately not true that all
separable Gelfand rings R admit a descendable map to such a ring, see Remark 4.4.8 for a more
precise counterexample. Nevertheless, we do manage to prove such a statement under some sort of
finiteness assumption on R: we show it when R is quasi-finite dimensional (qfd for short), i.e. its

19Upper morphisms indicate the right adjoints, and the lower the left adjoints.
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uniform completion is quasi-pro-étale over a finite-dimensional analytic affine space over Qp. For
this reason, we replace in the above definitions the categories ArcStkQp

, GelfStk by their versions

ArcStkqfdQp
, GelfStkqfd

defined on qfd separable perfectoid rings, resp. qfd separable Gelfand rings, instead of all separable
perfectoid rings, resp. all separable Gelfand rings.

Remark 4.0.2. To keep the notation light, the analogues of the functors (̂−) and (−)⋄ for the
categories ArcStkqfdQp

,GelfStkqfd will still be denoted in the same way. We hope that this does not
create confusion. Note that one has natural functors

ArcStkqfdQp
→ ArcStkQp

, GelfStkqfd → GelfStk,

defined by left Kan extensions. Since the functors (−)⋄ and (−)Gelf−⋄ and their qfd variants are
left adjoints, they commute with colimits, and so it does not matter whether one left Kan extends
first and then applies them, or the other way around; this justifies this abuse of notation. The
same wouldn’t be true for the right adjoints of (−)⋄ and its qfd version, and for this reason we
refrain from calling (−)dR the right adjoint of (−)⋄ in all Gelfand stacks and reserve this name to
the right adjoint of its qfd version.

Remark 4.0.3. In the theory of the algebraic de Rham stack20, a similar “finite dimensionality”
assumption is required to obtain descent of the formation of the de Rham stack for the h-topology21.
In this case one reduces to showing that the morphism from the scheme to its algebraic de Rham
stack is an epimorphism for the descendable topology, and this is where finite type assumptions
are used. In general, the sheafification of X for the h-topology is its absolute weak normalization
Xawn, see [Sta25, Tag 0EVS]. If X is a scheme of finite type over a field K of characteristic 0,
then Xawn is a scheme of finite type over K and Xawn → X is the initial object in the category of
universal homeomorphisms over X. If instead X is of characteristic p, then Xawn is its perfection.

4.1. Light arc-stacks. We extend the definition of light arc-stacks from Section 1 to allow per-
fectoid Tate rings in characteristic p (this will be used when constructing the Hyodo–Kato stacks
in Section 6). We also introduce the quasi-finite dimensional variant that will be used later.

We first recall the arc-topology from [Sch24a].

Definition 4.1.1. A map A→ B of perfectoid Tate rings is an arc-cover if the morphismM(B)→
M(A) is surjective.

We let AffPerfd be the opposite category of the category of perfectoid Tate rings (we stress that
we do not consider perfectoid Tate-Huber pairs, i.e., we don’t require the choice of a ring of integral
elements).

Remark 4.1.2.
(1) By [Sch24a, Theorem 3.14] the arc-topology on the category AffPerfd is subcanonical.
(2) A perfectoid Tate ring A is called totally disconnected ifM(A) is a profinite set. If moreover

each residue field k(x) for x ∈M(A) is algebraically closed, then A is called strictly totally
disconnected ([Sch24a, Definition 3.10]).

(3) Each perfectoid Tate algebra A admits an arc-cover A→ B with B strictly totally discon-
nected ([Sch24a, Proposition 3.11]).

For technical reasons, we cannot work with arbitrary perfectoid Tate algebras.

Definition 4.1.3. A Tate ring A is called separable if A◦/π is countable for a (equiv. any)
pseudo-uniformizer π.

Clearly, a perfectoid Tate algebra A is separable if and only if its tilt A♭ is separable. An-
other equivalent characterization of separable perfectoid rings is as ω1-compact perfectoid rings
(Lemma 4.1.6). We let

AffPerfdω1
⊆ AffPerfd

be the full subcategory of separable perfectoid Tate algebras. This restriction is very mild and
mostly used through Lemma 4.4.3 (or related assertions needing that an arc-cover is a !-cover).

Lemma 4.1.4. Let A ∈ AffPerfdω1
(or more generally A is a separable Tate ring).

20For us, the algebraic de Rham stack of X is the sheafification for the descendable topology of the functor
A 7→ X(Ared) where Ared is the reduction of A. This agrees with Simpson’s de Rham stack in characteristic zero,
but, in characteristic p it differs from the de Rham stack appearing in the works of Bhatt–Lurie and Drinfeld.

21Recall that a morphism of Noetherian schemes Y → X of finite type is an h-cover if and only if it is descendable,
see [BS17, Theorem 11.26]
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(1) M(A) is a metrizable compact Hausdorff space.
(2) There exists an arc-cover A → B with B separable strictly totally disconnected. Further-

more, if A is totally disconnected we can take the cover to be pro-finite étale.

Proof. Let fi, i ∈ I be a countable dense subset of A◦ (e.g., products of a countable set of
representatives of A◦/ϖ for a pseudo-uniformizer ϖ ∈ A). Then M(A) →

∏
i∈I [0, 1], x 7→

(|fi(x))|)i∈I is a closed embedding, and henceM(A) is metrizable. Given thatM(A) is metrizable,
the argument of Lemma 3.2.9 provides an arc-cover A → B′ with M(B′) light profinite and B′

separable. We can replace A by B′. Let x ∈ M(A). Then each finite étale extension of k(x)
can be extended to a rational neighborhood of x ∈ M(A), e.g., by [SW20, Lemma 7.4.6.]. As
M(A) is light profinite, we can further extend to A. By metrizability of M(A), we can observe
that there exists a countable, filtered system A → Bi of finite étale A-algebras, such that every
A-algebra C, which is finite étale over a rational localization of A, admits a morphism to some
Bi over A. Let A → C be a morphism with C strictly totally disconnected, e.g., C could be a
Banach product of completed algebraic closures of the residue fields of A as in [Sch24a, Proposition
3.11]. Then we can construct B as the filtered colimit over the countable category of factorizations
A→ Bi → C, i ∈ I. □

Definition 4.1.5. We let
ArcStk := Ŝhv(AffPerfdopω1

)

be the category of hypersheaves on the arc-site of separable perfectoid spaces. Given a Tate ring A,
we letMarc(A) be the light arc-stack given by arc-sheafification of the presheaf B 7→ Hom(A,B).

We let ArcStkbig be the category of arc-hypersheaves on AffPerfdop. Clearly, we have a morphism
of topoi

ν : ArcStkbig → ArcStk.

The two topoi are concretely related as follows.

Lemma 4.1.6.
(1) Each perfectoid Tate algebra is an ω1-filtered colimit of separable perfectoid Tate algebras.

In fact, AffPerfd ∼= Indω1
(AffPerfdω1

).
(2) The pullback ν−1 : ArcStk→ ArcStkbig is fully faithful and commutes with countable limits.

The essential image of ν−1 consists of those sheaves F which send ω1-filtered colimits of
totally disconnected perfectoid Tate algebras in AffPerfd to filtered colimits in Ani.

The lemma is equally true for the slice topoi over some X ∈ ArcStk.

Proof. Assume A ∈ AffPerfd, and let ϖ♭ ∈ A♭ be a pseudo-uniformizer, we can consider a subring
B containing Zp[((ϖ

♭)1/p
n

)♯ | n ∈ N], such that p|ϖ := ((ϖ)♭)♯ and such that B/ϖ is countable.
Now, A◦ is an ω1-filtered colimit of countably generated B-subalgebras C, and among these the
ones with Frobenius surjective on C/ϖ are cofinal. Thus, by ϖ-completing these C’s and inverting
ϖ we can write A◦ as an ω1-filtered colimit of separable perfectoid Tate algebras. To show that
AffPerfd ∼= Indω1

(AffPerfdω1
) it suffices to see that separable perfectoid Tate algebras are ω1-

compact in AffPerfd. This in turn is implied by countability modulo a pseudo-uniformizer.
To see the second assertion, we first show that each arc-cover of totally disconnected perfectoid

Tate rings is an ω1-filtered colimit of arc-covers of separable totally disconnected perfectoid Tate
algebras. Indeed, any morphism of totally disconnected perfectoid Tate rings is an ω1-filtered
colimit of morphisms of separable totally disconnected perfectoid Tate algebras, by the previous
assertion. If the morphism one starts with is an arc-cover, one can ensure that the morphisms
in the colimit are also arc-covers, by the following observation. If C → A is a morphism with
C ∈ AffPerfdω1

and C totally disconnected, then M(A) → M(C) has a closed image, which is a
countable intersection of finite unions of rational localizations (as M(C) is a metrizable compact
Hausdorff space by Lemma 4.1.4). As C is totally disconnected, i.e., M(C) is profinite, we may
even assume that these finite unions are again affinoid and totally disconnected.

We can conclude that each arc-cover of totally disconnected perfectoid Tate rings in AffPerfd
is an ω1-filtered colimit of arc-covers of totally disconnected perfectoid Tate rings in AffPerfdω1

.
From here, we can conclude that ν−1 is fully faithful and commutes with countable limits (namely,
the presheaf pullback to totally disconnected perfectoid Tate rings of some object X ∈ ArcStk is
already an hypersheaf). The description of the essential image follows by the definition of the
presheaf pullback. □

Remark 4.1.7. In particular, given a light arc-stack X the finitary arc-sheaves over ν−1X con-
sidered in [Sch24a, Section 4] are pulled back from their restriction to separable perfectoid Tate
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algebras. Furthermore, as the closed disc D and the Tate twist Z(1) are ω1-compact, the category
of motivic sheaves on ν−1X are full subcategories of D(Xarc,ω1

,Z) where Xarc,ω1
is the light arc-

site of X. We note that light arc-stacks over Fp allow the necessary geometry appearing in the
geometrization program of the local Langlands correspondence [FS21], [Sch25]. For example, we
can speak about SpdQp,BunG,Div1Fp

, . . . ∈ ArcStkFp .

Definition 4.1.8. We let ArcStkQp be the category of light arc-stacks over Marc(Qp), or equiva-
lently, ArcStkQp

is the category of hypersheaves on the arc-site of separable perfectoid spaces over
Qp.

From now on, all arc-stacks will implicitly assumed to be light.

As examples of light arc-stacks, we discuss those associated with condensed anima.

Example 4.1.9. Let S be a light profinite set. Then we can define the arc-stack S sending a
separable perfectoid ring A to Homcont(M(A), S). Clearly, the functor S 7→ S sends hypercovers
of light profinite sets to arc-hypercovers, so that we get a functor

(−) : CondAni→ ArcStk.

We claim that this functor is explicitly given by sending a condensed anima T to the functor

A 7→ FT (A) := MapCondAni(M(A), T )

on totally disconnected separable perfectoid rings A. As arc-hypercovers of totally disconnected
separable perfectoid rings induce hypercovers onM(−) the functor FT is in fact a light arc-stack.
It suffices therefore to see that T 7→ FT preserves colimits of condensed anima and that FT = T if
T is light profinite. The last assertion is clear (by definition of (−)), so we have to check the first
one. Let A be a strictly totally disconnected perfectoid ring, and let X :=Marc(A). It suffices to
see that T 7→ (FT )|X commutes with colimits (here (−)|X denotes restriction to light arc-stacks
over X). Now, we can observe that (FT )|X is pulled back from the small pro-étale site of X.
Indeed, if S is a light profinite set over the profinite set |X|, then there exists a unique strictly
totally disconnected separable perfectoid A-algebra AS with M(AS) ∼= S as light profinite sets
over |X|, and then as in [Sch18a, Lemma 14.5] the pullback to the arc-site over A has sections
over some totally disconnected separable perfectoid A-algebra B given as the evaluation on the
small pro-étale site at AS for S :=Marc(B). This realizes T 7→ (FT )|X as the composition of the
restriction to the slice site of light profinite sets over |X| and the pullback to the arc-site of X.
But these two functors commute with colimits, as desired.

As a consequence of arc-descent, if A is an arbitrary separable Banach ring with associated arc
stack Marc(A), we have

T (Marc(A)) = MapCondAni(M(A), T )

where the compact Hausdorff space M(A) is seen as a condensed anima in the right hand side
term.

Example 4.1.10. We continue with the notation of Example 4.1.9. Let AffPerfdTD
ω1,X be the

category of separable totally disconnected affinoid perfectoid spaces (over some implicit totally
disconnected affinoid perfectoid space X). Each of the two functors in the adjunction

M(−) : AffPerfdtdω1,X ⇄ : Prof light : (−)

sends hypercovers to hypercovers and thus, by [Man22, Lemma A.3.6], this adjunction naturally
extends to an adjunction

(−)cond : ArcStkX ⇄ CondAni : (−).
In particular, the functor (−)cond is colimit preserving (by [Man22, Lemma A.3.6] as well) and we
call it the underlying condensed anima of an arc-stack. In fact, this assertion can be checked after
base change to a totally disconnected affinoid perfectoid base. Composing with the left adjoint
(−)top : CondAni→ Top from condensed anima to topological spaces (see [Sch18b, Proposition 1.7])
one recovers the underlying topological space of an arc-stack.

We finish by discussing the quasi-finite dimensional variant. In the following, we denote by An,⋄
Zp

the n-dimensional affine line over Zp, regarded as an arc-stack over Zp.

Definition 4.1.11.
(1) A morphism of arc-stacks f : Y → X over Zp is quasi-finite dimensional (qfd for short) if

f is quasi-pro-étale over some relative affine space An
X := X ×Marc(Zp) A

n,⋄
Zp

.
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(2) Let f : A → B be a morphism of separable Banach Tate algebras over Zp. Then f is
said to be quasi-finite dimensional if the induced mapMarc(B)→Marc(A) is quasi-finite
dimensional.

(3) We define the category of qfd arc-stacks over Zp,

ArcStkqfdZp
:= Ŝhv(AffPerfdqfdZp,ω1

),

as the category of hypersheaves on the arc-site of separable qfd perfectoid spaces over Zp.

Remark 4.1.12. Any affinoid perfectoid space X admits a pro-étale cover by a strictly totally
disconnected space X ′. If in addition X is qfd then X ′ is qfd as well, and so is the Čech nerve of
X ′ → X. This implies that qfd strictly totally disconnected perfectoid spaces define a basis for
the arc-topology of qfd affinoid perfectoid spaces.

Hence, one can introduce the notions of étale, finite étale and quasi-pro-étale morphisms of qfd
arc-stacks analogously to those for ordinary arc-stacks: namely, a morphism Y → X of qfd arc-
stacks is étale, finite étale, quasi-pro-étale if the pullback along all qfd totally disconnected space
X ′ → X is étale, finite étale, pro-étale respectively.

Example 4.1.13. Let A be a separable perfectoid ring over Zp, then A is qfd over Zp if and
only if there is a morphism of rings f : Zp[X1, . . . , Xn] → A which induces a quasi-pro-étale map
at the level of arc-stacks. If A is defined over Qp, then this is equivalent to saying that there is
some r > 0 such that there is a map of Banach algebras Qp⟨X1, . . . , Xn : |Xi| ≤ r⟩ → A which
is quasi-pro-étale at the level of arc-stacks (here Qp⟨X1, . . . , Xn : |Xi| ≤ r⟩ denotes the ring of
overconvergent functions on the disc of radius r). On the other hand, suppose that A lives over
Fp and that π is a pseudo-uniformizer of A. Then, by extending the map f to Zp[π,X1, . . . , Xn],
the algebra A is qfd over Fp if and only if it is qfd over Fp((π

1/p∞
)) if and only if there is some

r > 0 and a map of Banach Fp((π
1/p∞

))-algebras Fp((π
1/p∞

))⟨X1, . . . , Xn : |Xi| ≤ r⟩ → A which
is quasi-pro-étale on arc-stacks.

Furthermore, a separable perfectoid ring over Zp is qfd if and only if its tilt is qfd over Fp, in
fact, this follows from the fact that the perfected affine line A1,perf

Zp
→ A1

Zp
obtained by taking p-th

power roots of the coordinate is quasi-pro-étale. In particular, we have an equivalence of sites

AffPerfdqfdZp,ω1
=

(
AffPerfdqfdFp,ω1

)
/Marc(Zp)

and therefore an equivalence of topoi

ArcStkqfdZp
=

(
ArcStkqfdFp

)
/Marc(Zp)

.

Remark 4.1.14. Since the inclusion AffPerfdqfdZp,ω1
⊂ AffPerfdZp,ω1 preserves fiber products and arc-

covers, we have an induced geometric morphism of topoi ArcStkZp → ArcStkqfdZp
whose left adjoint

is the unique left exact colimit preserving functor ArcStkqfdZp
→ ArcStkZp

that sends Marc(A) to
itself for A a separable qfd perfectoid ring over Zp.

4.2. Gelfand stacks. While light arc-stacks over Qp, as discussed in Section 4.1, form the target
of our perfectoidization functor, Gelfand stacks form the source. We will introduce this variant of
analytic stacks in this subsection.

Let us first recall the general construction of the∞-category of analytic stacks, [CS24].22 In the
following, we denote by AnRing the category of analytic rings, and use the 6-functor formalism on
AnRing.

We left Kan extend the functor A → D(A) (with !-pullback functoriality), from the category
AnRing! of analytic rings with !-able maps towards ∞-categories, to a functor X 7→ D!(X) from
the presheaf category P(AnRing!,op) of functors from AnRing! to anima.

Definition 4.2.1 ([CS24]). Let C ⊂ AnRingop be a small subcategory of analytic rings, stable
under pushouts of analytic rings and finite products; let C! be the non-full subcategory consisting
of all objects, and only the !-able maps.

A map f : Y → X in P(C!) is a !-equivalence if any pullback of any iterated diagonal of f is sent
to an isomorphism under D!.

The category of analytic stacks over C is the full subcategory AnStk(C) ⊂ P(C) obtained from
presheaves by localizing at the countably presented !-equivalences. More precisely, a presheaf
X ∈ P(C) is an analytic stack if for any !-equivalence f : Y ′ → X ′ between ω1-compact objects23

in P(C!), one has f∗ : MapP(C!)(X
′, X) ∼= MapP(C!)(Y

′, X).

22In the course [CS24], the definition was slightly off, and is corrected here.
23This condition is only put in to avoid possible set-theoretic issues, and irrelevant in practice.
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Remark 4.2.2. Let {A → Bi}i be a finite collection of !-able maps of analytic rings, and let
f : Y ⊂ X = AnSpec(A) be the presheaf image of

⊔
i AnSpec(Bi)→ AnSpec(A), i.e. the geometric

realization of the Čech nerve. Then the diagonal of f is an isomorphism, and so f is a !-equivalence
if and only if D satisfies !-descent along f . (Indeed, !-descent can be written as a colimit in PrL,
as in the display below, and this colimit commutes with base change.) This is precisely the class
of !-covers considered in [CS24], and we see that all analytic stacks are in particular sheaves with
respect to !-covers. Conversely, any !-hypersheaf is an analytic stack. Indeed, for this it suffices that
!-equivalences are ∞-connective in the ∞-topos of sheaves with respect to !-covers. By stability
under diagonals, it suffices to see that !-equivalences are surjective. This can be checked locally,
so assume f : Y → X = AnSpec(A) is a !-equivalence. Write Y = lim−→i

AnSpec(Bi) as a colimit of
affines. By !-descent, we have D(A) ∼= lim←−i

D!(Bi), or equivalently

lim−→
i

D!(Bi)→ D(A)

is an equivalence in PrLD(A). In particular, the compact object A ∈ D(A) can be written as a colimit
of objects in the image of D(Bi) → D(A) for varying i. By compactness, it can be written as a
retract of a finite such colimit; and a finite such colimit only involves finitely many indices i. The
resulting finitely many maps {A→ Bi}i then form a !-cover over which f admits a splitting.

For example – ignoring size issues – for C = AnRingop, we recover the∞-topos of analytic stacks
AnStk of [CS24].

Remark 4.2.3. It is clear from the construction that X 7→ D!(X) is a sheaf in analytic stacks.
We remark here that the functor X 7→ D∗(X) also defines a sheaf in analytic stacks. This follows
formally by taking linear duals in PrL. Let us give a sketch of the proof of this fact. First, we
note that the functor sending an analytic ring A to D∗(A) is a sheaf for the !-topology. Indeed,
this follows from [RC24b, Proposition 6.3.6 (a) and (b)]. It is now left to see that if Y → X is
a !-equivalence, then the natural map D∗(X) → D∗(Y ) is an equivalence. By !-descent on the
target, we can assume that X = AnSpec(A) is affinoid, we can then write Y = lim−→i

AnSpec(Bi) as
a colimit of !-able rings over A. Consider the pullback map of linear categories

F : PrLD(A) → PrLY = lim←−
i

PrLD(Bi).

Since the map f : A → Bi is !-able, it has both a left and right adjoint given by f!. Thus, F also
has a left and right adjoint. The left adjoint sends a cocartesian section (Mi)i∈I of D(Bi)-linear
categories to the colimit lim−→i

Mi in PrLD(A) along lower !-maps. The right adjoint sends (Mi)i∈I to
lim←−i∈I

Mi along pullback maps. By projection formula, the functor F is fully faithful if and only
if the natural map

lim−→
i∈I

D!(Bi)→ D(A)

is an equivalence, where the transition maps are given by lower !-maps. By passing to right adjoints
this is equivalent to the natural map

D(A)→ lim←−
i∈I

D!(Bi) = D!(Y )

to be an equivalence, which holds as Y → X is a !-equivalence. Thus, as F is fully faithful, by
looking at its right adjoint we deduce that

D(A)→ lim←−
i∈I

D∗(Bi) = D∗(Y )

is also an equivalence, proving the desired D∗-descent.

Remark 4.2.4. The class of !-equivalences is by definition stable under passing to diagonals and
base change. By [ABFJ22, Theorem 4.3.3], it follows that AnStk(C) is an ∞-topos; more precisely,
it is a left exact accessible localization of P(C).24

Remark 4.2.5. Assume that T is another∞-topos presented as a left-exact accessible localization
of a presheaf topos P(D). Assume moreover that we have a functor F : D → C!, thus inducing
a morphism of presheaf topoi P(D) → P(C!) → P(C). To check that the composite functor
P(D)→ P(C)→ AnStk(C) factors over a, necessarily unique, left-exact colimit-preserving functor
T → AnStk(C), we have to see that for any morphism f : Y → X in P(D) that becomes an
isomorphism in T , the image F (f) of f in P(C) is a !-equivalence. However, as any pullback of

24In [CS24], it was erroneously not ensured that the class of !-equivalences is stable under diagonals; this is
corrected here.
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any diagonal of f also becomes an isomorphism in T , it suffices to see that for any such f with
X ∈ D, the functor

D!(F (X))→ D!(F (Y ))

is an equivalence. Moreover, it is enough to check this for a generating class of such f . For example,
if T is the ∞-topos of hypersheaves for some Grothendieck topology, this can be taken to be the
corresponding class of hypercovers. In practice, this often amounts to verifying the following.
Assume for simplicity that there exists a generating class S of hypercovers in P(D), which map
to augmented simplicial affine analytic stacks with proper transition maps. Then it suffices to see
that for any simplicial analytic stack AnSpec(A•) → AnSpec(A), which is in the image of S, the
natural functor

ΦA• : D(A)→ Tot(D!(A•))

is fully faithful, or equivalently, the pro-object {Tot≤nA•} is pro-constant. Indeed, if A → A•
is a Čech nerve, then ΦA• is even an equivalence (as A0 is a descendable A-algebra) and thus
X ∈ P(D) 7→ D!(F (X)) is a sheaf. By [Man22, Proposition A.3.21] the assumed fully faithfulness
of ΦA• implies then that this sheaf is a hypersheaf, as desired (and thus a posteriori that the ΦA•

are equivalences).

We can now make the following definition, following the general pattern of Definition 4.2.1.

Definition 4.2.6.
(1) A Gelfand ring A is called separable if Au is a separable Banach algebra over Qp.
(2) The category of Gelfand stacks is defined as

GelfStk := AnStk(GelfRingopω1
)

where GelfRingω1 ⊆ AnRingQp,□
is the full subcategory of separable Gelfand rings25.

(3) For A ∈ GelfRingω1
, we denote by GSpec(A) the functor corepresented by A on separable

Gelfand rings.

We note that the category of separable Gelfand rings is stable under pushouts and products as
required in Definition 4.2.1, cf. Proposition 3.1.4.

Lemma 4.2.7. The inclusion GelfRingω1
⊆ AnRingQp,□

preserves pushouts and !-equivalences, and
hence defines a morphism of ∞-topoi AnStkQp,□ → GelfStk, whose right adjoint (−)Gelf sends
X ∈ AnStk to the functor A ∈ GelfRingω1

7→ X(AnSpec(A)). The left adjoint (−)An is the unique
left exact colimit preserving functor sending GSpec(A) for A ∈ GelfRingω1

to AnSpec(A).

Proof. This is formally implied by the fact that the inclusion GelfRingω1
→ AnRingQp,□

preserves
pushouts and !-equivalences. □

We note that the functor (−)An is probably not fully faithful, the problem being that a !-cover
of a Gelfand ring by an arbitrary analytic ring may not be refined by a !-cover from a Gelfand
ring.26

As the site GelfRingopω1
is subcanonical, the restriction of (−)An to affinoid Gelfand stacks, i.e.,

the essential image of GelfRingω1
→ GelfStk, is fully faithful.

Remark 4.2.8. The 6-functor formalism

D(−) : AnStkQp,□ → PrLD(Qp,□)

on analytic stacks over AnSpec(Qp,□), pulls back (via composition with (−)An : GelfStk→ AnStkQp,□)
to a 6-functor formalism on Gelfand stacks. In particular, we obtain the notions of !-able/suave/prim/...
maps between Gelfand stacks (see [HM24]).

Lemma 4.2.9. The functor (−)Betti ×AnSpec(Z) AnSpec(Qp,□) : CondAni→ AnStkQp,□ factors nat-
urally through a colimit-preserving functor

(−)Gelf
Betti : CondAni→ GelfStk

sending a light profinite set S to the Gelfand spectrum GSpec(C lc(S,Qp)) of the solid Qp-algebra of
locally constant functions S → Qp. Moreover, (−)Gelf

Betti is the left adjoint in a morphism of ∞-topoi
(−)cond : GelfStk→ CondAni.

25One should restrict to an essentially small category of separable Gelfand rings, e.g. the full subcategory of
κ-compact separable Gelfand rings for κ an infinite regular cardinal. We will ignore these set-theoretic issues in the
rest of the paper.

26For example, Qp → Zp((x))∧p [1/p] is such a !-cover.
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Proof. By Remark 4.2.5, it suffices to see that given a hypercover S• → S of light profinite sets
with A := C lc(S,Qp)→ A• := C lc(S•,Qp), one has !-descent D(A) ∼= lim!D(A•). For this, one has
to see that the pro-system of partial totalizations of {lim←−[n]∈∆≤k

A•}k is pro-isomorphic to A. This
can already be checked with Z-coefficients, and noting that cofiber fk of the map from A to the
k-th totalization is discrete, has countable cohomologies and lives in cohomological degrees ≥ k.
This implies that the map fk → A is zero (using that S is profinite). □

Remark 4.2.10. To lighten notation, from now on we will write (−)Betti : CondAni→ GelfStk for
the Betti realization functor of condensed anima in Gelfand stacks.

Next, we note that there is a well-behaved category of perfect modules on Gelfand stacks.

Lemma 4.2.11. Let a ≤ b be two integers. The prestack assigning to a Gelfand ring A the category
of perfect A-modules with amplitude [a, b] is an analytic stack.

Proof. The proof is similar to the proof of [Sch24b, Corollary VI.1.4]: let M ∈ D(A) which is locally
for the !-topology a perfect module of amplitude [a, b]. Since dualizability is a local property, M
is automatically dualizable. Since A is Gelfand, it is Fredholm (Proposition 3.3.5), hence the
dualizable A-module M is a perfect A-module. The descent of the perfect amplitude follows from
[Sch24b, Corollary VI.1.3]. □

Definition 4.2.12. Let X be a Gelfand stack. Let a ≤ b be two integers. An object M ∈ D(X)
is a perfect module of amplitude [a, b] if for all separable Gelfand ring A and map f : GSpecA→ X
of Gelfand stacks, the pullback f∗M is a perfect module of amplitude [a, b]. A perfect module of
amplitude [0, 0] is also called a vector bundle.

Remark 4.2.13. By Lemma 4.2.11 it suffices to test whether a module M on a Gelfand stack
X is a perfect module after pulling back along a jointly surjective family of morphisms of stacks
{GSpec(Ai)→ X}i.

Finally, we introduce a quasi-finite dimensional version of Gelfand stacks.

Definition 4.2.14.
(1) A separable Gelfand ring A is called quasi-finite dimensional (or qfd) if Au is a separable

qfd Banach algebra over Qp. We let GelfRingqfdω1
⊆ AnRingQp,□

be the full subcategory of
separable qfd Gelfand rings.

(2) The category of qfd Gelfand stacks is defined as

GelfStkqfd := AnStk((GelfRingqfdω1
)op).

(3) For A ∈ GelfRingqfdω1
, we still denote by GSpec(A) the functor corepresented by A on

separable qfd Gelfand rings.

Similarly as for qfd arc-stacks, cf. Remark 4.1.14, we have a geometric morphism of ∞-topoi
GelfStk→ GelfStkqfd whose left adjoint is the unique left exact colimit preserving functor sending
the spectrum GSpec(A) of a separable qfd Gelfand ring A to itself. In particular, we can transfer
the 6-functor formalism of quasi-coherent sheaves on Gelfand stacks along the functor GelfStkqfd →
GelfStk.

Example 4.2.15. Continuing with our series of examples arising from condensed anima, cf.
Lemma 4.2.9, the functor C lc(−,Qp) : Prof

light,op → GelfRingω1
of locally constant functions on

light profinite sets factors through GelfRingqfdω1
. Thanks to loc. cit. we have an induced left exact

colimit preserving functor
(−)qfdBetti : Ŝhv(Prof

light)→ GelfStkqfd

from the category of hypersheaves on profinite sets with values in anima towards qfd Gelfand
stacks.

We note that we have a commutative diagram of left exact colimit preserving functors

Ŝhv(Prof light) CondAni

GelfStkqfd GelfStk,

(−)qfdBetti
(−)Betti

where the horizontal arrows are the natural left Kan extensions that are the identity on repre-
sentable objects. In order to avoid cumbersome notation, we shall keep writing (−)qfdBetti as (−)Betti

and simply call it the Betti realization in qfd Gelfand stacks. Throughout the text we will make
explicit which incarnation of the Betti stack we are referring to.
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4.3. Derived Berkovich spaces. The aim of this subsection is to construct a category of derived
Berkovich spaces over Qp,□, as a full subcategory of the category of Gelfand stacks. This construc-
tion is completely analogous to that of derived Tate adic spaces of [RC24a, Section 2.7], and will
generalize partially proper rigid spaces and more generally (good) Berkovich spaces.

Definition 4.3.1. We let C = GelfStkaff denote the category of affinoid Gelfand stacks, that is,
the category of Gelfand stacks representable by separable Gelfand rings.

(1) An analytic cover of an affinoid Gelfand stack X is a finite collection {Yi → X}i∈I of
rational localizations of X, such that the closed cover {|Yi| → |X|} is strict, that is, it is
refined by an open cover of the topological space |X|. Notice that any analytic cover in C
is a !-cover of affinoid Gelfand stacks.

(2) Let Can be the analytic site of affinoid Gelfand stacks and let Shv(Can) be the category
of sheaves on Can. Any sheaf Y ∈ Shv(Can) has an underlying topological space |Y |
constructed as the colimit |Y | := lim−→X∈C/Y

|X| where X runs over all affinoid Gelfand

stacks over Y , and |X| is the Berkovich spectrum of X. Given a map Z → Y in Shv(Can)
we have an induced map of topological spaces |Z| → |Y |.

(3) Let U ⊂ |Y | be an open subspace, we define YU → Y to be the subsheaf whose values
at A ∈ GelfRing is given by those maps GSpec(A) → Y such that M(A) → |Y | factors
through U . A map Z → Y is called an open immersion if it is equivalent to YU → Y for
some open U ⊂ Y .

(4) A sheaf Y ∈ Shv(Can) is called a derived Berkovich space over Qp,□ (or simply a derived
Berkovich space) if there is an open cover {Ui ⊂ Y }i∈I of Y , and open immersions Ui →
Xi where Xi ∈ C is an affinoid Gelfand stack. We let BerkSp ⊂ Shv(Can) be the full
subcategory of derived Berkovich spaces.

(5) Given Y a derived Berkovich space, a strict affinoid cover of Y is a collection of subsheaves
{Yi ⊂ Y }i∈I such that each Yi is representable by a separable Gelfand ring, and that the
cover {|Yi| → |Y |}i is strict, that is, the cover can be refined by an open cover of |Y |.

(6) By restricting all the previous constructions to the full subcategory Cqfd ⊂ C of qfd affi-
noid Gelfand stacks, we define in a similar fashion the category BerkSpqfd of quasi-finite
dimensional Berkovich spaces.

Remark 4.3.2. There is a natural fully faithful functor GelfStkaff → Affb
Qp

from affinoid Gelfand
stacks to affinoid bounded spaces over Qp (cf. [RC24a, Definition 2.7.20]). By definition, Berkovich
analytic covers are refined by open covers of the underlying Berkovich spectrum which then produce
analytic covers in the adic spectrum. This produces fully faithful embeddings

BerkSpqfd ↪→ BerkSp ↪→ AdicSpQp

from the category of (qfd) derived Berkovich spaces into the category of derived Tate adic spaces
over Qp (cf. [RC24a, Definition 2.7.22]). In particular, there are notions of locally of finite presen-
tation, smooth, étale, etc. for derived Berkovich spaces (see [RC24a, Definition 3.6.6]).

The next proposition shows that derived Berkovich spaces form a full subcategory of Gelfand
stacks.

Proposition 4.3.3. Let Y ∈ BerkSp be a derived Berkovich space. Assume that lim−→i
GSpec(Ai)→

GSpec(A) is a !-equivalence; or just that it induces an isomorphism after passing to arc-stacks, and
A = limiAi. Then the natural map

Y (A)→ lim←−
i

Y (Ai)

is an equivalence. In particular, Y defines a Gelfand stack. Furthermore, the functor BerkSp →
GelfStk is fully faithful (resp. for BerkSpqfd ↪→ GelfStkqfd).

Proof. Let Y be a derived Berkovich space, we have a natural map of functors on Gelfand rings

Y (A) = Map(GSpecA, Y )→ MapTop(M(A), |Y |)
for A ∈ GelfRing. The right hand side term satisfies arc-hyperdescent, and any !-equivalence gives
rise to an arc-hypercover, namely, any map A → B of Gelfand rings for which the base change
B ⊗A − is conservative is automatically an arc-cover. Evaluating at A• and taking limits we get
a commutative diagram of anima

Y (A) lim←−i
Y (Ai)

MapTop(M(A), |Y |) lim←−i
MapTop(M(Ai), |Y |)
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where the bottom horizontal arrow is an equivalence. Thus, to show that the upper horizontal
arrow is an isomorphism, it suffices to prove this over the fibers of MapTop(M(A), |Y |). Therefore,
we fix a map of topological spaces f top :M(A)→ |Y | and consider the fibers

Y (A)/ftop → limi(Y (Ai))/ftop .

By taking a affinoid rational cover Yi of Y whose pullback along f top can be refined by a strict
rational cover of M(A), we can formally reduce to the case where Y = GSpecB is itself affinoid.
In that case, Y (A) = MapGelfRing(B,A) and the equivalence holds as A = limiAi.

It is left to show that the natural map BerkSp→ GelfStk is fully faithful. For that, notice that
any map Y → X in GelfStk gives rise to a map of arc-stacks Y ⋄ → X⋄ and so it gives rise to a map
of topological spaces |Y ⋄| → |X⋄|. For a derived Berkovich space Y , one has |Y | = |Y ⋄|, namely,
this holds for affinoid spaces and the general case follows from analytic descent. Hence, if X,Y are
derived Berkovich spaces, we have a natural commutative triangle of maps of

MapBerkSp(Y,X) MapGelfStk(Y,X)

MapTop(|Y |, |X|).

Therefore, to show that the upper horizontal map is an equivalence, it suffices to prove it on fibers
over MapTop(|Y |, |X|). In that case, one fixes the map f top : |Y | → |X| of topological spaces, and
by the same argument as before one formally reduces to the case when Y and X are affinoid where
the equivalence is clear. □

Later, we will pay specific attention to rigid smooth morphisms of derived Berkovich spaces.

Definition 4.3.4. Let f : Y → X be a map of derived Berkovich spaces over Qp.
(1) The map f is called rigid étale if, locally in an open cover of Y and X, f admits a

factorization along open immersions and finite étale maps.
(2) The map f is rigid smooth if, locally in the analytic topology of Y and X, it factors as a

composite Y g−→ Ad,an
X → X, where g is rigid étale.

(3) The map f is Berkovich étale if locally in a strict closed cover of both Y and X (that is,
a closed cover refined by an open cover), the map f is a Berkovich étale map of affinoid
Berkovich spaces as in Definition 3.2.8.

(4) The map f is Berkovich smooth if locally in a strict closed cover of both Y and X, it
factors as a composite Y g−→ Ad,an

X → X where g is Berkovich étale.

Remark 4.3.5. Any rigid étale (resp. rigid smooth map) is Berkovich étale (resp. Berkovich
smooth), but the converse does not hold: rational localizations are Berkovich étale but not rigid
étale in general.

Finally, we isolate an interesting subcategory of derived Berkovich spaces, equivalent to Große-
Klönne’s notion of dagger space (also called rigid space with overconvergent structure sheaf),
[GK00].

Definition 4.3.6. A derived Berkovich space Y over a (separable) non-archimedean field K is
called a †-rigid space if, locally on an affinoid cover, it is represented by a classical (i.e., static)
quotient of an overconvergent Tate algebra K⟨T1, . . . , Tn⟩≤r for some r > 0. If the structure
morphism Y → GSpec(K) is rigid smooth, we simply say that Y is smooth.

For example, partially proper rigid spaces over K are †-rigid spaces.

4.4. Arc- and !-topologies on perfectoid rings. To properly set up the theory of perfectoidiza-
tion and de Rham stacks, it will be important to relate the arc-topology and the !-topology on
perfectoid rings. It will even be useful to upgrade this to Ainf -coefficients, in the almost setup. This
is what this rather technical subsection is devoted to. It ends with a discussion of the relation to
these results to recent work developing a 6-functor formalism for pro-étale Zp- or Qp-cohomology
of rigid spaces, [AM24], [ALBM24].

We start by introducing the following almost category:

Definition 4.4.1. Let A be a perfectoid Tate ring over Zp and let Ainf(A) : = W (A♭,◦) be the
ring of Witt vectors of the ring of power-bounded elements of its tilt. We see Ainf(A) as a solid
Zp-algebra. Let A := A◦/A◦◦. By [BS22, Lemma 10.3] (or by a direct computation using reduction
mod p), the map of solid rings Ainf(A) → W (A) is idempotent (here we use that the solid tensor
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product preserves connective p-complete modules, cf. [Man22, Lemma 2.12.9]). We define the
category of solid almost Ainf(A)-modules to be the Verdier quotient

Da(Ainf(A)) := D(Ainf(A))/D(W (A)).

Remark 4.4.2. Let f : A → B be a map of perfectoid Tate rings over Zp, then one has that
W (B) =W (A)⊗Ainf (A) Ainf(B). In particular, we have a natural base change map

f∗ : Da(Ainf(A))→ Da(Ainf(B))

with conservative and Da(Ainf(A))-linear right adjoint f∗ given by a forgetful functor. Moreover,
we have

Da(Ainf(B)) = D(Ainf(B))⊗D(Ainf (A)) D
a(Ainf(A))

using [AM24, Remark 4.3]. Thus, one has an associated 6-functor formalism on A 7→ Da(Ainf(A))
compatible with the 6-functor formalism of analytic rings, and the map f gives rise to a proper
map (having the induced analytic ring structure).

Lemma 4.4.3. The functor A 7→ Da,!(Ainf(A)) (with transition maps given by upper !-maps) on
separable totally disconnected perfectoid rings satisfies arc-hyperdescent. In particular, if A → A•
is an arc-hypercover of separable perfectoid rings over Qp with A totally disconnected, then it is a
!-equivalence.

Proof. We use the criterion from Remark 4.2.5, that is, we prove that the pro-system (Tot≤k(Ainf(A•)))k
is pro-constant equal to Ainf(A) in Da(Ainf(A)). By base changing along Ainf(A)→ A one obtains
the claim for the cover A→ A•. By almost arc-hyperdescent of A 7→ A♭,◦ (which follows formally
from [Sch18a, Proposition 8.8] and [AM24, Lemma 4.6]), we know that Ainf(A) → Tot(Ainf(A•))
is an isomorphism in Da(Ainf(A)).

Thus, it suffices now to see that fk : Ainf(A)→ Tot≤k(Ainf(A•)) admits a retract in Da(A◦) for
all k ≫ 0. We note that the cofiber of fk is concentrated in cohomological degrees ≥ k thanks to
the dual of [Lur17, Proposition 1.2.4.5]. Hence, it suffices to apply Lemma 4.4.4. □

Lemma 4.4.4. Let A be a separable totally disconnected perfectoid Tate ring with pseudo-uniformizer
ϖ, and let R := Ainf(A). Let M,N ∈ D(R) be static derived (p, [ϖ])-complete R-modules. Assume
that M is discrete and countable mod (p,ϖ). Then ExtiD(R)(M,N) = 0 for i > 5.

Proof. In the following all tensor products, Hom, quotients, etc. are derived. We have that

HomR(M,N)⊗R R/(p, [ϖ]) = HomR(M,N/(p, [ϖ]) = HomR/(p,ϖ)(M/(p, [ϖ]), N/(p,ϖ)).

SinceN is derived (p, [ϖ])-complete, then so is HomR(M,N) and by the derived Nakayama’s lemma
it suffices to show that HomR/(p,ϖ)(M/(p, [ϖ]), N/(p,ϖ)) is (−5)-connective, i.e., its homotopy
groups vanish in degrees < −5. Since M is static, M/(p, [ϖ]) is supported in homological degrees
[0, 2]. Thus, it suffices to show that if N and M are static and countable A◦/ϖ = R/(p,ϖ)-modules
then ExtiA◦/ϖ(M,N) = 0 for i > 3. To show that, it suffices to prove that ExtiA◦(M,N) = 0 for
i > 2 if N and M are ϖ-torsion and M is countable.

We can find a short exact sequence of A◦-modules 0 → M ′′ → M ′ → M → 0 with M ′ ∼=⊕̂
i∈NA

◦, and M ′′ ϖ-torsion free and (derived) ϖ-adically complete. Using that M ′/ϖ is a free
A◦/ϖ-module, it suffices to show that ExtiA◦(M,N) = 0 for i > 1 if M is static derived ϖ-
complete ϖ-torsion free with M/ϖ countable (and N killed by ϖ). We set S := A◦. We claim
that with these assumptions, M/ϖ is a countable flat S/ϖ-module. Assuming this, as in the proof
of Lemma 3.2.1, we can use Lazard’s theorem to write M/ϖ as a countable filtered colimit of finite
free S/ϖ-modules to see that ExtiD(S)(M,N) ∼= ExtiD(S/ϖ)(M/ϖ,N) = 0 for i > 1; thus we are
done.

As M/ϖ is countable, by assumption, it suffices to see that M is ϖ-completely flat, i.e., for any
(discrete, static) S/ϖ-module K, the (derived) tensor product M ⊗S K is concentrated in degree
0. As M ⊗S K is an object of the classical derived category Dδ(S/ϖ), this claim can be checked
on stalks on Spec(S/ϖ). Given x ∈ Spec(S/ϖ) ∼=M(A), let Sx be the filtered colimit of rational
neighborhoods of x. As A is totally disconnected, this colimit is a colimit of direct summands
of S. Moreover, the ϖ-adic completion of Sx is a valuation ring Tx with pseudo-uniformizer ϖ.
We can conclude that the tensor product M ⊗S Sx is a static, ϖ-torsion free Sx-module, and so
its ϖ-adic completion Mx is a static and ϖ-torsion Tx module (which is still discrete mod ϖ).
Because Tx is a valuation ring, we can conclude that Mx is a flat Tx-module. Let (S/ϖ)x be the
Zariski localization of S/ϖ at x. Then

(M ⊗S K)⊗S/ϖ (S/ϖ)x ∼=Mx ⊗Tx
(S/ϖ)x

is therefore concentrated in degree 0 as desired. □
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Our next goal is to show that for a separable perfectoid ring A there is, under a finiteness
condition on the Berkovich space M(A), a pro-étale !-cover A → A′ where A′ is a separable
strictly totally disconnected perfectoid ring, so that the previous results can be extended beyond the
totally disconnected case. One cannot hope to simply drop the finite-dimensionality assumption,
see Remark 4.4.8 below.

Lemma 4.4.5. Let A be a perfectoid ring and let A → B be a rational localization. Then the
map Ainf(A)→ Ainf(B) of solid almost analytic rings is idempotent, i.e., Ainf(B) is an idempotent
algebra in the almost category Da(Ainf(A)) of Definition 4.4.1. Furthermore, if {Marc(Bi) →
Marc(A)}ni=1 is a rational cover of A, then the collection of almost idempotent algebras {Ainf(A)→
Ainf(Bi)}ni=1 is a closed cover of the smashing spectrum of Da(Ainf(A)), equivalently, the map
Ainf(A)→

∏d
i=1 Ainf(Bi) is descendable in Da(Ainf(A)).

Proof. We can assume without loss of generality that A is a perfectoid ring over Fp. We need to
show the following two facts:

(1) Let A→ B be a rational localization. Then the map Ainf(A)→ Ainf(B) is idempotent.
(2) Let {Marc(Bi) → Marc(A)}ni=1 be a rational cover of A, then the collection of almost

idempotent algebras {Ainf(A) → Ainf(B)}ni=1 is a closed cover of the smashing spectrum
of Da(Ainf(A)).

We first show (1). We want to see that the map

Ainf(B)⊗Ainf (A) Ainf(B)→ Ainf(B)

is an almost equivalence. As the solid tensor product preserves connective derived p-complete
objects [Man22, Proposition 2.12.10], by derived Nakayama’s lemma it suffices to prove modulo p,
in which case we need to show that g : B◦ ⊗A◦ B◦ → B◦ is an almost equivalence. The left hand
side is a tensor of perfect solid Fp-algebra, so it is static by [BS17, Lemma 3.16] (more precisely, all
the values at profinite sets are perfect Fp-algebras and so static) and therefore integrally perfectoid.
Since the map g is an equivalence in generic fibers, it is an almost equivalence integrally and we
are done.

We next show part (2). Let {A → Bi}ni=1 be a rational cover of M(A), for J ⊂ {1, . . . , n} a
finite subset let BJ =

⊗
j∈J Bi where the tensor product is taken over A. To see that {Ainf(A))→

Ainf(Bi)}ni=1 is a closed cover in the smashing spectrum of Da(Ainf(A)), it suffices to show that
the natural map

Ainf(A)→ lim←−
J∈{1,...,n}

Ainf(BJ)

is an almost equivalence. Taking quotients mod p this reduces to almost arc-descent of O◦ for
affinoid perfectoid spaces. □

Lemma 4.4.6. Let A → A′ be a pro-finite étale cover of separable perfectoid Tate rings. Then
Ainf(A)→ Ainf(A

′) is descendable in Da(Ainf(A)) of index of descendability ≤ 16.

Proof. By arguing as in point (b) of the proof of [AM24, Theorem 2.30], it suffices to show that for
all k ∈ N the map Ainf(A)/p

k → Ainf(A
′)/pk is descendable of index of descendability ≤ 8. Then,

by applying the same argument, it suffices to show that for any pseudo-uniformizer π ∈ A◦◦, one has
to show that Ainf(A)/(p

k, [π]) → Ainf(A
′)/(pk, [π]) is descendable of index of descendability ≤ 4.

By hypothesis, we can write A′ = lim−→n
An as a filtered colimit of finite étale covers A→ An. Since

Ainf(A
′)/(pk, [π]) = lim−→n

Ainf(An)/(p
k, [π]), by applying [Man22, Proposition 2.7.2] it suffices to

show that if A→ A′ is a finite étale cover then Ainf(A)/(p
k, [π])→ Ainf(A

′)/(pk, [π]) is descendable
of index of descendability ≤ 2, and by base change even just that Ainf(A)/p

k → Ainf(A
′)/pk has

index of descendability ≤ 2.
Thus, we can assume that A → A′ is a finite étale cover. We claim that the quotient Q =

cofib(Ainf(A)→ Ainf(A
′)) is almost finite projective. Suppose that this holds, then Q/pk is almost

finite projective Ainf(A)/p
k-module for all k, and for any pseudo-uniformizer π ∈ A◦◦ the surjec-

tive map Ainf(A
′)/pk → Q/pk admits a splitting up to multiplication by [π]. Equivalently, the

map ι : Ainf(A)/p
k → Ainf(A

′)/pk admits a π-retract, that is, there is a map gπ : Ainf(A
′)/pk →

Ainf(A)/p
k for which the composite with ι is the multiplication by [π] on Ainf(A)/p

k. Suppose the
claim holds, and let K = fib(Ainf(A) → Ainf(A

′)), then the map K → Ainf(A)/p
k is killed by [ϖ]

for all π ∈ A◦◦. Writing W (A◦◦)⊗Ainf (A) K as the p-completed filtered colimit of ([π]K)π∈A◦◦ we
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have a short exact sequence

0→ R1 lim←−
π∈A◦◦

π1
(
HomAinf (A)/pk(([π]K)/pk,Ainf(A)/p

k)→ π0(HomAinf (A)/pk((W (A◦◦)⊗Ainf (A) K)/pk,Ainf(A)/p
k)

→ lim←−
π∈A◦◦

π0(HomAinf (A)/pk(([π]K)/pk,Ainf(A)/p
k)→ 0,

where the right limit is not derived. The image of η in the right term is zero (this is precisely
the “[π]-split for each π” property discussed before), so it comes from the left R1 lim←− term. Thus,
by [Man22, Lemma 2.7.1] the map η⊗2 : K⊗Ainf (A)2 → Ainf(A) is zero modulo pk, proving that
Ainf(A)/p

k → Ainf(A
′)/pk is (≤ 2)-descendable as wanted.

We now prove the claim, that is, that Q = cofib(Ainf(A) → Ainf(A
′)) is an almost finite

projective Ainf(A)-module, equivalently that it is almost p-completely flat and almost finitely
generated. By derived Nakayama’s lemma (and the definition of p-complete flatness) this reduces
to proving that the derived quotient Q/p = cofib(A◦ → A′,◦) is an almost finite projective A◦-
module (and thus in particular almost flat), and this follows from the almost purity theorem [BS22,
Theorem 10.9]. Indeed, by almost purity we know that Q/p is almost finitely presented, and that
for all pseudo-uniformizer π we can find a π-retract A′,◦ → A◦, this is the same as having a
π-section of A′,◦ → Q/p, proving that Q/p is also almost flat. □

Proposition 4.4.7. Let A be a separable affinoid perfectoid ring such that M(A) has finite co-
homological dimension. Then there is a pro-étale descendable map of separable perfectoid rings
A → A′ such that Ainf(A) → Ainf(A

′) is descendable in Da(Ainf(A)) and A′ is strictly totally
disconnected. Moreover, let g : A → B be an arbitrary arc-cover with B separable perfectoid, then
Ainf(A) → Ainf(B) is descendable. By base change along Ainf(A) → A, the map A → B is also
descendable.

Proof. Let A be as in the statement and let π be a pseudo-uniformizer of A. By Lemma 4.4.5,
the functor mapping a closed rational open subspace C ⊂M(A) to Ainf(C)/(p

k, [π]) is a sheaf of
idempotent algebras in the almost category Da(Ainf(A)/(p

k, [π])). By [Aok23, Theorem A] this
functor produces a morphism of locales

ψ : Sm(Da(Ainf(A)/(p
k, [π])))→M(A),

(here working modulo (pk, [π]) is important for the compatibility with colimits of idempotent
algebras).

Consider the algebra Aw of Lemma 3.2.9 and its uniform completion Aw,u. It is separable totally
disconnected perfectoid, and sits in a pullback diagram of arc-stacks

(4.4.1)

Marc(A
w,u) M(Aw,u)

Marc(A) M(A)

f

g

where the right terms are the compact Hausdorff Berkovich spectra seen as arc-stacks. As M(A)
has finite cohomological dimension d, the algebra f∗1 ∈ D(M(A),Z) is descendable of index only
depending on d, see Lemma 3.2.4. Pulling back along ψ, and thanks to the pullback square
(4.4.1), one has that ψ∗f∗1 = Ainf(A

w,u)/(pk, [π]). We deduce that the map Ainf(A)/(p
k, [π]) →

Ainf(A
w,u)/(pk, [π]) is descendable in Da(Ainf(A)/(p

k, [π])) with index of descendability only de-
pending on d. Taking limits on pk and [π], and using the same argument as [AM24, Theorem
2.30], we get that Ainf(A) → Ainf(A

w,u) is descendable with index only depending on d. Finally,
by applying Lemma 4.1.4 (2) and Lemma 4.4.6, we can produce a pro-finite étale strictly totally
totally disconnected cover Aw,u → A

′
such that Ainf(A

w,u)→ Ainf(A
′) is descendable (with index

of descendability independent of d). Taking the composition A → Aw,u → A′ we get the desired
cover.

Next, we prove that if A→ B is an arc-cover by a separable totally disconnected ring, then the
map Ainf(A) → Ainf(B) is descendable of index only dependent on d. Indeed, this can be proven
after base change along Ainf(A) → Ainf(A

′) (with A′ constructed as before), in which case the
descendability follows from Lemma 4.4.3. □

Remark 4.4.8.
(1) Assume that A is a separable perfectoid ring with a descendable map A → B with B a

separable strictly totally disconnected perfectoid. Using the Artin–Schreier sequence on
the tilt and that each open subset of Spa(B,B◦) is a countable filtered union of quasi-
compact open subsets (and hence of affinoids), one sees that each closed subset Z of
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M(B) (or rather its pullback to a perfectoid subspace of Spa(B,B◦)) has vanishing Fp-
cohomology in degrees ≥ 2. From this (and Artin–Schreier for the tilt again), one de-
duces, from the descendability assumption, that the same holds true for closed subsets
of M(A). This implies that a finiteness condition in Proposition 4.4.7 is necessary, and
that A′ := Qcyc

p ⟨T
1/p∞

1 , T
1/p∞

2 , . . . ⟩ does not admit a !-cover by a strictly totally discon-
nected perfectoid ring (e.g.,

∏
N S

1 ⊆ M(A′) and
∏

N S
1 has unbounded cohomological

dimension).
(2) In fact, let A be a separable Gelfand ring, and let A → B be a descendable map such

thatM(B) is totally disconnected. As in the previous discussion, we see that there exists
d ≥ 0 such that for any open subspace U ⊆ M(A) the quasi-coherent cohomology (more
precisely, the pushforward to GSpec(Qp)) of the Gelfand stack UBetti×M(A)Betti

GSpec(A)
is by bounded by d. This in turn implies that the ring A′ := Qp⟨T1, T2, . . .⟩ does not
admit any descendable morphism A′ → B′ with M(B′) profinite. Namely, for n ≥ 0 we
can consider the open space Vn ⊆ Zn := GSpec(Qp⟨T1, . . . , Tn⟩), which is the complement
of GSpec(OZn,0) with 0 ∈ |Zn| the origin. Then the open subspace Un := Vn ×GSpec(Qp)

GSpec(Qp⟨Tn+1, . . .⟩) ⊆ Z∞ := GSpec(Qp⟨T1, . . .⟩) has cohomology in degree n − 1 (as
follows by an explicit computation), and this goes to ∞ if n→∞.

In the rest of this subsection, we make a small detour to explain the relation between the
previous descent results obtained for perfectoid rings and the works on 6-functor formalisms for
quasi-coherent sheaves on Fargues–Fontaine curves of [AM24] and [ALBM24].

Let Perftdω1
be the category of separable totally disconnected perfectoid spaces over Fp. Thanks

to Lemma 4.4.3 the functor
Da,!(−,Ainf) : Perf

td,op
ω1

→ PrL

sending A 7→ Da(Ainf(A)), and transition maps given by upper !-maps, satisfies hyperdescent, and
thus Da(Ainf(−)) also satisfies ∗-hyperdescent. Hence, one can extend this functor via techniques
as in [ALBM24] to a 6-functor formalism on light arc-stacks

(4.4.2) Da(−,Ainf) : Corr(ArcStkFp
, E)→ PrL

where E is a suitable class of arrows as in [HM24, Theorem 3.4.11] (including all maps of arc-stacks
arising from rigid analytic varieties).

Taking base change along Ainf → Ô we recover a light version of the descent results of [AM24],
up to the cost of working only with light solid sheaves on partially proper spaces. One can also
recover the 6-functor formalism of quasi-coherent sheaves on Y[0,∞) of [ALBM24], or rather a light
version restricted partially proper spaces, as follows. If A is a separable perfectoid ring over Fp

with pseudo-uniformizer ϖ we define

YA = Spa(Ainf(A))\V (p[ϖ])

(see [FS21, Section II.1]), and regard it as a Berkovich space over Qp (this is possible as YA is par-
tially proper as an adic space). We can write then YA as the union of Gelfand stacks GSpecB[r,s](A)

for [r, s] ⊂ [0,∞) an interval with rational ends, and B[r,s](A) = Ainf(A)⟨ p
[ϖ]1/s

, [ϖ]1/r

p ⟩[ 1
[ϖ] ] (with

the convention [ϖ]1/r/p = 0 if r = 0). We have the following lemma:

Lemma 4.4.9. Let A be a separable perfectoid Fp-algebra with pseudo-uniformizer ϖ. Let Da(Ainf(A))
be the almost category of solid Ainf(A)-modules from Definition 4.4.1. Then for [r, s] ⊂ [0,∞) the
algebras B[r,s](A) ∈ CAlg(Da(Ainf(A))) are idempotent and we have a natural equivalence

D(B[r,s](A)) = ModB[r,s](A)(D
a(Ainf(A))),

where the left hand side is the category of Z-solid B[r,s](A)-modules.

Proof. For the idempotency, it suffices to show that the map of solid algebras

(4.4.3) Ainf(A)[
1

[ϖ]
]→ B[0,s](A) = Ainf⟨

p

[ϖ]1/s
⟩[ 1
ϖ
]

is idempotent. Indeed, since B[0,s] is sousperfectoid it is a sheafy Tate algebra (with pseudo-
uniformizer [ϖ]). Thus, any rational localization B[0,s] → C, in the sense of adic spaces, is idempo-
tent for the relative solid tensor product (e.g. by [And21, Proposition 4.12], [Man22, Proposition
2.3.22 (ii)]). Moreover, as the Banach module C is nuclear over B[0,s], the tensor product C⊗B[0,s]

C

is already solid with respect to C+ and thus we see that C is idempotent as a (B[0,s],Z)□-algebra.
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It is left to see that (4.4.3) is idempotent. By an explicit calculation, e.g., using the presentation
in [SW20, Proposition 11.2.1], we have a short exact sequence

0→ Ainf(A)⟨T ⟩[
1

[ϖ]
]

[ϖ]1/sU−p−−−−−−−→ Ainf(A)⟨T ⟩[
1

[ϖ]
]→ B[0,s] → 0

where Ainf(A)⟨T ⟩ is the (p, [ϖ])-adic completion of the polynomial algebra over Ainf(A). Thus, as
the solid tensor product preserves (p, [ϖ])-complete connective objects, see [Man22, Proposition
2.12.10], one easily deduces that

Ainf(A)⟨T ⟩ ⊗Ainf (A) B[0,s] = B[0,s]⟨T ⟩,
with B[0,s]⟨T ⟩ the Tate algebra in one generator over B[0,s]. We deduce that the derived tensor
product B[0,s] ⊗Ainf (A)[ 1

[ϖ]
] B[0,s] is represented by the complex in homological degrees [0, 1]

B[0,s]⟨T ⟩
[ϖ]1/sT−p−−−−−−−→ B[0,s]⟨T ⟩,

which is equal to B[0,s] as p
[ϖ]1/s

∈ B◦
[0,s].

The claim about the almost category is easy since one can compute that B[r,s](A)⊗Ainf (A)W (A) =

0 for the solid tensor product (e.g. [ϖ] is zero in W (A) but a unit in B[r,s](A)). □

Corollary 4.4.10. The following hold:
(1) Let A → A• be an arc-hypercover of separable totally disconnected perfectoid Fp-algebras

(with fixed pseudo-uniformizer ϖ), then for all [r, s] ⊂ (0,∞) rational closed interval, the
diagram B[r,s](A)→ B[r,s](A•) of Gelfand Qp-algebras is a !-equivalence. In particular, the
functor A 7→ YA sends arc-covers of separable totally disconnected perfectoid Fp-algebras
to epimorphisms of Gelfand stacks.

(2) Let Yarc : ArcStkFp
→ GelfStk be the extension of the functor A 7→ YA to light arc-stacks

obtained by descent. Then, if A is a separable perfectoid Fp-algebra with M(A) finite
dimensional, there is a natural equivalence of Gelfand stacks Yarc

A
∼−→ YA.

Proof. Part (1) follows formally from Lemma 4.4.9 after base changing along Ainf(A)→ B[r,s](A)
the descendability results of Lemma 4.4.3. Part (2) follows by base change from the descendability
results of Proposition 4.4.7. □

Remark 4.4.11.
(1) The functor Yarc sends Fp to GSpec(Qp) (cf. [ALBM24, Theorem 6.3.1]). To see this, we

claim first that the natural map

(4.4.4) YMarc(K)×FpMarc(K) → YK ×GSpec(Qp) YK
is an isomorphism. The fiber product Marc(K) ×Fp Marc(K) identifies with the open
punctured perfectoid disc D̊⋄,×

K,∞. On the other hand, one can identify YK = D̊u,×
Qp,∞ with

the open punctured perfectoid disc in the variable given by the Teichmüller [ϖ] (where u
denotes the uniform completion of the Berkovich space). From this description, one easily
deduces that

YMarc(K)×FpMarc(K)
∼= YD̊⋄,×

K,∞
= YK ×GSpec(Qp) D̊

u,×
Qp,∞

∼= YK ×GSpec(Qp) YK ,

and that this isomorphism is the one of (4.4.4), proving the claim. Then one concludes
using descent along the Čech nerve forMarc(K) for K = Fp((t

1/p∞
)).

(2) One can check that the functorMarc(A) 7→ YA preserves fiber products on perfectoid rings
(and hence on perfectoid spaces). Using the previous discussion and base change along the
coveringMarc(K)→Marc(Fp) shows that the functor Yarc : ArcStkFp

→ GelfStk preserves
finite products, and is thus left exact.

The functor X 7→ D(Yarc
X ) on 1-truncated light arc-stacks is then a light variant of the 6-functor

formalism S 7→ D(0,∞)(S) of [ALBM24, Remark 4.2.4], but restricted to partially proper (and
light) objects (and a different class of !-able maps27).

Notice that, in particular, we had no need to modify the category of solid quasi-coherent sheaves
in order to guarantee arc-descent, as in [AM24]. In fact, as we generally induce analytic ring
structures from Qp,□ the modification is not necessary ([AM24, Lemma 2.9]). Nevertheless, the
6-functor formalism of [ALBM24] is more refined and in particular it can be evaluated in arbitrary
adic spaces. For applications in p-adic geometry (such as Poincaré duality for smooth maps between
partially proper rigid spaces as proven in [CGN24], [ALBM24]) and the p-adic Langlands program,

27Strictly speaking, one needs to compare the !-functors, but for this one can use [DK24, Theorem 1.3].
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both 6-functor formalisms are equally good since all the relevant spaces are usually light and
partially proper. An advantage of the 6-functor formalism discussed here that it is directly related
with the six functors of analytic stacks, e.g., making it easier to compare it to quasi–coherent
sheaves on Hyodo–Kato stacks.

4.5. Perfectoidization and the big de Rham stack. Given a separable Gelfand ring A, we let
Marc(A) denote the arc-prestack corepresented by the ring A in totally disconnected perfectoid
rings. We note that, since arc-hypercovers of totally disconnected perfectoid rings are !-equivalences
(Lemma 4.4.3),Marc(A) is actually an arc-stack. A major motivation for the use of Gelfand stacks
is the perfectoidization, that we can define now.

Lemma 4.5.1.
(1) There exists a unique morphism of ∞-topoi ArcStkQp → GelfStk, whose left adjoint (−)⋄

sends GSpec(A), for A ∈ GelfRingω1
, to (GSpec(A))⋄ :=Marc(A).

(2) If A ∈ GelfRingω1
the natural map Marc(A

u)→Marc(A) is an isomorphism.

We call (−)⋄ the perfectoidization functor.

Proof. The last assertion is clear as each separable perfectoid Qp-algebra B is uniform, so that
any A → B factors over Au → B. We claim that the functor A 7→ Marc(A) preserves terminal
objects, fiber products and (its extension to presheaf topoi) sends !-equivalences to ∞-connective
maps in the arc-topos. Given the claim the first assertion is formal. Preservation of terminal
objects/fiber products is clear. Let A→ B be a !-cover of Gelfand rings. It suffices to see that the
map of Berkovich spaces f :M(B) → M(A) is surjective. Let x ∈ M(X), and let A → κ(x) be
the residue field of A at x. The fiber of f at x is the Berkovich spectrum of the ring B ⊗A κ(x),
since A → B is a !-cover, base change is conservative and B ⊗A κ(x) ̸= 0, then Lemma 3.1.11
implies that f−1(x) ̸= ∅ and so f is surjective. By stability of !-equivalences under diagonals, it
then follows that they are sent to ∞-connective maps. □

Remark 4.5.2. Let Y be a derived Berkovich space, we can write Y as an union Y =
⋃

i∈I Yi
where Yi are affinoid Berkovich spaces, and the transition maps are monomorphisms. Passing to
perfectoidizations, we see that Y ⋄ =

⋃
i Y

⋄
i . But each Y ⋄

i is also equal to the diamond attached to
a Banach ring (by taking uniform completions). This implies that Y ⋄ is actually an arc-sheaf of
sets and not just of anima.

The right adjoint to the functor (−)⋄ is a version of the analytic de Rham stack. As explained
in the introduction to this section, we want to keep the name “de Rham stack” for a qfd variant.
We thus give it a different name.

Definition 4.5.3.
(1) We define the big de Rham stack

(−)DR : ArcStkQp → GelfStk

as the right adjoint of the functor (−)⋄ from Lemma 4.5.1.
(2) Given X ∈ GelfStk, we abuse notation and set XDR := (X⋄)DR.
(3) More generally, if Y → X is a morphism in GelfStk, then we set Y DR/X := Y DR ×XDR X,

and call it the relative big de Rham stack of Y over X.

If X ∈ GelfStk and A ∈ GelfRingω1
, then by definition

HomGelfStkQp
(GSpec(A), XDR) ∼= HomArcStkQp

(Marc(A), X
⋄),

which is different from X(A†−red) or X(Au) in general. The situation improves if we assume that
Au is a separable totally disconnected perfectoid Tate ring.

Proposition 4.5.4. Let X ∈ GelfStk and A ∈ GelfRingω1
with Au totally disconnected perfectoid.

We have
XDR(A) = X(Au).

Proof. Indeed, by Lemma 4.5.1, Marc(A) ∼=Marc(A
u), and Proposition 4.5.5 below implies that

HomArcStkQp
(Marc(A

u), X⋄) ∼= HomGelfStk(GSpec(Au), X) = X(Au),

as desired. □
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Proposition 4.5.5. The functor (−)⋄ : GelfStk→ ArcStkQp admits a left adjoint

(̂−) : ArcStkQp
→ GelfStk,

sending some Marc(A) with A a separable totally disconnected perfectoid Tate ring, to GSpec(A).
Furthermore, the restriction

(̂−) : ArcStkQp
→ GelfStk

/M̂arc(Qp)

is the left adjoint of a morphism of ∞-topoi GelfStk
/M̂arc(Qp)

→ ArcStkQp .

Proof. We note that separable totally disconnected perfectoid Tate rings over Qp form a basis of
ArcStkQp

(by Lemma 4.1.4). It suffices to see that on separable totally disconnected perfectoid rings
the functor Marc(A) 7→ GSpec(A) sends arc-hypercovers to !-equivalences. This is the content of
Lemma 4.4.3. □

Example 4.5.6. By commutation with colimits of (̂−), the Gelfand stack X := M̂arc(Qp) admits
the presentation GSpec(Cp)/Γ, where Γ := GSpec(C(GalQp

,Qp)) acts on Cp via the natural con-
tinuous action of the Galois group (here C(GalQp ,Qp) denotes the Qp-Banach algebra of continuous
functions on GalQp). In particular, vector bundles on X identify with v-bundles onMarc(Qp) (or,
equivalently, Spa(Qp) in the usual notation for adic spaces), and consequently, X ̸= GSpec(Qp).

Proposition 4.5.7. The functors (−)DR, (̂−) : ArcStkQp
→ GelfStk are fully faithful.

Proof. We first show fully faithfulness of (−)DR. It suffices to see that for any X ∈ ArcStkQp
the

natural map (XDR)⋄ → X is an isomorphism, when evaluated on Marc(A) with A separable and
totally disconnected perfectoid. But, by Proposition 4.5.5,

(XDR)⋄(Marc(A)) = XDR(GSpec(A)) = X(Marc(A
u)),

which equals X(Marc(A)) as A = Au is uniformly complete.
The fully faithfulness of (̂−) is now formally implied by the fully faithfulness of its twice-right

adjoint (−)DR. Indeed, we need to see that for X,Z ∈ ArcStkQp the natural map

HomArcStkQp
((X̂)⋄, Z)→ HomArcStkQp

(X,Z)

is an isomorphism. The first Hom can be rewritten as HomArcStkQp
(X, (ZDR)⋄), and so the claim

follows because the natural map (ZDR)⋄ → Z is an isomorphism as (−)DR is fully faithful. □

In fact, Proposition 4.5.4 holds for a larger class of Gelfand rings. First note the following
general lemma.

Lemma 4.5.8. Let X ∈ GelfStk be a Gelfand stack and A a separable Gelfand ring such that
• Au is perfectoid.
• There is a !-cover Au → A′ with A′ a separable totally disconnected perfectoid ring.

Then there is a natural equivalence of anima XDR(A) = X(Au).

Proof. By adjunctions, we know that

XDR(A) = X⋄(Marc(A)) = X⋄(Marc(A
u)) = X(M̂arc(A

u)).

Thus, it suffices to show that the natural map

M̂arc(A
u)→ GSpecAu

is an equivalence. For this, like in the proof of Proposition 4.5.5, it suffices to show that any arc-
hypercover of Au by separable totally disconnected rings is a !-equivalence. This can be tested after
pulling back along !-covers on Au, in particular along Au → A′, where it follows from Lemma 4.4.3.

□

Example 4.5.9.
(1) Let T be a condensed anima and let A be a separable Gelfand ring. By Example 4.1.9

we have that TDR(GSpec(A)) = T (Marc(A)) = T (M(A)). In particular, if T = X is a
metrizable compact Hausdorff space, then XDR(GSpec(A)) = MapTop(M(A), X) is the set
of all continuous mapsM(A)→ X.
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(2) Let X be a metrizable Hausdorff space. Then the natural map XBetti → XDR (defined
via colimits from the case of light profinite sets) is an immersion as the diagonal is an
equivalence (it identifies with the overconvergent diagonal in (X ×X)Betti, and thus with
XBetti), but it is not necessarily an isomorphism if X is not finite dimensional. Indeed, let
A = GSpec(Qp⟨Tn : n ∈ N⟩) be the Tate algebra in countably many variables and let X =
M(A) be the Berkovich space of A. We claim that XBetti → XDR is not an isomorphism.
For this, it suffices to see that the map GSpec(A)→ XDR does not factor through XBetti.
To prove the claim, recall from Proposition 3.2.5 that the map GSpec(A)→ XDR factors
through XBetti if and only if there is a !-cover A→ B and a factorization

GSpec(B) SBetti

GSpec(A) XDR

with S a profinite set. If this holds, then the map of compact Hausdorff spaces S → X is
surjective and the fiber product GSpec(A)×XDRSBetti is represented by an affinoid Gelfand
stack GSpec(C). Hence, we have a factorization

GSpec(B)→ GSpec(C)→ GSpec(A)

making A → C a !-cover with Berkovich space M(C) = S a light profinite set. The
existence of such map would imply, by base change, that given B a separable Gelfand
ring, there is a surjection S → M(B) from a profinite set such that the fiber product
GSpec(B)×M(B)DR SBetti is corepresented by an algebra D such that

(i) D = lim−→n
Bn is a sequential colimit of finite disjoint union of rational localizations of

D.
(ii) M(D) = S is profinite.
(iii) B → D is descendable.
This contradicts Remark 4.4.8.

(3) Let A be a separable Gelfand ring. Then any map f : GSpec(A) → XDR gives rise to a
pullback map of derived categories D̂(X,Z)→ D̂(M(A),Z)→ D(A) where the D̂ refers to
the left completion of the derived categories of abelian sheaves on the topological spaces.
In particular, ifM(A) is profinite, any such pullback functor preserves connective objects
and by Proposition 3.2.5 f factors through XBetti. In other words, if A is a separable
Gelfand ring such that M(A) is profinite then XBetti(A) = XDR(A). By !-descent, if A
satisfies the condition of Lemma 4.5.8 one also has XBetti(A) = XDR(A).

In conclusion, the difference between XBetti and XDR is only witnessed by Gelfand rings that
do not admit a !-cover to a Gelfand ring A with profinite Berkovich spectrum. In the rest of this
and next sections we will show that under a quasi-finite dimensional assumption, a Gelfand ring
admits such a !-cover.

Corollary 4.5.10. Let X ∈ GelfStk be a Gelfand stack and let A be a separable Gelfand ring
such that Au is perfectoid and M(A) has finite cohomological dimension. Then there is a natural
equivalence of anima XDR(A) = X(Au).

Proof. This is a direct consequence of Proposition 4.4.7 and Lemma 4.5.8. □

We now define the qfd variant of the perfectoidization and give the official definition of the
analytic de Rham stack. Let ArcStkqfdQp

and GelfStkqfd be the categories of qfd arc-stacks over Qp

and Gelfand stacks as in Definition 4.1.11 and Definition 4.2.14 respectively.

Definition 4.5.11.
(1) We define the perfectoidization functor

(−)⋄ : GelfStkqfd → ArkStkqfdQp

to be the functor sending a qfd Gelfand stack to its restriction to qfd separable perfectoid
Qp-algebras. Thanks to Lemma 4.4.3 and Proposition 4.4.7 this functor sends qfd Gelfand
stacks to qfd arc-stacks, it is left exact and commutes with colimits, and it is itself the
left adjoint of a fiber products and colimits preserving functor (̂−) : ArkStkqfdQp

→ GelfStkqfd

sending a qfd separable perfectoid affinoid Marc(A) to M̂arc(A) = GSpec(A).
(2) We define the analytic de Rham stack functor

(−)dR : ArcStkqfdQp
→ GelfStkqfd
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to be the right adjoint of the perfectoidization (−)⋄ : GelfStkqfd → ArcStkqfdQp
. More ex-

plicitly, given X a qfd arc-stack, its de Rham stack XdR is the qfd Gelfand stack sending
a qfd separable Gelfand ring A to the anima XdR(GSpec(A)) = X(Marc(A)). For X a
qfd Gelfand stack we also denote XdR := (X⋄)dR. Finally, for a morphism Y → X of
qfd Gelfand stacks, we define its relative de Rham stack to be the pullback Y dR/X :=
Y dR ×XdR X in GelfStkqfd.

In Sections 4.8 and 5.6, we shall prove, building on results about the !-topology of Gelfand
rings proved in Section 4.6, that the analytic de Rham stack functor in qfd Gelfand stacks sends
arc-hypercovers to !-equivalences, and we formally deduce that (−)dR commutes with colimits.

The perspective that the analytic de Rham stack should be defined as a right adjoint of a
perfectoidization functor suggests a close relationship between perfectoidness and de Rham stacks.
We end this subsection with a question due to one of us (S.), which makes this precise by suggesting
a characterization of perfectoid Tate rings.

Question 4.5.12. Let A be a separable Gelfand ring, and X = GSpec(A). Then A is a perfectoid
Tate ring if and only if the natural map

A→ RΓ(X,GDR
a )

is an isomorphism of solid abelian groups.

Here, the cohomology is taken on the topos GelfStk with the !-topology, and GDR
a is (A1,⋄

Qp
)DR

seen as a sheaf taking values in D(CondAb).
We observe that one direction is easy (see Proposition 4.6.7 below): if A is a separable perfectoid

Tate ring over Qp, and X = GSpec(A), then A ∼= RΓ(X,GDR
a ). In particular, if A is a uniform Tate

ring, then in Question 4.5.12 the cohomology can equivalently be taken in usual abelian groups
(indeed, the condensed cohomology complex can be calculated by a complex of Banach spaces,
because of the vanishing of higher GDR

a -cohomology on perfectoid rings and Proposition 4.6.4(2)).
In Remark 4.6.8 we will give an equivalent formulation of this question in terms of the †-nilradical

and the almost vanishing of O◦◦-cohomology in the arc-site.

Remark 4.5.13. We note that if Question 4.5.12 admits a positive answer, it would show that
“locally perfectoid implies perfectoid”, a long standing open question on perfectoids.

4.6. !-covers of separable Gelfand rings. Let X ∈ GelfStk. We want to prove more difficult
results on analytic de Rham stacks. Most notably, we want to show that:

I. The natural morphism X → XDR = (X⋄)DR is surjective if X = GSpec(A) is an affinoid
Gelfand stack, with A a separable Gelfand ring which is †-formally smooth (cf. Defini-
tion 4.7.2 below).

II. Let X be a derived Berkovich space (cf. Definition 4.3.1), then the Gelfand stack XDR

agrees with the analytic de Rham stack of [RC24a] (up to sending Gelfand stacks to analytic
stacks).

III. Let X be a qfd derived Berkovich space, then XdR = XDR (up to sending qfd Gelfand
stacks to Gelfand stacks).

IV. Let Y → Y ′ be an epimorphism of qfd arc-stacks. Then the map of de Rham stacks
Y dR → Y ′,dR is an epimorphism (seen as objects in GelfStkqfd).

In order to prove these results, we need to introduce some technical but useful full subcategories
of Gelfand rings. The class of nilperfectoids will play a role analogous to the one that semiperfectoid
rings play in integral p-adic Hodge theory [BS22].

Definition 4.6.1. Let A be a Gelfand ring.
(1) We say that A is uniformly perfectoid if Au is a perfectoid Banach algebra. We let

GelfRinguperfdQp
⊂ GelfRingQp

be the full subcategory of uniformly perfectoid Gelfand rings.
(2) We say that A is totally disconnected if M(A) is a profinite set. We say that A is strictly

totally disconnected if it is totally disconnected and all its completed residue fields are
algebraically closed fields. We let GelfRingtdQp

⊂ GelfRingQp
(resp. GelfRingstdQp

) be the full
subcategory of (strictly) totally disconnected Gelfand rings.

(3) Finally, we say that A is nilperfectoid if A†−red is a perfectoid ring. We let GelfRingnilperfdQp
⊂

GelfRingQp
be the full subcategory of nilperfectoid Gelfand ring.

(4) We denote by GelfRinguperfd,qfdQp
,GelfRingtd,qfdQp

,GelfRingstd,qfdQp
,GelfRingnilperfd,qfdQp

the subcat-
egories of these categories formed by qfd rings.
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Remark 4.6.2. Note that Lemma 3.1.17 shows that a strictly totally disconnected Gelfand ring
A such that A†−red = Au is nilperfectoid.

The previous notions have the following stability properties.

Lemma 4.6.3. The following hold:

(1) The category GelfRingnilperfdQp
is stable under non-empty finite colimits.

(2) The category GelfRinguperfdQp
is stable under all (small) colimits of Gelfand rings.

(3) Let A ∈ GelfRingtdQp
and A→ B a map of separable Gelfand rings that induces a pro-étale

map on arc-stacks, then B ∈ GelfRingtdQp
.

Proof. For part (1), for non-empty finite coproducts, if A and B are nilperfectoid, A → Au and
B → Bu are surjective, so the map A⊗Qp,□ B → Au⊗Qp,□ B

u is surjective and thus we are reduced
to show that if A and B are perfectoid Qp-algebras then A ⊗Qp,□ B is nilperfectoid. Indeed,
A◦ ⊗Zp,□ B

◦ is a semiperfectoid ring, and generic fibers of semiperfectoid rings are nilperfectoid
by Proposition 3.1.19. The same argument applies for pushouts, replacing Qp by a nilperfectoid
Qp-algebra.

Part (2) follows from Corollary 2.3.7 and part (1). Indeed, uniform completions of filtered
colimits of perfectoid rings are clearly perfectoid, and part (1) implies that uniform completions of
coproducts of perfectoids are also perfectoids.

Finally, for part (3), this follows from the fact that the map of arc-stacksMarc(B)→Marc(A)
is pro-étale, and A being totally disconnected this implies thatMarc(B) is a profinite set too. □

What makes nilperfectoid rings useful is the fact that they form a basis for the !-topology,
as shown by the following lemma. This will for example be used to see that the natural map
A1

Qp
→ A1,DR

Qp
is an epimorphism, which was one of our basic desiderata.

Proposition 4.6.4. Let A be a separable Gelfand ring.
(1) There is a descendable map A → A′ inducing an isomorphism on uniform completions

where (A′)†−red = A′,u.
(2) There is a descendable (and quasi-pro-étale after uniform completion) map A→ A′ where

A′ is a separable nilperfectoid ring.
(3) Suppose that M(A) has finite cohomological dimension. Then there is a descendable map

A→ A′ where A′ is a totally disconnected nilperfectoid ring, and Marc(A
′)→Marc(A) is

quasi-pro-étale.
(4) Suppose that A is totally disconnected. Then there is a ind-finite étale map A → A′ with

A′ separable strictly totally disconnected. In particular, A→ A′ is descendable.
(5) Assume that A is qfd. Then in items (1)-(4), A′ can also be taken to be qfd.

Proof. We first prove (1). For this, it suffices to construct a map R := lim−→n∈N Qp⟨T1, . . . , Tn⟩ → A

such that the associated map on uniform completions Ru = Qp⟨Tn : n ∈ N⟩ → Au is surjective.
Indeed, the maps Qp⟨T1, . . . , Tn⟩ → Ru are descendable of index ≤ 1 as they admit a section. Then,
by [Man22, Proposition 2.7.2] the map R→ Ru is descendable of index ≤ 2. Thus, A′ = Ru ⊗R A
is a descendable A-algebra with same uniform completion and A′ → A′,u = Au is surjective. In
particular, A′,†−red → A′,u is surjective and since it is always injective (Proposition 2.3.6), it is
an isomorphism. Finally, to produce such a map, as Au is a separable Banach algebra, there are
countably many elements xn ∈ Au,◦ such that the map Qp⟨Tn : n ∈ N⟩ → Au, sending Tn to
xn, is surjective. We can assume without loss of generality that each element xi lifts to A≤1, this
produces a morphism of algebras lim−→n∈N Qp⟨T1, . . . , Tn⟩≤1 → A≤1. Each algebra Qp⟨T1, . . . , Tn⟩≤1

can be written as a countable filtered colimit of Banach algebras. Hence, after repeating the same
construction as before for each of these Banach algebras, we can find countably many elements
yn ∈ A≤1 that actually extend to a map of solid Qp-algebras

lim−→
n

Qp⟨T1, . . . , Tn⟩ → A

which surjects after taking uniform completion. This proves part (1).
For part (2), by the construction of part (1) we can assume that A admits a map Qp⟨Tn :

n ∈ N⟩ → A that induces a surjection after uniform completion. The map Qp⟨Tn : n ∈ N⟩ →
Qcyc

p ⟨T
1/p∞

n : n ∈ N⟩ is descendable as it admits as section as modules, taking base change along
this map we get a descendable map A→ A′ such that A′,†−red = Au, and so that A′,u is a quotient
of Qcyc

p ⟨T
1/p∞

n : n ∈ N⟩. By Proposition 3.1.19, A′,u is perfectoid, proving what we wanted.
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Next, for part (3), by Lemma 3.2.9 we can find a Berkovich pro-étale map A → A′ with A′

totally disconnected such that we have a cartesian square of Gelfand stacks

GSpecA′ M(A′)Betti

GSpecA M(A)Betti

Furthermore, sinceM(A)Betti has finite cohomological dimension, the mapM(A′)Betti →M(A)Betti

is descendable by [Sch24b, Proposition II.1.1], and so is A → A′. Hence we can assume that A is
totally disconnected. Then we can apply (2), noting that the map from (2) is pro-étale on uniform
completion, to find the desired cover A→ A′ by a totally disconnected nilperfectoid ring.

Finally, for part (4), by applying Proposition 3.2.11 it suffices to construct such pro-finite étale
cover to the uniform completion Au which then follows from the same construction of Lemma 4.1.4
(2). The descendability follows from [Man22, Proposition 2.7.2] being a countable filtered colimit
of finite étale maps.

The last assertion (5) follows immediately by observing that the ring A′ constructed in (1)-(4)
is always such that A→ A′ is quasi-pro-étale on arc-stacks. □

We deduce the following result saying that the two natural choices for defining the de Rham
stack actually agree; for the big de Rham stack up to some additional technical assumption, for
the analytic de Rham stack on qfd Gelfand stacks unconditionally.

Proposition 4.6.5. Let X be a Gelfand stack whose restriction to all separable perfectoid rings
satisfies arc-hyperdescent28. Then, XDR is the sheafification for the !-topology of the pre-stack
sending A ∈ GelfRingω1

to X(A†−red). Similarly, let X be a qfd Gelfand stack, then XdR is the
sheafification for the !-topology of the qfd Gelfand stack sending A ∈ GelfRingqfdω1

to X(A†−red).

Proof. By Proposition 4.6.4, it suffices to show the statement when restricted to separable nilper-
fectoid rings (resp., if X is qfd, when restricted to separable qfd nilperfectoid rings for X qfd).
But then, A†−red = Au is actually perfectoid, and, by hypothesis, the restriction of X to separable
perfectoid rings satisfies arc-descent (resp., if X is qfd, then any arc-cover of qfd perfectoid rings is
a !-cover by Proposition 4.4.7). This implies that for A separable (qfd) nilperfectoid ring one has
XdR(A) = X(A†−red) proving the proposition. □

Remark 4.6.6. Note that for a Gelfand stack X and a separable Gelfand ring A with Au per-
fectoid, we know that XDR(A) = X(Au) a priori only when A is totally disconnected (Proposi-
tion 4.5.4) or when A is such that M(A) has finite cohomological dimension (Corollary 4.5.10).
But to prove the previous proposition, we need to argue for a basis of the !-topology, such as nilper-
fectoid rings and they do not belong to these two classes of examples. This is why one is forced to
put some assumption on X. On the other hand, in the qfd case, Proposition 4.4.7 guarantees that
the restriction of X to qfd perfectoid rings always satisfies arc-descent, and so no hypothesis on X
is needed. This is another reason why we introduced the theory of the analytic de Rham stack in
the qfd case.

Using that nilperfectoid rings form a basis of the !-topology on separable Gelfand rings, we can
prove the easy direction of Question 4.5.12. We first reformulate it by noting that on the topos
GelfStk there exists the distinguished triangle

G†
a → Ga → GDR

a ,

whose value on a separable nilperfectoid Gelfand ring A is given by

Nil†(A)→ A→ A†−red = Au.

Consequently, Question 4.5.12 characterizes perfectoid rings in terms of the vanishing of G†
a-

cohomology.

Proposition 4.6.7. Let A be a separable perfectoid Tate ring over Qp, and X = GSpec(A). Then
RΓ(X,G†

a) = 0.

Proof. As A is uniform perfectoid (and thus Hi(X,G†
a) = 0 for i = 0, 1), it is sufficient to show

that Hi(X,GDR
a ) = 0 for i > 0. Let A → B be a !-cover. Refining using Proposition 4.6.4(2) we

may assume that B is nilperfectoid. Then it suffices to see that

A→ Bu → (B ⊗A B)u → . . .

28This condition does not always hold due to Remark 4.4.8, namely, we only can guarantee hyperdescent when
restricted to totally disconnected perfectoid rings.
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is exact. But this is precisely the Čech complex for the arc-cover A→ Bu. However, the structure
sheaf on perfectoids satisfies arc-descent. This shows the desired vanishing. □

As the proof of Proposition 4.6.7 shows the GDR
a -cohomology calculates classical v-cohomology

of the completed structure sheaf on (partially proper) rigid analytic varieties over Cp. In particular,
it is generally non-zero in higher degrees.

Remark 4.6.8. We also have a distinguished triangle

G†
a → G<1

a → G<1,DR
a ,

where G<1
a is the sheaf A 7→ A<1, so the vanishing of the cohomology of G†

a can also be reformulated
as saying that the map

RΓ(X,G<1
a )→ RΓ(X,G<1,DR

a )

is an isomorphism of solid abelian groups.
On the other hand, suppose that there is a pseudo-uniformizer π of A such that |p| ≤ |π|p.

Then A being perfectoid is equivalent to the previous map being an isomorphism and the fact
that H1(X,G<1,DR

a ) is zero. Indeed, the previous equivalence implies in particular that A<1 =
H0(X,G<1,DR

a ) = H0(X⋄
proét,O◦◦) is p-complete and so that A is a uniform Banach algebra.

The vanishing of the H1-cohomology then implies that the Frobenius map φ : A<1/p → A<1/p
is surjective, which together with the existence of the pseudo-uniformizer π implies that A≤1 is
integral perfectoid and so that A is itself perfectoid: given a ∈ A≤1 and a pseudo-uniformizer
ϖ ∈ A<1 with |p| < |ϖp|, there exists some x ∈ A<1 with xp ≡ ϖpa in A<1/p. Then ϖ−1x ∈ A≤1

(as can be checked at points on Spa(A), for example) and (ϖ−1x)p =≡ a mod A≤1/ϖ−1p.
Hence, Question 4.5.12 says that this H1-vanishing condition is automatic from the vanishing of

the G†
a-cohomology. A natural question is whether the existence, locally in the analytic topology,

of the pseudo-uniformizer π is guaranteed by the vanishing of the G†
a-cohomology.

4.7. de Rham stacks of derived Berkovich spaces. In this section we discuss the points (I),
(II) and (III) of the beginning of Section 4.6. Before getting to the general case, let us discuss the
example of the affine line.

Example 4.7.1. Let X = A1,an
Qp

be the analytic affine line over Qp. When we think of X
as a Gelfand stack, X represents the functor sending a separable Gelfand ring A to the anima
X(GSpec(A) = A(∗) given by the underlying algebra of A. Since A =

⋃
r>0A

≤r, we can write
Aan

Qp
=

⋃
r>0 D

≤r
Qp

where D≤r
Qp

= GSpec(Qp⟨T ⟩≤r) is the overconvergent disc of radius r. We can
then think of the analytic affine line as a suitable Gelfand stack which is glued from affinoid stacks
with respect to the analytic topology, i.e., the Grothendieck topology of open subspaces of the
Berkovich spectrum.

To determine the big de Rham stack of X, by Proposition 4.6.4 it suffices to evaluate it in nilper-
fectoid rings. Let A be a nilperfectoid ring, then XDR(GSpec(A)) = Au = A†−red = A/Nil†(A).
Therefore the map X → XDR is an epimorphism of Gelfand stacks, this means that X is †-
formally smooth in a suitable sense (see [RC24a, Section 3.7] for a definition in these lines adapted
to bounded rings). If we see X as a ring stack, denoted by Ga, the map Ga → GDR

a is an epimor-
phism of ring stacks, and its kernel is precisely the ideal G†

a = GSpec(Qp⟨T ⟩≤0) representing the
nil-radical. We deduce that

GDR
a = Ga/G†

a

where G†
a acts by translation. By the same discussion one has that GdR

a = Ga/G†
a as qfd Gelfand

stacks.

For studying the de Rham stack it will be necessary to have a good understanding of when
X → XDR is surjective. The following definition is a variant of [RC24a, Definition 3.7.2] (which
we have to adapt as the definition of the analytic de Rham stack in this paper is different).

Definition 4.7.2. A morphism Y → X in GelfStk with perfectoidization Y ⋄ → X⋄ in ArcStkQp

is †-formally smooth (resp. †-formally étale) if for any separable nilperfectoid ring A, the natural
map

(4.7.1) Y (A)→ X(A)×X⋄(Marc(Au)) Y
⋄(Marc(A

u))

is an epimorphism of anima (resp. an equivalence). Similarly, a morphism Y → X in GelfStkqfd

with perfectoidization Y ⋄ → X⋄ in ArcStkqfdQp
is †-formally smooth (resp. †-formally étale) if for

any separable qfd nilperfectoid ring A, the map (4.7.1) is an epimorphism of anima (resp. an
equivalence).
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Remark 4.7.3. Definition 4.7.2 only rephrases the condition for the map Y → Y DR/X to be a
surjection of pre-stacks when restricted to separable nilperfectoid rings. Indeed, for A a separable
nilperfectoid ring, one has by adjunction XDR(A) = X⋄(Marc(A)). The same applies for the map
Y → Y dR/X if Y and X are qfd Gelfand stacks.

We will need this technical lemma in the following:

Lemma 4.7.4. Let A be a solid Qp-algebra and let GSpec(A) ∈ GelfStk be the functor it represents
in Gelfand stacks. Then its restriction to separable perfectoid rings satisfies arc-hyperdescent.

Proof. This follows form the fact that if B → B• is an arc hypercover of perfectoid rings then
B = Tot(B•). □

An immediate consequence of Definition 4.7.2 is the following surjectivity result for suitable
†-formally smooth algebras in the sense of [RC24a, Definition 3.7.2].

Corollary 4.7.5. Assume that A is a †-formally smooth Qp-algebra in the sense of [RC24a, Defi-
nition 3.7.2]. Set X := GSpec(A). Then the natural map X → XDR is an epimorphism (resp. for
XdR if A is qfd).

Proof. By Lemma 4.7.4 and Proposition 4.6.5 we know that XDR is the sheafification of the functor
sending a Gelfand ring B to X(B†−red). The formally smoothness definition of [RC24a, Definition
3.7.2] says precisely that the map of anima X(B)→ X(B†−red) is an epimorphism. The corollary
follows. □

Example 4.7.6.
(1) Let A = Qp⟨T ⟩ and consider X = GSpec(A), this is the realization of Huber’s compacti-

fication of the affinoid disc in Gelfand stacks. In order to find a presentation of XDR as a
quotient of a representable Gelfand stack we need a †-formally smooth approximation of A.
This is provided by Ã = Qp⟨T ⟩≤1 (e.g., by Proposition 2.2.20). Indeed, let X̃ = GSpecÃ,
the ring A is the uniform completion of Ã which yields that XDR = X̃DR. Then, by Corol-
lary 4.7.5 the map X̃ → XDR is an epimorphism. Concretely, by looking at the functor of
points one has that

XDR = D≤1
Qp
/G†

a

where D≤1
Qp

= X̃. In particular, the cohomology of XDR calculates overconvergent de Rham
cohomology of X, and not the honest, but pathological, de Rham cohomology of X. Since
the ring A is qfd, one also has XdR = D≤1

Qp
/G†

a as qfd Gelfand stacks.
(2) Let S be a light profinite set. Then, the ring of locally constant functions C lc(S,Qp) is a
†-formally étale Qp-algebra by Lemma 4.7.8 below, with uniform completion C(S,Qp) the
space of Qp-valued continuous functions of S. We can conclude that

(GSpec(C(S,Qp)))
DR = (GSpec(C lc(S,Qp)))

DR ∼= GSpec(C lc(S,Qp)) = SBetti

(resp. for the de Rham stack seen as qfd Gelfand stack).
(3) We have that

(GSpec(Cp))
DR ∼= (GSpec(Qp))

DR ∼= GSpec(Qp),

again using that the †-formally étale Qp-algebra Qp has uniform completion Cp (resp. for
GSpec(Cp)

dR as qfd Gelfand stack).

Examples of †-formally smooth/étale maps can be constructed as follows:

Definition 4.7.7. Let f : A→ B be a morphism of Gelfand rings. We say that f is
(1) standard Berkovich smooth if there is some r > 0 such that B is of the form

B = A⟨T1, . . . , Tn⟩≤r/
L(f1, . . . , fk),

with k ≤ n such that the determinant of the matrix (
∂fj
∂Tj

)ki,j=1 is invertible on B.
(2) standard Berkovich étale if it is standard Berkovich-smooth with n = k.

Lemma 4.7.8.
(1) Standard Berkovich smooth (resp. étale) maps of Gelfand rings are †-formally smooth

(resp. étale). In particular, A→ A⟨T ⟩≤1 is †-formally smooth.
(2) Berkovich smooth (resp. étale) maps of Gelfand rings are, locally in a strict cover, standard

Berkovich smooth (resp. standard †-étale). In particular, they are †-formally smooth.
(3) †-formally smooth (resp. étale) maps of Gelfand stacks are stable under pullbacks and

compositions.
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(4) Let {Yi → X} be a cofiltered limit of †-formally smooth (resp. étale) maps of (qfd) Gelfand
stacks with †-formally étale transitions maps. Then lim←−i

Yi → X is †-formally smooth.

Proof. Part (1) follows from [RC24a, Proposition 3.4.7] and [RC24a, Proposition 3.7.4 (2)] as any
standard Berkovich smooth (resp. étale) can be written as a filtered colimit of solid smooth maps
along solid étale maps (we note that if X,Y are represented by Gelfand rings, then Definition 4.7.2
agrees with [RC24a, Definition 3.7.2], up to restricting to nilperfectoids). Part (2) follows from
[RC24a, Theorem 3.5.6] as, locally in rational covers, a Berkovich smooth map (resp. a Berkovich
étale map) can be written as a colimit of formally smooth (resp. étale) maps of solid finite
presentation. Parts (3) and (4) are straightforward from the definitions. □

Definition 4.7.9. Let Y be a derived Berkovich space and let C ⊂ |Y | be a locally closed subspace.
We define the overconvergent neighbourhood of C in Y to be the substack Y †C ⊂ Y for the analytic
topology whose A-valued points for A a separable Gelfand ring are

Y †C (A) =

{
Y (A) ifM(A)→ C ⊂ |Y |
∅ otherwise.

Lemma 4.7.10. Let Y be a (qfd) derived Berkovich space and C ⊂ |Y | a locally closed subspace,
then Y †C is a Gelfand stack. If C is locally Zariski closed then Y †C is a (qfd) derived Berkovich
space.

Proof. The first claim follows from the fact that Y is a Gelfand stack (Proposition 4.3.3) and the
fact that !-equivalences are ∞-connective in the arc-topos. For the second claim, we can assume
without loss of generality that Y = GSpecA is affinoid and that C is the vanishing locus of some
elements {fi}i∈I . In that case Y †C is the analytic spectrum of A⟨fi⟩≤0 := A⟨Ti⟩≤0/

L(Ti − fi),
where A⟨Ti⟩≤0 = lim−→J⊂I

A⟨Tj : j ∈ J⟩≤0 and J runs over finite subsets of I. □

Next, we prove some important properties of the de Rham stack of derived Berkovich spaces.

Proposition 4.7.11. Let Y be a derived Berkovich space. Then it satisfies the hypothesis of
Proposition 4.6.5. Furthermore, the following hold:

(1) Let Z → X be a map of derived Berkovich spaces whose associated map Z⋄ → X⋄ of
arc-stacks is an immersion. Then,

ZDR/X = X†Z .

In particular, ZDR = (X†Z )DR (resp. for the qfd de Rham stack if Z → X is a morphism
of qfd derived Berkovich spaces).

(2) Let Y → X be a map of derived Berkovich spaces. The Čech nerve of the map Y →
Y DR/X is the simplicial derived Berkovich space (Y ×X•+1)†∆Y where ∆Y ⊂ |Y ×X•+1| is
the diagonal immersion (resp. for the qfd de Rham stack if Y → X is a morphism of qfd
derived Berkovich spaces).

(3) Let Affb
Qp

be the category of bounded affinoid stacks over Qp ([RC24a, Definition 2.6.10 and
3.2.10]). Let

TateStkQp := AnStk(Affb
Qp

)

be the category of Tate stacks over Qp.29 Let F : GelfStk→ TateStk be the left Kan exten-
sion of the inclusion GelfStkaff ⊂ GelfStk along the map GelfStkaff → TateStk. Then, for
X a derived Berkovich space, the natural map

F (X)Tate-dR → F (XDR).

is an isomorphism. Namely, for derived Berkovich spaces the big de Rham stack and the
de Rham stack of [RC24a], denoted here (−)Tate-dR, agree.

(4) Let X be a qfd Berkovich space, and consider the left exact colimit preserving functor
F : GelfStkqfd → GelfStk inducing the identity on qfd affinoid Gelfand stacks. Then, the
natural map

F (XdR)→ XDR

is an isomorphism. In other words, the qfd and big de Rham stacks agree for X.

29In [RC24a, 3.2.10] the author considered sheaves for the D-topology. Since we are working with analytic rings,
the D and !-topology are the same and, up to taking sheafification for !-equivalences, both definitions of Tate stacks
agree.
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Proof. We first have to show that the restriction of Y to perfectoid rings satisfies arc-hyperdescent;
this follows from Proposition 4.3.3.

Next, we prove (1). Let A be a nilperfectoid ring, then

ZDR/X(A) = X(A)×X⋄(Marc(Au)) Z
⋄(Marc(A

u)).

As Z⋄ → X⋄ is an immersion, Z⋄(Marc(A
u)) ⊂ X⋄(Marc(A

u)) is a subset (see Remark 4.5.2) and
ZDR/X(A) ⊂ X(A) is a full subanima. A map GSpecA→ X will factor through ZdR/X(A) if and
only if its restriction to the perfectoid ring Au factors through Z, which is equivalent to the fact
that Marc(A

u) → X⋄ factors through Z⋄. As Z⋄ → X⋄ is an immersion, this is equivalent to
saying thatM(A)→ |X| factors through |Z|, proving that ZDR/X = X†Z as wanted.

Now we prove (2), i.e. we compute the Čech nerve Z• of Y → Y DR/X , it fits in a cartesian
diagram

Z• Y ×X•+1

Y DR/X (Y ×X•+1)dR/X∆

where the bottom horizontal map is the diagonal map. By part (1) the pullback is nothing but
(Y ×X•+1)†∆Y proving what we wanted.

For parts (3), all the variants of de Rham stacks satisfy analytic descent (this can be checked by
evaluating the respective functor of points description) and so it suffices to prove the claim for X =
GSpec(A) an affinoid Berkovich space. In this situation, we can always find a surjection A′ → A
from a bounded algebra A′ that is †-formally smooth in the sense of [RC24a, Definition 3.7.2] (e.g.
by A as a quotient of the algebras Qp⟨N[S]⟩≤r for S light profinite and using Proposition 2.3.6).
Let I = ker(A′ → A), and let A[Si] → I be a family of jointly surjective maps of A-modules.
By taking base of A′[N[Si]] → A′ along A′[N[Si]] → A′⟨N[Si]⟩≤0 for all i (which are †-formally
étale thanks to Proposition 2.3.6), we can assume without loss of generality that A′ → A is an
isomorphism in †-reductions and therefore in uniform completions. In particular, A′ is a separable
Gelfand ring. Let X ′ = GSpec(A′), then the map X → X ′ is an equivalence in perfectoidizations,
and we have that XDR = X ′,DR. On the other hand, by Corollary 4.7.5 and the fact that A′ is
†-formally smooth we have that

XDR = lim−→
[n]∈∆op

(X
′×n+1,†∆X′ )

is the geometric realization of the overconvergent neighbourhood of the diagonals of the Čech nerve
of X ′ → GSpec(Qp). Since the functor F from Gelfand stacks to Tate stacks preserves colimits by
constructions, the same presentation holds for F (XDR), which then agree with (FX ′)Tate-dR since
FX ′ → (FX ′)Tate-dR is an epimorphism of Tate stacks by [RC24a, Proposition 5.2.3] (2). Finally,
Kashiwara’s lemma [RC24a, Corollary 5.2.5] shows that (FX)Tate-dR = (FX ′)Tate-dR proving what
we wanted.

Part (4) follows from the same argument of part (3) after replacing (locally in the analytic
topology) X by a †-formally smooth derived Berkovich space. □

Remark 4.7.12. One should think of Proposition 4.7.11 (1) as a very general version of Kashi-
wara’s lemma, namely, if the subspace Z → X is (locally) Zariski closed, it recovers Kashiwara’s
lemma for analytic D-modules in the sense of [RC24a, Corollary 5.2.5].

The following result is helpful to present de Rham stacks as quotients of Berkovich spaces by
overconvergent equivalence relations.

Proposition 4.7.13. Let Y,X be Berkovich spaces and Y ⋄ → X⋄ a morphism of diamonds over
Marc(Qp) with Čech nerve Y ⋄,•/X⋄ → X⋄, let Y • be the Čech nerve over GSpec(Qp). Then the
natural map Y ⋄,•/X⋄ → Y •,⋄ is an immersion and we have a pullback diagram

(4.7.2)
Y •/XDR

Y •

(Y ⋄,•/X⋄
)DR Y •,DR

where Y •/XDR

is the Čech nerve of Y → XDR. In particular, Y •/XDR

is the overconvergent
neighbourhood of Y • along the inclusion of topological spaces |Y ⋄,•/X⋄ | ⊂ |Y •|.
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Proof. The fact that Y ⋄,•/X⋄ → Y •,⋄ is an immersion is clear since the morphism Y ⋄ → X⋄ is
locally separated on the analytic topology of Y and X. The fact that (4.7.2) if a pullback diagram
is formal from the pullback diagram

(Y ⋄,•/X⋄
)DR Y •,DR

XDR X•,DR

where X• is the Čech nerve of X → GSpec(Qp). Finally, the identification of Y •/XDR

with the
overconvergent neighbourhood of |Y ⋄,•/X⋄ | ⊂ |Y •| follows from Proposition 4.7.11 (1). □

We finish the discussion of the de Rham stack of derived Berkovich spaces by proving an im-
portant descent result for the de Rham stack of †-rigid spaces (cf. Definition 4.3.6).

Theorem 4.7.14. Let K be a complete non-archimedean field over Qp, separable as a Qp-Banach
space, and X a †-rigid space over K. Then the natural map X → XDR/K is prim and descendable,
and thus an epimorphism of Gelfand stacks. In particular, we have a presentation as Gelfand stack

XDR/K = lim−→
[n]∈∆op

(X×Kn+1)†∆X .

The same holds for XdR/K if K is in addition qfd.

Proof. This follows from the same proof of [RC24a, Theorem 5.4.1] where the only difference is
that we use Lemma 4.7.8 for proving that if X is Berkovich smooth, then X → XDR/K is an
epimorphism. □

Remark 4.7.15. Later, in Proposition 5.4.4, we will improve on this result in the smooth case
(even in a relative situation) by proving that the morphism is even descendable, with a bound for
the index of descendability in terms of the dimension.

A standard consequence of Theorem 4.7.14 is that in the smooth case, with the notations above,
the coherent cohomology of the analytic de Rham stack of X relative to K and the de Rham
cohomology of X over K coincide. This will be proven in Proposition 5.2.1 after some convenient
preparations on six functors for the analytic de Rham stack.

Having explicitly described the de Rham stack for rigid spaces, let us discuss an important
example that illustrates some features of the new formulation of the theory.

Example 4.7.16. Let Gan
m,Qp

be the analytic multiplicative group seen as a Berkovich space and let
Gan,u

m,perf,Qp
be the perfectoid multiplicative group obtained as the uniform completion (on affinoids)

of the “decompleted limit” Gan
m,perf,Qp

:= lim←−x 7→xp
Gan

m,Qp
, i.e., the limit in Gelfand stacks. Then, one

has that Gan,u,dR
m,perf,Qp

= Gan,dR
m,perf,Qp

. Furthermore, as the transition maps are finite étale, Lemma 4.7.8
implies that Gan

m,perf,Qp
is †-formally smooth, and then

(4.7.3) Gan,u,dR
m,perf,Qp

= Gan
m,perf,Qp

/G†
m,perf,Qp

,

where G†
m,perf,Qp

⊂ Gm,perf,Qp
is the overconvergent neighbourhood at 1. Notice that

Qp⟨T − 1⟩≤0 → lim−→
n

Qp⟨T 1/pn

− 1⟩≤0

is actually an isomorphism as T 1/pn

= (1+ (T − 1))1/p
n

=
∑

k

(
1/pn

k

)
(T − 1)k converges in Qp⟨T −

1⟩≤0 since |T−1| = 0. In particular, G†
m,perf,Qp

∼= G†
m,Qp

. The equation (4.7.3) also implies that the
compactly supported Rham cohomology of Gan,u

m,perf,Qp
, defined as the !-pushforward to GSpec(Qp),

is the colimit of the compactly supported Rham cohomologies of Gm,Qp
along the maps x 7→ xp

(see Section 5 for more general results). These maps induce equivalences of de Rham cohomologies,
so we deduce that

RΓc,dR(Gan,u
m,perf,Qp

) = RΓc,dR(Gan
m,Qp

) = Qp[−2]⊕Qp
dT

T
[−1].

Hence, even though the perfectoid space Gan,u,dR
m,perf,Qp

has no differentials and a priori there is no
reasonable notion of algebraic D-modules over it, there is a well defined notion of de Rham coho-
mology and analytic D-modules that can be computed by a suitable approximation along smooth
rigid spaces.
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4.8. Arc-descent for the analytic de Rham stack. In this section, we prove a descent result,
Theorem 4.8.6, for the analytic de Rham stack of qfd Gelfand stacks, which is a preliminary step
towards the main descent result established later (Theorem 5.6.6).

Proving Theorem 4.8.6 will require some further preliminaries. To motivate this technical dis-
cussion, as well as to explain the qfd assumption required in it, let us first informally sketch
the idea. If f : Y → X is an epimorphism of light arc-stacks, we would like Y DR → XDR to
be an epimorphism of Gelfand stacks. In other words, if A is a separable Gelfand ring with a
map g : GSpec(A) → XDR, we want to see that there is a !-cover GSpec(A′) → GSpec(A) and
a lift GSpec(A′) → Y DR. By the definition of the analytic de Rham stacks, this means start-
ing with a map Marc(A

u) → X and trying to find a !-cover GSpec(A′) → GSpec(A) and a lift
Marc(A

′,u) → Y . Since f is an epimorphism of arc-stacks, we can certainly find an arc-cover
Au → B of separable perfectoid rings with a lift Marc(B) → Y . The difficulty is to ensure that
this arc-cover can be chosen as the uniform completion of a !-cover of A. If A is furthermore as-
sumed to be strictly totally disconnected nilperfectoid, we show in below that this can be achieved:
roughly one writes the given arc-cover as the uniform completion of a countable filtered colimit of
rational localizations Ai of Tate algebras over A which are arc-covers after passing to the uniform
completion. Since A is strictly totally disconnected, the arc-cover Au → Au

i splits; since A is
nilperfectoid and A → Ai †-formally smooth, the splitting lifts to a splitting of A → Ai, yielding
in the colimit descendability of A→ A′ := lim−→Ai.

Unfortunately, although separable nilperfectoid rings form a basis for the !-topology on separable
Gelfand rings, we cannot a priori reduce to the case where A is strictly totally disconnected. We
know however by Proposition 4.6.4 that any separable qfd Gelfand ring admits a !-cover by a
strictly totally disconnected nilperfectoid ring. Hence we can make the above argument work if we
restrict our framework to qfd arc-stacks.

Remark 4.8.1. In the archimedean case, the perfectoidization functor (−)⋄ : GelfStkqfd → ArcStkqfdQp

is the analog of the functor ψ∗ from [Sch24b, Section V.3.1] (replacing light arc-stacks by condensed
anima). This supports the viewpoint that the real analog of a perfectoid Tate ring is the ring of
continuous functions on a compact Hausdorff space. We note that in the notation of loc. cit. ψ∗

admits a right adjoint ψ∗ = π∗ commuting with colimits (the second being the analog of (−)dR).
We note furthermore that analytic de Rham stacks over Qp are much richer than the Betti stacks
of the underlying topological spaces (in contrast to analytic Riemann–Hilbert, [Sch24b, Theorem
II.3.1]). The basic reason lies in the fact that the class of algebraically closed Banach fields over
Qp is much richer than that over R. In particular, the totally disconnected rings A of [Sch24b,
Definition V.2.6] are (up to working with separable Banach algebras) qfd over C in the sense that
Marc(A)→Marc(C) is quasi-pro-étale (being only a map of profinite sets).

Our first intermediate goal is to prove Proposition 4.8.5 below. The statements used in its proof
are inspired by analogous arguments in the context of perfectoid spaces (e.g. [Sch18a, Proof of
Proposition 14.6]).

Lemma 4.8.2. Let A→ B be a morphism of separable Gelfand rings. Then there is a sequential
diagram of morphisms of separable Gelfand A-algebras Bn → B over A with Bn given by rational
localizations of affine spaces over A such that lim−→n

Bn is †-formally smooth over A and

(lim−→
n

Bn)
u → Bu

is an isomorphism. In particular, the map of Berkovich spectra

M(B)→ lim←−
n

M(Bn)

is an equivalence.

Proof. Let Bu be the uniform completion of B. Since B is separable, Bu is a separable Banach
space and has a countable basis over Qp. By Proposition 2.3.6 we can then take elements {en}n∈N
in B mapping to a Banach basis in Bu,≤1. Therefore, the elements en give rise to a map of Gelfand
rings

C := lim−→
n

A⟨T1, . . . , Tn⟩≤1 → B

sending Ti 7→ ei. It is an epimorphism after uniform completions. Thus, we have by Lemma 3.1.18
a Zariski closed embedding of Berkovich spectra M(B) ↪→M(C) given by the vanishing locus of
the ideal I = fib(C → Bu). Set B̃n = A⟨T1, . . . , Tn⟩≤1 so that we have thatM(C) = lim←−n

M(B̃n).
The closed subspace M(B) ⊂ M(C) is then a limit of the Zariski closed subspaces Zn ⊂ M(B̃n)

given by the vanishing locus of the kernel of B̃n → C → Bu. Then, we can write each Zn
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as a countable filtered colimit of rational localizations B̃n,m of B̃n. In total, after modifying
the indexes, we have a filtered family of algebras {Bn,m}n,m∈N where each Bn,m is a rational
localization of the overconvergent Tate algebra B̃n. We claim that the system {Bn,m}m satisfies
the properties of the lemma. First, the map C → B factors through C → lim−→n,m

Bn,m → B

and so g : lim−→n
Bn,m → B induces an epimorphism at the level of uniform completions. Since

lim←−n,m
M(Bn,m) = lim←−n

M(Zn) = M(B), Lemma 3.1.18 implies that g is an equivalence after
uniform completions. By construction each Bn,m is a rational localization of an overconvergent
Tate algebra, so it remains to see that its colimit is †-formally smooth. But lim−→n

Bn,m is also a
colimit of C along rational localizations, hence a colimit along †-formally étale maps. Since C is
†-formally smooth (Lemma 4.7.8) the claim follows from Lemma 4.7.8. □

The following lemma is a decompleted version of [Sch24a, Lemma 4.9].

Lemma 4.8.3. Let A be a separable strictly totally disconnected nilperfectoid ring and let f : A→
B be a †-formally smooth map where B is a finite product of Berkovich rational localizations of
an affine space over A. If f is an arc-cover then there is a morphism of separable Gelfand rings
s : B → A, which is a section of f .

Proof. Consider the map of uniform completions fu : Au → Bu. Then Bu is the underlying ring of
an adic rational localization of an affine space over Au. Since Au is a strictly totally disconnected
perfectoid ring, [Sch24a, Lemma 4.9] gives a section s : Bu → Au. Then, we have a commutative
square

B Bu

A Au

sf fu

But the map A → Au is a †-thickening, namely, as A is nilperfectoid, we have a short exact
sequence Nil†(A)→ A→ Au. Since f is †-formally smooth, we can lift s to a section s : B → A as
wanted. □

Lemma 4.8.4. Let A be a separable strictly totally disconnected nilperfectoid ring and let B =
lim−→n

Bn be a sequential colimit of Gelfand A-algebras satisfying the properties of Lemma 4.8.2.
Suppose that Au → Bu is an arc-cover, then A→ B is ≤ 2-descendable.

Proof. By assumption each Bn is a finite product of rational localizations on affine spaces over
A. By Lemma 4.8.3 the map A → Bn has a section and so it is descendable of index ≤ 1. Then
[Man22, Proposition 2.7.2] implies that the colimit is descendable of index ≤ 2. □

The following statement follows directly from the results just proved.

Proposition 4.8.5. Let A→ B be a morphism of separable Gelfand rings, which induces an arc-
cover on uniform completions. Assume that A is strictly totally disconnected nilperfectoid. One
can find a separable Gelfand A-algebra A′ with A′,u ∼= Bu such that A → A′ is †-formally smooth
and descendable.

After the previous preparations we come to our descent result.

Theorem 4.8.6. Let Y → X be an epimorphism of qfd arc-stacks. Then the map Y dR → XdR of
qfd Gelfand stacks is an epimorphism.

Proof. Let A be a qfd Gelfand ring with a map f : GSpec(A)→ XdR. We want to show that there
is a !-cover GSpec(B)→ GSpec(A) with B a qfd Gelfand ring and a lift to a commutative diagram

GSpec(B) GSpec(A)

Y dR XdR.

By adjunction, the map GSpec(A) → XdR factors through GSpec(A) → Marc(A)
dR → XdR,

and by taking pullbacks we can assume without loss of generality that X = Marc(A)
dR. By

Proposition 4.6.4 we can even assume that A is a strictly totally disconnected nilperfectoid ring.
In that case, as Y → X is an arc-cover and X is qcqs, we can assume without loss of generality
that Y is the arc-sheaf associated to a qfd separable perfectoid Au-algebra. Using Proposition 4.8.5
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twice we can assume that A is †-formally smooth, and that Y = Marc(B) is the arc-stack of a
descendable A-algebra B. Thus, we get a diagram

GSpec(B) GSpec(A)

Y dR XdR

where the upper horizontal map is a !-cover. This finishes the proof of the theorem. □

Remark 4.8.7. Analyzing the proof of Theorem 4.8.6 one gets some descent results for (−)DR.
Let Y → X be an epimorphism of light arc-stacks over Qp. Then Y DR → XDR is an epimorphism
if one of the following conditions hold:

(1) Y → X is étale,
(2) Y ∼= lim←−n∈N Yn with Yn → X finite étale,
(3) X is quasi-finitary in the following sense: for any separable nilperfectoid ring A and any

mapMarc(A)→ X there exists a !-cover A→ A′ and a factorizationMarc(A
′)→ Z → X

of Marc(A
′)→Marc(A)→ X where Z is qfd overMarc(Qp).

Indeed, in the first case one can use that étale morphisms lift along †-reductions (and the lift is
again an étale covering if one starts with an étale cover). In the second case, one can use that the
lift is again finite étale and that finite étale coverings have index of descendability bounded by ≤ 2
(as follows by pullback from the underlying rings). In the third case, one can mimic the proof of
Theorem 4.8.6, and use that Z admits a !-cover by a strictly totally disconnected perfectoid space
(which can be pulled back to a !-cover of GSpec(A′)). This reduces to the case where A is strictly
totally disconnected nilperfectoid, where the same proof applies.

Several examples of interesting light arc-stacks are quasi-finitary, e.g., stack quotients X = U/D
where U is qfd over Qp, and D ⊆ Am

Qp
is an open unit disc acting on U . Namely, in this case

any morphism Marc(A) → X with A nilperfectoid lifts to U as affinoid perfectoid spaces have
vanishing higher D-cohomology.

Remark 4.8.8. Let G be a locally light profinite group. Applying Theorem 4.8.6 to the epimor-
phism ∗ → BG, we get that

(BG)dR =
(
GSpec(Qp)

)
/GBetti = BGsm

where Gsm = (G)dR is the Berkovich space with underlying topological space G and sheaf of
functions given by the locally constant functions of G with values in Qp (cf. Example 4.7.6).
Thanks to [HM24, Proposition 5.3.10] the category D(BGsm) is the derived category of solid Qp-
linear smooth representations of G, and by [HM24, Corollary 5.3.3] any such classifying stack is
!-able over GSpec(Qp) (note that we can apply loc. cit. as the local cohomological dimension of
a locally profinite group over a Q-algebra is zero). In Example 5.6.8 we will prove more generally
that the de Rham stack of a condensed anima is given by its Betti stack. Instead of Theorem 4.8.6
this will rely on the stronger descent statement Theorem 5.6.1
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5. D-modules and 6-functors on analytic de Rham stacks

In this section we show that there are enough !-able maps for de Rham stacks, and that those
arising from smooth maps of derived Berkovich spaces are also cohomologically smooth. These
results are important by themselves, since they lead to finiteness and duality results for the de
Rham cohomology of smooth †-rigid spaces (via Proposition 5.2.1), but they also play a key role
in the new proof of the p-adic monodromy theorem.

5.1. !-able maps of de Rham stacks; cohomological properness and smoothness. The
6-functor formalism on de Rham stacks is obtained by composing the functors

ArcStkqfdQp
→ GelfStkqfd → AnStk

given by the de Rham stack and sending a qfd Gelfand stack to its associated analytic stack, with
the 6-functors of quasi-coherent sheaves

Corr(AnStk, E)→ PrL

where E is the class of !-able arrows of analytic stacks. By pulling back E, we get a suitable class
of !-able maps in ArcStkqfdQp

for the de Rham stack. In this section we produce enough examples of
arrows in E for the de Rham stack.

Let us first recall the following useful lemma.

Lemma 5.1.1. Let (C, E) be a geometric set up with fiber products and D a presentable30 6-functor
formalism on (C, E). Suppose that C has a final object ∗, has finite disjoint unions, and that any
of the inclusions ∗ ↪→ ∗ ⊔ ∗ is !-able (so [HM24, Lemma 3.4.13] holds). We endow C with the
D-topology of [HM24, Example 3.4.5 (b)]. Let D: Corr(Shv(C), E′)→ PrL be the extension of D to
a 6-functor formalisms for sheaves for the D-topology of [HM24, Theorem 3.4.11]. Let f : Y → X
be a morphism in Shv(C) such that there is an epimorphism

⊔
iXi → X with Xi ∈ C such that the

pullbacks Yi → Xi are !-able. Then f is !-able.

Proof. We want to apply [HM24, Theorem 3.4.11 (ii)], that is, given any map X ′ → X with
X ′ in C, the pullback Y ′ → X ′ is !-able. By [HM24, Theorem 3.4.11 (iii)] it suffices to show
this after a D-cover of X, namely, by definition a D-cover satisfies universal !-descent. Since⊔

iXi → X is an epimorphism, after replacing X ′ by a D-cover, we can assume that it factors
through X ′ →

⊔
iXi → X. By hypothesis, each Yi → Xi is !-able, and by [HM24, Lemma 3.4.13]

their disjoint union
⊔

i Yi →
⊔

iXi is also !-able, by taking pullbacks we deduce that Y ′ → X ′ is
!-able as wanted. □

We list some simple examples:

Lemma 5.1.2. The following hold:
(1) Let f : Y → X be an ω1-cocompact qcqs quasi-pro-étale map of qfd arc-stacks over Qp, then

fdR : Y dR → XdR is !-able.
(2) Let j : U ⊂ X be an open immersion of qfd arc-stacks, then jdR : UdR → XdR is !-able and

cohomologically étale.
(3) Let f : Y → X be a map of qfd arc-stacks such that there is an open cover {fi : Yi ⊂ Y }

with fdRi : Y dR
i → XdR !-able. Then fdR : Y dR → XdR is !-able.

(4) The map A1,dR
Qp
→ GSpec(Qp) is !-able.

Proof. By Lemma 5.1.1, and by arc-descent of the de Rham stack, we can check that the maps
are !-able locally in the arc-topology of the target. Thus, for (1)-(3) we can assume without loss
of generality that X is the spectrum of a qfd strictly totally disconnected perfectoid ring.

(1) By [Sch24a, Lemma 4.5] we have a pullback diagram of qfd arc-stacks

Y X

|Y | |X|

where the bottom arrow is the map of the underlying Berkovich spaces seen as arc-stacks. Note
that since f is ω1-cocompact Y is a separable affinoid perfectoid space. Since the formation of the
de Rham stack commutes with limits, it suffices to see that |Y |dR → |X|dR is !-able, but this is
clear since both |Y | and |X| are profinite sets, and their de Rham stacks are just their Betti stacks.

(2) By the same argument of part (1), one reduces to see that an open immersion of a profinite
set is !-able and cohomologically étale, this is [HM24, Lemma 4.8.2].

30This means that D as a functor to Cat∞ factors over PrL.
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(3) This follows from the fact that !-able maps are !-local in source [HM24, Theorem 3.4.11 (iii)],
and suave descent in [HM24, Lemma 4.7.1].

(4) This is an analogue of [RC24a, Lemma 5.2.8 (1)]. Using the !-local property in the source
of [HM24, Theorem 3.4.11 (iii)] and prim descent along descendable maps [HM24, Lemma 4.7.4],
it suffices to see that the map A1

Qp
→ A1,dR

Qp
is prim and descendable. We have A1,dR

Qp

∼= A1
Qp
/G†

a

(by a qfd version of Example 4.7.1), and so by base change it suffices to show the same for the
map g : GSpec(Qp) → GSpec(Qp)/G†

a. Primness is clear, as G†
a is proper over GSpec(Qp), and

hence g is represented in proper, affinoid Gelfand stacks. Set R := O(G†
a) = Qp⟨T ⟩≤0, which is a

Hopf algebra through the addition. Viewing R as the regular representation over itself, we have
the short exact sequence

0→ Qp → R
∂

∂T→ R→ 0

of R-comodules, i.e., as quasi-coherent sheaves on GSpec(Qp)/G†
a. This implies that g is descend-

able. A more general assertion is discussed in [RC24a, Lemma 4.3.6]. □

From the stability properties of Lemma 5.1.2 we can already exhibit plenty of !-able maps that
will be more than enough for the main applications of this paper.

Definition 5.1.3. A map f : Y → X of qfd arc-stacks over Zp is said to be of locally of quasi-
finite dimension (or lqfd) if there is a strict closed cover Yi ⊂ Y such that the maps Yi → X are
ω1-cocompact, qcqs and quasi-pro-étale over some relative affine space Yi → Ad,⋄

X (with d possibly
depending on i).

Proposition 5.1.4. Let f : Y → X be a morphism of qfd arc-stacks over Qp which arc-locally on
X is lqfd. Then fdR : Y dR → XdR is !-able. If in addition f is proper, then fdR is cohomologically
proper in the sense of [HM24, Definition 4.6.1].

Proof. By Lemma 5.1.1, we can assume that f is lqfd. By Lemma 5.1.2 (3) we can prove that
fdR is !-able locally in the analytic topology of Y , in particular we can localize along strict closed
covers (as those are refined by an open cover), and we can assume without loss of generality that f
is ω1-cocompact, qcqs and quasi-pro-étale over a relative affine line Ad,⋄

X . By Lemma 5.1.2 (1) we
know that the map gdR : Y dR → Ad,dR

X is !-able, and by Lemma 5.1.2 (4) the map Ad,dR
X → XdR is

!-able, proving what we wanted.
For the claim about proper maps, we first note that a closed immersion Z ⊂ X of arc-stacks is

cohomologically proper, namely it arises as the pullback of a closed immersion of condensed anima
Zcond → Xcond along the map X → Xcond (cf. Example 4.1.10), and these are cohomologically
proper by [HM24, Lemma 4.8.2 (i)]. Hence, if f is proper, the diagonal is a closed immersion, and
it suffices to show that fdR is prim. By [HM24, Lemma 4.5.7] we can prove that fdR is prim locally
in the arc-topology on X. We can then assume that X is qfd strictly totally disconnected. By
[HM24, Lemma 4.5.8] we can prove that fdR is prim locally on a descendable cover of the source,
thus, as f is proper, we can then pass to a finite strict closed cover of Y and assume that Y → X
is ω1-cocompact, qcqs and quasi-pro-étale over an affine space Ad

X over X. Since Y is qcqs, the
map Y → Ad

X factors through a polydisc, that we can assume to be of radius 1. Hence, since prim
maps are stable under composition, we can reduce the claim to proving that a ω1-cocompact qcqs
pro-étale map of arc-stacks is prim, and that the map D1,dR

Qp
→ GSpec(Qp) from the de Rham

stack of the closed disc is prim.
For ω1-cocompact, qcqs and quasi-pro-étale maps, we can assume again that X is strictly totally

disconnected, and by [Sch24a, Lemma 4.5] the map Y → X arises from the pullback of profinite
sets |Y | → |X|. But the map |Y |dR → |X|dR is prim being a map of Betti stacks of profinite
sets, and so given by a map of analytic rings with induced structure. For the claim about the
closed disc f : D1,dR

Qp
→ GSpec(Qp), by Example 4.7.6 (1) D1,dR

Qp
= D1,≤1,dR

Qp
is the de Rham stack

of the overconvergent disc. Hence, the map g : D1,≤1
Qp

→ D1,≤1,dR
Qp

is an epimorphism of Gelfand
stacks, descendable (as can be deduced by pullback from the case for A1

Qp
, cf. Lemma 5.1.2), and

by [HM24, Lemma 4.5.8 (ii)] it suffices to see that D1,≤1
Qp
→ GSpec(Qp) is prim which is clear as it

arises from a map of analytic rings with induced structure. □

Remark 5.1.5. All maps between (partially proper) rigid spaces belong to those of Definition 5.1.3,
but not all the stacky maps relevant in the geometrization of the local Langlands correspondence.
To extend the class of !-able maps one has to keep applying [HM24, Theorem 3.4.11] for the different
classes one would like to consider. For example, thanks to [HM24, Lemma 4.7.1] one can extend
the class of !-able maps to quotients of lqfd maps by suave equivalence relations, this is nothing
but a variant of the so called Artin stacks of [FS21, Definition IV.1.1] for the de Rham stack.



66 ANALYTIC DE RHAM STACKS OF FARGUES–FONTAINE CURVES

Definition 5.1.6. Let f : Y → X be a morphism of qfd arc-stacks over Zp. We say that f is
étale if, locally in the arc-topology of X and the analytic topology of Y , f factors as a composite
of open immersions ([Sch24a, Definition 4.21]) and finite étale maps. We say that f is smooth
if, locally in the arc-topology of X and the analytic topology of Y , f factors as a composite
Y

g−→ Ad
X := Ad,⋄

Zp
×Marc(Zp) X → X where g factors as a composite of finite étale maps and open

immersions.

For example, a rigid smooth, resp. rigid étale, morphism of derived Berkovich spaces over Qp in
the sense of Definition 4.3.4, induces a smooth, resp. étale, morphism on the associated arc-stacks.

The following theorem is a variant of [RC24a, Theorem 1.0.12].

Theorem 5.1.7. Let f : Y → X be a smooth morphism of qfd arc-stacks over Qp. Then the
map Y dR → XdR is cohomologically smooth, with dualizing sheaf given by 1Y dR [2d] if f is of pure
dimension d. If f is étale then fdR is in addition cohomologically étale.

Proof. Any étale map of qfd arc-stacks has open diagonal, namely, this can be checked locally in
the arc-topology of X and in the analytic topology of Y , where it reduces to the claim on perfectoid
spaces which is obvious. Therefore, by definition of cohomologically étale [HM24, Definition 4.6.1],
we only need to show that smooth morphisms are cohomologically smooth on the de Rham stack.
This property can be checked locally in the arc-topology of X thanks to Theorem 4.8.6 and [HM24,
Lemma 4.5.7], so we can assume that X is a perfectoid space and then Y is (the arc-stack of) a
derived Berkovich space. The property can also be checked locally in the analytic topology thanks
to Proposition 4.7.11(1) and [HM24, Lemma 4.5.8 (i)]. Localizing further for the arc-topology on
X if necessary, we see that we can by definition of smoothness and base change ultimately reduce
to the following three cases:

(i) An open immersion U → X.
(ii) A finite étale map Y → X

(iii) The affine line f : A1,dR
Qp
→ GSpec(Qp).

The case of open immersions is Lemma 5.1.2. For Y → X finite étale, as X is totally dis-
connected we have Y dR = XdR ×|X|Betti

|Y |Betti as qfd Gelfand-stacks and |Y |Betti → |X|Betti is
cohomologically étale being isomorphic to a finite disjoint union of clopen maps. Finally, the case
of the affine line follows from the presentation A1,dR

Qp
= A1

Qp
/G†

a, and the fact that both A1
Qp

and
BG†

a are suave over GSpec(Qp) (the former being a smooth rigid space, the last thanks to Cartier
duality).

For the description of the dualizing sheaf, we refer to [RC24a, Theorem 5.3.7]31 (or Remark 5.1.10):
by A1-invariance of cohomology of the de Rham stack, the computation reduces, by a by now stan-
dard deformation to the normal bundle argument, to the computation of (the pullback by the
zero-section of) the dualizing sheaf for the structure morphism of a vector bundle over Y , which
can be done by reduction the universal case and using Cartier duality. □

Remark 5.1.8. Through the relation between quasi-coherent sheaves on the analytic de Rham
stacks and D-modules (see the forthcoming paper [RJRC]), Theorem 5.1.7 gives Poincaré duality
for analytic D-modules.

Remark 5.1.9. We warn the reader, particularly those accustomed to working with adic spaces,
that the de Rham stacks of the affinoid disc DQp

and the affinoid torus TQp
are not cohomologically

smooth over GSpec(Qp). This does not contradict Theorem 5.1.7, since as Berkovich spaces these
spaces are not rigid smooth. This also does not contradict the presentations (cf. Example 4.7.6)

DdR
Qp

= D≤1
Qp
/G†

a, TdR
Qp

= T†
Qp
/G†

a

(here, T†
Qp

denotes the overconvergent torus32) since, even though GSpec(Qp)/G†
a is cohomologi-

cally smooth, D≤1
Qp
,T†

Qp
are not cohomologically smooth. In fact, if the de Rham stack of TQp

were
cohomologically smooth, since it is also prim over GSpec(Qp), pushforward along the structure
morphism TdR

Qp
→ GSpec(Qp) would preserve perfect modules. But this not true, as it follows

combining Remark 5.2.4 with the fact that there exist vector bundles with integrable connection
on T†

Qp
with infinite-dimensional de Rham cohomology, [PP24, Lemma A.1.12]. As we don’t know

whether there exist vector bundles with integrable connection on D≤1
Qp

with infinite-dimensional de

31Note that loc. cit. even proves the result for the filtered de Rham stack, where an additional twist appears,
which disappears when one pullbacks to the de Rham stack.

32A perhaps more coherent, but too confusing, notation would have been D=1
Qp

.
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Rham cohomology, we argue instead as follows to show that f : DdR
Qp
→ GSpec(Qp) is not suave.

Consider the factorization of f

DdR
Qp

g−→ D≤1
Qp
/D̊≤1/2

Qp

h−→ GSpec(Qp).

One has D≤1
Qp
/D̊≤1/2

Qp
= D≤1,dR

Qp
/D̊≤1/2,dR

Qp
. By Theorem 5.1.7, we know that D̊≤1/2,dR

Qp
→ GSpec(Qp)

is suave, and therefore g is also suave (as its fibers are isomorphic to D̊≤1/2,dR
Qp

). If f were
suave, we would also have that h is suave by [HM24, Lemma 4.5.8]. Now, consider the pro-
jection map q : D≤1

Qp
→ D≤1

Qp
/D̊≤1/2

Qp
; it is suave being a quotient by a smooth rigid equivalence

relation, and, as D≤1
Qp

is prim over GSpec(Qp) (being affinoid with induced structure), one has that

q!1 ∈ D(D≤1
Qp
/D̊≤1/2

Qp
) is prim by [HM24, Lemma 4.5.16]. But then, [HM24, Lemma 4.5.16] and the

suaveness of h would imply that h!q!1 = O(D≤1
Qp

) is suave on GSpec(Qp) which is the same as being
dualizable. This is absurd, since Qp,□ is Fredholm and the only dualizable objects in D(Qp,□) are
perfect modules.

Remark 5.1.10. Using excision for de Rham cohomology (Remark 5.4.3) one can also calculate
the dualizing complex in Theorem 5.1.7 via the general paradigm in [Zav23, Theorem 5.7.7]. This
necessitates a theory of first Chern classes (as defined in [Zav23, Definition 5.2.4, Definition 5.2.8]).
We present here a stack-theoretic construction of a weak theory of first Chern classes for de Rham
cohomology, as it will turn out useful for the analogous construction for Hyodo–Kato cohomology
in Section 6. It then amounts to a standard computation to upgrade this to a theory of first Chern
classes (cf. Lemma 6.2.9).

(1) In the following, we work over Qp. Let

cdR1 : (G⋄
m)dR = Gm/G†

m → BGa

be the composition of the map GdR
m → BG†

m (classifying the extension 0→ G†
m → Gm →

GdR
m → 0) with the logarithm log : G† → Ga. We note that cdR1 is naturally a morphism of

animated abelian groups as Gm is an animated abelian group stack, i.e., it naturally extends
to a finite coproduct preserving functor FinFreeAb→ GelfStk from finite free abelian groups
to Gelfand stacks. Given a qfd arc-stack X over Qp, we now get a map

Map(X,BG⋄
m)→ Map(XdR, (BG⋄

m)dR)
Bc1−−→ Map(XdR, B2Ga) ∼= H2(XdR,O)

of animated abelian groups (with addition defined via the second factor), which defines
a weak theory of first Chern classes (up to passing to D(Z) by arc-sheafifying both sides
as D(Z)-valued presheaves in X). Here, the first map is a morphism of animated abelian
groups because X 7→ XdR preserves finite products.

(2) One checks that this abstractly defined first Chern classes agrees (on smooth partially
proper rigid analytic varieties) with the usual first Chern class coming from the d log-map
Gm → Ω1, λ 7→ d log(λ) := dλ

λ . Let us give here an argument using the filtered de Rham
stack (cf. Remark 5.2.3).

Using e.g. Cartier duality ([RC24a, Theorem 4.1.13]), the cohomology of BGa is natu-
rally identified with Qp⊕Qpdx[1] where x is the coordinate of Ga (we think of Qpdx as the
cotangent bundle T ∗

Ga
|0 at 0). Similarly, the cohomology of GdR

m is isomorphic to Qp⊕Qp
dt
t

where t is the coordinate of Gm. Hence, we want to see that the map cdR1 : GdR
m → BGa

pulls back dx to dt
t . Namely, we can choose the isomorphism H1(−,O) ∼= Map(−, BGa)

so that dx maps to the identity element of B2Ga under the morphisms

Map(B2Ga, B
2Ga)← Map(BGa, BGa) ∼= H1(BGa,O).

For that, consider the filtered de Rham stack GdR,+
m over S = A1/Gm. As Gm is a smooth

group, its filtered de Rham stack can be written as the quotient of groups over S

GdR,+
m = (Gm × S)/G†

m(−1)

where G†
m(−1) sends a map GSpecA→ S corresponding to a virtual Cartier divisor I → A

to the group

G†
m(−1)(GSpecA→ S) = ker(Gm(A)→ Gm(A/Nil† ⊗A I)) ∼= 1 + Nil†(A) · I.

We have a logarithm map log : G†
m(−1) → Ga(−1), producing a morphism of animated

abelian group stacks over S

cdR,+
1 : GdR,+

m → BGa(−1),
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this map refines the Chern class cdR1 of the de Rham stack, and lifts it to an element in
the Fil1 of de Rham cohomology for the Hodge filtration. Now, since the Fil1 of de Rham
cohomology of Gm is just given by differentials, the pullback of dx along cdR,+

1 is completely
determined by the pullback along the zero section 0: GSpec(Qp) → S = A1/Gm, and
therefore by the Chern class of the Hodge stack GHdg

m = Gm/G†
m, where the quotient is

via the trivial action. The latter is given by the composite map

cHdg
1 : GHdg

m → BG†
m → BGa

where the first map is the natural projection on the classifying stack, and the second map
is given by the logarithm log. Finally, the cohomology of BG†

m is naturally identified with
Qp⊕Qp

dt
t (we think of Qp

dt
t as T ∗

Gm
|1) and it is clear that the map log : G†

m → Ga induces
the pullback map of differentials dlog : T ∗

Ga
|0 → T ∗

Gm
|1 at the level of cotangent bundles at

the identity, sending dx to dt
t as wanted.

(3) We note here a general procedure to construct (weak) theories of first Chern classes for
cohomology theories defined by a ring stack R over a base S (via suitable versions of
the general procedure of transmutation, cf. [Bha22, Remark 2.3.8], say, for p-adic formal
schemes or rigid analytic varieties). Namely, the essential datum is a morphism

cR1 : GR
m → VS(O⟨1⟩)[−1])

of animated abelian group objects over the base S (that one might think of as a geometric
Chern class), where O⟨1⟩ is the respective Tate twist for the cohomology theory, i.e., a
distinguished invertible object on S. For example, if R = GdR

a = Ga/G†
a, which recovers

de Rham cohomology, one has S = GSpec(Qp) and O⟨1⟩ = Qp[2].

5.2. Cohomology of the analytic de Rham stack and de Rham cohomology. One of
course expects the cohomology of the analytic de Rham stack to be de Rham cohomology in good
situations. We verify in this subsection that this is indeed the case.

Proposition 5.2.1. Let K be a complete non-archimedean field over Qp, separable as a Qp-
Banach space, and let X be a †-rigid space over K which is Berkovich smooth over K (in the sense
of Definition 4.3.4). Then there is a natural isomorphism

Γ(XDR/K ,O) ∼= RΓdR(X/K).

The same holds for XdR if K is in addition qfd.

Here, RΓdR(X/K) is the hypercohomology of the de Rham complex Ω•
X/K of X over K, and

Γ(XDR/K ,O) is the global sections of the structural sheaf of XDR/K over GSpecK. Examples sat-
isfying the assumption on X are smooth partially proper rigid analytic variety, the overconvergent
closed disc or variants.

Proof. The proof is a variant of the proof that de Rham cohomology of a smooth scheme over a
characteristic zero field is computed by the cohomology of the structure sheaf on the infinitesimal
site, found in [Bd11, Remark 3.7].

By Proposition 4.7.11 and Theorem 4.7.14, the morphism X → XDR/K is surjective, with Čech
nerve the simplicial derived Berkovich space X†,• := (X×K•+1)†∆X where ∆X ⊂ |X×K•+1| is the
diagonal immersion. The cosimplicial ring OX†,• admits a de Rham complex over K (degree-wise
an overconvergent version of the classical continuous de Rham complex rigid analytic varieties over
K), giving rise to the ∆ × Nop-indexed diagram (Ω≤m

X†,n/K
)[n]∈∆,m∈Nop of complexes of K-linear

sheaves on the analytic site of X, with obvious arrows. It contains as subdiagrams the cosimplicial
ring OX†,• corresponding to ∆×{0} and the de Rham complex Ω≤•

X/K corresponding to {[0]}×Nop.
The inclusions of these subdiagrams give rise to natural maps of K-linear sheaves on the analytic
site of X

lim
[n]∈∆

OX†,• ← lim
([n],m)∈∆×Nop

Ω≤m
X†,n/K

→ Ω•
X/K .

The cohomology on the analytic site of X of the left term computes the cohomology of the analytic
de Rham stack relative to K, as we just recalled, while the cohomology on X of the right term
is the de Rham cohomology of X over K. Hence one is done if one can show that the two maps
are quasi-isomorphisms. Observe that the limit defining the middle term can be computed in two
ways, by first taking a limit over Nop and then over ∆, or the other way around:

lim
([n],m)∈∆×Nop

Ω≤m
X†,n/K

= lim
([n]∈∆

Ω•
X†,n/K = lim←−

m

(
lim

[n]∈∆
Ω≤m

X†,n/K

)
.

Thus it suffices to show the following statements:
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(1) For any arrow α : [n1] → [n2] in ∆, the induced map α : Ω•
X†,n1/K

→ Ω•
X†,n2/K

is a
quasi-isomorphism.

(2) For any integer m ≥ 1, lim
[n]∈∆

Ωm
X†,n/K = 0.

For (1), it suffices to deal with the map [0] → [n], 0 7→ 0, for [n] ∈ ∆. Analytic locally on X,
we can find (by definition of standard Berkovich smoothness) a morphism X → Ad,an

K giving an
presentation as in Definition 4.7.7. Via Taylor expansions, this morphisms yields an isomorphism

X†,n ∼= X ×G†,dn
a .

Now the claim follows from Poincaré’s lemma for G†
a, which follows from [Tam15, Lemma 26] after

taking colimits of open discs of radius r as r → 0.
Since for any [n] ∈ ∆ and m ∈ N

Ωm
X†,n/K = OX†,n ⊗OXn+1 Ωm

Xn+1/K ,

part (2) will follow from descent of the formation of Ωm
−/K on smooth †-rigid spaces for Berkovich

smooth maps, the fact that X → GSpec(K) is locally a surjective standard Berkovich smooth map
(Lemma 4.7.8), and that Ωm

K/K = 0 if m > 0. Indeed, this descent will prove that Ωm
X×K•+1 is

a cosimiplicial OX×K•+1 -module homotopic equivalent to zero for m > 0. Since the derived base
change along the morphism OX×K•+1 → OX†,• of cosimplicial rings preserves homotopic-to-zero
cosimplicial modules, we will have that Ωm

X†,•/K is an homotopic-to-zero cosimplicial OX†,•/K for
all m > 0, in particular that Tot(Ωm

X†,•/K) = 0. Part (2) can be equally proven as in [Bd11, Lemma
2.15] via a more elemental argument using local charts of X.

To prove the descent of the exterior powers of the cotangent bundle along (locally) standard
Berkovich smooth morphism we can argue locally after an analytic cover of Y and X (we note that
the cotangent complex of a standard Berkovich smooth morphism is given by the differentials in
degree 0, e.g., using that standard Berkovich smooth maps are †-formally smooth, Lemma 4.7.8).
Hence, it suffices to see that if f : Y → X is a standard Berkovich smooth cover of affinoid †-
rigid spaces, then f is descendable. Indeed, the descent of the cotangent complex will follow from
Lemma 5.2.2 below. Seeing that f is descendable can be done in several ways: see e.g. [Mik23,
Theorem 4.15] for related statements. For brevity, we offer here an (overkill) argument using results
proved below (independently of our statement!): one can factor the map as the composite

f : Y → Y DR/X → X.

The map Y → Y DR/X is descendable by Proposition 5.4.4. The map Y DR/X → X is a pullback of
fDR/K : Y DR/K → XDR/K along X → XDR/K , and fDR/K is descendable by Proposition 5.4.11
(2) as f is an arc-cover at the level of diamonds and any epimorphism of affinoid Gelfand stacks
is descendable. □

The following lemma was used in the proof of Proposition 5.2.1, and is a generalization of
[BMS19, Theorem 3.1]. For the next statement we use the cotangent complex for a morphisms
of analytic ring, introduced in [RC24a, Proposition 3.4.5]. For simplicity of notation we omit the
implicit base ring, relative to which the cotangent complex is formed.

Lemma 5.2.2. Let A → A0 be a morphism of analytic rings where A0 has the induced structure
over A and it is descendable. Let A → A• be its Čech co-nerve. Then for all m ∈ N the natural
map

∧mALA → Tot(∧mA•
LA•)

is an equivalence.

Proof. By [Mat16, Proposition 3.20], the map A → A0 of induced analytic rings is descendable if
and only if the tower

(
(Tot≤n(A•)

)
)n∈N is pro-constant and isomorphic to A. Equivalently, if and

only if there is some n ≥ 0 such that, if Kn = fib(A→ Tot≤n(A•)), the map Kn → A is homotopic
to zero as A-module. Equivalently, the map A→ Tot≤n(A•) admits a retract Tot≤n(A•)→ A as
an A-module.

We first prove the case ofm = 1, i.e., of L(−). We have a fiber sequence of connective A•-modules

(5.2.1) A• ⊗A LA → LA• → LA•/A.

By descent, we know that
A• ⊗A LA = Tot(A• ⊗A LA),

thus, it suffices to show that Tot(LA•/A) = 0. To prove this, it suffices to consider the base change

LA•/A ⊗A Tot|[m]|≤n(Am) = Tot|[m]|≤n(LA•/A ⊗A Am) = Tot|[m]|≤n(LA•+m+1/Am
)
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for [m] ∈ ∆≤n and n ∈ N. Choosing n such that A is a retract of Tot≤n(A•), we see that
LA•/A is a retract of Tot|[m]|≤n(LA•+m+1/Am

) as a cosimplicial A-module, and taking limits that
Tot(LA•/A) is a retract of Tot|[m]|≤[n](Tot(LA•+m+1/Am

)), but Tot(LA•+m+1/Am
) = 0 for m ≥ 0

since the augmented simplicial diagram Am → A•+m+1 is split. It follows that Tot(LA•/A) = 0
proving what we wanted.

To handle the general case ∧mALA, we use the length m filtration induced by the fiber sequence
(5.2.1) (cf. [BMS19, Example 2.2]) and induction on m to reduce to the descent for m = 1. □

Remark 5.2.3. Another way to prove Proposition 5.2.1, which we learnt from [Bha22, Theorem
2.3.6], uses the filtered analytic de Rham stack. Let us recall the definition of the filtered analytic
de Rham stack, which can be constructed similarly to [RC24a, Definition 5.2.2]. We note first that
the qfd Gelfand stack A1,an

Qp
/Gan

m classifies generalized Cartier divisors on a qfd Gelfand ring A, i.e.,
pairs of a line bundle L with an A-linear map s : L → A. Now, given any morphism g : W → Z
of qfd Gelfand stacks, one can consider its filtered de Rham stack WDR/Z,+ relative to Z as the
!-sheafification of the functor sending a qfd Gelfand ring A over Z with a generalized Cartier divisor
s : L→ A to33

W (cofib(Nil†(A)⊗A L→ A)).

In particular, there exists a natural morphism WDR/Z,+ → Z×GSpec(Qp)A
1,an
Qp

/Gan
m . Assuming that

g is †-formally smooth, the natural map W ×GSpec(Qp) A1
Qp
/Gm → WDR/Z,+ is an epimorphism.

The pullback of WDR/Z,+ to Z ×GSpec(Qp) GSpec(Qp)/Gan
m is the relative Hodge stack WHdg/Z of

W over Z, while its pullback to Z = Z ×GSpec(Qp) Gan
m /Gan

m is the relative de Rham stack WDR/Z .
Back to the notations of Proposition 5.2.1, the idea is to prove the stronger statement that the

pushforward along XDR/K,+ → A1,an
K /Gan

m calculates filtered de Rham cohomology. Here we use
the map of analytic stacks g : A1,an

K /Gan
m → A1,alg

K /Galg
m from the analytic to the algebraic stacks to

compare with classical filtered modules. One can prove that, at least for complete filtered objects,
the pullback along g is fully faithful; this amounts to proving that the pullback along the map of
analytic stacks g′ : Â1

K/Gan
m → Â1

K/Galg
m is fully faithful (with Â1

K to be the formal completion at
0 of the affine line seen as an Ind-affinoid analytic stack), which one can show by noticing that g′
is prim and that g′∗1 = 1.

More precisely, one proves that the pushforward of the unit along fDR,+ : XDR/K,+ → A1,an
K /Gan

K×
|X|Betti is given by the Hodge-filtered de Rham complex, seen as an object on A1,an

K /Gan
K ×|X|Betti.

To show this, one first considers the pullback square

XHdg/K GSpecK/Gan
K × |X|Betti

XDR/K,+ A1,an
K /Gan

K × |X|Betti.

fHdg

ι

fDR,+

Since ι is suave (being the inclusion of a Cartier divisor, and hence a local complete intersection),
we have suave base change for lower ∗ and obtain that

ι∗fDR,+
∗ 1 = fHdg

∗ 1.

Using Cartier duality between the analytic Hodge stack of X and the analytic cotangent bundle
[RC24a, Theorem 4.3.13], one deduces that

fHdg
∗ 1 =

d⊕
i=0

Ωi
X(i)[−i]

where d is the dimension of X and the twist (i) is the i-fold tensor product of the standard
representation of Gan

m . A local computation using étale charts proves that the filtration of fDR,+
∗ 1

is complete, exhaustive and supported in degrees [0, d]. Since the degree i term Ωi
X(i) sits in

cohomological degree i for the natural t-structure on sheaves on the topological space |X|, the
Beilinson t-structure on complete filtered objects yields that fDR,+

∗ 1 is given by a complex of
K-vector spaces on |X| of the form

(5.2.2) OX
δ−→ Ω1

X
δ−→ · · · δ−→ Ωd

X ,

sitting in cohomological degrees [0, d]. We are left to show that (5.2.2) is given by the de Rham
complex of X. To prove that, one shows by an explicit computation via local étale coordinates

33The natural structure of Nil†(A) ⊗A L → A as an animated A-algebra can be deduced from [RC25, Remark
9.13].
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that the map OX
δ−→ Ω1

X is a derivation of solid K-vector spaces. On the other hand, (5.2.2) has
the structure of a cdg algebra (being a commutative algebra for the heart of Beilinson t-structure),
and by the universality of the de Rham complex there is a unique morphism of cdg algebras from
(Ω•

X , d)→ (Ω•
X , δ). One then checks that this map is an isomorphism by a local computation using

étale charts.
For more details on the argument we refer the reader to [Bha22, Theorem 2.3.6] and to [RC25,

§9.3.2]: these references work in the algebraic setting, but the same works in the analytic case.

Remark 5.2.4. As expected, one can also extend Proposition 5.2.1 to coefficients. More precisely,
keeping the notation of loc. cit., one can show that

VB(XDR/K) ∼= {vector bundles with integrable connection on X/K},
and given (E ,∇) a vector bundle with integrable connection on X, denoting by (E ,∇)DR the
corresponding vector bundle on XDR/K , we have a natural isomorphism

Γ(XDR/K , (E ,∇)DR) ∼= RΓdR(X/K, (E ,∇)).

A similar statement holds for XdR if K is in addition qfd. This can be shown to follow from the
fact that there is a natural fully faithful embedding of the category D(XDR/K) into the category of
quasi-coherent sheaves on the algebraic de Rham stack of X relative to K, cf. [RC24a, Definition
5.1.1, Proposition 5.2.11] (which, in addition, induces an equivalence on perfect modules/vector
bundles), together with a comparison between the category of perfect modules/vector bundles on
the algebraic de Rham stack of X relative to K, and the category of crystals in perfect mod-
ules/vector bundles on the infinitesimal site of X/K (this can be checked using a by now standard
argument, cf. [Bha23, Theorem 3.4], [Guo21]).

5.3. An abstract result in 6-functor formalisms. In this small subsection we prove one tech-
nical result on 6-functor formalisms that will be used later. The reader can use this subsection as
blackbox.

Lemma 5.3.1. Let (C, E) be a geometric setup and D a presentable 6-functor formalism on (D,E).
Let S ∈ C and consider a sequential limit diagram of !-able maps over S

X∞ → · · · → Xn+1 → Xn → · · · → X0

with arrows fm→n : Xm → Xn for m ≥ n ∈ N ∪ {∞}. Suppose that the following conditions hold:
(a) All the maps fm→n are prim for m ≥ n ∈ N ∪ {∞}.
(b) Given n ∈ N the natural map lim−→m≥n

fm→n,∗1 → f∞→n,∗1 of objects in D(Xn) is an
isomorphism.

(c) There is a prim map g : Y∞ → X∞ satisfying universal D∗- and D!-descent such that we
have an equivalence in the kernel category KD,S (see [HM24, Definition D.4.1])

Y∞ ×X∞ Y∞ = lim←−
n

Y∞ ×Xn Y∞.

Then the following hold:
(1) We have X∞ = lim←−n

Xn in the kernel category KD,S. In particular,

D(X∞) = lim←−
n

D!(Xn).

(2) An object P ∈ D(X∞) is suave over S if and only if Pn := f∞→m,!P ∈ D(Xn) is suave
over S for all n. In that case, the suave dual is given by SDS(P ) = lim−→n

f ♭∞→nSDS(Pn)

where f ♭∞→n is the left adjoint of f∞→n,! (naturally isomorphic to δ∞→n ⊗ f∗∞→n where
δ∞→n is the codualizing sheaf of f∞→n).

Proof. Let us first prove (1). By definition of a limit in 2-categories ([HM24, Definition D.4.1]),
we need to show that for all Z ∈ C/S,E , the natural map of morphism categories

(5.3.1) FunKD,S
(Z,X∞)→ lim←−

n

FunKS
(Z,Xn)

is an equivalence. By definition of the kernel category, FunKS
(Z, Y ) = D(Y ×SZ) and the transition

maps of (5.3.1) are given by lower !-maps. Notice that the conditions (a) and (b) are preserved
under pullbacks along maps h : Z → S in C thanks to proper base change. If h is !-able, condition
(c) is also preserved along the pullback map of kernel categories h∗ : KD,S → KD,Z as this functor
is a right adjoint by [HM24, Lemma 4.2.7], and thus preserves limits. Therefore, after taking base
changes, it suffices to show that the natural map

F! : D(X∞)→ lim←−
n

D!(Xn)
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along lower !-maps is an equivalence of categories (note that the objects in KD,S are given by !-able
maps to S).

The functor F! is given by the limit of the functors f∞→n,! : D(X∞)→ D!(Xn). As each f∞→n

is prim, f∞→n,! has a left adjoint f ♭∞→n and by [HM24, Lemma D.4.7 (i)] F! has a left adjoint
given by F ♭ = lim−→n

f ♭∞→n.
To prove part (1) of the lemma it suffices to show that both the unit and counit of the adjunction

is an equivalence.
Since the fm→n : Xm → Xn maps are prim, the map fm→n,! : Xm → Xn in KD,S is a right

adjoint. Passing to duals one sees that f∗m→n : Xn → Xm is a left adjoint, and then passing to its
right adjoint we obtain the map fm→n,∗ : Xn → Xm whose composite with D is the lower ∗-map.
The passage from fm→n,! to fm→n,∗ is the following composition of equivalences of 2-categories

KR
D,S

∼−→ (KL
D,S)

op ∼−→ (KR,co,op
D,S )op = KR,co

D,S

where the first equivalence corresponds to passing to the dual (since all objects in KD,S are self
duals, see [HM24, Proposition 4.1.4]), and the second equivalence is the passage to the right adjoint
of [HM24, Theorem D.3.17]. Therefore, to show that X∞ = lim←−n

Xn, we can either show the lower
! or lower ∗ maps. In other words, it suffices to show that the functor

F∗ : D(X∞)→ lim←−
n

D∗(Xn)

given by lower ∗-maps is an equivalence. In this case, F∗ = lim←−m
(fm→n,∗) and its left adjoint is

F ∗ = lim−→m
f∗m→n.

Unit. We need to prove that the map 1→ F∗F
∗ is an equivalence as endofunctors of lim←−n

D∗(Xn).
By the projection formula, since all maps are prim, it suffices to evaluate this at the unit object
of lim←−n

D∗(Xn) ∼= lim−→n
D∗(Xn). The unit object of this category in the presentation lim←−n

D∗(Xn)

is precisely the cocartersian section given by (lim−→m≥n
fm→n,∗1)n. Therefore, the unit being an

equivalence is precisely the equivalence

lim−→
m≥n

fm→n,∗1
∼−→ f∞→n,∗1

for all n ∈ N, which holds by condition (b).
Counit. We need to prove that the map F ∗F∗ → 1 is an equivalence as endofunctors of D(X∞).

Since the map g : Y∞ → X∞ satisfies universal D!-descent and is prim, we can prove that after
right composing with the functor g∗ : D(Y∞)→ D(X∞). Since g satisfies universal D∗-descent, we
can also prove this after left composing with g∗. Therefore, it suffices to show that the natural
map of endofunctors g∗F ∗F∗g∗ → g∗g∗ of D(Y∞) is an equivalence. For all n ∈ N ∪ {∞} consider
the pullback diagram

Y∞ ×Xn
Y∞ Y∞

Y∞ Xn.

π2,n

π1,n f∞→n◦g

f∞→n◦g

Applying limits along n, by proper base change we get a commutative diagram

lim←−n
D∗(Y∞ ×Xn

Y∞) D(Y∞)

D(Y∞) lim←−n
D∗(Xn)

lim←−n
π1,n,∗

lim−→n
π∗
2,n

F∗g∗

g∗F∗

Similarly, we have a commutative diagram

D(Y∞ ×X∞ Y∞) D(Y∞)

D(Y∞) D(X∞).

π1,∞,∗

π∗
2,∞

g∗

g∗

But by hypothesis (c), the natural map D(Y∞×X∞ Y∞)→ lim←−n
D(Y∞×Xn

Y∞) is an equivalence,
this yields the equivalence of the counit, and finishes the proof of part (1).

Part (2) follows formally from [HM24, Corollary D.4.9]. Indeed, by part (1) we have an equiva-
lence X∞ = lim←−n

Xn. Let P ∈ D(X∞) be a suave object, then, since the map f∞→n : X∞ → Xn

is prim, the object f∞→n,!P ∈ D(Xn) is suave for all n ∈ N. Conversely, if f∞→n,!P ∈ D(Xn) is
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suave for all n ∈ N, then [HM24, Corollary D.4.9] implies that P is itself suave. The formula for
the suave dual of P is a consequence of [HM24, Proposition D.4.8]. □

Remark 5.3.2. A statement closely related to Lemma 5.3.1 is [Mik25, Proposition 1.35].

5.4. Cohomology of analytic de Rham stacks: some properties. We establish some basic
properties of the cohomology of the analytic de Rham stack. We start with the fact that it is
finitary and disc-invariant.

Proposition 5.4.1. Let A be a separable Gelfand ring and let B∞ = lim−→n
Bn be a countable colimit

of separable A-algebras. Set X = GSpec(A) and Yn = GSpec(Bn) for n ∈ N ∪ {∞}. Consider the
natural maps of de Rham stacks fn : Y DR

n → XDR for n ∈ N ∪ {∞}. Then the natural map

(5.4.1) lim−→
n

fn,∗1→ f∞,∗1

is an equivalence.

Proof. The passage to the de Rham stack is invariant under uniform completion, thus, thanks to
Lemma 4.8.2 we can assume without loss of generality that A is a countable colimit of rational
localizations of affine spaces over Qp, that A→ B0 is a rational localization of an affine space over
A, and that for n ≥ 1 the map Bn → Bn+1 is also a rational localization of an affine space. In
particular, all the algebras are †-formally smooth, and the maps Yn → Y DR

n and X → XDR are
epimorphisms.

Let X• → X be the Čech nerve of X → XDR and f•n : Y
DR/X•

n → X• the base change of
Y DR
n → XDR along X• for n ∈ N∪{∞}. Thus, to prove the claim it suffices to show the following

claims:
(a) For all α : [a]→ [b] in ∆op the natural map

α∗f
[b]
∞,∗1→ f

[a]
∞,∗1

is an equivalence in D(X [a]).
(b) The map lim−→n∈N f

[0]
n,∗1→ f

[0]
∞,∗1 is an equivalence.

Indeed, the claim (a) implies that the ∆-section (f
[a]
∞,∗1)[a]∈∆ in D∗(X•) is cocartesian and so

that it gives rise to the object f∞,∗1. In particular, if g : X → XdR, we have base change

g∗f∞,∗1 = f
[0]
∞,∗1.

Then, as g is an epimorphism, to show that (5.4.1) is an equivalence it suffices to pullback along
g∗. The maps fn are prim thanks to Proposition 5.1.4, and fn,∗ satisfies base change, in which
case we have to prove precisely claim (b).

Now, (a) and (b) follow from the fact that if f : A → B is of the form as in Lemma 4.8.2, and
fDR/A : (GSpec(B))DR/GSpec(A) → GSpec(A), then fDR/A

∗ 1 is given by the de Rham complex of B
over A, cf. Proposition 5.2.1: the formation of de Rham complexes commutes with filtered colimits
and base change in the base. □

Lemma 5.4.2. Let f : Y → Marc(Qp) be given by Y = Marc(Qp⟨T ⟩), Y = D◦
Qp

or Y = A1
Qp

.
Then fdR,∗ : D(GSpec(Qp)) → D(Y dR) is fully faithful. Moreover, the same assertion holds true
after any base change of f to a qfd arc-stack.

Proof. Writing the open unit disc D◦
Qp

or the affine line A1
Qp

as a union of closed disc (and thus
D(−) as an inverse limit along ∗-pullback), the claim reduces to the case Y =Marc(Qp⟨T ⟩) (also
after any base change). In this case, we know from Proposition 5.1.4 that Y dR → GSpec(Qp) is
cohomologically proper, so that the formation of fdR∗ commutes with any base change. Using the
projection formula (again valid by cohomologically properness), we reduce therefore to checking
that the natural map 1 → fdR∗ (1) is an isomorphism, which is the classical fact that the overcon-
vergent de Rham cohomology of the closed unit disc is given by Qp in degree 0, and vanishes in
higher degrees. □

We note that cohomology of the de Rham stack can be calculated via excision. This can be
justified geometrically as we explain now.

Remark 5.4.3. By Example 5.6.8 and a qfd version of Example 4.1.10 there exists a natural map
ZdR → (Zcond)

dR ∼= Zcond,Betti of qfd Gelfand stacks for any qfd arc-stack Z (here (−)Betti refers
to the qfd version of the Betti stack). In particular, one can pullback any excision triangle on Zcond

to an excision triangle on the de Rham stack. More concretely, if Z = X⋄ for a derived Berkovich



74 ANALYTIC DE RHAM STACKS OF FARGUES–FONTAINE CURVES

space, then Zcond is the condensed set associated with a locally compact Hausdorff space, and one
can use open-closed decompositions of the latter.

We next turn to a result, Proposition 5.4.9, giving a precise meaning to the idea that the analytic
de Rham stack of a diamond, and its category of quasi-coherent sheaves, can be computed via an
arbitrary approximation of the space by smooth rigid varieties, as long as one can control the
dimensions. To implement it, we need a good control on the map Y → Y dR/X for a rigid smooth
morphism Y → X. The proof of Theorem 5.1.7 shows that the map Y → Y dR/X is descendable (as
this reduces via étale localization to the descendability of A1,dR

Qp
→ GSpec(Qp), which was proven

in Lemma 5.1.2). This argument does however not control the index of descendability. We now
show that the index is controlled by the relative dimension.

Proposition 5.4.4. Let f : Y → X be a Berkovich smooth morphism of qfd derived Berkovich
spaces over Qp, which is of relative dimension ≤ d for some d ∈ N. Then the map Y → Y dR/X is
descendable of index ≤ d+ 1.

Proof. The statement essentially follows from the Poincaré lemma for the global functions of G†
a,

cf. Remark 5.4.7. To make this precise, we will use the filtered analytic de Rham stack introduced,
for a morphism g : W → Z of qfd Gelfand stacks, in Remark 5.2.3. We consider it in the
case g : W := Y → Z := Y dR/X . Note that h := gdR/Z,+ : W dR/Z,+ → Z ×GSpec(Qp) A1

Qp
/Gm

is an isomorphism over the open Z ×GSpec(Qp) Gm/Gm
∼= Y dR/X . In particular, we can see

that the object 1Y dR/X naturally acquires a filtration (or rather upgrades naturally to an object
E in Z ×GSpec(Qp) A1

Qp
/Gm) via the pushforward along h (we note that this object is different

from 1Z×GSpec(Qp)A1
Qp

/Gm
, which would correspond to the trivial filtration on 1Y dR/X ). The prim

morphism g is not Berkovich smooth, but an inverse limit of such along open immersions (at least
after base change along the descendable map Y → Y dR/X). This is sufficient to conclude that
the relative Hodge cohomology of g can be calculated as in the Berkovich smooth case, i.e., via
g∗(Ω

i
W/Z). Now, by the yoga of filtrations via sheaves on A1

Qp
/Gm, we see that the associated

graded on 1Z (defined by E) is given by the graded Hodge cohomology of g. In particular, this
filtration is complete and exhaustive, and of length ≤ d + 1. Altogether, we can conclude that
g : Y → Y dR/X is descendable of index ≤ d+1. Indeed, as the unit 1Y dR/X has a filtration with at
most d+1 non-zero gradeds given by objects pushed forward along g, one checks that the d+1-fold
composition of maps in D(Y dR/X), whose pullback to Y is zero, vanishes. Applying this to the
map fib(1Y dR/X → g∗(1Y ))→ 1Y dR/X shows the claim. □

Over fields, we can improve Proposition 5.4.4 to the non-smooth case by dévissage.

Proposition 5.4.5. Let K be a non-archimedean field, which is qfd over Qp, and let X/K be a †-
rigid space of Krull dimension ≤ d. Then the map f : X → XdR/K is prim and descendable of index
≤ (d+1)(d+2)

2 . The same holds for the relative big de Rham stack and an arbitrary non-archimedean
field K.

Proof. We follow the proof of [RC24a, Theorem 5.4.1] keeping track the descendability index. First,
we can assume without loss of generality that X is a reduced †-rigid space. By [Con99, Lemma
1.2.1] we can find a filtration of X by Zariski closed subspaces X = Z0 ⊃ Z1 ⊃ · · · ⊃ Zd with
Ci := Zi\Zi+1 such that the reduced †-rigid space structure on Ci is Berkovich smooth over K of
dimension ≤ d. In particular, by Proposition 5.4.4 each map Ci → CdR

i is descendable of index
≤ d. If X†Ci is the overconvergent neighbourhood of Ci in X, the factorization Ci → X†Ci → CdR

i

also shows that X†Ci → CdR
i is descendable of index ≤ d+1. The proposition follows by induction

from Lemma 5.4.6 below using that (d+ 1) + d+ . . .+ 1 = (d+1)(d+2)
2 . □

Lemma 5.4.6. Let C be a stable symmetric monoidal category and let 1 → A be an idempotent
algebra. Let j∗ : C → C(U) := C/ModA(C) and ι∗ : C → C(Z) = ModA(C) be the pullback functors
along the open and closed localizations defined by A respectively. Let B ∈ CAlg(C) be a commutative
algebra such that j∗B is descendable of index ≤ e and ι∗B is descendable of index ≤ d. Then B is
descendable of index ≤ e+ d.

Proof. Let K = fib(1→ B) and consider the fiber sequence

j!j
∗K → K → ι∗ι

∗K.

By assumption and [Man22, Definition 2.6.7], we know that

j∗K⊗e → 1U
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and
ι∗K⊗d → 1Z

are zero. Consider the commutative diagram for f ∈ N

j!j
∗K⊗f K⊗f ι∗ι

∗K⊗f

j!1U 1 ι∗1Z

Taking f = d the composite K⊗d → 1 → ι∗1Z is homotopic to K⊗d → ι∗ι
∗K⊗d → ι∗1Z which is

zero, and so K⊗d → 1 factors through K⊗d → j!1U . Tensoring with K⊗e we get the composite
map

K⊗d+e → j!K
⊗e → j!1U → 1

which is zero, proving that B is (d+ e)-descendable as wanted. □

Remark 5.4.7. Let X be a complex manifold of dimension d. By analytic Riemann–Hilbert
([Sch24b, Theorem II.3.1]) XdR ∼= X(C)Betti (with the Betti stack taken over Cgas). Now, the
Poincaré lemma provides an exact complex

0→ C→ OX → Ω1
X/C → . . .→ Ωd

X/C → 0

of sheaves on X(C), i.e., of quasi-coherent sheaves on X(C)Betti, which resolves the unit C by
OX -modules. As OX = g∗1 for g : X → XdR, we can deduce that g is prim and descendable
of index ≤ d + 1. We note that the proof of Proposition 5.4.4 works in this way as well, and
the corresponding object to E would incorporate the naive (or Hodge) filtration on the de Rham
complex (seen as an object in D(X(C)Betti ×C A1,an

C /Gan
m,C)).

Lemma 5.4.8. Let (Xn)n∈N be a projective diagram of derived Berkovich spaces such that, locally
on a strict cover of X0, all maps are affine. Let X∞ = lim←−n

Xn be the limit in the category of
derived Berkovich spaces, then X∞ = lim←−n

Xn in the kernel category KD,Qp of Gelfand stacks over
Qp.

Here, KD,Qp
denotes the kernel category ([HM24, Definition 4.1.3.(b)]) associated with the 6-

functor formalism D(−) on Gelfand stacks.

Proof. All the transition maps fm→n : Xm → Xn are prim by construction, and we have an iden-
tification fm→n,! = fm→n,∗. By [HM24, Proposition 4.3.3] and proper base change, it suffices to
show the lemma locally in the analytic topology of Xn (for a fixed n), and by taking a strict closed
cover assume that Xn and so all the Xm for m ≥ n are affinoid. Set Xn = GSpec(An) with
n ∈ N∪ {∞} so that A∞ = lim−→n

An. By [HM24, Definition D.4.1], to show that X∞ = lim←−n
Xn in

the kernel category, we have to show that for all Gelfand rings B over Qp with Z = GSpec(B) one
has that

FunKD,Qp
(Z,X∞)→ lim←−

n

FunKD,Qp
(Z,Xn)

is an equivalence. This amounts to proving that

D(Z ×GSpec(Qp) X∞)→ lim←−
n

D∗(Z ×GSpec(Qp) Xn)

where the transition maps are given by lower ∗-functors. This translates to the fact that the functor
A 7→ D∗(A) from AnRing → PrL commutes with colimits which is true ([RC24b, Proposition
4.1.14]). □

Proposition 5.4.9. Let X⋄
∞ = lim←−n

X⋄
n be a qfd arc-stack over Qp obtained as the limit of partially

proper rigid spaces of dimension ≤ d for a fixed d and affine transition maps. Then X∞ → XdR
∞

is a descendable cover and XdR
∞ = lim←−n

XdR
n in the kernel category KD,GSpec(Qp).

Proof. Let X∞ = lim←−n
Xn be the limit as Berkovich spaces, then X∞ → XdR

∞ is prim, and we
have to show that this map is descendable. Since each Xn is a partially proper rigid space of
dimension ≤ d, we have that fn : Xn → XdR

n is descendable of index ≤ a := (d+1)(d+2)
2 thanks to

Proposition 5.4.5. Let gn : XdR
∞ → XdR

n , then g∗nfn,∗1 ∈ D(XdR
∞ ) is descendable of index ≤ a, and

by taking colimits [Man22] implies that lim−→n
g∗nfn,∗1 is descendable of index ≤ 2a. On the other

hand, Lemma 5.4.8 shows that X∞ = lim←−n
Xn in the kernel category over GSpec(Qp), hence, if we

denote f∞ : X∞ → XdR
∞ , one deduces that f∞,∗1 = lim−→n

g∗nfn,∗1, proving that f∞ is a descendable
cover as wanted.
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Next, for the equivalence XdR
∞ = lim←−n

XdR
n in the kernel category we apply Lemma 5.3.1.

Condition (a) of the lemma is automatic, condition (c) holds thanks to the map X∞ → XdR
∞ ,

finally, condition (b) follows from Proposition 5.4.1 after passing to a strict closed cover of X0. □

As a consequence, we deduce that perfect modules on de Rham stacks have a natural t-structure
with heart given by vector bundles.

Proposition 5.4.10. Let X be a qfd arc-stack over Qp, then the category Perf(XdR) of perfect
modules on the de Rham stack of X has a natural t-structure such that if f : GSpec(A)→ XdR is
a map from a static qfd affinoid Gelfand, the pullback along f is t-exact. Furthermore, the heart
of Perf(XdR) is the category VB(XdR) of vector bundles on XdR.

Proof. By descent it suffices to show the statement in the case that X =Marc(A) for a qfd Gelfand
Qp-algebra A (as each morphism from GSpec(A) to a de Rham stack will factor over the canonical
map GSpec(A) → Marc(A)

dR). Moreover, it suffices to show the claim !-locally on A, i.e., the
existence of the t-structure as well as the exactness of pullback.

We first claim that if X = GSpec(A) for a qfd Gelfand ring A, then the unit of XdR is a
compact object in D(XdR) (this implies that each perfect module, aka dualizable object, on XdR is
compact). This is true for X⋄ replaced by a closed disc, and hence it suffices to show for a countable
inverse limit Y∞ = lim←−n

Yn → Y of qcqs quasi-pro-étale maps of qfd arc-stacks, the pushforward
f∗ : Y

dR
∞ → Y dR preserves colimits. By Theorem 4.8.6 we may assume that Y is qfd and strictly

totally disconnected. Then Y∞ → Y is a countable inverse limit of finite étale maps (using that
it is an inverse limit of qcqs maps), which then implies that for any qfd affinoid Gelfand ring B
with a map GSpec(B)→ Y dR the fiber product Y dR

∞ ×Y dR GSpec(B) is represented by a countable
pro-finite étale B-algebra B∞. In particular, the ∗-pushforward along GSpec(B∞) → GSpec(B)
preserves colimits. As it also commutes with base change, the claim follows.

Knowing that each perfect module on XdR is compact (for X = GSpec(A) with A a qfd Gelfand
ring), implies that perfect modules on XdR can be approximated by perfect modules on XdR

i with
Xi → GSpec(Qp) étale over some open in an affine space, at least over a !-cover of GSpec(A).
Indeed, there exists a quasi-pro-étale morphismMarc(A)→ Ad,⋄

Qp
factoring over some disc Dd,≤r,⋄

Qp
,

and after replacing GSpec(A) by the pullback of GSpec(A)→ Dd,≤r
Qp

along a descendable morphism
Y → Dd,≤r

Qp
with Y strictly totally disconnected (Proposition 4.6.4), we can find a presentation

of X = X∞ as in Proposition 5.4.9 (namely, one uses that a quasi-pro-étale morphism over Y
is pro-finite étale). This implies that D(XdR) is the filtered colimit along ∗-pullback of D(XdR

i )
for such Xi. Now for Xi a partially proper smooth rigid space over Qp, it is classical that an
algebraic D-module on Xi, which is coherent as an OXi-module, is a vector bundle.34 Applying
this to the top cohomology of a perfect module, and induct, shows that for any perfect module
P on XdR

i its pullback Q to Xi has all cohomology objects given by vector bundles. This implies
that the truncations of Q descend to XdR

i , and hence define the desired t-structure (we note that
the pullback of perfect modules whose cohomology objects are vector bundles preserves with the
truncations). □

The following proposition is useful to construct more !-able maps for the de Rham stack.

Proposition 5.4.11. Let X be a qcqs arc-stack over Qp with a quasi-pro-étale map X → Ad,⋄
Qp

.
The following hold:

(1) There is a quasi-pro-étale coverMarc(A)→ X with A a strictly totally disconnected nilper-
fectoid ring such that:
• The morphism GSpec(A)→Marc(A)

dR is prim and descendable.
• The composite map GSpec(A)→Marc(A)

dR → XdR is prim and descendable.
(2) Let f : Y → X be a !-able map of qfd arc-stacks which is an arc-cover, then f satisfies

universal D∗ and D!-descent, for the 6-functor formalism on de Rham stacks. If in addition
Y =Marc(B) with B a qfd separable Gelfand ring, then fdR∗ 1 is descendable.

Proof. Let us prove (1). By definition, there is a quasi-pro-étale map X → Ad,⋄
Qp

. Since X is qcqs,

after rescaling we can assume that it factors through the closed disc Dd,⋄
Qp

. Since Dd,⋄
Qp

is finite
dimensional, using Proposition 3.2.10 we can find a Berkovich pro-étale descendable morphism

GSpec(B)→ Dd,≤1
Qp

34Here, we are implicitly using that, for X a partially proper rigid space over Qp, there is a natural fully faithful
embedding of D(XdR) into the category of quasi-coherent sheaves on the algebraic de Rham stack of X, cf. [RC24a,
Proposition 5.2.11], which preserves perfect modules.
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with Marc(B) totally disconnected. Since this morphism is Berkovich pro-étale, it is †-formally
étale and thus, since the map Dd,≤1

Qp
→ Dd,dR

Qp
is a descendable cover thanks to Theorem 4.7.14,

we deduce that GSpec(B)→Marc(B)dR is also a descendable cover by base change. Replacing B
by a further ind-finite étale algebra, we may even assume that B is strictly totally disconnected,
see Proposition 4.6.4. Thus, since Marc(B) is strictly totally disconnected, the fiber product
X ×Dd,⋄ Marc(B) is pro-étale over Marc(B), and so it can be written as a countable inverse limit
of Marc(Bi), with B → Bi finite étale (using [Sch24a, Lemma 4.5] and the fact that finite étale
Bu-algebras lift uniquely to B, by Proposition 3.2.11). Define

B′ = lim−→
i

Bi.

Since B′ is ind-finite étale over B, the morphism GSpec(B′)→ GSpec(B′)dR is again a descendable
cover, proving the first item. Moreover, we claim that Marc(B)dR → (Dd,⋄

Qp
)dR is descendable. By

pullback, this will imply thatMarc(B
′)dR → XdR is descendable, and so by composition the map

GSpec(B′) → Marc(B
′)dR → XdR will also be descendable, proving the second item as well. To

prove the descendability ofMarc(B)dR → (Dd,⋄
Qp

)dR, since we have a commutative diagram

GSpec(B) Dd,≤1
Qp

Marc(B)dR (Dd,⋄
Qp

)dR

and since Dd,≤1
Qp

→ (Dd,⋄
Qp

)dR is descendable, it is enough to see that GSpec(B)→ Dd,≤1
Qp

is descend-
able, but this follows from its construction.

Finally, we apply Proposition 4.6.4 (1). This produces a descendable cover B′ → A, which is
an isomorphism on uniform completions and satisfies (A)†−red = Au = B′,u. Since B′ → A is
descendable and an isomorphism on uniform completions, we see that the morphisms GSpec(A)→
Marc(A)

dR =Marc(B
′)dR andMarc(A)

dR → XdR are descendable. Finally, Lemma 3.1.17 implies
that A is nilperfectoid.

Now we prove (2). Since f is an arc-cover, there is an arc-cover Y ′ → X from a qfd strictly
totally disconnected perfectoid space and a factorization Y ′ → Y → X. Thus, we can assume
without loss of generality that X is itself qfd strictly totally disconnected. By Proposition 5.1.4
fdR is proper, so it suffices to show that fdR∗ 1 is descendable in XdR. Using part (1), we can
assume without loss of generality that X =Marc(A) is strictly totally disconnected nilperfectoid
ring.

We are then reduced to proving the claim whenever Y →Marc(A) is an arc-cover of qfd strictly
totally disconnected perfectoid spaces, with A a nilperfectoid ring with GSpec(A) → Marc(A)

dR

a descendable cover. By Lemma 4.8.2, we can assume that Y =Marc(B) with A → B a map of
Gelfand rings that can be written as a sequential colimit of rational localizations of affine spaces over
A. Since Y →Marc(A) is qfd, we can uniformly fix the dimension of the affine spaces using a fac-
torization Y → Ad,⋄

Marc(A) →Marc(A), so that the map GSpec(B)→Marc(B)dR/GSpec(A) remains
descendable by looking at the Hodge filtration of the de Rham complex, like in Proposition 5.4.4.
As GSpec(A) → Marc(A)

dR is descendable, the composite GSpec(B) → Marc(B)dR/GSpec(A) →
Marc(B)dR is also descendable. In total, we have a diagram

GSpec(B) GSpec(A)

Marc(B)dR Marc(A)
dR

where the vertical maps are descendable, A is strictly totally disconnected nilperfectoid, and A→ B
can be written as in Lemma 4.8.2. Thanks to Lemma 4.8.4 the map A → B is descendable, and
then so isMarc(B)dR →Marc(A)

dR as wanted. □

Remark 5.4.12. The proof of Proposition 5.4.11 (1) shows the following: let X be a qcqs arc-stack
over Qp with quasi-pro-étale map X → Dd,⋄

Qp
. Then there is a Berkovich pro-étale map GSpec(B)→

Dd,≤1
Qp

with B strictly totally disconnected (denoted B′ in the proof of Proposition 5.4.11), and a
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factorization of arc-stacks
Marc(B)

X Dd,⋄
Qp

where the mapMarc(B)→ X is pro-étale. In particular, B is †-formally smooth (cf. Lemma 4.7.8),
and the map GSpec(B)→Marc(B)dR is prim and descendable (by the proof of Proposition 5.4.11
(1)), and then so is the map GSpec(B) → XdR. If X =Marc(A) is affinoid, writing Marc(B) =
lim←−i
Marc(Ai) as a countable limit of étale maps of arc-stacks, with A → Ai its corresponding

Berkovich étale map, we have a fiber product

GSpec(lim−→i
Ai) GSpec(A)

Marc(B)dR Marc(A)
dR.

Finally, for general X, thanks to Proposition 4.7.13, the Čech nerve of the map GSpec(B)→ XdR

is given by the overconvergent neighbourhood of the closed immersionMarc(B)•/X →Marc(B
•) in

GSpec(B•), where GSpec(B•) is the Čech nerve of GSpecB over Qp, andMarc(B)•/X is the Čech
nerve of Marc(B) → X. Since Marc(B) → X is pro-étale and Marc(B) is totally disconnected,
the simplicial space Marc(B)•/X consists of strictly totally disconnected affinoid perfectoids with
pro-étale transition maps. Hence, we have that

GSpec(B)•/X
dR

= GSpec(B
†/X
• )

where B†/X
• is a cosimplicial ring of strictly totally disconnected Gelfand rings with Berkovich

ind-étale transition maps (even ind-finite étale), which are Berkovich pro-étale over the disc Dd

Qp
.

We conclude that

(5.4.2) XdR = |GSpec(B
†/X
• )|.

5.5. de Rham stacks and nuclearity. We explain how to define a notion of (locally) nuclear
quasi-coherent sheaves on de Rham stacks, and some of their stability properties. Besides its
independent interest, the results established here will be used in the proof of arc-hyperdescent for
the analytic de Rham stack in the next subsection (Section 5.6). But since this section is rather
technical, we point out that little of it is used in the rest of the paper (only in the proofs of
Theorem 5.6.1 and Proposition 7.4.6) . We will make use of the basic results on nuclear modules
recalled in Appendix A.

The following lemma gives some permanence properties of nuclear algebras in Gelfand rings.

Lemma 5.5.1. Let GelfRingbnuc ⊂ GelfRingnuc ⊂ GelfRing be the full subcategory of basic nuclear
and nuclear Gelfand Qp-algebras respectively. The following hold:

(1) GelfRingnuc is stable under colimits in GelfRing. Similarly, GelfRingbnuc is stable under
countable colimits in GelfRing.

(2) Let r ∈ R≥0. Then the algebra of overconvergent functions Qp⟨T ⟩≤r of radius r lies in
GelfRingbnuc.

(3) GelfRingnuc and GelfRingbnuc are stable under rational localizations.

Proof. Part (1) follows from the stability of nuclear objects under colimits and under tensor prod-
ucts, Lemma A.0.6. Part (2) follows from the observation that Qp⟨T ⟩≤r is a light DNF space (see
Definition A.0.10, Lemma A.0.11). Part (3) follows directly from the previous two items. □

Using the permanence properties of (basic) nuclear Gelfand algebras of Lemma 5.5.1, the descent
of Lemma A.0.13 and the general definition Definition 4.2.1, we can define a suitable category of
nuclear Gelfand stacks together with suitable full subcategories of locally nuclear modules.

Definition 5.5.2. Let GelfRingnucω1
⊂ GelfRingω1

be the full subcategory of separable nuclear
Gelfand rings. We define the category of nuclear Gelfand stacks to be

GelfStknuc := AnStk((GelfRingnucω1
)op).

Similarly, we let
GelfStkqfd,nuc = AnStk((GelfRingqfd,nuc)op)

denote the category of qfd nuclear Gelfand stacks (here GelfRingqfd,nuc denotes the category of
nuclear Gelfand rings, which are additionally qfd). Given X ∈ GelfStknuc, we let Nucloc(X) ⊂
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D(X) be the full subcategory of modules whose pullback along all maps GSpec(A) → X with
A ∈ GelfRingnucω1

is a nuclear A-module (resp. for X a qfd nuclear Gelfand stack).

Remark 5.5.3. Let X ∈ GelfStknuc. Thanks to the descent results of Lemma A.0.13, the category
Nucloc(X) is a sheaf on nuclear Gelfand stacks, and if X = GSpec(A) is affinoid nuclear then
Nuc(X) = Nuc(A). On the other hand, thanks to the stability of nuclear modules along pullback
maps (by definition) the full subcategories Nucloc(X) ⊂ D(X) are stable under pullbacks.

Thanks to Remark 5.5.3 we know that ∗-pullback maps along nuclear Gelfand stacks preserve
locally nuclear objects. It is natural to ask whether !-pullbacks or ∗/!-pushforwards preserve locally
nuclear objects.35 We can prove some stability results in that direction, allowing one to change
the source and the target.

Lemma 5.5.4. Let f : Y → X be a morphism of nuclear Gelfand stacks.
(1) Let g : Y ′ → Y be an epimorphism with Čech nerve Y ′,•. Suppose that X is corepresented by

a nuclear Gelfand ring and that ∗-pushforward along Y ′,n → X for each [n] ∈ ∆ preserves
locally nuclear objects. Then f∗ preserves locally nuclear objects.

(2) Suppose that f is !-able and that there is an epimorphism X ′ → X of nuclear Gelfand
stacks with pullback f ′ : Y ′ = Y ×X X ′ → X ′ such that f ′! preserves locally nuclear objects.
Then f! preserves locally nuclear objects.

(3) Let g : Y ′ → Y be a D!-cover with Čech nerve Y ′,•. Suppose that locally nuclear sheaves
satisfy D!-descent along g (in particular, they are stable under upper ! and lower !-functors
for the maps Y ′,• → Y and Y ′,n → Y ′,m for α : [m]→ [n] in ∆). Then the following hold:
(a) The functor f ! : D(X) → D(Y ) preserves locally nuclear objects if and only if the

functor (f ◦ g)! : D(X)→ D(Y ′) preserves locally nuclear objects.
(b) The functor f! : D(Y ) → D(X) preserves locally nuclear objects if and only if (f ◦

g)! : D(Y ′)→ D(X) preserves locally nuclear objects.
(4) Suppose that X = GSpec(A) is nuclear affinoid. Suppose we are given a morphism g : Y ′ →

Y satisfying universal D∗- and D!-descent, with Čech nerve Y ′,•, and such that Y ′,• =
GSpec(B•) is nuclear affinoid. Then the following hold:
(a) f∗ preserves locally nuclear objects.
(b) If the rings B• are basic nuclear Qp-algebras, then locally nuclear objects satisfy !-

descent along g, and g∗ preserves locally nuclear objects. If in addition A is basic
nuclear, both f! and f ! preserve locally nuclear objects.

Proof. (1) By construction, locally nuclear sheaves are stable under ∗-pullbacks of nuclear Gelfand
stacks. Since f is an epimorphism, we have that

D(Y ) = Tot(D∗(Y •)).

Let g• : Y ′,• → Y . Then, we have an equivalence of functors D(Y )→ D(X)

f∗(−)
∼−→ Tot((f ◦ g•)∗(g•)∗(−)).

The preservation of locally nuclear objects by f∗ then follows from the preservation of locally
nuclear objects of (f ◦ g•)∗ and Lemma A.0.8.

(2) By construction, locally nuclear sheaves satisfy descent along epimorphisms of nuclear
Gelfand stacks. Hence, an object M ∈ D(X) is locally nuclear if and only if its pullback to
D(X ′) is so. The statement follows from proper base change.

(3) By assumption, the equivalence of categories

D(Y ) = Tot(D!(Y ′,•))

restricts to an equivalence on locally nuclear objects. Moreover, an object M ∈ D(Y ) is locally
nuclear if and only if its upper !-pullback in D(Y ′) is locally nuclear. This proves part (3.a) of the
statement. For part (3.b), let g• : Y ′,• → Y , it suffices to note that there is a natural equivalence
of functors D(Y )→ D(X)

lim−→
[n]∈∆op

(f ◦ g•)!g•,!
∼−→ f!,

and that locally nuclear objects are stable under colimits.
(4) Part (4.a) follows from Part (1) and Lemma A.0.7. For part (4.b), we want to see that the

natural equivalence

(5.5.1) D(Y )
∼−→ Tot(D!(Y ′,•))

35We note that, similarly to Remark 4.2.8, we can talk about !-ability etc. of nuclear Gelfand stacks.
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along upper !-morphisms preserve locally nuclear modules. Once we have proven this, (4.b) will
follow from (3), Lemma A.0.7 for lower-! and Lemma A.0.9 for upper-!. By Lemma A.0.9 and
since the terms Y ′,• are affinoids represented by basic nuclear algebras, the right hand side term
of (5.5.1) leaves stable the categories of nuclear modules. Hence, it suffices to show that an object
M ∈ D(Y ) is locally nuclear if and only if g!M ∈ D(Y ′) is nuclear. Since g satisfies universal
∗-descent, we know that M is nuclear if and only if g∗M is nuclear, and by applying (2) and (1),
we deduce that g∗ preserves locally nuclear objects (note that g! = g∗ because g is represented in
affinoid Gelfand rings). This implies by !-descent that M is locally nuclear if g!M is nuclear.

Now, consider the pullback diagram

Y ′,•+1 Y ′,•

Y ′ Y

g′,•

α•
0

g•

g

where αn
0 : [n]→ [n+1] is the inclusion in the last n terms. Let M be a locally nuclear module over

Y with associated cocartesian section (Mn)n ∈ D(Y ′,•) (and upper ∗-functors). Then by proper
base change (for upper ! and lower ∗ functors) we have that

g!M = g!(Tot(g•∗M•)) = Tot(g′,•∗ α•,!
0 M•).

If M is locally nuclear, we deduce that g!M is nuclear by a combination of Lemma A.0.9 for α•,!
0 ,

Lemma A.0.7 for g′,•∗ and Lemma A.0.8 for the totalization. □

For future reference we need an analogue of Lemma 5.5.4 for ω1-compact objects.

Lemma 5.5.5. Let f : Y → X be a morphism of Gelfand stacks. The following hold:
(1) Suppose that f is an epimorphism and that its Čech nerve Y • → X is corepresented by

basic nuclear Gelfand Qp-algebras. Then ω1-compact objects are stable under f∗, f∗ and
satisfy D∗-descent along f .

(2) Suppose that there is an epimorphism g : X ′ → X as in (1). Let f ′ : Y ′ → X ′ be the base
change of f along g. Suppose that f is !-able, then f! preserves ω1-compact objects if and
only of f ′! does.

(3) Suppose that there is an epimorphism Y ′ → Y as in (1) and let f ′ : Y ′ → X. Then f∗

preserves ω1-compact objects if and only if f ′,∗ does so.
(4) Suppose that X is the spectrum of a basic nuclear Gelfand Qp-algebra and that there is an

epimorphism g : Y ′ → Y as in (1). Then f∗ and f∗ preserve ω1-compact objects.

Proof. (1) Since f is an epimorphism, we have that

D(X) = Tot(D∗(Y •))

along ∗-pullback maps. In particular, we have for M,N ∈ D(X) that

HomX(N,M) = Tot(HomY •(N•,M•))

where N•,M• ∈ D(Y •) are the corresponding pullbacks of N and M respectively. This implies
that if N ∈ D(X) is such that f∗N is ω1-compact, then so is N . Conversely, since f is prim (it
is represented in affinoid stacks), f∗ preserves colimits, and if M ∈ D(X) is ω1-compact then so is
f∗M ∈ D(Y ). From this one deduces ∗-descent for ω1-compact objects along Y → X. It is left
to show that f∗ preserves ω1-compact objects. By the previous discussion, it suffices to show that
f∗f∗ preserves ω1-compact objects, by proper base change along the pullback pri : Y ×XY → Y the
functor f∗f∗ is naturally equivalent to pr2,∗pr

∗
1, is is a composite of a pullback an forgetful functor

for basic nuclear rings. The preservation of ω1-compact modules follows from Lemma A.0.3.
(2) This follows from the D∗-descent of ω1-compact modules along g of part (1), and by proper

base change for f!.
(3) This follows from the D∗-descent of ω1-compact objects along Y ′ → Y of part (1).
(4) By (1), the functor g∗ reflects ω1-compact objects. Hence, f∗ preserves ω1-compact objects

if and only if (f ◦ g)∗ does so, but this is a base change along basic nuclear algebras and the claim
follows from Lemma A.0.3. On the other hand, for proving that f∗ preserves ω1-compact objects,
let g• : Y ′,• → Y be the Čech nerve of g. By assumption the terms Y ′,• are corepresented by basic
nuclear Gelfand Qp-algebras. On the other hand, we have an equivalence of functors D(Y )→ D(X)
given by

f∗ = Tot((f ◦ g•)∗g•,∗(−)).
By (1) we know that g•,∗ preserve ω1-compact objects, and by Lemma A.0.3 so does the forgetful
functor (f ◦ g•)∗. Since ω1-compact objects are stable under countable limits, we deduce that f∗
preserves ω1-compact objects as wanted. □
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We apply these general considerations to analytic de Rham stacks. There are evident pullback
morphisms of ∞-topoi

(5.5.2)

GelfStkqfd,nuc GelfStknuc

GelfStkqfd GelfStk

ArcStkqfd ArcStk.

f∗

(−)⋄ (−)⋄

Thanks to the proof of Proposition 4.6.4, and the fact that Banach Qp-modules are nuclear (Ex-
ample A.0.5), the category of nuclear Gelfand rings admits a basis by nuclear nilperfectoid rings,
and the category of qfd nuclear Gelfand rings admit a basis by nuclear nilperfectoid strictly totally
disconnected rings. Hence, we can define a de Rham stack (−)dR,nuc : ArcStkqfd → GelfStkqfd,nuc as
the right adjoint of the perfectoidization (−)⋄,nuc : GelfStkqfd,nuc → ArcStkqfd. Concretely, the func-
tor (−)dR,nuc sends an arc-stack X to the functor sending A a separable qfd nilperfectoid strictly
totally disconnected nuclear Qp-algebra to the anima X(A†−red) = X(Au). We have proven the
following:

Proposition 5.5.6. Let f∗ : GelfStkqfd → GelfStkqfd,nuc be the geometric morphism of ∞-topoi
arising from the inclusion of qfd nuclear Gelfand rings in qfd Gelfand rings. We have a natural
commutative diagram

ArcStkqfd GelfStkqfd

GelfStkqfd,nuc

(−)dR

(−)dR,nuc
f∗

Moreover, the functor (−)dR,nuc sends epimorphisms of qfd arc-stacks to epimorphisms of qfd
nuclear Gelfand stacks.

Proof. The first statement follows by passing to right adjoints in the left column of (5.5.2). The
fact that (−)dR,nuc sends epimorphisms to epimorphisms follows from the fact that XdR,nuc sends
A a separable qfd nilperfectoid strictly totally disconnected nuclear Qp-algebra to the anima
X(A†−red) = X(Au), and the same proof of arc-descent of Theorem 4.8.6 after noticing that
all the constructions there leave stable the category of nuclear Gelfand rings. □

Later in Corollary 5.6.7 we will prove that the de Rham and nuclear de Rham stacks are
essentially the same, in particular that they have the same category of quasi-coherent sheaves. In
preparation to that statement, let us prove this property for affinoid rings.

Lemma 5.5.7. Keep the notation of Proposition 5.5.6. Let A be a qfd Gelfand ring and let
X =Marc(A) be its associated arc-stack. Then the natural map of qfd Gelfand stacks

f∗XdR,nuc → f∗f∗X
dR → XdR

is an equivalence of Gelfand stacks.

Proof. Thanks to Lemma 4.8.2 and the independence of de Rham stacks under uniform comple-
tions, we can assume without loss of generality that A = lim−→n

An is a filtered colimit of rational
localizations of affine spaces. In that case A is †-formally smooth as in Definition 4.7.2, and by
Corollary 4.7.5 and Proposition 4.7.11 (2) we can write XdR (resp. XdR,nuc) as the geometric real-
izations of the overconvergent diagonals of the Čech nerve of GSpec(A)→ GSpec(Qp) in qfd (resp.
qfd nuclear) Gelfand stacks. The lemma follows since f∗ commutes with colimits, in particular
with geometric realizations, and since it is the identity in nuclear affinoid Gelfand stacks. □

Finally, we prove stability properties of locally nuclear and ω1-compact objects on de Rham
stacks under the six functors, Proposition 5.5.12. First, we establish the following useful criterion.

Lemma 5.5.8. Let X be a qcqs arc-stack over Qp with a quasi-pro-étale map X → Dd,⋄
Qp

. Let B be a
strictly totally disconnected qfd basic nuclear Qp-algebra endowed with a !-cover h : GSpecB → XdR

(cf. Remark 5.4.12). The following hold:
(1) The Čech nerve Y • of h : Y = GSpecB → XdR consists of affinoid Gelfand stacks corep-

resented by basic nuclear Qp-algebras.
(2) ω1-compact objects satisfy D∗-descent along h. Moreover, h∗ preserves ω1-compact objects,

equivalently, h! commutes with ω1-filtered colimits.
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(3) Locally nuclear objects satisfy D!-descent along h, and h∗ preserves locally nuclear objects.
(4) Locally nuclear objects on XdR are stable under countable limits.

Proof. The existence of the ring B is discussed in Remark 5.4.12. We proceed to prove the state-
ments (1) to (4).

(1) By Proposition 4.7.13 the Čech nerve Y • of h is given by the overconvergent neighbourhoods
ofMarc(B)•/X

⋄ ⊂Marc(B
•) in GSpec(B•), whereMarc(B)•/X

⋄
is the Čech nerve ofMarc(B)→

X⋄, and GSpec(B•) is the Čech nerve of GSpecB → GSpec(Qp). In particular, for all morphisms
α : [n] → [m] in ∆, the associated map α : Y m → Y n is quasi-pro-étale at the level of arc-stacks,
and since Y ⋄ is strictly totally disconnected, it is actually pro-étale. In particular, for any map
α : [0]→ [n], the map α : Y n,⋄ → Y ⋄ can be written as a countable limit of finite étale maps, and
the pullback Y n = Y ×Y dR Y n,dR is a countable limit of finite étale maps over Y , proving the
claim.

(2) This follows by Lemma 5.5.5 (1) and part (1) above.
(3) This follows from Lemma 5.5.4 (4.b) and part (1) above.
(4) The stability of locally nuclear objects under countable limits follows from part (3), the

commutation of h! with limits, and the stability under countable limits of nuclear modules of
Lemma A.0.8. □

Before addressing the general case of Proposition 5.5.12, we prove the qcqs case.

Lemma 5.5.9. Let f : Y → X be a morphism of qcqs arc-stacks over Qp admitting quasi-pro-étale
maps to finite dimensional affine spaces over Qp. Let fdR : Y dR → XdR be its associated map of
de Rham stacks.

(1) The functor fdR,! preserves locally nuclear objects and commutes with ω1-filtered colimits.
(2) The functor fdR! = fdR∗ preserves locally nuclear objects and ω1-compact objects.
(3) The functor fdR,∗ preserves ω1-compact objects.

In particular, if f is an arc-cover, fdR satisfies D!-descent for locally nuclear objects, and D∗-
descent for ω1-compact objects.

Proof. By assumption on Y and X, we can find a commutative diagram of arc-stacks

Y ⋄ Dd+e,⋄
Qp

X⋄ Dd,⋄
Qp

where the horizontal maps are quasi-pro-étale, and the right vertical map is the projection map
onto the first d-components. By Lemma 5.5.8 there is a strictly totally disconnected algebra A,
Berkovich pro-étale over Dd,≤1

Qp
, and a pro-étale cover of arc-stacksMarc(A)→ X⋄ over Dd,⋄

Qp
, such

that GSpec(A) → XdR is a !-cover. Taking the base change Y ′,⋄ = Y ⋄ ×X⋄ Marc(A), we have a
quasi-pro-étale map

Y ′,⋄ → De,⋄
A .

Following the same construction of Remark 5.4.12 relative to De,⋄
A , we can find a strictly totally

disconnected Berkovich pro-étale algebra B over Dd+e,≤1
A , and a pro-étale cover Marc(B) → Y ′,⋄

of arc-stacks over De,⋄
A such that GSpec(B)→ Y ′,dR is a !-cover. In total, we get the diagram

GSpec(B) GSpec(A)×XdR Y dR Y dR

GSpec(A) XdR

g pr2

pr1 fdR

h

where g and h are prim and descendable, and such that B and A are basic nuclear Qp-algebras.
We now prove the statements of the lemma.

(1) By Lemma 5.5.4 (3.a) and Lemma 5.5.8 (1), it suffices to show that basic nuclear objects
are preserved under the functor

g! ◦ (pr2)! ◦ f ! : D(XdR)→ D(B).

This functor is is naturally equivalent to HomA(B, h
!(−)). Let M ∈ D(XdR) be locally nuclear, by

Lemma 5.5.8 we know that h!M is a nuclear A-module. Then, as B and A are basic nuclear, we
see that HomA(B, h

!M) is a nuclear B-module thanks to Lemma A.0.9. The commutation with
ω1-filtered colimits will follow from the preservation of ω1-compact objects in (2).
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(2) To prove that fdR! = fdR∗ preserves locally nuclear and ω1-compact objects, by Lemma 5.5.5
(2) (for ω1-compact) and Lemma 5.5.4 (2) (for locally nuclear), it suffices that locally nuclear
objects are preserved under the map

pr1,∗ : GSpec(A)×XdR Y dR → GSpec(A).

Then, using Lemma 5.5.5 (1) (for ω1-compact) and Lemma 5.5.4 (1) (for locally nuclear), it suffices
to see that the forgetful functor D(B) → D(A) preserves ω1-compact and locally nuclear objects.
This follows from Lemma A.0.3 and Lemma A.0.7 respectively as both A and B are basic nuclear.

(3) By Lemma 5.5.8 (2) it suffices to show that the pullback along GSpec(B) → Y dR → XdR

preserves ω1-compact objects. But this also factors as GSpec(B)→ GSpec(A)→ XdR and by the
same lemma the pullback along GSpec(A)→ XdR preserves ω1-compact objects. Thus, it suffices
to see that the base change along A → B preserves ω1-compact modules, but this is clear since
both A and B are basic nuclear Qp-algebras. □

Remark 5.5.10. Note that in general fdR/X
! does not preserve compact objects without further

assumptions on f (indeed, combined with the preservation in nuclearity of Lemma 5.5.9(2), that
would imply preservation of dualizable objects, which is not necessarily true).

In the following we say that a (derived) Berkovich space X is lqfd if the structure morphism
X → GSpec(Qp) is lqfd in the sense of Definition 5.1.3.

Lemma 5.5.11. Let X be a lqfd Berkovich space over Qp such that |X| admits a countable basis
of open subsets. The following hold:

(1) Let ι : Z → X be a closed immersion with Z and ιdR : ZdR → XdR the morphism at the
level of de Rham stacks.
(a) ιdR,∗ preserves locally nuclear objects and ω1-compact objects.
(b) ιdR∗ preserves locally nuclear objects and ω1-compact objects.
(c) ιdR,! preserves locally nuclear objects and commutes with ω1-filtered colimits.

(2) Let j : U → X be an open immersion and jdR : UdR → XdR be the associated morphism of
de Rham stacks.
(a) jdR,∗ preserves locally nuclear objects and ω1-compact objects.
(b) jdR∗ preserves locally nuclear objects and commutes with ω1-filtered colimits.
(c) jdR! reserves locally nuclear objects and ω1-compact objects.

(3) Write X =
⋃

n Zn as a countable union of closed subspaces with inclusions ιn : Zn → Xn.
Let M ∈ D(XdR).
(a) M is ω1-compact if and only if ιdRn,∗ιdR,∗

n M is ω1-compact for all n ∈ N.
(b) M is locally nuclear if and only if ιdRn,∗ιdR,!

n M is locally nuclear for all n ∈ N, if and
only if ιdR∗ ιdR,∗M is locally nuclear for all n ∈ N.

(4) Write X =
⋃

n Un as a countable union of open subspaces with inclusions jn : Un → Xn.
Let M ∈ D(XdR).
(a) M is ω1-compact if and only if jdRn,! j

dR,∗
n M is ω1-compact for all n ∈ N.

(b) M is locally nuclear if and only if jdRn,! j
dR,∗
n M is locally nuclear for all n, if and only

if jdRn,∗jdR,∗
n M is locally nuclear for all n ∈ N.

Proof. (1) We prove the items in order.
(a) It is clear that ι∗,dR preserves locally nuclear objects. The fact that it preserves ω1-compact

objects follows from the fact that its right adjoint ιdR∗ commutes with colimits.
(b) Consider a strict cover X =

⋃
i∈I Ci by closed affinoid subspaces of X with inclusions

fi : Ci → X, and I a countable set. To see that ιdR∗ preserves nuclear objects, it suffices to
see that fdR,∗

i ιdR∗ preserves nuclear objects for all i ∈ I. By proper base change this reduces
to the case when X is itself affinoid and Z ⊂ X is a closed subspace, and then follows from
Lemma 5.5.9 (2). (Note that this part does not use the countability assumption on I.) To
see that ιdR∗ preserves ω1-compact objects, since I is countable, part (1.a) shows that an
object M ∈ D(XdR) is ω1-compact provided that M |Ci is ω1-compact for all Ci. Thus, by
proper base change again, we can assume without loss of generality that X is affinoid in
which case it follows from Lemma 5.5.9 (2).

(c) The fact that ιdR,! commutes with ω1-filtered colimits follows from the fact that its left
adjoint ιdR∗ preserves ω1-compact objects, cf. (1.b). To see that ιdR,! preserves locally
nuclear modules, consider a strict cover of X =

⋃
i Ci as in part (1.b). By parts (1.a) and

(1)b), ιdR,! preserves locally nuclear objects if and only if ιdR∗ ιdR,! preserves locally nuclear
objects: indeed, one implication is a direct consequence of (1.b) and for the converse
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implication, note that
ιdR,! = ιdR,∗ιdR∗ ιdR,!

preserves locally nuclear objects if ιdR∗ ιdR,! does, by (1.a). By D∗-descent of locally nuclear
objects, it suffices to see that the pullback fdR,∗

i ιdR∗ ιdR,! preserves locally nuclear objects
for all i ∈ I. Since the cover is strict, there is some strict inclusion

h : Ci ⊂ V ⊂ Y

with g : Y ⊂ X a closed affinoid subspace, and j : V ⊂ X an open subspace. By proper
base change along V ⊂ X, we have an equivalence of functors D(XdR)→ D(CdR

i ):

(5.5.3)

fdR,∗
i ιdR∗ ιdR,! = hdR,∗jdR,∗ιdR∗ ιdR,!

= hdR,∗ιdRZ∩V⊂V,!j
dR,∗
Z∩V⊂Zι

dR,!

= hdR,∗ιdRZ∩V⊂V,!ι
dR,!
Z∩V⊂V j

dR,∗.

where ιK⊂S : K → S is the inclusion along a closed map, and jW⊂S : W → S is an inclusion
along an open map. Let ιY : Y → X be the inclusion, note that after applying the functors
of the right term of (5.5.3) to idXdR → ιdRY,∗ι

dR,∗
Y we get an equivalence. Hence, without

loss of generality, we can assume that Y = X and we are reduce to prove the statement
when Y is qfd affinoid. This follows from Lemma 5.5.9(1).

(2) Let Z = X\U be the closed complement of U with inclusion ι : Z → X.
(a) It is clear that the pullback jdR,∗ preserves locally nuclear objects. To see that it preserves

ω1-compact objects, it equivalent to show that its right adjoint commutes with ω1-filtered
colimits, this follows from (2.b) below.

(b) We have a fiber sequence of functors in D(XdR)

ιdR∗ ιdR,! → idXdR
→ jdR∗ jdR,∗.

Since ιdR,! commutes with ω1-filtered colimits by (1.b), and since ιdR∗ and jdR,∗ preserve
colimits, we deduce that jdR∗ preserves ω1-filtered colimits objects. Similarly, since both
ιdR,! and ιdR∗ preserve locally nuclear objects by (1), then so does jdR∗ j∗,dR. It is left to see
that any locally nuclear object on UdR arises as a pullback of a locally nuclear object on
XdR. This will follow if jdR! preserves locally nuclear objects which will be proved in (2.c)
below.

(c) Let X =
⋃

i∈I Ci be a countable strict cover of X by rational subspaces. To see that
jdR! preserves locally nuclear objects it suffices to do it after pullback along Ci → X.
Similarly, as I is countable, to see that jdR! preserves ω1-compact objects it suffices to do
it after pullback along Ci ⊂ X (using (1.a)). Hence, by proper base change we can assume
without loss of generality that X is qfd affinoid. Let GSpecB → XdR be a !-cover as in
Lemma 5.5.8, as B is basic nuclear and strictly totally disconnected, the pullback of Z
gives rise to a pullback diagram

GSpecBZ ZdR

GSpecB XdR

where B → BZ is an ind-finite étale map since Z → XdR is quasi-pro-étale. In particular,
BZ is also basic nuclear. Let V = GSpecB\GSpecBZ be the open complement in GSpecB
and let f : V → GSpecB be the inclusion. To see that j! preserves locally nuclear objects
(resp. ω1-compact objects), it suffices to base change along GSpecB → XdR, and therefore
it suffices to see that f! preserves locally nuclear objects (resp. ω1-compact objects). We
can write V =

⋃
n GSpecBn as a countable union of clopen affinoid subspaces of GSpecB

(as M(B) is light profinite any open subset is a countable union of clopen subspaces).
Hence, for M ∈ D(V ), we have that

f!M = lim−→
n

fn,∗j
∗Mn

where fn : GSpecBn → GSpecB is the clopen immersion, As the algebras Bn are basic
nuclear, Lemma A.0.3 and Lemma A.0.7 implies that f! preserves ω1-compact objects and
locally nuclear objects as wanted.
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(3) Part (3.a) follows from the preservation of ω1-compact objects under ι∗,dR and ι∗,dR under
closed immersions ι : Z → X, and D∗-descent for strict closed covers of quasi-coherent sheaves on
de Rham stacks. Similarly, part (3.b) follows from the preservation of locally nuclear objects along
the maps ι!, ι∗ and ι∗, and the D∗ and D!-descent for strict closed covers of quasi-coherent sheaves
on de Rham stacks.

(4) This follows from the same argument as for (3). □

Proposition 5.5.12. Let f : Y → X be a morphism of locally qfd Berkovich spaces such that Y
and X can be written as countable unions of qcqs Berkovich spaces. Let fdR : Y dR → XdR be the
associated morphism of de Rham stacks. Then the following hold:

(1) The functors fdR,!, fdR! , fdR∗ and fdR,∗ preserve locally nuclear objects. In particular, if
f is an arc-cover then locally nuclear objects satisfy D∗ and D!-descent.

(2) The functors fdR,∗ and fdR! preserve ω1-compact objects. In particular, if f is proper
ω1-compact objects satisfy D∗-descent.

Proof. Thanks to Lemma 5.5.11, locally nuclear objects on de Rham stacks satisfy D∗ and D!-
descent on closed and open covers of Y and X respectively. Similarly, ω1-compact objects satisfy
D∗-descent for closed covers and D!-descent for open covers. Thus, for the functors f !,dR and f∗,dR,
we can localize both Y and X in the analytic topology and assume that they are qfd affinoid, in
which case the statement follows from Lemma 5.5.9. For the functors fdR! and fdR∗ and locally
nuclear objects, we can use either D∗ or D!-descent on the target, and assume that X is qfd affinoid.
For fdR! and ω1-compact objects, we can use D∗-descent and assume that X is affinoid as well.
Thus, without loss of generality let us assume that X is affinoid. Next, for the functor fdR! , by
writing Y =

⋃
n Yn as a strict union of closed affinoid subspaces with interiors Y̊n still covering Yn,

by D∗-descent on Y , and the fact that ω1-compact objects and locally nuclear objects are stable
under countable colimits, it suffices to consider the case Y = Y̊n for some n. Hence, we can assume
that Y ⊂ Y → X is an open subspace in a qfd affinoid Y mapping to X. By Lemma 5.5.11 (2.c),
the extension by zero along Y ⊂ Y preserves locally nuclear objects and ω1-compact objects. It
follows from Lemma 5.5.9 that fdR! does so. Finally, we prove that fdR∗ preserves locally nuclear
objects. Since Y =

⋃
n Yn and locally nuclear objects on Y satisfy D∗-descent (Lemma 5.5.11

(3)), and locally nuclear objects on XdR are stable under countable limits (cf. Lemma 5.5.8 (4)),
it suffices to consider the case where Y = Yn, i.e. when Y is qfd affinoid. In this situation the
proposition follows from Lemma 5.5.9. □

5.6. Arc-hyperdescent for the de Rham stack. In this subsection, we finally prove the
promised commutation of the formation of the de Rham stack with colimits, Theorem 5.6.6. The
key statement is the arc-hyperdescent of the formation of the analytic de Rham stack.

Theorem 5.6.1. Let X• → X be an arc-hypercover of qfd affinoid perfectoid rings over Qp. Then
the augmented simplicial diagram XdR

• → XdR satisfies universal D∗ and D!-descent in qfd Gelfand
stacks. More precisely,

(1) for all qfd Gelfand stacks Y and maps Y → XdR, the pullback diagram X
dR/Y
• → Y

satisfies D∗-descent, that is, the natural map

D(Y )→ Tot(D(X
dR/Y
• ))

is an equivalence, where the transition maps are given by ∗-pullback maps,
(2) for all Y ∈ GelfStkqfd and maps Y → XdR, the pullback diagram X

dR/Y
• → Y satisfies

D!-descent, that is, the natural map

D(Y )→ Tot(D!(X
dR/Y
• ))

is an equivalence, where transition maps are given by !-pullback maps.

A key ingredient in the proof of Theorem 5.6.1 is the arc-hyperdescent of de Rham cohomology,
that we will prove in Lemma 5.6.3.

Lemma 5.6.2. Let Y → X be a morphism of affinoid qfd Gelfand stacks and let U ⊂ Y be an open
substack. Write Y = GSpec(B) and X = GSpec(A). Let f : U → X be the restricted morphism
and fdR/X : UdR/X → X the induced morphism on the relative Rham stack. Finally, suppose that
A is static and that any rational localization of affine spaces Ad

A remains static (e.g., A could be a
filtered colimit of qfd sous-perfectoid rings). Then f

dR/X
∗ 1 and fdR/X

! 1 are coconnective.

Proof. By Lemma 4.8.2 we can assume without loss of generality that B is †-formally smooth over
A, and that it can be written as a sequential colimit B = lim−→n

Bn with Bn a rational localization
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over an affine space over A. In particular, B and its Čech nerve A→ B• over A remain static. Let
B•,† be the simplicial ring of overconvergent neighbourhood of the diagonal of the Čech nerve of
Y → X. Notice that by the assumption on A, the ring B•,† is static. Let Z = Y \U be the closed
complement. We can write Z =

⋂
n Zn as a countable intersection of closed subspaces Zn which

are finite unions of rational localizations of Y . By Proposition 4.7.11 (2) we have an equivalence
of Gelfand stacks

|GSpecB•,†| ∼−→ Y dR/X .

Thus, if U• ⊂ GSpecB•,† are the preimages of U , we have that

|U•| = UdR/X .

In particular, we have an isomorphism in D(A)

f
dR/X
∗ 1 = Tot(Γ(U•,O))

which is clearly a coconnective object as each Γ(Γ(U•,O)) is coconnective.
On the other hand, we have fiber sequences of cohomology with compact supports

Γc(U
dR/X ,O)→ Γ(Y dR/X ,O)→ lim−→

n

Γ(ZdR/X
n ,O).

Since Γ(Y dR/X ,O) is coconnective by the previous part, and the Γ(Z
dR/X
n ,O) are coconnective

by the previous point after descending from a rational cover, we deduce that fdR/X
! 1 is also

coconnective as desired. □

Lemma 5.6.3. Let Y• → Y be an arc-hypercover of qfd affinoid perfectoid rings over Qp and let A
be a static qfd Gelfand ring with a map X := GSpec(A)→ Y dR. Suppose that rational localizations
of relative affine spaces Ad

A over A remain static. Consider the relative de Rham stacks Y dR/X
• of

Y• ×Y X and let Γ(Y dR/X
• ,O) be the relative de Rham cohomology of Y• ×Y X over X. Then the

natural map

(5.6.1) A→ Tot(Γ(Y
dR/X
• ,O))

is an equivalence.

Proof. By Lemma 5.6.2 the de Rham cohomologies Γ(Y
dR/X
• ,O) are coconnective. Let n ∈ N.

By the dual of [Lur17, Proposition 1.2.4.5], for k < n there is a natural isomorphism of solid
Qp-modules

π−k(Tot≤n(Γ(Y
dR/X
• ,O))) = π−k(Tot(Γ(Y

dR/X
• ,O))).

Let Ỹ• be the n-coskeleton of the ∆op
≤n-subdiagram Y•. By [Lur09, Lemma 6.5.3.9] and the

arc-descent of the de Rham stack of Theorem 4.8.6, the natural map of geometric realizations
|Ỹ dR/X

• | → X is an isomorphism and we have that

A = Tot(Γ(Ỹ
dR/X
• ,O)).

Hence, we deduce that for k < n

π−k(A) ∼= π−k(Tot(Γ(Ỹ
dR/X
• ,O))) ∼= π−k(Tot≤n(Γ(Ỹ

dR/X
• ,O))) ∼= π−k(Tot≤n(Γ(Y

dR/X
• ,O))))

∼= π−k(Tot(Γ(Y
dR/X
• ,O)))).

Since n was arbitrary, we deduce that the natural map (5.6.1) is an equivalence, proving what we
wanted. □

We will also need the following lemmata.

Lemma 5.6.4. Let d ∈ N, d ≥ 1. Let N,M be static A = Qp⟨T1, . . . , Td⟩≤1-modules with N an
ω1-compact static A-module. Then for i > d+ 2 we have

ExtiA(N,M) = 0.

Proof. The morphism of solid algebras Qp[T1, . . . , Td] → Qp⟨T1, . . . , Td⟩≤1 = A is idempotent.
Hence, we have (in the following the Hom’s are always derived)

HomA(N,M) = HomQp[T1,...,Td]
(N,M) ∼= HomQp

(N,M)⊗Qp[T1,...,Td,S1,...,Sd] Qp[T1, . . . , Td][−d]

where the morphism Qp[T1, . . . , Td, S1, . . . , Sd] → Qp[T1, . . . , Td] sends, Ti, Si 7→ Ti, and the
Qp[T1, . . . , Td, S1, . . . , Sd]-action on HomQp

(N,M) is via the action of Qp[T1, . . . , Td] on N , and the
action of Qp[S1, . . . , Sd] on M . Therefore, to prove the claim, it suffices to show that HomQp

(N,M)

is concentrated in cohomological degrees [0, 2]. The algebra A is ω1-compact as a solid Qp-module
(e.g., being a light DNF space). Thus, N is an ω1-compact solid Qp-module by Lemma A.0.3.
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Then, we can write N = lim−→n
Nn as a countable colimit of finitely presented solid Qp-modules,

and by taking R limn it suffices to show that for N finitely presented we have that HomQp
(N,M)

is in cohomological degrees [0, 1]. In this case, N sits in a right exact sequence

Qp,□[S
′]→ Qp,□[S]→ N → 0

where S and S′ are light profinite sets. Now, by Lemma A.0.2, the image of Qp,□[S
′] in Qp,□[S] is

a light Smith space. Hence, after modifying S′, we can assume without loss of generality that we
have a short exact sequence

0→ Qp,□[S
′]→ Qp,□[S]→ N → 0.

This implies that N has projective dimension ≤ 1, and so that HomQp
(N,M) is in cohomological

degrees [0, 1] as desired. □

The following lemma improves on the previuos one.

Lemma 5.6.5. Let d ∈ N and let f : GSpec(A)→ Ad
Qp

be a Berkovich étale map. Let N ∈ D(A)♡

be a static ω1-compact solid A-module, and let M ∈ D(A)♡ be an arbitrary static object. Then

ExtiA(N,M) = 0

for i > d+ 2.

Proof. We can suppose without loss of generality that f factors through

Dd,≤1
Qp

= GSpec(Qp⟨T1, . . . , Td⟩≤1).

When A = Qp⟨T1, . . . , Td⟩≤1 itself, we know the result by Lemma 5.6.4. Thus, it suffices to
show if A → B is a Berkovich étale map of Gelfand rings, N,M are static B-modules such that
HomA(N,M)[k] is connective for some k ∈ N, then HomB(N,M)[k] is connective.

In this situation, the map of arc-stacks Marc(B) →Marc(A) is étale, this makes the diagonal
mapMarc(B)→Marc(B)×Marc(A)Marc(B) =Marc(B⊗AB) a clopen immersion. On the other
hand, since A → B is Berkovich étale, it is †-formally étale as in Definition 4.7.2 and we have a
cartesian diagram

GSpec(B) GSpec(A)

Marc(B)dR Marc(A)
dR.

Similarly, we have that GSpec(B ⊗A B) =Marc(B ⊗A B)dR ×Marc(A)dR GSpec(A). This produces
a cartesian diagram

GSpec(B) GSpec(B ⊗A B)

Marc(B)dR Marc(B ⊗A B)dR

proving that GSpec(B) → GSpec(B ⊗A B) is a clopen immersion. Therefore, by considering the
corresponding idempotent element associated to Marc(B) ⊂ Marc(B ⊗A B), there is a B ⊗A B-
linear retract B → B ⊗A B. Tensoring with N we have a retract of B-modules N = B ⊗B N →
(B ⊗A B)⊗B N = B ⊗A N , where B acts on the left tensor in B ⊗A N . Thus, the following map
admits a retract

HomB(N,M)→ HomB(B ⊗A N,M) = HomA(N,M),

proving that HomB(N,M)[k] is connective as desired. □

We are ready to prove the arc-hyperdescent of de Rham stacks.

Proof of Theorem 5.6.1. We keep the notation of the theorem. Consider the topos ArcStkqfd/X and
consider the following functors

F : Perfdqfd,aff/X → Cat∞

and
G : Perfdqfd,aff/X → Cat∞

sending a qfd affinoid perfectoid Marc(A) over X to

F (A) = D∗(Marc(A)
dR ×XdR Y ) and G(A) = D!(Marc(A)

dR ×XdR Y ),

where the transition maps for F are given by pullback maps, and the transition maps for G are
given by upper !-maps (notice that in the case of G the map Marc(A)

dR → XdR is !-able by
Proposition 5.1.4). We want to prove that both F and G are hypersheaves for the arc-topology on
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ArcStkqfd/X . Thanks to Theorem 4.8.6 (for ∗-pullbacks in F ) and Proposition 5.4.11 (for !-pullbacks
in G) we know that these functors are sheaves. Hence, by [Man22, Proposition A.3.21], it suffices
to show that for any hypercover X• → X by qfd affinoid perfectoids, the natural maps

(5.6.2) F (X)→ Tot(F (X•)) and G(X)→ Tot(G(X•))

are fully faithful.
By Remark 5.4.12 (a variant of Proposition 5.4.11(1)), there exists a static qfd Gelfand ring A

and a prim and descendable map g : X ′ = GSpec(A)→ XdR. Hence the map g is of universal D∗

and D!-descent ([HM24, Lemma 4.7.4]). Hence, to prove that (5.6.2) are fully faithful, by D∗ or
D!-descent respectively, it suffices to prove it after base change along X ′ → XdR and assume that
we have a factorization Y → X ′ → XdR.

Let fn : X
dR/Y
n → Y be the structural map. Fully faithfulness for the functor F is equivalent

to the following: given M ∈ D(Y ) the natural map

(5.6.3) M → Tot(fn,∗f
∗
nM)

is an isomorphism. Fully faithfulness for G is equivalent to the following: given M ∈ D(Y ) the
natural map

(5.6.4) lim−→
[n]∈∆op

fn,!f
!
nM →M

is an isomorphism. Since the fn,∗ are cohomologically proper we have fn,∗ = fn,!, and thanks to
proper base change the right terms of (5.6.3) is equal to Tot(fn,∗1⊗M). Similarly, the left term
of (5.6.4) is the geometric realization of the diagram

f•,∗f
!
•M = f•,∗Hom

X
dR/Y
n

(1, f !nM) = HomY (f•,!1,M) = HomY (f•,∗1,M).

Therefore, following the same argument of [HM24, Lemma 4.7.4 (iii)], to prove fully faithfulness
it suffices to prove that the cosimplicial diagram (f•,∗1)∆op of commutative algebras in D(Y ) is
pro-isomorphic to 1Y , that is, the augmented cosimplicial diagram 1Y → f•,∗1 is descendable. To
prove this, by base change, it suffices to prove it when Y = X ′. Furthermore, by the construction
in Remark 5.4.12, we can assume that A = lim−→n

An is a countable filtered colimit of Berkovich
étale maps over some fixed affine space Ad

Qp
.

We want to prove the following claim:

Claim. Let Y = GSpec(A) as before and consider the cosimplicial diagram of relative de Rham
cohomologies Γ(X

dR/Y
• ,O) in D(A). Then the tower of totalizations of the cosimplicial A-object

Γ(X
dR/Y
• ,O) is pro-constant isomorphic to A.

To prove the claim, by Lemma 5.6.3 we know that

A = Tot(Γ(X
dR/Y
• ,O)).

Furthermore, by the proof of Lemma 5.6.3, the terms Γ(X
dR/Y
• ,O) are coconnective A-modules,

and given k ∈ N, the cofiber Qk

A→ Tot≤k(Γ(X
dR/Y
• ,O))→ Qk

is (k − 1)-coconnective (i.e., sitting in cohomological degrees ≥ k − 1). We want to show that
there is some k ∈ N such that the map Qk → A[1] is zero in D(A). By Lemma 5.5.9(2) and
Lemma 5.5.8(2), the cohomologies Γ(X

dR/Y
• ,O) are ω1-compact A-modules. Thus, it suffices to

show that there is some k ∈ N such that if N is a static ω1-compact A-module and M ∈ D(A)♡ is
arbitrary, we have ExtiA(N,M) = 0 for i > k. Writing A as the colimit of the rings An, we have
that

lim←−
n

HomAn
(N,M) = lim←−

n

HomA(N ⊗An
A,M) = HomA(lim−→

n

N ⊗An
A,M) = HomA(N,M).

Hence, by taking derived Ri lim, it suffices to show that there exists a uniform k ∈ N such that
ExtiAn

(N,M) = 0 for i > k for N static An-module. Since An is Berkovich étale over Ad
Qp

(with
d independent of n), the bound of the Ext groups follows from Lemma 5.6.5. This finishes the
proof. □

Theorem 5.6.6. The analytic de Rham stack functor (−)dR : ArcStkqfdQp
→ GelfStkqfd is a pullback

of morphism of ∞-topoi, i.e., it is left exact and commutes with colimits. In particular, if X• → X
is an arc hypercover of qfd arc-stacks, then the natural map |XdR

• | → XdR is an equivalence.
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Proof. We only need to show that the de Rham stack functor (−)dR : ArcStkqfdQp
→ GelfStkqfd, which

is defined as the right adjoint of perfectoidization, commutes with colimits. This follows formally
from Theorem 5.6.1 as we explain now. Let ι : Perfdqfd,affQp

⊂ GelfStkqfd,nil be the categories of qfd
perfectoid and nilperfectoid affinoid Gelfand stacks. The inclusion ι has a right adjoint given by
sending a nilperfectoid qfd Gelfand affinoid stack GSpec(A) to its uniform completion (equivalently,
to its perfectoidization)Marc(A

u). Let f : GelfStkqfd,nil → Perfdqfd,affQp
be this right adjoint. Passing

to presheaves on anima, we get the following adjunction

(5.6.5) P(Perfdqfd,affQp
) P(GelfStkqfd,nil)

f∗

f∗

Where the functor f∗ sends a presheaf Y : Perfdqfd,aff,op
Qp

→ Ani to the presheaf on qfd affinoid
nilperfectoid Gelfand stacks given by f∗Y (GSpec(A)) = Y (Au), that is, f∗Y = XpredR is the
analytic de Rham prestack. For X ∈ P(GelfStkqfd,nil) and A a qfd perfectoid ring, one has that

(f∗X)(Marc(A)) = X(Marc(A)
predR).

Notice, however, that since we are using nilperfectoid rings, Marc(A)
predR = Marc(A)

dR for A
perfectoid, namely, its de Rham pre-stack restricted to nilperfectoid rings already satisfies !-descent.

We claim that the adjunction (5.6.5) restricts to an adjunction

ArcStkqfdQp
GelfStkqfd.

f∗

f∗

This would imply that f∗ = (−)dR preserves colimits as wanted. To show this, it suffices to prove
that f∗ sends a qfd arc-stack to a qfd Gelfand stack (resp. f∗ sends a qfd Gelfand stack to a
qfd arc-stack). The claim for f∗ follows from (the proof of) Lemma 4.5.1 as any !-equivalence
of separable Gelfand rings induces an arc-hypercover on uniform completions. The claim for f∗
follows from Theorem 5.6.1. □

Corollary 5.6.7. Keep the notation of Proposition 5.5.6. Let X ∈ ArcStkqfd be a qfd arc-stack,
then the natural morphism of de Rham stacks

f∗XdR,nuc = f∗f∗X
dR → XdR

is an equivalence of qfd Gelfand stacks. In other words, the analytic de Rham stack XdR admits a
natural refinement to a qfd nuclear Gelfand stack XdR,nuc. In particular, it has a well defined full
subcategory Nucloc(X) ⊂ D(X) of locally nuclear objects.

Proof. The same argument as in the proof of Theorem 5.6.6 implies that the nuclear de Rham
functor

(−)dR,nuc : ArcStkqfdQp
→ GelfStkqfd,nuc

commutes with colimits. Since the pullback map f∗ : GelfStkqfd,nuc → GelfStkqfd also commutes
with colimits, the corollary follows from the affinoid case of Lemma 5.5.7. □

Example 5.6.8. Let us give one useful consequence of the commutation of colimits of the de Rham
stack. Recall from Example 4.2.15 that we have a left exact Betti realization of hypersheaves on
light profinite sets on qfd Gelfand stacks

(−)Betti : Ŝhv(Prof)→ GelfStkqfd

given by the unique colimit preserving functor that sends a light profinite set S to SBetti =
GSpec

(
C lc(S,Qp)

)
. We also have a realization of hypersheaves on light profinite sets on qfd

arc-stacks
(−) : Ŝhv(Prof)→ ArcStkqfdQp

given by the same construction of Example 4.1.9. The composition of (−) with the de Rham stack
(−)dR : ArcStkqfdQp

→ GelfStkqfd is the unique colimit preserving functor that sends a light profinite
set S to (S)dR = SBetti (thanks to Example 4.7.6 (3) and Proposition 4.7.11 (4)). Therefore, we
have a natural equivalence (−)Betti = (−)dR.

When composing along the left Kan extension GelfStkqfd → GelfStk, the composite functor
Ŝhv(Prof) → GelfStk factors through the Betti stack for condensed anima (−)Betti : CondAni →
GelfStk, in particular, the 6-functor formalism of the de Rham stack contains all the !-able functors
of condensed anima of [HM24, Definition 3.5.17] for coefficients over a field in characteristic zero.
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5.7. Cohomological smoothness of the de Rham stack of the punctured perfectoid disc.
We prove the cohomological smoothness of the de Rham stack of the perfectoid punctured open disc
in Proposition 5.7.1. At first glance this might look surprising: inverse limits of cohomologically
smooth maps are rarely cohomologically smooth again (e.g., the uncompleted perfectoid open unit
disc is not cohomologically smooth). However, this result has to be expected to be true, e.g., in
comparison with the ℓ-cohomological smoothness of positive slope Banach-Colmez spaces for ℓ ̸= p.

Proposition 5.7.1. Let X = D̊×,⋄
∞ = lim←−x 7→xp

D̊×,⋄
Qp

be the open punctured pre-perfectoid unit disc
seen as an arc-stack. Then, the map XdR → GSpec(Qp) is cohomologically smooth with dualizing
sheaf isomorphic to 1X [2].

Proof. We will apply the criterion of Lemma 5.3.1. Thanks to Proposition 5.4.9, we know that

D̊×,dR
∞ = lim←−

x 7→xp

D̊×,dR

in the category of kernels KD of Gelfand stacks.
Since the statements to be proved are local for the !-topology on GSpec(Qp), we can base change

along Qp → Qcyc
p and consider relative de Rham stacks over the completed cyclotomic extension.

For the rest of this proof, all the spaces considered are base changed to Qcyc
p , even though we do

not write it, for simplicity of notation.
Denote by D̊×

n the open punctured unit disc with variable T 1/pn

over Qcyc
p , and let D̊×

∞ = lim←−n
D̊×

n

be the limit of derived Berkovich spaces. Notice that D̊×
∞ is the uncompleted perfectoid disc. In

KD,Qcyc
p

, we can rewrite the above formula for the de Rham stack as

D̊×,dR
∞ = lim←−

n

D̊×,dR
n

The next step is to rewrite D̊×,dR
n as a suitable limit of Gelfand stacks; we can assume that

n = 0 and simply write D̊×.

Claim. We have the identification

D̊×,dR = lim←−
r→0

D̊×/(1 + D≤r)

as objects in the category of kernels over Qcyc
p , where D≤r is the overconvergent closed disc of

radius r.

Proof of the claim. Let X∞ = D◦,×,dR and Xn = D̊×/(1 +D≤1/2n) where we have normalized the
norm so that |p| = 1/2. For m ≥ n ∈ N ∪ {∞} let us write hm→n : Xm → Xn. We have that
Xn = XdR

n . Indeed, we recall that we have an epimorphism Gm → GdR
m of groups, whose kernel

is G†
m, the overconvergent neighbourhood of Gm at 1. Thus, GdR

m = Gm/G†
m. Taking pullbacks

along the map D̊×dR → GdR
m one has the presentation

D̊×dR = D̊×/G†
m.

Similarly, one has the presentation

(1 + D≤1/2n)dR = (1 + D≤1/2n)/G†
m

and therefore Xn = XdR
n .

On the other hand, the map of arc-stacks X⋄
m → X⋄

n are proper, hence Theorem 5.1.7 implies
that hm→n is cohomologically proper. It is easy to see that the natural map 1 → h∞→n,∗1 is an
equivalence in D(Xn), namely, one can check this after pulling back along D̊× → Xn, in which case
the claim reduces to proving that the de Rham cohomology of the overconvergent disc 1+D†

(1/2n)
is trivial. Indeed, this follows from the pullback square

((1 + D≤1/2n)/G†
m)× D̊× D̊×

D̊×/G†
m D̊×/(1 + D≤1/2n)

where the upper horizontal map is the projection map, and the left vertical map is given by
multiplication.

By projection formula, it follows that h∗∞→n : D(Xn)→ D(X∞) is fully faithful, and so are the
h∗m→n. Thus, we also have hm→n,∗1 = 1. This verifies the conditions (a) and (b) of Lemma 5.3.1.
Condition (c) is also easily verified by pulling back along D̊× → X∞ using Lemma 5.4.8. □
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Thanks to the previous claim and Lemma 5.3.1, to prove suaveness of D̊×,dR
∞ we are reduced to

prove that given n ≥ 1 there is some m = m(n) fitting in a diagram

D̊×,dR
∞ D̊×,dR

m

D̊×/(1 + D≤1/2n)

f∞
fm

such that the natural map fm,∗1 → f∞,∗1 is an equivalence (with f∞ and fm as in the previous
diagram). Indeed, since fm is prim and D̊×,dR

m is suave over Qcyc
p by Theorem 5.1.7, this would

imply that f∞,∗1 is suave. But then, we can write D̊×,dR
∞ as limit of the quotients D̊×

n /(1+D≤1/2k)

in the kernel category for n, k →∞, and so 1 ∈ D(D̊×,dR
∞ ) will be suave as well (by Lemma 5.3.1).

By base change it suffices to prove the following claim:

Claim. For m ∈ N, let Dm = GSpec(Qcyc
p ⟨T 1/pm⟩) be the compactification of the open Tate unit

disc over Qcyc
p of radius 1 and coordinate T 1/pm

. Let D∞ = lim←−m
Dm be the limit in Gelfand

stacks, that is the uncompleted perfectoid closed unit disc on the variables T 1/p∞
. Consider the

following diagrams of Gelfand stacks

D∞/G†
m Dm/G†

m

D/(1 + D≤1/2n)

f∞
fm

Then for m ≥ n− 1, the natural map fm,∗1→ f∞,∗1 is an equivalence.

Proof of the claim. Let us write K = Qcyc
p . The logarithm map induces an isomorphism of groups

log : 1 + D≤1/2n ∼−→ D≤1/2n (for n ≥ 2 if p = 2). By [RC24a, Theorem 4.3.8], one has a Cartier
duality between D≤1/2n and D̊≤2n , which yields an equivalence of categories via the Fourier–Mukai
transform

D(GSpec(K)/D≤1/2n) ∼= D(D̊≤2n).

Similarly, under the logarithm map log : G†
m → G†

a one has an equivalence of categories (cf. [RC24a,
Theorem 4.3.13])

D(GSpec(K)/G†
a)
∼= D(Gan

a ).

Let U be the coordinate of Gan
a seen as the Cartier dual of G†

a
∼= G†

m. Then O(Dm) = K⟨T 1/pm⟩
is endowed with an endomorphism U which is identifies with the logarithmic derivation T∂T , resp.
for O(D∞) = lim−→k

K⟨T 1/pk⟩. This endomorphism corresponds to the action of G†
m on the discs

by multiplication, and this allows us to see both O(Dm) and O(D∞) as quasi-coherent sheaves on
Gan

a via Cartier duality.
Consider the cofiber P = cofib(K⟨T 1/pm⟩ → lim−→k

K⟨T 1/pk⟩⟩) seen as a quasi-coherent sheaf of
Gan

a . To prove the claim it suffices to show that the pullback of P to D̊≤2n ⊂ Gan
a is zero. To show

this, it suffices to prove the same for the quotients

Pk = K⟨T 1/pm+k

⟩/K⟨T 1/pm

⟩ =
⊕̂

r∈p−(m+k)N
vp(r)≤−m−1

K · T r.

Clearly (T∂T )T
r = rT r, thus the spectral decomposition of T∂T on Pk has slopes ≥ m + 1 (i.e.

eigenvalues λ of norm |λ| ≥ |p−(m+1)| = 2m+1). Taking m ≥ n − 1, we see that the action
of U = T∂T on Pk localizes to an action of the rational localization Gan

a (|U | ≥ 2n), and so its
pullback to Ga(|U | < 2n) = D◦(2n) vanishes. This proves the claim. □

It is left to identify the dualizing sheaf of D̊×,dR
∞ . By Lemma 5.3.1 it is the colimit along the

upper ♭-pullbacks of the maps D̊×,dR
∞ → D̊×,dR

n of the dualizing sheaves of the finite level discs.
Since these maps are cohomologically proper and étale, the upper ♭ and ∗-pullbacks agree. Then,
[RC24a, Theorem 3.5.7] implies that the dualizing sheaf of Xn = D̊×,dR

n identifies with 1Xn [2]. The
proposition follows. □

Remark 5.7.2. Heuristically, suaveness of (D̊⋄
∞,Qcyc

p
)dR (which implies suaveness of (D̊×⋄

∞ )dR)

follows from the fact that it is Cartier dual to A1,dR
Qcyc

p
/Qsm

p and the fact that the zero section of

A1,dR
Qcyc

p
/Qsm

p is prim. Establishing this Cartier duality statement properly would require some work,
so we opted for a more direct approach.
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Corollary 5.7.3. The map GdR
a,∞ → GSpec(Qp) is suave with invertible dualizing sheaf sitting in

cohomological degree 2, where G⋄
a,∞ = lim←−x7→xp

G⋄
a,Qp

.

Proof. By [HM24, Lemma 4.5.7] we can prove the statement after base change along GSpec(Cp)→
GSpec(Qp). Let T 1/p∞

denote the compatible system of p-th power roots of the coordinate of Ga.
In that case, we can write G⋄

a,∞ =
⋃

r>0 D̊⋄
∞(r) as an union of perfectoid open discs of radius r

obtained by rescaling the variable T 1/p∞
in the open unit disc by a fixed sequence of p-th power

roots of an element a ∈ Cp with norm |a| = r. Therefore, it suffices to show that D̊dR
∞ is suave

with invertible dualizing sheaf in degree 2. By the same rescaling argument, we can multiply
the coordinate of the open punctured disc D̊×,⋄

∞ and deduce that GdR
m,∞ is suave with the desired

dualizing sheaf in degree 2 thanks to Proposition 5.7.1. Since D̊dR
∞
∼= lim←−x 7→xp

(1+ D̊(1))dR ⊂ GdR
m,∞

is an open immersion, we deduce that D̊dR
∞ is suave with desired dualizing sheaf, proving what we

wanted. □
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6. Hyodo–Kato stacks

In the previous sections, we have built a robust formalism of analytic de Rham stacks and
discussed the six operations on their categories of quasi-coherent sheaves. In this section, we put
this formalism in action, by introducing the de Rham stacks of relative Fargues–Fontaine curves,
that we call Hyodo–Kato stacks. We prove some useful geometric properties of them, and establish
a basic understanding of their 6-functor formalism. In Section 7, we will use these results to give
a new proof of the p-adic monodromy theorem.

6.1. Definition and first properties. Let ArcStkqfdFp
be the category of qfd arc-stacks over Fp,

cf. Definition 4.1.11 and Example 4.1.13. We make the following definition.

Definition 6.1.1. Let X ∈ ArcStkFp
, we define the following qfd arc-stacks over Qp:

(1) The open punctured curve over X

Y⋄
X := X ×Marc(Fp)Marc(Qp).

(2) The Fargues–Fontaine curve over X

FF⋄
X := Y⋄

X/φ
Z
X

where φX is the Frobenius of X.

Definition 6.1.2. Let X ∈ ArcStkFp
, we define the following qfd Gelfand stacks:

(1) The de Rham stack of open punctured curve over X

YdR
X := (Y⋄

X)dR.

(2) The Hyodo–Kato stack of X

XHK := (FF⋄
X)dR.

For X ∈ GelfStkqfd we write YdR
X := YdR

X⋄ and XHK := (X⋄)HK.

If f : Z → X, we will often denote by fY
dR

: YdR
Z → YdR

X and fHK : ZHK → XHK the respective
induced morphisms.

Remark 6.1.3. In a sequel to this paper, we will explain in detail the relation between the
coherent cohomology of XHK, when X is a smooth rigid space over a p-adic field, and Hyodo–Kato
cohomology in the sense of Colmez–Nizioł [CN25]. This will justify our choice of terminology.

Remark 6.1.4. Let us give a more explicit moduli description of the de Rham stack of open
punctured curves. Let X ∈ ArcStkqfdFp

, and let A be a qfd nilperfectoid ring. Then

YdR
X (A) = Y⋄

X(Marc(A
u)) = X(Au,♭)

(here in the middle, we consider morphisms over Marc(Qp)). Indeed, the functor YdR
(−) is the

composition

ArcStkqfdFp

−×Marc(Fp)Marc(Qp)
−−−−−−−−−−−−−−→ ArcStkqfdQp

(−)dR−−−−→ GelfStkqfd

which is right adjoint to the composition

ArcStkqfdQp

(−)⋄−−−→ ArcStkqfdQp

G−→ ArcStkqfdFp

where the functor G is the forgetful functor along Marc(Qp) → Marc(Fp), or equivalently, the
unique colimit preserving functor sending an affinoid perfectoid space Marc(B) over Qp to its tilt
Marc(B

♭) in characteristic p.

Recall from the end of Section 4.4 the Gelfand stack YA, for A a separable affinoid perfectoid
Fp-algebra, which led by descent to the definition of the Gelfand stack Yarc

X for any X ∈ ArcStkFp

(Corollary 4.4.10). We introduce the qfd variant of this construction.

Definition 6.1.5. We define
Y : ArcStkqfdFp

→ GelfStkqfd

as the left Kan extension of the functor sending a separable qfd affinoid perfectoidMarc(A) to the
Berkovich space YA.

Equivalently, after the discussion of Remark 4.4.11, the functor in Definition 6.1.5 is the unique
left exact and colimit preserving functor on qfd arc-stacks sendingMarc(A) to YA for A a separable
qfd perfectoid Fp-algebra.
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Remark 6.1.6. We have the following diagram (where any upper functor is the left adjoint to the
lower functor)

ArcStkqfdFp
GelfStkqfd.

Y(−)

YdR
(−)

(−)⋄

We note that the functors Y(−) and YdR
(−) are both pullback functors of morphisms of ∞-topoi

(i.e. they are left exact and colimit preserving). Moreover, the perfectoidization functor (−)⋄
becomes a pullback functor of morphism of topoi when restricted to a morphism (−)⋄ : GelfStkqfd →(
ArcStkqfdFp

)
/Marc(Qp)

= ArcStkqfd.

Remark 6.1.7. Note that for X ∈ ArcStkqfdFp
, the perfectoidization Y⋄

X of the qfd Gelfand stack
YX coincides with the qfd arc-stack introduced with the same name in Definition 6.1.1: there is
no conflict of notation.

Note also that the functor Y differs from the functor Ŷ⋄: heuristically, in terms of quasi-
coherent sheaves, for a qfd arc-stack X, we are not considering all Ô-modules on the arc-stack
Y⋄
X = X × Marc(Qp), but are only using arc-descent in the X-direction, not the Marc(Qp)-

direction.

Following the previous construction, we can define a relative version of the Hyodo–Kato stacks.

Definition 6.1.8. Let Z → X be a map of qfd arc-stacks over Fp, we define the stack YdR/YX

Z to
be the pullback

YdR/YX

Z YX

YdR
Z YdR

X .

To lighten notation we will also write YdR/X
Z instead of YdR/YX

Z . Similarly, we define the relative
Hyodo–Kato stack of Z over X

ZHK/FFX

to be the quotient by the action of the Frobenius of Z on YdR/X
Z (so that ZHK/FFX lives over

FFX).

Remark 6.1.9. In [LBV23], a motivic definition of “de Rham cohomology over the Fargues–
Fontaine curve” was given and named de Rham–Fargues–Fontaine cohomology. We expect the
coherent cohomology of the relative Hyodo–Kato stacks of Definition 6.1.8 to capture the latter
cohomology theory, as well as the one introduced in [LB18] and further studied in [Bos23].

Remark 6.1.10. Let X be a qfd Gelfand stack over Qp, by adjunction we have maps of Gelfand
stacks X̂ → YX corresponding to the fixed untilt of the Fargues–Fontaine curve provided from the
fact that X is defined over Qp. We have a commutative diagram of qfd Gelfand stacks

X̂ YX

X

XdR YdR
X .

Remark 6.1.11. A useful tool that we will repeatedly use is excision, whose validity can be
justified geometrically as in Remark 5.4.3: for any qfd arc-stack X, the stack YdR

X lives over the
(qfd-version of the) Betti stack of Xcond.

Let X be a qfd arc-stack over Fp, it is natural to ask when the natural map of Gelfand stacks
YX → YdR

X is an epimorphism for the !-topology, or even a descendable cover. It turns out that it
is not always the case, e.g. if X = TQp is a closed torus over Qp, that is, the adic compactification
of the adic torus. Then YX → YdR

X is not an epimorphism. Indeed, if it were the case, by base
change along the point at infinity GSpec(Qp)→ YMarc(Qp), from Remark 6.1.10 we would deduce

that the map of Gelfand stacks TQp
→ TdR

Qp
from the closed torus over Qp to its de Rham stack is

an epimorphism. But this cannot be the case, since the latter is the same as the de Rham stack of
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an overconvergent torus, and we could conclude that the overconvergent de Rham cohomology of
TQp

agrees with its de Rham cohomology which is certainly false (the former is finite dimensional
and the last is non-separated).

For partially proper rigid spaces, this problem disappears, and then the map to the de Rham
stack is indeed prim and descendable for a large variety of examples in p-adic geometry.

Proposition 6.1.12. Let X be a partially proper rigid space over a non-archimedean field K/Qp

of finite dim.trg. Let W → X be a countable inverse limit of finite étale covers. Then, the map of
qfd Gelfand stacks

(6.1.1) YW⋄ → YdR/Marc(K)
W⋄

is an epimorphism of Gelfand stacks, prim and (locally in the analytic topology) descendable. In
particular, it satisfies universal D∗- and D!-descent. If in addition K is pro-étale over Qp, then
the same holds for the map of qfd Gelfand stacks

YW⋄ → YdR
W⋄ .

Proof. First, note that since K has finite dim.trg, it is pro-étale over a finitely generated non-
archimedean field (whose underlying Qp-Banach space is separable), and so it is quasi-finite di-
mensional in the sense of Definition 4.1.11. Furthermore, by base change along K → Kcyc and
Proposition 5.4.11, we can assume without loss of generality that K is perfectoid.

The statement is local in the analytic topology of X. Hence, we can assume without loss of
generality that X is a Zariski closed subspace of D̊n

K and that W = lim←−n
Xn is a countable limit

along finite étale covers of X. We first verify primness. By [HM24, Lemma 4.5.7], we can pullback
along the perfectoid open disc D̊⋄

K,∞ → D̊⋄
K , and show that the claim holds for the induced maps of

arc-stacks W̃ = lim←−n
X̃n → X̃. In that case, both W̃ and X̃ are perfectoid spaces. Moreover, Y

W̃⋄

is represented by a Berkovich space and the self fiber product of the map Y
W̃⋄ → YdR/K♭

W̃⋄ is the
overconvergent neighbourhood of the diagonal in Y

W̃⋄ ×YK
Y
W̃⋄ which is represented in Berkovich

spaces, see Proposition 4.7.11. This shows that (6.1.1) is prim.
It is left to prove that it is descendable. We can consider a stratification of X by locally Zariski

closed subspaces where the reduction of each component is smooth over K. More precisely, we
can write X =

⋃
nXn =

⋃
nXn as a countable union of open Stein subspaces Xn along strict

inclusions, such that their closure Xn is an affinoid subspace of X. The affinoid subspaces Xn

admit such a stratification being qcqs, and up to changingX byXn, we can assume thatX has such
a stratification as well. By an excision argument, cf. [RC24a, Lemma 5.4.4] (and see Remark 6.1.11
for a justification of the excision property), we can assume without loss of generality that X itself
is smooth.

Now, as X is smooth, the immersion X → D̊K is a local regular immersion, and locally we can
write X as a pullback

X D̊m+d
K

GSpec(K) D̊m
K .

0

In particular, we have an étale map of partially proper rigid spaces X → D̊d
K that, after taking a

further open analytic cover, will factor as a composite of finite étale maps and open immersions.
Let us now write W ⋄

∞ and X⋄
n,∞ for the pullback of W ⋄ and X⋄

n along the perfectoid open disc
1 + D̊⋄

K,∞ → 1 + D̊⋄
K obtained by extracting p-th power roots of 1 − T , where T is the variable

of D̊⋄
K . It suffices to prove the result for W∞ in place of W , by Proposition 5.4.11. We have a

diagram with pullback squares

YW⋄
∞

lim←−n
YX⋄

n,∞
YX⋄

n,∞
YD̊d,⋄

K,∞

YdR/K♭

W⋄
∞

YdR/K♭

X⋄
n,∞

YdR/K♭

D̊d,⋄
K,∞

where the limit is as Berkovich spaces (i.e., a colimit at the level of structural algebras). The map
YW⋄

∞
→ YX⋄

n,∞
is descendable of index ≤ 16 by Lemma 4.4.6. Hence, the map YW⋄

∞
→ lim←−n

YX⋄
n,∞

is descendable by [Man22, Proposition 2.7.2]. Therefore, by applying loc.cit. again and taking
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pullbacks from the disc to X, it suffices to show that the map YD̊d,⋄
K,∞
→ YdR/K♭

D̊d,⋄
K,∞

is descendable.

But YD̊d,⋄
K,∞

= YK♭ ×GSpec(Qp) D̊
d,u
Qp,∞, and one is reduced to show that

D̊u
Qp,∞ → D̊dR

Qp,∞.

is descendable (where the upper script u means the uniform completion). For that, we write
D̊Qp,∞ = lim←−n

D̊Qp,n as limit of open discs centered at 0 and variable (T − 1)1/p
n

. By Proposi-
tion 5.4.9, the map D̊Qp,∞ → D̊dR

Qp,∞ is descendable, and it suffices to see that the map h : D̊u
Qp,∞ →

lim←−n
D̊Qp,n is also descendable. But each map D̊u

Qp,∞ → D̊Qp,n is descendable of index ≤ 1 as the
underlying sheaves of rings have a section as modules, and it follows from [Man22, Proposition
2.7.2] that the map h is descendable of index ≤ 2, finishing the proof of the first part of the
proposition.

It is left to prove that, if K is pro-étale over Qp, then the map YW⋄ → YdR
W⋄ is prim and (locally

in the analytic topology) descendable. By the previous step and base change, it suffices to prove
this for the map YK → YdR

K . By arc-descent, it suffices to prove this for K = Cp as both YCp → YK
and YdR

Cp
→ YdR

K are descendable (which is easy to deduce from the presentation YK = YCp
/GalK

and YdR
K = YdR

Cp
/GalsmK ). For any finite extension L/QKum

p , with QKum
p = Qp(p

1/p∞
)u the Kummer

extension, the map
YCp → YL

is descendable with descendable index independent of L (Lemma 4.4.6), and hence YCp
→ lim←−L/QKum

p

YL
(where L runs over finite extensions of QKum

p is descendable. On the other hand, we have a cartesian
square

lim←−L/QKum
p

YL YQKum
p

GSpec(Qp) B(GalsmQKum
p

)

and similarly for de Rham stacks. Since lim←−L/QKum,u
p

YdR
L = YCp

, it suffices to show that YQKum,u
p

→
YdR
QKum,u

p
is descendable. This follows from Lemma 6.2.1(3) and the fact that the pre-perfectoid disc

D̊u
Qp,∞ is descendable over the decompleted pre-perfectoid disc D̊Qp,∞ = lim←−n

D̊Qp,n, since the latter
is a countable colimit of discs D̊Qp,n with variable T 1/pn

, and that f : D̊u
Qp,∞ → D̊Qp,n has index of

descendability ≤ 1 since f∗1 has a section as a module. □

6.2. Examples of Hyodo–Kato stacks and their cohomology; Chern classes. In this sub-
section, we provide examples of Hyodo–Kato stacks and their quasi-coherent cohomology, referred
to as Hyodo–Kato cohomology. We hope this will give the reader an idea of how to work with such
objects. As an application, we show that one has a theory of first Chern classes for Hyodo–Kato
cohomology. These examples will also be relevant in the proof of the p-adic monodromy theorem.
To start with, we discuss the example of Marc(Qp).

Lemma 6.2.1.
(1) Let K = Fp((π

1/p∞
)). Then there is a natural Frobenius equivariant equivalence of Gelfand

stacks
YK ∼= D̊×,u

Qp,∞
∼= ( lim←−

X 7→Xp

D̊×
Qp

)u

where the right hand side is the Berkovich space given by the pre-perfectoid open and
punctured disc over Qp on the variable X = [π], and φ(X) = Xp (here the superscript u
refers to the uniform completion of the Berkovich space). In particular, we have a Frobenius
equivariant isomorphism of de Rham stacks

YdR
K
∼= lim←−

X 7→Xp

D̊×,dR
Qp

.

(2) Let Qcyc
p denote the cyclotomic extension of Qp. Let ϵ = (ζpn)n be a compatible sequence of

p-th power roots of 1. Then, the isomorphism Qcyc,♭
p

∼= Fp((ϵ
1/p∞ − 1)) of perfectoid fields

induces a Frobenius and Z×,sm
p -equivariant isomorphism of de Rham stacks

YdR
Qcyc,♭

p

∼= ( lim←−
q 7→qp

(1 + D̊dR
Qp

))\{1},
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where 1 + D̊Qp is the rigid generic fiber of the formal spectrum of the ring underlying the
q-crystalline prism, i.e., ZpJq − 1K with φ(q) = qp, and the transition maps are giving by
rising to the p-th power. Under this identification we have q = [ϵ]. The Z×

p -equivariant
action on the LHS term is via the identification a ∈ Z×

p
∼= Gal(Qcyc

p /Qp), the action on
the RHS is given by the formula σ · q = qχ

cyc(σ) for σ ∈ Z×
p . In particular,

YdR
Marc(Qp)

∼=
(
(lim←−

p

(1 + D̊Qp
)dR)\{1}

)
/Z×,sm

p

and
Marc(Qp)

HK ∼=
(
(lim←−

p

(1 + D̊Qp
)dR)\{1}

)
/Q×,sm

p .

(3) Let E/Qp be a finite extension of Qp. For ϖ a uniformizer of E let EKum = E(ϖ1/p∞
)u be

the uniform completion of the Kummer extension. Let E0 ⊂ E be the maximal unramified
extension of E with residue field Fq. Let ϖ♭ = (ϖ1/pn

)n ∈ EKum,♭. Then, EKum,♭ ∼=
Fq((ϖ

♭,1/p∞
)) and we have a natural Frobenius equivariant isomorphism

YdR
EKum,♭

∼= lim←−
X 7→Xp

D̊×,dR
E0

,

where the right hand side is the de Rham stack of the perfection of the punctured rigid
generic fiber of the formal spectrum of the ring underlying the Breuil-Kisin prism, i.e.,
OE0

JXK with φ(X) = Xp. Under this equivalence X = [ϖ♭].

Proof. For part (1), observe that Ainf(K) ∼= ZpJX1/p∞
K with X = [π] the Teichmüller lift of π,

where on the latter ring the Frobenius acts as φ(X) = Xp. Then, under this isomorphism, YK
identifies Frobenius equivariantly with a pre-perfectoid punctured open unit disc in the variable X
as in the statement. The statement about de Rham stacks follows from the fact the the formation
of de Rham stacks commutes with limits.

For part (2), we observe that the tilt of Zcyc
p identifies with the ring FpJϵ1/p

∞ − 1K where
ϵ = (ζpn)n is a compactible sequence of p-th power roots of unit. We then have an isomorphism as
arc-stacks overMarc(Qp)

Y⋄
Zcyc,♭
p

=Marc(Zcyc
p )×Marc(Fp)

Marc(Qp) ∼= ( lim←−
x 7→xp

1 + D̊Qp)
⋄.

Under this identification, q = [ϵ] and the action of Frobenius is determined by φ(q) = qp. The
action of Z×

p = Gal(Qcyc
p /Qp) is determined by

σ(q) = qχ
cyc(σ).

Then, by pulling back toMarc(Qcyc,♭
p ), we obtain

Y⋄
Qcyc,♭

p

∼= ( lim←−
x7→xp

1 + D̊Qp
)⋄\{1}.

By passing to de Rham stacks we obtain the first assertion. Then, for the last assertion of part
(2), it suffices to observe that Y⋄

Marc(Qp)
= Y⋄

Qcyc,♭
p

/Z×
p where Z×

p is identified with the Galois group

of Qcyc
p via the cyclotomic character, and that Marc(Qp)

HK = YQcyc,♭
p

/Q×,sm
p where in addition

pZ is identified with the action of Frobenius. We note that quotients pass to the de Rham stacks
as its formation commutes with colimits (Theorem 5.6.6), and the de Rham stack of a truncated
condensed anima is its Betti stack (Example 5.6.8).

For part (3), we note that the tilt of OEKum identifies with FqJϖ♭,1/p∞
K. By taking Witt vectors,

one finds that
Ainf(E

Kum) ∼= OE0JX
1/p∞

K

is the perfection of the Breuil–Kisin prism. Passing to the locus where |Xp| ≠ 0 we see that
YEKum,♭ is a perfectoid punctured open unit disc over E0. Thus, as arc-stacks we have that

Y⋄
EKum,♭

∼= lim←−
x 7→xp

D̊×,⋄
E0

.

We deduce the desired statements by passing to de Rham stacks. □

A property we want to prove is the disc-invariance of Hyodo–Kato cohomology. For this, we
first need invariance of usual (overconvergent) de Rham cohomology for the pre-perfectoid disc, cf.
Lemma 5.4.2.
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Lemma 6.2.2. Let f : Y → Marc(Qp) be given by Y = Marc(Qp⟨T 1/p∞⟩), Y = lim←−x7→xp
D◦

Qp
or

Y = lim←−x 7→xp
A1

Qp
. Then, fdR,∗ : D(GSpec(Qp)) → D(Y dR) is fully faithful. Moreover, the same

assertion holds true after any base change of f to a qfd arc-stack.

Proof. As in Lemma 5.4.2, we can reduce to the case that Y = Marc(Qp⟨T 1/p∞⟩) by writing
the pre-perfectoid open disc, or the pre-perfectoid affine line as a union of Y ’s (also after base
change). Set Yn = GSpec(Qp⟨T 1/pn⟩≤1) for n ≥ 1, Ỹ = lim←−n

Yn = GSpec(lim−→n
Qp⟨T 1/pn⟩≤1) (so

that Ỹ ⋄ = Y ). Because for n ≥ 1 the map Yn → Y dR
n
∼= Yn/G†

a is descendable of index ≤ 2, we
can use the argument of Proposition 5.4.9 to deduce that Ỹ → Ỹ dR is descendable. From here, we
can deduce that that fdR : Ỹ dR ∼= Y dR → GSpec(Qp) is cohomologically proper. In particular, the
formation of fdR∗ commutes with base change. As in Lemma 5.4.2, it suffices therefore to check
that the natural map 1 → fdR∗ (1) is an isomorphism. Using Proposition 5.4.1, this follows as in
Lemma 5.4.2 from the classical computation of overconvergent de Rham cohomology of a closed
disc. □

In the following, all schemes in characteristic p are implicitly regarded as qfd arc-stacks over Fp.

Lemma 6.2.3.
(1) Let f : X = Marc(Fp[T ]) → Marc(Fp). Then, the functor fHK,∗ : D(Marc(Fp)

HK) →
D(XHK) is fully faithful. The same holds true after any base change of f .

(2) Let Z = Marc(Fp((π))), and g : W → Z for W = Marc(Fp((π))⟨t⟩), W = D◦
Fp((π))

or
W = A1

Fp((π))
. Then, gHK,∗ : D(ZHK) → D(WHK) is fully faithful. The same holds true

after any base change of g.
Similar assertions hold for YdR

(−).

Proof. The case for (−)HK follows from the case for YdR
(−) by passing to Frobenius-equivariant

objects. By Remark 4.4.11 we know YdR
Marc(Fp)

∼= GSpec(Qp). For part (1), we can calculate that
YdR
X
∼= (lim←−x 7→xp

A1
Qp

)dR. Hence, the statement reduces to Lemma 6.2.2. One can argue similarly
to prove part (2). □

Before continuing with other computations of Hyodo–Kato cohomology, we make the following
convenient definition.

Definition 6.2.4. For n ∈ Z, we denote by O(n) the vector bundle on Marc(Fp)
HK corre-

sponding to the isocrystal (Qp, p
−nφ) under the isomorphism Marc(Fp)

HK ∼= GSpec(Qp)/φ
Z (Re-

mark 4.4.11).

Lemma 6.2.5. Let f : G⋄
m,Fp

=Marc(Fp[T, T
−1])→Marc(Fp). Then, fHK

∗ O ∼= O[0]⊕O(−1)[−1].
A similar assertion holds for fY

dR

∗ .

Proof. We can identify X ×Marc(Fp)Marc(Qp) ∼= G⋄
m,∞,Qp

:= lim←−x 7→xp
G⋄

m,Qp
. More precisely, the

coordinate on G⋄
m,Qp

is given by [T ♭] := (T, T 1/p, T 1/p2

, . . .). We note that the de Rham cohomology
of Gm,Qp

identifies with the de Rham cohomology of any overconvergent annulus in it. Writing
Gm,Qp

as an increasing union of overconvergent annuli (and hence the cohomology as an essentially
constant inverse limit), we can use Proposition 5.4.1 to see that fHK

∗ (1) can be calculated as the
Frobenius-equivariant object given by the inverse limit of fdRn,∗(1) for fn : Gm,Qp → GSpec(Qp). As
the de Rham cohomology of Gm,Qp

is given by Qp[0]⊕Qp[−1] with the class in degree 1 generated
by d log([T ♭]) := 1

[T ♭]
d[T ♭], on which Frobenius acts by multiplication by p, we get the result. □

Remark 6.2.6.
(1) We note that Lemma 6.2.3 yields invariance of Hyodo–Kato cohomology with respect to

the pre-perfectoid disc or pre-perfectoid affine line. However, invariance with respect to
the morphisms X → Marc(Qp), with X = GSpec(Qp⟨T ⟩)⋄, X = D◦,⋄

Qp
or X = A1,⋄

Qp
,

is true as well. Indeed, as in Lemma 6.2.3 or Lemma 5.4.2 one reduces to the case that
X = GSpec(Qp⟨T ⟩)⋄ and the statement that the higher pushforwards for YdR

X → YdR
Marc(Qp)

vanish (and are the unit in degree 0). Using excision, this reduces to the calculation of the
pushforward for X replaced by X \ {0}, and then to the calculation of the pushforward for
YdR
Marc(Qp⟨T,T−1⟩) → Y

dR
Marc(Qp)

. Now, YdR
Marc(Qcyc

p ⟨T,T−1⟩)
∼= YdR

Marc(Qcyc
p ⟨T±1/p∞ ⟩)/Zp(1)

sm,

Y⋄
Marc(Qcyc

p ⟨T±1/p∞ ⟩) = Y
⋄
Qcyc,♭

p
×Marc(Qp)Marc(Qp⟨T±1/p∞

⟩)



ANALYTIC DE RHAM STACKS OF FARGUES–FONTAINE CURVES 99

and thus, by Lemma 6.2.5, the pushforward of 1 along YdR
Marc(Qcyc

p ⟨T±1/p∞ ⟩) → Y
dR
Marc(Qcyc

p )

is generated in homological degree −1 by the class ω := 1
[T ♭]

d[T ♭] with T ♭ = (T, T 1/p, . . .).
Now, one can observe that Zp(1)

sm acts trivially on ω because g[T ♭] = εg[T ♭] for ε =
(1, ζp, . . .) and g ∈ Zp

∼= Zp(1). Descending from Qcyc
p to Qp, we obtain the desired

statement.
(2) Invariance of Hyodo–Kato cohomology with respect to the morphism f : A1,⋄

Zp
→Marc(Zp)

is true as well, as it follows by excision along

Marc(Qp) ⊂Marc(Zp) ⊃Marc(Fp).

Indeed, by Theorem 6.3.1 the morphism fHK is cohomologically smooth, thus fHK,∗ com-
mutes with base change, and one can argue by excision, Remark 6.1.11, as claimed. Over
Marc(Fp) one uses Lemma 6.2.3 and over Marc(Qp) the previous discussion. As conse-
quence, an analog of Lemma 6.2.5 also holds for the arc-stack associated to the qfd arc-stack
G⋄

m,Zp
over Marc(Zp).

Remark 6.2.7. We note that the Hyodo–Kato cohomology over Zp can be easily compared to the
one over Qp. Namely, let X be a qfd arc-stack over Zp, and denote XQp = X ×Marc(Zp)Marc(Qp).
Then, the following diagram is cartesian

XHK
Qp

XHK

QHK
p ZHK

p

g′

fHK
Qp

fHK

g

(as Y 7→ Y HK commutes with fiber products), and the natural morphism

(fHK
Qp

)∗g
′∗ → g∗(fHK)∗

is an isomorphism of functors, since g is suave (in fact, g is an open immersion as Marc(Qp) ⊂
Marc(Zp) is an open immersion, cf. Remark 6.1.11). In particular, pulling back g to GSpec(Qp),
we see that (fHK)∗O and (fHK

Qp
)∗O have isomorphic underlying solid Qp-modules.

Next, we check that Hyodo–Kato cohomology has a theory of first Chern classes. This will be
used in particular to identify the dualizing sheaf in Theorem 6.3.1.

Definition 6.2.8 (Tate twist). We call Tate twist on Marc(Fp)
HK the complex O⟨1⟩ := O(1)[2].

Given a qfd arc stack X over Fp, we will also call Tate twist the pullback of the latter complex
along XHK →Marc(Fp)

HK (and we will abuse notation denoting it the same way).

Lemma 6.2.9. The 6-functor formalism of Hyodo–Kato stacks on qfd arc-stacks over Zp has a
strong theory of first Chern classes cHK

1 , in the sense of [Zav23, Definition 5.2.8]. In particular,
for any integer d ≥ 1, and for any qfd arc-stack X over Zp, denoting f : Pd

X → X the natural
projection of arc-stacks, we have that the morphism

(6.2.1)
d∑

k=0

ck1⟨d− k⟩ :
d⊕

k=0

O⟨d− k⟩ −→ fHK
∗ O⟨d⟩

is an isomorphism; here, c1 denotes the first Chern class of the universal line bundle. A similar
assertion holds for YdR

(−).

Proof. First, we need to construct a weak theory of first Chern classes, [Zav23, Definition 5.2.4].
In our case, this amounts to constructing a natural transformation

(6.2.2) Γ(−,G⋄
m,Zp

[1])→ Γ((−)HK,O⟨1⟩)

of arc-sheaves with values in D(Z); here, G⋄
m,Zp

denotes the arc-stack over Marc(Zp) associated
to Gm,Zp . By Theorem 5.6.6, the right hand side satisfies arc-descent, so that it is sufficient to
construct a natural transformation

τ≤0Γ(−,G⋄
m,Zp

[1])→ τ≤0Γ((−)HK,O⟨1⟩)

of sheaves of animated abelian groups (namely, the arc-sheafification of G⋄
m,Zp

= τ≤0Γ(−,G⋄
m,Zp

[1])

as animated abelian group valued presheaf yields Γ(−,G⋄
m,Zp

[1])). For this, we can follow the
general discussion in Remark 5.1.10(3) with S = ZHK

p , R = A1,HK
Zp

, and Tate twist O⟨1⟩ on ZHK
p .

Thus, we have to construct a morphism

(6.2.3) cHK
1 : GHK

m,Zp
→ BGa(1)
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of animated abelian group Gelfand stacks over ZHK
p . We let

Gperf
m,Zp

:= lim←−
x 7→xp

Gm,Zp .

We have a short exact sequence 0→ Zp(1)
⋄ → Gperf,⋄

m,Zp
→ G⋄

m,Zp
→ 0 of (animated) abelian group

arc-stacks overMarc(Zp), which yields a (φ-equivariant) short exact sequence

0→ YdR
Zp(1)⋄

→ YdR
Gperf,⋄

m,Zp
→ YdR

G⋄
m,Zp
→ 0

of abelian group Gelfand stacks over YdR
Marc(Zp)

. We have a natural epimorphism

Gperf

m,YdR
Marc(Zp)

→ YdR
Gperf,⋄

m,Zp

of abelian group Gelfand stacks over YdR
Marc(Zp)

, which induces a short exact sequence

(6.2.4) 0→ Z̃p(1)→ Gperf

m,YdR
Marc(Zp)

→ YdR
Gperf,⋄

m,Zp
→ 0

of abelian group Gelfand stacks over YdR
Marc(Zp)

. Here,

Z̃p(1) := YdR
Zp(1)⋄×YdR

Gperf,⋄
m,Zp

Gperf

m,YdR
Marc(Zp)

.

We note that the image of the natural map

Z̃p(1)→ Gperf

m,YdR
Marc(Zp)

lands in 1 + D̊perf

YdR
Marc(Zp)

:= lim←−
x 7→xp

(1 + D̊YdR
Marc(Zp)

) (this boils down to the fact that if (1, x1, . . .) is a

p-power compatible system, then its Teichmüller lift lies in 1 + D̊). Using the φ-equivariant map
of abelian groups

l̃og : (1 + D̊perf

YdR
Marc(Zp)

)→ Ga,YdR
Marc(Zp)

(1), (y0, y1, . . .) 7→ log(y0)

we can define cHK
1 in (6.2.3), as the morphism induced by the (φ-equivariant) composition

(6.2.5) YdR
Gperf,⋄

m,Zp
→ BZ̃p(1)→ BGa,YdR

Marc(Zp)
(1),

where the first map classifies the extension (6.2.4).
Next, we want to check that the morphism (6.2.1) is an isomorphism.36 For this, after a base

change, it suffices to show the following two assertions:
(a) Denote h : BG⋄

m,Zp
→Marc(Zp) the natural morphism. We have

(6.2.6) hHK
∗ O =

⊕
k≥0

O(−k)ck1

where c1 = d log([T ♭]) ∈ H1((Gm,Zp)
HK,O) ∼= H2((BGm,Zp)

HK,O) sits in homological degree
−2 (we note that this class is independent of the choice of a coordinate on Gm,Zp). Moreover,
under this identification, the morphism Pd

Zp
→ BGm,Zp , classifying the universal line bundle

on Pd
Zp

, induces an isomorphism between the Hyodo–Kato cohomology of Pd
Zp

and the direct
summand

⊕d
k=0O(−k)ck1 of (6.2.6).

(b) The map given by applying (6.2.2) to Pd
Zp

, and taking H0, sends the universal line bundle on
Pd
Zp

to the class c1 = d log([T ♭]) ∈ H2((Pd
Zp
)HK,O).

Point (a) follows from the computation of the Hyodo–Kato cohomology of Gm,Zp , and A1
Zp

-
invariance, Remark 6.2.6(2). Indeed, the Hyodo–Kato cohomology of BGm,Zp can be calculated
via approximation by the morphisms Pn

Zp
→ BGm,Zp , classifying the universal line bundle, with

(n−1)-connected fiber An+1
Zp
\{0} (cf. the general argument for calculating the de Rham cohomology

of BGLn, [Gro90, Théorème 1.4]; see also [Sch24a, Corollary 8.2] for a related calculation).
For point (b), we first note that, thanks to Remark 6.2.7, it can be deduced from the analogous

assertion over Qp. Then, we note that the construction of cHK
1 is compatible with the construction

of cdR1 in Remark 5.1.10(1). Therefore, point (b) follows from the discussion in Remark 5.1.10(2)
on the analogous identification in the de Rham case. □

36We note that by excision (Remark 6.1.11) and [Zav23, Theorem 5.5.7], we could even reduce to the case d = 1.
However, the proof below is not significantly harder for a general d ≥ 1.
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Remark 6.2.10. In Remark 6.2.6(2), Lemma 6.2.9 we calculated the Hyodo–Kato cohomology
of Gm,Zp

and P1
Zp

, but this implies the result for compactly supported Hyodo–Kato cohomology by
passing to duals.

Indeed, by excision and Theorem 6.3.1 (or just Proposition 5.7.1), we can conclude a priori that
the compactly supported Hyodo–Kato cohomology is a perfect module (cf. Corollary 6.3.2), and
hence dual to the Hyodo–Kato cohomology.

Remark 6.2.11. Let us sketch a different way to compute the Hyodo–Kato cohomology of BGm

over Zp, relying on abstract properties of the category of kernels and 6-functor formalisms. An
advantage of the following approach is that it can be generalized to compute the Hyodo–Kato
cohomology of stacks of the form BG for G a reductive group.37 Let g : GHK

m → ZHK
p , h : BGHK

m →
ZHK
p , and consider the zero section e : ZHK → BGHK

m . The map e is suave as its fibers are
isomorphic to GHK

m , in particular the functor e∗ is monadic (as it preserves limits, colimits and it
is conservative). Then, we have that

D(BGHK
m ) = Mode∗e♮(D(ZHK

p ))

where e♮ is the left adjoint of e∗. As both the functors e♮ and e∗ are D(ZHK
p )-linear (as they arise

from and adjunction in the kernel category over ZHK
p ), we actually have that

D(BGHK
m ) = Mode∗e♮1(D(ZHK

p ))

where e∗e♮1 ∈ Alg(D(ZHK
p )) is the algebra arising from the monad valued at 1. Using abstract

nonsense in the kernel category, one can show that e∗e♮1 is precisely the algebra arising from the
homology of GHK

m , that is the algebra g♮1 with product given by convolution38 with respect to the
multiplicative structure of GHK

m ; for instance, the underlying sheaf can be computed by proper
base change along the cartesian diagram

GHK
m ZHK

p

ZHK
p BGHK

m .

Now, the underlying sheaf of g♮1 is given by O⊕O(1)[1] (where the class of O(1)[1] is constructed
precisely using the map (6.2.5) above); this follows from g♮1 = g!g

!1, Remark 6.2.10, and an explicit
computation of the dualizing sheaf in this case. One can also identify g♮1 with the square zero
extension39 of O by O(1)[1]. Now, we have a natural identification of the cohomology

hHK
∗ O = EndO(1)[1]⊕O(O)

as objects over D(ZHK
p ). Moreover, by Koszul duality, one computes that

EndO(1)[1]⊕O(O) = ⊕n≥0O(−n)[−2n]
and, more precisely, one recovers (6.2.6).

6.3. Cohomological properties of Hyodo–Kato stacks. In this section, we apply the key
suaveness property of the open punctured perfectoid disc of Proposition 5.7.1 to deduce that rigid
smooth morphisms of arc-stacks give rise to cohomologically smooth morphisms of Hyodo–Kato
stacks.

Recall the notions of étale and smooth morphisms of qfd arc-stacks from Definition 5.1.6.

Theorem 6.3.1. Let f : Y → X be a map of qfd arc-stacks over Zp and let fHK : Y HK → XHK

be its associated morphism of Hyodo–Kato stacks.
(1) Suppose that, locally in the arc-topology of X, f is lqfd (see Definition 5.1.3), then fHK is

!-able. Furthermore, if f is proper then fHK is cohomologically proper.
(2) Suppose that f is smooth of pure relative dimension d, then fHK is cohomologically smooth.

More precisely, it is suave and its dualizing sheaf is given by the d-th tensor power of the
Tate twist (Definition 6.2.8). Furthermore, if f is étale, then it is cohomologically étale.

Similar assertions hold for fY
dR

: YdR
Y → YdR

X .

37Moreover, the same argument should generalize to any cohomology theory factoring through Berkovich motives
[Sch24a], working in the symmetric monoidal (∞, 2)-category of kernels of Berkovich motives, studied in ongoing
work of Aoki. We recall, however, also [Sch24a, Corollary 8.2].

38One can even show that g♮1 has a natural structure of animated ring object over D(ZHK
p ) using the animated

group structure of Gm.
39For example, by noticing that Γ(ZHK

p ,O(i)) = 0 for i ̸= 0 so that there are no endomorphisms or extensions
of vector bundles of different slope.
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Proof. We prove the statements for fY
dR

, as the ones for fHK follow from the latter (except for
the calculation of the dualizing complex).

The !-ability is clear thanks to Lemma 5.1.1, Lemma 5.1.2 and Theorem 5.1.7, and properness
follows from Proposition 5.1.4. Any étale map of qfd arc-stacks has open diagonal, namely, this
can be checked locally in the arc-topology of X and in the analytic topology of Y , where it reduces
to the claim on perfectoid spaces which is obvious. Therefore, by definition of cohomologically
étale [HM24, Definition 4.6.1], we only need to show that smooth morphisms are cohomologically
smooth. This property can be checked locally in the arc-topology of X thanks to Theorem 5.6.6
and [HM24, Lemma 4.5.7], and locally in the analytic topology on Y thanks to Theorem 5.1.7,
[HM24, Lemma 4.5.8 (i)]. Therefore, we can assume without loss of generality that X is qfd affinoid
perfectoid over Zp and Y → X is smooth. Moreover, applying Theorem 5.1.7, [HM24, Lemma
4.5.8 (i)] again it suffices to show that YdR

A1
X
→ YdR

X is suave. By taking a base change and a further
analytic cover we can also just reduce to the case of X =Marc(Zp) and Y = Gm,Zp , by further
arc-descent even to the case X =Marc(Zcyc

p ).
Let X =Marc(Zcyc

p ) and Gperf
m,X = lim←−x7→xp

Gm,X be the perfection of the multiplicative group.
One has an equivalence of arc-stacks over Qp

Y⋄
Gperf

m,X

= Y⋄
X ×Marc(Qp) G

perf,⋄
m,Qp

where, if T ♭ is the coordinate of Gperf
m,X , then the coordinate of the multiplicative group of the

right term is the Teichmüller [T ♭]. By Corollary 5.7.3 we deduce that YdR
Gperf

m,X

→ YdR
X is suave. By

construction, the kernel of the map of groups Gperf,⋄
m,X → G⋄

m,X is the arc-stack given by the Tate
module Tpµp∞,X of the arc-stack of p-th powers roots of unit over X. As X contains p-th power
roots of unit, after fixing a compatible system (ζpk)k, we have a map of groups Zp ×X → Tpµ

⋄
p∞ .

Hence, we have a natural map g : Gperf,⋄
m,X /Zp → G⋄

m,X . Passing to YdR
(−) we get a map

(6.3.1) gY
dR

: YdR
Gperf

m,X

/Zsm
p → YdR

Gm,X
.

The left term is suave over YdR
X by the previous discussion and the fact that classifying stacks of

Betti stacks of locally profinite groups are suave in characteristic zero, and the map gY
dR

is also
prim. Therefore, to prove that YdR

Gm,X
is suave over YdR

X it suffices to show that the natural map

1→ gY
dR

∗ 1 is an equivalence. Indeed, by [HM24, Lemma 4.5.16 (i)], gY
dR

∗ 1 is suave over YdR
X .

To prove the claim we can argue via excision along

j :Marc(Qcyc
p ) ⊂Marc(Zcyc

p ) ⊃Marc(Fp) : ι.

The pullback along j of g is already an isomorphism, so there is nothing to show. It is left to prove
the claim after pulling back along ι, in that case the action of Zp in Gperf,⋄

m is trivial, but the map
Gperf,⋄

m,Fp
→ G⋄

m is an isomorphism being the perfectoidization of a scheme in characteristic p. Since
taking smooth Zp-group cohomology is exact in characteristic zero, we deduce that the pullback
along ι of (6.3.1) is an isomorphism, finishing the proof of suaveness.

Finally, the computation of the dualizing sheaf follows from (the proof of) [Zav23, Theorem
5.7.7], recalling that the 6-functor formalism of the de Rham stacks of relative open punctured
curves YdR

(−) satisfies excision (Remark 6.1.11) and has a (strong) theory of first Chern classes
(Lemma 6.2.9). This finishes the proof of the theorem. □

Corollary 6.3.2. Let f : Y → X be a proper smooth morphism of Berkovich spaces over Qp.
Then,

fHK
∗ : D(Y HK)→ D(XHK)

sends perfect modules to perfect modules. Similarly, fY
dR

∗ : D(YdR
Y )→ D(YdR

X ) sends perfect mod-
ules to perfect modules.

Proof. We prove the case of fHK
∗ , the argument for fY

dR

∗ being identical. By Theorem 6.3.1 the
map fHK is suave. We observe that FF⋄

Y → FF⋄
X is proper, as f is proper. Then, Proposition 5.1.4

implies that fHK is cohomologically proper. In particular, fHK
∗ sends fHK-suave objects to suave

objects in D(XHK) ([HM24, Lemma 4.5.16 (ii)]), and since any dualizable object in D(Y HK) is fHK-
suave ([HM24, Corollary 4.5.18 (i)]), one deduces that fHK

∗ sends dualizable objects to dualizable
objects, applying this time [HM24, Corollary 4.5.18 (ii)] to the identity. Then, by Lemma 4.2.11
one deduces that dualizable objects in D(XHK) are perfect modules, proving what we wanted. □
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In future work, we will study an extension of the finiteness result Corollary 6.3.2 above for fHK
∗ ,

in the case f : Y → GSpec(Qp) is the adic compactification of a qcqs rigid analytic variety over
Qp.
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7. The p-adic monodromy theorem

The main goal of this section is to show that the category of vector bundles on QHK
p is equivalent

to Fontaine’s category of (φ,N,GalQp)-modules. Along the way, we give a new proof of the (local) p-
adic monodromy theorem of André, Kedlaya, and Mebkhout, [And02], [Ked04], [Meb02]. Our proof
is “geometric” in flavour, and it does not make reference to the classical theory of p-adic differential
equations, but rather to the theory of arc-sheaves, Banach–Colmez spaces, and properties of the
Hyodo–Kato stacks.

For this whole section, we fix an algebraic closure Qp of Qp, and its completion Cp. Consequently,
we let Fp be the residue field of OCp , and Qun

p ⊆ Qp the maximal unramified extension of Qp. Given
a subextension L ⊆ Qp, we let GalL := Gal(Qp/L) be its Galois group.

7.1. Statement of the p-adic monodromy theorem. In a simplified form, our version of the
p-adic monodromy theorem reads as follows:

For any subextension L ⊆ Qp, the category of vector bundles on LHK is naturally equivalent to
the category of (φ,N,GalL)-modules over Qun

p .
Here, we write LHK :=Marc(L)

HK, and note that it only depends on the uniform completion
of L.

In this subsection, we will outline the contents of the next subsections, and how they will
combine to a proof of (a slightly strengthened form of) the p-adic monodromy theorem.

We will first construct a suitable functor from (φ,N,GalL)-modules over Qun
p to vector bundles

on LHK in Section 7.3. We note that it is easy to define a functor from (φ,GalL)-modules over
Qun

p to vector bundles on LHK. By Galois descent (Theorem 5.6.6), we have LHK ∼= CHK
p /GalsmL ,

and for Cp (or equivalently Qp) we can use the (GalsmQp
-equivariant) morphism

CHK
p → FHK

p
∼= GSpec(Qun

p )/φZ

(using an easy variant of Remark 4.4.11). Clearly, vector bundles on GSpec(Qun
p )/φZ are equivalent

to φ-modules over Qun
p , so that pullback along the previous morphism yields the desired functor.

Hence, the main task in Section 7.3 will be to incorporate the monodromy operator N , and we will
do this by constructing a GalsmQp

-equivariant morphism (later Ψ will be denoted by ΨQp,ϖ
)

Ψ: CHK
p → BFHK

p
V(−1)

with BFHK
p

V(−1) the classifying stack over FHK

p of the (pullback of the) geometric vector bundle
V(−1) associated with the simple isocrystal D−1 = (Qp, pφ) of slope −1 (Definition 7.3.1). In fact,
vector bundles on BFHK

p
V(−1) are naturally equivalent to (φ,N)-modules over Qun

p (Remark 7.3.2).
We are now in a position to state precisely our version of the p-adic monodromy theorem.

Theorem 7.1.1 (p-adic monodromy theorem). The pullback along Ψ: CHK
p → BFHK

p
V(−1) defines

a t-exact equivalence
Ψ∗ : Perf(BFHK

p
V(−1)) ∼−→ Perf(CHK

p ).

In particular, for any L ⊆ Qp the category of vector bundles on LHK is naturally equivalent to the
category of (φ,N,GalL)-modules over Qun

p .

In particular, we see that each vector bundle on CHK
p is a successive extension of vector bundles,

which are pulled back from FHK

p
∼= GSpec(Qun

p )/φZ.
We can generalize this property into the notion of unipotence.

Definition 7.1.2. Let F be a pro-finite étale extension of Fp and let Qp,F be the maximal algebraic
unramified extension of Qp with residue field F. Given X ∈ ArcStkqfdF , we say that a vector bundle
on XHK is unipotent (with respect to F) if it is a successive extension of vector bundles isomorphic
to the pullback of a vector bundle on GSpec(Qp,F)/φ

Z along the map

XHK → FHK = (GSpec(Qp,F)/φ
Z).

Let X ∈ ArcStk. We say that a vector bundle on XHK is quasi-unipotent if there exists a finite
étale covering Y → X such that after pullback to Y HK it becomes unipotent with respect to a
finite extension F of Fp.

For example, Theorem 7.1.1 implies that any vector bundle on QHK
p is quasi-unipotent (see

Corollary 7.5.5 for a more general statement).
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Example 7.1.3. Let λ = r/s be a rational number with s > 0 and r, s coprime integers. We
let Dλ be the simple φ-module over Qp of slope λ, i.e., the φ-module of dimension s over Qp and
Frobenius map

φ =


0 1 · · · 0
...

...
. . .

...
0 0 · · · 1
pr 0 · · · 0

 .

We can pullback the simple isocrystal D−λ (seen as a vector bundle on GSpec(Qp)/φ
Z) to a

unipotent vector bundle O(λ) on XHK. In particular, we note that unipotence in Definition 7.1.2
does not mean that there exists a finite filtration by the unit on XHK. For later relevance, we note
that we will usually abuse notation and denote by O(λ) as well the pullback to FFX (if X is, say,
perfectoid). Similarly, we will denote by Dλ as well the pullback of Dλ to GSpec(Qun

p )/φZ.

Remark 7.1.4. Before sketching our proof of Theorem 7.1.1 further, we note that from it (or
rather, from its variant replacing Cp by Qcyc

p , that we will also show below) one can deduce
the classical statement of the local p-adic monodromy theorem for p-adic differential equations
over the Robba ring, asserting that any (φ, ∂)-module over the Robba ring is quasi-unipotent
([Ked04, Theorem 1.1]). Indeed, it is well-known that the latter can be reformulated as saying
that the category of (φ, ∂)-modules over the (cyclotomic) Robba ring is equivalent to the category
of (φ,N,GalQcyc

p
)-modules (see e.g.[Col03, §0.2.3]40). Moreover, we will show in Corollary 7.2.10

below that the category of vector bundles on Qcyc,HK
p is equivalent to the category of (φ, ∂)-modules

over the Robba ring.41

We recall that in Kedlaya’s proof of the p-adic monodromy theorem, one needs two main in-
gredients. The first ingredient is the fact that (φ, ∂)-modules over the Robba ring admit slope
decompositions with semi-stable graded pieces ([Ked04, Theorem 1.2]). The second ingredient is
the theorem of Tsuzuki [Tsu98, Theorem 3.4.10] implying that semi-stable (φ, ∂)-modules over the
Robba ring are quasi-unipotent. Our proof for essential surjectivity of Ψ∗ in Theorem 7.1.1, i.e.,
Theorem 7.5.3, also makes use of an analogue of the first ingredient, in the form of the classification
of vector bundles on the Fargues–Fontaine curve (of which Kedlaya’s slope theory is an antecedent).
But we completely reprove Tsuzuki’s theorem by geometric means, avoiding any deeper theory of
p-adic differential equations.

Our proof of the fully faithfulness of Ψ∗ in Section 7.4 uses all the geometric theory of analytic de
Rham stacks that we have developed before, and applies it to variants of the morphism Ψ: CHK

p →
BFHK

p
V(−1). More precisely, using rather formal approximation and descent arguments, we reduce

fully faithfulness of Ψ∗ (on perfect modules) to fully faithfulness of Ψ∗
L, where

ΨL : L
HK → BV(−1)×GSpec(Qp)/φZ GSpec(Qun

p )/(φZ ×GalsmL )

is a variant of Ψ for a finite extension L of Qp(p
1/p∞

)Qun
p of Qp. After a further twist, we can make

the geometry of LHK, which is a quotient by Frobenius of a punctured pre-perfectoid open unit disc,
and ΨL reasonably explicit, so that we can check fully faithfulness of Ψ∗

L by an explicit calculation
(Proposition 7.4.6). A critical ingredient is here the suaveness result in Proposition 5.7.1.

7.2. Relation with the Robba ring. We briefly deviate from the proof of our version of the
p-adic monodromy theorem in order to compare our theory with the more classical theory over the
Robba ring (as anticipated in Remark 7.1.4). The reader interested in the proof of Theorem 7.1.1
can jump directly to next subsection. Moreover, we note that the main result of this subsection,
Corollary 7.2.10, is essentially a well-known spreading out/approximation argument (whose details
are unfortunately a bit tedious to present).

Definition 7.2.1. Let ZpJXK be the power series ring over Zp. The rigid generic fiber of Spf(ZpJXK)
is the punctured open unit disc D̊Qp

(seen, e.g., as a qfd Gelfand stack). For 0 < r < s < 1 consider
the affinoid overconvergent annulus

D[r,s] ⊂ D̊Qp

of closed internal radius r and closed external radius s. We also consider the locally closed over-
convergent annulus

D[r,1) ⊂ D̊Qp

40A small typo in loc.cit.: a Frobenius is missing one side, when stating the equivalence.
41Alternatively, one can check that the notion of quasi-unipotence in Definition 7.1.2 matches the notion of

quasi-unipotence in [Ked04], under the equivalence in Corollary 7.2.10.
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of closed internal radius r and open external radius 1. The Robba ring is defined as the ring of
overconvergent functions in the boundary of D̊Qp

:

(7.2.1) R = lim−→
r→1

O(D[r,1)) = lim−→
r→1

lim←−
r<s<1

O(D[r,s]).

In classical p-adic Hodge theory, one is interested in φ-modules over the Robba ring R. There
are, however, different choices of φ, serving different purposes. To package all of them together,
we make the following definition:

Definition 7.2.2. We define a δ-structure on the Robba ring R to be a δ-structure on ZpJXK, or
equivalently, a lift of Frobenius φ on ZpJXK. We call the pair (R, φ) a Robba ring with δ-structure.

Example 7.2.3. There are two main important examples in p-adic Hodge theory:
(1) The cyclotomic Robba ring with Frobenius φ(X) = (1 +X)p − 1, that is, φ is the multi-

plication by p on the multiplicative formal group law on ZpJXK.
(2) The Kummer Robba ring with Frobenius φ(X) = Xp.

The following lemma takes care of the dynamical properties of such a Frobenius lift.

Lemma 7.2.4. Let p−1 = |p| < r < s < 1, and let φ be a δ-structure on the Robba ring. The
following hold:

(1) φ restricts to an endomorphism of D̊Qp
.

(2) The morphism φ has the following dynamical properties on annuli:

φ : D[r1/p,s1/p] → D[r,s]

and
φ : D[r1/p,1) → D[r,1).

(3) The morphism φ restricts to an endomorphism of the Robba ring R.

Proof. The Frobenius lift φ is determined by a power series with Zp-coefficients φ(X) such that
φ ≡ Xp mod pZpJXK. In particular, if |X| < 1 then |φ(X)| < 1 and so φ restricts to an
endomorphism of D̊Qp

proving (1). To prove (2), notice that if p−1 = |p| < r and |X| ≥ r1/p then
|φ(X)| ≥ r thanks to the ultrametric property and |φ(X) − Xp| ≤ |p| (in fact, |φ(X)| = |X|p,
which shows that φ−1(D[r,s]) = D[r1/p,s1/p]). Similarly, |X| ≤ s1/p will imply |φ(X)| ≤ s. Finally,
part (3) follows from (2) and the presentation of the Robba ring in (7.2.1). □

Before giving examples of δ-structure on Robba rings, let us discuss the relation with decom-
pletions of the punctured pre-perfectoid open disc over Qp.

Lemma 7.2.5. Let φ be a δ-structure on the Robba ring, and consider the Berkovich space

D̊φ−perf
Qp

= lim←−
φ

D̊Qp
.

The following hold:
(1) The perfectoidization of D̊φ−perf

Qp
is naturally isomorphic to the pre-perfectoid open unit disc

D̊perf,⋄
Qp

with a variable T satisfying T ≡ X mod p, that is the locus |T | < 1 of the arc-stack
Marc(ZpJT 1/p∞

K). Under this identification, the Frobenius in D̊φ−perf
Qp

is identified with the
Frobenius φ(T ) = T p.

(2) The underlying topological space |D̊φ−perf
Qp

| = |D̊perf,⋄
Qp

| has a unique φ-fixed point 0.
(3) For p−1 = |p| < r we have an equality of rational subspaces of |D̊φ−perf

Qp
|:

{|T | ≥ r} = {|X| ≥ r} and {|T | ≤ r} = {|X| ≤ r}.

Proof. Let A be the completion of lim−→φ
ZpJXK for the p-adic topology, it is a perfect p-complete

δ-ring whose special fiber is isomorphic to lim−→n
FpJX1/p∞

K. Thus, taking T = [X] to be the
Teichmüller lift of X ∈ FpJXK, we have that A is the p-completion of the colimit lim−→n

ZpJT 1/pn

K.
Passing to arc-stacks, inverting p, and taking the locus {|X| < 1} = {|T | < 1} we get point (1).
For point (2), by construction the Frobenius φ acts on the variable T by φ(T ) = T p, therefore
|φ(T )|x = |T |px for all x ∈ |D̊perf,⋄

Qp
|. Thus, φ acts totally discontinuously on the locus {|T | ≠ 0},

and its unique fixed point is T = 0. Finally, part (3) follows from the fact that T ≡ X mod p in
A. □

Definition 7.2.6. Let (R, φ) be a Robba ring with δ-structure. We define the following notions
of φ-equivariant vector bundles:
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(1) Let p−1 = |p| < r < 1, a φ-equivariant vector bundle on D[r,1) is a vector bundle on the
coequalizer qfd Gelfand stack

coeq(D[r1/p,1)

ι1
⇒
φ

D[r,1))

where ι1 is the inclusion D[r1/p,1) ⊂ D[r,1), and φ is the Frobenius φ : D[r1/p,1) → D[r,1). We
let VB(D[r,1))

φ denote the category of φ-equivariant vector bundles on D[r,1).
(2) Let p−1 = |p| < r < 1, a φ-equivariant vector bundle on D[r,r1/p] is a vector bundle on the

coequalizer stack

coeq(D[r1/p,r1/p]

ι1
⇒
ι2◦φ

D[r,r1/p])

where ι1 is the inclusion D[r1/p,r1/p] ⊂ D[r,r1/p], φ is the Frobenius φ : D[r1/p,r1/p] → D[r,r]

and ι2 is the inclusion D[r,r] ⊂ D[r,r1/p]. We let VB(D[r,r1/p])
φ denote the category of

φ-equivariant vector bundles on D[r,r1/p].
(3) A φ-equivariant vector bundle on R is a finite projective R-module M together with a

φ-semilinear Frobenius endomorphism F : M →M such that its linearization

M ⊗R,φ R →M

is an isomorphism. We let VB(R)φ denote the category of φ-equivariant vector bundles
over R.

Remark 7.2.7. Let us mention concretely what φ-equivariant vector bundles are in the cases (1)
and (2) of Definition 7.2.6. For (2), a φ-equivariant vector bundle on D[r,1) is the datum of a vector
bundle V on D[r,1), together with an isomorphism

α : φ∗V ∼= VD
[r1/p,1)

of vector bundles on D[r1/p,1). Similarly, a φ-equivariant vector bundle on D[r,r1/p] is the datum of
a vector bundle V on D[r,r1/p] together with an isomorphism

α : φ∗V |D
[r1/p,r1/p]

∼= V |D
[r1/p,r1/p]

of vector bundles on D[r1/p,r1/p].

Proposition 7.2.8. Let (R, φ) be a Robba ring with δ-structure. There are natural equivalences
of categories of φ-equivariant vector bundles

VB

((
D̊φ−perf

Qp
\0
)
/φZ

)
∼= lim−→

n,φ

VB(D[r1/pn ,r1/pn+1 ])
φ ∼= lim−→

n,φ

VB(D[r1/pn ,1))
φ ∼= VB(Rperf)φ ∼= VB(R)φ,

where Rperf is the perfection of the Robba ring, and VB(Rperf)φ is the category of φ-equivariant
vector bundles on Rperf , and the transition maps in the colimits are given by pullbacks along the
Frobenius φ.

Proof. We construct the equivalences from left to right. Let p−1 = |p| < r < 1, and consider the
decompleted perfect annulus Dφ−perf

[r,r1/p] = lim←−n,φ
D[r1/pn ,r1/pn+1 ] given by the loci of D̊φ−perf

Qp
where

r ≤ |X| ≤ r1/p (and where the transition maps in the limit are given by Frobenius). Define a
φ-equivariant vector bundle on Dφ−perf

[r,r1/p] as in Definition 7.2.6 (2), that is, a vector bundle in the
stacky coequalizer

coeq(Dφ−perf

[r1/p,r1/p]

ι1
⇒
ι2◦φ

Dφ−perf

[r,r1/p]).

Let VB(Dφ−perf

[r,r1/p])
φ denote the category of φ-equivariant vector bundles on Dφ−perf

[r,r1/p].
Step 1. We construct first a natural equivalence

VB

((
D̊φ−perf

Qp
\0
)
/φZ

)
∼= VB(Dφ−perf

[r,r1/p])
φ.

As one might expect, this is nothing but a spreading out argument. Indeed, the two compositions

Dφ−perf

[r1/p,r1/p]

ι1
⇒
ι2◦φ

Dφ−perf

[r,r1/p] →
(
D̊φ−perf

Qp
\0
)
/φZ

are identified, and so we have a morphism of stacks

coeq(Dφ−perf

[r1/p,r1/p]

ι1
⇒
ι2◦φ

Dφ−perf

[r,r1/p])→
(
D̊φ−perf

Qp
\0
)
/φZ.
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Taking pullbacks this produces a symmetric monoidal functor

(7.2.2) VB(
(
D̊φ−perf

Qp
\0
)
/φZ)→ VB(Dφ−perf

[r,r1/p])
φ.

Concretely, given a vector bundle V on
(
D̊φ−perf

Qp
\0
)
/φZ, its restriction to D̊φ−perf

Qp
\0 is a φ-

equivariant vector bundle, i.e., a vector bundle V together with an isomorphism φ∗V ∼= V . This
restricts to the datum of an object in VB(Dφ−perf

[r,r1/p])
φ by Remark 7.2.7. The equivalence of (7.2.2)

follows from Lemma 7.2.9.
Step 2. By definition, we have an equivalence of categories

VB(Dφ−perf

[r,r1/p])
φ = eq

(
VB(Dφ−perf

[r,r1/p])
ι∗1
⇒

(ι2◦φ)∗
Dφ−perf

[r1/p,r1/p]

)
.

Since the annulus Dφ−perf

[r,s] is affinoid and equal to lim←−n,φ
D[r1/pn ,s1/pn ], we have

VB(Dφ−perf

[r,s] ) = lim−→
n,φ∗

VB(D[r1/pn ,s1/pn ])

as categories (we note that on rings the filtered colimits is uncompleted). Thus, as equalizers
commute with filtered colimits, we find that

VB(Dφ−perf

[r,r1/p])
φ = lim−→

n,φ∗
VB(D[r1/pn ,r1/pn+1 ])

φ.

Step 3. We claim that the pullback along the map of coequalizers

coeq(D[r1/p,r1/p] ⇒ D[r,r1/p])→ coeq(D[r1/p,1) ⇒ D[r,1))

gives rise to an equivalence of vector bundles

VB(D[r1/pn ,r1/pn+1 ])
φ ∼= VB(D[r1/pn ,1))

φ.

Indeed, an inverse of the pullback is constructed by taking a φ-equivariant vector bundle V on
D[r,r1/p] and send it to the φ-equivariant vector bundle Ṽ on D[r,1) constructed as follows:

• The restriction of Ṽ to D[r1/pn ,r1/pn+1 ] is φn,∗V where φn : D[r1/pn ,r1/pn+1 ] → D[r,r1/p] , and
the descent datum along the intersections D[r1/pn ,r1/pn+1 ]∩D[r1/pn+1 ,r1/pn+2 ] = D[r1/pn+1 ,r1/pn+1 ]

is given by the φn,∗-pullback of the isomorphism φ∗V ∼= V on D[r1/p,r1/p].
• The φ-structure on Ṽ is obtained via the isomorphisms

φ∗Ṽ |[r1/pn+1 ,r1/pn+2 ] = φ∗(φn,∗V ) = φn+1,∗V ∼= Ṽ |[r1/pn+1 ,r1/pn+2 ].

Passing to the colimit along Frobenius pullbacks we get

lim−→
n,φ∗

VB(D[r1/pn ,r1/pn+1 ])
φ ∼= lim−→

n,φ∗
VB(D[r1/pn ,1))

φ.

Step 4. Let 0 < r′ < r < 1, the space D(r′,1) is Stein and by [KL16, Corollary 2.6.8 and Proposition
2.6.13] there is a ⊗-equivalence of categories of vector bundles

VB(D(r′,1)) ∼= VB(O(D(r′,1)))

obtained by passing to global sections and localizing on the Stein space. Taking colimits as r′ → r,
we get an equivalence of categories of vector bundles

VB(D[r,1)) ∼= VB(O(D[r,1))).

Passing to Frobenius equivariant objects, and taking limits along Frobenius, we get isomorphisms

lim−→
n,φ∗

VB(D[r1/pn ,1))
φ ∼= VB(lim−→

φ

O(D[r1/pn ,1)))
φ.

Taking colimits as r → 1, and noticing that the restriction maps on the left term are isomorphisms
for r < r′ < 1 by Lemma 7.2.9, we deduce that

lim−→
n,φ∗

VB(D[r1/pn ,1))
φ ∼= VB(lim−→

r→1

lim−→
φ

O(D[r1/pn ,1)))
φ = VB(Rperf)φ.

Step 5. Finally, we have a base change functor VB(R)φ → VB(Rperf)φ of φ-equivariant modules.
We claim that it is an equivalence. Indeed, since Rperf = lim−→φ

R we have an equivalence of
φ-equivariant vector bundles

VB(Rperf)φ = lim−→
φ

VB(R)φ,
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where transition maps are given by pullback along Frobenius. But by definition of φ-equivariant
module, the pullback map φ∗ : VB(R)φ → VB(R)φ is an equivalence of categories. The claim
follows. □

The following spreading out argument was used in the proof of Proposition 7.2.8.

Lemma 7.2.9 (Spreading out argument). Let X be a Gelfand stack with an endomorphism
φ : X → X. Suppose that X admits a “radius” map r : X → (0, 1)Betti such that φ is equivariant
with rising to the p, that is, such that we have a commutative diagram of analytic stacks

X X

(0, 1)Betti (0, 1)Betti.

φ

r r

x7→xp

For I ⊂ (0, 1) an interval let us write XI = X ×(0,1)Betti
IBetti. Suppose that φ is an isomorphism

on X. Then the natural maps of stacks

(7.2.3) coeq(X[r1/p,r1/p]

ι1
⇒
ι2◦φ

X[r,r1/p])→ coeq(X[r1/p,1)

j

⇒
φ
X[r,1))→ X/φZ

are equivalences.

Proof. Set S1 = (0, 1)/{x 7→ xp} be the circle obtained by taking the quotient of (0, 1) along the
p-th power map. Then, we have the following isomorphisms of locally compact Hausdorff spaces

S1 = coeq(∗
r1/p

⇒
r

[r, r1/p]) = coeq([r1/p, 1)
j

⇒
x 7→xp

[r, 1))

which pass to coequalizers at the level of Betti stacks. Taking pullbacks along the quotient of
the radius morphism r : X/φZ → S1

Betti, and since colimits are universal in an ∞-topoi (i.e., they
commute with pullbacks), we deduce the equivalences of stacks (7.2.3). □

Corollary 7.2.10. The category of vector bundles on Marc(Fp((π
1/p∞

)))HK is equivalent to the
category of (φ, ∂)-modules over any Robba ring with δ-structure as in Definition 7.2.2.

Proof. This follows from Proposition 7.2.8 and Lemma 6.2.1 (which describesMarc(Fp((π
1/p∞

)))HK

as the analytic de Rham stack of
(
D̊φ−perf

Qp
\0
)
/φZ) noticing that vector bundles on the analytic de

Rham stack are identified with vector bundles with flat connection, i.e., ∂-modules. □

7.3. Construction of the p-adic monodromy functor. We begin by defining for each L ⊆ Qp

a Gelfand stack geometrizing Fontaine’s category of (φ,N,GalL)-modules over Qun
p . We recall

from Example 7.1.3 that for each λ ∈ Qp we have the φ-module Dλ over Qun
p of slope λ, seen as

vector bundle on GSpec(Qun
p )/φZ.

Definition 7.3.1. Let L ⊆ Qp be an extension of Qp.
(1) Given λ ∈ Q we let V(λ) be the geometric vector bundle over GSpec(Qp)/φ

Z defined by
Dλ. Equivalently, it is the Gelfand stack over GSpec(Qp)/φ

Z given by the relative analytic
spectrum of the algebra SymGSpec(Qp)/φZ(D−λ) over GSpec(Qp)/φ

Z.
(2) We set

FtL := BV(−1)×GSpec(Qp)/φZ GSpec(Qun
p )/(φZ ×GalsmL )

and call it Fontaine’s gerbe attached to L. Here, GalsmL acts on Qun
p naturally and this

action commutes with φ (the notation (−)sm refers to the discussion after Example 5.6.8).

Clearly, the stacks in Definition 7.3.1 admit obvious qfd variants, and we will use the same
notation for these qfd versions. We note that the Gelfand stack represented by the symmetric
algebra SymGSpec(Qp)/φZ(D−1) is a relative analytic vector bundle, i.e., !-locally on the target
isomorphic to the projection A1,an

Qp
→ GSpec(Qp).

Remark 7.3.2. We note that the datum of a vector bundle on GSpec(Qun
p )/(φZ ×GalsmL ) is the

same as the datum of a (φ,GalL)-module over Qun
p , where φ is a Qun

p -semilinear operator, and the
action of GalL is smooth (and commutes with the φ-action). Thus, a vector bundle on Fontaine’s
gerbe FtL is the datum of a Fontaine’s (φ,N,GalL)-module over Qun

p , where N is a nilpotent
(φ,GalL)-equivariant map

(7.3.1) N : V → V (−1) := V ⊗Qp
D1.

This follows, for example, from the Cartier duality for analytic vector bundles over Qp as discussed
in [RC24a, Section 4.3.2]. We note that after fixing a basis vector e of D1 with φ(e) = pe, (7.3.1)
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is the same datum as an endomorphism N : V → V which is GalL-equivariant and such that
Nφ = pφN .

Now, we want to construct for any L ⊆ Qp a map of stacks (natural in L)

(7.3.2) ΨL,ϖ : LHK → FtL

that will depend on the choice of a pseudo-uniformizer ϖ ∈ Qp. Theorem 7.1.1 will then be the
statement that the pullback functor Ψ∗

L,ϖ induces an equivalence on perfect modules. We note
that LHK ∼= CHK

p /GalsmL , and similarly FtL ∼= FtQp
/GalsmL , and hence it suffices to construct a

Galois equivariant map ΨQp,ϖ
.

We first note, as already mentioned, that the natural map Fp → C♭
p induces a Galois-equivariant

map

CHK
p → FHK

p
∼= GSpec(Qun

p )/φZ.

Thus, in order to construct a map as in (7.3.2) for K = Qp, we need to construct a (GalsmQp
-

equivariant) extension

(7.3.3) 0→ O → Eϖ → O(−1)→ 0

of vector bundles on CHK
p . Indeed, the stack FtQp

, as a Gelfand stack over GSpec(Qun
p )/φZ,

classifies vector bundle extensions 0 → V(−1) → E → V(0) → 0, or equivalently extensions
0→ V(0)→ E∨ → V(1)→ 0. Now, we use that D1 pulls back to O(−1) on CHK

p .
Luckily, there exists an interesting extension of O(−1) by O, and this extension is (essentially)

unique.

Lemma 7.3.3. Let L ⊆ Qp. Then

Hi(LHK,O(j)) ∼=


Qp, i = j = 0

Qp, i = 1, j = 1

0, otherwise.

Proof. We first assume that L̂ is perfectoid and L̂♭ ∼= Fq((π
1/p∞

)) for some q = pf . Using
Lemma 6.2.1(1), we see that

YdR
L
∼= ( lim←−

x 7→xp

D̊×
Q

pf
)dR,

where Qpf is the unramified extension of Qp of degree f . In particular, we can calculate

Hi(YdR
L ,O) ∼=


Qpf , i = 0

Qpf
dx
x , i = 1

0, i ≥ 2,

where x = [π] is the chosen coordinate of D̊×
Q

pf
. Thus, as φ-modules over Qpf we get D0 ⊗Qp

Qpf

in degree 0 and D1 ⊗Qp
Qpf in degree 1.

From here, it is easy to calculate the cohomology Hi(LHK,O(j)) as the cohomology of the
derived φ-invariants of RΓ(YdR

L ,O) ⊗Qp
D−j . Namely, one can observe that there are no non-

trivial Ext-groups between φ-modules of different slopes. The result is

Hi(LHK,O(j)) ∼=


Qp, i = j = 0

Qp, i = 1, j = 1

0, otherwise

as desired. The case for a general field L with L̂ perfectoid follows now (using the approximation
arguments in Lemma 7.4.2) by passing to the colimit of subfields L′ as before (noting that for a
finite extension L′ ⊆ L′′ the pullback morphism H∗(YdR

L′ ,O) → H∗(YdR
L′′ ,O) is an isomorphism,

e.g., by the existence of norm maps). To pass to all L ⊆ Qp, we can argue via descent from Qp.
We have to see therefore that the non-zero classes in Hi(CHK

p ,O(j)) are invariant under GalQp
. In

degree 0 this is clear, and in degree 1 one can verify this by a calculation (namely, the class dx
x is

invariant under multiplication). Alternatively, Construction 7.3.6 below yields a Galois equivariant
section of H1(CHK

p ,O(1)). This finishes the proof. □

We proceed by constructing an explicit non-split extension as in (7.3.3). For this, we need the
following lemma:
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Lemma 7.3.4. Let ϖ ∈ Qp be a pseudo-uniformizer. Let us fix a sequence ϖ♭ = (ϖ1/pn

)n of p-th
roots of ϖ in Cp. Consider the map of qfd arc stacks over Qp

Φϖ♭ : Y⋄
C♭

p
→ D̊×,⋄

induced by the topologically nilpotent unit [ϖ♭] on YCp
. Then for all σ ∈ GalQp

and u ∈ 1 + pZp

the composite maps

Y⋄
C♭

p

Φ
σ((uϖ)♭)−−−−−−→ D̊×,⋄ → D̊×,⋄/(1 + D̊⋄)

are equal, and they factor through a map

Φϖ : Y⋄
Q⋄

p
→ D̊×,⋄/(1 + D̊⋄)

only depending on the class ϖ ∈ pZp/(1+ pZp). Furthermore, this map is φ-equivariant where the
action on the RHS is given by sending the coordinate x to xp. Passing to de Rham stacks, we get
a φ-equivariant map

ΦdR
ϖ : YdR

Q⋄
p
→ (D̊×/(1 + D̊))dR = D̊×/(1 + D̊).

Proof. Let us first notice that D̊×/(1+ D̊) is isomorphic to its de Rham stack (cf. Remark 7.3.5 for
a more general statement). Indeed, using Theorem 5.6.6 this follows from the fact that G†

m ⊂ 1+D̊
and that D̊×,dR = D̊×/G†

m as D̊× is an open G†
m-stable subspace of Gan

m .
Consider then the map

Y⋄
Cp

Φ
ϖ♭−−−→ D̊×,⋄ → D̊×,⋄/(1 + D̊⋄).

It is clear that the composite identifies Φϖ♭ and Φ(uϖ)♭ for u ∈ 1 + pZp. We want to show that it
is GalQp -equivariant. For this, consider the action map

m : GalQp × Y⋄
C♭

p
→ Y⋄

C♭
p
.

We want to see that the maps [ϖ♭]◦m and [ϖ♭]◦pr2 are equal. Let S = Spa(R) be a qfd perfectoid
affinoid space over Qp with a map f : S → GalQp × Y⋄

C♭
p

over Qp. This is equivalent to a map of
rings

g : Ainf(OCp
)→ R,

which maps p and [ϖ♭] to pseudo-uniformizers of R, and a map C(GalQp
,Qp)→ R. Together these

maps give rise to a map
h : C(GalQp ,Ainf(OCp))→ R.

(as the LHS is the tensor product of C(GalQp ,Qp) with Ainf(OCp) over Zp). The composite of f
with [ϖ♭] ◦ pr2 is induced by the pseudo-uniformizer g([ϖ♭]) ∈ R. On the other hand, the map
[ϖ♭]◦m◦f arises from the pseudo-uniformizer f(Orb([ϖ♭])) where Orb([ϖ♭]) ∈ C(GalQp ,Ainf(OCp))

is the orbit σ 7→ σ([ϖ♭]) of [ϖ♭]. We know that for σ ∈ GalQp

σ([ϖ♭])/[ϖ♭] ≡ 1 mod (p, [p♭]1/(p−1))

as σ acts on ϖ1/pn

by multiplication by a pn-th root of unit (with p♭ = (p1/p
n

)n). Therefore, the
quotient

f(Orb([ϖ]♭))/g([ϖ]♭)

lands in the locus 1 + (p, g([p♭]1/(p−1)))R≤1 ⊂ 1 + R<1. This implies that the two maps [ϖ♭] ◦m
and [ϖ♭] ◦ pr2 from GalQp × Y⋄

C♭
p

to (D̊×,⋄/(1 + D̊⋄)) are the same proving what we wanted. □

Remark 7.3.5. The de Rham stacks of quotients like D̊×/(1+ D̊) can be analyzed more generally:
let X = U/D be a quotient with U ⊆ An

Qp
open, and D ⊆ An

Qp
an open unit disc acting on U by

translations seen as a qfd arc-stack (or more generally a finitary qfd arc-sheaf, i.e., a qfd analog
of [Sch24a, Definition 4.22], [Ger24, Proposition 3.12]). Then XdR ∼= U/D with now U,D seen as
qfd Gelfand stacks. Indeed, this follows from Theorem 5.6.6 and the fact that U ×GSpec(Qp) D →
U ×GSpec(Qp) U is étale. We note that X is quasi-finitary in the sense of Remark 4.8.7, and hence
we can deduce from Remark 4.8.7 that the same holds for the big de Rham stack XDR ∼= U/D
(now U,D are seen as Gelfand stacks).

We are ready to exhibit the key construction of an extension as in (7.3.3).
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Construction 7.3.6. Let x be the coordinate of X ′ := D̊×
Qp

, and let E ′ be given by the rank 2-
vector bundle OX′ ·1⊕OX′ ·ℓx.42 Then we equip E ′ with the following 1+ D̊-equivariant structure:
given R a Gelfand ring with map f : GSpecR → X ′ = D̊×

Qp
, the action of 1 + R<1 on f∗E ′ given

by the trivial action on the basis element 1 and by sending ℓx to

ℓrx := ℓx + log r · 1
for r ∈ 1+R<1, where log(r) arises from the logarithm homomorphism log : 1+D̊→ D̊. In addition,
by defining φ(ℓx) = ℓxp = pℓx we can make E a φ-equivariant vector bundle on X = D̊×/(1 + D̊),
where φ is the operator sending x to xp.

Note that we have a natural extension of the φ-equivariant vector bundles on X

0→ OX · 1→ E → OX(−1)→ 0,

where OX(−1) = OX · ℓx, and φOX(−1) = pφOX
. The bundle E ′ is then endowed with a 1 + D̊-

equivariant connection obtained by the derivation of 1 + D̊ on E . Concretely, this connection ∇ is
trivial on 1 and sends

∇(ℓx) =
dx

x
.

Let ϖ ∈ Qp be a pseudo-uniformizer. By taking the pullback along the map Φϖ : YdR
Q⋄

p
→ X

from Lemma 7.3.4 we get a φ-equivariant vector bundle on YdR
Q⋄

p
which descends to an extension

(7.3.4) 0→ O → Eϖ → O(−1)→ 0

of vector bundles on QHK
p . As already remarked, this extension is classified by a map of stacks

ΨQp,ϖ : QHK
p → FtQp .

Pullback along FtL → FtQp defines the desired map ΨL,ϖ : LHK → FtL for any L ⊆ Qp.

Next, we note that the isomorphism class of the extension of vector bundles (7.3.4) can be also
realized as the first Hyodo–Kato cohomology of a Tate elliptic curve. More precisely:

Lemma 7.3.7. Let ϖ ∈ Qp be a pseudo-uniformizer. Let f : Xϖ = G⋄
m,Qp

/ϖZ → Marc(Qp) be
Tate’s elliptic curve over Qp, seen as a qfd arc-stack (here, Gm,Qp = Gan

m,Qp
). We have a natural

isomorphism
(fHK)∗O ∼= O ⊕ E−ϖ [−1]⊕O(−1)[−2]

of perfect modules over QHK
p , where E−ϖ identifies with the opposite of the extension (7.3.4).

Proof. Let q be the coordinate of the open punctured unit disc Y ′ = D̊×. The idea of the proof is
to compare the Hyodo–Kato cohomology of Xϖ with the de Rham cohomology of the Tate curve
Eq = (Gm×Qp

Y ′)/qZ over Y ′ and explicitly compute this last one. To compare these cohomologies,
consider the qfd arc stack

Y⋄
Gm,Qp

= G⋄
m,Qp

×Marc(Fp)Marc(Qp)

sending a qfd perfectoid ring A over Fp to a tuple (A♯
1, A

♯
2, a) with A♯

i untilts of A, and a ∈ A♯,×
1 a

unit of the first untilt. We have a morphism of arc-stacks over Marc(Qp)

α : Y⋄
Gm,Qp

→ G⋄
m,Qp

/(1 + D̊⋄)

whose values at a qfd perfectoid A over Fp sends a tuple (A♯
1, A

♯
2, a) to the tuple (A♯

2, θ2([a
♭])), where

a♭ = (a1/p
n

)n is a compatible sequence of p-th power roots of a in A♯
1 (that we can guarantee locally

in the arc-topology of A), and θ2 : Ainf(A)→ A♯
2 is Fontaine’s map with respect to the second untilt

A♯
2 of A. We note that any two choices a♭ and a♭,

′
of systems of compatible p-th power roots of a

satisfy that a♭

(a′)♭
is of norm < 1 (namely, on geometric points it consists of compatible sequences

of p-th power roots of 1), and so the map θ2([a
♭]) is well defined up to an element of 1 + D̊(A♯

2).
We also see from the definition that α is a morphism of abelian groups.

Thus, we have a morphism of arc-stacks

(7.3.5) β : Y⋄
Gm,Qp

→ G⋄
m,Qp

/(1 + D̊⋄)×Marc(Qp) Y
⋄
Qp
.

Claim. Let f : Y⋄
Gm,Qp

→ Y⋄
Qp

and g : G⋄
m,Qp

/(1 + D̊⋄) ×Marc(Qp) Y⋄
Qp
→ Y⋄

Qp
be the natural

morphisms. Then the natural map of de Rham cohomologies

(7.3.6) gdR∗ 1→ fdR∗ 1

is an isomorphism in D(YdR
Qp

).

42ℓx is a formal basis vector, but should be thought of as log x.
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Proof. We have a correspondence of arc-stacks over Y⋄
Qp

(7.3.7)

Y⋄
Gperf

m,Qp

∼= Gperf,⋄
m,Qp

×Marc(Qp) Y⋄
Qp

G⋄
m,Qp

/(1 + D̊⋄)×Marc(Qp) Y⋄
Qp

Y⋄
Gm,Qp

β′

where Gperf,⋄
m,Qp

is the inverse limit of multiplication by p on Gm,Qp , the vertical map is the natu-
ral map arising from Gperf,⋄

m,Qp
→ G⋄

m,Qp
after applying the functor Y(−), and the horizontal map

arises from the natural projection map Gperf,⋄
m,Qp

→ G⋄
m,Qp

/(1 + D̊⋄) (induced by choosing a p-power
compatible system of a coordinate on Gm,Qp

). Thanks to Lemma 6.2.5 and Remark 6.2.6, the
horizontal and vertical maps in (7.3.7) induce an isomorphism on de Rham cohomology over YdR

Qp
,

thus proving the claim. □

Fix a pseudo-uniformizer ϖ ∈ Qp, let Y = D̊×/(1 + D̊) and consider the map of arc-stacks
Φϖ,Qp : Y⋄

Qp
→ Y ⋄ = D̊×,⋄/(1 + D̊⋄) from Lemma 7.3.4.

We note that after fixing ϖ♭ the automorphism σ of multiplication by ϖ on Gm,Qp
lifts to

the automorphism σ′ by multiplication by ϖ♭ on Gperf
m,Qp

. Now, the morphism (Id × Φϖ,Qp
) ◦ β′

is equivariant for the automorphism on Y⋄
Gperf

m,Qp

induced by σ′ and the automorphism induced

by (x, q) 7→ (qx, q) on Gm,Qp
× D̊×. Indeed, unraveling the constructions this amounts to the

observation that x is mapped to [T ♭] for a coordinate T on Gm,Qp
(with a choice of pn-th roots),

q is mapped to [ϖ♭] and σ′([T ♭]) = [ϖ♭][T ♭].
Thus, we have a commutative diagram of morphism of stacks

(7.3.8)

Y⋄
Gm,Qp/ϖ

Z G⋄
m,Qp

/(1 + D̊⋄)[ϖ♭]Z ×Marc(Qp) Y⋄
Qp

G⋄
m,Qp

/(1 + D̊⋄)qZ ×Marc(Qp) Y
⋄

Y⋄
Qp

Y ⋄

where the square is a pullback square. We deduce from the claim (7.3.6) and the previous compu-
tation that the relative de Rham cohomology of g̃ : G⋄

m,Qp
/(1 + D̊⋄)[ϖ♭]Z ×Marc(Qp) Y⋄

Qp
→ Y⋄

Qp
is

equivalent to the Hyodo–Kato cohomology of the Tate curve, after modding out by the Frobenius.
It is left to compute g̃dR∗ 1. Thanks to the pullback square of (7.3.8), it suffices to compute this
cohomology over Y = D̊×/(1 + D̊). Furthermore, since the open disc is contractible for the de
Rham cohomology, pullback along D̊×,dR → D̊×/(1 + D̊) is fully faithful, and thus it suffices to
compute the relative de Rham cohomology of G⋄

m,Qp
/(1+ D̊⋄)qZ×Qp D̊×,dR → D̊×,dR. Using again

that the open disc is contractible, this is the same as the de Rham cohomology of the Tate elliptic
curve Eq := (Gm ×Qp

D̊×)/qZ → D̊×.
We now compute the de Rham cohomology of the Tate elliptic curve over the open punctured

disc, with its connection ∇GM (the “Gauss–Manin connection”). For that, let x denote the coor-
dinate of Gm and q the coordinate of D̊×. Let A = O(Gm ×Qp

D̊×), and consider the following
notations:

• ∇x is the logarithmic connection on the variable x sending f(x, q) to∇x(f) = x∂x(f)(x, q)
dx
x .

• ∇q is the logarithmic connection on the variable q sending f(x, q) to∇q(f) = q∂q(f)(x, q)
dx
x .

• (m∗f)(x, q) = f(qx, q) is the pullback along multiplication by the second variable.
Thus, the relative de Rham cohomology of the Tate curve h : Eq → D̊× is computed via the

cohomology of qZ acting on the de Rham complex of Gm, that is, via the complex on D̊×

0→ O(Gm)⊗Qp,□OD̊×
(m∗−1,∇x)−−−−−−−→ O(Gm)⊗Qp,□OD̊×⊕Ω1

Gm/Qp
(Gm)⊗Qp,□OD̊×

(−∇x,m
∗−1)−−−−−−−−→ Ω1

Gm/Qp
(Gm)⊗Qp,□OD̊× → 0.

In order to compute the D-module structure of this complex over D̊×, it suffices to understand the
action of the derivation ∇q = q∂q(−)dqq through the Gauss–Manin connection. For that, we note
the following identities of derivations acting on an element f(x, q) ∈ OGm×Qp D̊× :

• ∇q∇x = ∇x∇q (clear as x, q are two independent coordinates).
• m∗∇x = ∇xm

∗. Indeed, we have that

m∗∇x(f) = m∗(x∂x(f)(x, q)
dx

x
) = qx∂x(f)(qx, q)

dx

x
= ∇x(f(qx, q)) = ∇xm

∗(f).
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• ∇qm
∗ = m∗(x∂x(−))dqq +m∗∇q. Indeed, we have that

∇qm
∗(f) = q∂q(f(qx, q))

dq

q
=

(
qx(∂x(f)(qx, q)) + q∂q(f)(qx, q)

)dq
q

= m∗((x∂x)(f)
dq

q
) +m∗∇q(f).

The previous equations yield the following commutative diagram of complexes
(7.3.9)

0 O(Gm)⊗Qp,□ OD̊× O(Gm)⊗Qp,□ OD̊× ⊕ Ω1
Gm/Qp

(Gm)⊗Qp,□ OD̊× Ω1
Gm/Qp

(Gm)⊗Qp,□ OD̊× 0

0 O(Gm)⊗Qp,□ OD̊× O(Gm)⊗Qp,□ OD̊× ⊕ Ω1
Gm/Qp

(Gm)⊗Qp,□ OD̊× Ω1
Gm/Qp

(Gm)⊗Qp,□ OD̊× 0,

(m∗−1,∇x)

q∂q

(−∇x,m
∗−1)

L q∂q

(m∗−1,∇x) (−∇x,m
∗−1)

where

L : O(Gm)⊗Qp,□ OD̊× ⊕ Ω1
Gm/Qp

(Gm)⊗Qp,□ OD̊× → O(Gm)⊗Qp,□ OD̊× ⊕ Ω1
Gm/Qp

(Gm)⊗Qp,□ OD̊×

is the matrix of differential operators
(
q∂q −m∗

0 q∂q

)
sending (f(x, q), g(x, q)dxx ) to the pair

L(f(x, q), g(x, q)dx
x
) := (q∂q(f)−m∗(g), q∂q(g)

dx

x
).

The commutativity of the right square is clear, and for the left square we compute for f(x, q) ∈
O(Gm)⊗Qp,□ OD̊× using the above relations:

L(m∗(f), x∂x(f)
dx

x
) =(q∂q(m

∗f)−m∗x∂x(f), q∂q(x∂x(f))
dx

x
)

=(m∗(x∂x(f)) +m∗(q∂q(f))−m∗x∂x(f), q∂q(x∂x(f))
dx

x
)

=(m∗(q∂q(f), q∂q(x∂x(f))
dx

x
).

This implies the commutativity of the left square. We note that the calculation shows that L
is the unique morphism making both diagrams commute. In particular, the action of q∂q(−)
via the Gauss–Manin connection on the relative de Rham cohomology has to be given via L in
cohomological degree 1.

We make the action on the de Rham classes now explicit. First, we note that multiplication
by p on the de Rham cohomology of the Tate elliptic curve h : Eq → D̊× is given by pi on the
cohomology group in degree i, and hence this action provides a splitting of hdR∗ (1). We deduce
that hdR∗ 1 = H0(hdR∗ 1)⊕H1(hdR∗ 1)[−1]⊕H2(hdR∗ 1)[−2]. We know already concrete basis vectors
for the Hi(hdR∗ (1)), and we can use the complex (7.3.9) to calculate the Gauss–Manin connection
∇GM on them:

• H0(hdR∗ 1) = OD̊×
∼= 1⊗OD̊× with the trivial connection d : OD̊× → Ω1

D̊× , g 7→ dg and the
(trivial) semilinear action of φ sending 1 7→ 1.

• H1(hdR∗ 1) = OD̊× ⊕ OD̊×
dx
x with connection given by ∇GM(dxx ) = −1 as L(0, 1 · dxx ) =

(−1, 0), and the action of Frobenius determined by φ(1) = 1 and φ(dxx ) = pdx
x . This

produces the opposite of the extension (7.3.4).
• H2(hdR∗ 1) = OD̊×

dx
x with trivial connection and action by Frobenius φ(dxx ) = pdx

x . This is
the vector bundle with flat connection O(−1).

This finishes the proof of the lemma. □

7.4. Fully faithfulness of Ψ∗
L,ϖ. In this subsection, we want to show that the functor

Ψ∗
L,ϖ : Perf(FtL)→ Perf(LHK)

is fully faithful for any L ⊆ Qp.
We note that the morphism ΨL,ϖ : LHK → FtL has bad geometric properties (it is neither prim

nor suave): its base change to GSpec(Qun
p )/φZ is an analytic vector bundle over the huge space

CHK
p . In particular, the pushforward ΨL,ϖ,∗ on the full category of quasi-coherent sheaves does

not commute with base change, making it difficult to verify that ΨL,ϖ,∗ ◦Ψ∗
L,ϖ is the identity. For

this reason, we will make several reduction steps.
We start with a general observation (see the proof of Proposition 5.4.10 for related arguments).

Lemma 7.4.1. Let L ⊆ Qp. Then each perfect module on LHK is a compact object in D(LHK).
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Proof. The statement holds more generally forMarc(A)
HK for any affinoid qfd arc-stackMarc(A)

over Fp (and then also for quotients of such by actions of light profinite groups). Indeed, using
that quasi-pro-étale morphisms become inverse limits of pro-finite étale morphisms over a strictly
totally disconnected base (and hence the their ∗-pushfoward commutes with colimits on Hyodo–
Kato stacks), one can reduce to the case of a closed disc in a relative affine space over Fp((t)).
Here, one can use explicit presentations of the Hyodo–Kato stacks to show that the pushforward
Marc(A)

HK → GSpec(Qp) preserves direct sums. From here, one deduces that 1 ∈ D(Marc(A)
HK)

is compact, which implies that every dualizable object, i.e., perfect module, is compact. □

We can use Lemma 7.4.1 to deduce the following.

Lemma 7.4.2. Let L ⊆ Qp. Assume that Ψ∗
L,ϖ : Perf(FtL) → Perf(LHK) is fully faithful (resp.

an equivalence). Then for any extension L′/L in Qp, the functor

Ψ∗
L′,ϖ : Perf(FtL′)→ Perf(L′,HK)

is fully faithful (resp. an equivalence).

Proof. We note that the morphism BGalsmL′ → BGalsmL of qfd Gelfand stacks over GSpec(Qp) is
pro-finite étale in the sense that after pullback along any morphism GSpec(A) → BGalsmL the
pullback GSpec(A)×BGalsmL

BGalsmL′ ∼= GSpec(B) is represented by a (countable) filtered colimit of
finite étale A-algebras Ai. In fact, one can take Ai with GSpec(Ai) ∼= GSpec(A)×BGalsmL

BGalsmLi

with Li ⊆ L finite over K. Applying Lemma 5.3.1 to the morphisms GSpec(Qp) → BGalsmLi
with

L ⊂ Li ⊂ L′ finite extensions of L, whose hypothesis are verified thanks to Lemma 5.4.8 and
after noticing that the pushforward of 1 along BGalsmL′ → BGalsmLi

is 1 being smooth cohomology
in characteristic zero (using that profinite groups have no cohomology for smooth representations
over Qp), we can conclude that BGalsmL′ ∼= lim←−i

BGalsmLi
in the category of kernels. In particular,

D(BGalsmL′ ) ∼= lim←−i
D(BGalsmLi

), along ∗-pushforward. Thus, D(BGalsmL′ ) ∼= lim−→i
D(BGalsmLi

) via ∗-
pullback (with filtered colimit taken in PrL). We note that perfect modules on BGalsmL′ are compact,
and similarly for Li. This compactness and the expression of D(BGalsmL′ ) as a filtered colimit in
PrL implies that each perfect module on D(BGalsmL′ ) is the pullback of a compact object (and then
of a perfect module, by descent of perfect modules, Lemma 4.2.11) on some BGalsmLi

. The same
argument holds after base change along LHK → BGalsmL or FtL → BGalsmL (compactness of perfect
modules can easily be checked for FtL while Lemma 7.4.1 shows it for LHK

i ). In fact, we get that
Perf(L′,HK) ∼= lim−→i

Perf(Li
HK), Perf(FtL′) ∼= lim−→i

Perf(FtLi
), Perf(BGalsmL′ ) ∼= lim−→i

Perf(BGalsmLi
)

in Cat∞. Now for Li/K finite, the fully faithfulness of Ψ∗
L,∞ (resp. equivalence) implies fully

faithfulness of Ψ∗
L′

i,∞
(resp. equivalence) by passing to module categories for finite étale algebra. □

Moreover, we can argue by descent.

Lemma 7.4.3. Let L ⊆ L′ ⊆ Qp. Assume that Ψ∗
L′,ϖ : Perf(FtL′) → Perf(L′,HK) is fully faithful

(resp. an equivalence). Then Ψ∗
L,ϖ : Perf(FtL)→ Perf(LHK) is fully faithful (resp. an equivalence).

Proof. We note that we get a natural morphism Ψ• between the Čech nerves of the morphisms

L′,HK → LHK

resp.
FtL′ → FtL.

In fact, both these Čech nerves are pulled back from the Čech nerve of the morphism BGalsmL′ →
BGalsmL along the morphisms LHK → BGalsmL resp. FtL → BGalsmL . In particular, the morphisms
in these Čech nerves are all pro-finite étale.

It suffices to show that for each i ∈ ∆ the pullback Ψi,∗ is fully faithful (resp. an equivalence) on
perfect modules. This follows from the proof of Lemma 7.4.2, which generalizes to show that fully
faithfulness (resp. equivalence) of Ψ∗

L′,ϖ on perfect modules implies the same after base change
along any countable pro-finite étale morphism Z → BGalsmL′ , e.g., Z = BGalsmL′ ×BGalsmL

· · ·×BGalsmL
BGalsmL′ with respect to the first projection. □

However, the geometric properties of ΨL,ϖ are still bad, so we need a further reduction.

Lemma 7.4.4. Let L ⊆ L′ ⊆ Qp. If Qun
p ⊆ L′ and L′/L is Galois, set

FtL′/L := (BV(−1)×GSpec(Qp)/φZ GSpec(Qun
p )/φZ)/Gal(L′/L)sm.

Let ΦL′/L : FtL′ → FtL′/L be the natural morphism, and ΨL′/L,ϖ := ΦL′/L ◦ΨL′,ϖ. Then,

Φ∗
L′/L : D(FtL′/L)→ D(FtL)
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is fully faithful.
In particular, Ψ∗

L,ϖ is fully faithful on perfect modules if and only if for each L′/L Galois with
Qun

p ⊆ L′ and L′/LQun
p finite, the morphism Ψ∗

L′/L,ϖ is fully faithful on perfect modules.

We note that as Qun
p ⊆ L′, Gal(L′/L) acts on Qun

p .

Proof. Let g : BGalsmL → BGal(L′/L)sm be the natural morphism. Then g is cohomologically
proper, and the vanishing of higher cohomology of smooth representations of profinite groups on
Q-vector spaces implies that g∗(1) = 1. In particular, g∗ is fully faithful and the same holds then
using cohomological properness of g for the pullback ΦL′/L of g.

The final statement follows because BGalsmL is the (countable) inverse limit of the BGal(L′/L)sm

in the category of kernels (as follows, for example, by using Lemma 5.3.1 and the same argument
in the proof of Lemma 7.4.2), and as consequence one has that Perf(FtL) is the filtered colimit in
Cat∞ of Perf(FtL′/L), along fully faithful transition functors. □

Remark 7.4.5. From the reductions we have made we can now conclude that the following
statements are equivalent:

(1) for all L ⊆ Qp the functor Ψ∗
L,ϖ : Perf(FtL)→ Perf(LHK) is fully faithful (resp. an equiv-

alence),
(2) there exists some L ⊆ Qp such that the functor Ψ∗

L,ϖ : Perf(FtL) → Perf(LHK) is fully
faithful (resp. an equivalence),

(3) there exists some L ⊆ Qp containing Qun
p , such that for each finite extension L′/L the

pullback

Φ∗
L′ : Perf(GSpec(Qun

p )/φZ ×GSpec(Qp)/φZ BV(−1))→ Perf(L′,HK)

along
ΦL′ : L′,HK → GSpec(Qun

p )/φZ ×GSpec(Qp)/φZ BV(−1)
is fully faithful.

Indeed, by Lemma 7.4.2 and Lemma 7.4.3 the first two statements are equivalent. In fact, it suffices
to see that Ψ∗

Qp,ϖ
or Ψ∗

Qp,ϖ
induce equivalences of perfect modules. To get rid of the GalsmL -action,

fix some L as in the third statement. By Lemma 7.4.4 we need to see that Ψ∗
L′/L,ϖ : Perf(FtL′/L)→

Perf(LHK) is fully faithful on perfect modules for any L′/L finite and Galois. However, this can
be checked (by adapting the argument in Lemma 7.4.3) after pulling back along the morphism

GSpec(Qun
p )/φZ ×GSpec(Qp)/φZ BV(−1)→ FtL′/L,

which yields the map ΦL′ : L′,HK → GSpec(Qun
p )/φZ ×GSpec(Qp)/φZ BV(−1).

We will apply the above considerations to L := Qun
p QKum

p , where QKum
p = Qp(p

1/p∞
) =⋃

n≥0 Qp(p
1/pn

). We also fix a finite extension L′/L, with associated morphism

ΦL′ : L′,HK → GSpec(Qun
p )/φZ ×GSpec(Qp)/φZ BV(−1).

The geometry of the map ΦL′ is now much better than that of ΨL,ϖ, and we can prove the
following.

Proposition 7.4.6. The morphism Φ := ΦL′ : L′,HK → GSpec(Qun
p )/φZ ×GSpec(Qp)/φZ BV(−1) is

suave. Let Φ♮ be the left adjoint of the pullback functor Φ∗ (on the full category of quasi-coherent
sheaves). Then the natural map

Φ♮1→ 1

is an equivalence. In particular, the pullback

Φ∗ : D(GSpec(Qun
p )/φZ ×GSpec(Qp)/φZ BV(−1))→ D(L′,HK)

is fully faithful (and hence its restriction to perfect modules, too).

Proof. Note that since L′ is a finite extension over L = Qun
p QKum

p , we have an isomorphism of
perfectoid fields L̂′,♭ ∼= Fp((π

1/p∞
)) (namely, it is a finite separable extension of L̂♭ = Fp((ϖ

1/p∞
))

with ϖ = (p1/p
n

)n, and any such extension arises from a finite separable extension of Fq((ϖ)) for
some q = pk which is itself isomorphic to Fq′((π)) for suitable π being a local field).

The suaveness of Φ can be checked after pullback along GSpec(Qun
p )→ GSpec(Qun

p )/φZ×GSpec(Qp)/φZ

BV(−1), which is a V(−1)-torsor T over YdR
L′ . In particular, the morphism T → YdR

L′ is cohomolog-
ically smooth. Moreover, YdR

L′ identifies with the de Rham stack of a pre-perfectoid punctured open
unit disc over Qun

p (Lemma 6.2.1), and hence the map to GSpec(Qun
p ) is suave by Proposition 5.7.1.
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To prove that the natural map Φ♮1→ 1 is an equivalence, by suave base change ([HM24, Remark
4.5.15(1)]) along the following cartesian diagram

T GSpec(Qun
p )

YdR
L′ GSpec(Qun

p )/φZ ×GSpec(Qp)/φ BV(−1)

Φ′

Φ

it suffices to prove that the natural map Φ′
♮1→ 1 is an equivalence.

After picking an isomorphism L̂′♭ ∼= Fp((π
1/p∞

)), we can write YdR
L′
∼= Z := lim←−x7→xp

(D̊×
Qun

p
)dR

with chosen coordinate x = [π], cf. Lemma 6.2.1(1). We know that T has to be a non-trivial
torsor over Z (e.g., as its pullback to YdR

Cp
is non-trivial, and we calculated all possible extensions

in Lemma 7.3.3). We can further note (using the explicit Construction 7.3.6) that T descents to a
V(−1)-torsor P over XdR for X := D̊×

Qp
, and that it suffices to show that the natural map g♮1→ 1

is an isomorphism, where g : P → GSpec(Qp) (indeed, this result will then also hold for T by
passing to the colimit over x 7→ xp, and after base change to Qun

p ).
We claim that we can reduce to showing that the natural map 1 → g∗1 is an isomorphism.

Indeed, g♮1 = g!(ωf ) is a basic nuclear object in D(Qp,□) by Proposition 5.5.12(1) and we have
g∗1 = Hom(g♮1, 1), so assuming these properties the claim will follow if we know that the functor
Hom(−, 1) is conservative on basic nuclear objects in D(Qp,□). But any basic nuclear object is
represented by a complex of DNF spaces by Proposition A.0.12. We recall here that the derived
dual of a DNF is a Fréchet space in degree 0 (using [Bos21, A.18]). Then we can use the exact
(underived) duality result [RJRC21, Theorem 3.40] between dual nuclear Fréchet and nuclear
Fréchet spaces on the terms of the complexes, to see that if the dual complex of Fréchet spaces is
acyclic, then the original complex of dual nuclear Fréchet spaces is acyclic. This proves the claim.

The fact that 1 → g∗(1) is an isomorphism follows from Lemma 7.4.7 below. This finishes the
proof. □

Lemma 7.4.7. Consider X = D̊×
Qp

, the punctured open disc over Qp with coordinate x and let us
write ∇ for its connection. Let h : P → XdR be a non-split V(−1)-torsor.

(1) For 0 < ϵ < 1, let Xϵ be the overconvergent annulus of radius [ϵ, 1 − ϵ]. There exists
some c ∈ Q×

p such that h∗(1) identifies with the following O(X)-algebra (F ,∇c) with flat
connection43 satisfying the Leibniz rule44:

F := lim
ϵ→0
{
∑
n≥0

an·(ℓx)n with an ∈ O(Xϵ) | for all r > 0, ∥an∥rn → 0 as n→∞} ∼= O(X×Qp
A1,an

Qp
)

and ∇c(ℓx) = cdxx , and ∇c|O(X) = x∂x(−)dxx .
(2) The natural map Qp → RΓ(P,O) is an isomorphism.

Proof. We note that P ×XdR X is a trivial V(−1)-torsor as X is Stein. Choosing an isomorphism
with X ×GSpec(Qp) A

1,an
Qp

, and denoting by ℓx the coordinate on A1,an
Qp

, the first assertion follows by
using the explicit construction of a non-split V(−1)-torsor as provided by Construction 7.3.6.

Given the first statement, the second amounts to showing that

Qp
∼→ RΓdR(X, (F ,∇c)),

where the right-hand side denotes the de Rham complex of (F ,∇c). As X and P are Stein spaces
and X is of dimension 1, the right-hand side is calculated by the complex

F ∇c−→ F · dx.
Thus, we have to show that ker∇c

∼= Qp and coker∇c = 0 on underlying sets (indeed, F is a
Fréchet space and the exactness of a complex of Fréchet spaces can be checked on the underlying
sets thanks to the open mapping theorem).

We may assume that c = 1, by replacing ℓx by 1
c ℓx. Thus, we set ∇ := ∇1. Let a =∑

m≥0 amℓ
m
x ∈ F with am ∈ O(X). Then we can write

am =
∑
n∈Z

an,mx
n

43We use the terminology “module with flat connection” here as a more intuitive for a G†
a-equivariant sheaf on

X = D̊×.
44More precisely, the pullback of h∗(1) to X is the quasi-coherent sheaf on X associated with the O(X)-module

F .
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with an,m ∈ Qp, so that

a =
∑

n∈Z,m≥0

an,mx
nℓmx .

We set

Φ(a) := [
∑

n∈Z,n̸=0,m≥0

an,mx
n(

m∑
k=0

(−1)k
k!
(
m
k

)
nk+1

ℓm−k
x )] +

∑
m>0

a0,m−1

m
ℓmx .

This expression defines (a priori) only an element in
∏

n∈Z,m≥0

Qpx
nℓmx . Then we formally can check

that
x∇(Φ(a)) = adx.

Indeed, this can be checked on each summand according to powers of x: write Φ(a) =
∑

n∈Z cn,
with cn ∈ xn

∏
m≥0 Qpℓ

m
x for each n. If n = 0, then c0 =

∑
m>0

a0,m−1

m ℓmx and thus

x∂x(c0) =
∑
m>0

a0,m−1ℓ
m−1
x =

∑
m≥0

a0,mℓ
m
x .

If n ̸= 0, then cn =
∑
m≥0

an,mx
n
∑m

k=0(−1)k
k!(mk )
nk+1 ℓ

m−k
x . We calculate

x∂x(cn) =x∂x(
∑
m≥0

an,mx
n

m∑
k=0

(−1)k
k!
(
m
k

)
nk+1

ℓm−k
x )

=
∑
m≥0

an,mnx
n(

m∑
k=0

(−1)k
k!
(
m
k

)
nk+1

ℓm−k
x ) + an,mx

n(

m−1∑
k=0

(−1)k
k!
(
m
k

)
nk+1

(m− k)ℓm−1−k
x )

=
∑
m≥0

an,mnx
n(

1

n
ℓmx +

m∑
k=1

(−1)k
k!
(
m
k

)
nk+1

ℓm−k
x ) + an,mx

n(

m−1∑
k=0

(−1)k
k!
(
m
k

)
nk+1

(m− k)ℓm−1−k
x )

=
∑
m≥0

an,m(xnℓmx + xn
m−1∑
k=0

((−1)k+1n
(k + 1)!

(
m

k+1

)
nk+2

+ (−1)k
k!
(
m
k

)
(m− k)
nk+1

)ℓm−k−1
x )

=
∑
m≥0

an,mx
nℓmx

by using the formula (k + 1)!
(

m
k+1

)
= k!

(
m
k

)
(m− k).

We now show that Φ(a) ∈ F . If this is done, then we can conclude that ∇ is surjective as
desired. We note that

(7.4.1) Φ(a) =
∑

n∈Z\{0}, m∈N

(
∑
k∈N

k!
(
m+k
m

)
nk+1

an,m+k)x
nℓmx +

∑
m>0

a0,m−1

m
ℓmx .

The condition that a sum b =
∑

n∈Z,m∈N
bn,mx

nℓmx lies in F is equivalent to the conditions

|bn,m|γ|n|1 γm2 → 0,

for n,m→∞ and all γ1 < 1, γ2 <∞, or −n,m→∞ and all γ1 <∞, γ2 <∞.
We now check these conditions for b := Φ(a). We note that in (7.4.1) the second summand

converges as desired (because it is the integral of the analytic function
∑

m≥0 a0,mℓ
m
x on A1

Qp
). For

the first summand, we note that

|bn,m|γ|n|1 γm2 ≤ supk≥0{
|an,m+k|
|n|k+1

γ
|n|
1 γm2 } = supk≥0{|an,m+k|γ|n|1 γm+k

2

1

|n|k+1γk2
}.

The cases n → ∞ and n → −∞ are similar, so we assume that n,m → ∞ (and thus γ1 < 1).
We note that 1

γk
2

is bounded if k → ∞ and γ2 > 1. We write γ1 = γ′1(1 − δ) for some δ > 0.

Then (1−δ)n

|n|k → 0 because |n|−k grows like pklogp(n). Thus, (using that |an,m|γn1 γm2 is bounded for
n,m→∞ because a ∈ F) we see that supk≥0{|an,m+k|γn1 γm+k

2
1

|n|k+1γk
2
} remains bounded as well.

This implies that |bn,m|γn1 γm2 remains bounded for n,m → ∞, and hence goes to zero by making
γ1, γ2 slightly smaller.
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We now check that ker(∇c) = Qp. Thus we assume that a =
∑

n∈Z,m∈N an,mx
nℓmx satisfies

∇(a) = 0. We calculate

x∂x(a) =
∑

n∈Z,m≥1

an,mnx
nℓmx + an,mmx

nℓm−1
x(7.4.2)

=
∑

n∈Z,m≥0

(nan,m + (m+ 1)an,m+1)x
n−1ℓmx .(7.4.3)

Thus, an,m+1 = −n
m+1an,m for n ∈ Z,m ∈ N, and hence

an,m =
(−1)mnm

m!
an,0.

We can conclude

a =
∑
n∈Z

∑
m∈N

an,mx
nℓmx =

∑
n∈Z

an,0
∑
m∈N

(−nℓx)m

m!
xn =

∑
n∈Z

an,0exp(−nℓx)xn.

Because a ∈ F ∼= O(X ×GSpec(Qp) A1
Qp

) ∼= O(X)⊗Qp,□ O(A1
Qp

) (using [Bos21, Corollary A.67.(i)])
we can conclude that

an,0 exp(−nℓx)
has to converge on A1

Qp
(with coordinate ℓx). But this happens for an,0 exp(−nℓx) if and only if

n = 0 or an,0 = 0. This implies that a = a0,0 is constant as desired. □

7.5. Tsuzuki’s theorem. With the results of Section 7.4 we have shown the fully faithfulness in
Theorem 7.1.1, and in this section we want to prove essential surjectivity. Before entering into
details of the theorem we sketch the idea of the proof.

Thanks to Remark 7.4.5 we know that the pullback along LHK → FtL is fully faithful, so we
are only left to show essential surjectivity. For that, by descent we can easily reduce to the case of
CHK

p , and write the Hyodo–Kato stack as a quotient of FFCp
by the overconvergent diagonal ∆†

Cp

of FFCp
×Qun

p /φZ FFCp
(or, equivalently in FFCp

×Qp
FFCp

). This overconvergent diagonal can be
written as a limit of Fargues–Fontaine FFU where U is an open neighbourhood of the diagonal of
the fiber productMarc(Cp)×Marc(Fq)Marc(Cp) for q = pk and k →∞. Thus, using the uniqueness
of Harder–Narasimhan filtrations on vector bundles on Fargues–Fontaine curves, we can descend
the slope filtration from FFCp to CHK

p . This reduces the problem of essential surjectivity to the
semi-stable case. Now, for V a semi-stable vector bundle on CHK

p , its pullback to FFCp is of the
form O(λ)⊕n for some λ ∈ Q and n ∈ N. But then, the automorphism group of O(λ)⊕n is a locally
light profinite group A, so that the descent datum is determined by an object in the kernel of the
morphism of groups A(∆†

Cp
)→ A(Marc(Cp))). This morphism is the same as

lim−→
U

A(U)→ A

where U runs through the open neighbourhoods of the diagonals ofMarc(Cp)×Marc(Fq)Marc(Cp)
as above. Then the essential surjectivity would hold if one can prove that there is a cofinal family
of those U such that they are connected, namely, in that situation A(U) = A and the descent
datum will be trivial.

However, this would prove that any semi-stable vector bundle on CHK
p is of the form O(λ)⊕n,

and by the fully faithfulness of Remark 7.4.5, we would have that all semi-stable φ-modules over
Qun

p are of the form D⊕n
λ which is false: φ-vector bundles on Qun

p are the colimit of φ-vector bundles
on finite unramified extensions Qq, and a φ-vector bundle V on Qq of slope zero is the same as
an étale Qp-local system of Spec(Fq). Saying that V becomes trivial on Qun

p as a φ-module is the
same as asking that it is trivial after some finite extension Qq → Qq′ , but this would mean that
the morphism of groups GalFq → GLn(Qp) has finite image, and there are clearly examples of such
morphisms which have infinite image. Note however, that by Kottwitz classification of φ-modules
on Q̆p, any φ-vector bundle over Q̆p of slope 0 is actually trivial.

The previous discussion suggests that we need to slightly modify the strategy as follows: we
prove the analogue of Theorem 7.1.1 after extending coefficients to GSpec(Q̆p) ∼= FFFp

. More
precisely, let

C
HK/FFFp
p = CHK

p ×FFdR
Fp

FFFp

and consider the morphism of stacks

g : C
HK/FFFp
p → BQun

p
V(−1)×GSpec(Qun

p )/φZ GSpec(Q̆p)/φ
Z.
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Applying the same strategy as before, we will able to show that pullback along g gives rise to an

equivalence of perfect modules; this time we encounter that C
HK/FFFp
p is the quotient of FFCp

by
the overconvergent diagonal ∆Cp/Q̆p

in FFCp
×FFFp

FFCp
. This time, this overconvergent diagonal

is written as a colimit of Fargues–Fontaine curves FFU withMarc(Cp) ⊂ U ⊂Marc(Cp)×Marc(Fp)

Marc(Cp). We do not know whether we can find such neighbourhoods to be connected, but instead
we prove a weaker connectedness statement that will suffice for proving the claim, see Lemma 7.5.2.
Finally, we are able to descent back from Q̆p to Qun

p finishing the proof of Theorem 7.1.1.
In order to finish the proof of Theorem 7.1.1 we need a version over Q̆p.

Proposition 7.5.1 (p-adic monodromy theorem: Q̆p-version). Let L/Q̆p be an algebraic extension
and set F̆tL := BV(−1) ×GSpec(Qp)/φZ GSpec(Q̆p)/(φ

Z × GalsmL ). Consider the natural morphism
of Gelfand stacks

ΨL : L
HK/FFFp → F̆tL.

Then, the ∗-pullback defines an equivalence of categories

Ψ∗
L : Perf(F̆tL)

∼−→ Perf(L
HK/FFFp ).

Proof. By the same arguments of Lemma 7.4.2 and Lemma 7.4.3, the following are equivalent:
(i) There is an algebraic extension L/Q̆p such that the functor Ψ∗

L is fully faithful (resp. an
equivalence) on perfect modules.

(ii) For all algebraic extension L/Q̆p the functor Ψ∗
L is fully faithful (resp. an equivalence) on

perfect modules.
Therefore, in order to prove fully faithfulness we can work with L/QKumQ̆p a finite extension

over the Kummer extension of Q̆p, in which case the same argument of Lemma 7.4.4 reduces to
proving that the pullback along the map

L
HK/FFFp → BFFFp

V(−1)

is fully faithful. But then the tilt L̂♭ is isomorphic to Fp((π
1/p∞

)) and LHK/FFFp is isomorphic to a
punctured open unit disc over Q̆p. We deduce fully faithfullness by base changing Proposition 7.4.6
along GSpec(Q̆p)/φ

Z → GSpec(Qun
p )/φZ.

From the previous we deduce that Ψ∗
L is fully faithful for all algebraic extension L/Q̆p. We shall

prove that the functor is essentially surjective. For that, we reduce to the case of L̂ = Cp by Galois
descent. Thanks to Proposition 5.4.10 we can reduce the essential surjectivity to the case of vector

bundles. Let V be a vector bundle on C
HK/FFFp
p . By Proposition 6.1.12 the morphism of Gelfand

stacks
FFCp

→ C
HK/FFFp
p

is an epimorphism. Thus, we can write C
HK/FFFp
p as the quotient of FFCp

by its overconvergent
diagonal ∆†

Cp/Q̆p
over FFFp

= (GSpecQ̆p)/φ
Z. Since the functorX 7→ FFX preserves fiber products

of arc-stacks, we see that

∆†
Cp/Q̆p

= lim←−
∆Marc(Cp)⊂U⊂Marc(Cp)×Marc(Fp)Marc(Cp)

FFU .

The pullback of V to FFCp , denoted in the same way to lighten notation, has a Harder–Narasimhan
filtration Fil•V. We want to show that the latter descends to a Harder–Narasimhan filtration on
FF

HK/FFFp
Cp

. For this, the descent datum along the two projections πi : ∆†
Cp/Q̆p

→ FFCp , for
i = 1, 2, extends to an isomorphism on FFU for some compact neighbourhood of the diagonal
∆Marc(Cp) ⊂ U ⊂ Marc(Cp) ×Marc(Fp)

Marc(Cp). The pullbacks π∗
i V, for i = 1, 2, admit global

Harder–Narasimhan filtrations (being the restriction of the pullbacks along the two projection
maps FFMarc(Cp)×Marc(Fp)Marc(Cp) → FFCp

), and, by uniqueness, we have that Fil•π∗
1V = Fil•π∗

2V.
Therefore, Fil•V is stable under the descent datum of V and it descends to a Harder–Narasimhan

filtration on C
HK/FFFp
p , as desired.

Thus, in order to prove essential surjectivity of the functor Ψ∗
Cp

, we can assume without loss of
generality that V is a semi-stable vector bundle. Then, to show that V lies in the essential image
of Ψ∗

L, we can prove (via approximation) the statement for a semi-stable vector bundle V over
L
HK/FFFp where L/QKum

p Q̆p is a finite extension. Suppose that at geometric points V arises from
the isocrystal D⊕n

−λ for λ ∈ Q and n ∈ N. By Proposition 6.1.12 the morphism FFL → L
HK/FFFp is
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still an epimorphism and, by passing to the associated pro-étale torsor of trivializations of V, the
restriction of V to FFL gives rise to a morphism of arc-stacks

Marc(L)→ BGLn(Hλ)

where Hλ is the p-adic Lie group of automorphisms of D−λ. Therefore, there exists a finite tamely
ramified extension K/L and a pro-p-extension F/L of such that V is isomorphic to O(λ)⊕n on
L′ = KF ⊃ L. Therefore, by descent, we are reduced to proving the following claim:

Claim. Let L/QKum
p Q̆p be an algebraic extension with is the composite of a finite tamely ramified

extension and a pro-p-extension. Let V be a vector bundle on LHK/FFFp such that the pullback to
FFL is isomorphic to O(λ)⊕n for some λ ∈ Q and n ∈ N. Then V is isomorphic to O(λ)⊕n on
L
HK/FFFp . In particular, it belongs to the essential image of Ψ∗

L.

Proof of the claim: Let ∆†
L/Q̆p

be the overconvergent diagonal of the morphism FFL → FFFp
. It

can be written as the limit

∆†
L/Q̆p

= lim←−
L⊂U⊂Marc(L)×Marc(Fp)Marc(L)

FFU

where U runs over affinoid neighbourhoods of the diagonal. Thus, after fixing an isomorphism
between V and O(λ)⊕n on FFL, the descent datum of V is given by an element in

ker(A(∆†
L/Q̆p

)→ A(Marc(L))) = ker( lim−→
L⊂U⊂Marc(L)×Marc(Fp)Marc(L)

A(U)→ A)

with A = GLn(Hλ). The claim will follow if there is a cofinal system of neighbourhoods that are
connected. For that, write L = KF as a compositum of K and F over QKum

p Q̆p with K a finite
tamely ramified extension and F a pro-p-extension. In that case, we have an isomorphism of tilts
K♭ ∼= Fp((π

1/p∞
)) and get that

Marc(L)×Marc(Fp)
Marc(K) ∼= D̊×,perf,⋄

L

is isomorphic to the perfectoid punctured open unit disc over L. The fact that L is a pro-p-extension
over L implies that L/K is an iterated extensions of Artin–Schreier extensions by Artin–Schreier
theory (applied to the tilts). Geometrically, this means that the fiber product Marc(L)×Marc(Fp)

Marc(L) is a countable inverse limit of finite étale coverings of D̊×,perf,⋄
L , which are pulled back from

K. Tilting and deperfecting over L♭, it suffices to study the finite étale covers YL′ → YK = D̊×
L♭

of the open punctured disc over L♭ for L/L′/K finite intermediate extension. We note that for
such L′, each affinoid subspace in YL′ has only finitely connected components (being of finite type
over L), and hence it suffices to show that for each connected rational affinoid subspace in YL′ ,
its inverse image in YL′′ → YL′ stays connected for all L′ ⊂ L′′ ⊂ L finite intermediate extension.
Now, this statement reduces to Lemma 7.5.2 below. □

This finishes the proof. □

Lemma 7.5.2. Let L be a perfectoid field of characteristic p. Let K := Fp((t)). Let f(X) = Xp−
X+a ∈ K[X] be an irreducible polynomial for some a ∈ K, defining an Artin–Schreier extension K ′

over K. Set X := D̊×
L
∼= Spa(L)×Spa(Fp)

Spa(K), and let h : Z := Spa(L)×Spa(Fp)
Spa(K ′)→ X be

its base change. Then for each non-empty, connected open subset U ⊆ X its inverse image h−1(U)
is connected.

Proof. Assume that h−1(U) is disconnected. Being an Fp-torsor over U , this forces that there
exists a section U → h−1(U). Hence, there exists some b ∈ O(U) with

(7.5.1) bp − b+ a = 0.

As U is non-empty and connected, we have an embedding O(U) ⊆
∏

n∈Z Lt
n, i.e., each element

in O(U) is represented by a unique Laurent series with coefficients in L, and we can compare two
elements by comparing coefficients. Hence, we can write

b =
∑
n∈Z

bnt
n

with bn ∈ L. By definition, we can write a =
∑

n∈Z ant
n with an ∈ Fp. Comparing coefficients in

(7.5.1), we arrive at the equations

bp0 − b0 + a0 = 0, −b1 + a1 = 0, . . . , bp1 − bp + ap = 0, . . .
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and
−b−1 + a−1 = 0, . . . , bp−1 − b−p + a−p = 0, . . . .

From here, we can conclude that bn ∈ Fp for all n ∈ Z, and hence that b ∈ K. This contradicts
the irreducibility of f , and hence we can conclude that h−1(U) is connected. □

We deduce our interpretation of Tsuzuki’s theorem over Qun
p .

Theorem 7.5.3. Let L ⊆ Qp be an algebraic extension of Qp. Then, the functor

Ψ∗
L,ϖ : Perf(FtL)→ Perf(LHK)

is essentially surjective (and thus an equivalence).

Proof. By Lemma 7.4.2 and Lemma 7.4.3 we can prove essential surjectivity for any intermediate
algebraic extension Qp ⊂ L ⊂ Qp. Let us take L = QKum

p Qun
p to be the Kummer extension of Qp

over Qun
p . Let V be a vector bundle on LHK. Let L′/L be a finite Galois extension and consider

the morphism
ΨL′/L,ϖ : LHK → FtL′/L

as in Lemma 7.4.4. Thanks to Proposition 7.4.6 the map ΨL′/L,ϖ is suave and Ψ∗
L′/L,ϖ is fully

faithful. Thus, by Proposition 7.4.6, to prove essential surjectivity of Ψ∗ on perfect modules it
suffices to show that there is a finite Galois extension L′/L such that the natural map

V → Ψ∗
L′/L,ϖΨL′/L,ϖ,♮V

is an equivalence. This can be checked after base change along the epimorphism of Gelfand stacks
F̆tL′/L → FtL′/L obtained by base changing from Qun

p to Q̆p. In this case we have a cartesian
diagram

LHK/FFFp F̆tL′/L

LHK FtL′/L,

g

f̃ f

ΨL′/L,ϖ

and by proper base change one reduces to proving that there exists a finite extension L′/L such
that the natural map f̃∗V → g∗g♮f̃

∗V is an isomorphism. This follows from Lemma 7.4.4 and
Proposition 7.5.1. □

Remark 7.5.4. As explained at that beginning of this section, the categories of vector bundles on
GSpec(Q̆p)/φ

Z and GSpec(Qun
p )/φZ are not equivalent. LetG := lim←−H⊆GalFp open

GSpec(C(H,Qp))

for C(H,Qp) the Hopf algebra of continuous functions H → Qp. Then G is a group object in
Gelfand stacks, acting on GSpec(Q̆p)/φ

Z with quotient GSpec(Qun
p )/φZ.

As a consequence of Theorem 7.1.1, we obtain the following.

Corollary 7.5.5. Let X be a partially proper rigid space over Qp. Let V be a vector bundle on
XHK. For any classical point x ∈ X, there exists an open neighborhood U ⊂ X of x and a finite
extension L/Qp such that the pullback of V to UHK

L is unipotent (with respect to the residue field
of L).

Proof. First, we show that given Y a partially proper rigid space over Cp, and V a vector bundle
on Y HK, then, for any point y of Y whose completed residue field k̂(y) is isomorphic to Cp, there
exists an open neighborhood U ⊂ X of y such that the pullback of V to UHK is unipotent (with
respect to Fp). This follows from Theorem 7.1.1 via an approximation argument. More precisely,
it suffices to show that

VB(Marc(k̂(y))
HK) = lim−→

U∋y

VB(UHK).

Moreover, thanks to Proposition 5.4.10, it suffices to prove a similar statement for perfect modules.
Restricting to an affinoid neighborhood of y, and passing to a (light) profinite torsor over it, we can
reduce to the affinoid perfectoid case (cf. the proof of Lemma 7.4.4). Then the claim follows from
Lemma 5.4.8, recalling that the Fargues–Fontaine curve attached to an affinoid perfectoidMarc(A)
over Qp is a Berkovich space, and observing that, considering the map Marc(A)

HK →M(A)Betti,
each closed subset of |Marc(A)

HK| has a fundamental system of neighborhoods of the form |UHK|.
Then, the statement follows from what we have just shown, again via approximation, using the

classicality of the point x ∈ X. □
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Remark 7.5.6. Let C/Qp be an algebraically closed field of finite transcendence degree d ≥ 1
(up to completion), so that C is a qfd Banach algebra over Qp. One might wonder if any vector
bundle on CHK is unipotent (with respect to Fp), or even if it is possible to classify vector bundles
on CHK by a category of (φ,N0, . . . , Nd)-modules over Qun

p . This is however too optimistic: each
vector bundle on CHK spreads out to a vector bundle on XHK for a smooth partially proper rigid
analytic variety X over Qp with a morphism x : Spa(C)→ X. As a consequence, a vector bundle on
CHK does not necessarily admit a Harder–Narasimhan filtration (e.g., if the Harder–Narasimhan
polygon for the pullback to FFX jumps at x) even though its pullback to FFC does. Looking at
the argument in Proposition 7.5.1, we see that FFC → CHK is therefore not surjective. Still there
is the chance that a version of Tsuzuki’s theorem can hold for C: each vector bundle E on CHK,
which spreads out to a semi-stable vector bundle E ′ on XHK for a smooth partially proper rigid
analytic variety X over Qp with a morphism x : Spa(C)→ X, is pulled back along the morphism
CHK → GSpec(Qun

p )/φZ. Considering the last part of the proof of Proposition 7.5.1, we can (up
to replacing X by an étale morphism, and a qcqs †-rigid subspace) find a pro-p-covering Y → X
with Y qcqs, connected such that the pullback of E ′ to FFY is isomorphic to O(λ)⊕r for some
r ≥ 0 and λ ∈ Q. Following the proof of Proposition 7.5.1 it remains to see that the diagonal
∆Y ⋄ ⊆ Y ⋄×Spa(Fp) Y

⋄ has a cofinal system of connected qcqs open neighborhoods. For C replaced
by Cp, we could use the elementary argument Lemma 7.5.2, which unfortunately does not seem to
generalize to C.

Remark 7.5.7 (de Rham implies potentially semi-stable).
(1) As shown by Berger, [Ber02], the local p-adic monodromy theorem implies that any de

Rham p-adic Galois represention is automatically potentially log-crystalline (i.e. potentially
semi-stable). This was later reproved by Colmez, [Col08], and Fargues–Fontaine, [FF18],
using different methods. Rephrasing Berger’s proof in terms of Hyodo–Kato stacks, this
result can be deduced as follows from Theorem 7.1.1. Using Sen theory, one can show that
there is an equivalence of categories

(7.5.2) VBdR(FFQp
) ∼= VB(QHK,+

p )

where the LHS denotes the category of de Rham GalQp -equivariant vector bundles on
FFCp

, [FF18, Définition 10.4.5], and QHK,+
p denotes the stack defined as the pushout of

the diagram
QHK

p ← QdR
p → QdR,+

p

(here, we write QdR,+
p for the Hodge filtered de Rham stack of Qp). By Theorem 7.1.1

the category VB(QHK
p ) is equivalent to the category of (φ,N,GalQp

)-modules over Qun
p ; in

particular, the category VB(QHK,+
p ) is equivalent to the category of filtered (φ,N,GalQp

)-
modules over Qun

p . On the other hand, by [FF18, Proposition 10.6.7], the latter category
is equivalent to the category VBplog(FFQp

) of potentially log-crystalline GalQp
-equivariant

vector bundles on FFCp . Thus, putting everything together, we deduce from (7.5.2) that
we have an equivalence of categories

(7.5.3) VBdR(FFQp)
∼= VBplog(FFQp),

which is the generalization of Berger’s theorem proven by Fargues–Fontaine, [FF18, Théorème
10.6.10]. An advantage of this strategy is that it is amenable to generalizations to the rel-
ative case. In fact, we expect that the equivalence (7.5.2) can be extended replacing Qp

with a partially proper smooth rigid space X over Qp, and that one can deduce from
Corollary 7.5.5, Shimizu’s theorem, [Shi22, Theorem 1.1].

(2) We recall that it is a major open problem in p-adic Hodge theory whether, given a de
Rham pro-étale Zp-local system L on a smooth rigid space X over Qp, there exists a finite
étale extension Y → X such that the pullback of L to Y is semi-stable at each classical
point (see e.g. [LZ17, Remark 1.4]). This is known to be true only in very special cases;
e.g. it is known for local systems with a single (constant) Hodge–Tate weight, [Shi18,
Theorem 1.6]. In view of the previous remark, we can translate this question in terms of
Hyodo–Kato stacks, as follows. Let X be a partially proper rigid space over Qp. Is it true
that, given a vector bundle V on XHK, there exists a finite étale extension Y → X such
that the pullback of V to Y HK is unipotent at each classical point of Y ?
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Appendix A. Complements on solid functional analysis

Building on results of Clausen–Scholze, we collect here various useful statements in solid func-
tional analysis over Qp,□, revolving around the notion of nuclearity and ω1-compactness.

As in the main body of the paper, we work in the light solid setup, and all rings are animated.
Given a solid Qp,□-algebra A, we implicitly endow it with the analytic ring structure induced from
Qp,□ and denote by D(A) the derived ∞-category of complete A-modules.

We begin by recalling some terminology.

Definition A.0.1. A solid Qp-module is called a Smith space if it is isomorphic to Qp⊗Zp

∏
I Zp,

for some set I. We call a Smith space light, if I can be chosen to be countable.

We recall that a solid Qp-module is a light Smith space if and only if it is isomorphic to Qp,□[S]
for some light profinite set S.

Lemma A.0.2. The class of Smith spaces, resp. light Smith spaces, is stable under extensions,
closed subobjects, and quotient by closed subobjects.

Proof. See e.g. [RJRC21, Proposition 3.9], [Bos21, Lemma A.26]. □

Lemma A.0.3. Let A be a solid Qp-algebra whose underlying solid Qp-module is ω1-compact. Let
M ∈ D(A), then the following are equivalent:

(1) M is an ω1-compact A-module.
(2) M is an ω1-compact solid Qp-module.
(3) πk(M) is a static ω1-compact π0(A)-module (in the abelian category of solid π0(A)-modules)

for all k ∈ Z.

Proof. Let us first prove that (1) ⇔ (2). Suppose that M is ω1-compact as solid Qp-module, then
M is the geometric realization of the ω1-compact objects A•+1 ⊗Qp,□ M and so ω1-compact as A-
module, since the compact objects in D(Qp,□) are stable under the solid tensor product. Conversely,
let M be an ω1-compact A-module, then if N ∈ D(Qp,□) we have that

HomQp
(M,N) = HomA(M,HomQp

(A,N)).

Hence, as A is ω1-compact as a solid Qp-module, the functor HomQp
(M,−) commutes with ω1-

filtered colimits making M an ω1-compact solid Qp-module.
Next, for proving the equivalence with (3), by the previous equivalences (applied to A and

π0(A)) we can assume without loss of generality that A = Qp. Suppose that M is an ω1-compact
solid Qp-module. Then, M = lim−→I

Pi can be written as a countable filtered colimit of compact
objects D(Qp,□). Each Pi is represented by a finite complex of light Smith spaces. In particular,
by Lemma A.0.2, this implies that each cohomology group πk(Pi) is a quotient of Smith spaces
and so compact as a static solid Qp-module. This implies that πk(M) = lim−→i

πk(Pi) is a countable
colimit of compact Qp-modules and so ω1-compact as a static solid Qp,□-module. Conversely, let
M ∈ D(Qp,□) be such that πk(M) is ω1-compact as a static solid Qp-module for all k ∈ Z. First, by
writing M = lim−→n

τ≥−nMn as a countable colimit of its right truncations, we can assume without
loss of generality that M is connective. In that case, as π0(M) is ω1-compact, we can find a
countably family of light profinite sets S0,j and a map

Q0 :=
⊕
j

Qp,□[Sj ]→M

surjective on π0. Let M1 be the cofiber of this map, then M1 is 1-connective and its cohomology
groups are still ω1-compact (this follows because the kernel of Q0 → π0(M) admits again a surjec-
tion by a countable sum of Smith spaces). By an inductive argument we see that M is represented
by a complex of the form

· · · → Q1 → Q0 → 0

where each Qi is a countable direct sum of compact projective solid Qp-modules. From this
presentation, one can see that M is ω1-compact proving what we wanted. □

We recall the following definition of nuclear modules.

Definition A.0.4. Let A be a solid Qp-algebra.
(1) A morphism N →M in D(A) is trace class if it lands in the image of the map

π0(HomA(N,A)⊗A M)(∗)→ π0HomA(N,M).
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(2) A solid A-module M is nuclear if for all compact A-modules P the natural morphism

HomA(P,A)⊗A M → HomA(P,M)

is an equivalence. We let Nuc(A) ⊂ D(A) be the full subcategory of nuclear A-modules.
(3) An object M ∈ D(A) is called basic nuclear if it is of the form M = lim−→n

Mn where each
Mn ∈ D(A) is compact and the maps Mn → Mn+1 are trace class. We let Nucbasic(A) ⊂
D(A) be the full subcategory of basic nuclear A-modules.

Example A.0.5. Banach spaces are nuclear solid Qp-modules (see e.g. [Bos21, Corollary A.50]).
More generally, Fréchet spaces over Qp are nuclear solid Qp-modules ([Bos21, Proposition A.64]).

Let us collect some properties of the category of (basic) nuclear modules.

Lemma A.0.6.
(1) The subcategory Nuc(A) ⊂ D(A) is stable under colimits, and its ω1-compact objects are

precisely the basic nuclear objects.
(2) The categories Nucbasic(A) ⊂ Nuc(A) ⊂ D(A) are stable under tensor products.
(3) If A → B is a morphism of solid Qp-algebras and N is a nuclear (resp. basic nuclear)

A-module, then B ⊗A N is a nuclear (resp. basic nuclear) B-module.

Proof. For part (1) see [Sch20, Proposition 13.13], part (2) is [CS22, Theorem 8.6], and part (3)
[Man22, Proposition 2.3.22]. □

Lemma A.0.7. Let A be a solid Qp-algebra which is nuclear as solid Qp-module and let M ∈ D(A).
The following are equivalent:

(1) M is a nuclear A-module.
(2) M is nuclear as a Qp-module.
(3) πi(M) is a nuclear A-module for all i ∈ Z.

Proof. See e.g. the proof of [Bos23, Theorem A.17(iii), Remark A.18]. □

Lemma A.0.8. Let A be a nuclear solid Qp-algebra. Then Nuc(A) ⊂ D(A) is stable under
countable limits.

Proof. See [Bos23, Theorem A.17(i)]. □

Lemma A.0.9. Let A be a nuclear solid Qp-algebra and let M be an ω1-compact A-module. Then
the functor

HomA(M,−) : D(A)→ D(A)

preserves nuclear modules.

Proof. By assumption, we can write M = lim−→i
Pi as a countable filtered colimit of compact pro-

jective A-modules. Then for N ∈ Nuc(A) we have that

HomA(M,N) = lim←−
i

HomA(Pi, N) = lim←−
i

(HomA(Pi, A)⊗A N),

where the first equivalence is clear, and the second follows from nuclearity of N . Since A is a
nuclear Qp-algebra, HomA(Pi, A) ⊗A N is a nuclear A-module, and Lemma A.0.8 implies that
HomA(M,N) is nuclear proving what we wanted. □

The most important source of basic nuclear objects is the following class of solid Qp-modules:

Definition A.0.10. A solid Qp-module is called dual nuclear Fréchet space if it can written as a
countable filtered colimit of Smith spaces along injective trace class transition maps. If the Smith
spaces in the system can be chosen to be light, then we say that it is a light dual nuclear Frćhet
space. For short, we will also refer to it as DNF space (resp. light DNF space).

Lemma A.0.11. Let M be a static and quasi-separated solid Qp-module. The following are equiv-
alent:

(1) M is basic nuclear.
(2) M is a light DNF space.

Moreover, let f : N →M be a morphism of light DNF spaces. Then both ker(f) and im(f) are
light DNF spaces.
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Proof. It is clear that any light DNF space is basic nuclear, static and quasi-separated solid Qp-
module. Conversely, suppose thatM is a static, quasi-separated and basic nuclear solid Qp-module.
We can write M = lim−→n

Pn as a filtered colimit of compact projective Qp,□-modules along trace
class transition maps. Since M is quasi-separated, the kernel Qn = ker(Pn → M) is closed and,
by Lemma A.0.2, it is a compact projective Qp,□-module. In particular, there is some m≫ n such
that Pn → Pm factors through Pn/Qn. Hence, after passing through a subsequence and taking
quotients, we can assume that the transition maps in the colimit M = lim−→n

Pn are injective and of
trace class. This is precisely a light DNF space.

For the last claim, let f : N → M be a morphism of light DNF spaces. Then M,N are quasi-
separated and the kernel K ⊂ N is a closed subspace. By writing N = lim−→n

Pn as a filtered colimit
of injective trace class maps of compact projective objects, we see that

K = lim−→
n

(Pn ∩K)

and that Pn ∩K ⊂ Pn is a compact projective module, by Lemma A.0.2. Thus, K is ω1-compact.
Now, by [RJRC21, Corollary 3.38] we can also write N = lim−→n

Bn as a filtered colimit of Banach
spaces along injective trace class maps, hence K = lim−→n

Bn ∩K is also a filtered colimit of Banach
spaces, making it nuclear. We deduce that K is both nuclear and ω1-compact, and so it is basic
nuclear. This implies that it is a light DNF space (using the proven equivalence of (1) and (2)) as
it is quasi-separated. Finally, im(f) = N/K is a quasi-separated and basic nuclear module, so it
is light DNF as well. □

Proposition A.0.12. Let M ∈ D(Qp,□), the following are equivalent:
(1) M is basic nuclear.
(2) M can be represented by a complex whose terms are all light DNF spaces.
(3) For each i ∈ Z the static Qp,□-module πi(M) is a quotient of light DNF spaces.

Proof. This is an analog of [CS22, Theorem 8.15]. The implication (1) ⇒ (2) follows from the
same proofs of [CS22, Lemma 8.7 and Proposition 8.9] since any compact object P of D(Qp,□) can
be represented as a complex P • of compact projective modules of the form Qp,□[S] with S light
profinite; here the key input of [CS22, Lemma 8.7] is that HomQp

(Qp,□[S],Qp) = C(S,Qp) sits
in degree 0 and is flat. The first assertion is clear since Qp,□[S] is projective, and for the second
assertion see e.g. [Bos21, Corollary A.28].

The implication (2) ⇒ (3) is obvious. Finally, for the implication (3) ⇒ (1), note that if πi(M)
is a quotient of light DNF spaces, then it is basic nuclear by Lemma A.0.11. Then combining
Lemma A.0.3 (for ω1-compactness) and Lemma A.0.7 (for nuclearity) one deduces that M is basic
nuclear. □

Nuclear modules satisfy the following descent result. For the notion of !-equivalence used here,
see Definition 4.2.1.

Lemma A.0.13. Let I be a countable ∞-category, and let lim−→i∈I
AnSpec(Ai)→ AnSpec(A) be a

!-equivalence of solid Qp-algebras such that A and all Ai are nuclear over Qp. Then the natural
functor

Nuc(A)→ lim←−
i∈I

Nuc(Ai)

is an equivalence, where the transition maps are given by ∗-pullbacks.
Suppose that in addition that A and all Ai are basic nuclear Qp-algebras. Then the natural

functor
Nuc(A)→ lim←−

i∈I

Nuc!(Ai)

is an equivalence, where the transition maps are given by !-pullbacks.

Proof. Since we have descent for solid quasi-coherent sheaves (as we have a !-equivalence), and the
nuclear categories are full subcategories of all solid modules (stable under ∗-pullback), we have
an inclusion Nuc(A) ⊂ lim←−i

Nuc(Ai). To see that this inclusion is essentially surjective, let Mi

be a cocartesian section in Nuc(Ai). By Lemma A.0.7 each Mi is nuclear as A-module, and by
Lemma A.0.8 the limit of all Mi remains nuclear being a countable limit of nuclear modules.

For the claim about !-descent, by assumption all the Ai are basic nuclear, and in particular
they are ω1-compact as A-modules. By Lemma A.0.9 the upper !-functors HomA(Ai,−) preserve
nuclear A-modules, and so the natural equivalence (coming from the input being a !-equivalence)

D(A)
∼−→ lim←−

i∈I

D!(Ai)
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restricts to fully faithful functor
Nuc(A) ⊂ lim←−

i∈I

Nuc!(Ai).

To see that this morphism is essentially surjective, it suffices to see that ifMi is a cocartesian section
of lim←−i∈I

Nuc!(Ai) then lim−→i∈Iop
Mi is a nuclear A-module. This follows again from Lemma A.0.8.

□
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