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ABSTRACT. We define and initiate the study of analytic de Rham stacks of relative Fargues—
Fontaine curves. To this end, we develop a theory of analytic de Rham stacks with sufficiently
strong descent and approximation properties. Specializing to the de Rham stack of the Far-
gues—Fontaine curve attached to C,, we apply the general theory to obtain a new geometric
proof of the p-adic monodromy theorem, avoiding any reliance on earlier results on p-adic differ-
ential equations. Building on the foundations established here, we plan in a sequel to investigate
the cohomology of de Rham stacks of relative Fargues—Fontaine curves in geometric situations
and, in particular, provide a stack-theoretic definition of Hyodo—Kato cohomology.
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1. INTRODUCTION

Let p be a prime number.

1.1. p-adic geometry, beyond perfectoid spaces. A large part of this paper is devoted to
developing some foundational work on derived p-adic geometry within the world of analytic stacks.
This framework will be used critically by some of us to define an analogue of prismatic/syntomic
cohomology (incarnated as coherent cohomology of certain stacks) for rigid analytic varieties.
However, in the context of the present paper, its relevance lies in the fact that it serves to provide
a new definition of analytic de Rham stacks in p-adic geometry. This extends the results of [RC24al,
which developed a powerful theory of the analytic de Rham stack, providing the necessary tools for a
robust theory of analytic D-modules on rigid analytic varieties (including, among other statements,
Poincaré duality). However, when applying to more exotic spaces like Fargues—Fontaine
curves (as we aim to do in this paper), one runs into technical issues making [RC24al not directly
applicable. These technical questions circle around the descent of the functor X — XIR or its
commutation with limits. The new definition that we present in Section [4 will solve these issues
in a satisfactory manner.

We now provide a motivation for our construction. Let us recall that for a scheme X, its
algebraic de Rham stack Xgllg is a sheafification of the functor R +— X (Ryeq). Sheafifying for the
fpqc-topology and working in characteristic p, the functor X +— X ;112 is essentiallyﬂ right adjoint
to the perfection functor Y — Yperfﬂ One can observe that for semiperfect rings, which form a
basis for the fpqc topology, we have R,cq = Rperf and that an fpgc-cover R — S of F,-algebras
induces an exact sequence

0— Rperf — Sperf — Sperf QR Sperf — .

perf

by passing to the filtered colimit over Frobenius. This implies that, for a scheme X, the fpqc sheafi-
fication of the functor R +— X (Ryeq) is the functor R — X (Rperr). This justifies the adjunction
formula

Hom(Spec(R), XdR) = Hom(Spec(Rpert), X).

alg

In particular, we see that X — Xgllg commutes with limits (which a priori is non-obvious because
of the involved sheafification). One can then also observe that Xglg depends itself only on the
perfection of X, i.e., the functor represented by X on perfect rings.

Our definition of an analytic de Rham stack is modelled on the above adjunction between
perfection and the algebraic de Rham stack by replacing the perfection with “perfectoidization”.
More precisely, let AnStk be the category of analytic stacks (as defined in [CS24], in particular in
the “light” setting), and let Perfdg, be the category of perfectoid spaces over Q,. It is not difficult
to construct a functor (a naive version of “perfectoidization” or “associated diamond”)

F': AnStk — Sh,,(Perfdg, ),

by sending an analytic stack Y to the v-sheafification of Spa(R, R*) — Y (AnSpec((R, R")5). One
might hope that F' admits a right adjoint G, and that X — G o F(X) realizes analytic de Rham
stacks. But this hope is too naive: a basic desideratum for any reasonable theory of analytic de
Rham stacks is that the analytic de Rham stack of the analytic affine line A(g:n over Q, ; is given by

the quotient AE:H /Gl where G/ is the overconvergent neighborhood of the origin in A(g:n acting

1One needs to be careful with the exact definitions of the categories involved, but we content ourselves with the
discussion that follows.

2Note that this notion of de Rham stack is different from that one of Drinfeld and Bhatt-Lurie in the theory of
prismatization of formal schemes.
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on A(g:n by addition. This however is not realized by the functor G o F. Namely, the functor F
identifies the algebraic affine line AnSpec(Q,[T]) with the analytic affine line Aézg:n, and thus

G o F(AnSpec(Q,[T])) = G o F(A}an)’

i.e. the natural map from A}Q;jn to its analytic de Rham stack would extend to the algebraic

A', something we do not want. We can follow [RC24a] here, and attack this problem (in a first
approximation) by replacing the source of the functor F' by sheaves on so-called bounded Q-
algebras (Section . These are Q,-algebras, which are roughly given by “non-complete Banach
algebras”. By definition, the algebraic and analytic affine line are identified as functors on bounded
Qp-algebras, and moreover each bounded Q,-algebra A admits a distinguished ideal, its {-nilradical
NilT(A), which intuitively consists of all elements of spectral norm 0. For a bounded Q,-algebra
set AT=red .— A/Nilf(A), the f-reduction of A. Building on the theory of bounded Q,-algebras,
[RC24a] has developed the aforementioned theory of analytic de Rham stacks by !-sheafifying for
a given X the functor A — X (A7) on bounded Q,-algebras.

However, for general bounded Q,-algebras A, the f-reduction AT~ is still a rather general type
of solid Q,-algebra. We will introduce a notion of Gelfand rings, which ensures that the (uniform)
completion of AT~™4 is a Banach Q,-algebra. These always admit nontrivial maps to perfectoid
Q,-algebras, and hence play better in the desired adjunction.

Another simplification we make in this paper is that we endow all Q, -algebras with the induced
analytic ring structure. This has two major effects. On the one hand, it makes many proofs easier
as descendability becomes easier to checkﬁ In fact, to further facilitate such descendability proofs,
we make countability/separability /lightness assumptions throughout the paperﬂ On the other
hand, working only with induced analytic ring structures has the effect of identifying the usual
rigid unit disc Do, = Spa(Q,(T), Z,(T)) with its Huber compactification Dg,. This may seem
undesired, but in fact on the level of de Rham cohomology it is helpful: namely, the well-behaved
de Rham cohomology of the disc is its overconvergent de Rham cohomology. Usually, this is subtle
to define as it seems to require the choice of an overconvergent structure. But in fact we show
here that the analytic de Rham stack of Do, — which is also the analytic de Rham stack of Dg, as
defined in this paper — computes overconvergent de Rham cohomology, thereby giving a canonical
definition of the latter, Example {.7.6] In particular, when discussing adic spaces in this paper, we
will always have to assume that they are partially proper (or work with f-rigid spaces in the sense
of Definition [4.3.6).

The choice of using only induced analytic ring structures has as another consequence. Namely,
we will usually replace localizing to open subsets on the adic spectrum by localizing to closed
subsets of the Berkovich spectrum. This is perfectly feasible in the context of analytic stacks.

We are now in a position to define the target category of perfectoidization that we will use.

Definition 1.1.1.

(1) A perfectoid Tate algebra A over Q,, is called separable if A is a separable Banach algebra
over Q,. That is, A admits a countable dense subset.

(2) If Ais a perfectoid Tate algebra over Q,, we let M(A) be the maximal Hausdorff quotient of
Spa(A4, A°)E| Equivalently, M(A) is the Berkovich spectrum of A consisting of equivalence
classes of continuous multiplicative seminorms | — [: A — Rx>q with |1] = 1.

(3) A morphism A — B of perfectoid Tate algebras over Q, is an arc-cover if the morphism
M(B) — M(A) on Berkovich spaces is surjective.

(4) We let ArcStkg, be the category of hypersheaves of anima on the arc-site of separable
affinoid perfectoid spaces over Q,,.

The category ArcStkg, will serve as our replacement for the category of v-sheaves on perfectoid
spaces over Q,, and we can now move to our restricted version of the category of analytic stacks.

As mentioned before, we will have to restrict ourselves to bounded Qp-algebras A, in fact some
full subcategory thereof. Associated to a bounded Q,-algebra A (always seen as an analytic ring
over Q- through the induced analytic ring structure) are:

e its f-nilradical Nilf(4) C A,

3As far as only categories of quasi-coherent sheaves are concerned, the Da-theory of [AM24] offers an option
to allow more general descent on perfectoid spaces, but this does not seem to help with generalizing geometric
constructions such as of the analytic de Rham stacks.

4Recently, Zelich and Aoki have constructed faithfully flat maps, which are not descendable, [Zel24], [Ack24].
Hence, some restriction here like countable generation is necessary.

5As for example discussed in [Schi8al, Proposition 13.9].
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o its f-reduction At=red .= A/Nilf(4),
e its subring AS! C A of (overconvergent) powerbounded elements, Definition [2.2.8][°
e its uniform completion A% := (AS1)"#[1/p] (where M”» denotes the p-adic completion),

Definition 2.3.11

Of course, we can map a bounded ring A to the arc-sheafification of the functor
R~ Maprygfalg.(Av R)

on separable perfectoid rings. It is however not necessarily true that a given !-cover A — B of
bounded rings induces a surjection on associated arc—sheavesﬂ To solve this issue we study the
following notion, which might be of independent interest.

Definition 1.1.2. A bounded Q-algebra A is called Gelfand if A* is a Banach Q,-algebra.

We note that the condition that the bounded Qp-algebra B := A" is Banach implies that B<l/p
is discrete (in contrast to being a rather general solid F,-algebra). Hence, being Gelfand puts a
strong constraint on a bounded QQ,-algebra. For a partial justification of our choice of terminology
(motivated by conversations with Clausen), see Remark

Example 1.1.3. An example of a bounded Q,-algebra which is not Gelfand is the ring A =
Z,[T][1/p) (with topology induced by the (p, T)-adic topology on Z,[T]). Indeed, ASt/p = F,[T]
is not discrete.

If A is a Gelfand ring, we define its Berkovich spectrum M(A) as the Berkovich spectrum of
the Banach algebra A*. We show, following [CS24]:

Proposition 1.1.4 (Proposition . Let A be a Gelfand Qp-algebra with M(A) a metrizable
compact Hausdorff space with finite cohomological dimension. There is a natural map of analytic
stacks over Qp

AnSpec(A) = M(A)Betti X AnSpec(z) AnSpec(Qy )

satisfying universal !-descent.
To supplement the usefulness of Gelfand rings, we also prove the following theorem.

Theorem 1.1.5 (Proposition [3.3.5). Let A be a Gelfand Q,-algebra. Then A is Fredholm, i.e.,
each dualizable object in D(A) = Mod 4 (D(QP,D)) is of the form M ® 4.y A for a perfect module
M over the animated ring A(x).

As with perfectoid rings, we put separability assumptions. More precisely, we introduce the
following notions.

Definition 1.1.6 (Definition [4.2.6]).

(1) A Gelfand ring A is called separable if A" is a separable Banach algebra over Q,,.

(2) The category of Gelfand stacks GelfStk is defined as the category of analytic stacks on (the
opposite of ) the category of separable Gelfand rings GelfRing,, C An Rinng,u'

(3) For A € GelfRing,, , we denote by GSpec(A) the functor corepresented by A on separable
Gelfand rings.

In this definition, we used the notion of analytic stacks over (the opposite of) a suitable small
subcategory of analytic rings; we refer to Section [£.2] for the details.

The category of Gelfand stacks inherits a 6-functor formalism from the category of analytic
stacks over Qp, which we will use heavily. It contains fully faithfully the category of partially
proper rigid analytic spaces over QQ,, and even the larger category of derived Berkovich spaces
over @, a category which we define in Section and which generalizes the category of (good)
Berkovich spaces over Qpﬁ this construction is analogous to the one of derived Tate adic spaces of
[RC24al, Section 2.7].

Remark 1.1.7. It is a natural question to wonder how the category GelfStk relates to the category
AnStkg, , of analytic stacks over Q, 5. There is a unique left exact colimit preserving functor
(—=)An : GelfStk — AnStkg, ., sending GSpec(A) to AnSpec(A) for A a separable Gelfand ring.

6In |[RC24al, Definition 2.6.1] the ring of power-bounded elements is, on underlying anima, given by the subanima
of maps Qp(T) — A. As the Tate algebra Qp(T") is uncountably generated over Qp as a solid algebra, we replace it
by its better behaved overconvergent variant Qp(T)<1 := [U,.5 0 Qp{(p"T).

7One can hope that a generalized notion of perfectoid Tate rings might solve this issue. However, in order to
relate our theory to [Sch25| and [Sch24al it seems easier to restrict instead the class of bounded Qp-algebras.

8For the notion of good Berkovich space, see [Ber93|.
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This functor may not be fully faithful on general Gelfand stacks, but it is on derived Berkovich
spaces over Q,, which will be all we need in practice.

The functor (—)an has a right adjoint (—)ger : AnStkg, , — GelfStk. To illustrate what it does,
here are some simple examples:

e (AnSpec(Q,[T))) et = Aa:n = J,, GSpec(Q, (p"T)) is (the Gelfand stack incarnation of)
the analytic affine line.

o (AnSpec(Z,((T))"*»[1/p]))cerr = 0, namely, Z,((T))"»[1/p] does not admit any morphism
as a solid Q-algebra to a non-archimedean field extension of Q,, (the ring Z,((T))"»[1/p] is
known as the Amice ring in p-adic Hodge theory and arises geometrically as the completed
residue field at the type (5) point in the closure of the affinoid unit disc, up to replacing T'
by T71).

e Continuing Example (AnSpec(Z,[T][1/p])) el is the open unit disc over Q,, (seen as
a Gelfand stack, via the fully faithful embedding of (partially proper) rigid analytic spaces
in Gelfand stacks). In other words, the generic fiber of AnSpec(Z,[T]) in Gelfand stacks
coincides with the rigid analytic generic fiber of the formal scheme Spf(Z,[7]) in the sense
of Berthelot (one could generalize this statement to formal schemes locally of finite type
over Zp).

We note that for the first example, working with stacks on bounded rings would have produced the
same answer, but not for the third example (indeed, Z,[T][1/p] is already a bounded Q,-algebra).

For the study of Gelfand stacks, it is useful to replace the category of all separable Gelfand rings
by a subclass of bounded rings forming a basis of the -topology on separable Gelfand rings. With
this in mind, we introduce the following notions.

Definition 1.1.8 (Definition [4.6.1]). Let A be a Gelfand ring.

(1) We say that A is nilperfectoid if AT~ is a perfectoid ring. We let GelfRing&iperfd C
GelfRingg, be the full subcategory of nilperfectoid Gelfand rings.

(2) We say that A is totally disconnected if M(A) is a profinite set. We say that A is strictly
totally discommected if it is totally disconnected and all its completed residue fields are
algebraically closed fields. We let GelfRinngi C GelfRingg, (resp. GeIfRing(SQf) be the full
subcategory of (strictly) totally disconnected Gelfand rings.

We prove that for any separable Gelfand ring A, there exists a descendable map A — A’, which is
quasi-pro-étale on uniform completions, with A’ a separable nilperfectoid ring (Proposition .
In particular, nilperfectoid rings form a basis of the !-topology. They play a role analogous to
the role played by semiperfectoid rings in integral p-adic Hodge theory. In fact, they are in some
sense a generalization of them: generic fibers of semiperfectoid rings are examples of nilperfectoid
rings (see Proposition. We defined Gelfand stacks using all (separable) Gelfand rings rather
than only (separable) nilperfectoid rings, to facilitate the comparison with {-rigid spaces and more
generally (derived) Berkovich spaces over Q,.

Remark 1.1.9. The definition of the diamond associated to a rigid analytic space X over Q, is
based on the idea of only remembering this space through the collection of all maps from perfectoid
spaces to it. This works as long as one only cares about “topological” information about X (such
as its étale cohomology), because X becomes perfectoid locally for the pro-étale and v-topology.
This substitution is very useful since perfectoid rings have nice cohomological properties (such
as almost vanishing of higher cohomology of the integral structure sheaf). On the other hand,
if one is interested in things such as (filtered) de Rham cohomology of smooth rigid spaces or
locally analytic representations of p-adic Lie groups, one needs to consider functors defined on a
category of rings with a possibly non-trivial (dagger) nilradical. Thus, we see that nilperfectoid
rings are so to say the minimal choice of a category of rings combining both features, i.e. the
notion of Gelfand stack is as close as possible to the notion of arc-stack (over Q,) while allowing
non-trivial overconvergent thickenings; and we will see next that the difference is in some sense
exactly measured by the construction of the analytic de Rham stack.

1.2. A new definition of analytic de Rham stacks. With these preparations, we can come
to (a first version of) the definition of the analytic de Rham stack. We define in Section the
perfectoidization functor

(=) : GelfStk — ArcStkg,,

as the colimit preserving functor sending GSpec(A), A € GelfRing,, to the functor Mg,.(A4) :=
(GSpec(A))®, which sends a separable perfectoid Q,-algebra B to the anima Homgeitring,,, (4, B).
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Its right adjoint is the big analytic de Rham stack functor
(—)PR . ArcStkg, — GelfStk.

Remark 1.2.1. In fact, (—)° is itself the right adjoint of a functor (/5): ArcStkg, — GelfStk that

realizes light arc-stacks (over Q) geometrically. The functor (/5) is the left Kan extension of the
functor that sends the arc-stack M,,.(A) represented by a totally disconnected perfectoid ring A

to GSpecA. Via the functor (—) and the 6-functor formalism on GelfStk, one obtains a 6-functor

formalism for O-cohomology on arc-stacks over Q,; this justifies the notation. See the end of
Section [4.4] for more on the relation to [AM24] and [ALBM24].

Example 1.2.2. Here is an example illustrating how these functors play with each other. Let G
be a compact p-adic Lie group. Let G'* = GSpec(C'®(G, Q,)) € GelfStk, with C'*(G,Q,) the ring

of locally analytic functions on the group G. We have (G'#)° = G, (G'»)° = GSpec(C(G,Q,)) and

the counit morphism (G'2)® — G™ is the map induced by the inclusion C'*(G,Q,) — C(G,Q,).
We also have GPR = G5™ = GSpec(C'*(G, Q,)) (locally constant functions) and the unit morphism
G — ((G')*)PR is the map induced by the inclusion C'*(G,Q,) — C*(G,Q,), Example m
Remark [4.8.7]

As the capital letters notation may suggest, is not what we will consider as the “right”
version of the analytic de Rham stack functor in the present paperﬂ One important, or at least very
useful, aspect for the applications of the theory both in this text (Section @ and in future work is
that the functor sending X to its analytic de Rham stack should have strong descent properties: if
X — X' is an epimorphism of (light) arc-stacks over Q,, we want the induced map X DR _, x/.DR
to be an epimorphism of Gelfand stacks. It is however false in this general settinﬂ For reasons to
be explained in the main body of the paper, the situation would simplify considerably if separable
strictly totally disconnected rings would form a basis of the !-topology on separable Gelfand rings.
But it is unfortunately not true that all separable Gelfand rings R admit a descendable map to such
a ring (Remark . Nevertheless, we do prove such a statement under some sort of finiteness
assumption on R: we show it when R is quasi-finite dimensional (gfd for short), i.e., its uniform
completion is quasi-pro-étale over a finite-dimensional analytic affine space over Q.

()"

Remark 1.2.3. To ensure the existence of a descendable cover by a strictly totally disconnected
ring, we will see that finite cohomological dimension of the Berkovich space is enough (Propo-
sition . But we want to work with a class of separable Gelfand rings having such covers
and which is stable by fiber products, and the last condition would not be guaranteed if we con-
sidered only the condition of having a Berkovich space of finite cohomological dimension. One
could instead restrict to separable Gelfand rings A such that each Berkovich residue field of A*
has finite geometric transcendence degree over Q,, which implies finite cohomological dimension
of the Berkovich space. But to get hyperdescent, rather than mere descent, we will need to use
the stronger gfd condition in Section [5.6

For this reason, we replace in the above the categories ArcStkg,, GelfStk by their versions
ArcStkd, GelfStk™

defined on gfd separable perfectoid rings, resp. qfd separable Gelfand rings, instead of all separable
perfectoid rings, resp. all separable Gelfand rings. We still have a similarly defined perfectoidization
functor (denoted by the same letter):

(—)° : GelfStk™ — ArcStkd?,

Definition 1.2.4. The gfd perfectoidization functor has a right adjoint, that we call the analytic
de Rham stack functor, and denote

(=) : ArcStkd! — GelfStk .
P
If X is a qfd Gelfand stack, we will abuse notation and write

XdR _ (XO>dR.

9We believe each version of the de Rham stack has its own advantages and drawbacks. We chose the one best
suited to our needs, but for other questions the DR choice would have been reasonable too (and for many questions
both versions can be used).

1OIndeed7 if it were the case we would have XPR = Xp.; for X a compact Hausdorff space (realized as an
arc-stack on the left hand side); however this is not true, see Example
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There is also a relative version: if X — Y is a morphism of qfd Gelfand stacks, we denote by

XdR/Y = XdR Xydr Y

the relative analytic de Rham stack of X overY.

Here are some important properties of the analytic de Rham stack that we prove.

Theorem 1.2.5. (1) (Theorem The functor (—)I® commutes with limits and colimits.

(2)

(3)

In particular, if Y — X is an epimorphism of qfd Gelfand stacks, the map YR — X IR jg
an epimorphism of qfd Gelfand stacks.

(Proposz'tion Let X be a qfd derived Berkovich space over Q, in the sense of Def-
z'm'tion (for example, a classical Berkovich space is qfd as an arc-stack). Then X%
is the sheafification for the !-topology of the qfd Gelfand stack sending A € GeIfRinggfld
to X (A=) Furthermore, if X — Y is a map of qfd derived Berkovich spaces whose
associated map X° — Y° of arc-stacks is an immersion, X®/Y = YTx_ In particular,

XIR — (yix)AR yhere YTX s the overconvergent neighbourhood of X in'Y (cf. Defini-
tion .
(Theorem Let K be a gfd complete non-archimedean field over Q,, separable as a
Qp-Banach space, and X a t-rigid space over K (see Definition ' equivalently a dagger
space in the sense of Grofe-Klonne [GKO0]). Then the natural map X — XIR/K js an
epimorphism of Gelfand stacks and we have a presentation as qfd Gelfand stacks
XIR/K _ X xrn+lytax
[n]E—rE“p( )

In particular,

(A5 = AL/,
with Gl = GSpec(Q,(T)<o), the overconvergent neighborhood of the origin, acting by
translations.

Some remarks are in order.

Remark 1.2.6.

The assertions of the theorem also hold for the big de Rham stack without any qfd as-
sumption, with the critical exception of commutation with colimits in point (1). Point
(1) of Theorem m allows one to compute some examples. For example, it shows that
M (Cp) IR = GSpec(@p). It also implies that if G is a locally profinite group, and

BG e ArcStkfi‘}f;i its classifying (arc-)stack, then
(BQ)dR — BGsm,

with G the Berkovich space with underlying topological space G and sheaf of functions
given by the locally constant functions of G with values in Q,. This example works the
same for the big analytic de Rham stack.

Point (2) of Theoremshows that for qfd derived Berkovich spaces over Q,, the analytic
de Rham stack as defined in this paper agrees with the one defined in [RC24al, in a sense
made precise in Section [I.7]

The last assertion of point (2) of Theorem can be regarded as a general version of
Kashiwara’s lemma for the analytic, rather than algebraic, de Rham stack (overconvergent
completions replacing formal completions).

1.3. 6-functor formalism for the analytic de Rham stack. One important benefit of defining
the analytic de Rham stack as a (certain kind of) analytic stack is that one gets for free the associ-
ated cohomology theory, i.e. (overconvergent) de Rham cohomology in this case (cf. Section 7
a category of coefficients equipped with 6 operations, namely quasi-coherent sheaves on this stack.
As usual, to make it useful, one needs to exhibit examples of morphisms which behave well from the
point of view of the 6 operations like smooth or proper morphisms should: in technical parlance,
cohomologically smooth and proper morphisms (see e.g. [HM24] for precise definitions). We first
introduce the following convenient notion.

Definition 1.3.1 (Definition Definition [5.1.6). Let f: Y — X be a morphism of qgfd arc-
stacks over Q.

(1)

We say that f is locally of quasi-finite dimension (or lgfd) if there is a strict closed cover
Y; C Y (i.e. a cover by closed subspaces that can be refined by an open cover) such that
the maps Y; — X are wj-cocompact, qcgs and quasi-pro-étale over some relative affine
space Y; — Agl(’o (with d possibly depending on ).



(2)
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We say that f is étale if, locally in the arc-topology of X and the analytic topology of Y, f
factors as a composite of open immersions ([Sch24al, Definition 4.21]) and finite étale maps.
We say that f is smooth if, locally in the arc-topology of X and the analytic topology of
Y, f factors as a composite Y 2 Agl(’o — X where g factors as a composite of finite étale
maps and open immersions.

For instance, usual smooth, resp. étale, maps of classical Berkovich spaces over @Q, induce
smooth, resp. étale maps on the associated arc-stacks over Q.
We then prove the following theorem.

Theorem 1.3.2.

(1)

(2)

(3)

(Proposz'tz'on Let f:' Y — X be a morphism of qfd arc-stacks over Qp, which is lgfd
arc-locally on X. Then fiR: YIR 5 XIR s \_able. If in addition f is proper, then fiR is
cohomologically proper.

(Theorem Let f:' Y — X be a smooth morphism of qfd arc-stacks over Q,. Then
the map YR — XIR s cohomologically smooth, with dualizing sheaf given by lyar[2d] if
f is of pure dimension d. If f is étale, then f® is in addition cohomologically étale.
(Proposition Let X = D§O° = @tzP ID)(S: be the open punctured pre-perfectoid unit
disc seen as an arc-stack. Then, the map X® — GSpec(Qy) is cohomologically smooth
with dualizing sheaf isomorphic to 1x[2].

Once again, the statement of the theorem deserves some remarks.

Remark 1.3.3.

Points (1) and (2) of Theorem [L.3.2] give in particular finiteness and Poincaré duality
for de Rham cohomology of smooth proper rigid varieties over Q,, even with coefficients
(“analytic D-modules”). More generally, one gets Poincaré duality in the non-proper case,
using compactly supported de Rham cohomology (realized by the lower-shriek functor
along de Rham stacks).

Let X be a partially proper smooth rigid variety over Q,. In this paper, we do not make
precise the relation between quasi-coherent sheaves on X% and analytic D-modules, e.g.
as defined in the work of Ardakov—Wadsley, whence the quotation marks in the previous
item. This relationship will be analyzed in detail in [RJRC].

Continuing the previous item, if one thinks to quasi-coherent sheaves on X® for X a
smooth rigid space over Q, as some category of D-modules on X, it might be surprising
at first sight that such a notion extends to much more general Berkovich spaces, such as
perfectoid spaces, and only depends on the underlying arc-stack! The situation should
be compared with the situation over the complex numbers, where the analytic de Rham
stack of a complex manifold is literally isomorphic to its Betti stack ([Sch24b, Theorem
I1.3.1]). In both cases, it is really the “analyticity” condition on D-modules that makes
this phenomenon possible.

The example from point (3) of Theorem is used later in the paper in Section [6] see
Section[I.4] to show cohomological smoothness results for the de Rham stack of the relative
Fargues-Fontaine curve. Cohomological smoothness of X9® in this case might seem unex-
pected: inverse limits of cohomologically smooth maps are rarely cohomologically smooth
again (e.g., the uncompleted perfectoid open unit disc is not cohomologically smooth).

1.4. de Rham stacks of Fargues—Fontaine curves and the p-adic monodromy theorem.
Since the analytic de Rham stack can be defined for any (light, qfd) arc-stack, it makes sense to
consider more exotic examples than smooth rigid varieties over @QQ,,, even though the latter, such
as flag varieties relevant among others for versions of Beilinson-Bernstein localization, are the first
to come to mind. One key class of examples for this paper are relative Fargues—Fontaine curves:
while they are honest Berkovich (usually, adic) spaces for partially proper perfectoid spaces of
characteristic p, they are for more general inputs only defined as arc-stacks over Q,. More precisely,

we introduce the following definition, where we denote by ArcStky
over I,

f)d the category of qfd arc-stacks

Definition 1.4.1. Let X € ArcStk%ﬁd. We define the following qfd arc-stacks over Q,:

(1)
(2)

The open punctured curvﬂ Vx 1= X X Mopo(F,) Marc(Qp).
The Fargues—Fontaine curve FFx := Vx/ go%(, where px is the Frobenius of X.

1 Also called the “punctured Fargues—Fontaine disc”.
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Given X as before, we can form the analytic de Rham stack Y$®, and the analytic de Rham
stack of FFx, called the Hyodo—Kato stack of X and denoted

XHE .— R,
For X € GelfStk4 we write YR := YR and XHK .= (Xx©)HK,

Remark 1.4.2. In a sequel to this paper, we will show that Hyodo—Kato stacks geometrize
Colmez—Niziol’s Hyodo—Kato cohomology for rigid analytic varieties over p-adic fields, [CN25],
in the sense that the coherent cohomology of the Hyodo-Kato stack computes Hyodo-Kato coho-
mology. This explains our choice of terminology.

We establish some basic properties of this construction. For example, we prove:

Theorem 1.4.3 (Theorem . Let f :'Y — X be a map of qfd arc-stacks over Z, and let
FHK YHK 5 XHK pe its associated morphism of Hyodo—Kato stacks.

(1) Suppose that, locally in the arc-topology of X, f is lgfd (see Definition , then fHK s
I-able. Furthermore, if f is proper then fA% is cohomologically proper.

(2) Suppose that f is smooth of pure relative dimension d, then fH¥ is cohomologically smooth,
that is, it is suave and its dualizing sheaf is invertible. Furthermore, the dualizing sheaf is
given by the d-th tensor power of the Tate twist (Definition . Moreover, if f is étale,
then it is cohomologically étale.

The statement is not difficult to prove after the work of the previous sections. In particular,
the cohomologically smoothness of (2) reduces to Theorem [1.3.2)(3), as was already pointed out.
The computation of the dualizing sheaf requires some more work, and it will follow from the
general Poincaré duality statement of [Zav23, Theorem 1.2.12| after proving that the Hyodo—Kato
cohomology is ball-invariant, satisfies excision, and after constructing a theory of first Chern classes.
A similar statement holds for the induced morphism y;&R — ygl(R, and in fact, it follows from it.

Finally, we specialize the discussion to the case of a field extension L C C, of Q,. For such an
L, we simply write L% = M,,..(L)™ (noting that this only depends on the completion of L).
We construct in Section m a Galg) -equivariant morphism

U: C" — Boux V(1)

with Bz V(—1) the classifying stack over F;IK = GSpec(Qu™)/¢” of the geometric vector bundle
P

V(—1) associated with the simple isocrystal D_; = (Q,", py) of slope —1. Note that vector bundles
on Bguk V(—1) are naturally equivalent to (¢, V)-modules over Q,", by Cartier duality.

Remark 1.4.4. Concretely, to define ¥, we need to construct a (non-split) Galg,-equivariant
extension of vector bundles of O(—1) by O on CJ'¥. One way to obtain it (or rather its op-
posite) is by considering the first-degree cohomology of the Hyodo—Kato stack of Tate’s elliptic
curve (Lemma . It can also be described very concretely, which happens to be useful for
computations (Construction .

We are now in a position to state our version of the p-adic monodromy theorem precisely.

Theorem 1.4.5 (Theorem . The pullback along V: (CEK — BguxV(—1) defines a t-evact
equivalence '

U Perf(BﬁgKV(q)) 5 Perf(C}X).
In particular, for any Q, C L C @p the category of vector bundles on LUK
to the category of (¢, N, Galr)-modules over Qp".

is naturally equivalent

We refer to Section [Z.1lfor a more detailed discussion of the relation between Theorem and
the p-adic monodromy theorem of André, Kedlaya, and Mebkhout, and for a summary of its proof.
Here, we would only like to stress that both the statement and the proof of the theorem make no
use of p-adic differential equations: it is only when unraveling the statement (via some explicit
description of @;yC’HK) that they appear (Corollary. Rather, our proof makes extensive use
of the formalism developed in this paper, such as descent and the 6-functor formalism of de Rham
stacks, and the geometry of Banach—Colmez spaces. We note, in addition, that by a spreading-out
argument, Theorem [[.4.5 formally implies a version of the p-adic monodromy theorem locally at

classical points of a rigid space over Q,, (Corollary [7.5.5).



10 ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES

Remark 1.4.6. Continuing Remark[T.4.2] we recall that Colmez—Niziol’s Hyodo—Kato cohomology
takes values in (¢, N)-modules over Q" (with a Galois action when the rigid space is defined over
a finite extension of Q). This was for us a strong indication that our stacky construction should
relate to Hyodo—Kato cohomology.

Remark 1.4.7. Let X be a variety over IF),, and regard it as a qfd arc-stack over IF,. We expect
the category of quasi-coherent sheaves D(XHK) to be a category of coefficients for overconvergent
F-isocrystals on X; in particular, this stack should compute the rigid cohomology of X. This will
be explored in the forthcoming PhD thesis of Junhui Qin.

1.5. Plan of the paper. Section[2]starts with some general results about bounded rings, recalling
and complementing the results of [RC24al. In Section we discuss the important notion of Gelfand
ring and show in particular that one can attach to them a Berkovich spectrum with good properties.
These two sections, which are more dry than the others, develop the necessary (derived, topological)
algebra needed for the rest of the paper. Many of the ideas presented here arose from the joint
project between A., L.B., R.C. and S. on the analytic prismatization, and the work of one of us on
the geometrization of the real local Langlands correspondence [Sch24b].

Section 4] and Section 5] construct a robust theory of analytic de Rham stacks in p-adic geometry.
In Section [4] the important notion of (qfd) Gelfand stack is introduced and the analytic de Rham
stack functor is defined as a right adjoint to the perfectoidization functor. We also introduce the
category of derived Berkovich spaces over @, and explain some properties of their analytic de
Rham stacks. Finally, we show a descent result for the formation of the analytic de Rham stack.
At the end of Section [4] Theorem [I.2.5] is proved, with the exception of the commutation of the
analytic de Rham stack functor with colimits, shown in Section [5] This section is devoted to the
6-functor formalism of analytic de Rham stacks. We provide examples of cohomologically proper
and smooth morphisms, proving in particular Theorem [1.3.2] and show various properties of the
cohomology of the analytic de Rham stack, such as its coincidence with de Rham cohomology for
smooth overconvergent rigid spaces. Section [b] ends with a proof of arc-hyperdescent for the de
Rham stack, the part of the paper where the qfd assumption is most critically used.

Hyodo—Kato stacks and their 6-functor formalism are the subject of Section [} This includes
Theorem [1.4.3] above. Our version of the p-adic monodromy theorem, cf. Theorem [1.4.5] is proved
in Section [

Finally, Appendix [A] contains basic facts about nuclear and w;-compact solid modules, used in
Section

1.6. Conventions and notations. In general, we work in the context of co-categories (following
[Lur09], [Lurl?]) and we consider derived constructions, e.g., for global sections, tensor products
or quotients. Moreover, we work in the context of light condensed mathematics, and more specif-
ically in the light solid setup, e.g., classical Banach spaces over Q, are seen as solid Q,-modules.
Occasionally, we refer to papers based on non-light condensed mathematics. We explain in the
beginning of Section how this reasoning can be justified.

Given a condensed anima X, a subobject of X is by definition a condensed anima Y with a
monomorphism Y — X. In this case, we also write Y C X. Given R a discrete animated ring (or
discrete Eoo-ring spectrum), we let D?(R) denote the symmetric monoidal category of R-modules
in spectra Sp, and let D(R) be the symmetric monoidal category of R-modules in condensed spectra
Cond(Sp). Given an analytic ring A, we let A” denote its underlying condensed ring. We say that
A is an analytic ring structure on A*. We have a colimit preserving symmetric monoidal fully
faithful embedding D?(A(x)) — D(A); an A-module M is called discrete over A if it belongs to
the essential image of this functor.
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grateful to Ko Aoki, Bhargav Bhatt, Dustin Clausen, Pierre Colmez, Wiestawa Niziol, Alexander
Petrov, Andrea Pulita, Junhui Qin, and Alberto Vezzani. The third author would like to thank
Akhil Mathew for giving him the opportunity to present the results of this paper at the University
of Chicago, and for providing very useful feedback on it.
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for making such an event possible. Work on this project was carried out at several institutions,
including the Max Planck Institute for Mathematics in Bonn, the Institute for Advanced Study,
Princeton University, 'TRMA (Université de Strasbourg), and LMO (Université d’Orsay); we thank
these institutions for their hospitality and support. The fourth author would also like to thank
Columbia University and the Simons Foundation for supporting him during the academic year
2023-2024 as a Junior Simons Fellow.
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2. GENERALITIES ON BOUNDED RINGS

In this section we review and expand the theory of bounded rings over Q, introduced in [RC24a).

2.1. Bounded rings. In the following we work within the theory of light condensed mathematicﬁ
and analytic stacks as in [CS24]. All rings are supposed animated unless otherwise specified. Given
an analytic ring A we denote by D(A) its derived co-category of complete A-modules.

Unfortunately, some of our references work in a “light setup”, while others in a “non-light” one.
We will often use references to the latter ones, because in many situations the proofs go through
verbatim. We remark that in the solid theory the category D(Zy) (defined in the light setting)
embeds fully faithfully as a symmetric monoidal oco-category into its non-light version, and this
embedding preserves colimits and countable limits. In particular, certain statements in the light
setup can literally be reduced to their non-light counterparts (without having to imitate the proof).
With this general way of reasoning in mind, we don’t go into the details of how to transfer particular
statements to the light setting.

Let Z,n be the analytic ring of solid p-adic integers and let Q, be the analytic ring of solid
p-adic numbers. We denote by RingZpyD the category of solid Z, -algebras and by Ri“ngﬂ the
category of solid QQ, ;-algebras. Let us start by recalling the definition of the full subcategory of
bounded Q, -algebras

Ring&pﬂ C Rinng,D
introduced in [RC24al Section 2.6HE|

Before spelling out the definition, let us recall that a basic property of a bounded Q,-algebra
A is that each element f € A(x) is bounded, i.e. the morphism of solid Q, --algebras Q,[T] — A
sending 7' to f, extends, for some n € N, to a morphism Q,(p"T) — A of Q,[T]-algebras, where
Qup(p"T) = Zy[p™T]|"*[1/p] denotes the Tate Q,-algebra in p™T. We note that any such extension
is in fact unique due to the idempotency of Q,(p"T) over Q,[T]. However, being bounded is not
just a condition on A(x), but on A(S) for any light profinite set S.

Given a light profinite set S, we define the solid algebra Z, 5(N[S]) as the p-adic completion of
the free solid Z,-algebra Z, [N[S]] generated by S.

Definition 2.1.1 (JRC24al Definition 2.6.1]). Let A € Ringg, .- We define the subring A° C A of
power bounded elements as the subring with S-points, for any light profinite set .S, given by

A°(S) = Mabgig, _(Zpo(NIS]), A).

The subring of the bounded elements A® C A is defined as
Ab = A°[1/p].
We say that A is bounded if the natural map A® — A is an equivalence.

In other words, given A € Ringg, ., the S-points of AY are given by maps f : S — A such that
there exists some n € N such that the map p"f : S — A extends to a morphism of algebras

Zp(N[S]) — A.

This definition is sensible thanks to the idempotency properties of the Z,, [N[S]]-algebra Z,, (N[S]),
[RC24a, Lemma 2.4.7]. This means that the functor A ~ A is idempotent, and being bounded
is a property on solid Qp-algebras and no extra structure. The fact that Ab is indeed a solid
Qp-algebra follows from [RC24a, Lemma 2.4.8] as proven in Proposition 2.6.9 of loc.cit..

Lemma 2.1.2. The inclusion Ringf@p = Rinng o of bounded Qp-algebras into solid Qp-algebras,
has as a right adjoint the functor A — A, In particular, the full subcategory Ring%%D - Ring(@%D
1s stable under all colimats.

Proof. These assertions are formally implied by the definition of a bounded Q,-algebra. O

Remark 2.1.3. By construction, the algebraic affine line AnSpec(Q,[T]) and the analytic affine
line Aéﬁ:n get identified as functors on bounded Q,-algebras.

Examples 2.1.4.

(1) If A is a classical Banach Qp-algebra viewed as a solid Q,-algebra, then A is bounded,
[RC24al, Lemma 2.6.5].

12We will usually say light profinite set, but otherwise the adjective “light” will always be implicit.
13Up to the issue of “light vs. non-light” that we clarified before.
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(2) Taking care of non-trivial induced ring structures as in [RC24al the category of bounded
affinoid Q,-algebras, as defined in [RC24a), Definition 2.6.10.(3)], contains all classical Tate
Huber pairs (4, AT); over Q,. Namely, the condition of being bounded for a solid affinoid
ring [RC24al, Definition 2.6.6] only depends on its underlying solid algebra.

Remark 2.1.5. Let A € Ringg, , be a solid Q,-algebra, and let S be a light profinite set. We can
define a new solid Q,-algebra Ag := Iﬂ)imeYD(@p,D[S], A), i.e., Ag is the condensed ring sending a
light profinite set T' to A(T x S). Let us say that A is weakly bounded if for any light profinite set
S each element f € Ag(x) is bounded. This condition is in general different from being bounded.
As a counterexample one has [RC24al Example 2.5.1], namely, let A = Q,, [N[S]] be the free solid
Q,-algebra on a profinite set S, let n > 1 and consider the map f,: S = S™ — A where the first
is the diagonal map and the second the natural map. We have an induced map f,: A — A, we let
B =my(A®y, 4 Qp), that is, the quotient of A obtained by killing the solid module generated by
fn(S). The algebra B is the initial static solid algebra that parametrizes maps g: S — R with R
a solid Q,-algebra such that f™: S — R is the zero map. Applying this construction not just for
S — S™ but for all S¥ — S*¥" one can construct an augmented solid Q,-algebra B’ such that its
augmentation ideal I is nilpotent after evaluating at any profinite set 7. However, one can show
that the natural map A — B’ will not extend to the algebra Q) -(N[S]).

There are two main relevant features of bounded rings that we shall recall next.

2.2. The f-nilradical. The first new feature in the category of bounded rings is the existence of
a new nilradical NilT, called the T-nilradical which heuristically consists of elements of norm zero,
see [RC24a), Definition 2.6.1]. Let us recall its definition since it will play an important role in
the rest of the paper. We need some preparations. Given a light profinite set S we let Z, [N[S]]
denote the completion of Z, [N[S]] with respect to its natural filtration, see [RC24al Definition
2.4.5]. It has the explicit description

Zpa[NISI = [] ZpolS™/0)
neN
where S™/%,, is the light profinite set given by the quotient of S™ by the natural action of the
symmetric group on n-letters (see [RC24al Lemma 2.4.3]).

Lemma 2.2.1. Let S, S’ be light profinite sets. Then Z, -(N[S]) is the subring of Z, [N[S]] whose
S’-points consists of formal series
o

neN

where a, € Z,[S™/X,](S") are elements such that a, — 0 in the p-adic topology of the ring
Zp o[N[STD(S").

Proof. Set A :=Z, (N[S]). By definition A is the p-adic completion of the algebra B := Z, ,[N[S]].
Therefore, for a light profinite set S’, we have that A(S’) is the p-adic completion of B(S’) (because
the evaluation at S’ commutes with limits). But B = @,y Zp,-[S™/%x], so an element in B(S")
consists of series ) a, with a,, € Z,;[S™/X"]|(S’) that is eventually zero. The lemma follows. [J

For the next lemma, we recall that a morphism f: A — B of solid Q,-algebras satisfies *-
descent, if the natural functor D(A) — Tot(D*(B®4**1)) is an equivalence. Here, the x indicates
that the implicit morphisms in the limit are given by tensoring, i.e., *-pullback.

Lemma 2.2.2. Let f : A — B be a morphism of solid Qp-algebras such that f satisfies x-descent.
If B is bounded, then A is bounded.

Proof. Let S be a light profinite set and consider a map S — A. We want to show that there
is some n > 0 such that the natural map A — A ®q, ;s Qp.o{N[p"S]) is an equivalence. By
taking n such that the map B — B ®q, ns)] Qp,o(N[p™S]) is an equivalence (which exists as B is
bounded) the lemma follows by *-descent. ]

Definition 2.2.3. Let r € R>o. We define the ring Q, -(N[S])<, as the solid subring of Q,, ;[N[S]]
whose S’-points are series
D an

with a,, € Q,[S™/EX"](S’) such that there is ' > r with |a, |r’"™ — 0 where the norm | — | is taken
with respect to the p-adic topology of Q, -[N[S]](S”) (we normalize | — | so that |p| = p~1).
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In other words, Q,-(N[S])<,(x) is the ring of overconvergent functions on the S-dimensional
closed disc of radius r.
Clearly, we have Q, o(N[S])<s C Qpa(N[S])<, if r <s.

Remark 2.2.4. A priori Q, (N[S])<, is only defined as a subpresheaf of Q,-algebras of Q, 5 [N[S]].
By Lemma (1) below it is indeed a sheaf on light profinite sets and even a solid Q,-module.

Lemma 2.2.5. Let S be a light profinite set and r € R>o. The following hold:
(1) The subpresheaf on light profinite sets Qpo(N[S])<, C Qp[N[S]] is indeed a condensed
set and a solid Q, 5-algebra.
(2) Let K be an infinitely ramified algebraic extension of Q,. We have the description
(2:21) K ©g, Qpo(NIS]) <, = lim K, (NS])

be K
[b|>r

where the left-hand side is a priori understood as the tensor product of presheaves. In
particular, Qp o(N[S]) <, is a bounded Qp ;-algebra and idempotent over Q, -[N[S]]. Here,
K denotes K with its induced analytic ring structure from Qp, and K(N[bS]) =2 K-(N[S]),
and the transition maps for r < |b/| < |b| in the colimit are given by the unique morphisms
of Ky-algebras, which sends S C K,(N[S]) to %/S C K.[S] C K (N[S]).

(8) We have that Q, o(N[S])<1 C Q, o(N[S]) as subalgebras of Q, o[N[S]].

Proof. Part (2) implies (1) as then Q,o(N[S])<, will be a retract of a solid Q, p-module. It will
also show part (3) as we can check this inclusion after base change to K. Let us then prove (2).
It suffices to prove , in fact bounded algebras are stable under retracts of solid Qp-modules
since they are stable under *-descent by Lemma [2.2.2] and the right hand side term of the equation
is clearly bounded. Similarly, the idempotency over @, o[N[S]] follows since this can be checked
after base change to K by descent, where it follows by [RC24al Lemma 2.4.7].

Thus, let us prove . Let S’ be a light profinite set, denote A = Q,(N[S])<, and B =
Qpo[N[S]] (seen as presheaves on light profinite sets). By definition, A(S") C B(S’) consists of

sums
2 an
n

with a,, € Qp[S™/3,](S’) such that there is v > r with |a,|r'™ — 0 for the p-adic norm of
Qpo[S™/X,](S"). The triangular inequality shows that A(S’) is indeed a Q,-subalgebra of B(S")
(even a Q,(S’)-algebra). Thus, we can write A = lim , A where A, is the subpresheaf of B
whose S’-valued points are precisely those sums ) a, as before such that |a,|r'™ — 0. By the
ultrametric inequality A,/ (S") C B(S’) is a Qp-algebra. Let us take 7’ to be a rational number
and let F'/Q, be a finite extension admitting an element b of norm r’. Then, we can describe
(A®q, F)(S") = A(S") ®q, F as the sums ) a, with a, € F;[S"/¥"] such that |b"a,| — 0 for
the p-adic valuation. The latter identifies with the S’-valued points of F{,(N[bS]) (cf. Lemma[2.2.1)).
This implies that
Ay ®q, F = F(N[bS])

where the LHS tensor product is understood as a tensor product of presheaves. Taking base
change to K and knowing that the valuations of elements of K are dense in R we have the desired

description of (2.2.1)). O

Remark 2.2.6. A consequence of Lemma is that we could have used the algebras Q,, (N[S])<1
instead of Q,o(N[S]) to define bounded rings as both define the same notion of a bounded ele-
ment. This is the correct point of view to extend the theory of bounded rings from solid rings to
gaseous rings, see [Sch24bl Lecture V.2|, as the latter seems to behave well only for overconvergent

functions. Indeed, for the gaseous tensor product, the algebras Qp gas(N[S])<1 are idempotent over
Qp,gas[N[S]], but not the algebras Q) gas(N[S]).

Definition 2.2.7. Given a solid Q,, ;-algebra A we write
AN[SD<r = A®z, ; Qpo(N[Sl)<r.
We can now define the following subobjects represented by the algebras of Lemma m (the
definition is producing subobjects thanks to the idempotency statements proved in that lemma).

Definition 2.2.8. Let A be a solid ring over Q, and r € R>¢. We define the following objects:

(1) The Z, o-subring of norm-1-elements AS? C A is the subpresheaf whose S-valued points
are given by
Aﬁl(S) = MapRinng 5 (Qp,D<N[S]>§1; A)
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More generally, for 7 € R>o we define the solid AS!-submodule AS"™ C A to be the
subpresheaf whose S-valued points are

A= (8) = Mapging, (@po(N[S])<r, A)

(2) When r = 0, we denote Nil'(4) = ASO and call it the f-nilradical of A.
(3) We define the A<!-ideal of p-adically nilpotent elements to be A<! =[], _; AS". More

generally for r > 0, we define A<" :=J,,_,. AST

Remark 2.2.9.

(1) The definition of the f-nilradical given above agrees with the one introduced [RC24al,
Definition 2.6.1]. In fact, Q,(N[S])<o = Q,{N[S]}' in the notation of loc. cit..
(2) In [RC24al Definition 2.6.1.(2)] the subgroup A°° C A of topologically nilpotent elements is
defined. However, the natural inclusion A<! C A°° is strict in general: take A = Z, [[T]][%],
then the element T is in A°° by definition, but there is no r < 1 such that the map Q,[T] —
A extends to Q,(T")<,. Indeed, we actually have maps the other way around A — Q,(T)<,
as T is topologically nilpotent in the second algebra, and both are idempotent over Q,[7].
Alternatively, one can note that the subgroup of topological nilpotent elements in the
sense of Definition has as underlying points elements a € A such that for some
s € N> the sequence (p~"a"*),, is a null-sequence in A. On the other hand, the ideal of
[RC24a), Definition 2.6.1(2)] only asks for (a™),, to be a null sequence in A. This variant
of the ideal will be more convenient for us in the rest of the paper (and also behaves much
better in the gaseous setting).

Next, we want to show that the presheaves of Definition [2.2.8) are indeed condensed anima.
Lemma 2.2.10. Let S’ — S be a surjection of light profinite sets. Then the natural map
(2.2.2) Qpo[NIS]] ©q, oimvis 1 Qo (NS Ty <1 = Qu(N[S])<1

is an equivalence. In particular, the presheaves of Definition[2.2.8 are condensed anima.

Proof. By the projectivity of free solid Z,-modules, we have an epimorphism of solid Z,-modules
Zpn[S'] — Z, ]S, this map has a section s : Zy,5[S] — Z,[S’] which gives rise to a map of
Q,-algebras

5: Qpo[N[S)| = Qpo[N[S]]-
Using the presentation of Q, (N[S’])<1 as convergent sequences of Definition one verifies
that this map extends to

5:Qpo(N[S) <1 = Qpo(N[ST)<1.

Composing with the natural map

Qpo(N[S)<1 = Quo[N[S]] ®q, s Qeo(NIS) <1,
this produces a morphism of idempotent Q,, 5[N[S]]-algebras

Qpo(N[S) <1 = Qpo[N[S]] ®q, ois ) Qpo(N[S) <1

Since the category of idempotent algebras is a poset and there exists a morphism in the other
direction, one deduces that it must be an equivalence. For the final statement, it suffices to show
that AS! defines an hypersheaf in light profinite sets, as the other cases can be reduced to this by

Lemma [2.2.11| below. Now, given a surjection S’ — S as before, the equivalence (2.2.2) yields the
cartesian square

ASH(S) —— ASH(S)

| l

A(S) — A(Y).
Then AS! is a hypersheaf as A is so. O

Lemma 2.2.11. Let A be a bounded ring. We have the following relations:
(1) Letr > 0. Then AS" =, AST: =Nrror A<’":,
(2) Letr > 0. Then A" =, ., AS" =, ., A<".
(3) Let r,r' > 0. Then the composition AS" x AT CAx A mult- 4 factors over ASTT C A,

(4) Letr,r" > 0. Then the composition AS" x AST CAx A add- 4 factors over ASmax{r.r'} C
A.
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Proof. For (1), the inclusion AS™ C (), A="" s clear as Q,5(N[S])<,» € Qpo(N[S])<, if 7/ >
7. Conversely, one notes that, by definition, Q, o(N[S])<, = U, <, Qpo(N[S])<,/, which implies
Nrsr AST C AST, Clearly, the systems AST/, A<"" are cofinal among each other, which implies
ﬂr/>r AST/ = mr’>r A<T/ .

For (2), the first equality is the definition of A<". The second equality follows again by cofinality.

For (3), let S be a light profinite set, and let f € AS"(S), g € A" (S). We need to see that
the product fg € A(S) lies in AS™'(S). This reduces to the universal situation, which is given
by A = Q,5(N[S]) <, ®q, » Qp,o(N[S]) <, the canonical morphisms f, g, and the universal product
fg, itself given by the composition

Qpo[NIS]] = QpcIN[S]] ®q, 5 QpalN[S]] — A.

Here, the first morphism « is induced by the diagonal S — S x .S C N[S]] S] using Q, o[N[S]]®q, -
Qpo[N[S]) = Quu[N[STIS]]. Now, A embeds into Q,[N[ST[S]], and by Definition the
assertion reduces to the following observation: Let xz = ZHGN an € Qpo(S)<rr, and assume that
lan|s™ — 0 for some s > rr’. Write s = ' with ¢ > r and ¢ > 7'. Write a(x) = >, bum
with b, m € Qpo[S"/E, x S™/3,] C Quo[N[STI S]] (ie.; bnm = 01if n # m, and by, is the
image of a,, under the diagonal embedding S™/%,, — S"/%,, x S™/¥,). Then |b, ., [t" ()™ — 0
as |ap|s™ — 0.

Lastly, the proof of the assertion in (4) is similar, and reduces eventually to the ultrametric
inequality of the p-adic norm. |

Remark 2.2.12.

(1) Keep the notation of Definition m Given Lemma the fact that AS! is a solid
Z, -algebra and that AS" for r > 0 are solid AS!'-modules follow by the same argument
as in [RC24al, Proposition 2.6.9]. Alternatively one can argue via descent from an infinitely
ramified extension of @, to use Lemma and or by writing AS? or AS! as a suitable
intersection of multiplicative translates of the ring A° there defined. Note also that

A= J A=
is the subring of bounded elements of A, while A° C AS! (as Q, 5(N[S])<1 C Q,~(N[S])).
(2) We recall that the idempotency of Q,~(N[S])<, implies that m;(A<") = m;(A) for i > 0,
ie, AST. A<! Nilf (A) are condensed subanima of A. This also implies that the property
of being bounded only depends on the static quotient my(A) of A.

We aim to prove useful criteria to check containment in AS!. For this reason, we establish the
following technical lemma.

Lemma 2.2.13. Let S be a light profinite set. Then for all n > 1 the natural map

Qpo[N[S]] = Qpo[N[S]] ©g, sinvpsm) Qea(NIS™]) <1,

where the tensor in the second term is induced by S™ — S /%, — Q,o[N[S]], factors through
Qpo(N[S])<1. In particular, the natural map

QpoIN[S]] ©g, omism)) QoolNIS") <1 = Qpo(N[S) <1
is an isomorphism of idempotent Q,, 1[N[S]]-algebras.
Proof. Tt suffices to prove that the map
2y oNIS)) = ZpoINIS] 02, ey Zpo(NIS™)

factors through Z, ;(N[S]) as then the other statement will follow. Indeed, using Lemma [2.2.5(2),
we may pass to an infinitely ramified extension of Q,, then write the base change of Q,(N[S])<1
as a colimit of Q,(N[S]).

Let A = Zy, o[N[S]] ®z, onisn)) Zp,o(N[S"]), it suffices to show that mo(A) is p-adically complete.
Indeed, this would show that mo(A) is a Z, (N[S])-algebra, but the latter is idempotent over
Z, o[N[S]], therefore A is a Z,(N[S])-algebra (indeed, all m;(A), ¢ > 0 will be modules over
Zy o (NIS)).

To prove the claim, it suffices to show that Z, [N[S]] is a static Z,;[N[S™]]-module of finite
presentation, in fact this would imply that my(A) is a static Z, o(N[S"])-module of finite presen-
tation and any such module is p-adically complete. For a light profinite set S’, let Freez, .(S’) be
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the free associative Z, .-algebra generated by S’. We have a commutative diagram of associative
algebras with horizontal surjective maps

Freez, (S) ——— Zys[N[S]]

I |

Freez, ,(S™) —— Zpo[N[S™]].

Thus, to show that Z,;[N[S]] is of finite presentation as Z,;[N[S™]]-module it suffices to prove
that it is of finite presentation as a Freez, ,(S™)-module. On the other hand, we have that

n—1
Freez, . (S) = @Freezpﬂ(sn) ®2z,.0 ZpolS']
i=0

as left Freez, (S™)-modules, therefore Freez, .(S) is a finitely presented Freez, ,(S™)-module (as
each Z, [ is a compact projective Z, -module). Thus, it suffices to show that Z, [N[S]] is a
finitely presented Freez, ,(S)-module. For proving this, first note that given a finite set S we have
a right exact sequence of graded modules

2
(2.2.3) Freez, ,(S) ®z, [\ Zy[S] — Freez, (S) — Symy Z,[S] — 0

functorial in S. Now, if § = mz S; is a countable limit of finite sets, by taking limits of graded
modules on (2.2.3]), we get a right exact sequence

2
Freez, ;(S) ®z, 5 [\ ZpolS] — Freez, ,(S) = Zpo[N[S]] — 0

proving the claim, and so finishing the proof of the lemma. ]
We can now verify the desired criterion.

Corollary 2.2.14. Let S be a light profinite set, A a bounded Qp-algebra and f : S — A a map
such that the n-th power f( : S* — A factors through AS", then f factors through AST"
Moreover, the following hold:

(1) f factors through AS" for some r > 0 if and only if for all v > r of the form ' = p*/®
with a € Z and b € Nsg the b-th power f) : S®* — A factors through p~*A<'. In the last
condition, p~*A<! can be replaced by p~* A<,

(2) f factors through A<" for some r > 0 if and only if there is some r' < r of the form
" = p®" with a € Z and b € Nso whose b-th power f®) : S®* — A factors through p~*A<!.
The the last condition, p~*A<! can be replaced by p~* AS!.

Proof. We prove the first claim. Let f : S — A be such that f(™ : §" — A factors through AS".
We want to show that f factors through A" Without loss of generality we can assume that r
and 7'/™ are rational (by writing AS" = v AS"" with 1’ rational, Lemma [2.2.11)). Multiplying
by some power of p we may also assume that r < 1. We need to see that the map

A = A®q, oSy Qpo(N[ST) <p1/m

is an isomorphism provided that

A = A®g, smism) Qp.o(N[S"])<r

is an isomorphism. We may base change (using *-descent) to a finite extension K of Q,. Therefore,
we can assume that there is a pseudo-uniformizer 7 in A with |7, = r1/™ (using that r!/" is
rational, » < 1 and non-zero). In this case, we can write

Ko(N[S]) <1/ = Ko(N[TS]) <1

and
Ko(N[S"]) <r = Ko(N[(75)"]) <1

Then, by rescaling we can assume that 7 = 1. In this case the claim follows from Lemma [2.2.13]

We now prove the next claims. In the forward direction of (1) it suffices to consider the universal
case, namely the map f: S — A = Q,(N[S])<,. Then f®: S* - Q, (N[S])<, extends to a map
Qpo(N[S"])<» — A (this follows from the definition of these algebras, Definition , and
thus f®) ¢ AS’"b(Sb). Therefore, p®f(®) ¢ ASP_QTb(Sb) (as p € ASYP and p~' € ASP). But
7 = p*® > r implies p~*r® < 1, and thus p®f(® € A<1(SY), ie., f(® factors through p~*A<!,
Conversely, if p® f(®) factors through A<! (or just A<!) for all #/ = p®/® > r then in particular f©®)
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factors through ASP". By the first part of the corollary the map f factors therefore through AS™ .
Taking limits as 7/ — r we deduce that f factors through AS! as wanted.

Now, we check (2). Assume that f factors through AS* C A<". Then take some s < r’ =
p*? < r. By (1) f® factors through p~®A<' as desired. Conversely, assume that f®) factors
through p~*A<! = A<P" for some 1’/ = p/* < r. Then f factors through AS"" by the first part of
the corollary, and thus through A<" as r’ < r. O

Example 2.2.15. Let A be a classical Banach algebra over Q,, seen as a solid Qp-algebra. Then
A=! is the classical Z,-algebra A’ of power-bounded elements in A (for a similar assertion, see
[RC24al Lemma 2.6.5]). Indeed, let Ay C A be a ring of definition. Then Ag C A is open with
A/A discrete. This implies that for each continuous map f: S — A with S a light profinite set, and
such that f(S) C A’ the image of S lies in a finitely generated Ag-subalgebra B C A’. But then B
is bounded (hence p-adically complete), and S™ — B for all n > 0. Thus, the map Z, [N[S]] — A
classified by f extends to Z, (N[S]), and hence a fortiori to Q, (N[S])<1. Conversely, if f: S — A
lands in A<!, then f(s) € A has to be topological nilpotent for any s, and therefore A<! = A°°
is the set of topologically nilpotent elements in A. Using Corollary one can conclude that
AST = A

Lemma 2.2.16. Let f: A — B be a morphism of bounded Qp-algebras satisfying x-descent. Let
B* be the Cech conerve of f. Then for r € [0,00) the natural maps

AST 5 Tot(B*=") and A<" — Tot(B*<")
are equivalences.

Proof. As the map f satisfies x-descent, we have that A = Tot(B*®). Thus, all terms in the lemma
are subojects of A and it suffices to prove the following fact: let g: S — A be a map whose
composite S — B factors through B<" (resp. B<"), then g factors through AS" (resp. A<").
The first case follows by *-descent from the fact that S — A factors through A" if and only if it
extends to a map Q,(N[S])<, — A. For the second case, by Corollary f factors through
A< if and only if there is " = ¢ < r such that f®: 8% 5 A factors through A=, which then can
be tested by *-descent. ]

Lemma 2.2.17. Let {A;}icr be a filtered diagram of bounded Q,-algebras with colimit A. Then
for any r > 0 the natural map
hél’lAfr _>A<r

s an equivalence.

Proof. Using descent from an infinitely ramified algebraic extension of @, we can reduce to the
case that r = 1, see Lemma [2.2.16] Both terms are full condensed subanima of A, therefore we
can assume without loss of generality that the A; and so A are static. Let S be a light profinite
set and let f: S — A<! then there is some r < 1 such that f lifts to

QNS <r — A

For any r < r” <’ < 1 the map Q,(N[S])<,» — Q,(N[S])<, factors through the condensed sub-
algebra B, C Qp5[N[S]] consisting of sums », a, with a,, € Q,[S"/E,] such that (|a,|(r")")n
is uniformly bounded for the p-adic norm of (the points of) Q,.[S"/3,]. This algebra B, is a
light Smith space (Definition |A.0.1)), so in particular compact. Thus, we can lift the map fto
some map of Q,-modules g : B,» — A; for some i. We want to see that after enlarging ¢ this map
becomes a morphism of algebras. Indeed, being a morphism of algebras means 1 goes to 1 (which
we can guarantee as this holds on A), and that the multiplication maps are compatible. This last
compatibility is guaranteed since B,» ®q, By is still a light Smith space, so compact, and so the
defect of g being a multiplicative map can be tested via a linear map B,» ®q, , Br» — A;. Since
the composite to A is zero (as B,» — A is an algebra morphism) there is some index i’ > i such
that B,» ®q, , By — A; — Ay is an algebra morphism. This provides a lift of f to S — A;s that
can be extended to Q, (N[S])<,” proving what we wanted. O

Remark 2.2.18. The analog of Lemma for AS! is false: given a light profinite set S,
e.g.,, S = {x}, the identity Q, -(N[S])<1 — Qpo(N[S])<1 = hﬂwl@p,ﬂN[SDSr does not factor
through some Q,(N[S])<, as otherwise the inclusion Q,(N[S])<, — Qp(N[S])<1 would be an
isomorphism for some r > 1.

One of the most important features of the j-nilradical is that it is an ideal for bounded rings,
see [RC24al, Proposition 2.6.9 (3)]. We can then define the {-reduction of a bounded algebra:
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Definition 2.2.19 (JRC24a), Definition 2.6.10]). Let A be a bounded algebra. Its f-reduction is
the bounded Q, -algebra AT=red .= 4/ Nil"(A). We say that a bounded algebra is f-reduced if the
map A — AT~r*d is an equivalence.

We note that the cofiber of Nil'(A) — A is automatically concentrated in degree 0 (as Nil'(A)
defines a condensed subanima). Hence, Af=red ig static, and acquires the structure of a condensed

Qp,o-algebra (even solid, cf. Remark [2.3.4).
The following is an analog of [RC24al, Proposition 2.6.16].

Proposition 2.2.20. Let A be a bounded Qp-algebra, then we have a pullback square

Agl ATfred,Sl

| !

A ——— At—red

The same holds for AS™ for r € Rsq and A<'. In particular, we have that Nilf(Af=red) = 0 and
so AT7red s t-reduced.

Proof. Tt suffices to prove the first part for the A<" elements (r > 0), since the others follow from
Lemma Set B = Af=md Let S be a light profinite set and f : S — A a map whose
composite g : S — A — B factors through B<". By Corollary there is some 1’ = p¥/® < r
such that the map ¢ : S®* — B factors through p~*B<'. So, by letting S’ := (Ugen S%F) U {oo},
we can extend the sequence
pfakg(bk) . Sbk: B
to a null sequence § : S’ — B. Then, we can find a lift f : S’ — A of § which will land in some
A=® for some s > 0 (as A is bounded). Then, the difference between p~@* f(bk) . Gk _ A and
the restriction fsbk : §%% — A lands in NilT(A). Therefore, p~@* f(*%) lands in A<® for all k > 1
and by Lemma one has that f lands in ASGIpI™)E A< I g<sVGince this
holds for all k > 1, by taking limits as k& — oo one deduces that f factors through AS"™ C A<" as
wanted. The claim Nilf(Af=¢d) = 0 follows then since Nil'(A) = A= and by definition we have
a fibration
Nilf(4) = 4 — Af~red,
O

Remark 2.2.21. The proof of Proposition [2.2.20] shows that for any quotient A — B with
fib(A — B) C NﬂT(A)7 one has a pullback square on < r or < r elements as in Proposition [2.2.20

The following is a version of [RC24al, Lemma 2.6.18] (up to the change from A° to AS! and the
fact that A must be static in loc. cit.).

Lemma 2.2.22. Let A be a static bounded Q,-algebra. Then A is t-reduced if and only if AS' is
p-adically separated.

Proof. Assume that A is t-reduced. Then ﬁneanASl = NilT(A) = 0 and AS! is p-adically
separated. Conversely, assume that AS! is p-adically separated. Let S be a light profinite set, and
let S — NilT(A) be a map. Then for any n > 1, this map lies in ASY/?" = p” A<, Thus, this map
factors through (), oy p"AS' = 0, and therefore Nilf(A4) = 0. O

Remark 2.2.23. The current definition of the nilradical suffices for all the applications in p-adic
Hodge theory we have encountered so far. However, it has a technical disadvantage: given a f-
reduced bounded ring A it could be that A(S) has non-trivial nilpotent elements for some light
profinite set S. This does not happen though if A is Gelfand in the sense of Definition below,
see Proposition [2:3.6] A fix to this problem involves a different definition of the f-nilradical which
agrees with the former definition in the Gelfand situation. Since this deficiency of the current
definition of Nil' will not play a role in this paper we will not comment more about it, except in

Remark 2.3.51

The following statement should not be a surprise.

Lemma 2.2.24. Let A be a bounded ring, then for any r < 1 the pair (AS'(x), AS"(%)) is a
Henselian pair.

Proof. We have to show that AS" is contained in the Jacobson radical of AS'(%) and that for any
monic polynomial P(T) € ASYT] such that P(T) € AS!/AS"[T] has a root @, we can lift @ to a
root « in A. Without loss of generality we can take r = |p|. Let a € pAS! = ASIPl| we have a
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map Zp<%>31 — AS! since 1+ T is invertible in Zp<%)§1 then 1+ a is invertible in AS! proving
that a is in the Jacobson radical. Now, consider a monic polynomial P in AS! with a root @
modulo p. Fix o’ a lift of @ Write P(T) = T" + a,, 1T" "' + --- + ap, we then have a map of
rings f : B — AS! with B = Z,(Xo,..., X—1,Y)S! — AS! mapping X; to a; and Y; to «'. Let
P(T) = T" 4+ X, _1T" ' + -+ + Xg, the map f factors through B(%)Sl. It is easy to see

using Newton’s method that there is a root ¥ of P(T) in B(IS(TP#Fl that agrees with ¥ modulo

p. The image a of ¥ in A<! produces the desired root. O

2.3. Uniform completion of bounded rings. We discuss another important construction on
bounded Q,-algebras, which generalizes the uniform completion of Huber rings.

Definition 2.3.1. Let A be a bounded Qp-algebra. The uniform completion of A is the bounded
A-algebra

A = (lim A< /AS)[1/p]

(with the limit taken in solid Z,-algebras) endowed with the induced analytic ring structure from
A. We say that a bounded Qp-algebra A is uniform if the map A — A" is an equivalence@

Remark 2.3.2. In other words,

A" = (A=) [1/p].
We note that the natural morphism A — A" factors over A
static.

f=red "and that A" is automatically

Lemma 2.3.3. Let A be a bounded Qp-algebra. The inclusion
(ASH)Ne oy l&n AJAST
r—0

induces an isomorphism

u ~1: <r
A" 2 Jim AJAS",
r—0

Proof. First, note that multiplication by p on I'Lnr A/AS" is invertible: we already have an iso-
morphism
p-: AJAST =5 AJASTIPL

This gives an injective map A* — l’&nr AJAST. Next, we want to show that this map is also a
surjection. Let S be a light profinite set with a map f : S — @T AJAST. If r < 1, then we can
lift the projection f, : S — A/AS" to a map f; 1S — A (using that Z, 5[S] is a projective solid
Zpn-module). Since A is bounded, there is some s > r such that f; factors through A<, We
claim that for any ' < r the projection f. : S — A/AST/ factors through ASS/AST/. Suppose
the claim holds, then for |p| ™% > s we have that p¥f factors through Jm, ASL/AST = (ASD)N
proving the surjectivity. Let us now show the claim: let frz 1S — A be a lift of f,/, then we know
that fr — ﬁ/ € AS", by the ultrametric inequality (Lemma , and since s > r, we get that
fr/ lands in AS®, as desired. a

Remark 2.3.4. The algebra AS! is Zyp -solid: indeed, this can be checked after base change to
the ring of integers of a ramified extension of Q, containing p~!/™ for all n > 0 and then

A§1 _ mnp—l/nAo
which is solid by [RC24al, Proposition 2.6.9 (3)]. This immediately implies that A" is Z,-solid.

Remark 2.3.5. For having a definition of the uniform completion of a general bounded Q-
algebra A, such that for all S profinite A%(S) is a classical uniform Banach ring, one should use
a variant AS" of the subspaces AS" for r > 0. By definition, 1219“(5) will consist of those maps
* = C(S,A) = Ag (in the notation of Remark[2.1.5) that extend to Q,(T")<,. This variant contains
AS" but is in general much larger, and it is not obvious at first sight that this definition should
give a solid module (though it turns out to be the case). The variant of the nilradical mentioned
in Remark [2.2.23]is then the intersection

ot =
Nil (A) =N, AS".
14WWe recall that a non-archimedean Banach ring A is uniform iff its topology can be defined by a power-

multiplicative norm iff its spectral seminorm is a norm iff its subring A°? of power-bounded elements is bounded iff
AV is p-adically complete, if A is a Banach Qp-algebra. See [Sch24al Proposition 2.21] and [KLI5] Definition 2.8.1].
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However, Proposition below shows that this difference is irrelevant for Gelfand rings (that
will be introduced in Definition [3.1.1)).

Proposition 2.3.6. Let A be a bounded Qp-algebra. The following hold:
(1) A" is a bounded Qp-algebra and we have a pullback square in D(Z, 5)

Agl Au,gl

(2.3.1) l l

A — A“

Similarly for AS™ for r € Rsg and A<'. In particular, taking r = 0, the natural map
At=red 5 AY s injective and the natural map (AT=**4)" — A% is an isomorphism.

(2) We have AWS! = yﬂlr<1 ASY/AST and AW = 1'£1T<1 A<Y/AST. In particular, the map
(A")* — A% is an isomorphism, so A" is uniform, and the uniform completion of A only
depends on its t-reduction AT~ and A" is static.

(8) We have Nill (A%) =0, i.e. A" is t-reduced.

(4) An object f € A is invertible if and only if its image in A* is so.

Proof. We prove (1). We may assume that A is static. Let us first show that A" is bounded. This
follows from the fact that A% = (ASH)"» [%] is the generic fiber of a p-adically complete solid ring,
see [RC24al Lemma 2.6.13]. Let S be a light profinite set and let g : S — A be a map such that
the composite f : S % A — A" factors through A*<! (by Corollary . There is a power
f) . 85 —» A»<! that factors through pA“<!. By Corollary it suffices to show that there
is some power ¢(*) : §° — A that factors through A<', by changing S to S?* we can then assume
that f factors through p?A“ <!,
The map p~'f : S — A»<! extends to a morphism of algebras

H:Z,,[N[p~ S]] — A“<L,

In particular, we have an induced map

Fi8 =] 9" U{oc}t —» A=t
mapping oo to zero. Recall that A" = I'&HT A/AST by Lemma Let » < 1 and consider the
composite

fri S = A% — AJAST
We can find a lift §: S’ — A of f,. Note that for all n > 1 the restriction of glsn agrees with
p~"g(™ : S" — A modulo AS" € A<!'. There exists some s > r such that g factors through A=*.
Since r < s the ultrametric inequality yields (Lemma (4)) that p~"¢(™ lands in A=* for all
n > 1 and by Corollaryone sees that g lands in pASSl/n for all n € N, and so in pAS! ¢ A<!
as wanted. The same argument works as well for AS! replaced by A= for some r’ > 0.

It is left to show that A/AS"™ =2 A“/A%S" for » > 0. For this it suffices to see that the
map A/AS" — A"/AWST is surjective as injectivity follows by what we have already proven.
By multiplying with some power of p, we may assume that r > 1, in which case the desired
surjectivity is implied by the one for » = 1. Hence, we assume r = 1. By Lemma we have a
map 7 : AY — A/AS!. We have that ker(w) = fm ASLJAST = (ASH™ and so ker(mr) € AW<L,
Therefore, given S a light profinite set and a map f : S — A", we can take a lift g : S — A with
composite f : S — A — A" such that the difference f — f lands in ker(r) C A“<!, proving the
desired surjectivity.

We now continue with part (2). It is clear that A% is static since AS! C A is a full subanima,
in particular 7;(AS!) = 7;(A) for i > 1 is a Qp-module which is killed after p-completion. From
Lemmas and one deduces that 7 : A% — A/A<! has kernel ker(7) = (A<!)"». Indeed,
for r < 1 we have a short exact sequence

0— ASVJAST 5 AJAS" — AJA<Y -0,
taking limits one has a short exact sequence
0— (AHN - AY 5 A/A<I 0.
Thus we have an inclusion (A<!)"» C A"<!. We want to show that this inclusion is an equality.
Let f: S — A%<l  As before, we can find a map g : S — A with composite f : § — A — A" such

that the difference f — flands in (A<!)"». In particular, flands in A»<! and by part (1) g lands
in A<!. This implies that f itself is in (A<!)"» proving what we wanted.
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Next we prove part (3). By (2) we know that A%<! = (AS1)"r is classically p-adically complete,
so p-adically separated and by [RC24al, Lemma 2.6.18] A" is f-reduced.

Finally, we prove (4). Let f € A be an element such that the reduction f € A" is invertible, let
s € R be such that f € AS%. Let g € A% be an inverse of f. By part (2), we can find an element
g € A such that § = g+ h with h € A®»=/25_ Hence, we have that 1 — gf maps to —hf € A“=<1/2
and so by part (1) that 1 —gf € ASY/2. Hence, the element 1 — gf defines a map Qp(T)<1/2 = A
mapping T+ 1 —gf. Since 1 — T is invertible in Q,(T")<; /2, one has that gf is invertible in A
which implies that f is so. O

Corollary 2.3.7. The inclusion of uniform bounded Q,-algebras into all bounded Q,-algebras has
A — A" as a left adjoint. In particular, for any diagram {A;}icr of bounded Q,-algebras, the
natural map (@Z A — (lim, A" is an equivalence.

Proof. This follows from the facts that A" is uniform and that each morphism of bounded Q,-
algebras A — B induces a morphism AS! — B<1, O

Example 2.3.8. Let S be a light profinite set and A := Q, 5(N[S])<1. Then AS! = ANZ, ~(N[S]),
and A“<! =7, (N[S]).
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3. GELFAND RINGS AND THEIR BERKOVICH SPECTRUM

This chapter introduces the notion of Gelfand ring, a suitable class of bounded rings. Using
Gelfand rings, we will define in the next chapter a variant of analytic stacks, called Gelfand stacks,
of which analytic de Rham stacks will be examples. The definition of Gelfand rings was motivated
by conversations of the fourth author and fifth author with Clausen about different aspects of the
theory of bounded rings; in particular, it was inspired by an analogous definition given by Clausen
in the complex situation.

A main advantage of Gelfand rings is that there is a good theory of Berkovich spectrum for
them, generalizing the one of Banach algebras.

3.1. Definition and main properties.

Definition 3.1.1. A bounded Q,-algebra A is said to be Gelfand if A/A=! is a discrete condensed
set. We let GeIfRing@p C Ringap be the full subcategory of Gelfand Q,-algebras (also called Gelfand
rings).

Remark 3.1.2. Filtered colimits of discrete condensed sets, subobjects of discrete condensed
sets, and quotients of discrete condensed sets are again discrete. Moreover, extensions of discrete
condensed abelian groups are again discrete. This implies that a bounded Q,-algebra is Gelfand
if and only if one of following objects is a discrete condensed set:

A/AS’”, A/A<T7A§7’/A§S’ A<T/A<S,
for some r > s > 0.

Example 3.1.3. For a light profinite set S and r > 0 the bounded Q,-algebra A = Q, -(N[S])<,
is Gelfand if and only if S is finite. Indeed, A< /ASIPI contains F,, [S] as a direct summand, and
this F,, --module is discrete if and only if .S is finite. For the converse, one notes that A is a colimit
of Banach algebras over QQ,,, and one can apply Proposition

The following lemma provides enough stability properties of the category of Gelfand Q,-algebras:

Proposition 3.1.4. The category GelfRingQP is stable under colimits in bounded Qp-algebras.
Moreover, a bounded ring A is Gelfand if and only if A" is a Banach Q,-algebra.

Proof. By Proposition we have an isomorphism A/AS! = A% /A%<1 Hence, a bounded ring
A is Gelfand if and only if A" is Gelfand. Now, for A a bounded ring, one has A* = A“’Sl[%]

where ASL® is a p-adically complete and separated solid abelian group. Thus, A% is a Banach
Qp-algebra if and only if A“=!/p = A=!/p is a discrete F,-vector space. Since [p| = p~1, A% is
Banach if and only if ASl/AS’f1 is discrete. By Remark
is Gelfand.

The stability of Gelfand rings under colimits in bounded Q,-algebras follows from the com-
patibility of uniform completion under colimits (Corollary , and the fact that the uniform
completion of a colimit of Banach algebras is a Banach algebra. ]

2[ this last happens if and only if A

With the previous proposition in mind, we give the following definition of the Berkovich spectrum
of a Gelfand ring.

Definition 3.1.5.
(1) Let B be a Banach algebra over Q,. The Berkovich spectrum M(B) of B is the topological

space whose underlying set is the set of all continuous multiplicative seminorms | —|: B —
R>¢ such that |p| = p~!. Given z € M(B) an element of the Berkovich spectrum, we
denote | — |, its associated multiplicative seminorm. Consider the inclusion map
(3.1.1) M(B) = [] R0
feB

sending € M(B) to the tuple (|f|;)fen. The topology of M(B) is defined to be the
induced topology from the product topology in . In other words, the topology of
M(B) is the coarsest topology making the maps M(B) — R>q sending « — |f|, for f € B
a continuous map.

(2) Let A be a Gelfand ring. We define the Berkovich spectrum of A to be

M(A) := M(AY).
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(3) Let A be a Gelfand ring, and (f1,..., fn,g) a tuple of elements in A generating the
unit ideal. Let X = M(A) be its Berkovich spectrum. We define the rational subspace
X (frendn g’f”) C X to be the closed subspace of multiplicative seminorms | — |: A* — Rxg
such that [f;] < |g| # 0 for i = 1,...,n. A closed subspace Z C X is called a rational
subspace if it admits a presentation of the form Z = X(fl’ ’f") as before.

Let us recall some basic properties of the Berkovich spectrum.

Remark 3.1.6. Let B be a Banach Q,-algebra.

(1) The Berkovich spectrum M (B) is a compact Hausdorfl space. Indeed, any continuous
multiplicative seminorm | — |: B — Rsq must send B! to the interval [0,1], being a
power bounded element. Hence, one has a closed embedding M(B) < [[;cp<[0,1]
making M(B) a closed subspace of a compact Hausdorff space and hence itself compact.

(2) Let S C B=! be a dense subspace. Then the map M(B) — [1;cs(0,1] sending x to
(If]z) fes is a closed embedding: this follows by continuity of the multiplicative seminorm.
In particular, if B admits a countable dense subspace (i.e. it is a separable Banach algebra),
M(B) is a metrizable compact Hausdorff space.

Remark 3.1.7. Recall that a Banach ring B is said to be uniform if the Gelfand transform

Ban

B—>H

zeEM(B)

is an isometric embedding, where k(z) stands for the completion of the fraction field of the com-
pletion of B with respect to the semi-norm corresponding to = (a Banach field) and the product
is taken in the category of Banach rings. Equivalently ([Sch24al Proposition 2.21]), B is uniform
if the norm defining the Banach ring structure is power multiplicative. For a non-archimedean
Banach ring which is Tate (i.e. admits a topologically nilpotent unit), this is also equivalent to the
condition that the subring of power-bounded elements B° is bounded. Over Q,, the category of
uniform Q,-Banach algebras B, with continuous algebra morphisms, is equivalent to the category
of p-adically complete and p-torsion free Z,-algebras R with R totally integrally closed in R[1/p],
with functors given by B — B° and R — R[1/p] (with norm given by |f| = min{|p"|, f € p"R}),
see [BhalTl, Proposition 5.2.5]. In particular, for a Banach Q,-algebra B, its uniform completion
(in the sense of Huber rings) coincides with the uniform completion as defined in Definition m

As a consequence, the uniform completion of a Gelfand ring is a uniform Q,-Banach algebra,
i.e. one for which its Gelfand transform is an isometric embedding. This motivates our choice of
terminology.

Lemma 3.1.8. Let f: A — B be a morphism of Gelfand rings. Then we have a continuous map
M(f): M(B) — M(A) that pullbacks rational subspaces to rational subspaces. Furthermore, if
A% = BY, then the map M(f) identifies rational subspaces.

Proof. The continuity and stability of rational subspaces under pullbacks is classical from the
Banach case. It is left to see that if A and B have the same uniform completions then rational
subspaces are identified. We can assume without loss of generality that B = A*. Let X =
M(A) = M(A%) and let f1,..., fn,g € A" be elements generating the unit ideal. We claim that
there is € > 0 such that for any choice of elements fl, ceey fn, g in A such that f; — fZ € A=¢ and
g — g € A»=¢, we have an equality of rational subspaces

(fl,...,fn) B (fl,...,fn)
9 a J

This implies the lemma as the image of A in A" is dense. To prove the claim, after multiplying

all f; and g by a pseudo-uniformizer, we can assume without loss of generality that they belong to

A<l We note that as (fi, ..., fn, g) generate the unit ideal, there exists some pseudo-uniformizer

m € Qp such that X(%) C X(5). We claim that any € > 0 such that € < || works. Indeed,
if g— g € AwS¢, then x € X satisfies |g|, > || if and only ||, > |7| and for such seminorms one
has |g|; = [g|,. Similarly, if f; — fi € AwSc and if z € X is such that |file <9l and |g|s > |7,
then | fil. = |f; + (fi = f:)| < sup{|fil, ¢}, and 50 |fil. < gl O

Proposition 3.1.9. Let A be a Gelfand ring with Berkovich spectrum X = M(A). Let Z C X
be a rational subspace. Then there is an idempotent morphism A — Az of Gelfand rings such
that @ map A — B of Gelfand rings induces a factorization A — Az — B if and only if the
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map of Berkovich spectra M(B) — X factors through Z. More explicitly, if Z = X(%) s a
presentation of Z as a rational subspace with f;,g € A generating the unit ideal, we have

(3.1.2) Az = A[é] ®q, Qp(T1, ..., Tn)<1/"(gTi — f;) = A®q, Qu(T1,. ... Tu)<1/~(gT; — fi).

In that case, the map M(Az) — M(A) is an homeomorphism onto Z and identifies rational
subspaces of M(Az) and rational subspaces of A contained in Z. We call Az the Berkovich
rational localization of A along Z.

Proof. Let us show that the two presentations of the algebra agree. For this, it suffices
to see that g is invertible in the presentation B = A ®q, Q,(T1, ... ,Tn)<1/"(gT; — fi). Since
(fi,---, fn,g) generate the unit ideal, there are elements a;,b € A such that ) . a;f; +bg = 1,
hence in the algebra B we have 1 =", a;gT; + bg = g(>_, a;T; + b) proving that g is invertible as
wanted.

The first presentation of is clearly idempotent: it is the composite of the idempotent
maps

A= AL = AL O0,m... 1 QulThe- . T

where T; — f;/g. The second presentation shows that Az is a Gelfand ring. We will show that the
algebra Ay satisfies the universal property stated in the lemma. The uniform completion A% is the
uniform completion of the classical rational localization of the Banach algebra A" along Z, thus, it
is classical that M(Az) — X induces an homeomorphism with Z identifying rational localizations.
Let A — B be a morphism of Gelfand Q,-algebras such that M(B) — X factors through Z. We
claim that the map B — B ®4 Az is an isomorphism, as Ay is idempotent this produces a
uniquely defined map Az — B, establishing its universal property. By the universal property
of rational localizations for Banach algebras, which is classical, we have a unique factorization
A% — A% — B* and therefore an isomorphism B* = (B ®4 Az)%. By Lemma |3.1.10| below we
have an isomorphism B = B ®4 Az proving what we wanted. O

Lemma 3.1.10. Let A be a Gelfand ring and A — Az a Berkovich rational localization as in
1) Suppose that A* =5 A% is an isomorphism. Then A = Az is an isomorphism.

Proof. The rational subspace Z C M(A) is the locus {|f;| < |g| # 0}. It suffices to show that the
following hold:

(i) g € A is invertible.

(i) L& e ast.
Indeed, if this holds, then we have a map Az = A[é] ®@q, Qp(T1, ..., Tn)<1/™(gT; — fi) — A, and
since Az is idempotent over A, we get A = Ay. The claim (i) follows from the fact that g € A
is invertible if and only if its image in A" is so (see Proposition [2.3.6] (4)). The claim (ii) follows

from Proposition m (1) and the fact that the image of f;/g are in A»<!, a
Lemma 3.1.11. Let A be a Gelfand ring, the following are equivalent:

(1) A=0.

(2) Af=red =,

(3) A* =0.

(4) M(A)=0.

Proof. Tt is clear that (1)=(2)=(3)= (4). To see that (4)=(1), note that M(A) = @ implies
that M(A) = {|1] < 1/2} = 0, and by Lemma that the map 1 — A factors through
Qp(T)<1/2 — A, but 1 — T is a unit in Q,(T)<1/2 and so it is 0 = 1 — 1 in A proving that A =0
as wanted. See also [Sch24al, Theorem 2.14]. O

Lemma 3.1.12. Let A = hgnz A; be a filtered colimit of Gelfand rings. Then the natural map of
Berkovich spectra

M(A) — @M(Al)
is an homeomorphism. Furthermore, given Z C M(A) a rational subspace, there is some i and a

rational subspace Z; C M(A) such that Z is the pullback of Z; along M(A) — M(A;).

Proof. This follows from the analogous statement for Banach spaces, see [Sch24al Proposition
3.2]. a

Lemma 3.1.13. Let A be a Gelfand ring, f € A and let X = M(A). The following are equivalent:
(1) f e Nilf(4).
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(2) The locus X(f #0) C X is empty.

Proof. Suppose that f € Nilf(A4), then f = 0 in A* and so X(f # 0) = 0. Conversely, if
X(f # 0) = 0 one has that X = X(|f| = 0) = (1,5, X(|f] < r) which by Proposition
translates to the condition that f € ,.,AS" = Nilf(A). O

Lemma 3.1.14. Let A be a Gelfand ring. The following are equivalent:
(1) Given f € A, either f € Nil'(A) or f is invertible.
(2) AT=red s q field.
(8) A" is a field.
(4) M(A) is a point.

Proof. Since Nil'(A) is the kernel of A — At=r¢d (1)=(2). It is clear that (2)=(3) as the com-
pletion of a normed field is also a field. The implication (3)=-(4) follows from the fact that
the Berkovich spectrum of a field is just a point. Finally, for (4)=-(1), let f € A, and denote
X = M(A). As a set we have that X = X (|f] # 0) || X(|f| = 0), since X consists of a point this
yields that either X = X(|f| # 0) or X = X(|f| = 0). By Proposition this means precisely
that either f is invertible or f € Nilf(A) respectively. O

Definition 3.1.15. Let A be a Gelfand ring and let & € M(A) be a point in its Berkovich
spectrum. The stalk of A at x is the Gelfand ring
Ay = lim Ay
z€ZCM(A)

defined as the filtered colimit of rational localizations of A containing x (note that M(A;) is a
point by Lemma [3.1.12)). We define the Berkovich residue field of A at x to be

r(x) = (Az)"

(note that x(z) is a field thanks to Lemma|3.1.14]), equivalently we define x(z) to be the completed
residue field at x € M(A) = M(A") of the Banach algebra A".

Proposition 3.1.16. Let A be a Gelfand ring and X = M(A) its Berkovich spectrum. The functor
sending a rational subspace Z C X to the idempotent algebra Ay of Proposition promotes
uniquely to a surjective morphism of locales F': Sm(D(A)) — M(A) from the smashing spectrum
of D(A) to M(A), such that for Z C M(A) a rational localization one has that F~*(Z) = D(Az).
Moreover, if A — B is a morphism of Gelfand rings, we have a (necessarily unique) commutative
diagram of locales

Sm(D(B)) — M(B)

(3.1.3) l l

Sm(D(A)) —— M(A).

Proof. Let X = M(A) and consider the site X, of rational subspaces of X with covers given by
finitely many jointly surjective rational covers. By Proposition we have a functor

D: XI(')BI; — Pr]LD(A)

sending Z C X to D(Az) with morphisms given by pullbacks. We claim that D satisfies descent. It
suffices to show that D satisfies descent along a rational cover {X; — X}. By [And21], Proposition
4.3] any rational cover is refined by a composite of either simple Laurent covers of the form
X = X(%) UX({) or simple balanced covers X = X(%) L,lX(ﬁ)7 hence, by a dévissage argument
it suffices to consider these two cases. For both situations, it suffices to consider the universal case
A = Qu(T)<, with » > 0, and the statement reduces to show that the following sequences are
exact

0= Qp(T)<r = Qp(T)<1 & Qu(T)<r (T )<t = Qp(TF )1 = 0
and

0= Qp(T)<r = Qp{T)<r{(1 = 1)1 ® Qp{T) < (T <1 = QD)< (T, (1= T) )1 = 0,

which is a standard computation.

Next, we construct the map of locales F': Sm(D(A)) — X. We proceed in several steps:

Step 1. Consider the ring A = Q,(T")<,. We claim that the collection of rational subspaces
{a <|T| < b} for 0 <a < b<rgives rise to a map of locales

IT]: Sm(D(Qy(T)<r)) — [0,7].
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Indeed, given a closed interval [a,b] C [0,r] we have the idempotent morphism of algebras
A — A([a,b])

where A([a,b]) is the rational localization given by a < |T'| < b. Using the considerations at the
beginning of the proof and direct computations, one sees that:

(a) If [a,b] N [c,d] = 0 then A([a,d]) @4 A([c,d]) =

(b) Ifa < ¢ < b < d then A([a,b]) ®4 A([c,d]) = A([c, b]).

(c) If [a,b] = L [ai, b;] then A([a,b]) = liiin([ai,bi]).

(d) If [a,b] = [c,d] U[f, g] then A([a,b]) = A([c,d]) X a(ic,ai@alr.9)) ALf> 9))-

Consider a finite disjoint union of intervals I = ||, I;, by the previous points we have an
idempotent A-algebra A; =[], A;. Let U = [0,r]\I be the complement of I in [0,7], and define
the coidempotent coalgebra Cy = fib(A — Aj). For general open subspace V' C [0,7], we define
the coidempotent coalgebra

v = lim Cy
ucv
where U runs over the basis of complements of finite disjoint unions of closed intervals in [0, 7]
contained in V. Then CYy is a coidempotent coalgebra of A (being a filtered colimit of such), and
it verifies the following properties (as consequence of (a)-(d) above):
(i) If U = |, U; is a union open subspaces then Cyy = h_r)nl U;.
(i) Cy ®a Cyr = Cynur-
(iii) For U = [0,7]\I the complement of a finite disjoint union of intervals, we have that Cy =
fib(A — Aj), recovering the original definition for U.

The datum of the coidempotent coalgebras Cyy for U C [0, 7] open is precisely the datum of a

map of locales
F:Sm(D(A)) — [0,7].
It is also clear from the construction that F~!([a,b]) = D(A([a, b])).

Step 2. Let A be a general Gelfand algebra. Thanks to Step 1, given f € AS! we have a natural
morphism of locales

[f1: Sm(D(A)) = Sm(D(Qy(T)<1)) — [0,1].
Taking the product along all the f € AS! we get a map

F:Sm(D(4)) » [] [0,1].
f€A<1

We claim that the map F factors through the Berkovich spectrum M(A) C [] ;¢ 4<:[0, 1], where the
inclusion is given by evaluating f in the norm associated to the point @ € M(A), see Remark
(2). To prove this, we have to see that if U C erAgl [0,1] is an open subspace disjoint to M (A),
then F~1(U) = 0. Let f1,..., f, € AS! and consider the projection

(Ifil)s: M(A) — H

It suffices to show that if the pre-image of the locus ;_ {a; < |f| < b} < []1,[0,1] (with
a; < b;) in M(A) is empty, then its pre-image in Sm(D(A)) is also empty. This translates to the
fact that if M(A)(a; < |fi| < b;) = 0 then A®q,1,....1,,) B = 0, where B is the pushout of the
overconvergent algebras Q,(T; : a; < |T;| < b;)T, and T; — f;. But this is a rational localization
of A with empty Berkovich spectrum which must vanish thanks to Lemma[3:1.11} This proves the
claimed factorization
F:Sm(D(A)) = M(A).

It is clear from the construction that for Z C M(A) a rational subspace one has F~1(Z) = D(Ay)
with Az as in Proposition [3.1.9] The functoriality with respect to maps of Gelfand rings is also
clear.

Finally, we want to see that F' is surjective, for that it suffices to see that the pre-image of
any point is non-empty, this follows from the fact that given x € M(A) the map A — «k(x)
towards the residue field induces the inclusion x € M(A), and so k(z) is an A-module supported
on z € M(A). O

The following lemma discusses a particular case where the uniform completion of a Gelfand ring
is perfectoid.

Lemma 3.1.17. Let A be a Gelfand ring such that M(A) is profinite and such that each Berkovich
residue field is perfectoid. Then A" is perfectoid.
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Proof. We can assume without loss of generality that A = A" is uniform. We want to show that
A" is a perfectoid ring. Since M(A) is a profinite set, the presheaf mapping a clopen subspace
U C M(A) to (Ay)S! is a sheaf of condensed rings, so it suffices to prove that A is perfectoid
locally in its analytic topology. We first show that A admits a pseudo-uniformizer m € A<! (locally
in the analytic topology) such that 7P|p. Let x € M(A), we know that x(z) is perfectoid. So k(z)
admits such pseudo-uniformizer = and by p-adic approximation we can assume that 7 extends to
a function in a neighbourhood z € U C M(A). By further refining the neighbourhood we we can
even assume that 7?|p in Ay obtaining the desired pseudo-uniformizer. By replacing A by Ay we
can assume that 7 is defined over A. It is left to show that the Frobenius map w : AS!/p — AS!/p
is surjective, since the formation F : U + (Ay)<!/p is a sheaf over M(A) and this space is acyclic
(again, since it is profinite) we can check the surjectivity on stalks. But the stalk at « of F is just
#x(z)<!/p by Lemma since k(z) is perfectoid we know that Frobenius is surjective proving
what we wanted. ]

We finish this subsection with a statement relating uniform completion and perfectoidization,

Proposition

Lemma 3.1.18. Let A — B be a morphism of Gelfand rings such that the map of uniform
completions A* — B“ is a surjection. Then F: M(B) — M(A) is a Zariski closed immersion
given by the vanishing locus of the ideal I = ker(A — B). If in addition F is an isomorphism then
Av 5 B,

Proof. Let I := ker(A" — B"). We know that M (B) is the zero locus of I" by taking Hausdoff
quotients of [RC24al, Corollary 2.7.15]. Thus, it suffices to show that the zero locus of I and I“
agree. Without loss of generality we can replace A and B by their {-reductions, in this situation
A C A% and BY, so that I = AN I% Let IS' = AS' N I* then the p-completion of I=! gives
rise to a Z,-Banach lattice I*"<! C I*. Thus, for all n € N and f € I there is f,, € I such that
f — fn € p"I*=!. This implies that the loci |f,| < 1/p™ and |f| < 1/p" in M(A¥) are the same.
Taking n — oo one deduces that |f| = 0 in the vanishing locus of I, proving what we wanted.
Suppose now that F' is an homeomorphism. By the open mapping theorem, to prove that
A% — B* is an isomorphism it suffices to show that it is a bijection. Since it is already surjective
we only need to prove injectivity. Let f € ker(A™ — B"), then the locus where {|f| # 0} is empty
and thus f € Nilf(4*). But since A* is an uniform Banach algebra it has trivial -radical and so
f=0. |

We use the previous discussion and “Zariski closed implies strongly Zariski closed” to prove the
following link between uniform completion and perfectoidization.

Proposition 3.1.19. Let A be a perfectoid Banach ring and let A — B be a quotient. Then the
natural map B" — Bpereq from the uniform completion to its perfectoidization, i.e., the initial
perfectoid Banach ring under B, is an isomorphism. Furthermore, the map B — B" is surjective.

Proof. We may replace B by 7(B) and assume that B is static (this does not change Bf~*¢d, Bv, Brpertd)-
We now clarify the existence of Bperq. Let I := ker(A — B) be the ideal defining B, and
ISt .= TN ASY) By := ASY/IS. Then the p-completion of By is semiperfectoid and given by
B(/J\ ? = AS1/I, where I is the completion of I in AS! for the p-adic topology. In particular,
ASY — (Bg)”r is a surjection of p-complete rings. Let C be a perfectoid ring and consider a

map g: B — C, then, as C is a Banach ring, g musth factor through B — Bé\”[%} — C and

the perfectoidization of B and (Bg)"» [%] must agree. This last is nothing but the generic fiber of

the perfectoidization of (By)”» in the sense of [BS22, Corollary 7.3|. By [BS22, Theorem 7.4 and
Remark 7.5], the map A — Bpeq is surjective and the associated map of adic spaces

Z = Spar(Bperfd) - Spa(A)

is a Zariski closed embedding given by the vanishing locus of I which agrees with the vanishing
locus of I by Lemma [3.1.18] the same holds for Berkovich spaces M (Bperta) = M(A). But then,
Lemma [3.1.18| implies that the uniform completion of B and of At~! = h_I)Il

agree and are equal to Bperfq, proving what we wanted.

A
ZCU, U rational open U

3.2. The morphism to the Berkovich spectrum. In this subsection, we explain (following
[CS24]) the construction of a natural morphism

AnSpec(A4) = M(A)Betti
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of analytic stacks from the analytic spectrum of a Gelfand QQp-algebra A to the Betti incarnation
of its Berkovich spectrum, under some finite dimensional hypothesis. The main result is Proposi-
tion 3.2. 10|

Throughout, we write AnRing for the category of analytic rings and AnStk for the category of
analytic stacks. For the definition of the latter, we refer the reader to Section 4.2

In order to construct a map from A towards its Berkovich spectrum as analytic stacks we need
to recall a few facts about the Betti stacks. We start with the functor Prof 8" — AnStk, sending
a light profinite set S to Spetti = AnSpec(C(S,Z)). We have the following lemma.

Lemma 3.2.1. Let Ringi1 be the co-category of countable animated discrete rings. Consider the
functor

D': Ring% — Catwo
given by mapping a ring A € Ringf}1 to its derived category of (condensed) modules with transition
maps given by upper !-maps. Then D' is a flat hypersheaf.

Proof. By [Matl6l Proposition 3.31] flat covers in Ringful are 2-descendable, so the functor D' is
a sheaf for the flat topology. We want to show that it is an hypersheaf. By [Man22, Proposition
A.3.21] it suffices to show that for any flat hypercover A — A, in Ringil, the functor

(3.2.1) D(A) = lim D'(A,)
[n]jeA

is fully faithful. By applying the (dual of the) strategy of [Man22l Proposition 3.1.26] it suffices to
prove that given a flat map of countable discrete rings f : A — B the functor f'(—) = Homu (B, —)
has cohomological dimension < 1E By Lazard’s theorem we can write B as a filtered colimit of
finite projective A-modules ([Lurl?, Theorem 7.2.2.15]). As A, B are countable (hence B is an w;-
compact A-module), we can assume that the filtered colimit is countable. Then the cohomological
bound follows. |

Since light condensed anima are hypersheaves on light profinite sets, using Lemma [3.2.1| we can
extend the above functor Prof 8" — AnStk to a left exact colimit preserving functo

CondAni"8" 5 AnStk, X — Xpetti

Remark 3.2.2. By [HM24, Remark 3.5.15], if X is a locally compact Hausdorff space, D(Xpetti)
is the left completion of the derived category Shv(X,Zc") of condensed abelian sheaves on X. If
X is paracompact and has local finite Z-cohomological dimension, the natural symmetric monoidal
functor Shv(X,Z") — D(Xpe;) is an equivalence.

Notice that for X a condensed anima, D(Xpeg;) has a full subcategory D?(Xpetti) obtained by
hyperdescent from discrete modules over the rings C(S, Z) with S light profinite, we call D®(Xpet;)
the full subcategory of discrete sheaves on Xpei- Similarly as before, if X is a locally compact
Hausdorff space, D°(Xpe;) is the left completion of the category of abelian sheaves Shv (X, Z) on
X, and, if X is paracompact and has local finite Z-cohomological dimension, then Shv(X,Z) =
DJ(XBetti)-

As we now explain, we can give a functor of points description of Betti stacks, cf. [CS24], Lecture
20]. Recall from [Aok23| Theorem A] that the functor

Shv(—;Sp) : Loc®® — CAlg(Prk)

sending a locale to its category of Sp-valued sheaves has a right adjoint given by the smashing
spectrum Sm(—), i.e., the locale of idempotent algebras. This gives for C a presentably symmetric
monoidal stable co-category and a locale X a natural equivalence of anima

(322) 1\/IapLocOp (Xa Sm(C)) = MapCAlg(PrsLt) (ShV(Xa Sp)®7 C)

We note that connective idempotent algebras over analytic rings, which a priori are only E.-
algebras, naturally acquire the structure of an animated ring. This crucially uses lightness.

Lemma 3.2.3. Let A be an analytic ring and let D € CAlg(D>(A)) be a connective commutative
algebra. Suppose that A — D is idempotent, then D has a natural structure of an animated ring
making A — D a localization of analytic rings.

151t suffices to have an universal bound, but it turns out that 1 is optimal.
16Note how lightness is used crucially here. Also, note that the desire to construct such a functor is the reason for
requiring that analytic stacks are not merely sheaves on analytic rings for the !-topology, but a stronger condition.



ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES 29

Proof. This follows form the fact that Modp(D>o(A)) C D>(A) is a full subcategory stable under
all limits, colimits and internal Homs. Indeed, this category defines an uncompleted analytic ring
structure D4, on A by [RC24bl Definition 4.1.1], and the animated ring structure on D 4,[+] = D
is automatic in the light set up by [RC24bl Corollary 4.2.7]. (]

Lemma 3.2.4. Let X be a metrizable compact Hausdorff space of finite cohomological dimension,
let S be a light profinite set and f : S — X a surjection. Then the map of analytic stacks
f 2 SBetti = XBetti i proper and descendable, i.e, fi(1) € D(Xpetti) s a descendable algebra.

Proof. Properness follows from [HM24] Lemma 4.8.2 (ii)], descendability is proven in [Sch24bl
Proposition I1.1.1]. O

Proposition 3.2.5. Let X be a metrizable compact Hausdorff space. For A an analytic ring let
Map(; con (X, Sm(D(A))) C Map gcon (X, Sm(D(A))) be the full subspace of maps of locales satisfying
the following condition: there is a surjective map from a light profinite set S — X, a!-cover A — B
and a morphism of analytic rings C(S,Z) — B that induces a commutative diagram of locales

Sm(D(B)) —— Sm(D(A))
(3.2.3) l l
X.

S—

Then the natural map
(3.2.4)
Map(AnSpec(A), Xperti) = Mapoaig(pes , ) (Shv(X: Z"), D(A)) = Mapy geor (X, Sm(D(A))).

induces an equivalence onto Map(, o» (X,Sm(D(A))) (here D(Z) is the derived category of con-
densed abelian groups).

Remark 3.2.6. The mapping space in the middle of involves sheaves on X valued in
condensed abelian groups, while the adjunction of [Aok23l Theorem A] involves sheaves valued in
spectra. This does not cause any problem since, given an co-topos X and a presentable category
C, one has a natural equivalence of presentable categories

X ®C = Shv(X,C)

where the left term is Lurie’s tensor product, and the right term is the category of C-valued sheaves
on X. Indeed, by [Lurl?, Proposition 4.8.1.17], one has a natural equivalence

X ®C = RFun(X°?,C)

where the right term is the category of functors X°? — C which admit left adjoints. As X is
presentable, the latter identifies with the category of limit preserving functors X°P — C which is,
by definition, the category Shv(X,C) of C-valued sheaves on X.

Proof of Proposition[3.2.5 Let us first suppose that X = S is profinite. Then Sgett; = AnSpec(C(S,Z))
is an affinoid stack and then the LHS term of is just the same as morphisms of analytic
rings C(S,Z) — A, which, as C(S,Z) is discrete, is the same as morphism of animated rings
C(S,Z) — A®(x). We want to see that the natural map

(325) MapAnRing(C(Sa Z)7 A) — 1\/[a‘pLocOP (S? Sm(D(A)))

already induces a bijection. For proving this, we compose with the map (3.2.2]). For any clopen
subspace U C S the map C(S,Z) — C(U,Z) is idempotent. Since Z — C(S,Z) is and ind-étale
map of Eo,-rings (resp. of animated rings), we have that the map

MapAnRing(C(Sa Z),A) = MapAni(Ring)(C(Sv Z),A”)
— MapCAng (C(Sv Z)a AD) = 1\/[apAnRing17]EOC (C(Sv Z)a A)

from morphisms between analytic rings to morphisms between the underlying Z — E,.-rings is an
equivalence; here, we denoted by A” the condensed ring underlying A. By [RC24al, Lemma 2.1.3]
the functor D : AnRing;_p  — CAlg(Pré(Z)) from Z — E-analytic rings to condensed Z-linear
presentable symmetric monoidal categories is fully faithful. By we deduce that is an
equivalence as wanted.

For proving the statement about general X, note first that the functors sending an analytic ring
A to Map|", o (X, Sm(D(A))) and Map;, .» (X, Sm(D(A))) satisfy universal *-descent (and so in
particular !-descent). Thus, it suffices to prove the desired claim locally in the !-topology of A.
First, we show that factors through Map; o» (X, Sm(D(A))). Indeed, let f : AnSpec(A) —
XBetti be a morphism of analytic stacks and let S — X be an epimorphism of condensed anima



30 ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES

with S a light profinite set. Then Spetti — XBetti 1S an epimorphism of analytic stacks and
then so0 i8 SBetti X Xp.; AnSpec(A) — AnSpec(A). Thus, there is a l-cover A — B and a lift
AnSpec(B) — Spetti X Xp..; AnSpec(A). This provides the map desired map C(S,Z) — B making
(13.2.3) commute. Now, let us show that the map

Map(AnSpec(A), Xpetti) — Mapﬁ‘ocop (X,Sm(D(A)))

is surjective. Let Sm(D(A)) — X be a morphism of locales in Map,!, ., (X, Sm(D(A))) correspond-
ing to a D(Z)-linear symmetric monoidal functor Shv(X,Z<"!) — D(A), by hypothesis there is
a profinite set S, a surjective map S — X and !-cover A — B with a map C(S,Z) — B making
commute. By [Aok23, Theorem A] this gives rise to a commutative square of D(Z)-linear
symmetric monoidal categories

D(B) «+— D(4)

| |

Shv(S, Zend) «— Shy(X,Zcond)

Taking Cech nerves, and knowing that the functor AnRing — CAlg(Pr]LD(Z)), A~ D(A), preserves
colimits (see [RC24bl, Proposition 4.1.14]), we have a cosimplicial diagram of symmetric monoidal
categories

(Shv(S*x 1 Zon))1ea = (D(BOA™ ) ea

which by the case of profinite sets already proven corresponds to a simplicial diagram of morphisms
of analytic stacks

(AnSpec(B®A"+1))[n]eA°P - (Sgéﬁ“)[n}erp.

Taking geometric realizations, and knowing that AnSpec(B) — AnSpec(A) is an epimorphism, we
get the desired map of analytic stacks

AHSpGC(A) — XBetti-

It is left to show that (3.2.4) is fully faithful. Since Xpets; is O-truncated (as it arises from a
O-truncated condensed anima), we only have to show that two maps f,g : AnSpec(A) — Xpetti
inducing the same morphism of locales Sm(D(A)) — X must agree. Consider the map

(f,9) : AnSpec(A) = (X X X)Betti = XBetti X XBetti

we want to see that this map factors through the diagonal. We know that this holds at the level
of locales. Therefore, it suffices to prove the following claim: let f : AnSpec(4) — Xpetti be a
morphism of analytic stacks such that the morphism of locales Sm(D(A)) — X factors through a
closed subspace Z C X, then f factors through f : AnSpec(A) — Zpetti C XBetti- We can prove
this claim locally after a !-cover of A and after taking pullbacks along an epimorphism S — X
with S a light profinite set. We can then assume that X = S is profinite in which case the claim
is clear. |

Corollary 3.2.7. Let X be a metrizable compact Hausdorff space of finite cohomological dimension
and let A be an analytic ring. The set Map(A, Xpetti) of morphisms of analytic stacks is naturally
equivalent to the set of morphisms of locales

F:Sm(D(A)) — X

such that there is a l-cover A — B such that the functor Shv(X,Z) — D(B) preserves connective
objects.

Proof. By Proposition @ we must identify the space Map," , (X,Sm(D(A))) with those maps
F as above that locally on the !-topology of A preserve connective covers. Let F' : Sm(D(A)) — X
be a morphism of locales and let A — B be a !-cover such that the composite G : Sm(D(B)) —
Sm(D(A)) — X induces a morphism of symmetric monoidal categories that preserves connective
objects. Let S — X be an epimorphism from a profinite set, then h : Sgetti — XBetti IS prim
and descendable by Lemma[3.2.4] Then, [Sch23, Proposition 6.19] implies that AnSpec(B) X xp...;
SBetti — AnSpec(B) is also prim and descendable and so a !-cover. On the other hand, we can find
S such that h,1lg = lim_ C; is a filtered colimit of finite products of connective idempotent algebras
in Shv(X,Z) (consider S to be the limit of the poset of finite closed covers of X), by Lemma[3.2.3]
given a connective idempotent algebra Zx — C’ the pullback B ®z, C’ is connective and so has a
natural animated ring structure. It follows that the fiber product AnSpec(B) X xg...; SBetti 1S the
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analytic spectrum of the analytic ring C = hng B ®yz, C;, and as AnSpec(C) — AnSpec(B) is a
I-cover, the map F fits in a commutative square

AnSpec(C) —— SBetti

! l

AnSpec(A) —— Xpetti

where the left vertical arrow is a !-cover, so it belongs to Mapiroc+ (X,Sm(D(A))). Conversely,
suppose that F': Sm(D(A)) — X is in Mapiroch (X,Sm(D(A))), then we can find a l-cover A — B
and a surjective map from a profinite set S — X that fits in the diagram . Since the
pullback along Shv(X,Z) — Shv(S,Z) preserves connective objects (and is even t-exact), the
functor Shv(X,Z) — D(B) also preserves connective objects proving what we wanted. O

We apply the previous abstract nonsense in order to construct a map from the analytic spectrum
of (suitable) bounded Q,-algebras to their Berkovich spectrum. We need a preliminary lemma,
which will allow us to invoke the previous corollary.

Definition 3.2.8. A morphism of Gelfand Q,-algebras A — B is called Berkovich étale if, locally
after a strict rational cover of M(B) (that is, a cover that can be refined by an open subcover), it
factors as a composite of finite étald ‘| maps and rational localizations on the Berkovich spectrum.
A morphism A — B of Gelfand algebras is called Berkovich pro-étale if B = hﬂz A; is a filtered
colimit of Berkovich étale maps. We say that it is uniformly Berkovich étale, resp. uniformly
Berkovich pro-étale, if its uniform completion A* — B* is the uniform completion of a Berkovich
étale, resp. Berkovich pro-étale map A’ — B’.

Lemma 3.2.9. Let A be a Gelfand Qp,-algebra. One can construct a Berkovich pro-étale map
A — AY such that M(A"Y) is profinite and M(A™) — M(A) is surjective. Moreover, if M(A) is
metrizable, AY is such that M(A™) is a light profinite set.

Proof. Consider the filtered diagram J consisting on finite covers of M(A) by Berkovich rational
subspaces and let {A;}7c 7 be the associated filtered system of bounded Q,-algebras where A; =
[I;c; Ai and A — A; is the corresponding Berkovich rational localizationﬁ We claim that AY =
lim. A; does the job. First, by Lemma we have that

M(A™) = lim M(A;) = lim [T M(4)
Ieg IeJ ier
so it is indeed a profinite set that surjects onto M (A) (this is a standard construction of a profinite
cover of a compact Hausdorff space). Note that if M(A) is metrizable the poset J has a cofinal
countable subdiagram, so M(A") is also light (using that the inverse limit does not change if one
replaces M(A;) by its profinite set of connected components, which is again light as it admits a
surjection from a metrizable compact Hausdorff space). O

Proposition 3.2.10. Let A be a Gelfand Qp-algebra with M(A) a metrizable compact Hausdorff
space with finite cohomological dimension. The natural map of locales Sm(D(A)) — M(A) of
Proposition [3.1.16 induces a natural map of analytic stacks over Qy

(326) AnSpec(A) — M(A)Betti XAnSpcc(Z) Anspec(@p,m)

satisfying universal |-descent. Furthermore, there is a descendable Berkovich pro-étale cover A — B
such that M(B) is a light profinite set.

Proof. Consider the light profinite set S constructed from the poset of Berkovich rational localiza-
tions of M(A) as in Lemma Then the map f : S — M(A) is surjective, and by the proof
of Corollary the pullback B = A ®y amay J+1s is an analytic ring which is actually Berkovich
pro-étale by the construction in the proof of Lemma and that is descendable (so a !-cover)
by Lemma [3:2:4] It is clear that the map
Shv(M(A),Z) — D(B)
preserves connective objects, so by Corollary we obtain the desired map
AnSpec(A) — M(A)Betti

of analytic stacks.
17By definition, a finite étale map A — B is one induced by a finite étale map A(x) — C, i.e., B=C ®A(x) A

18More precisely, J consists of all morphisms A — B where B = [[;<; A; for some rational localizations A — A;.
This class of A-algebras is stable under finite colimits, and hence filtered.
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It is left to see that satisfies universal !-descent. It suffices to check the statement after
base change along a proper and descendable morphism Sgetti — M(A)Betti of Betti stacks with
S a light profinite set. As M(A) is a metrizable compact Hausdorfl space of finite cohomological
dimension, any surjection from S light profinite is proper and descendable.

Because AnSpec(A) X aq(A)p..; SBetti 15 again represented by a Gelfand ring B by the previous
discussion, and M(B) = S, we can assume without loss of generality that M (A) is light profinite.
It suffices to show that the morphism AnSpec(A") — AnSpec(A) — M(A) = M(A") satisfies
I-descent. Hence, we can further assume that A is a Banach Qp-algebra. Write S = 'mn S, as
a countable limit of finite sets with surjective transition maps, it suffices to show that each map
C(Sn,Qp) — Ais 1-descendable, then [Man22, Proposition 2.7.2| will show that C(S,Z)®Q, — A
is 2-descendable. To prove that C(S,,Q,) — A is 1-descendable it suffices to find a section as
C(Sy,Qp)-modules. Now the map C(S,,Q,) — A factors as a product of maps Q, — As with
s € 8, corresponding to the fibers of S — S,,. Then, it suffices to show that for a Banach Q,-
algebra A one has a section of Q, — A as solid Q,-modules. This is just a consequence of the
Hahn-Banach theorem. (]

One has the expected equivalence between étale sites on Gelfand ring and its uniform completion:

Proposition 3.2.11. Let A be a Gelfand ring with uniform completion A*. Let X = AnSpec(A)
and Y = AnSpec(A"™). Then the natural maps of sites

Yesr = Xper and Yerk—st — XBerk—ét 01d YBerk—prost — X Berk—proét
are equivalences.

Proof. By the same argument as in [Sch18al, Lemma 15.6] it suffices to deal with the finite étale
case, namely, Berkovich étale maps are locally in the Berkovich topology compositions of rational
localizations and finite étale maps, we have M(A*) = M(A) by definition (identifying rational
localizations by Lemma and the case of Berkovich pro-étale maps follows by passing to limits.
For the equivalences between finite étale maps, by [GR03, Proposition 5.4.5.3] it suffices to see that
A=1(x) is Henselian along (p), which follows by Lemma [2.2.24] O

3.3. Fredholm property of Gelfand rings. Let us recall the definition of Fredholm analytic
ring. In the following, for an analytic ring A, we denote by A> its underlying condensed ring.

Definition 3.3.1. An analytic ring A is said to be Fredholm if all dualizable A-module are discrete,
i.e. if they arise from perfect A”(x)-modules via the fully-faithful embedding

D?(A” () < D(A)
from the derived oo-category D°(A” (%)) of classical (i.e. non-condensed) A”(%)-modules.

In this section, we allow non-induced analytic ring structures on bounded rings in the sense of
[RC24a), Definition 2.6.10], i.e., the analytic ring structure is assumed to be obtained by making
elements in the underlying ring solid. To have a clear terminology, we call these analytic rings over
Qp,» bounded affinoid Q,-algebras (as in [RC24al, Definition 2.6.10]), reserving the notion “bounded
Q,-algebras” for bounded affinoid rings over Q) whose analytic ring structure is induced from

Qp.o-

Lemma 3.3.2. Let A be a bounded affinoid Qp-algebra and let K € D(A) be static. Assume that
K is a finitely presented solid my(A)-module. If mo(K @4 AT=™d) =0, then K = 0.

Proof. We can assume that A is static and work within the abelian category of A-modules. The
statement of the lemma is equivalent to the following: let f : A[S] — A[S] be a map of A-modules
(for S’, S light profinite sets) whose base change f to AT~ is an epimorphism, then f is an
epimorphism. By replacing S’ and S by larger profinite sets if necessary we can assume that
S’ =S, so that f is an endomorphism of A[S] (e.g., S = S’ can be taken to be the Cantor set).
Let
Nil' (A)[S] = fib(A[S] — AT7™d[S]) = Nil'(A) 4 A[S]

and suppose that f is surjective. Then, by projectivity f has a section g : AT=7ed[S] — Af—red[g]
which can be lifted to a map g : A[S] — A[S] such that idspg —fg factors through A[S] —
Nil(A)[S]. Thus, we are left to prove the following claim:

Claim. Let A be a bounded affinoid Q,-algebra, S a light profinite set and h : A[S] — Nil'(A)[S]
an A-linear map, then idaps) — h : A[S] — A[S] is an isomorphism.
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We will reduce the proof of this claim to a concrete case where we can do an explicit computation.
The analytic ring structure of A is given by the set of solid elements A™ consisting on those a € A”
such that the map Z[T] — A depicted by a extends to Z[T], — A. Writing AT as a union of

finitely generated subrings A;r, we can write A = h%“% Aiﬁ ) and as A[S] is compact, we can
i,0

assume without loss of generality that there is a map Z[Ty,...,T,]o — A such that A has the
induced analytic ring structure.

To continue with the computation, we need to understand how bounded rings can be described
from sifted colimits of easier rings. For this, consider Pairgr, .. 1,), C Fun(A', Ringgp,  7.1.) the
full subcategory of maps of animated solid Z[T7, . . ., T,,]--algebras consisting on those maps A — B
are surjections on connected components. The category Pairzp, . 7, has compact projective
generators given by base changes along Z., — Z[T}, ..., T,] of finite coproducts of pairs of the form
Z,[N[S]] X 7, [N[S]] (corepresenting the underlying ring of A), and Z,[N[S]] — Z (correpresenting
the kernel I = fib(A — B)).

Now, let A be a bounded affinoid Q,-algebra with induced analytic ring structure from a
map Z[Ti,...,Ty]o — A, and consider the pair C — D given by A° — Ao/NilT(A) (with
A° being defined as in [RC24al Definition 2.6.1]). Then any map from Z[T1,...,T,]s[N[5]] ,
ZTy,...,T,)o[N[S]] to C — D will factor through the idempotent pair Z,(T7,...,T,)o(N[S]) —
Zy(Th, ..., Tn)o(N[S]) (note that colimits in Fun(Al,RingZ[Th“_,Tn]D) are calculated pointwise).
Similarly, any map Z[Ti,...,T,]o[N[S]] — Z[T1,...,T;] towards (C[1/p] — D[1/p]) = (A —
Af=red) will factor through the map Qu(T1, ..., Tn)o(N[S])<o = Qu(T1,...,T,)o. Putting all to-
gether, one deduces that the pair A — AT7**d can be written as a sifted colimit of base changes to
Qp,o of finite coproducts in Pairzr, . 1, of the form

(@) Qup(Th,...,Tn)o(N[ST) = Qu(T4, ..., T,)o(N[S]) and
(b) QP<T17 . ,Tn>j<N[S]>S0 — (@p<T’17 e 7T7L>D'

Now, let {A; — B;}; be a sifted diagram in Pairz, . 7,), whose colimit is A — Af—red Tet b :
A[S] — Nil'(4)[S] be an A-linear map corresponding to a map of condensed sets S — Nil'(A)[S].
Let I; = fib(A; — B;), then Nil'(4)[S] = lim, 7 [S] (for L;[S] = I; ®4, A;[S]). Since we are working
with solid abelian groups and the diagram is sifted, there are finitely many i1, ..., such that h
factors through S — I, . ;, [S] where I;, ;. is the fiber of

Ai1®"'®Aik_>Bi1®"'®Bik

ik Jik

with tensor product over Z[T1,...,T,]o. By the previous discussion we can take pairs A; — B;
which are finite coproducts (over Z[T1,...,T,]s and so over Q,(T1,...,T,)s by idempotency) of
the pairs of the form (a) and (b) above, in that situation we even have that I; = Nil'(A4;). Hence,
we have reduced the previous claim to the following one:

Claim. Consider the ring A = Qu{T1,...,T)o(NIX])(N[Y])<o for {T1,...,Tn} a finite set of
variables and X and Y light profinite sets. Let S be a light profinite set and let h : A[S] —
Nil(A)[S] be an A-linear map, then 1 — h : A[S] — A[S] is an isomorphism.

We finally give the proof of this claim. Note that
NilT(A) = ker(Qu(T1, ..., Tn)o(NX)(N[Y]) <0 = Qp(T1, . .., Tn)o(N[X])).
We can write A = lim A, with A, = Qp(Th,...,T)o(NX])(N[Y])<, and set
I, =ker(A, — Qu(T1,..., Tn)o(N[X])).

Then Nilf(4) = lim _ I, Thus, there is some r such that the map h : § — Nilf(A)[S] factors

through I,.[S]. Note that rescaling Y by p does nothing to A but multiplies the 7’s in the indexes
by the norm of p, so by taking r close enough to 0 and modifying Y by some power of p we can
even assume that h factors through I<![S] with

I = ker(Zy (T, . .., Tu)o{NIXDIN[PY]] = Zy (T, . .., T )o(NIX])).

But then the composite h : S — I7HS] — Zp(Ty,. .., Tn)o(N[X])(N[Y])[S] =: C[S] is 0 modulo p
and so the map 1 — h : C[S] — C5] is an isomorphism, since the map 1 — h : A[S] — A[S] is just
a base change of this we deduce that it is an isomorphism as well proving what we wanted. O

Next, we improve Lemma from the f-reduction to the uniform completion.

Lemma 3.3.3. Let A be a bounded affinoid Q,-algebra and let K € D(A) be static. Assume that
K is a finitely presented solid mo(A)-module. If mo(K ®4 A*) =0, then K = 0.



34 ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES

Proof. By Lemma we can assume that A is f-reduced, so it is static and A < A" is injective
as (), p"AS! = Nil'(A) = {0}. By an approximation argument, and writing A = lim -y (A%, B),
as a filtered colimit where B runs over finitely generated subrings of AT, we can assume that A is
of the form A = A%[m,...,sn]u/ for certain elements s; € AT, Set R = Z][s1,. .., Sy]s, by flatness of
RJ[S]; as solid R-module (for S a light profinite set), we know that the map A[S] = A®g R[S] —
A"[S] = A*®pg R[S] is injective. Since R is finitely generated we also know by [Man22| Proposition
2.12.10] that A“<1[S] is p-adically complete and so equal to the p-adic completion of AS![S].
Similarly as in the proof of Lemma it suffices to show the following claim:

Claim. Let S be a light profinite set and f : A[S] — A[S] such that the base change f* to A"[S)]
1s surjective, then f is surjective.

Let S and f : A[S] — A[S] be as before. Since A“[S] is a projective A*-module we have a
section g* : A"[S] — A"[S] of f*. So that f*g" = idgu[g). Since A"[S] = I.&HTA[S]/AST[S], for
an arbitrary r we can find g, : A[S] — A[S] such that g* — g, sends S to A*=<"[S]. In particular,
there is some 7 such that 1 — f“g% sends S to A <1[S] and so f“g" : A“[S] — A“[9] is invertible.
Therefore, we can construct a map g : A[S] — A[S] such that the base change of fg: A[S] — A[S]
to A" is an isomorphism, even better, such that 1 — fg maps S to AS"[S] for a fixed but arbitrary
0 < r < 1. Now, as A is bounded, we can write AS! as a filtered colimit of p-complete rings
A2, and so, by taking r = |p|, there is some ¢ such that the map %(1 — fg) : S — A=L[S] factors
through a map h : S — AP[S]. In particular, 1 — ph : A9[S] — A9[S] is an isomorphism by
Nakayama’s lemma, and since fg : A[S] — A[S] is just the base change of 1 — ph we get that fg
is an isomorphism proving that f is surjective and finishing the proof of the lemma. (|

Remark 3.3.4. In the notation of Lemma let K* = mg(A* ® 4 K). It is natural to expect
that the map K — K is injective as K is finitely presented, but we do not know how to prove it.

Proposition 3.3.5. Let A be a bounded affinoid Q,-algebra. If A" is Fredholm, then A is Fredholm.
In particular, Gelfand rings are Fredholm.

Proof. The proof takes inspiration from [Sch24bl Proposition VI.1.7]. Thanks to [Sch24bl Proposi-
tion VI.1.5], it suffices to show that if K is a compact complex such that K ® 4 A* is perfect then K
is perfect. We can assume that K is connective, and by an induction argument it suffices to show
that there is a map f : A™ — K such that the cofiber cofib(f) is 1-connective. By Lemma m
and Lemma [3.3:3] it suffices to find a map f such that the base change f* : A*™ — K ®,4 A"
is surjective on 7. Thus, by writing K as a retract of a finite complex with terms A[S] for S a
profinite set, we can assume that K is a retract of a compact object C’Sl[%] with C=! a complex
of AS'-modules, and even that the map C<! [%} — K is an isomorphism on 7y. By approximating
along subrings B C AT of finite type, we can assume that A = Ap,. Then C ®4 A" is the generic
fiber of the p-adic completion of C<!. Thus, given a map A% : A»<1" — C=! we can always find
amap g : ASH™ — C=! such that h* — g% is 0 modulo pA“=!. Applying this to a surjection
Avm 5 K @4 A% — CS! @4<1.0 A% (after rescaling for it to factors through C<1), we get the
desired map f: A™ — K.

The final assertion for Gelfand rings follows from the previous assertion, Proposition and
[And21), Theorem 5.50]. |
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4. PERFECTOIDIZATION AND ANALYTIC DE RHAM STACKS

In this section, we discuss (a version of) perfectoidization, and then we construct analytic de
Rham stacks through the right adjoint of perfectoidization (as outlined in Section . Let us
explain this more precisely. For such a picture to make sense while giving the “expected” analytic
de Rham stack, we need, as already mentioned in the introduction, to first replace

AnSthP’D’
the category of analytic stacks over Q, p, in the sense of Clausen—Scholze (Definition [4.2.1)), by
GelfStk,

the category of Gelfand stacks, that we introduce in Definition [1.2.6] by replacing analytic rings over
Qp,» with separable Gelfand rings (Definition [4.2.6)). The relation between these two categories of
geometric objects is encoded by an adjunction”)

(—)Gelt
AnStkg, , —— GelfStk
1 (=)a

Namely, (—)“"f maps an analytic stack X to the functor it represents on separable Gelfand rings,

and its left adjoint sends GSpec(A) for a separable Gelfand ring A to AnSpec(A) (Lemma [£.2.7).
The separability assumption on the rings is there to make several descendability arguments work.

The target of the perfectoidization functor should now be the category of arc-stacks over Q.
For the same technical reasons as with Gelfand rings, it is useful to impose separability; this leads
us to the introduction of ArcStkg,, the category of light arc-stacks over Q, (Definition .
The perfectoidization functor (—)° sends GSpec(A) for a separable Gelfand ring A, to the functor
it represents on separable totally disconnected perfectoid rings. One would like the analytic de
Rham stack functor to be its (fully faithful) right adjoint, so that we have an adjunction (in fact,
a morphism of oo-topoi):

(G
ArcStkg, — GelfStk.
.<7

(=)°
This right adjoint does exist, but will not be our definition of the de Rham stack. Instead, we will
call it the big de Rham stack, as it is defined on the big category of all separable perfectoid rings,
in contrast to what we will call simply the de Rham stack.

Remark 4.0.1. Before saying why we do not define the de Rham stack functor as this right
adjoint, let us point out that we show in Proposition that (—)° is itself a right adjoint of a

functor (—): ArcStkg, — GelfStk that realizes light arc-stacks (over Q,) geometrically. The functor

(/—\) is the left Kan extension of the functor that sends the arc-stack M.,.(A) represented by a
totally disconnected perfectoid ring A to GSpecA. We thus have another adjunction pair:

GelfStk ~ =5 ArcStkg, .
——

(=)

Via the functor (/—\) and the 6-functor formalism on GelfStk (inherited from AnStkg, ), one obtains

a 6-functor formalism for @—cohomology on arc-stacks over Q,; this justifies the notation. See the
end of Section [4.4] for more on the relation to [AM24] and [ALBM?24].

Now, let us briefly discuss why the de Rham stack functor defined in this way does not have all
the desired properties and how we change its definition. One important aspect for the applications
of the theory both in this paper (Section|7) and in future work is that the functor sending X to its
analytic de Rham stack should have strong descent properties: if X — X’ is an epimorphism of
(light) arc-stacks over Q,,, we want the induced map X dR 5 X"4R to be an epimorphism of Gelfand
stacks. It is however false in this general setting, indeed, if it were the case then XPR = Xp.u;
for X a compact Hausdorff space and this is not true, see Example As will be explained in
more detail below (see the beginning of Section , the situation would simplify considerably if
separable Gelfand rings whose uniform completion is strictly totally disconnected perfectoid would
form a basis of the !-topology on separable Gelfand rings. But it is unfortunately not true that all
separable Gelfand rings R admit a descendable map to such a ring, see Remark for a more
precise counterexample. Nevertheless, we do manage to prove such a statement under some sort of
finiteness assumption on R: we show it when R is quasi-finite dimensional (gfd for short), i.e. its

19Upper morphisms indicate the right adjoints, and the lower the left adjoints.
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uniform completion is quasi-pro-étale over a finite-dimensional analytic affine space over Q,. For
this reason, we replace in the above definitions the categories ArcStkq,, GelfStk by their versions

ArcStkd, GelfStk™

defined on qfd separable perfectoid rings, resp. qfd separable Gelfand rings, instead of all separable
perfectoid rings, resp. all separable Gelfand rings.

Remark 4.0.2. To keep the notation light, the analogues of the functors (/—\) and (—)° for the
categories ArcStk?Qf:, GelfStk¥™ will still be denoted in the same way. We hope that this does not
create confusion. Note that one has natural functors

ArcStkd — ArcStkg,, GelfStk™ — GelfStk,

defined by left Kan extensions. Since the functors (—)® and (—)%°¥~° and their qfd variants are

left adjoints, they commute with colimits, and so it does not matter whether one left Kan extends
first and then applies them, or the other way around; this justifies this abuse of notation. The
same wouldn’t be true for the right adjoints of (—)® and its qfd version, and for this reason we
refrain from calling (—)® the right adjoint of (—)® in all Gelfand stacks and reserve this name to
the right adjoint of its qfd version.

Remark 4.0.3. In the theory of the algebraic de Rham staclﬂ a similar “finite dimensionality”
assumption is required to obtain descent of the formation of the de Rham stack for the h—topologyEl
In this case one reduces to showing that the morphism from the scheme to its algebraic de Rham
stack is an epimorphism for the descendable topology, and this is where finite type assumptions
are used. In general, the sheafification of X for the h-topology is its absolute weak normalization
X gee [Sta2bl Tag OEVS]. If X is a scheme of finite type over a field K of characteristic 0,
then X?"" is a scheme of finite type over K and X*"" — X is the initial object in the category of
universal homeomorphisms over X. If instead X is of characteristic p, then X®"" is its perfection.

4.1. Light arc-stacks. We extend the definition of light arc-stacks from Section [1} to allow per-
fectoid Tate rings in characteristic p (this will be used when constructing the Hyodo-Kato stacks
in Section @ We also introduce the quasi-finite dimensional variant that will be used later.

We first recall the arc-topology from [Sch24al.

Definition 4.1.1. A map A — B of perfectoid Tate rings is an arc-cover if the morphism M (B) —
M(A) is surjective.

We let AffPerfd be the opposite category of the category of perfectoid Tate rings (we stress that
we do not consider perfectoid Tate-Huber pairs, i.e., we don’t require the choice of a ring of integral
elements).

Remark 4.1.2.

(1) By [Sch24al Theorem 3.14| the arc-topology on the category AffPerfd is subcanonical.

(2) A perfectoid Tate ring A is called totally disconnected if M(A) is a profinite set. If moreover
each residue field k(x) for © € M(A) is algebraically closed, then A is called strictly totally
disconnected ([Sch24al, Definition 3.10]).

(3) Each perfectoid Tate algebra A admits an arc-cover A — B with B strictly totally discon-
nected ([Sch24al Proposition 3.11]).

For technical reasons, we cannot work with arbitrary perfectoid Tate algebras.

Definition 4.1.3. A Tate ring A is called separable if A°/7 is countable for a (equiv. any)
pseudo-uniformizer 7.

Clearly, a perfectoid Tate algebra A is separable if and only if its tilt A” is separable. An-
other equivalent characterization of separable perfectoid rings is as wi-compact perfectoid rings
(Lemma. We let

AffPerfd,,, C AffPerfd
be the full subcategory of separable perfectoid Tate algebras. This restriction is very mild and
mostly used through Lemma m (or related assertions needing that an arc-cover is a !-cover).

Lemma 4.1.4. Let A € AffPerfd,,, (or more generally A is a separable Tate ring).

20For us, the algebraic de Rham stack of X is the sheafification for the descendable topology of the functor
A X(Ared) where A4 is the reduction of A. This agrees with Simpson’s de Rham stack in characteristic zero,
but, in characteristic p it differs from the de Rham stack appearing in the works of Bhatt—Lurie and Drinfeld.

21Recall that a morphism of Noetherian schemes Y — X of finite type is an h-cover if and only if it is descendable,
see [BS17, Theorem 11.26]
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(1) M(A) is a metrizable compact Hausdorff space.
(2) There exists an arc-cover A — B with B separable strictly totally disconnected. Further-
more, if A is totally disconnected we can take the cover to be pro-finite étale.

Proof. Let f;, i € I be a countable dense subset of A° (e.g., products of a countable set of
representatives of A°/w for a pseudo-uniformizer w € A). Then M(A) — [[;;[0,1], =
(Ifi(x))])ier is a closed embedding, and hence M(A) is metrizable. Given that M(A) is metrizable,
the argument of Lemma provides an arc-cover A — B’ with M(B’) light profinite and B’
separable. We can replace A by B’. Let © € M(A). Then each finite étale extension of k(z)
can be extended to a rational neighborhood of x € M(A), e.g., by [SW20, Lemma 7.4.6.]. As
M(A) is light profinite, we can further extend to A. By metrizability of M(A), we can observe
that there exists a countable, filtered system A — B; of finite étale A-algebras, such that every
A-algebra C', which is finite étale over a rational localization of A, admits a morphism to some
B; over A. Let A — C be a morphism with C strictly totally disconnected, e.g., C' could be a
Banach product of completed algebraic closures of the residue fields of A as in [Sch24al Proposition
3.11]. Then we can construct B as the filtered colimit over the countable category of factorizations
A= B, —>Ciiel. O

Definition 4.1.5. We let
ArcStk = Shv(AffPerfdf}l’)

be the category of hypersheaves on the arc-site of separable perfectoid spaces. Given a Tate ring A,
we let M,c(A) be the light arc-stack given by arc-sheafification of the presheaf B — Hom(A, B).

We let ArcStk® be the category of arc-hypersheaves on AffPerfd°P. Clearly, we have a morphism
of topoi
v: ArcStkP® — ArcStk.

The two topoi are concretely related as follows.

Lemma 4.1.6.

(1) Each perfectoid Tate algebra is an wy-filtered colimit of separable perfectoid Tate algebras.
In fact, AffPerfd = Ind,,, (AffPerfd,,, ).

(2) The pullback v=": ArcStk — ArcStk™ is fully faithful and commutes with countable limits.
The essential image of v—1 consists of those sheaves F which send wi -filtered colimits of
totally disconnected perfectoid Tate algebras in AffPerfd to filtered colimits in Ani.

The lemma is equally true for the slice topoi over some X € ArcStk.

Proof. Assume A € AffPerfd, and let @’ € A be a pseudo-uniformizer, we can consider a subring
B containing Z,[((”)/?")¥ | n € NJ, such that p|w := ((=)")* and such that B/w is countable.
Now, A° is an ws-filtered colimit of countably generated B-subalgebras C, and among these the
ones with Frobenius surjective on C'/w are cofinal. Thus, by w-completing these C’s and inverting
w we can write A° as an w-filtered colimit of separable perfectoid Tate algebras. To show that
AffPerfd = Ind,,, (AffPerfd,,,) it suffices to see that separable perfectoid Tate algebras are wi-
compact in AffPerfd. This in turn is implied by countability modulo a pseudo-uniformizer.

To see the second assertion, we first show that each arc-cover of totally disconnected perfectoid
Tate rings is an wi-filtered colimit of arc-covers of separable totally disconnected perfectoid Tate
algebras. Indeed, any morphism of totally disconnected perfectoid Tate rings is an wi-filtered
colimit of morphisms of separable totally disconnected perfectoid Tate algebras, by the previous
assertion. If the morphism one starts with is an arc-cover, one can ensure that the morphisms
in the colimit are also arc-covers, by the following observation. If C — A is a morphism with
C € AffPerfd,,, and C totally disconnected, then M(A) — M(C) has a closed image, which is a
countable intersection of finite unions of rational localizations (as M(C') is a metrizable compact
Hausdorff space by Lemma [4.1.4). As C is totally disconnected, i.e., M(C) is profinite, we may
even assume that these finite unions are again affinoid and totally disconnected.

We can conclude that each arc-cover of totally disconnected perfectoid Tate rings in AffPerfd
is an w;-filtered colimit of arc-covers of totally disconnected perfectoid Tate rings in AffPerfd,,,.
From here, we can conclude that v~! is fully faithful and commutes with countable limits (namely,
the presheaf pullback to totally disconnected perfectoid Tate rings of some object X € ArcStk is
already an hypersheaf). The description of the essential image follows by the definition of the
presheaf pullback. O

Remark 4.1.7. In particular, given a light arc-stack X the finitary arc-sheaves over »~'X con-
sidered in [Sch24al Section 4] are pulled back from their restriction to separable perfectoid Tate
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algebras. Furthermore, as the closed disc D and the Tate twist Z(1) are w;-compact, the category
of motivic sheaves on ¥~'X are full subcategories of D(Xarcw,, Z) where Xayc,,, is the light arc-
site of X. We note that light arc-stacks over F, allow the necessary geometry appearing in the
geometrization program of the local Langlands correspondence [ES21], [Sch25]. For example, we

can speak about SpdQ,, Bung, Div% ;- -+ € ArcStkp, .

Definition 4.1.8. We let ArcStkg, be the category of light arc-stacks over M..(Q,), or equiva-
lently, ArcStkg, is the category of hypersheaves on the arc-site of separable perfectoid spaces over

Qp.

From now on, all arc-stacks will implicitly assumed to be light.

As examples of light arc-stacks, we discuss those associated with condensed anima.

Example 4.1.9. Let S be a light profinite set. Then we can define the arc-stack S sending a
separable perfectoid ring A to Homcopnt (M (A), S). Clearly, the functor S +— S sends hypercovers
of light profinite sets to arc-hypercovers, so that we get a functor

(—): CondAni — ArcStk.

We claim that this functor is explicitly given by sending a condensed anima T to the functor
A FT(A) = MapCondAni(M(A>7 T)

on totally disconnected separable perfectoid rings A. As arc-hypercovers of totally disconnected
separable perfectoid rings induce hypercovers on M(—) the functor Fr is in fact a light arc-stack.
It suffices therefore to see that T'— F preserves colimits of condensed anima and that Fp = T if
T is light profinite. The last assertion is clear (by definition of (—)), so we have to check the first
one. Let A be a strictly totally disconnected perfectoid ring, and let X := Mrc(A). Tt suffices to
see that T' + (F'r)|x commutes with colimits (here (—)/x denotes restriction to light arc-stacks
over X). Now, we can observe that (Fr)x is pulled back from the small pro-étale site of X.
Indeed, if S is a light profinite set over the profinite set |X|, then there exists a unique strictly
totally disconnected separable perfectoid A-algebra Ag with M(Ag) = S as light profinite sets
over |X|, and then as in [Schl8a, Lemma 14.5] the pullback to the arc-site over A has sections
over some totally disconnected separable perfectoid A-algebra B given as the evaluation on the
small pro-étale site at Ag for S := M.c(B). This realizes T'+ (Fr)|x as the composition of the
restriction to the slice site of light profinite sets over |X| and the pullback to the arc-site of X.
But these two functors commute with colimits, as desired.

As a consequence of arc-descent, if A is an arbitrary separable Banach ring with associated arc
stack M,c(A), we have

z(Marc(A)) = Ma‘pCondAni(M (A)’ T)

where the compact Hausdorff space M(A) is seen as a condensed anima in the right hand side
term.

Example 4.1.10. We continue with the notation of Example Let AfFPerdeEX be the
category of separable totally disconnected affinoid perfectoid spaces (over some implicit totally
disconnected affinoid perfectoid space X). Each of the two functors in the adjunction

M(=): AfFPerde,dlyX = Proflisht, (=)

sends hypercovers to hypercovers and thus, by [Man22, Lemma A.3.6], this adjunction naturally
extends to an adjunction
(—)cond : ArcStkx = CondAni: (—).

In particular, the functor (—)cond is colimit preserving (by [Man22, Lemma A.3.6] as well) and we
call it the underlying condensed anima of an arc-stack. In fact, this assertion can be checked after
base change to a totally disconnected affinoid perfectoid base. Composing with the left adjoint
(—)top: CondAni — Top from condensed anima to topological spaces (see [Sch18b| Proposition 1.7])
one recovers the underlying topological space of an arc-stack.

We finish by discussing the quasi-finite dimensional variant. In the following, we denote by AZ;O
the n-dimensional affine line over Z,, regarded as an arc-stack over Z,.
Definition 4.1.11.

(1) A morphism of arc-stacks f: Y — X over Z, is quasi-finite dimensional (gfd for short) if
[ is quasi-pro-étale over some relative affine space A’ 1= X X, (z,) AZ;O.
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(2) Let f: A — B be a morphism of separable Banach Tate algebras over Z,. Then f is
said to be quasi-finite dimensional if the induced map Mo(B) = Marc(A) is quasi-finite
dimensional.

(3) We define the category of gfd arc-stacks over Z,,

fd ._ & fd
ArcStky * := Shv(AffPerfds ° , ),
as the category of hypersheaves on the arc-site of separable gfd perfectoid spaces over Z,.

Remark 4.1.12. Any affinoid perfectoid space X admits a pro-étale cover by a strictly totally
disconnected space X'. If in addition X is gfd then X’ is qfd as well, and so is the Cech nerve of
X’ — X. This implies that qgfd strictly totally disconnected perfectoid spaces define a basis for
the arc-topology of qfd affinoid perfectoid spaces.

Hence, one can introduce the notions of étale, finite étale and quasi-pro-étale morphisms of gfd
arc-stacks analogously to those for ordinary arc-stacks: namely, a morphism Y — X of qfd arc-
stacks is étale, finite étale, quasi-pro-étale if the pullback along all qfd totally disconnected space
X' — X is étale, finite étale, pro-étale respectively.

Example 4.1.13. Let A be a separable perfectoid ring over Z,, then A is gfd over Z, if and
only if there is a morphism of rings f: Z,[X1,...,X,] — A which induces a quasi-pro-étale map
at the level of arc-stacks. If A is defined over QQp, then this is equivalent to saying that there is
some r > 0 such that there is a map of Banach algebras Q,(Xy,...,X,: |X;| < r) — A which
is quasi-pro-étale at the level of arc-stacks (here Q,(X1,...,X,: |X;| < r) denotes the ring of
overconvergent functions on the disc of radius 7). On the other hand, suppose that A lives over
F, and that 7 is a pseudo-uniformizer of A. Then, by extending the map f to Z,[m, X1,..., X,],
the algebra A is qfd over F, if and only if it is qfd over F,((7'/P7)) if and only if there is some
7 > 0 and a map of Banach F,((7/P™))-algebras F,((7'/?"))(X1,..., X,: | X;| <r) — A which
is quasi-pro-étale on arc-stacks.

Furthermore, a separable perfectoid ring over Z,, is gfd if and only if its tilt is qfd over IFp, in
fact, this follows from the fact that the perfected affine line A%’pperf — A%p obtained by taking p-th
power roots of the coordinate is quasi-pro-étale. In particular, we have an equivalence of sites

AfFPel’fd%fiwl = (AffPel’fd%ffwl)/Marc(Zp)

and therefore an equivalence of topoi

ArcStk%id = (ArCStk%id) [ Mare(Zp)"

Remark 4.1.14. Since the inclusion AfFPer]‘d%fpdw1 C AffPerfdz, ., preserves fiber products and arc-
covers, we have an induced geometric morphism of topoi ArcStkz, — ArcStk%id whose left adjoint

is the unique left exact colimit preserving functor ArcStk%id — ArcStkz, that sends Mgc(4) to
itself for A a separable gfd perfectoid ring over Z,.

4.2. Gelfand stacks. While light arc-stacks over @, as discussed in Section @, form the target
of our perfectoidization functor, Gelfand stacks form the source. We will introduce this variant of
analytic stacks in this subsection.

Let us first recall the general construction of the co-category of analytic stacks, [CSQ4H?| In the
following, we denote by AnRing the category of analytic rings, and use the 6-functor formalism on
AnRing.

We left Kan extend the functor A — D(A) (with !-pullback functoriality), from the category
AnRing' of analytic rings with !-able maps towards co-categories, to a functor X D'(X) from
the presheaf category P(AnRing!’OP) of functors from AnRing! to anima.

Definition 4.2.1 ([CS24]). Let C C AnRing®® be a small subcategory of analytic rings, stable
under pushouts of analytic rings and finite products; let C' be the non-full subcategory consisting
of all objects, and only the !-able maps.

Amap f: Y — X in P(C') is a !-equivalence if any pullback of any iterated diagonal of f is sent
to an isomorphism under D'.

The category of analytic stacks over C is the full subcategory AnStk(C) C P(C) obtained from
presheaves by localizing at the countably presented !-equivalences. More precisely, a presheaf
X € P(C) is an analytic stack if for any !-equivalence f: Y’ — X’ between w;-compact objectﬂ
in P(C'), one has f*: Mapp ey (X', X) = Mapp e (Y, X).

2211 the course [CS24], the definition was slightly off, and is corrected here.
23This condition is only put in to avoid possible set-theoretic issues, and irrelevant in practice.
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Remark 4.2.2. Let {A — B;}; be a finite collection of !-able maps of analytic rings, and let
f:Y C X = AnSpec(A) be the presheaf image of | |, AnSpec(B;) — AnSpec(A), i.e. the geometric
realization of the Cech nerve. Then the diagonal of f is an isomorphism, and so f is a !-equivalence
if and only if D satisfies -descent along f. (Indeed, !-descent can be written as a colimit in Prl,
as in the display below, and this colimit commutes with base change.) This is precisely the class
of I-covers considered in [CS24], and we see that all analytic stacks are in particular sheaves with
respect to !-covers. Conversely, any !-hypersheaf is an analytic stack. Indeed, for this it suffices that
l-equivalences are oco-connective in the oco-topos of sheaves with respect to !-covers. By stability
under diagonals, it suffices to see that !-equivalences are surjective. This can be checked locally,
so assume f :Y — X = AnSpec(A) is a !-equivalence. Write ¥ = lim, AnSpec(B;) as a colimit of
affines. By !-descent, we have D(A) = Jim, D!(B;), or equivalently

ling Dy (B;) — D(A)

is an equivalence in Pr]L)( 4)- In particular, the compact object A € D(A) can be written as a colimit
of objects in the image of D(B;) — D(A) for varying i. By compactness, it can be written as a
retract of a finite such colimit; and a finite such colimit only involves finitely many indices ¢. The
resulting finitely many maps {A — B;}; then form a !-cover over which f admits a splitting.

For example — ignoring size issues — for C = AnRing®?, we recover the co-topos of analytic stacks
AnStk of [CS24].

Remark 4.2.3. It is clear from the construction that X ~— D'(X) is a sheaf in analytic stacks.
We remark here that the functor X — D*(X) also defines a sheaf in analytic stacks. This follows
formally by taking linear duals in Prl. Let us give a sketch of the proof of this fact. First, we
note that the functor sending an analytic ring A to D*(A) is a sheaf for the !-topology. Indeed,
this follows from [RC24bl Proposition 6.3.6 (a) and (b)]. It is now left to see that if Y — X is
a l-equivalence, then the natural map D*(X) — D*(Y) is an equivalence. By !-descent on the
target, we can assume that X = AnSpec(A) is affinoid, we can then write Y = hgz AnSpec(B;) as
a colimit of !-able rings over A. Consider the pullback map of linear categories
F: Pré(A) — PI’}L/ = @Pré(Bl)

Since the map f: A — B; is l-able, it has both a left and right adjoint given by fi. Thus, F' also
has a left and right adjoint. The left adjoint sends a cocartesian section (M;);e; of D(B;)-linear
categories to the colimit hi>1r1Z M; in PrB(A) along lower !-maps. The right adjoint sends (M;);cr to
@ie ; M; along pullback maps. By projection formula, the functor F' is fully faithful if and only
if the natural map

lim Dy(B;) — D(4)

iel
is an equivalence, where the transition maps are given by lower -maps. By passing to right adjoints
this is equivalent to the natural map

!

D(4) - limD'(B,) = D\(Y)
iel
to be an equivalence, which holds as Y — X is a l-equivalence. Thus, as F' is fully faithful, by
looking at its right adjoint we deduce that
D(4) — limD*(B,) = D*(Y)
il
is also an equivalence, proving the desired D*-descent.

Remark 4.2.4. The class of !-equivalences is by definition stable under passing to diagonals and
base change. By [ABFJ22, Theorem 4.3.3], it follows that AnStk(C) is an oo-topos; more precisely,
it is a left exact accessible localization of P(C)E

Remark 4.2.5. Assume that 7 is another co-topos presented as a left-exact accessible localization
of a presheaf topos P(D). Assume moreover that we have a functor F: D — C', thus inducing
a morphism of presheaf topoi P(D) — P(C') — P(C). To check that the composite functor
P(D) — P(C) — AnStk(C) factors over a, necessarily unique, left-exact colimit-preserving functor
T — AnStk(C), we have to see that for any morphism f:Y — X in P(D) that becomes an
isomorphism in 7, the image F(f) of f in P(C) is a !-equivalence. However, as any pullback of

241y |[CS24], it was erroneously not ensured that the class of !-equivalences is stable under diagonals; this is
corrected here.



ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES 41

any diagonal of f also becomes an isomorphism in 7, it suffices to see that for any such f with
X € D, the functor
D'(F(X)) = D'(F(Y))

is an equivalence. Moreover, it is enough to check this for a generating class of such f. For example,
if T is the co-topos of hypersheaves for some Grothendieck topology, this can be taken to be the
corresponding class of hypercovers. In practice, this often amounts to verifying the following.
Assume for simplicity that there exists a generating class S of hypercovers in P(D), which map
to augmented simplicial affine analytic stacks with proper transition maps. Then it suffices to see
that for any simplicial analytic stack AnSpec(A,) — AnSpec(A), which is in the image of S, the
natural functor

®4,: D(A) — Tot(D'(A,))
is fully faithful, or equivalently, the pro-object {Tot<,Ae} is pro-constant. Indeed, if A — A,
is a Cech nerve, then ® A, Is even an equivalence (as Ag is a descendable A-algebra) and thus
X € P(D) — D'(F(X)) is a sheaf. By [Man22), Proposition A.3.21] the assumed fully faithfulness
of @4, implies then that this sheaf is a hypersheaf, as desired (and thus a posteriori that the ® 4,
are equivalences).

We can now make the following definition, following the general pattern of Definition

Definition 4.2.6.

(1) A Gelfand ring A is called separable if A" is a separable Banach algebra over Q,,.
(2) The category of Gelfand stacks is defined as

GelfStk := AnStk(GelfRing.”)

where GelfRing.,, € AnRingg . is the full subcategory of separable Gelfand ring
(3) For A € GelfRing,, , we denote by GSpec(A) the functor corepresented by A on separable
Gelfand rings.

We note that the category of separable Gelfand rings is stable under pushouts and products as
required in Definition [1.27] cf. Proposition [3.1.4]

Lemma 4.2.7. The inclusion GelfRing,, C AnRinngﬂ preserves pushouts and !-equivalences, and
hence defines a morphism of oo-topoi AnStkq, , — GelfStk, whose right adjoint (=) sends
X € AnStk to the functor A € GelfRing,, + X(AnSpec(A)). The left adjoint (—)an is the unique
left exact colimit preserving functor sending GSpec(A) for A € GelfRing,, to AnSpec(A).

Proof. This is formally implied by the fact that the inclusion GelfRing, — AnRingg  preserves
pushouts and !-equivalences. O

We note that the functor (—)ay is probably not fully faithful, the problem being that a !-cover
of a Gelfand ring by an arbitrary analytic ring may not be refined by a !-cover from a Gelfand
ringm

As the site GelfRing” is subcanonical, the restriction of (—)an to affinoid Gelfand stacks, i.e.,

the essential image of GelfRing,, — GelfStk, is fully faithful.
Remark 4.2.8. The 6-functor formalism
D(—): AnStkg, . = Priq, )

on analytic stacks over AnSpec(Q), 1), pulls back (via composition with (—)A": GelfStk — AnStkq, )
to a 6-functor formalism on Gelfand stacks. In particular, we obtain the notions of -able/suave/prim/...
maps between Gelfand stacks (see [HM24]).

Lemma 4.2.9. The functor (—)Betti X Anspec(z) AnSpec(Qp o) : CondAni — AnStkq, ., factors nat-
urally through a colimit-preserving functor

(—)GeI . CondAni — GelfStk

sending a light profinite set S to the Gelfand spectrum GSpec(C'°(S,Q,)) of the solid Q,-algebra of

locally constant functions S — Q,. Moreover, (—)S%. is the left adjoint in a morphism of co-topoi

(=)cond : GelfStk — CondAni.

250ne should restrict to an essentially small category of separable Gelfand rings, e.g. the full subcategory of
k-compact separable Gelfand rings for x an infinite regular cardinal. We will ignore these set-theoretic issues in the
rest of the paper.

26For example, Qp — Zp((x)); [1/p] is such a !-cover.



42 ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES

Proof. By Remark [£.2.5] it suffices to see that given a hypercover S, — S of light profinite sets
with A 1= C'°(S,Q,) — Ae := C'*(S,,Q,), one has !-descent D(A) = lim'D(A,). For this, one has
to see that the pro-system of partial totalizations of {@[n]e A A}, is pro-isomorphic to A. This

can already be checked with Z-coefficients, and noting that cofiber f; of the map from A to the
k-th totalization is discrete, has countable cohomologies and lives in cohomological degrees > k.
This implies that the map fr — A is zero (using that S is profinite). |

Remark 4.2.10. To lighten notation, from now on we will write (—)gett;: CondAni — GelfStk for
the Betti realization functor of condensed anima in Gelfand stacks.

Next, we note that there is a well-behaved category of perfect modules on Gelfand stacks.

Lemma 4.2.11. Let a < b be two integers. The prestack assigning to a Gelfand ring A the category
of perfect A-modules with amplitude [a,b] is an analytic stack.

Proof. The proof is similar to the proof of [Sch24b, Corollary VI.1.4]: let M € D(A) which is locally
for the !-topology a perfect module of amplitude [a,b]. Since dualizability is a local property, M
is automatically dualizable. Since A is Gelfand, it is Fredholm (Proposition , hence the
dualizable A-module M is a perfect A-module. The descent of the perfect amplitude follows from
[Sch24bl, Corollary VI.1.3]. O

Definition 4.2.12. Let X be a Gelfand stack. Let a < b be two integers. An object M € D(X)
is a perfect module of amplitude [a, ] if for all separable Gelfand ring A and map f: GSpecA — X
of Gelfand stacks, the pullback f*M is a perfect module of amplitude [a,b]. A perfect module of
amplitude [0, 0] is also called a vector bundle.

Remark 4.2.13. By Lemma [{.2.11] it suffices to test whether a module M on a Gelfand stack
X is a perfect module after pulling back along a jointly surjective family of morphisms of stacks
{GSpec(4;) —» X },.

Finally, we introduce a quasi-finite dimensional version of Gelfand stacks.

Definition 4.2.14.
(1) A separable Gelfand ring A is called quasi-finite dimensional (or gfd) if A* is a separable
qfd Banach algebra over Q,. We let Geh‘:Ringqfd C AnRingg, , be the full subcategory of

w1
separable qfd Gelfand rings.
(2) The category of qfd Gelfand stacks is defined as

GelfStk¥ := AnStk((GelfRingd)oP).

Wi

(3) For A € GelfRing®™ | we still denote by GSpec(A) the functor corepresented by A on

w1

separable qfd Gelfand rings.

Similarly as for qfd arc-stacks, cf. Remark we have a geometric morphism of oo-topoi
GelfStk — GelfStk9™ whose left adjoint is the unique left exact colimit preserving functor sending
the spectrum GSpec(A) of a separable qfd Gelfand ring A to itself. In particular, we can transfer
the 6-functor formalism of quasi-coherent sheaves on Gelfand stacks along the functor GelfStkad —
GelfStk.

Example 4.2.15. Continuing with our series of examples arising from condensed anima, cf.

Lemma the functor C'°(—,Q,): Prof's"-°P GelfRing,,, of locally constant functions on

qfd

o, - Thanks to loc. cit. we have an induced left exact

light profinite sets factors through GelfRing
colimit preserving functor

(—)44 . Shv(Prof!&") — GelfStka

Betti -
from the category of hypersheaves on profinite sets with values in anima towards qfd Gelfand
stacks.
We note that we have a commutative diagram of left exact colimit preserving functors

S/};/(Proflight) —— CondAni

<—>%iit¢ l(ﬂsem
GelfStkfd — 3 GelfStk,

where the horizontal arrows are the natural left Kan extensions that are the identity on repre-
sentable objects. In order to avoid cumbersome notation, we shall keep writing (*)foedtti as (—)Betti
and simply call it the Betti realization in qfd Gelfand stacks. Throughout the text we will make
explicit which incarnation of the Betti stack we are referring to.
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4.3. Derived Berkovich spaces. The aim of this subsection is to construct a category of derived
Berkovich spaces over Qp, as a full subcategory of the category of Gelfand stacks. This construc-
tion is completely analogous to that of derived Tate adic spaces of [RC24al Section 2.7], and will
generalize partially proper rigid spaces and more generally (good) Berkovich spaces.

Definition 4.3.1. We let C = GelfStk®T denote the category of affinoid Gelfand stacks, that is,
the category of Gelfand stacks representable by separable Gelfand rings.
(1) An analytic cover of an affinoid Gelfand stack X is a finite collection {Y; — X};er of
rational localizations of X, such that the closed cover {|Y;| — |X|} is strict, that is, it is
refined by an open cover of the topological space | X|. Notice that any analytic cover in C
is a l-cover of affinoid Gelfand stacks.
(2) Let Ca, be the analytic site of affinoid Gelfand stacks and let Shv(C,y) be the category
of sheaves on C,,. Any sheaf Y € Shv(C,,) has an underlying topological space |Y|
constructed as the colimit |Y] := lim ¢y |X| where X runs over all affinoid Gelfand

stacks over Y, and | X| is the Berkovich spectrum of X. Given a map Z — Y in Shv(Cay)
we have an induced map of topological spaces |Z| — |Y|.

(3) Let U C |Y| be an open subspace, we define Yy — Y to be the subsheaf whose values
at A € GelfRing is given by those maps GSpec(A) — Y such that M(A) — |Y] factors
through U. A map Z — Y is called an open immersion if it is equivalent to Yy — Y for
some open U C Y.

(4) A sheaf Y € Shv(C,y) is called a derived Berkovich space over Q,n (or simply a derived
Berkovich space) if there is an open cover {U; C Y} of Y, and open immersions U; —
X; where X; € C is an affinoid Gelfand stack. We let BerkSp C Shv(C,,) be the full
subcategory of derived Berkovich spaces.

(5) Given Y a derived Berkovich space, a strict affinoid cover of Y is a collection of subsheaves
{Y; C Y}ier such that each Y; is representable by a separable Gelfand ring, and that the
cover {|Y;| — |Y|}; is strict, that is, the cover can be refined by an open cover of |Y|.

(6) By restricting all the previous constructions to the full subcategory C44 C C of qfd affi-
noid Gelfand stacks, we define in a similar fashion the category BerkSp®? of quasi-finite
dimensional Berkovich spaces.

Remark 4.3.2. There is a natural fully faithful functor GelfStk* — Afff@p from affinoid Gelfand
stacks to affinoid bounded spaces over Q,, (cf. [RC24al, Definition 2.7.20]). By definition, Berkovich
analytic covers are refined by open covers of the underlying Berkovich spectrum which then produce
analytic covers in the adic spectrum. This produces fully faithful embeddings

BerkSp?™! < BerkSp <+ AdicSpg

from the category of (qfd) derived Berkovich spaces into the category of derived Tate adic spaces
over Q, (cf. [RC24al Definition 2.7.22]). In particular, there are notions of locally of finite presen-
tation, smooth, étale, etc. for derived Berkovich spaces (see [RC24al, Definition 3.6.6]).

The next proposition shows that derived Berkovich spaces form a full subcategory of Gelfand
stacks.
Proposition 4.3.3. Let Y € BerkSp be a derived Berkovich space. Assume that hgrll GSpec(4;) —
GSpec(A) is a !-equivalence; or just that it induces an isomorphism after passing to arc-stacks, and
A =lim;A;. Then the natural map

Y (4) = m Y (4)

is an equivalence. In particular, Y defines a Gelfand stack. Furthermore, the functor BerkSp —
GelfStk is fully faithful (resp. for BerkSp® — GelfStk ).

Proof. Let Y be a derived Berkovich space, we have a natural map of functors on Gelfand rings
Y (A) = Map(GSpecA,Y) — MapTop(./\/l (A),Y])

for A € GelfRing. The right hand side term satisfies arc-hyperdescent, and any !-equivalence gives
rise to an arc-hypercover, namely, any map A — B of Gelfand rings for which the base change
B ®4 — is conservative is automatically an arc-cover. Evaluating at A® and taking limits we get
a commutative diagram of anima

Y (A) Hm, Y (A)
| |

Ma’pTop(M(A)7 |YD — I&Hl MapTop M(Al)7 ‘YD

—~
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where the bottom horizontal arrow is an equivalence. Thus, to show that the upper horizontal
arrow is an isomorphism, it suffices to prove this over the fibers of Mapr,,(M(A), |Y]). Therefore,
we fix a map of topological spaces f*P: M(A) — |Y'| and consider the fibers

Y(A)/ftop — ]JmL(Y(AZ))/ftOD .

By taking a affinoid rational cover Y; of Y whose pullback along f'°P can be refined by a strict
rational cover of M(A), we can formally reduce to the case where Y = GSpecB is itself affinoid.
In that case, Y(A) = Mapgering (B, A) and the equivalence holds as A = lim; A;.

It is left to show that the natural map BerkSp — GelfStk is fully faithful. For that, notice that
any map Y — X in GelfStk gives rise to a map of arc-stacks Y° — X© and so it gives rise to a map
of topological spaces |Y°| — |X°|. For a derived Berkovich space Y, one has |Y| = |Y°|, namely,
this holds for affinoid spaces and the general case follows from analytic descent. Hence, if X,Y are
derived Berkovich spaces, we have a natural commutative triangle of maps of

MapBerkSp(Y X — MapGeIfStk(Y X)

— |

MapTop(|Y|7 |X|)

Therefore, to show that the upper horizontal map is an equivalence, it suffices to prove it on fibers
over Mapr,(|Y],|X]). In that case, one fixes the map f*P: [Y'| = |X| of topological spaces, and
by the same argument as before one formally reduces to the case when Y and X are affinoid where
the equivalence is clear. O

Later, we will pay specific attention to rigid smooth morphisms of derived Berkovich spaces.

Definition 4.3.4. Let f: Y — X be a map of derived Berkovich spaces over Q,.

(1) The map f is called rigid étale if, locally in an open cover of Y and X, f admits a
factorization along open immersions and finite étale maps.

(2) The map f is m'gz'd smooth if, locally in the analytic topology of Y and X, it factors as a
composite Y & A%*™ — X, where g is rigid étale.

(3) The map f is Berkovich étale if locally in a strict closed cover of both Y and X (that is,
a closed cover refined by an open cover), the map f is a Berkovich étale map of affinoid
Berkovich spaces as in Definition |3.2.8

(4) The map f is Berkovich smooth if locally in a strict closed cover of both Y and X, it

factors as a composite Y Z» A?éan — X where g is Berkovich étale.

Remark 4.3.5. Any rigid étale (resp. rigid smooth map) is Berkovich étale (resp. Berkovich
smooth), but the converse does not hold: rational localizations are Berkovich étale but not rigid
étale in general.

Finally, we isolate an interesting subcategory of derived Berkovich spaces, equivalent to Grofse-
Kloénne’s notion of dagger space (also called rigid space with overconvergent structure sheaf),
[GKO0Q].

Definition 4.3.6. A derived Berkovich space Y over a (separable) non-archimedean field K is
called a T-rigid space if, locally on an affinoid cover, it is represented by a classical (i.e., static)
quotient of an overconvergent Tate algebra K(Ti,...,T,)<, for some r > 0. If the structure
morphism Y — GSpec(K) is rigid smooth, we simply say that Y is smooth.

For example, partially proper rigid spaces over K are j-rigid spaces.

4.4. Arc- and !-topologies on perfectoid rings. To properly set up the theory of perfectoidiza-
tion and de Rham stacks, it will be important to relate the arc-topology and the !-topology on
perfectoid rings. It will even be useful to upgrade this to Aj,¢-coefficients, in the almost setup. This
is what this rather technical subsection is devoted to. It ends with a discussion of the relation to
these results to recent work developing a 6-functor formalism for pro-étale Z,- or QQp-cohomology
of rigid spaces, [AM24], [ALBM24].

We start by introducing the following almost category:

Definition 4.4.1. Let A be a perfectoid Tate ring over Z, and let Aj,¢(A): = W(A>°) be the
ring of Witt vectors of the ring of power-bounded elements of its tilt. We see A;,r(A) as a solid
Z,-algebra. Let A := A°/A°°. By [BS22, Lemma 10.3] (or by a direct computation using reduction
mod p), the map of solid rings Aj,¢(A) — W (A) is idempotent (here we use that the solid tensor
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product preserves connective p-complete modules, cf. [Man22, Lemma 2.12.9]). We define the
category of solid almost Aj,¢(A)-modules to be the Verdier quotient

D*(Aing(A)) = D(Aint(A))/D(W(A)).
Remark 4.4.2. Let f: A — B be a map of perfectoid Tate rings over Z,, then one has that
W (B) = W(A) ®a,,,(4) Aint(B). In particular, we have a natural base change map
£ D (Agne(4)) = D (At (B))

with conservative and D*(Aj,s(A))-linear right adjoint f. given by a forgetful functor. Moreover,
we have

inf

D*(Aint(B)) = D(Aint(B)) @D (a5, (4)) D (Aint (A))
using [AM24] Remark 4.3]. Thus, one has an associated 6-functor formalism on A — D*(Aj,¢(A))
compatible with the 6-functor formalism of analytic rings, and the map f gives rise to a proper
map (having the induced analytic ring structure).

Lemma 4.4.3. The functor A — D%'(Aj¢(A)) (with transition maps given by upper -maps) on
separable totally disconnected perfectoid rings satisfies arc-hyperdescent. In particular, if A — A,
is an arc-hypercover of separable perfectoid rings over Q, with A totally disconnected, then it is a
I-equivalence.

Proof. We use the criterion from Remark[1.2.5] that is, we prove that the pro-system (Tot<j(Aint(As)))r
is pro-constant equal to Ajne(A) in D*(Ajn¢(A)). By base changing along A;n¢(A) — A one obtains
the claim for the cover A — A,. By almost arc-hyperdescent of A — A”° (which follows formally
from [Sch18al, Proposition 8.8] and [AM24] Lemma 4.6]), we know that Aj,r(4) — Tot(Aie(As))
is an isomorphism in D%(Ajne(A)).
Thus, it suffices now to see that fi: Ainr(A) — Tot<y(Ainr(As)) admits a retract in D*(A°) for
all £ > 0. We note that the cofiber of fj, is concentrated in cohomological degrees > k thanks to
the dual of [Lurl7, Proposition 1.2.4.5]. Hence, it suffices to apply Lemma |

Lemma 4.4.4. Let A be a separable totally disconnected perfectoid Tate ring with pseudo-uniformizer
w, and let R := Ain(A). Let M, N € D(R) be static derived (p, [w])-complete R-modules. Assume
that M is discrete and countable mod (p,w@). Then Extp gy (M, N) =0 fori>5.

Proof. In the following all tensor products, Hom, quotients, etc. are derived. We have that
Homp (M, N) ®@r R/(p, [w]) = Homp (M, N/(p, [w]) = Homp;, = (M/ (p, [@]), N/ (p, @)).

Since N is derived (p, [w])-complete, then so is Hom (M, N) and by the derived Nakayama’s lemma
it suffices to show that Homp,, _(M/(p,[@]), N/(p,@)) is (—5)-connective, i.e., its homotopy
groups vanish in degrees < —5. Since M is static, M/(p, [=]) is supported in homological degrees
[0,2]. Thus, it suffices to show that if N and M are static and countable A°/w = R/(p, w)-modules
then Extilo/w(M, N) =0 for i > 3. To show that, it suffices to prove that Ext%. (M, N) = 0 for
i > 2 if N and M are w-torsion and M is countable.

__We can find a short exact sequence of A°-modules 0 - M" — M' — M — 0 with M’ =
@,cnA°, and M" w-torsion free and (derived) w-adically complete. Using that M’/w is a free
A° Jw-module, it suffices to show that Ext’yo(M,N) = 0 for i > 1 if M is static derived w-
complete t-torsion free with M/w countable (and N killed by w). We set S := A°. We claim
that with these assumptions, M /w is a countable flat S/ww-module. Assuming this, as in the proof
of Lemma we can use Lazard’s theorem to write M/w as a countable filtered colimit of finite
free S/w-modules to see that Extg(s)(M, N) ExtiD(S/w)(M/w,N) = 0 for ¢ > 1; thus we are
done.

As M/w is countable, by assumption, it suffices to see that M is w-completely flat, i.e., for any
(discrete, static) S/w-module K, the (derived) tensor product M ®g K is concentrated in degree
0. As M ®g K is an object of the classical derived category D?(S/w), this claim can be checked
on stalks on Spec(S/w). Given x € Spec(S/w) = M(A), let S, be the filtered colimit of rational
neighborhoods of z. As A is totally disconnected, this colimit is a colimit of direct summands
of S. Moreover, the w-adic completion of S, is a valuation ring 7T, with pseudo-uniformizer w.
We can conclude that the tensor product M ®g S, is a static, w-torsion free S,-module, and so
its w-adic completion M, is a static and w-torsion T, module (which is still discrete mod w).
Because T, is a valuation ring, we can conclude that M, is a flat T,-module. Let (S/w), be the
Zariski localization of S/w at . Then

is therefore concentrated in degree 0 as desired. (|
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Our next goal is to show that for a separable perfectoid ring A there is, under a finiteness
condition on the Berkovich space M(A), a pro-étale l-cover A — A’ where A’ is a separable
strictly totally disconnected perfectoid ring, so that the previous results can be extended beyond the
totally disconnected case. One cannot hope to simply drop the finite-dimensionality assumption,
see Remark [£.4.8 below.

Lemma 4.4.5. Let A be a perfectoid ring and let A — B be a rational localization. Then the
map Aine(A) — A (B) of solid almost analytic rings is idempotent, i.e., Aj,¢(B) is an idempotent
algebra in the almost category D®(Aine(A)) of Definition [{.4.1 Furthermore, if {Mayc(B;) —
Moarc(A) Y, is a rational cover of A, then the collection of almost idempotent algebras {Ain(A) —
Aine(B;)}1 is a closed cover of the smashing spectrum of D*(Aine(A)), equivalently, the map

Aine(4) — H?Zl Aine(B;) is descendable in D*(Aje(A)).

Proof. We can assume without loss of generality that A is a perfectoid ring over IF,. We need to
show the following two facts:

(1) Let A — B be a rational localization. Then the map Aj,¢(A4) — Aie(B) is idempotent.

(2) Let {Marc(B;) = Marc(A)}2, be a rational cover of A, then the collection of almost
idempotent algebras {Ains(A) — Ains(B)}2, is a closed cover of the smashing spectrum
of D¢ (Amf(A))

We first show (1). We want to see that the map
Aint(B) ®ac(4) Aint(B) = Aint(B)

is an almost equivalence. As the solid tensor product preserves connective derived p-complete
objects [Man22, Proposition 2.12.10], by derived Nakayama’s lemma it suffices to prove modulo p,
in which case we need to show that g: B° ® 4o B® — B° is an almost equivalence. The left hand
side is a tensor of perfect solid F-algebra, so it is static by [BS17, Lemma 3.16] (more precisely, all
the values at profinite sets are perfect Fp-algebras and so static) and therefore integrally perfectoid.
Since the map ¢ is an equivalence in generic fibers, it is an almost equivalence integrally and we
are done.

We next show part (2). Let {A — B;}"_; be a rational cover of M(A), for J C {1,...,n} a
finite subset let By = ), ; B; where the tensor product is taken over A. To see that {Ain¢(A)) —
Aine(B;)}1, is a closed cover in the smashing spectrum of D*(Aj,(A)), it suffices to show that
the natural map

Aing(A) = lm  Aine(By)
Je{l,...,n}

is an almost equivalence. Taking quotients mod p this reduces to almost arc-descent of O° for
affinoid perfectoid spaces. O

Lemma 4.4.6. Let A — A’ be a pro-finite étale cover of separable perfectoid Tate rings. Then
Aing(A) = Aine(A') is descendable in D (A (A)) of index of descendability < 16.

Proof. By arguing as in point (b) of the proof of [AM24, Theorem 2.30|, it suffices to show that for
all k € N the map Aj,¢(A)/p* — Ajue(A’)/p* is descendable of index of descendability < 8. Then,
by applying the same argument, it suffices to show that for any pseudo-uniformizer m € A°°, one has
to show that Aj¢(A)/(p*, [7]) — Aws(A")/(p¥, [7]) is descendable of index of descendability < 4.
By hypothesis, we can write A’ = li . A, as a filtered colimit of finite étale covers A — A,,. Since
A (A)/(p*, [7]) = lim Aint(A,)/(p", [7]), by applying [Man22, Proposition 2.7.2] it suffices to
show that if A — A’ is a finite étale cover then At (A)/(p¥, [7]) — Awne(A")/(p*, [7]) is descendable
of index of descendability < 2, and by base change even just that Aj,¢(A)/p* — Ajue(A’)/p* has
index of descendability < 2.

Thus, we can assume that A — A’ is a finite étale cover. We claim that the quotient Q =
cofib(Ain(A) — Ajnr(A’)) is almost finite projective. Suppose that this holds, then Q/p* is almost
finite projective Ajnt(A)/pF-module for all k, and for any pseudo-uniformizer m € A°° the surjec-
tive map Aje(A4’)/pF — Q/p* admits a splitting up to multiplication by [r]. Equivalently, the
map ¢: A (A)/p¥ — Apr(A')/p* admits a 7-retract, that is, there is a map gr: Ape(A")/p* —
Aipne(A)/p” for which the composite with ¢ is the multiplication by [7] on Aj,¢(A)/p*. Suppose the
claim holds, and let K = fib(Ajt(A) — Ajnr(A’)), then the map K — Aje(A)/p” is killed by [w]
for all 7 € A°°. Writing W(A°®) ®4, ,(a) K as the p-completed filtered colimit of ([7]K)rca00 we

inf(
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have a short exact sequence

0— R" lim my(Homy,,,(a)/p0 (([7]5)/p", Aine(A)/p*) — mo(Homy, 4y /pe (W(A™) @) K) /", Aint(4)/9°)
T(EAOO
= lim mo(Homy, (4 ([7]K) /0", Aing(4) /p") = 0,
mTeA°c°

where the right limit is not derived. The image of 7 in the right term is zero (this is precisely

the “[r]-split for each 7 property discussed before), so it comes from the left R! I&n term. Thus,

by [Man22, Lemma 2.7.1] the map 7n%?: K®hine(0)2 Aint(A) is zero modulo p*, proving that

Aine(A)/p* — Ajg(A")/p* is (< 2)-descendable as wanted.

We now prove the claim, that is, that @ = cofib(Aj,s(A) — Ains(A’)) is an almost finite
projective Ajnf(A)-module, equivalently that it is almost p-completely flat and almost finitely
generated. By derived Nakayama’s lemma (and the definition of p-complete flatness) this reduces
to proving that the derived quotient Q/p = cofib(A° — A’°) is an almost finite projective A°-
module (and thus in particular almost flat), and this follows from the almost purity theorem [BS22|
Theorem 10.9]. Indeed, by almost purity we know that @Q/p is almost finitely presented, and that
for all pseudo-uniformizer © we can find a w-retract A”° — A°, this is the same as having a
m-section of A”° — Q/p, proving that @Q/p is also almost flat. O

Proposition 4.4.7. Let A be a separable affinoid perfectoid ring such that M(A) has finite co-
homological dimension. Then there is a pro-étale descendable map of separable perfectoid rings
A — A" such that Aipne(A) — Aine(A) is descendable in D*(Aine(A)) and A’ is strictly totally
disconnected. Moreover, let g: A — B be an arbitrary arc-cover with B separable perfectoid, then
Ains(A) — Ajs(B) is descendable. By base change along Aije(A) — A, the map A — B is also
descendable.

Proof. Let A be as in the statement and let w be a pseudo-uniformizer of A. By Lemma [4.4.5
the functor mapping a closed rational open subspace C C M(A) to Ai,e(C)/(p*, [x]) is a sheaf of
idempotent algebras in the almost category D®(Ain(A)/(p¥, [7])). By [Aok23, Theorem A] this
functor produces a morphism of locales

2 Sm(D(Aine(4)/ (0", [7]))) — M(A),
(here working modulo (p”,[r]) is important for the compatibility with colimits of idempotent
algebras).

Consider the algebra A" of Lemma[3.2.9 and its uniform completion A“>*. It is separable totally
disconnected perfectoid, and sits in a pullback diagram of arc-stacks

Marc(Aw7u) — M(Aw;u,)

(4.4.1) i lf

Mare(A) —L— M(4)

where the right terms are the compact Hausdorflf Berkovich spectra seen as arc-stacks. As M(A)
has finite cohomological dimension d, the algebra f.1 € D(M(A),Z) is descendable of index only
depending on d, see Lemma Pulling back along v, and thanks to the pullback square
(8.4.1), one has that * f.1 = Ajue(A“*)/(p*, [7]). We deduce that the map Awe(A)/(p*, [x]) —
Apr(AY%) /(p*, [x]) is descendable in DAy (A)/(p”, [r])) with index of descendability only de-
pending on d. Taking limits on p* and [r], and using the same argument as [AM24, Theorem
2.30], we get that Ajr(A) = Ajur(A™™) is descendable with index only depending on d. Finally,
by applying Lemma (2) and Lemma we can produce a pro-finite étale strictly totally
totally disconnected cover A*"* — A’ such that Aps(AY%) — Ajpr(A’) is descendable (with index
of descendability independent of d). Taking the composition A — A¥* — A’ we get the desired
cover.

Next, we prove that if A — B is an arc-cover by a separable totally disconnected ring, then the
map Aine(A) — Ains(B) is descendable of index only dependent on d. Indeed, this can be proven
after base change along Aj,s(A) — Ajur(A’) (with A’ constructed as before), in which case the
descendability follows from Lemma [1.4.3] O

Remark 4.4.8.

(1) Assume that A is a separable perfectoid ring with a descendable map A — B with B a
separable strictly totally disconnected perfectoid. Using the Artin—Schreier sequence on
the tilt and that each open subset of Spa(B, B°) is a countable filtered union of quasi-
compact open subsets (and hence of affinoids), one sees that each closed subset Z of
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M(B) (or rather its pullback to a perfectoid subspace of Spa(B, B°)) has vanishing F,-
cohomology in degrees > 2. From this (and Artin—Schreier for the tilt again), one de-
duces, from the descendability assumption, that the same holds true for closed subsets
of M(A). This implies that a finiteness condition in Proposition is necessary, and
that A’ := Q;’}’%Tf“’m,T21/pm7 ...) does not admit a !-cover by a strictly totally discon-
nected perfectoid ring (e.g., [[S* € M(A’) and [[y S* has unbounded cohomological
dimension).

(2) In fact, let A be a separable Gelfand ring, and let A — B be a descendable map such
that M(B) is totally disconnected. As in the previous discussion, we see that there exists
d > 0 such that for any open subspace U C M(A) the quasi-coherent cohomology (more
precisely, the pushforward to GSpec(Q,)) of the Gelfand stack Usetti X a1(A)per; GSPEC(A)
is by bounded by d. This in turn implies that the ring A" := Q,(T41,T>,...) does not
admit any descendable morphism A’ — B’ with M(B’) profinite. Namely, for n > 0 we
can consider the open space V,, C Z,, := GSpec(Q(T1,...,T,)), which is the complement
of GSpec(Oz, 0) with 0 € |Z,| the origin. Then the open subspace U, := Vi, XGspec(q,)
GSpec(Qp(Tht1,---)) C Zoo := GSpec(Qp(T1,...)) has cohomology in degree n — 1 (as
follows by an explicit computation), and this goes to oo if n — oo.

In the rest of this subsection, we make a small detour to explain the relation between the
previous descent results obtained for perfectoid rings and the works on 6-functor formalisms for
quasi-coherent sheaves on Fargues—Fontaine curves of [AM24] and [ALBM24].

Let Perfff1 be the category of separable totally disconnected perfectoid spaces over IF,,. Thanks
to Lemma [£.4.3] the functor

D®!(—, Ajn): PerfiloP — prF

sending A — D*(A;nr(A)), and transition maps given by upper -maps, satisfies hyperdescent, and
thus D*(Aj¢(—)) also satisfies x-hyperdescent. Hence, one can extend this functor via techniques
as in [ALBM24] to a 6-functor formalism on light arc-stacks

(4.4.2) D(—, Aing) : Corr(ArcStkg,, E) — Prk

where F is a suitable class of arrows as in [HM24, Theorem 3.4.11] (including all maps of arc-stacks
arising from rigid analytic varieties).

Taking base change along A,y — O we recover a light version of the descent results of [AM24],
up to the cost of working only with light solid sheaves on partially proper spaces. One can also
recover the 6-functor formalism of quasi-coherent sheaves on Vo oy of [ALBM24], or rather a light
version restricted partially proper spaces, as follows. If A is a separable perfectoid ring over F,
with pseudo-uniformizer w we define

Ya = Spa(Aint(A)\V (p[w])

(see [ES21, Section II.1]), and regard it as a Berkovich space over Q,, (this is possible as Y4 is par-
tially proper as an adic space). We can write then J4 as the union of Gelfand stacks GSpecBy,. 5(A)

for [r,s] C [0,00) an interval with rational ends, and By, (A) = Ainf(A)<[‘w]L1/s, [w]z)lﬁ)[ﬁ] (with

the convention [w]'/"/p = 0 if 7 = 0). We have the following lemma:

Lemma 4.4.9. Let A be a separable perfectoid Fp,-algebra with pseudo-uniformizer w. Let D*(Aine(A))
be the almost category of solid Ayg(A)-modules from Definition [f.4.1 Then for [r,s] C [0,00) the
algebras By, 5 (A) € CAlg(D*(Aint(A))) are idempotent and we have a natural equivalence

DBy, 4(A4)) = Modg,, ,(4)(D*(Aint(A))),
where the left hand side is the category of Z-solid By, (A)-modules.
Proof. For the idempotency, it suffices to show that the map of solid algebras

1 p 1
4.4.3 A (A)[—] = Bjg.q(A) = Ajpe(———+
(4.4.3) £( )[[W]} [0,5(4) f<[w]1/s>[ ]
is idempotent. Indeed, since By, is sousperfectoid it is a sheafy Tate algebra (with pseudo-
uniformizer [w]). Thus, any rational localization By 5 — C, in the sense of adic spaces, is idempo-
tent for the relative solid tensor product (e.g. by [And21l Proposition 4.12], [Man22l, Proposition
2.3.22 (ii)]). Moreover, as the Banach module C'is nuclear over By ], the tensor product C®gp, ., C

is already solid with respect to CT and thus we see that C is idempotent as a (Byo,s), Z)o-algebra.

w
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It is left to see that (4.4.3)) is idempotent. By an explicit calculation, e.g., using the presentation
in [SW20, Proposition 11.2.1], we have a short exact sequence

0~ Annr (A)(T)[ ] 0=

[w] Ajnr (A) <T>[L] — B[Qs] —0

]

where Ajns(A)(T) is the (p, [o])-adic completion of the polynomial algebra over Ajns(A). Thus, as
the solid tensor product preserves (p, [ww])-complete connective objects, see [Man22, Proposition
2.12.10], one easily deduces that

Aing (A)(T) @4,,(4) Bo,s) = Bio,s) (1),
with Bjy (T") the Tate algebra in one generator over By ;. We deduce that the derived tensor
product By ) ® Aume (A)[ ;] Bo,s) is represented by the complex in homological degrees [0, 1]
[w]"/°T—
]B[O,s] <T> ‘—J}_} IB3[0,5] <T>a

which is equal to By 4 as 7 € Bfo o

=]+ B
The claim about the almost category is easy since one can compute that By, (A)®4,,.4)W(A) =

0 for the solid tensor product (e.g. [ww] is zero in W(A) but a unit in By, ,j(4)). O

Corollary 4.4.10. The following hold:

(1) Let A — A, be an arc-hypercover of separable totally disconnected perfectoid Fp-algebras
(with fized pseudo-uniformizer w), then for all [r,s] C (0,00) rational closed interval, the
diagram B, (A) — By, 5(As) of Gelfand Qp-algebras is a !-equivalence. In particular, the
functor A — Y sends arc-covers of separable totally disconnected perfectoid Fy-algebras
to epimorphisms of Gelfand stacks.

(2) Let Y**: ArcStkp, — GelfStk be the extension of the functor A — Ya to light arc-stacks
obtained by descent. Then, if A is a separable perfectoid Fp-algebra with M(A) finite
dimensional, there is a natural equivalence of Gelfand stacks Y3¢ = V4.

Proof. Part (1) follows formally from Lemma after base changing along At (A4) — By, 4(A)
the descendability results of Lemmam Part (2) follows by base change from the descendability
results of Proposition [4.4.7] O

Remark 4.4.11.

(1) The functor Y** sends FF,, to GSpec(Q,) (cf. [ALBM24, Theorem 6.3.1]). To see this, we
claim first that the natural map

(4.4.4) Y Mare () x5y Mare (K) = VK X GSpec(@,) Vi

is an isomorphism. The fiber product Mar.(K) X5, Marc(K) identifies with the open

punctured perfectoid disc D}}Xoo On the other hand, one can identify Vi = ]D)E)pxoo with
the open punctured perfectoid disc in the variable given by the Teichmiiller [ww] (where u
denotes the uniform completion of the Berkovich space). From this description, one easily

deduces that
YMare () xty Mare (i) = Vpox = Vic XGspec(@,) DG, 0o = VK Xaspec(@,) Vi

and that this isomorphism is the one of , proving the claim. Then one concludes
using descent along the Cech nerve for M,.(K) for K = F,((t'/?7)).

(2) One can check that the functor M,.(A) — V4 preserves fiber products on perfectoid rings
(and hence on perfectoid spaces). Using the previous discussion and base change along the
covering My (K) — Marc(IF,) shows that the functor Y**: ArcStky, — GelfStk preserves
finite products, and is thus left exact.

The functor X — D(Y¥°) on 1-truncated light arc-stacks is then a light variant of the 6-functor
formalism S — Dy )(S) of [ALBM24, Remark 4.2.4], but restricted to partially proper (and
light) objects (and a different class of !-able mapﬂ.

Notice that, in particular, we had no need to modify the category of solid quasi-coherent sheaves
in order to guarantee arc-descent, as in [AM24]. In fact, as we generally induce analytic ring
structures from Q, - the modification is not necessary (JAM24, Lemma 2.9]). Nevertheless, the
6-functor formalism of [ALBM24] is more refined and in particular it can be evaluated in arbitrary
adic spaces. For applications in p-adic geometry (such as Poincaré duality for smooth maps between
partially proper rigid spaces as proven in [CGN24|, [ALBM24]) and the p-adic Langlands program,

27Strictly speaking, one needs to compare the !-functors, but for this one can use [DK24] Theorem 1.3|.
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both 6-functor formalisms are equally good since all the relevant spaces are usually light and
partially proper. An advantage of the 6-functor formalism discussed here that it is directly related
with the six functors of analytic stacks, e.g., making it easier to compare it to quasi—coherent
sheaves on Hyodo—Kato stacks.

4.5. Perfectoidization and the big de Rham stack. Given a separable Gelfand ring A, we let
Mc(A) denote the arc-prestack corepresented by the ring A in totally disconnected perfectoid
rings. We note that, since arc-hypercovers of totally disconnected perfectoid rings are !-equivalences
(Lemma [£.4.3)), Mayc(A) is actually an arc-stack. A major motivation for the use of Gelfand stacks
is the perfectoidization, that we can define now.

Lemma 4.5.1.

(1) There exists a unique morphism of co-topoi ArcStkg, — GelfStk, whose left adjoint (—)°
sends GSpec(A), for A € GelfRing,, , to (GSpec(A))® := Marc(A).
(2) If A € GelfRing,, the natural map Marc(A") = Marc(A) is an isomorphism.

We call (—)° the perfectoidization functor.

Proof. The last assertion is clear as each separable perfectoid Q,-algebra B is uniform, so that
any A — B factors over A* — B. We claim that the functor A — M,,;.(A) preserves terminal
objects, fiber products and (its extension to presheaf topoi) sends !-equivalences to oo-connective
maps in the arc-topos. Given the claim the first assertion is formal. Preservation of terminal
objects/fiber products is clear. Let A — B be a !-cover of Gelfand rings. It suffices to see that the
map of Berkovich spaces f: M(B) — M(A) is surjective. Let z € M(X), and let A — k(x) be
the residue field of A at x. The fiber of f at x is the Berkovich spectrum of the ring B ® 4 k(z),
since A — B is a !-cover, base change is conservative and B ®4 s(z) # 0, then Lemma
implies that f~!(z) # 0 and so f is surjective. By stability of !-equivalences under diagonals, it
then follows that they are sent to oo-connective maps. O

Remark 4.5.2. Let Y be a derived Berkovich space, we can write ¥ as an union Y = (J,.; Vi
where Y; are affinoid Berkovich spaces, and the transition maps are monomorphisms. Passing to
perfectoidizations, we see that Y° = [, Y;°. But each Y;° is also equal to the diamond attached to
a Banach ring (by taking uniform completions). This implies that Y is actually an arc-sheaf of
sets and not just of anima.

The right adjoint to the functor (—)° is a version of the analytic de Rham stack. As explained
in the introduction to this section, we want to keep the name “de Rham stack” for a gfd variant.
We thus give it a different name.

Definition 4.5.3.
(1) We define the big de Rham stack

(—)PR: ArcStkg, — GelfStk

as the right adjoint of the functor (—)° from Lemma [4.5.1]

(2) Given X € GelfStk, we abuse notation and set XPR := (X°)PR,

(3) More generally, if Y — X is a morphism in GelfStk, then we set YPR/X .= yPR » (pp X
and call it the relative big de Rham stack of Y over X.

If X € GelfStk and A € GelfRing,, , then by definition
HomGeIfSthp (GSpeC(A)7 XDR) = HomArcSthp (Marc(A)7 XO)?

which is different from X (AT=**d) or X(A%) in general. The situation improves if we assume that
A" is a separable totally disconnected perfectoid Tate ring.

Proposition 4.5.4. Let X € GelfStk and A € GelfRing,, with A" totally disconnected perfectoid.
We have

XPR(A) = X (Av).
Proof. Indeed, by Lemma Marc(A) = Marc(A™), and Proposition below implies that
Homarcstkg, (Marc(A"), X°) 2 Homgersik (GSpec(A”), X) = X (A"Y),

as desired. O
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Proposition 4.5.5. The functor (—)°: GelfStk — ArcStkq, admits a left adjoint

—

(—): ArcStkg, — GelfStk,

sending some May.(A) with A a separable totally disconnected perfectoid Tate ring, to GSpec(A).
Furthermore, the restriction

—

(—): ArCSthp — GeIfStk/A//t;(Qp)
is the left adjoint of a morphism of co-topoi GeIfStk/ﬂ\(Q )~ ArcStkg,, -

Proof. We note that separable totally disconnected perfectoid Tate rings over Q, form a basis of
ArcStkg, (by Lemmaf4.1.4)). It suffices to see that on separable totally disconnected perfectoid rings
the functor Myc(A) — GSpec(A) sends arc-hypercovers to !-equivalences. This is the content of

Lemma [4.4.3] O

Example 4.5.6. By commutation with colimits of (—), the Gelfand stack X := /@(Qp) admits
the presentation GSpec(C,)/T', where I' := GSpec(C(Galg,,Q,)) acts on C, via the natural con-
tinuous action of the Galois group (here C(Galg,, Q,) denotes the Q,-Banach algebra of continuous
functions on Galg, ). In particular, vector bundles on X identify with v-bundles on M.(Qp) (or,
equivalently, Spa(Q,) in the usual notation for adic spaces), and consequently, X # GSpec(Q)).

—

Proposition 4.5.7. The functors (—)P®, (=): ArcStkg, — GelfStk are fully faithful.

Proof. We first show fully faithfulness of (—)PR. It suffices to see that for any X € ArcStkg, the
natural map (XPR)°® — X is an isomorphism, when evaluated on M..(A) with A separable and
totally disconnected perfectoid. But, by Proposition

(XPH)®(Marc(4)) = XPH(GSpec(4)) = X (Mare(A")),

which equals X (M,,c(A)) as A = A" is uniformly complete.
The fully faithfulness of (—) is now formally implied by the fully faithfulness of its twice-right
adjoint (—)PR. Indeed, we need to see that for X, Z € ArcStkg, the natural map

Homacestko, ((X)°, Z) — Homarestig, (X, Z)

is an isomorphism. The first Hom can be rewritten as Homarcstkg, (X, (ZPR)®), and so the claim
follows because the natural map (ZP®)° — Z is an isomorphism as (—)P® is fully faithful. O

In fact, Proposition [£.5.4] holds for a larger class of Gelfand rings. First note the following
general lemma.

Lemma 4.5.8. Let X € GelfStk be a Gelfand stack and A a separable Gelfand ring such that
o A" is perfectoid.
e There is a !-cover A* — A" with A’ a separable totally disconnected perfectoid ring.

Then there is a natural equivalence of anima XPR(A) = X (AY).

Proof. By adjunctions, we know that
XDR(A) = XO(MarC(A)) = XO(MarC(Au)) = X(A//la\m(Au))
Thus, it suffices to show that the natural map

Mare (A*) — GSpecA*

is an equivalence. For this, like in the proof of Proposition it suffices to show that any arc-
hypercover of A* by separable totally disconnected rings is a !-equivalence. This can be tested after
pulling back along !-covers on A%, in particular along A% — A’, where it follows from Lemmam

|

Example 4.5.9.
(1) Let T be a condensed anima and let A be a separable Gelfand ring. By Example
we have that TPR(GSpec(A4)) = T(Marc(A)) = T(M(A)). In particular, if T = X is a
metrizable compact Hausdorff space, then XP®(GSpec(A)) = Mapy,,(M(A), X) is the set
of all continuous maps M(A) — X.
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(2) Let X be a metrizable Hausdorff space. Then the natural map Xpetti — XPR (defined
via colimits from the case of light profinite sets) is an immersion as the diagonal is an
equivalence (it identifies with the overconvergent diagonal in (X x X)petti, and thus with
XBetti), but it is not necessarily an isomorphism if X is not finite dimensional. Indeed, let
A = GSpec(Q, (T}, : n € N)) be the Tate algebra in countably many variables and let X =
M(A) be the Berkovich space of A. We claim that Xpey; — XPR is not an isomorphism.
For this, it suffices to see that the map GSpec(A) — XPR does not factor through Xgei.
To prove the claim, recall from Proposition that the map GSpec(4) — XPR factors
through Xpett; if and only if there is a -cover A — B and a factorization

GSpec(B) —— SBetti

! |

GSpec(A) —— XDPR

with S a profinite set. If this holds, then the map of compact Hausdorff spaces S — X is
surjective and the fiber product GSpec(A) X xpr Spetti is represented by an affinoid Gelfand
stack GSpec(C). Hence, we have a factorization

GSpec(B) — GSpec(C) — GSpec(A)

making A — C a !l-cover with Berkovich space M(C) = S a light profinite set. The
existence of such map would imply, by base change, that given B a separable Gelfand
ring, there is a surjection S — M(B) from a profinite set such that the fiber product
GSpec(B) X pm(B)PR SBetti 1S corepresented by an algebra D such that

(i) D= hﬂn B,, is a sequential colimit of finite disjoint union of rational localizations of

D.

(ii) M(D) = S is profinite.

(iii) B — D is descendable.
This contradicts Remark

(3) Let A be a separable Gelfand ring. Then any map f: GSpec(A4) — XPR gives rise to a

pullback map of derived categories D(X,Z) — D(M(A),Z) — D(A) where the D refers to
the left completion of the derived categories of abelian sheaves on the topological spaces.
In particular, if M(A) is profinite, any such pullback functor preserves connective objects
and by Proposition f factors through Xpgetti. In other words, if A is a separable
Gelfand ring such that M(A) is profinite then Xpeti(A) = XPR(A). By !-descent, if A
satisfies the condition of Lemma one also has Xpei(A4) = XPR(A).

In conclusion, the difference between Xpett; and XPR is only witnessed by Gelfand rings that
do not admit a !-cover to a Gelfand ring A with profinite Berkovich spectrum. In the rest of this
and next sections we will show that under a quasi-finite dimensional assumption, a Gelfand ring
admits such a !-cover.

Corollary 4.5.10. Let X € GelfStk be a Gelfand stack and let A be a separable Gelfand ring
such that A" is perfectoid and M(A) has finite cohomological dimension. Then there is a natural
equivalence of anima XPR(A) = X (A%).

Proof. This is a direct consequence of Proposition [£.4.7] and Lemma O
We now define the qfd variant of the perfectoidization and give the official definition of the

analytic de Rham stack. Let ArcStk?Q,fd and GelfStk4® be the categories of qfd arc-stacks over Qp
and Gelfand stacks as in Definition m and Definition [£.2.14] respectively.

Definition 4.5.11.
(1) We define the perfectoidization functor

(—)°: GelfStk¥™ — ArkStkg

to be the functor sending a qfd Gelfand stack to its restriction to qfd separable perfectoid
Qp-algebras. Thanks to Lemma [£.4.3]and Proposition [£.4.7) this functor sends qfd Gelfand
stacks to qfd arc-stacks, it is left exact and commutes with colimits, and it is itself the

left adjoint of a fiber products and colimits preserving functor (/—\): ArkStk?Qf;j — GelfStkdd

sending a gfd separable perfectoid affinoid M,,.(A) to ./\//la\rC(A) = GSpec(A).
(2) We define the analytic de Rham stack functor

(=)™ ArcStki — GelfStk™
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to be the right adjoint of the perfectoidization (—)°: GelfStkafd — ArcStk?Qf:. More ex-

plicitly, given X a qfd arc-stack, its de Rham stack X9® is the qfd Gelfand stack sending
a qfd separable Gelfand ring A to the anima X (GSpec(4)) = X (Mre(A)). For X a
afd Gelfand stack we also denote XR := (X°)4R. Finally, for a morphism ¥ — X of
qfd Gelfand stacks, we define its relative de Rham stack to be the pullback YIR/X .=
YIR X var X in GelfStkad,

In Sections and we shall prove, building on results about the !-topology of Gelfand
rings proved in Section that the analytic de Rham stack functor in qfd Gelfand stacks sends
arc-hypercovers to !-equivalences, and we formally deduce that (—)® commutes with colimits.

The perspective that the analytic de Rham stack should be defined as a right adjoint of a
perfectoidization functor suggests a close relationship between perfectoidness and de Rham stacks.
We end this subsection with a question due to one of us (S.), which makes this precise by suggesting
a characterization of perfectoid Tate rings.

Question 4.5.12. Let A be a separable Gelfand ring, and X = GSpec(A). Then A is a perfectoid
Tate ring if and only if the natural map

A — RT(X,GPR)
s an isomorphism of solid abelian groups.

Here, the cohomology is taken on the topos GelfStk with the !-topology, and GP® is (AE:)DR
seen as a sheaf taking values in D(CondAb).

We observe that one direction is easy (see Propositionbelow): if A is a separable perfectoid
Tate ring over Q,, and X = GSpec(4), then A & RI'(X,GYR). In particular, if A is a uniform Tate
ring, then in Question the cohomology can equivalently be taken in usual abelian groups
(indeed, the condensed cohomology complex can be calculated by a complex of Banach spaces,
because of the vanishing of higher GP®-cohomology on perfectoid rings and Proposition ).

In Remark [4.6.8| we will give an equivalent formulation of this question in terms of the f-nilradical
and the almost vanishing of O°°-cohomology in the arc-site.

Remark 4.5.13. We note that if Question [4.5.12] admits a positive answer, it would show that
“locally perfectoid implies perfectoid”, a long standing open question on perfectoids.

4.6. !-covers of separable Gelfand rings. Let X € GelfStk. We want to prove more difficult
results on analytic de Rham stacks. Most notably, we want to show that:

I. The natural morphism X — XPR = (X°)PR i5 surjective if X = GSpec(A) is an affinoid
Gelfand stack, with A a separable Gelfand ring which is {-formally smooth (cf. Defini-
tion below).

II. Let X be a derived Berkovich space (cf. Definition , then the Gelfand stack XPR
agrees with the analytic de Rham stack of [RC24al (up to sending Gelfand stacks to analytic
stacks).

III. Let X be a qfd derived Berkovich space, then X9® = XPR (up to sending qfd Gelfand
stacks to Gelfand stacks).

IV. Let Y — Y’ be an epimorphism of qfd arc-stacks. Then the map of de Rham stacks
YR _ YR 5 an epimorphism (seen as objects in GelfStk®?).

In order to prove these results, we need to introduce some technical but useful full subcategories

of Gelfand rings. The class of nilperfectoids will play a role analogous to the one that semiperfectoid
rings play in integral p-adic Hodge theory [BS22].

Definition 4.6.1. Let A be a Gelfand ring.

(1) We say that A is wuniformly perfectoid if A is a perfectoid Banach algebra. We let
GeIfRing(‘(‘ﬁerfd C GelfRingg  be the full subcategory of uniformly perfectoid Gelfand rings.

(2) We say that A is totally disconnected if M(A) is a profinite set. We say that A is strictly
totally disconnected if it is totally disconnected and all its completed residue fields are
algebraically closed fields. We let GeIfRinngi C GeIfRing@p (resp. GeIfRingZﬁ:) be the full
subcategory of (strictly) totally disconnected Gelfand rings.

(3) Finally, we say that A is nilperfectoid if AT=**d is a perfectoid ring. We let GeIfRing(’S;perfd C
GeIfRinng be the full subcategory of nilperfectoid Gelfand ring.

(4) We denote by GelfRinggP“ ™", GelfRing( 1", GelfRing? 4", GelfRingf, P 4" the subcat-
egories of these categories formed by qfd rings.
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Remark 4.6.2. Note that Lemma [3.1.17 shows that a strictly totally disconnected Gelfand ring
A such that At=red = A ig nilperfectoid.

The previous notions have the following stability properties.

Lemma 4.6.3. The following hold:
(1) The category GeIfRingg;perfd is stable under non-empty finite colimits.
e category GelfRin 15 stable under all (small) colimits of Gelfand rings.
(2) Th gory GelfRi géierfd 3 bl d Il (small) colimits of Gelfand ring
et A € GelfRingg an — B a map of separable Gelfand rings that induces a pro-étale
3) Let A € GelfRing§' and A — B f ble Gelfand rings that ind stal
map on arc-stacks, then B € GeIfRing(tQi.

Proof. For part (1), for non-empty finite coproducts, if A and B are nilperfectoid, A — A" and
B — B" are surjective, so the map A®q, , B — A" ®q, , B" is surjective and thus we are reduced
to show that if A and B are perfectoid Q,-algebras then A ®q, ., B is nilperfectoid. Indeed,
A° @z, B° is a semiperfectoid ring, and generic fibers of semiperfectoid rings are nilperfectoid
by Proposition The same argument applies for pushouts, replacing Q, by a nilperfectoid
Q,-algebra.

Part (2) follows from Corollary and part (1). Indeed, uniform completions of filtered
colimits of perfectoid rings are clearly perfectoid, and part (1) implies that uniform completions of
coproducts of perfectoids are also perfectoids.

Finally, for part (3), this follows from the fact that the map of arc-stacks Maye(B) = Marc(4)
is pro-étale, and A being totally disconnected this implies that M,.(B) is a profinite set too. [

What makes nilperfectoid rings useful is the fact that they form a basis for the !-topology,
as shown by the following lemma. This will for example be used to see that the natural map
Aép — A&DR is an epimorphism, which was one of our basic desiderata.

Proposition 4.6.4. Let A be a separable Gelfand ring.

(1) There is a descendable map A — A’ inducing an isomorphism on uniform completions
where (A")f=red = Al

(2) There is a descendable (and quasi-pro-étale after uniform completion) map A — A’ where
A’ is a separable nilperfectoid ring.

(8) Suppose that M(A) has finite cohomological dimension. Then there is a descendable map
A — A" where A’ is a totally disconnected nilperfectoid ring, and Mayc(A') = Marc(A) is
quasi-pro-étale.

(4) Suppose that A is totally disconnected. Then there is a ind-finite étale map A — A’ with
A’ separable strictly totally disconnected. In particular, A — A’ is descendable.

(5) Assume that A is qfd. Then in items (1)-(4), A’ can also be taken to be ¢fd.

Proof. We first prove (1). For this, it suffices to construct a map R := hﬂneN Qp(Th,...,T,) = A
such that the associated map on uniform completions R* = Q,(T}, : n € N) — A" is surjective.
Indeed, the maps Q, (T4, ...,T),) — R" are descendable of index < 1 as they admit a section. Then,
by [Man22, Proposition 2.7.2] the map R — R" is descendable of index < 2. Thus, A’ = R* ®p A
is a descendable A-algebra with same uniform completion and A’ — A"* = A" is surjective. In
particular, A"T=red — A% is surjective and since it is always injective (Proposition , it is
an isomorphism. Finally, to produce such a map, as A" is a separable Banach algebra, there are
countably many elements x,, € A™° such that the map Q,(T,, : n € N) — A", sending T, to
T, is surjective. We can assume without loss of generality that each element x; lifts to AS!, this
produces a morphism of algebras @neN Qp(T1,..., Th)<1 — AS!. Each algebra Qp(T1,..., Th)<1
can be written as a countable filtered colimit of Banach algebras. Hence, after repeating the same
construction as before for each of these Banach algebras, we can find countably many elements
yn € AS! that actually extend to a map of solid Q,-algebras

@Qp<T1a“'7Tn> — A

which surjects after taking uniform completion. This proves part (1).

For part (2), by the construction of part (1) we can assume that A admits a map Q,(T}, :
n € N) — A that induces a surjection after uniform completion. The map Q,(T,, : n € N) —
Q}C,y%T,}/ Y ine N) is descendable as it admits as section as modules, taking base change along
this map we get a descendable map A — A’ such that A"T="d = A* and so that A"* is a quotient
of Q¢ (T,}/ P ine N). By Proposition m A" is perfectoid, proving what we wanted.
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Next, for part (3), by Lemma we can find a Berkovich pro-étale map A — A’ with A’
totally disconnected such that we have a cartesian square of Gelfand stacks

GSpecA’ —— M(A")Bei

! |

GSpecA —— M(A)Betti

Furthermore, since M (A)petti has finite cohomological dimension, the map M(A")getti — M(A)Betti
is descendable by [Sch24bl Proposition I1.1.1], and so is A — A’. Hence we can assume that A is
totally disconnected. Then we can apply (2), noting that the map from (2) is pro-étale on uniform
completion, to find the desired cover A — A’ by a totally disconnected nilperfectoid ring.

Finally, for part (4), by applying Proposition it suffices to construct such pro-finite étale
cover to the uniform completion A* which then follows from the same construction of Lemma
(2). The descendability follows from [Man22, Proposition 2.7.2] being a countable filtered colimit
of finite étale maps.

The last assertion (5) follows immediately by observing that the ring A’ constructed in (1)-(4)
is always such that A — A’ is quasi-pro-étale on arc-stacks. O

We deduce the following result saying that the two natural choices for defining the de Rham
stack actually agree; for the big de Rham stack up to some additional technical assumption, for
the analytic de Rham stack on qfd Gelfand stacks unconditionally.

Proposition 4.6.5. Let X be a Gelfand stack whose restriction to all separable perfectoid rings
satisfies arc-hyperdescen@. Then, XPR s the sheafification for the !-topology of the pre-stack
sending A € GelfRing,, to X (At=redy " Similarly, let X be a qfd Gelfand stack, then X® is the

sheafification for the !-topology of the qfd Gelfand stack sending A € GeIfRingf‘fId to X (Af—red).

Proof. By Proposition [£.6.4] it suffices to show the statement when restricted to separable nilper-
fectoid rings (resp., if X is qfd, when restricted to separable qfd nilperfectoid rings for X qfd).
But then, AT~7ed = A" is actually perfectoid, and, by hypothesis, the restriction of X to separable
perfectoid rings satisfies arc-descent (resp., if X is qfd, then any arc-cover of qfd perfectoid rings is
a l-cover by Proposition . This implies that for A separable (qfd) nilperfectoid ring one has
XIR(A4) = X(AT*d) proving the proposition. |

Remark 4.6.6. Note that for a Gelfand stack X and a separable Gelfand ring A with A" per-
fectoid, we know that XPR(A) = X(A%) a priori only when A is totally disconnected (Proposi-
tion or when A is such that M(A) has finite cohomological dimension (Corollary [£.5.10).
But to prove the previous proposition, we need to argue for a basis of the !-topology, such as nilper-
fectoid rings and they do not belong to these two classes of examples. This is why one is forced to
put some assumption on X. On the other hand, in the gfd case, Proposition [{.4.7] guarantees that
the restriction of X to qfd perfectoid rings always satisfies arc-descent, and so no hypothesis on X
is needed. This is another reason why we introduced the theory of the analytic de Rham stack in
the gfd case.

Using that nilperfectoid rings form a basis of the !-topology on separable Gelfand rings, we can
prove the easy direction of Question [£.5.12] We first reformulate it by noting that on the topos
GelfStk there exists the distinguished triangle

DR
G! — G, — GPF,
whose value on a separable nilperfectoid Gelfand ring A is given by
NilT(4) = A — Af—red = 4%,
Consequently, Question [4.5.12| characterizes perfectoid rings in terms of the vanishing of G-

cohomology.

Proposition 4.6.7. Let A be a separable perfectoid Tate ring over Q,, and X = GSpec(A). Then
RI'(X,G!)=0.

Proof. As A is uniform perfectoid (and thus H*(X,G!) = 0 for i = 0, 1), it is sufficient to show
that H*(X,GPR) =0 for i > 0. Let A — B be a !-cover. Refining using Proposition 2) we
may assume that B is nilperfectoid. Then it suffices to see that

A— BY— (B®aB)"—...

28This condition does not always hold due to Remark 14.4.8] namely, we only can guarantee hyperdescent when
restricted to totally disconnected perfectoid rings.
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is exact. But this is precisely the Cech complex for the arc-cover A — B". However, the structure
sheaf on perfectoids satisfies arc-descent. This shows the desired vanishing. O

As the proof of Proposition shows the GPR-cohomology calculates classical v-cohomology
of the completed structure sheaf on (partially proper) rigid analytic varieties over C,. In particular,
it is generally non-zero in higher degrees.

Remark 4.6.8. We also have a distinguished triangle
Gi = G5! —» GFVPR,

where G! is the sheaf A — A<!, so the vanishing of the cohomology of GL can also be reformulated
as saying that the map
RT(X,G ) — RT(X,GIHPR)

is an isomorphism of solid abelian groups.

On the other hand, suppose that there is a pseudo-uniformizer m of A such that |p| < |«|P.
Then A being perfectoid is equivalent to the previous map being an isomorphism and the fact
that H1(X,GS1PR) is zero. Indeed, the previous equivalence implies in particular that A<! =
HO(X,GSPRY = HO(Xgroét7(9°°) is p-complete and so that A is a uniform Banach algebra.
The vanishing of the H!-cohomology then implies that the Frobenius map ¢: A<!/p — A<!/p
is surjective, which together with the existence of the pseudo-uniformizer 7 implies that AS! is
integral perfectoid and so that A is itself perfectoid: given a € AS! and a pseudo-uniformizer
w € A<! with |p| < |@P|, there exists some x € A<! with 27 = wPa in A<!/p. Then w1z € AS!
(as can be checked at points on Spa(A), for example) and (w™!x)? == a mod AS!/w™!p.

Hence, Question says that this H'-vanishing condition is automatic from the vanishing of
the G/-cohomology. A natural question is whether the existence, locally in the analytic topology,
of the pseudo-uniformizer 7 is guaranteed by the vanishing of the G}-cohomology.

4.7. de Rham stacks of derived Berkovich spaces. In this section we discuss the points (I),
(IT) and (III) of the beginning of Section [1.6] Before getting to the general case, let us discuss the
example of the affine line.

Example 4.7.1. Let X = A(g:n be the analytic affine line over Q,. When we think of X
as a Gelfand stack, X represents the functor sending a separable Gelfand ring A to the anima
X(GSpec(A) = A(x) given by the underlying algebra of A. Since A = J,.,AS", we can write
AZ = U, ]D)é; where ]D)(é: = GSpec(Q,(T)<,) is the overconvergent disc of radius r. We can
then think of the analytic affine line as a suitable Gelfand stack which is glued from affinoid stacks
with respect to the analytic topology, i.e., the Grothendieck topology of open subspaces of the
Berkovich spectrum.

To determine the big de Rham stack of X, by Proposition [4.6.4]it suffices to evaluate it in nilper-
fectoid rings. Let A be a nilperfectoid ring, then XPR(GSpec(A4)) = A* = At=red = A/Nil'(4).
Therefore the map X — XPR is an epimorphism of Gelfand stacks, this means that X is {-
formally smooth in a suitable sense (see [RC24al, Section 3.7] for a definition in these lines adapted
to bounded rings). If we see X as a ring stack, denoted by G,, the map G, — GP® is an epimor-
phism of ring stacks, and its kernel is precisely the ideal G{ = GSpec(Q,(T)<o) representing the
nil-radical. We deduce that

Ge" = Ga/G}
where G/, acts by translation. By the same discussion one has that GI® = G, /G/ as gfd Gelfand
stacks.

For studying the de Rham stack it will be necessary to have a good understanding of when
X — XPFR is surjective. The following definition is a variant of [RC24al, Definition 3.7.2] (which
we have to adapt as the definition of the analytic de Rham stack in this paper is different).

Definition 4.7.2. A morphism Y — X in GelfStk with perfectoidization Y* — X in ArcStkg,
is f-formally smooth (resp. {-formally étale) if for any separable nilperfectoid ring A, the natural
map

(4.7.1) Y (A) = X(A) % xo(pmo(an)) Y (Mare(A"))

is an epimorphism of anima (resp. an equivalence). Similarly, a morphism ¥ — X in GelfStkdd
with perfectoidization Y° — X° in ArcStk(cg;i is t-formally smooth (resp. t-formally étale) if for
any separable gfd nilperfectoid ring A, the map is an epimorphism of anima (resp. an
equivalence).
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Remark 4.7.3. Definition only rephrases the condition for the map ¥ — YPR/X to be a
surjection of pre-stacks when restricted to separable nilperfectoid rings. Indeed, for A a separable
nilperfectoid ring, one has by adjunction XP®(A) = X°(M,,.(A)). The same applies for the map
Y — YIR/X if Y and X are gfd Gelfand stacks.

We will need this technical lemma in the following:

Lemma 4.7.4. Let A be a solid Qp-algebra and let GSpec(A) € GelfStk be the functor it represents
in Gelfand stacks. Then its restriction to separable perfectoid rings satisfies arc-hyperdescent.

Proof. This follows form the fact that if B — B® is an arc hypercover of perfectoid rings then
B = Tot(B*). a

An immediate consequence of Definition [£.7.2) is the following surjectivity result for suitable
-formally smooth algebras in the sense of [RC24al, Definition 3.7.2].

Corollary 4.7.5. Assume that A is a t-formally smooth Q,-algebra in the sense of [RC24al Defi-
nition 3.7.2]. Set X := GSpec(A). Then the natural map X — XPR is an epimorphism (resp. for
XIR G A is qfd).

Proof. By Lemma and Proposition we know that X PR is the sheafification of the functor
sending a Gelfand ring B to X (BT7"4). The formally smoothness definition of [RC24al Definition

3.7.2] says precisely that the map of anima X (B) — X (BT~™4) is an epimorphism. The corollary
follows. O

Example 4.7.6.

(1) Let A = Q,(T) and consider X = GSpec(A), this is the realization of Huber’s compacti-
fication of the affinoid disc in Gelfand stacks. In order to find a presentation of XP® as a
quotient of a representable Gelfand stack we need a {-formally smooth approximation of A.
This is provided by A= Qp(T)<1 (e.g., by Proposition . Indeed, let X = GSpecA
the ring A is the uniform completion of A which yields that XDR = XDR, Then, by Corol-
lary the map X — XPR s an epimorphism. Concretely, by looking at the functor of
points one has that

XDR _ Dél/@j‘
where D* =X.In particular, the cohomology of XP® calculates overconvergent de Rham
cohomology of X, and not the honest, but pathological, de Rham cohomology of X. Since
the ring A is qfd, one also has XI® = ID)SJ/ G! as qfd Gelfand stacks.

(2) Let S be a light profinite set. Then, the ring of locally constant functions C'¢(S,@Q,) is a
T-formally étale Q,-algebra by Lemma below, with uniform completion C(S,Q,) the
space of Q,-valued continuous functions of S. We can conclude that

(GSpec(C(S, Q,)))P™ = (GSpec(C*(S,Qp))) "™ = GSpec(C'(S,Qy)) = Spetts
(resp. for the de Rham stack seen as qfd Gelfand stack).
(3) We have that
(GSpec(C,))P™ 2 (GSpec(Q,))°" = GSpec(Q,),

again using that the f-formally étale Qp-algebra @p has uniform completion C, (resp. for
GSpec(C,)® as gfd Gelfand stack).

Examples of {-formally smooth/étale maps can be constructed as follows:

Definition 4.7.7. Let f : A — B be a morphism of Gelfand rings. We say that f is
(1) standard Berkovich smooth if there is some r > 0 such that B is of the form

B :A<T1,~~~,Tn><r/L(fla~"7fk)

with k£ < n such that the determinant of the matrix (g? )¥ ;=1 is invertible on B.

(2) standard Berkovich étale if it is standard Berkovich- smooth with 7 = k.

Lemma 4.7.8.

(1) Standard Berkovich smooth (resp. étale) maps of Gelfand rings are {-formally smooth
(resp. étale). In particular, A — A(T)<1 is t-formally smooth.

(2) Berkovich smooth (resp. étale) maps of Gelfand rings are, locally in a strict cover, standard
Berkovich smooth (resp. standard t-étale). In particular, they are {-formally smooth.

(8) t-formally smooth (resp. étale) maps of Gelfand stacks are stable under pullbacks and
compositions.
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(4) Let {Y; — X} be a cofiltered limit of t-formally smooth (resp. étale) maps of (qfd) Gelfand
stacks with t-formally étale transitions maps. Then %&nz Y, — X is t-formally smooth.

Proof. Part (1) follows from [RC24al, Proposition 3.4.7] and [RC24al, Proposition 3.7.4 (2)] as any
standard Berkovich smooth (resp. étale) can be written as a filtered colimit of solid smooth maps
along solid étale maps (we note that if X, Y are represented by Gelfand rings, then Definition m
agrees with [RC24al Definition 3.7.2], up to restricting to nilperfectoids). Part (2) follows from
[RC24al Theorem 3.5.6] as, locally in rational covers, a Berkovich smooth map (resp. a Berkovich
étale map) can be written as a colimit of formally smooth (resp. étale) maps of solid finite
presentation. Parts (3) and (4) are straightforward from the definitions. O

Definition 4.7.9. Let Y be a derived Berkovich space and let C' C |Y| be a locally closed subspace.
We define the overconvergent neighbourhood of C in'Y to be the substack YT¢ C Y for the analytic
topology whose A-valued points for A a separable Gelfand ring are

Yic(A) = {

Lemma 4.7.10. LetY be a (qfd) derived Berkovich space and C C |Y| a locally closed subspace,
then Y1 is a Gelfand stack. If C is locally Zariski closed then YT is a (qfd) derived Berkovich
space.

Y(A) if M(A) > C C|Y]

1] otherwise.

Proof. The first claim follows from the fact that Y is a Gelfand stack (Proposition and the
fact that !-equivalences are oo-connective in the arc-topos. For the second claim, we can assume
without loss of generality that Y = GSpecA is affinoid and that C is the vanishing locus of some
elements {f;}icr. In that case YT¢ is the analytic spectrum of A{f;)<o := A(T})<o/™(T; — f:),
where A(T;)<o = lim , A(T; : j € J)<o and J runs over finite subsets of I. O

Next, we prove some important properties of the de Rham stack of derived Berkovich spaces.

Proposition 4.7.11. Let Y be a derived Berkovich space. Then it satisfies the hypothesis of
Proposition[].6.5, Furthermore, the following hold:

(1) Let Z — X be a map of derived Berkovich spaces whose associated map Z° — X° of
arc-stacks is an immersion. Then,

ZDR/X — XTZ

In particular, ZP® = (XT2)PR (resp. for the qfd de Rham stack if Z — X is a morphism
of qfd derived Berkovich spaces).

(2) Let Y — X be a map of derived Berkovich spaces. The Cech nerve of the map ¥ —
YPR/X s the simplicial derived Berkovich space (Y *X*+t1)ay where AY C |[Y*x*+1] is
the diagonal immersion (resp. for the qfd de Rham stack if Y — X is a morphism of qfd
derived Berkovich spaces).

(3) Let Afff@p be the category of bounded affinoid stacks over Q, (JRC24al Definition 2.6.10 and
3.2.10]). Let

TateStkg, 1= AnStk(Affp, )

be the category of Tate stacks over Qpﬁ Let F': GelfStk — TateStk be the left Kan exten-
sion of the inclusion GelfStk®™ C GelfStk along the map GelfStk®™ — TateStk. Then, for
X a derived Berkovich space, the natural map

F(X)Tate—dR _ F(XDR)

is an isomorphism. Namely, for derived Berkovich spaces the big de Rham stack and the
de Rham stack of [RC24a), denoted here (—)TatedR " qggree.

(4) Let X be a qfd Berkovich space, and consider the left exact colimit preserving functor
F: GelfStk4d — GelfStk inducing the identity on qfd affinoid Gelfand stacks. Then, the
natural map

F(XI?) — XPR

is an isomorphism. In other words, the qfd and big de Rham stacks agree for X.

291 [RC24al, 3.2.10] the author considered sheaves for the D-topology. Since we are working with analytic rings,

the D and !-topology are the same and, up to taking sheafification for !-equivalences, both definitions of Tate stacks
agree.
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Proof. We first have to show that the restriction of Y to perfectoid rings satisfies arc-hyperdescent;
this follows from Proposition
Next, we prove (1). Let A be a nilperfectoid ring, then

ZPRX(A) = X(A) X xo (Mure(an)) Z°(Mare(A")).

As Z° — X° is an immersion, Z°(Mayc(A")) C X¢(Marc(A")) is a subset (see Remark [1.5.2)) and
ZPR/X(A) € X(A) is a full subanima. A map GSpecA — X will factor through Z9%/X(A) if and
only if its restriction to the perfectoid ring A* factors through Z, which is equivalent to the fact
that M,,.(A%) — X° factors through Z°. As Z° — X° is an immersion, this is equivalent to
saying that M(A) — |X| factors through |Z|, proving that ZPR/X = X1z as wanted.

Now we prove (2), i.e. we compute the Cech nerve Z* of Y — YPR/X it fits in a cartesian
diagram

Z' Y><Xo+1

| |

yDbR/X _ A (YXXoJrl)dR/X

where the bottom horizontal map is the diagonal map. By part (1) the pullback is nothing but
(Y *xethfay proving what we wanted.

For parts (3), all the variants of de Rham stacks satisfy analytic descent (this can be checked by
evaluating the respective functor of points description) and so it suffices to prove the claim for X =
GSpec(A) an affinoid Berkovich space. In this situation, we can always find a surjection A’ — A
from a bounded algebra A’ that is {-formally smooth in the sense of [RC24al, Definition 3.7.2] (e.g.
by A as a quotient of the algebras Q,(N[S])<, for S light profinite and using Proposition .
Let I = ker(A’ — A), and let A[S;] — I be a family of jointly surjective maps of A-modules.
By taking base of A'[N[S;]] — A’ along A’'[N[S;]] — A’(N[S;])<o for all i (which are f-formally
étale thanks to Proposition , we can assume without loss of generality that A’ — A is an
isomorphism in f-reductions and therefore in uniform completions. In particular, A" is a separable
Gelfand ring. Let X’ = GSpec(A’), then the map X — X’ is an equivalence in perfectoidizations,
and we have that XPR = X""PR_ On the other hand, by Corollary and the fact that A’ is
t-formally smooth we have that

XDR — I (X/X'rH»l,J[AX/)
[n]ﬁ"p

is the geometric realization of the overconvergent neighbourhood of the diagonals of the Cech nerve
of X" — GSpec(Q,,). Since the functor F' from Gelfand stacks to Tate stacks preserves colimits by
constructions, the same presentation holds for F(XP®), which then agree with (FX’)Tate-dR gince
FX' — (FX')Tate-dR i an epimorphism of Tate stacks by [RC24al Proposition 5.2.3] (2). Finally,
Kashiwara’s lemma [RC24al, Corollary 5.2.5] shows that (FX)Tate-dR — (p x7)Tate-dR nr6ving what
we wanted.

Part (4) follows from the same argument of part (3) after replacing (locally in the analytic
topology) X by a t-formally smooth derived Berkovich space. ([l

Remark 4.7.12. One should think of Proposition [4.7.11] (1) as a very general version of Kashi-
wara’s lemma, namely, if the subspace Z — X is (locally) Zariski closed, it recovers Kashiwara’s
lemma for analytic D-modules in the sense of [RC24al, Corollary 5.2.5].

The following result is helpful to present de Rham stacks as quotients of Berkovich spaces by
overconvergent equivalence relations.

Proposition 4.7.13. Let Y, X be Berkovich spaces and YQV — X° a morphism of diamonds over
Mare(Q,) with Cech nerve Y**/X* — X let Y* be the Cech nerve over GSpec(Q,). Then the
natural map Yoo /X 5 Y0 s an immersion and we have a pullback diagram

R

(4.7.2) l l

(YO,O/XQ)DR ye.DR

where Y*/X"" s the Cech nerve of Y — XPR. In particular, Yo/XP" s the overconvergent
neighbourhood of Y'* along the inclusion of topological spaces |[Y*/X°| C |Y*|.
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Proof. The fact that Y**/X° — Y*° is an immersion is clear since the morphism Y° — X° is
locally separated on the analytic topology of Y and X. The fact that (4.7.2)) if a pullback diagram
is formal from the pullback diagram

(Yo,o/XO)DR y*.DR

| !

XDR XQ,DR

where X* is the Cech nerve of X — GSpec(Q,,). Finally, the identification of Y/X"" with the
overconvergent neighbourhood of |[Y*/X°| ¢ |Y*| follows from Proposition [4.7.11] (1). O

We finish the discussion of the de Rham stack of derived Berkovich spaces by proving an im-
portant descent result for the de Rham stack of {-rigid spaces (cf. Definition [4.3.6]).

Theorem 4.7.14. Let K be a complete non-archimedean field over Qp, separable as a Q,-Banach
space, and X a t-rigid space over K. Then the natural map X — XPR/K is prim and descendable,
and thus an epimorphism of Gelfand stacks. In particular, we have a presentation as Gelfand stack
XDR/K - 5 (XXKTH-I)TAX.
[n]E—IEOP

The same holds for X/ if K is in addition gfd.

Proof. This follows from the same proof of [RC24al Theorem 5.4.1] where the only difference is
that we use Lemma for proving that if X is Berkovich smooth, then X — XPR/K ig an
epimorphism. O

Remark 4.7.15. Later, in Proposition we will improve on this result in the smooth case
(even in a relative situation) by proving that the morphism is even descendable, with a bound for
the index of descendability in terms of the dimension.

A standard consequence of Theorem is that in the smooth case, with the notations above,
the coherent cohomology of the analytic de Rham stack of X relative to K and the de Rham
cohomology of X over K coincide. This will be proven in Proposition after some convenient
preparations on six functors for the analytic de Rham stack.

Having explicitly described the de Rham stack for rigid spaces, let us discuss an important
example that illustrates some features of the new formulation of the theory.

Example 4.7.16. Let fo;’@p be the analytic multiplicative group seen as a Berkovich space and let

sz”scrf@p be the perfectoid multiplicative group obtained as the uniform completion (on affinoids)

of the “decompleted limit” iﬁperf@p = @wHw? %I,va i.e., the limit in Gelfand stacks. Then, one
has that Gi,?”s éfflj{@p = Gi:,ﬁ;?f@p- Furthermore, as the transition maps are finite étale, Lemmam

an

implies that Gi o¢ g,

is f-formally smooth, and then
n,u,dR n
(4.7.3) G® a /G;Lperf@p,

m.perf,Q, — Zm.perf,Q,

where GL’pcrf’Qp C G perf,@, 1s the overconvergent neighbourhood at 1. Notice that

Qu(T — 1) <o — Lim Q, (77" — 1) <o

is actually an isomorphism as T/?" = (14 (T —1))'/?" =3, (1/,5n)(T —1)¥ converges in Q, (T —

1)< since [T'—1| = 0. In particular, Gj’n,perf,(@p ~ G;fn,@p. The equation l) also implies that the
compactly supported Rham cohomology of Gi::serf,@pa defined as the -pushforward to GSpec(Q,),

is the colimit of the compactly supported Rham cohomologies of G, g, along the maps x > x?
(see Section [5|for more general results). These maps induce equivalences of de Rham cohomologies,
so we deduce that

an,u an dr
ch,dR(Gm,’perf,Qp) = RI'c.ar( m,Qp) =Qy[-2]® QPT[_H'

Gan,de
m,perf,Q,
reasonable notion of algebraic D-modules over it, there is a well defined notion of de Rham coho-

mology and analytic D-modules that can be computed by a suitable approximation along smooth
rigid spaces.

Hence, even though the perfectoid space has no differentials and a priori there is no
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4.8. Arc-descent for the analytic de Rham stack. In this section, we prove a descent result,
Theorem for the analytic de Rham stack of qfd Gelfand stacks, which is a preliminary step
towards the main descent result established later (Theorem [5.6.6).

Proving Theorem [£:8.6] will require some further preliminaries. To motivate this technical dis-
cussion, as well as to explain the qfd assumption required in it, let us first informally sketch
the idea. If f: Y — X is an epimorphism of light arc-stacks, we would like YPR — XPR to
be an epimorphism of Gelfand stacks. In other words, if A is a separable Gelfand ring with a
map g: GSpec(A) — XPR we want to see that there is a !-cover GSpec(A’) — GSpec(A) and
a lift GSpec(A4’) — YPR. By the definition of the analytic de Rham stacks, this means start-
ing with a map M,c(4A%) — X and trying to find a l-cover GSpec(A4’) — GSpec(A) and a lift
Marc(A"*) — Y. Since f is an epimorphism of arc-stacks, we can certainly find an arc-cover
A" — B of separable perfectoid rings with a lift M,,.(B) — Y. The difficulty is to ensure that
this arc-cover can be chosen as the uniform completion of a !-cover of A. If A is furthermore as-
sumed to be strictly totally disconnected nilperfectoid, we show in below that this can be achieved:
roughly one writes the given arc-cover as the uniform completion of a countable filtered colimit of
rational localizations A; of Tate algebras over A which are arc-covers after passing to the uniform
completion. Since A is strictly totally disconnected, the arc-cover A* — A splits; since A is
nilperfectoid and A — A; f-formally smooth, the splitting lifts to a splitting of A — A;, yielding
in the colimit descendability of A — A’ := lim A;.

Unfortunately, although separable nilperfectoid rings form a basis for the !-topology on separable
Gelfand rings, we cannot a priori reduce to the case where A is strictly totally disconnected. We
know however by Proposition that any separable qfd Gelfand ring admits a !-cover by a
strictly totally disconnected nilperfectoid ring. Hence we can make the above argument work if we
restrict our framework to qfd arc-stacks.

Remark 4.8.1. In the archimedean case, the perfectoidization functor (—)°: GelfStka' — /A\rcStk%f;i
is the analog of the functor ¢* from [Sch24b), Section V.3.1] (replacing light arc-stacks by condensed

anima). This supports the viewpoint that the real analog of a perfectoid Tate ring is the ring of
continuous functions on a compact Hausdorff space. We note that in the notation of loc. cit. ¥*

admits a right adjoint ¥, = 7* commuting with colimits (the second being the analog of (—)4R).

We note furthermore that analytic de Rham stacks over Q,, are much richer than the Betti stacks

of the underlying topological spaces (in contrast to analytic Riemann—Hilbert, [Sch24bl Theorem

I1.3.1]). The basic reason lies in the fact that the class of algebraically closed Banach fields over

Q, is much richer than that over R. In particular, the totally disconnected rings A of [Sch24bl

Definition V.2.6] are (up to working with separable Banach algebras) gfd over C in the sense that

Mrc(A) = M,p(C) is quasi-pro-étale (being only a map of profinite sets).

Our first intermediate goal is to prove Proposition [£.85] below. The statements used in its proof
are inspired by analogous arguments in the context of perfectoid spaces (e.g. [Schl8al, Proof of
Proposition 14.6]).

Lemma 4.8.2. Let A — B be a morphism of separable Gelfand rings. Then there is a sequential
diagram of morphisms of separable Gelfand A-algebras B,, — B over A with B,, given by rational
localizations of affine spaces over A such that hﬂn B,, is t-formally smooth over A and

(lim B,)" — B
%l n

18 an isomorphism. In particular, the map of Berkovich spectra

M(B) = lim M(B,)

18 an equivalence.

Proof. Let B* be the uniform completion of B. Since B is separable, B* is a separable Banach
space and has a countable basis over Q,. By Proposition we can then take elements {e, }nen
in B mapping to a Banach basis in B“'<!. Therefore, the elements e,, give rise to a map of Gelfand
rings

C .= hﬂA<T17--~7Tn>§1 — B

sending T; + ;. It is an epimorphism after uniform completions. Thus, we have by Lemma [3.1.18|
a Zariski closed embedding of Berkovich spectra M(B) < M(C) given by the vanishing locus of
the ideal I = fib(C' — B"). Set B,, = A(T},...,T,)<; so that we have that M(C) = @nM(EH)
The closed subspace M(B) C M(C) is then a limit of the Zariski closed subspaces Z, C M(B,)
given by the vanishing locus of the kernel of B, — C — B Then, we can write each Z,
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as a countable filtered colimit of rational localizations Enym of B,. In total, after modifying
the indexes, we have a filtered family of algebras {By, m }n.men where each B, ,, is a rational
localization of the overconvergent Tate algebra B,,. We claim that the system {B), m }m satisfies
the properties of the lemma. First, the map C' — B factors through C' — liHnlntn,m — B
and so g : hﬂn B, — B induces an epimorphism at the level of uniform compietions. Since
yiln’mM(Bn’m) = @nM(Zn) = M(B), Lemma implies that ¢ is an equivalence after
uniform completions. By construction each B, ,, is a rational localization of an overconvergent
Tate algebra, so it remains to see that its colimit is f-formally smooth. But li . B, is also a

colimit of C' along rational localizations, hence a colimit along f-formally étale maps. Since C' is
t-formally smooth (Lemma [£.7.8) the claim follows from Lemma [4.7.8] O

The following lemma is a decompleted version of [Sch24al Lemma 4.9].

Lemma 4.8.3. Let A be a separable strictly totally disconnected nilperfectoid ring and let f : A —
B be a T-formally smooth map where B is a finite product of Berkovich rational localizations of
an affine space over A. If f is an arc-cover then there is a morphism of separable Gelfand rings
s: B — A, which is a section of f.

Proof. Consider the map of uniform completions f* : A* — B". Then B" is the underlying ring of
an adic rational localization of an affine space over A“. Since A" is a strictly totally disconnected
perfectoid ring, [Sch24al Lemma 4.9] gives a section 5 : B* — A*. Then, we have a commutative
square

B —— B*

1

But the map A — A" is a {-thickening, namely, as A is nilperfectoid, we have a short exact
sequence NilT(A) — A — A". Since f is 7-formally smooth, we can lift 5 to a section s : B — A as
wanted. O

Lemma 4.8.4. Let A be a separable strictly totally disconnected nilperfectoid ring and let B =
li%mn B,, be a sequential colimit of Gelfand A-algebras satisfying the properties of Lemma @
Suppose that A* — B™ is an arc-cover, then A — B is < 2-descendable.

Proof. By assumption each B, is a finite product of rational localizations on affine spaces over
A. By Lemma the map A — B, has a section and so it is descendable of index < 1. Then
[Man22l Proposition 2.7.2] implies that the colimit is descendable of index < 2. |

The following statement follows directly from the results just proved.

Proposition 4.8.5. Let A — B be a morphism of separable Gelfand rings, which induces an arc-
cover on uniform completions. Assume that A is strictly totally disconnected nilperfectoid. One
can find a separable Gelfand A-algebra A’ with A" = BY such that A — A’ is {-formally smooth
and descendable.

After the previous preparations we come to our descent result.

Theorem 4.8.6. Let Y — X be an epimorphism of qfd arc-stacks. Then the map YR — XIR of
qfd Gelfand stacks is an epimorphism.

Proof. Let A be a qfd Gelfand ring with a map f: GSpec(A) — X9R. We want to show that there
is a !-cover GSpec(B) — GSpec(A) with B a gfd Gelfand ring and a lift to a commutative diagram

GSpec(B) —— GSpec(A)

| |

YdR XdR.

By adjunction, the map GSpec(A) — X9® factors through GSpec(A4) — M o(A)IF — XIB
and by taking pullbacks we can assume without loss of generality that X = M.(A)®. By
Proposition [£.6.4 we can even assume that A is a strictly totally disconnected nilperfectoid ring.
In that case, as Y — X is an arc-cover and X is qcgs, we can assume without loss of generality
that Y is the arc-sheaf associated to a qfd separable perfectoid A“-algebra. Using Proposition [4.8.5]



ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES 63

twice we can assume that A is f-formally smooth, and that Y = M,,(B) is the arc-stack of a
descendable A-algebra B. Thus, we get a diagram

GSpec(B) — GSpec(A)

| |

YdR XdR
where the upper horizontal map is a !-cover. This finishes the proof of the theorem. a

Remark 4.8.7. Analyzing the proof of Theorem one gets some descent results for (—)PR.
Let Y — X be an epimorphism of light arc-stacks over Q,. Then YPR _ XPR i5 an epimorphism
if one of the following conditions hold:

(1) Y — X is étale,

(2) V = Wm Y, with ¥, — X finite ¢tale,

(3) X is quasi-finitary in the following sense: for any separable nilperfectoid ring A and any
map Mc(A) — X there exists a l-cover A — A’ and a factorization M,,.(A") - Z — X
of Marc(A") = Marc(A) — X where Z is qfd over Ma,(Q,).

Indeed, in the first case one can use that étale morphisms lift along f-reductions (and the lift is
again an étale covering if one starts with an étale cover). In the second case, one can use that the
lift is again finite étale and that finite étale coverings have index of descendability bounded by < 2
(as follows by pullback from the underlying rings). In the third case, one can mimic the proof of
Theorem (4.8.6] and use that Z admits a !-cover by a strictly totally disconnected perfectoid space
(which can be pulled back to a !-cover of GSpec(A’)). This reduces to the case where A is strictly
totally disconnected nilperfectoid, where the same proof applies.

Several examples of interesting light arc-stacks are quasi-finitary, e.g., stack quotients X = U/D
where U is qfd over @y, and D C A& is an open unit disc acting on U. Namely, in this case
any morphism M,,.(A) — X with A nilperfectoid lifts to U as affinoid perfectoid spaces have
vanishing higher D-cohomology.

Remark 4.8.8. Let G be a locally light profinite group. Applying Theorem to the epimor-
phism *+ — BG, we get that

(BQ)dR = (GSpeC(Qp))/GBetti = BG™™

where G*™ = (G)® is the Berkovich space with underlying topological space G and sheaf of
functions given by the locally constant functions of G with values in Q, (cf. Example .
Thanks to [HM24] Proposition 5.3.10| the category D(BG™™) is the derived category of solid Q-
linear smooth representations of G, and by [HM24, Corollary 5.3.3] any such classifying stack is
l-able over GSpec(Q,,) (note that we can apply loc. cit. as the local cohomological dimension of
a locally profinite group over a Q-algebra is zero). In Example we will prove more generally
that the de Rham stack of a condensed anima is given by its Betti stack. Instead of Theorem [4.3.6]
this will rely on the stronger descent statement Theorem [5.6.1]
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5. D-MODULES AND 6-FUNCTORS ON ANALYTIC DE RHAM STACKS

In this section we show that there are enough !-able maps for de Rham stacks, and that those
arising from smooth maps of derived Berkovich spaces are also cohomologically smooth. These
results are important by themselves, since they lead to finiteness and duality results for the de
Rham cohomology of smooth {-rigid spaces (via Proposition , but they also play a key role
in the new proof of the p-adic monodromy theorem:.

5.1. l-able maps of de Rham stacks; cohomological properness and smoothness. The
6-functor formalism on de Rham stacks is obtained by composing the functors

ArcStkd — GelfStk¥™ — AnStk

given by the de Rham stack and sending a qfd Gelfand stack to its associated analytic stack, with
the 6-functors of quasi-coherent sheaves

Corr(AnStk, E) — Pr*

where FE is the class of !-able arrows of analytic stacks. By pulling back E, we get a suitable class
of !-able maps in ArcStk%f;i for the de Rham stack. In this section we produce enough examples of
arrows in F for the de Rham stack.

Let us first recall the following useful lemma.

Lemma 5.1.1. Let (C, E) be a geometric set up with fiber products and D a presentabldﬂ 6-functor
formalism on (C,E). Suppose that C has a final object , has finite disjoint unions, and that any
of the inclusions * — = U« is l-able (so [HM24, Lemma 3.4.13| holds). We endow C with the
D-topology of [HM24], Example 3.4.5 (b)]. Let D: Corr(Shv(C), E') — Pr be the extension of D to
a 6-functor formalisms for sheaves for the D-topology of [HM24, Theorem 3.4.11]. Let f: Y — X
be a morphism in Shv(C) such that there is an epimorphism | |, X; — X with X; € C such that the
pullbacks Y; — X; are !-able. Then f is !-able.

Proof. We want to apply [HM24, Theorem 3.4.11 (ii)], that is, given any map X' — X with
X' in C, the pullback Y’/ — X' is l-able. By [HM24, Theorem 3.4.11 (iii)| it suffices to show
this after a D-cover of X, namely, by definition a D-cover satisfies universal !-descent. Since
LJ; Xi = X is an epimorphism, after replacing X’ by a D-cover, we can assume that it factors
through X’ — | |, X; = X. By hypothesis, each Y; — X; is !-able, and by [HM24, Lemma 3.4.13]
their disjoint union | |, Y; — | ], X; is also !-able, by taking pullbacks we deduce that Y" — X' is
l-able as wanted. |

We list some simple examples:

Lemma 5.1.2. The following hold:

(1) Let f: Y — X be an wi-cocompact qcgs quasi-pro-étale map of gfd arc-stacks over Q,, then
fARydR oy X AR g 1_gble.

(2) Let j: U C X be an open immersion of qfd arc-stacks, then j9%: UR — X IR js 1 able and
cohomologically étale.

(8) Let f: Y — X be a map of qfd arc-stacks such that there is an open cover {f; : Y; C Y}
with fiR: VAR — X9R 1_gble. Then fI8: VIR — XIR js 1 gble.

(4) The map AaﬁR — GSpec(Q,) is !-able.

Proof. By Lemma and by arc-descent of the de Rham stack, we can check that the maps
are l-able locally in the arc-topology of the target. Thus, for (1)-(3) we can assume without loss
of generality that X is the spectrum of a qfd strictly totally disconnected perfectoid ring.

(1) By [Sch24al Lemma 4.5] we have a pullback diagram of gfd arc-stacks

Y — X

L
Y] — 1]

where the bottom arrow is the map of the underlying Berkovich spaces seen as arc-stacks. Note
that since f is wi-cocompact Y is a separable affinoid perfectoid space. Since the formation of the
de Rham stack commutes with limits, it suffices to see that |Y|™™ — |X|*™™ is l-able, but this is
clear since both Y| and | X| are profinite sets, and their de Rham stacks are just their Betti stacks.

(2) By the same argument of part (1), one reduces to see that an open immersion of a profinite
set is !-able and cohomologically étale, this is [HM24, Lemma 4.8.2].

30This means that D as a functor to Catoo factors over Prl.
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(3) This follows from the fact that !-able maps are -local in source [HM24], Theorem 3.4.11 (iii)],
and suave descent in [HM24] Lemma 4.7.1].

(4) This is an analogue of [RC24al Lemma 5.2.8 (1)]. Using the !-local property in the source
of [HM24, Theorem 3.4.11 (iii)] and prim descent along descendable maps [HM24, Lemma 4.7.4],
it suffices to see that the map A(b — Aa:m is prim and descendable. We have Aéfp” = Abp /G
(by a gfd version of Example [4.7.1)), and so by base change it suffices to show the same for the
map g: GSpec(Q,) — GSpec(Q,)/G. Primness is clear, as G} is proper over GSpec(Q,), and
hence g is represented in proper, affinoid Gelfand stacks. Set R := O(G]) = Q,(T)<o, which is a
Hopf algebra through the addition. Viewing R as the regular representation over itself, we have
the short exact sequence

0
0-Q, -RZ2ZR—0

of R-comodules, i.e., as quasi-coherent sheaves on GSpec(Q,)/G/. This implies that g is descend-
able. A more general assertion is discussed in [RC24al, Lemma 4.3.6]. O

From the stability properties of Lemma [5.1.2] we can already exhibit plenty of !-able maps that
will be more than enough for the main applications of this paper.

Definition 5.1.3. A map f: Y — X of qfd arc-stacks over Z, is said to be of locally of quasi-
finite dimension (or lgfd) if there is a strict closed cover Y; C Y such that the maps Y; — X are
wi-cocompact, qcgs and quasi-pro-étale over some relative affine space Y; — Aio (with d possibly
depending on ).

Proposition 5.1.4. Let f: Y — X be a morphism of qfd arc-stacks over Q, which arc-locally on
X is lgfd. Then fiR: YIR 5 XIR 451 gble. If in addition f is proper, then fAR is cohomologically
proper in the sense of [HM24] Definition 4.6.1].

Proof. By Lemma we can assume that f is lqfd. By Lemma (3) we can prove that
fI® is l-able locally in the analytic topology of Y, in particular we can localize along strict closed
covers (as those are refined by an open cover), and we can assume without loss of generality that f
is wi-cocompact, qcgs and quasi-pro-étale over a relative affine line A;iéo. By Lemma [5.1.2| (1) we
know that the map gif: YR — AglédR is !-able, and by Lemma (4) the map Agl(’d — XIR g
l-able, proving what we wanted.

For the claim about proper maps, we first note that a closed immersion Z C X of arc-stacks is
cohomologically proper, namely it arises as the pullback of a closed immersion of condensed anima
Zecond — Xcond along the map X — Xcona (cf. Example , and these are cohomologically
proper by [HM24] Lemma 4.8.2 (i)]. Hence, if f is proper, the diagonal is a closed immersion, and
it suffices to show that f4% is prim. By [HM24, Lemma 4.5.7] we can prove that f4% is prim locally
in the arc-topology on X. We can then assume that X is qfd strictly totally disconnected. By
[AM24, Lemma 4.5.8] we can prove that f4% is prim locally on a descendable cover of the source,
thus, as f is proper, we can then pass to a finite strict closed cover of Y and assume that ¥ — X
is wi-cocompact, qcgs and quasi-pro-étale over an affine space A?C over X. Since Y is qcqgs, the
map Y — A% factors through a polydisc, that we can assume to be of radius 1. Hence, since prim
maps are stable under composition, we can reduce the claim to proving that a w;-cocompact qcqs

pro-étale map of arc-stacks is prim, and that the map ﬁ;@’:R — GSpec(Q,) from the de Rham
stack of the closed disc is prim.

For wy-cocompact, qcqs and quasi-pro-étale maps, we can assume again that X is strictly totally
disconnected, and by [Sch24al, Lemma 4.5] the map ¥ — X arises from the pullback of profinite
sets |Y| — |X|. But the map |Y|?® — |X|9® is prim being a map of Betti stacks of profinite
sets, and so given by a map of analytic rings with induced structure. For the claim about the
closed disc f: ﬁaﬁR — GSpec(Q,), by Example |4.7.6] (1) E}QfR = ]D)éfl’dR is the de Rham stack
1

of the overconvergent disc. Hence, the map g¢: ID(EP— — Dé’fl’dR is an epimorphism of Gelfand
stacks, descendable (as can be deduced by pullback from the case for A1p7 cf. Lemma, , and

by [HM24, Lemma 4.5.8 (ii)] it suffices to see that ]Dafl — GSpec(Q,) is prim which is clear as it
arises from a map of analytic rings with induced structure. O

Remark 5.1.5. All maps between (partially proper) rigid spaces belong to those of Definition
but not all the stacky maps relevant in the geometrization of the local Langlands correspondence.
To extend the class of -able maps one has to keep applying [HM24 Theorem 3.4.11] for the different
classes one would like to consider. For example, thanks to [HM24, Lemma 4.7.1] one can extend
the class of !-able maps to quotients of lqfd maps by suave equivalence relations, this is nothing
but a variant of the so called Artin stacks of [FS21) Definition IV.1.1] for the de Rham stack.
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Definition 5.1.6. Let f: Y — X be a morphism of qfd arc-stacks over Z,. We say that f is
étale if, locally in the arc-topology of X and the analytic topology of Y, f factors as a composite
of open immersions ([Sch24a, Definition 4.21]) and finite étale maps. We say that f is smooth
if, locally in the arc-topology of X and the analytic topology of Y, f factors as a composite
Y & AL = A%’: X Mare(2,) X — X where g factors as a composite of finite étale maps and open
immersions.

For example, a rigid smooth, resp. rigid étale, morphism of derived Berkovich spaces over Q, in
the sense of Definition [£:34] induces a smooth, resp. étale, morphism on the associated arc-stacks.
The following theorem is a variant of [RC24al, Theorem 1.0.12].

Theorem 5.1.7. Let f: Y — X be a smooth morphism of qfd arc-stacks over Q,. Then the
map YR — X9R s cohomologically smooth, with dualizing sheaf given by lyar[2d] if f is of pure
dimension d. If f is étale then fI® is in addition cohomologically étale.

Proof. Any étale map of qfd arc-stacks has open diagonal, namely, this can be checked locally in
the arc-topology of X and in the analytic topology of Y, where it reduces to the claim on perfectoid
spaces which is obvious. Therefore, by definition of cohomologically étale [HM24l Definition 4.6.1],
we only need to show that smooth morphisms are cohomologically smooth on the de Rham stack.
This property can be checked locally in the arc-topology of X thanks to Theorem and [HM24]
Lemma 4.5.7], so we can assume that X is a perfectoid space and then Y is (the arc-stack of) a
derived Berkovich space. The property can also be checked locally in the analytic topology thanks
to Proposition [4.7.11)(1) and [HM24, Lemma 4.5.8 (i)]. Localizing further for the arc-topology on
X if necessary, we see that we can by definition of smoothness and base change ultimately reduce
to the following three cases:

(i) An open immersion U — X.
(ii) A finite étale map ¥ — X
(iii) The affine line f: Ag™™ — GSpec(Q,).

The case of open immersions is Lemma [5.1.2l For Y — X finite étale, as X is totally dis-
connected we have YIR = XdR X|X|pers 1Y |Betti as qfd Gelfand-stacks and |Y[getti — | X |Betti 18
cohomologically étale being isomorphic to a finite disjoint union of clopen maps. Finally, the case
of the affine line follows from the presentation A(B;m = A}Qp /G! . and the fact that both A}@p and

a’
BG], are suave over GSpec(Q,) (the former being a smooth rigid space, the last thanks to Cartier
duality).

For the description of the dualizing sheaf, we refer to [RC24al Theorem 5.3.7]E| (or Remark|5.1.10)):
by Al-invariance of cohomology of the de Rham stack, the computation reduces, by a by now stan-
dard deformation to the normal bundle argument, to the computation of (the pullback by the
zero-section of) the dualizing sheaf for the structure morphism of a vector bundle over Y, which
can be done by reduction the universal case and using Cartier duality. |

Remark 5.1.8. Through the relation between quasi-coherent sheaves on the analytic de Rham
stacks and D-modules (see the forthcoming paper [RJRC|), Theorem gives Poincaré duality
for analytic D-modules.

Remark 5.1.9. We warn the reader, particularly those accustomed to working with adic spaces,
that the de Rham stacks of the affinoid disc Dg,, and the affinoid torus Tq, are not cohomologically
smooth over GSpec(Q,). This does not contradict Theorem since as Berkovich spaces these
spaces are not rigid smooth. This also does not contradict the presentations (cf. Example

dR _ m<1 /et dR __ ot f
]D)Qp = ]D)Qp /Ga, ’H‘Qp = T@p/Gu

(here, ’]I‘TQP denotes the overconvergent toru since, even though GSpec(Q,)/G] is cohomologi-

cally smooth, DS;, ']I‘(Bp are not cohomologically smooth. In fact, if the de Rham stack of Tq, were
cohomologically smooth, since it is also prim over GSpec(Q,), pushforward along the structure
morphism ']I‘fél: — GSpec(Q,) would preserve perfect modules. But this not true, as it follows
combining Remark with the fact that there exist vector bundles with integrable connection
on ']I‘(Bp with infinite-dimensional de Rham cohomology, [PP24, Lemma A.1.12]. As we don’t know

whether there exist vector bundles with integrable connection on ID)E: with infinite-dimensional de

31Note that loc. cit. even proves the result for the filtered de Rham stack, where an additional twist appears,
which disappears when one pullbacks to the de Rham stack.
327 perhaps more coherent, but too confusing, notation would have been ]]])6;.
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Rham cohomology, we argue instead as follows to show that f : D%l: — GSpec(Qy) is not suave.
Consider the factorization of f

ID)(%E: <, ]D)Spl /]D)S:/2 SN GSpec(Qy).

One has ]I])épl/]]))éj/2 = Dé;’dR/]f))Sj/z’dR. By Theorem we know that ﬁéj/Q’dR — GSpec(Q,)

is suave, and therefore g is also suave (as its fibers are isomorphic to ]D)é:/ 2’dR). If f were
suave, we would also have that h is suave by [HM24, Lemma 4.5.8]. Now, consider the pro-

jection map gq: DS; — ]D)Si /Déj/ 2; it is suave being a quotient by a smooth rigid equivalence

relation, and, as ]D)Sj is prim over GSpec(Q,,) (being affinoid with induced structure), one has that
1 € D(DF' /D5 is prim by [HM24, Lemma 4.5.16]. But then, [FIM24, Lemma 4.5.16] and the

suaveness of h would imply that hjq1l = (’)(ID)S;) is suave on GSpec(Q,) which is the same as being
dualizable. This is absurd, since Q,, ; is Fredholm and the only dualizable objects in D(Q,, 1) are
perfect modules.

Remark 5.1.10. Using excision for de Rham cohomology (Remark one can also calculate
the dualizing complex in Theorem via the general paradigm in [Zav23| Theorem 5.7.7]. This
necessitates a theory of first Chern classes (as defined in [Zav23], Definition 5.2.4, Definition 5.2.8]).
We present here a stack-theoretic construction of a weak theory of first Chern classes for de Rham
cohomology, as it will turn out useful for the analogous construction for Hyodo—Kato cohomology
in Section[6] It then amounts to a standard computation to upgrade this to a theory of first Chern

classes (cf. Lemma|6.2.9).

(1) In the following, we work over Q,. Let
*: (G5, =G /G, = BG,

be the composition of the map G} — BG! (classifying the extension 0 — G, — G,, —
GIR — 0) with the logarithm log: Gt — G,. We note that c¢{® is naturally a morphism of
animated abelian groups as G, is an animated abelian group stack, i.e., it naturally extends
to a finite coproduct preserving functor FinFreeAb — GelfStk from finite free abelian groups
to Gelfand stacks. Given a gfd arc-stack X over @, we now get a map

Map(X, BGS,) — Map(X®, (BG?,)™R) £ Map(X R, B2G,) = H2(XR, 0)
of animated abelian groups (with addition defined via the second factor), which defines
a weak theory of first Chern classes (up to passing to D(Z) by arc-sheafifying both sides
as D(Z)-valued presheaves in X). Here, the first map is a morphism of animated abelian
groups because X — X9F preserves finite products.
(2) One checks that this abstractly defined first Chern classes agrees (on smooth partially
proper rigid analytic varieties) with the usual first Chern class coming from the dlog-map

G — QY A= dlog(N) == %. Let us give here an argument using the filtered de Rham

stack (cf. Remark [5.2.3)).

Using e.g. Cartier duality (JRC24al, Theorem 4.1.13]), the cohomology of BG, is natu-
rally identified with Q, @ Q,dx[1] where z is the coordinate of G, (we think of Q,dz as the
cotangent bundle 7¢ |o at 0). Similarly, the cohomology of G4R is isomorphic to Q, @Qp%
where ¢ is the coordinate of G,,. Hence, we want to see that the map c{® : GIF — BG,

dt

pulls back dx to §-. Namely, we can choose the isomorphism H'(—,0) = Map(—, BG,,)

so that dx maps to the identity element of B2G, under the morphisms
Map(B*G,, B*G,) + Map(BG,, BG,) = H'(BG,,0).

For that, consider the filtered de Rham stack Gi®:+ over S = A'/G,,. As G,, is a smooth
group, its filtered de Rham stack can be written as the quotient of groups over S

Gt = (G x 5)/G(-1)

where G, (—1) sends a map GSpecA — S corresponding to a virtual Cartier divisor I — A
to the group

Gl (~1)(GSpecA — S) = ker(G,, (A) = G, (A/NilT @4 I)) 2 14 Nil'(A4) - I.

We have a logarithm map log: Gf (—1) — G,(—1), producing a morphism of animated
abelian group stacks over S

T GIRT 5 BGo(-1),
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this map refines the Chern class c¢® of the de Rham stack, and lifts it to an element in
the Fil' of de Rham cohomology for the Hodge filtration. Now, since the Fil' of de Rham
cohomology of G, is just given by differentials, the pullback of dz along ccllR’Jr is completely
determined by the pullback along the zero section 0: GSpec(Q,) — S = Al/G,,, and
therefore by the Chern class of the Hodge stack GHd8 = G,,/G! . where the quotient is
via the trivial action. The latter is given by the composite map

e glde _, BGI — BG,

where the first map is the natural projection on the classifying stack, and the second map
is given by the logarithm log. Finally, the cohomology of BG], is naturally identified with
Qp ®Qp % (we think of Q,4 as T |[1) and it is clear that the map log: G, — G, induces
the pullback map of differentials dlog: T¢ |o — T, |1 at the level of cotangent bundles at
the identity, sending dx to % as wanted.

(3) We note here a general procedure to construct (weak) theories of first Chern classes for
cohomology theories defined by a ring stack R over a base S (via suitable versions of
the general procedure of transmutation, cf. [Bha22, Remark 2.3.8], say, for p-adic formal
schemes or rigid analytic varieties). Namely, the essential datum is a morphism

s G = Vs(O(1))[-1])

of animated abelian group objects over the base S (that one might think of as a geometric
Chern class), where O(1) is the respective Tate twist for the cohomology theory, i.e., a
distinguished invertible object on S. For example, if R = GI® = G, /G, which recovers
de Rham cohomology, one has S = GSpec(Q,) and O(1) = Q,[2].

5.2. Cohomology of the analytic de Rham stack and de Rham cohomology. One of
course expects the cohomology of the analytic de Rham stack to be de Rham cohomology in good
situations. We verify in this subsection that this is indeed the case.

Proposition 5.2.1. Let K be a complete non-archimedean field over Q,, separable as a Q-
Banach space, and let X be a t-rigid space over K which is Berkovich smooth over K (in the sense
of Definition . Then there is a natural isomorphism

D(XPR/E ) =~ RI4r(X/K).
The same holds for X® if K is in addition gfd.

Here, RT'qr(X/K) is the hypercohomology of the de Rham complex Q¢ K of X over K, and

INO:¢ DR/K ') is the global sections of the structural sheaf of X DR/K oyer GSpecK . Examples sat-
isfying the assumption on X are smooth partially proper rigid analytic variety, the overconvergent
closed disc or variants.

Proof. The proof is a variant of the proof that de Rham cohomology of a smooth scheme over a
characteristic zero field is computed by the cohomology of the structure sheaf on the infinitesimal
site, found in [Bd1ll, Remark 3.7].

By Proposition and Theorem the morphism X — XPR/K is surjective, with Cech
nerve the simplicial derived Berkovich space X 1® := (X*x*+1)fax where AX C |X*x**!| is the
diagonal immersion. The cosimplicial ring Ox+.. admits a de Rham complex over K (degree-wise
an overconvergent version of the classical continuous de Rham complex rigid analytic varieties over
K), giving rise to the A x N°P-indexed diagram (Q)S(Tn / ) Injea,mener Of complexes of K-linear
sheaves on the analytic site of X, with obvious arrows. It contains as subdiagrams the cosimplicial
ring Ox+.,. corresponding to A x {0} and the de Rham complex Q)S(; 5 corresponding to {[0]} x N°P.
The inclusions of these subdiagrams give rise to natural maps of K-linear sheaves on the analytic
site of X

. . <m )
[THIEDAOXT.- — ([n],ml)lenixNopQXT’"/K — QX/K.

The cohomology on the analytic site of X of the left term computes the cohomology of the analytic
de Rham stack relative to K, as we just recalled, while the cohomology on X of the right term
is the de Rham cohomology of X over K. Hence one is done if one can show that the two maps
are quasi-isomorphisms. Observe that the limit defining the middle term can be computed in two
ways, by first taking a limit over N°P and then over A, or the other way around:

. <m 1 . 1 . <m
([n],ml)leHixNonX”/K B ([E}IQAQXT’"/K N 1%1 ([rljrenAQXT’"/K) '

Thus it suffices to show the following statements:
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(1) For any arrow «: [n1] — [ng2] in A, the induced map a : — Q is a

L] L]
Xtr /K Xtn2 /K
quasi-isomorphism.

9) F int > 1, lim Q7. =0.

(2) For any integer m > [nﬁrenA Xt K
For (1), it suffices to deal with the map [0] — [n],0 — 0, for [n] € A. Analytic locally on X,
we can find (by definition of standard Berkovich smoothness) a morphism X — A}l(’an giving an

presentation as in Definition [£.7.7] Via Taylor expansions, this morphisms yields an isomorphism
Xt~ x « Ghdn
b,

Now the claim follows from Poincaré’s lemma for G/, which follows from [Tam15, Lemma 26] after
taking colimits of open discs of radius r as r — 0.
Since for any [n] € A and m € N

m _ m
Q)(WL/I{ = Oxtm ®Oxn+1 QX"Jrl/K7

part (2) will follow from descent of the formation of Q™ /KON smooth -rigid spaces for Berkovich
smooth maps, the fact that X — GSpec(K) is locally a surjective standard Berkovich smooth map
(Lemma , and that Q%/K = 0 if m > 0. Indeed, this descent will prove that Q. ... is
a cosimiplicial Oy xxe+1-module homotopic equivalent to zero for m > 0. Since the derived base
change along the morphism Oy xe+1 — Oxi,o of cosimplicial rings preserves homotopic-to-zero
cosimplicial modules, we will have that Q% , K is an homotopic-to-zero cosimplicial Ox+.e /- for
all m > 0, in particular that Tot(Q?T,,/K) = 0. Part (2) can be equally proven as in [Bd11, Lemma
2.15] via a more elemental argument using local charts of X.

To prove the descent of the exterior powers of the cotangent bundle along (locally) standard
Berkovich smooth morphism we can argue locally after an analytic cover of Y and X (we note that
the cotangent complex of a standard Berkovich smooth morphism is given by the differentials in
degree 0, e.g., using that standard Berkovich smooth maps are f-formally smooth, Lemma [4.7.8)).
Hence, it suffices to see that if f: Y — X is a standard Berkovich smooth cover of affinoid -
rigid spaces, then f is descendable. Indeed, the descent of the cotangent complex will follow from
Lemma below. Seeing that f is descendable can be done in several ways: see e.g. [Mik23
Theorem 4.15] for related statements. For brevity, we offer here an (overkill) argument using results
proved below (independently of our statement!): one can factor the map as the composite

f1Y 5 YPRX 5 X

The map Y — YPR/X i5 descendable by Proposition The map YPR/X — X is a pullback of
fPR/K . yDR/K _y XDR/K along X — XPR/K and fPR/K ig descendable by Proposition
(2) as f is an arc-cover at the level of diamonds and any epimorphism of affinoid Gelfand stacks
is descendable. ]

The following lemma was used in the proof of Proposition [5.2.1) and is a generalization of
[BMS19, Theorem 3.1]. For the next statement we use the cotangent complex for a morphisms
of analytic ring, introduced in [RC24a, Proposition 3.4.5]. For simplicity of notation we omit the
implicit base ring, relative to which the cotangent complex is formed.

Lemma 5.2.2. Let A — Ay be a morphism of analytic Tings where Ay has the induced structure
over A and it is descendable. Let A — A, be its Cech co-nerve. Then for all m € N the natural
map

AYLg — TOt(/\ZL.LA.)

s an equivalence.

Proof. By [Mat16l Proposition 3.20], the map A — Ag of induced analytic rings is descendable if
and only if the tower ((Totgn(A.)))neN is pro-constant and isomorphic to A. Equivalently, if and
only if there is some n > 0 such that, if K,, = fib(A — Tot<,(A4.)), the map K,, — A is homotopic
to zero as A-module. Equivalently, the map A — Tot<, (A,) admits a retract Tot<,(As) — A as
an A-module.

We first prove the case of m = 1, i.e., of L(_). We have a fiber sequence of connective A,-modules

(5.2.1) Ae®@alla —La, »La,a.

By descent, we know that
Ae®a Ly = Tot(Ae @4 La),
thus, it suffices to show that Tot(LL 4, , 4) = 0. To prove this, it suffices to consider the base change

La./a ®a Tot|jm)<n(Am) = Tot| )i <n(Lia, ja ®a Am) = Totjpm)j<n (L, pi/an)
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for [m] € A<, and n € N. Choosing n such that A is a retract of Tot<,(A.), we see that
L4, 4 is a retract of T0t|[m]|§n(LA_+m+1/Am) as a cosimplicial A-module, and taking limits that
Tot(L 4, /4) is a retract of Tot () <jn)(Tot(La,.,..\/4,,)), but Tot(La,, . ,/4,) = 0 for m >0
since the augmented simplicial diagram A,, — Aeym1 is split. It follows that Tot(L,/4) = 0
proving what we wanted.

To handle the general case AL 4, we use the length m filtration induced by the fiber sequence
(cf. [BMS19, Example 2.2|) and induction on m to reduce to the descent for m = 1. O

Remark 5.2.3. Another way to prove Proposition which we learnt from [Bha22, Theorem
2.3.6], uses the filtered analytic de Rham stack. Let us recall the definition of the filtered analytic
de Rham stack, which can be constructed similarly to [RC24al Definition 5.2.2]. We note first that
the qfd Gelfand stack Aé;:n /G2" classifies generalized Cartier divisors on a qfd Gelfand ring A4, i.e.,
pairs of a line bundle L with an A-linear map s: L — A. Now, given any morphism g: W — Z
of qfd Gelfand stacks, one can consider its filtered de Rham stack WPR/%+ relative to Z as the
I-sheafification of the functor sending a qfd Gelfand ring A over Z with a generalized Cartier divisor
s: L — Atd¥
W (cofib(NilT (A) @4 L — A)).

In particular, there exists a natural morphism WPR/%4+ — 7 XGSpeC(QP)Aajn /G2 Assuming that
g is {-formally smooth, the natural map W Xggpec(q,) Abp /G, — WPR/Z+ is an epimorphism.
The pullback of WPR/Z:+ to Z X @spec(Q,) GSpec(Q,) /G is the relative Hodge stack WHde/Z of
W over Z, while its pullback to Z = Z Xgspec(Q,) G2 /G2 is the relative de Rham stack WDR/Z,

Back to the notations of Proposition the idea is to prove the stronger statement that the
pushforward along XP®/K:+ 5 AL /G2 calculates filtered de Rham cohomology. Here we use
the map of analytic stacks g: A}f“ /G — A};alg /G22 from the analytic to the algebraic stacks to
compare with classical filtered modules. One can prove that, at least for complete filtered objects,
the pullback along g is fully faithful; this amounts to proving that the pullback along the map of
analytic stacks ¢/: AL /G — Al /G2 is fully faithful (with AL to be the formal completion at
0 of the affine line seen as an Ind-affinoid analytic stack), which one can show by noticing that ¢’
is prim and that ¢/1 = 1.

More precisely, one proves that the pushforward of the unit along fPR-+: XPR/K.+ _ A}gan /G2 x

| X |Bett; is given by the Hodge-filtered de Rham complex, seen as an object on A}(’an/G%‘ X | X | Betti-
To show this, one first considers the pullback square

Hd
XHdg/xk S GSpecK /G x | X |Betti

| !

D
XDR/K+ A" /G32 X | X |Bossi-

Since ¢ is suave (being the inclusion of a Cartier divisor, and hence a local complete intersection),
we have suave base change for lower * and obtain that

LR = L

Using Cartier duality between the analytic Hodge stack of X and the analytic cotangent bundle
[RC24al Theorem 4.3.13], one deduces that

d
£1181 = P O (i)[—]
=0

where d is the dimension of X and the twist (i) is the i-fold tensor product of the standard
representation of G2. A local computation using étale charts proves that the filtration of fi) Rty
is complete, exhaustive and supported in degrees [0,d]. Since the degree i term Q% (i) sits in
cohomological degree i for the natural t-structure on sheaves on the topological space |X|, the
Beilinson t-structure on complete filtered objects yields that fP RF1 s given by a complex of
K-vector spaces on | X| of the form

(5.2.2) Ox B ok % ... % ad
sitting in cohomological degrees [0,d]. We are left to show that (5.2.2)) is given by the de Rham

complex of X. To prove that, one shows by an explicit computation via local étale coordinates

33The natural structure of Nilt (A) ®4 L — A as an animated A-algebra can be deduced from [RC25, Remark
9.13].
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that the map Ox 2 QL is a derivation of solid K-vector spaces. On the other hand, has
the structure of a cdg algebra (being a commutative algebra for the heart of Beilinson ¢-structure),
and by the universality of the de Rham complex there is a unique morphism of cdg algebras from
(Q%,d) — (2%, 9). One then checks that this map is an isomorphism by a local computation using
étale charts.

For more details on the argument we refer the reader to [Bha22l, Theorem 2.3.6] and to [RC25|
§9.3.2|: these references work in the algebraic setting, but the same works in the analytic case.

Remark 5.2.4. As expected, one can also extend Proposition to coefficients. More precisely,
keeping the notation of loc. cit., one can show that

VB(XPR/KY = [yector bundles with integrable connection on X/K},

and given (£,V) a vector bundle with integrable connection on X, denoting by (£, V)PR the
corresponding vector bundle on XPR/X we have a natural isomorphism

D(XPR/E (£ V)PR) =~ R 4r(X/K, (E,V)).

A similar statement holds for X9 if K is in addition qfd. This can be shown to follow from the
fact that there is a natural fully faithful embedding of the category D(XPR/X) into the category of
quasi-coherent sheaves on the algebraic de Rham stack of X relative to K, cf. [RC24al, Definition
5.1.1, Proposition 5.2.11] (which, in addition, induces an equivalence on perfect modules/vector
bundles), together with a comparison between the category of perfect modules/vector bundles on
the algebraic de Rham stack of X relative to K, and the category of crystals in perfect mod-
ules/vector bundles on the infinitesimal site of X/K (this can be checked using a by now standard
argument, cf. [Bha23, Theorem 3.4|, [Guo21]).

5.3. An abstract result in 6-functor formalisms. In this small subsection we prove one tech-
nical result on 6-functor formalisms that will be used later. The reader can use this subsection as
blackbox.

Lemma 5.3.1. Let (C, E) be a geometric setup and D a presentable 6-functor formalism on (D, E).
Let S € C and consider a sequential limit diagram of !-able maps over S

Xo—= =2 Xpr1 =2 Xy — =X
with arrows fm—n: Xm — X, for m >n € NU {oo}. Suppose that the following conditions hold:
(a) All the maps fm—n are prim for m > n € NU {oo}.
(b) Given n € N the natural map ligm>n fmonsl = foomsnxl of objects in D(X,,) is an
isomorphism.

(c) There is a prim map g: Yoo — Xoo satisfying universal D*- and D'-descent such that we
have an equivalence in the kernel category Kp g (see [HM24] Definition D.4.1])

Yoc XX oo Yoo :Lﬂlyoo XX, Yoo

Then the following hold:

(1) We have X = @n Xy, in the kernel category Kp g. In particular,
D(Xo) = lim Di(X,).

(2) An object P € D(X«) is suave over S if and only if Py, := foomsm P € D(X,,) is suave
over S for all n. In that case, the suave dual is given by SDg(P) = lim | f2,,SDs(P,)
where f_ ., is the left adjoint of foomsm,t (naturally isomorphic to doosn @ fi_,,, where

Ooosn 18 the codualizing sheaf of foo—sn)-

Proof. Let us first prove (1). By definition of a limit in 2-categories ([HM24, Definition D.4.1]),
we need to show that for all Z € C/g g, the natural map of morphism categories

(5.3.1) Funk,, 4(Z, Xoo) — yLnFunKS(Z, Xn)

is an equivalence. By definition of the kernel category, Funk(Z,Y) = D(Y x g Z) and the transition
maps of (5.3.1) are given by lower l-maps. Notice that the conditions (a) and (b) are preserved
under pullbacks along maps h: Z — S in C thanks to proper base change. If h is !-able, condition
(c) is also preserved along the pullback map of kernel categories h*: Kp g — Kp z as this functor
is a right adjoint by [HM24, Lemma 4.2.7], and thus preserves limits. Therefore, after taking base
changes, it suffices to show that the natural map

Fi: D(Xoo) = limDy(X,,)
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along lower !-maps is an equivalence of categories (note that the objects in Kp g are given by l-able
maps to S).

The functor F; is given by the limit of the functors feo—sn,1: D(Xo) = Di(X,,). As each foosn,
is prim, fo_sn, has a left adjoint f2 _,, and by [AM24, Lemma D.4.7 (i)] F has a left adjoint
given by F =lim f2 _,,

To prove part (1) of the lemma it suffices to show that both the unit and counit of the adjunction
is an equivalence.

Since the f,,n: X, — X, maps are prim, the map fr,—n1: X;m — X, in Kp g is a right
adjoint. Passing to duals one sees that f_,, : X, = X,, is a left adjoint, and then passing to its
right adjoint we obtain the map fr,—n,«: X5 — X;, whose composite with D is the lower *-map.
The passage from fr,—sn,1 t0 fr—n « is the following composition of equivalences of 2-categories

KE ¢ &5 (Kb o) = (KEwor)yop — gl

where the first equivalence corresponds to passing to the dual (since all objects in Kp g are self
duals, see [HM24], Proposition 4.1.4]), and the second equivalence is the passage to the right adjoint
of [HM24], Theorem D.3.17]. Therefore, to show that X, = I&nn X, we can either show the lower

! or lower x maps. In other words, it suffices to show that the functor

F.: D(Xo0) — lim D..(X,,)

given by lower *-maps is an equivalence. In this case, Fl, = @m( fm—n,+) and its left adjoint is

= liﬂm f’;‘;l-}n'

Unit. We need to prove that the map 1 — F, F'* is an equivalence as endofunctors of l'mn D.(X,).
By the projection formula, since all maps are prim, it suffices to evaluate this at the unit object
of lim D, (X)) = lim D (X,). The unit object of this category in the presentation lim D.(Xy)
is precisely the cocartersian section given by (lignm»t fm—n,«1)n. Therefore, the unit being an
equivalence is precisely the equivalence a

m fm%n,*l l> foo~>n,*1
m>n
for all n € N, which holds by condition (b).

Counit. We need to prove that the map F*F, — 1 is an equivalence as endofunctors of D(X).
Since the map g: Yoo — X satisfies universal D'-descent and is prim, we can prove that after
right composing with the functor g.: D(Ys) — D(X). Since g satisfies universal D*-descent, we
can also prove this after left composing with g*. Therefore, it suffices to show that the natural
map of endofunctors g*F*F,g. — g*g. of D(Ys) is an equivalence. For all n € NU {co} consider
the pullback diagram

T2,n
Yoo XXn Yoo ” Yoo

J{ﬂ'l n J{fooﬁno.q

foo—snog

Yoo ——— X,

Applying limits along n, by proper base change we get a commutative diagram

y_DYxXY)gm D(Ys)

lgln T, n,* lF gx
D(Ya) +—2 " fim D.(X,)

—n

Similarly, we have a commutative diagram

*

D(Yao X x. Yoo) <22 D(Yao)

*

D(Yoo) <97 D(Xoo)'
But by hypothesis (c), the natural map D(Yoo X x._ Yoo) — Hm D(Ys X x, Yoo) is an equivalence,
this yields the equivalence of the counit, and finishes the proof of part (1).
Part (2) follows formally from [HM24], Corollary D.4.9]. Indeed, by part (1) we have an equiva-
lence X = I&Hn X,. Let P € D(X) be a suave object, then, since the map foo—n: Xoo — Xy,
is prim, the object foomsn 1P € D(X,,) is suave for all n € N. Conversely, if fooyn1 P € D(X,,) is
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suave for all n € N, then [HM24, Corollary D.4.9] implies that P is itself suave. The formula for
the suave dual of P is a consequence of [HM24, Proposition D.4.8]. ]

Remark 5.3.2. A statement closely related to Lemma is [Mik25, Proposition 1.35].

5.4. Cohomology of analytic de Rham stacks: some properties. We establish some basic
properties of the cohomology of the analytic de Rham stack. We start with the fact that it is
finitary and disc-invariant.

Proposition 5.4.1. Let A be a separable Gelfand ring and let By, = li . B,, be a countable colimit
of separable A-algebras. Set X = GSpec(A) and Y,, = GSpec(B,,) forn € N U {o0}. Consider the
natural maps of de Rham stacks f,: ;PR — XPR for n € NU{cc}. Then the natural map

(5.4.1) i fu1 = foo, 1

18 an equivalence.

Proof. The passage to the de Rham stack is invariant under uniform completion, thus, thanks to
Lemma we can assume without loss of generality that A is a countable colimit of rational
localizations of affine spaces over Q,, that A — By is a rational localization of an affine space over
A, and that for n > 1 the map B,, — B,+1 is also a rational localization of an affine space. In
particular, all the algebras are {-formally smooth, and the maps Y,, — Y,°® and X — XPR are
epimorphisms.

Let X* — X be the Cech nerve of X — XPR and o Y, — X*® the base change of
YPR — XPR along X* for n € NU{co}. Thus, to prove the clalm it suffices to show the following
claims:

DR/X

(a) For all a: [a] — [b] in A°P the natural map
o fU 1l

is an equivalence in D(X%).
(b) The map g N f,[l()Ll — foo]*l is an equivalence.

Indeed, the claim (a) implies that the A-section (foO «1)[gJea in D*(X?®) is cocartesian and so
that it gives rise to the object fu .1. In particular, if g: X — X9® we have base change

g*foo,*l = f(gg],*]-
Then, as g is an epimorphism, to show that (5.4.1)) is an equivalence it suffices to pullback along

g*. The maps f, are prim thanks to Proposition @ and f, . satisfies base change, in which
case we have to prove precisely claim (b).

Now, (a) and (b) follow from the fact that if f: A — B is of the form as in Lemma and
fPR/A: (GSpec(B))PR/GSpec(4) _ GSpec(A), then fPR/Al is given by the de Rham complex of B
over A, cf. Proposition[5.2.1} the formation of de Rham complexes commutes with filtered colimits
and base change in the base. O

Lemma 5.4.2. Let f: Y — Mac(Qp) be given by Y = Mare(Qp(T)),Y =D orY = A(bp.
Then f4%*: D(GSpec(Q,)) — D(YIR) is fully faithful. Moreover, the same assertion holds true
after any base change of f to a qfd arc-stack.

Proof. Writing the open unit disc ]D)(‘@p or the affine line Aép as a union of closed disc (and thus
D(—) as an inverse limit along *-pullback), the claim reduces to the case Y = M,..(Q,(T")) (also
after any base change). In this case, we know from Proposition that Y98 — GSpec(Q,) is
cohomologically proper, so that the formation of fd® commutes with any base change. Using the
projection formula (again valid by cohomologically properness), we reduce therefore to checking
that the natural map 1 — f38(1) is an isomorphism, which is the classical fact that the overcon-
vergent de Rham cohomology of the closed unit disc is given by @, in degree 0, and vanishes in
higher degrees. O

We note that cohomology of the de Rham stack can be calculated via excision. This can be
justified geometrically as we explain now.

Remark 5.4.3. By Example[5.6.8 and a gfd version of Example there exists a natural map
ZW® 5 (Zeond)™ = Zeond Betti of qfd Gelfand stacks for any qfd arc-stack Z (here (—)pett; refers
to the qfd version of the Betti stack). In particular, one can pullback any excision triangle on Z.ona
to an excision triangle on the de Rham stack. More concretely, if Z = X° for a derived Berkovich
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space, then Z.,,q is the condensed set associated with a locally compact Hausdorff space, and one
can use open-closed decompositions of the latter.

We next turn to a result, Proposition[5.4.9] giving a precise meaning to the idea that the analytic
de Rham stack of a diamond, and its category of quasi-coherent sheaves, can be computed via an
arbitrary approximation of the space by smooth rigid varieties, as long as one can control the
dimensions. To implement it, we need a good control on the map Y — YIR/X for a rigid smooth
morphism Y — X. The proof of Theorem shows that the map Y — Y9R/X is descendable (as
this reduces via étale localization to the descendability of Aade — GSpec(Q,), which was proven
in Lemma [5.1.2). This argument does however not control the index of descendability. We now
show that the index is controlled by the relative dimension.

Proposition 5.4.4. Let f: Y — X be a Berkovich smooth morphism of qfd derived Berkovich
spaces over Qp,, which is of relative dimension < d for some d € N. Then the map ¥ — YR/ X g
descendable of indexr < d + 1.

Proof. The statement essentially follows from the Poincaré lemma for the global functions of G,
cf. Remark[5.4.7] To make this precise, we will use the filtered analytic de Rham stack introduced,
for a morphism g : W — Z of gfd Gelfand stacks, in Remark [5.2.3] We consider it in the
case g: W :=Y — Z := YI®/X  Note that h := ¢i®/%+. Wwik/Z+ _, 7 X GSpec(Q,) Aép/@m

is an isomorphism over the open Z Xgspec(Q,) Gm /Gy = YIR/X " In particular, we can see

that the object 1yar,x naturally acquires a filtration (or rather upgrades naturally to an object

€ in Z Xaspec(,) A(bp /G,,) via the pushforward along h (we note that this object is different

from 1zxas, (@Al /G which would correspond to the trivial filtration on lyar/x). The prim
ec p D m

morphism ¢ is not Berkovich smooth, but an inverse limit of such along open immersions (at least
after base change along the descendable map Y — Y9R/X) This is sufficient to conclude that
the relative Hodge cohomology of g can be calculated as in the Berkovich smooth case, i.e., via
Jx (Q@V/Z). Now, by the yoga of filtrations via sheaves on A(bp/Gm7 we see that the associated
graded on 1z (defined by &) is given by the graded Hodge cohomology of g. In particular, this
filtration is complete and exhaustive, and of length < d + 1. Altogether, we can conclude that
g: Y — YIR/X i5 descendable of index < d + 1. Indeed, as the unit 1yar/x has a filtration with at
most d+ 1 non-zero gradeds given by objects pushed forward along g, one checks that the d+ 1-fold
composition of maps in D(YdR/ X)), whose pullback to Y is zero, vanishes. Applying this to the
map fib(lyar/x = ¢«(ly)) — lyar/x shows the claim. O

Over fields, we can improve Proposition [5.4.4] to the non-smooth case by dévissage.

Proposition 5.4.5. Let K be a non-archimedean field, which is qfd over Q,, and let X/K be a 1-

rigid space of Krull dimension < d. Then the map f: X — X/K s prim and descendable of index
< (d+1)(d+2)
= 2

field K.

. The same holds for the relative big de Rham stack and an arbitrary non-archimedean

Proof. We follow the proof of [RC24al, Theorem 5.4.1] keeping track the descendability index. First,
we can assume without loss of generality that X is a reduced f-rigid space. By [Con99, Lemma
1.2.1] we can find a filtration of X by Zariski closed subspaces X = Zyp D Z; D -+ D Zg with
C; := Z;\Z;+1 such that the reduced f-rigid space structure on C; is Berkovich smooth over K of
dimension < d. In particular, by Proposition each map C; — CI® is descendable of index
< d. If XTei is the overconvergent neighbourhood of C; in X, the factorization C; — XToi — C’?R
also shows that XT¢i — C4R is descendable of index < d+ 1. The proposition follows by induction

from Lemma below using that (d+1)+d+...+1= Mw, O

Lemma 5.4.6. Let C be a stable symmetric monoidal category and let 1 — A be an idempotent
algebra. Let j*: C — C(U) := C/Moda(C) and *: C — C(Z) = Mod 4(C) be the pullback functors
along the open and closed localizations defined by A respectively. Let B € CAlg(C) be a commutative
algebra such that j* B is descendable of index < e and *B is descendable of index < d. Then B is
descendable of index < e+ d.

Proof. Let K = fib(1 — B) and consider the fiber sequence
Ji'K — K — 1," K.
By assumption and [Man22, Definition 2.6.7], we know that

JFK®C — 1y
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and
L*K®d — lZ
are zero. Consider the commutative diagram for f € N

G K —— KO KT

| | |

Iy 1 Lxlz

Taking f = d the composite K®% — 1 — 1,15 is homotopic to K®% — 1,1* K®? — 1,1, which is
zero, and so K®? — 1 factors through K®? — ji1;;. Tensoring with K®° we get the composite
map

K®dte  jK®° 5 jily — 1

which is zero, proving that B is (d + e)-descendable as wanted. O

Remark 5.4.7. Let X be a complex manifold of dimension d. By analytic Riemann—Hilbert
(JSch24bl Theorem I1.3.1]) X9B 22 X(C)petsi (with the Betti stack taken over Cgas). Now, the
Poincaré lemma provides an exact complex

0+C—O0x = 0ge— ... = Qe =0

of sheaves on X (C), i.e., of quasi-coherent sheaves on X (C)petti, which resolves the unit C by
Ox-modules. As Ox = g.1 for g: X — X% we can deduce that g is prim and descendable
of index < d + 1. We note that the proof of Proposition [5.4.4] works in this way as well, and
the corresponding object to & would incorporate the naive (or Hodge) filtration on the de Rham
complex (seen as an object in D(X (C)peei xc Ag™/ )

Lemma 5.4.8. Let (X,)nen be a projective diagram of derived Berkovich spaces such that, locally
on a strict cover of Xo, all maps are affine. Let Xo = limn X, be the limit in the category of
derived Berkovich spaces, then Xy = @n Xy, in the kernel category Kp q, of Gelfand stacks over
Qp.

Here, Kp g, denotes the kernel category ([HM24, Definition 4.1.3.(b)]) associated with the 6-
functor formalism D(—) on Gelfand stacks.

Proof. All the transition maps f,,_n: Xm — X, are prim by construction, and we have an iden-
tification fi—nt = fm—sn,«. By [HM24, Proposition 4.3.3] and proper base change, it suffices to
show the lemma locally in the analytic topology of X,, (for a fixed n), and by taking a strict closed
cover assume that X, and so all the X,,, for m > n are affinoid. Set X,, = GSpec(4,) with
n € NU{oo} so that A, = lim A,,. By [HM24] Definition D.4.1], to show that X, = lim X, in
the kernel category, we have to show that for all Gelfand rings B over Q, with Z = GSpec(B) one
has that
FunKDQp (Z,X) — &iLnFunKD@p (Z,X,)

is an equivalence. This amounts to proving that

D(Z ><GSpec(Qp) Xoo) — @D*(Z XGSpec(Qp) Xn)

where the transition maps are given by lower *-functors. This translates to the fact that the functor
A — D*(A) from AnRing — Pr’ commutes with colimits which is true (JRC24D), Proposition
4.1.14]). O

Proposition 5.4.9. Let X3 = @n X7 be a gfd arc-stack over Q, obtained as the limit of partially

proper rigid spaces of dimension < d for a fized d and affine transition maps. Then X, — XIF
is a descendable cover and X3R = @n X3IR in the kernel category Kp,aspec(@,)-

Proof. Let X, = @n X,, be the limit as Berkovich spaces, then X, — X3F is prim, and we
have to show that this map is descendable. Since each X, is a partially proper rigid space of
dimension < d, we have that f,: X, — XSR is descendable of index < a := W thanks to
Proposition Let gn: X3® — XIR then g f,,..1 € D(XE) is descendable of index < a, and
by taking colimits [Man22| implies that h%mn g fn.«1 is descendable of index < 2a. On the other
hand, Lemma shows that X, = I&nn X, in the kernel category over GSpec(Qy), hence, if we
denote foo: Xoo — XIF, one deduces that foo .1 = h_I)nn gy fn.«1, proving that fo, is a descendable
cover as wanted.
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Next, for the equivalence XdR = lgln XJIR in the kernel category we apply Lemma [5.3.1

Condition (a) of the lemma is automatic, condition (c) holds thanks to the map X, — XX,
finally, condition (b) follows from Proposition after passing to a strict closed cover of Xy. O

As a consequence, we deduce that perfect modules on de Rham stacks have a natural ¢-structure
with heart given by vector bundles.

Proposition 5.4.10. Let X be a qfd arc-stack over Q,, then the category Perf(XR) of perfect
modules on the de Rham stack of X has a natural t-structure such that if f: GSpec(A) — XIR js
a map from a static qfd affinoid Gelfand, the pullback along f is t-exact. Furthermore, the heart
of Perf(XIR) is the category VB(XR) of vector bundles on X,

Proof. By descent it suffices to show the statement in the case that X = M,,.(A) for a qfd Gelfand
Qp-algebra A (as each morphism from GSpec(A) to a de Rham stack will factor over the canonical
map GSpec(A4) — Ma(A)IR). Moreover, it suffices to show the claim !-locally on A, i.e., the
existence of the t-structure as well as the exactness of pullback.

We first claim that if X = GSpec(A) for a qfd Gelfand ring A, then the unit of XI® is a
compact object in D(X9R) (this implies that each perfect module, aka dualizable object, on X® is
compact). This is true for X° replaced by a closed disc, and hence it suffices to show for a countable
inverse limit Y, = I&nn Y, — Y of gcgs quasi-pro-étale maps of qfd arc-stacks, the pushforward

fo: YAR 5 VAR preserves colimits. By Theorem we may assume that Y is qfd and strictly
totally disconnected. Then Y., — Y is a countable inverse limit of finite étale maps (using that
it is an inverse limit of qcgs maps), which then implies that for any qfd affinoid Gelfand ring B
with a map GSpec(B) — Y the fiber product YR xy-ar GSpec(B) is represented by a countable
pro-finite étale B-algebra B.,. In particular, the s-pushforward along GSpec(By,) — GSpec(B)
preserves colimits. As it also commutes with base change, the claim follows.

Knowing that each perfect module on X9® is compact (for X = GSpec(A) with A a gfd Gelfand
ring), implies that perfect modules on X% can be approximated by perfect modules on X{® with
X; — GSpec(Q,) étale over some open in an affine space, at least over a !-cover of GSpec(A).

Indeed, there exists a quasi-pro-étale morphism M..(A4) — Aéj factoring over some disc Déf’”o,

and after replacing GSpec(A) by the pullback of GSpec(A4) — Dé’r along a descendable morphism

Y — ]D)é’fr with Y strictly totally disconnected (Proposition , we can find a presentation
of X = X as in Proposition m (namely, one uses that a quasi-pro-étale morphism over YV
is pro-finite étale). This implies that D(X®) is the filtered colimit along *-pullback of D(XF)
for such X;. Now for X; a partially proper smooth rigid space over Q,, it is classical that an
algebraic D-module on X;, which is coherent as an Ox,-module, is a vector bundleﬁ Applying
this to the top cohomology of a perfect module, and induct, shows that for any perfect module
P on X@R its pullback @ to X; has all cohomology objects given by vector bundles. This implies
that the truncations of @ descend to X{®, and hence define the desired ¢-structure (we note that
the pullback of perfect modules whose cohomology objects are vector bundles preserves with the
truncations). O

The following proposition is useful to construct more !-able maps for the de Rham stack.

Proposition 5.4.11. Let X be a qcgs arc-stack over Q, with a quasi-pro-étale map X — A%:.
The following hold:

(1) There is a quasi-pro-étale cover Mayc(A) — X with A a strictly totally disconnected nilper-
fectoid ring such that:
e The morphism GSpec(A) — Marc(A)® is prim and descendable.
e The composite map GSpec(A) — Moy (A)IR — X9R is prim and descendable.
(2) Let f: Y — X be a!-able map of qfd arc-stacks which is an arc-cover, then f satisfies
universal D* and D'-descent, for the 6-functor formalism on de Rham stacks. If in addition
Y = Maw(B) with B a qfd separable Gelfand ring, then fi®1 is descendable.

Proof. Let us prove (1). By definition, there is a quasi-pro-étale map X — A%;:. Since X is qcgs,

. . . ow=d, . —=d,o . .
after rescaling we can assume that it factors through the closed disc ]D)@:. Since DQ: is finite
dimensional, using Proposition [3:2.10| we can find a Berkovich pro-étale descendable morphism

GSpec(B) — DG="!

34Here, we are implicitly using that, for X a partially proper rigid space over Qp, there is a natural fully faithful
embedding of D(XIR) into the category of quasi-coherent sheaves on the algebraic de Rham stack of X, cf. [RC24al,
Proposition 5.2.11], which preserves perfect modules.
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with M,,.(B) totally disconnected. Since this morphism is Berkovich pro-étale, it is {-formally

. —d,dR .
étale and thus, since the map Dé’fl — ]DDQp is a descendable cover thanks to Theorem 4.7.14

we deduce that GSpec(B) — M,.(B)F is also a descendable cover by base change. Replacing B
by a further ind-finite étale algebra, we may even assume that B is strictly totally disconnected,
see Proposition m Thus, since M,,(B) is strictly totally disconnected, the fiber product
X Xgao Mo (B) is pro-étale over M,,¢(B), and so it can be written as a countable inverse limit
of Maye(B;), with B — B; finite étale (using [Sch24al Lemma 4.5] and the fact that finite étale
B%-algebras lift uniquely to B, by Proposition . Define

B’ =lim B;.
=

Since B’ is ind-finite étale over B, the morphism GSpec(B’) — GSpec(B’)® is again a descendable
cover, proving the first item. Moreover, we claim that M ..(B)I% — (ﬁé’:)dR is descendable. By

pullback, this will imply that MarC(B/)dR — X IR is descendable, and so by composition the map
GSpec(B') = M (B — X9R will also be descendable, proving the second item as well. To

—d,
prove the descendability of M,,.(B)® — (ID)Q':)dR, since we have a commutative diagram

and since Dé’fl — (ﬁ(dgf:)dR is descendable, it is enough to see that GSpec(B) — Dé’fl is descend-
able, but this follows from its construction.

Finally, we apply Proposition (1). This produces a descendable cover B’ — A, which is
an isomorphism on uniform completions and satisfies (A)T~"4 = A* = B"“. Since B’ — A is
descendable and an isomorphism on uniform completions, we see that the morphisms GSpec(A) —
M (AR = Mo (B and Mo (A)R — X9R are descendable. Finally, Lemmaimplies
that A is nilperfectoid.

Now we prove (2). Since f is an arc-cover, there is an arc-cover Y’ — X from a gfd strictly
totally disconnected perfectoid space and a factorization Y/ — Y — X. Thus, we can assume
without loss of generality that X is itself gfd strictly totally disconnected. By Proposition
f® is proper, so it suffices to show that fd®1 is descendable in XI®. Using part (1), we can
assume without loss of generality that X = M,,.(A) is strictly totally disconnected nilperfectoid
ring.

We are then reduced to proving the claim whenever Y — M, (A) is an arc-cover of gfd strictly
totally disconnected perfectoid spaces, with A a nilperfectoid ring with GSpec(A4) — M. (A)9R
a descendable cover. By Lemma we can assume that Y = M,..(B) with A — B a map of
Gelfand rings that can be written as a sequential colimit of rational localizations of affine spaces over
A. Since Y — M,,(A) is qfd, we can uniformly fix the dimension of the affine spaces using a fac-
torization Y — A?\fm-c(A) — Mare(A), so that the map GSpec(B) — M. (B)IR/GSpec(4) remains
descendable by looking at the Hodge filtration of the de Rham complex, like in Proposition
As GSpec(A) — Marc(A)IR is descendable, the composite GSpec(B) — My (B)IR/GSpec(4)
Mo (B)R is also descendable. In total, we have a diagram

GSpec(B) — GSpec(A)

| |

Marc(B)dR — Marc(A)dR

where the vertical maps are descendable, A is strictly totally disconnected nilperfectoid, and A — B
can be written as in Lemma [£.8:2] Thanks to Lemma [£.84] the map A — B is descendable, and
then 50 is M (B)® — Mo (A)R as wanted. a

Remark 5.4.12. The proof of Proposition[5.4.11] (1) shows the following: let X be a qcgs arc-stack
over Q, with quasi-pro-étale map X — ﬁ%’:. Then there is a Berkovich pro-étale map GSpec(B) —
Dé’fl with B strictly totally disconnected (denoted B’ in the proof of Proposition [5.4.11)), and a
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factorization of arc-stacks

Marc(B)

L™

X gt
where the map M,,(B) — X is pro-étale. In particular, B is {-formally smooth (cf. Lemmal4.7.8)),
and the map GSpec(B) — M e(B)R is prim and descendable (by the proof of Proposition
(1)), and then so is the map GSpec(B) — X, If X = M,.(4) is affinoid, writing M ..(B) =
lgli/\/larc(/li) as a countable limit of étale maps of arc-stacks, with A — A; its corresponding
Berkovich étale map, we have a fiber product

GSpec(@i A;) — GSpec(A)

! |

Marc (B)dR - MarC(A)dR‘

Finally, for general X, thanks to Proposition the Cech nerve of the map GSpec(B) — X IR
is given by the overconvergent neighbourhood of the closed immersion M, (B)*/* — M,..(B®) in
GSpec(B®), where GSpec(B*) is the Cech nerve of GSpecB over Q,, and M. (B)*/¥ is the Cech
nerve of Ma..(B) — X. Since M,o(B) — X is pro-étale and M,,.(B) is totally disconnected,
the simplicial space ./\/larc(B)°/ X consists of strictly totally disconnected affinoid perfectoids with
pro-étale transition maps. Hence, we have that

GSpec(B)*/ X" = GSpec(BI/™)

where BY/* is a cosimplicial ring of strictly totally disconnected Gelfand rings with Berkovich

—d
ind-étale transition maps (even ind-finite étale), which are Berkovich pro-étale over the disc DQP'
We conclude that

(5.4.2) X = |GSpec(B/¥)|.

5.5. de Rham stacks and nuclearity. We explain how to define a notion of (locally) nuclear
quasi-coherent sheaves on de Rham stacks, and some of their stability properties. Besides its
independent interest, the results established here will be used in the proof of arc-hyperdescent for
the analytic de Rham stack in the next subsection (Section . But since this section is rather
technical, we point out that little of it is used in the rest of the paper (only in the proofs of
Theorem and Proposition . We will make use of the basic results on nuclear modules
recalled in Appendix [A]
The following lemma gives some permanence properties of nuclear algebras in Gelfand rings.

Lemma 5.5.1. Let GelfRing"™ C GelfRing™ C GelfRing be the full subcategory of basic nuclear
and nuclear Gelfand Qp-algebras respectively. The following hold:

(1) GelfRing™™ is stable under colimits in GelfRing. Similarly, GelfRing"™ is stable under
countable colimits in GelfRing.

(2) Let r € R>g. Then the algebra of overconvergent functions Qu(T)<, of radius r lies in
GelfRing"™uc.

(3) GelfRing™® and GelfRing"™ are stable under rational localizations.

Proof. Part (1) follows from the stability of nuclear objects under colimits and under tensor prod-
ucts, Lemma Part (2) follows from the observation that Q,(T")<, is a light DNF space (see
Definition [A.0.10, Lemma |A.0.11)). Part (3) follows directly from the previous two items. O

Using the permanence properties of (basic) nuclear Gelfand algebras of Lemma the descent
of Lemma [A70.13] and the general definition Definition we can define a suitable category of
nuclear Gelfand stacks together with suitable full subcategories of locally nuclear modules.

Definition 5.5.2. Let GelfRing'® C GelfRing,, be the full subcategory of separable nuclear

w

Gelfand rings. We define the category of nuclear Gelfand stacks to be
GelfStk™ := AnStk((GelfRing'*)°P).

w1
Similarly, we let
GelfStkafd-mue — AnStk((GelfRingdd:mue)op)
denote the category of ¢fd nuclear Gelfand stacks (here GelfRing™®™¢ denotes the category of
nuclear Gelfand rings, which are additionally qfd). Given X € GelfStk™, we let Nuc'®(X) C
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D(X) be the full subcategory of modules whose pullback along all maps GSpec(4) — X with
A € GelfRing]'® is a nuclear A-module (resp. for X a gfd nuclear Gelfand stack).

w1

Remark 5.5.3. Let X € GelfStk™°. Thanks to the descent results of Lemma[A.0.13] the category
Nuc'®“(X) is a sheaf on nuclear Gelfand stacks, and if X = GSpec(A) is affinoid nuclear then
Nuc(X) = Nuc(A). On the other hand, thanks to the stability of nuclear modules along pullback
maps (by definition) the full subcategories Nuc'®®(X) € D(X) are stable under pullbacks.

Thanks to Remark [5.5.3] we know that *-pullback maps along nuclear Gelfand stacks preserve
locally nuclear objects. It is natural to ask whether !-pullbacks or */!-pushforwards preserve locally
nuclear objectsﬁ We can prove some stability results in that direction, allowing one to change
the source and the target.

Lemma 5.5.4. Let f: Y — X be a morphism of nuclear Gelfand stacks.

(1) Letg: Y’ — Y be an epimorphism with Cech nerve Y'»*. Suppose that X is corepresented by
a nuclear Gelfand ring and that *-pushforward along Y™ — X for each [n] € A preserves
locally nuclear objects. Then f, preserves locally nuclear objects.

(2) Suppose that f is !-able and that there is an epimorphism X' — X of nuclear Gelfand
stacks with pullback f':Y' =Y xx X' — X’ such that f| preserves locally nuclear objects.
Then fy preserves locally nuclear objects.

(3) Let g: Y — Y be a D'-cover with Cech nerve Y'**. Suppose that locally nuclear sheaves
satisfy D'-descent along g (in particular, they are stable under upper ! and lower !-functors
for the maps Y'"* =Y and Y™ = Y""™ for a: [m] — [n] in A). Then the following hold:

(a) The functor f': D(X) — D(Y) preserves locally nuclear objects if and only if the
functor (f o g)': D(X) — D(Y") preserves locally nuclear objects.

(b) The functor fi: D(Y) — D(X) preserves locally nuclear objects if and only if (f o
9)h: D(Y') = D(X) preserves locally nuclear objects.

(4) Suppose that X = GSpec(A) is nuclear affinoid. Suppose we are given a morphism g: Y’ —
Y satisfying universal D*- and D'-descent, with Cech nerve Y'*, and such that Y'* =
GSpec(B,) is nuclear affinoid. Then the following hold:

(a) f« preserves locally nuclear objects.

(b) If the rings Be are basic nuclear Q,-algebras, then locally nuclear objects satisfy !-
descent along g, and g, preserves locally nuclear objects. If in addition A is basic
nuclear, both fi and f' preserve locally nuclear objects.

Proof. (1) By construction, locally nuclear sheaves are stable under *-pullbacks of nuclear Gelfand
stacks. Since f is an epimorphism, we have that

D(Y) = Tot(D*(Y'*)).
Let g*: Y"* — Y. Then, we have an equivalence of functors D(Y) — D(X)

fu(=) = Tot((f © g°)+(9°)" ().
The preservation of locally nuclear objects by f. then follows from the preservation of locally

nuclear objects of (f o g*). and Lemma
(2) By construction, locally nuclear sheaves satisfy descent along epimorphisms of nuclear

Gelfand stacks. Hence, an object M € D(X) is locally nuclear if and only if its pullback to
D(X’) is so. The statement follows from proper base change.
(3) By assumption, the equivalence of categories

D(Y) = Tot(D'(Y"*))

restricts to an equivalence on locally nuclear objects. Moreover, an object M € D(Y') is locally
nuclear if and only if its upper -pullback in D(Y”) is locally nuclear. This proves part (3.a) of the
statement. For part (3.b), let g*: Y"* — Y, it suffices to note that there is a natural equivalence
of functors D(Y) — D(X)
lim (fog*)g™ = fi,
[n]eAer

and that locally nuclear objects are stable under colimits.

(4) Part (4.a) follows from Part (1) and Lemma For part (4.b), we want to see that the
natural equivalence

(5.5.1) D(Y) = Tot(D'(Y"*))

35We note that, similarly to Remark , we can talk about !-ability etc. of nuclear Gelfand stacks.
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along upper -morphisms preserve locally nuclear modules. Once we have proven this, (4.b) will
follow from (3), Lemma for lower-! and Lemma for upper-!. By Lemma and
since the terms Y”* are affinoids represented by basic nuclear algebras, the right hand side term
of leaves stable the categories of nuclear modules. Hence, it suffices to show that an object
M € D(Y) is locally nuclear if and only if ¢! M € D(Y”’) is nuclear. Since g satisfies universal
x-descent, we know that M is nuclear if and only if g* M is nuclear, and by applying (2) and (1),
we deduce that g, preserves locally nuclear objects (note that g1 = g, because g is represented in
affinoid Gelfand rings). This implies by !-descent that M is locally nuclear if g' M is nuclear.
Now, consider the pullback diagram

Y/,o+1 a(') Y/,o

J/g/‘. J/g'
vV —f Y
where af : [n] — [n+1] is the inclusion in the last n terms. Let M be a locally nuclear module over

Y with associated cocartesian section (M,,), € D(Y"*) (and upper *-functors). Then by proper
base change (for upper ! and lower * functors) we have that

g'M = g(Tot(g2 M.)) = Tot(g:*af' M.).

*

If M is locally nuclear, we deduce that g'M is nuclear by a combination of Lemma for 045’!,
Lemma, for ¢5* and Lemma for the totalization. O

For future reference we need an analogue of Lemma [5.5.4] for wi-compact objects.

Lemma 5.5.5. Let f: Y — X be a morphism of Gelfand stacks. The following hold:

(1) Suppose that f is an epimorphism and that its Cech nerve Y* — X is corepresented by
basic nuclear Gelfand Qp-algebras. Then wi-compact objects are stable under f*, f. and
satisfy D*-descent along f.

(2) Suppose that there is an epimorphism g: X' — X as in (1). Let f': Y’ — X' be the base
change of f along g. Suppose that f is !-able, then fi preserves wy-compact objects if and
only of f! does.

(8) Suppose that there is an epimorphism Y' — Y as in (1) and let f': Y — X. Then f*
preserves wi-compact objects if and only if f"* does so.

(4) Suppose that X is the spectrum of a basic nuclear Gelfand Q,-algebra and that there is an
epimorphism g: Y' —Y asin (1). Then f* and f. preserve wi-compact objects.

Proof. (1) Since f is an epimorphism, we have that
D(X) = Tot(D*(Y*))
along *-pullback maps. In particular, we have for M, N € D(X) that
Homx (N, M) = Tot(Homy« (N,, M,))

where No, M, € D(Y*®) are the corresponding pullbacks of N and M respectively. This implies
that if N € D(X) is such that f*N is wj-compact, then so is N. Conversely, since f is prim (it
is represented in affinoid stacks), f, preserves colimits, and if M € D(X) is wy-compact then so is
f*M € D(Y). From this one deduces *-descent for wi-compact objects along Y — X. It is left
to show that f, preserves wi-compact objects. By the previous discussion, it suffices to show that
f* f« preserves wi-compact objects, by proper base change along the pullback pr;: Y xxY — Y the
functor f* f. is naturally equivalent to pry ,prj, is is a composite of a pullback an forgetful functor
for basic nuclear rings. The preservation of wi-compact modules follows from Lemma

(2) This follows from the D*-descent of wi-compact modules along g of part (1), and by proper
base change for fi.

(3) This follows from the D*-descent of w;-compact objects along Y’ — Y of part (1).

(4) By (1), the functor g* reflects wi-compact objects. Hence, f* preserves wy-compact objects
if and only if (f o g)* does so, but this is a base change along basic nuclear algebras and the claim
follows from Lemma[A.0.3] On the other hand, for proving that f. preserves w;-compact objects,
let g*: Y* — Y be the Cech nerve of g. By assumption the terms Y”’>* are corepresented by basic
nuclear Gelfand Qp-algebras. On the other hand, we have an equivalence of functors D(Y) — D(X)
given by

fi =Tot((f 0 g%)+g*"(-)).
By (1) we know that g** preserve wi-compact objects, and by Lemma so does the forgetful
functor (f o g*).. Since wi-compact objects are stable under countable limits, we deduce that f.
preserves wi-compact objects as wanted. O



ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES 81

We apply these general considerations to analytic de Rham stacks. There are evident pullback
morphisms of co-topoi

GelfStkafdmue I o Gejgspnue

! |

(5.5.2) GelfStk4™® — GelfStk

| jw
ArcStk¥d — 5 ArcStk.

Thanks to the proof of Proposition and the fact that Banach Q,-modules are nuclear (Ex-
ample , the category of nuclear Gelfand rings admits a basis by nuclear nilperfectoid rings,
and the category of qfd nuclear Gelfand rings admit a basis by nuclear nilperfectoid strictly totally
disconnected rings. Hence, we can define a de Rham stack (—)3m¢: ArcStkd™ — GelfStk4fdmue a5
the right adjoint of the perfectoidization (—)°™: GelfStk4 ¢ 5 ArcStkd™. Concretely, the func-
tor (—)4Rnu¢ sends an arc-stack X to the functor sending A a separable qfd nilperfectoid strictly
totally disconnected nuclear Q,-algebra to the anima X (Af~r*d) = X(A"). We have proven the
following:

Proposition 5.5.6. Let f.: GelfStki™ — GelfStk4 ™ pe the geometric morphism of co-topoi
arising from the inclusion of qfd nuclear Gelfand rings in qfd Gelfand rings. We have a natural

commutative diagram
( )dR

ArcStkdd ——1 5 GelfStkafd

Hdm lf*

GelfStka e

dR.nue gonds epimorphisms of qfd arc-stacks to epimorphisms of qfd

Moreover, the functor (—)
nuclear Gelfand stacks.

Proof. The first statement follows by passing to right adjoints in the left column of . The
fact that (—)%1u¢ sends epimorphisms to epimorphisms follows from the fact that X4®:21¢ sends
A a separable qfd nilperfectoid strictly totally disconnected nuclear Q,-algebra to the anima
X(At—red) = X (A%), and the same proof of arc-descent of Theorem after noticing that
all the constructions there leave stable the category of nuclear Gelfand rings. O

Later in Corollary we will prove that the de Rham and nuclear de Rham stacks are
essentially the same, in particular that they have the same category of quasi-coherent sheaves. In
preparation to that statement, let us prove this property for affinoid rings.

Lemma 5.5.7. Keep the notation of Proposition [5.5.0, Let A be a qfd Gelfand ring and let
X = M (A) be its associated arc-stack. Then the natural map of q¢fd Gelfand stacks

f*XdR,nuc N f*f*XdR N XdR
is an equivalence of Gelfand stacks.

Proof. Thanks to Lemma and the independence of de Rham stacks under uniform comple-
tions, we can assume without loss of generality that A = li . A, is a filtered colimit of rational
localizations of affine spaces. In that case A is f-formally smooth as in Definition [4.7.2] and by
Corollary and Proposition (2) we can write X R (resp. X4R:11¢) a5 the geometric real-
izations of the overconvergent diagonals of the Cech nerve of GSpec(A) — GSpec(Q,) in qfd (resp.
qfd nuclear) Gelfand stacks. The lemma follows since f* commutes with colimits, in particular
with geometric realizations, and since it is the identity in nuclear affinoid Gelfand stacks. ]

Finally, we prove stability properties of locally nuclear and w;-compact objects on de Rham
stacks under the six functors, Proposition [5.5.12] First, we establish the following useful criterion.

Lemma 5.5.8. Let X be a gcgs arc-stack over Q, with a quasi-pro-étale map X — ﬁg:. Let B be a
strictly totally disconnected qfd basic nuclear Qp,-algebra endowed with a !-cover h: GSpecB — X 4R
(c¢f. Remark . The following hold:
(1) The Cech nerve Y'* of h: Y = GSpecB — X9 consists of affinoid Gelfand stacks corep-
resented by basic nuclear Qp-algebras.
(2) wi-compact objects satisfy D*-descent along h. Moreover, h, preserves wi-compact objects,
equivalently, h' commutes with w -filtered colimits.
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(3) Locally nuclear objects satisfy D'-descent along h, and h. preserves locally nuclear objects.
(4) Locally nuclear objects on X are stable under countable limits.

Proof. The existence of the ring B is discussed in Remark [5.4.12] We proceed to prove the state-
ments (1) to (4).

(1) By Propositionthe Cech nerve Y'* of h is given by the overconvergent neighbourhoods
of /\/la]rC(B)‘/X<> C Mo (B®) in GSpec(B*), where /\/larC(B)’/X0 is the Cech nerve of Mpe(B) —
X°, and GSpec(B®) is the Cech nerve of GSpecB — GSpec(Qy). In particular, for all morphisms
a: [n] = [m] in A, the associated map «: Y™ — Y™ is quasi-pro-étale at the level of arc-stacks,
and since Y is strictly totally disconnected, it is actually pro-étale. In particular, for any map
a: [0] = [n], the map a: Y™ — Y° can be written as a countable limit of finite étale maps, and
the pullback Y™ = Y Xyar YR is a countable limit of finite étale maps over Y, proving the
claim.

(2) This follows by Lemma (1) and part (1) above.

(3) This follows from Lemma (4.b) and part (1) above.

(4) The stability of locally nuclear objects under countable limits follows from part (3), the
commutation of k' with limits, and the stability under countable limits of nuclear modules of

Lemma [A.0.8 (Il
Before addressing the general case of Proposition [5.5.12] we prove the qcgs case.

Lemma 5.5.9. Let f: Y — X be a morphism of qcqs arc-stacks over Q, admitting quasi-pro-étale
maps to finite dimensional affine spaces over Q. Let fi®: YR — X9IR pe jts associated map of
de Rham stacks.

(1) The functor f3%' preserves locally nuclear objects and commutes with wy -filtered colimits.

(2) The functor fi® = fdR preserves locally nuclear objects and wi-compact objects.

(3) The functor fAR* preserves wi-compact objects.

In particular, if f is an arc-cover, fI% satisfies D'-descent for locally nuclear objects, and D*-

descent for wy-compact objects.

Proof. By assumption on Y and X, we can find a commutative diagram of arc-stacks

—d+e, o
S ,
Y° —— Dy,

|

Xo Bl
P

where the horizontal maps are quasi-pro-étale, and the right vertical map is the projection map
onto the first d-components. By Lemma there is a strictly totally disconnected algebra A,
—d
Berkovich pro-étale over ]D)%fl, and a pro-étale cover of arc-stacks M,,.(A) — X° over ]D)Q’:, such
that GSpec(A4) — X% is a l-cover. Taking the base change Y'* = Y° X xo Mac(A), we have a
quasi-pro-étale map
—e,0

Y —-D, .
Following the same construction of Remark [5.4.12| relative to ﬁ:o, we can find a strictly totally
disconnected Berkovich pro-étale algebra B over ]D)i"'e’gl, and a pro-étale cover My.(B) — Y
of arc-stacks over ﬁi{o such that GSpec(B) — Y"9R is a l-cover. In total, we get the diagram

GSpec(B) —2— GSpec(A) x yar YIR 22, ydR

J{PH lde

GSpec(4) ——— xR

where g and h are prim and descendable, and such that B and A are basic nuclear Q,-algebras.
We now prove the statements of the lemma.

(1) By Lemma [5.5.4] (3.a) and Lemma (1), it suffices to show that basic nuclear objects
are preserved under the functor

g o (pry)' o f': D(XM) — D(B).

This functor is is naturally equivalent to Hom 4 (B, h'(—)). Let M € D(X9R) be locally nuclear, by
Lemma we know that h'M is a nuclear A-module. Then, as B and A are basic nuclear, we
see that Hom4 (B, h'M) is a nuclear B-module thanks to Lemma The commutation with
wi-filtered colimits will follow from the preservation of w;-compact objects in (2).
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(2) To prove that fiF = dR preserves locally nuclear and wi-compact objects, by Lemmam
(2) (for wi-compact) and Lemma [5.5.4] (2) (for locally nuclear), it suffices that locally nuclear
objects are preserved under the map

pry .- GSpec(A) X yar YR 5 GSpec(A).

Then, using Lemmal[5.5.5 (1) (for w;-compact) and Lemma[5.5.4] (1) (for locally nuclear), it suffices
to see that the forgetful functor D(B) — D(A) preserves wi-compact and locally nuclear objects.
This follows from Lemma and Lemma [A.0.7| respectively as both A and B are basic nuclear.

(3) By Lemma m (2) it suffices to show that the pullback along GSpec(B) — YR — xdR
preserves wi-compact objects. But this also factors as GSpec(B) — GSpec(A) — X% and by the
same lemma the pullback along GSpec(A4) — X R preserves w;-compact objects. Thus, it suffices
to see that the base change along A — B preserves wi-compact modules, but this is clear since
both A and B are basic nuclear Qp-algebras. O

Remark 5.5.10. Note that in general f!dR/ X does not preserve compact objects without further
assumptions on f (indeed, combined with the preservation in nuclearity of Lemma m@), that
would imply preservation of dualizable objects, which is not necessarily true).

In the following we say that a (derived) Berkovich space X is lgfd if the structure morphism
X — GSpec(Q,) is lgfd in the sense of Definition m

Lemma 5.5.11. Let X be a lgfd Berkovich space over Q, such that | X| admits a countable basis
of open subsets. The following hold:

(1) Let 1: Z — X be a closed immersion with Z and (“®: Z9® — XIR the morphism at the
level of de Rham stacks.
(a) 13%* preserves locally nuclear objects and wy-compact objects.
(b) IR preserves locally nuclear objects and wi-compact objects.
(c) 13! preserves locally nuclear objects and commutes with w -filtered colimits.
(2) Let j: U — X be an open immersion and j4®: UR — X IR pe the associated morphism of
de Rham stacks.
(a) 79%* preserves locally nuclear objects and wy-compact objects.
(b) jd® preserves locally nuclear objects and commutes with wi -filtered colimits.
(c) deR reserves locally nuclear objects and w1-compact objects.
(3) Write X =J,, Zn as a countable union of closed subspaces with inclusions tn: Zy, — X,,.
Let M € D(XIR).
(a) M is wy-compact if and only if L%ib‘flR’*M is wi-compact for all n € N.
(b) M is locally nuclear if and only if L;{fibng‘M is locally nuclear for oll n € N, if and
only if 138> M s locally nuclear for all n € N.
(4) Write X =, U, as a countable union of open subspaces with inclusions jn: U, — X,,.
Let M € D(X4R).
(a) M is wy-compact if and only ifjg}?jSR’*M is wi-compact for alln € N.
(b) M is locally nuclear if and only ifjg%ng’*M is locally nuclear for all n, if and only
if jg}’;ng’*M 18 locally nuclear for all n € N.

Proof. (1) We prove the items in order.

(a) Tt is clear that :*9® preserves locally nuclear objects. The fact that it preserves w-compact
objects follows from the fact that its right adjoint (3% commutes with colimits.

(b) Consider a strict cover X = (J;c; C; by closed affinoid subspaces of X with inclusions
fi: C; — X, and I a countable set. To see that ({® preserves nuclear objects, it suffices to
see that fid R’*LfR preserves nuclear objects for all i € I. By proper base change this reduces
to the case when X is itself affinoid and Z C X is a closed subspace, and then follows from
Lemma (2). (Note that this part does not use the countability assumption on I.) To
see that (I® preserves w;-compact objects, since I is countable, part (1.a) shows that an
object M € D(X ) is w;-compact provided that M|c, is wi-compact for all C;. Thus, by
proper base change again, we can assume without loss of generality that X is affinoid in
which case it follows from Lemma [5.5.9 (2).

(c) The fact that (4®' commutes with wi-filtered colimits follows from the fact that its left
adjoint +2® preserves w;-compact objects, cf. (1.b). To see that (3% preserves locally
nuclear modules, consider a strict cover of X = [, C; as in part (1.b). By parts (1.a) and
(1)b), t4%! preserves locally nuclear objects if and only if (2R,9R+! preserves locally nuclear
objects: indeed, one implication is a direct consequence of (1.b) and for the converse
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implication, note that

JAR! _ dRyx dR dR,!
preserves locally nuclear objects if (38,98 does, by (1.a). By D*-descent of locally nuclear
objects, it suffices to see that the pullback ff R’*LfRLdR’I preserves locally nuclear objects
for all ¢ € I. Since the cover is strict, there is some strict inclusion

h:C;,cVcCy

with g: Y C X a closed affinoid subspace, and j : V C X an open subspace. By proper
base change along V' C X, we have an equivalence of functors D(X}) — D(C4R):

dR,* dR, dR,! _ 7dR,* :dR,*,dR dR,!
i T = RSN

_ 7dR,x,dR (dR,* dR,!
=h lzavev)lzavezt

_ 1, dR,x dR dR,! -dR,*
=h Lzavevitzavev) :

where txcg: K — S is the inclusion along a closed map, and jycs: W — S is an inclusion
along an open map. Let ty: Y — X be the inclusion, note that after applying the functors
of the right term of to idyar — L?,iLf,R’* we get an equivalence. Hence, without
loss of generality, we can assume that ¥ = X and we are reduce to prove the statement
when Y is gfd affinoid. This follows from Lemma 1).

(2) Let Z = X\U be the closed complement of U with inclusion ¢: Z — X.

(a)

(b)

It is clear that the pullback j9%* preserves locally nuclear objects. To see that it preserves
wi-compact objects, it equivalent to show that its right adjoint commutes with w;-filtered
colimits, this follows from (2.b) below.
We have a fiber sequence of functors in D(XF)

LR AR

. R .dR,
- ldXdR — % ) -

dR dR,*

Since (4R commutes with w;-filtered colimits by (1.b), and since (¢® and j preserve
colimits, we deduce that j9® preserves w;-filtered colimits objects. Similarly, since both
19IB and (2R preserve locally nuclear objects by (1), then so does j4R 4R Tt is left to see
that any locally nuclear object on UR arises as a pullback of a locally nuclear object on
X 4R This will follow if j!dR preserves locally nuclear objects which will be proved in (2.c)
below.

Let X = [U;c; Ci be a countable strict cover of X by rational subspaces. To see that
jB preserves locally nuclear objects it suffices to do it after pullback along C; — X.
Similarly, as I is countable, to see that j!dR preserves wi-compact objects it suffices to do
it after pullback along C; C X (using (1.a)). Hence, by proper base change we can assume
without loss of generality that X is qfd affinoid. Let GSpecB — X% be a l-cover as in
Lemma [5.5.8] as B is basic nuclear and strictly totally disconnected, the pullback of Z
gives rise to a pullback diagram

GSpecBy —— ZdIR

! |

GSpecB —— X 4R

where B — By is an ind-finite étale map since Z — X9R is quasi-pro-étale. In particular,
By is also basic nuclear. Let V' = GSpecB\GSpecBz be the open complement in GSpecB
and let f: V — GSpecB be the inclusion. To see that j; preserves locally nuclear objects
(resp. wi-compact objects), it suffices to base change along GSpecB — X R and therefore
it suffices to see that fi preserves locally nuclear objects (resp. wi-compact objects). We
can write V = |, GSpecB,, as a countable union of clopen affinoid subspaces of GSpecB
(as M(B) is light profinite any open subset is a countable union of clopen subspaces).
Hence, for M € D(V'), we have that

where f,: GSpecB,, — GSpecB is the clopen immersion, As the algebras B,, are basic
nuclear, Lemma [A.0.3] and Lemma[A.0.7] implies that fi preserves wi-compact objects and
locally nuclear objects as wanted.
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(3) Part (3.a) follows from the preservation of wi-compact objects under :*4® and ¢, qr under

closed immersions ¢: Z — X, and D*-descent for strict closed covers of quasi-coherent sheaves on

de Rham stacks. Similarly, part (3.b) follows from the preservation of locally nuclear objects along

the maps ¢', t* and ¢y, and the D* and D'-descent for strict closed covers of quasi-coherent sheaves
on de Rham stacks.

(4) This follows from the same argument as for (3). O

Proposition 5.5.12. Let f: Y — X be a morphism of locally qfd Berkovich spaces such that'Y
and X can be written as countable unions of qcgs Berkovich spaces. Let fAR: VIR 5 X IR pe the
associated morphism of de Rham stacks. Then the following hold:

(1) The functors fi®! f!dR, FAR and fAR* preserve locally nuclear objects. In particular, if
f is an arc-cover then locally nuclear objects satisfy D* and D'-descent.

(2) The functors fi%* and f!dR preserve wi-compact objects. In particular, if f is proper
w1 -compact objects satisfy D*-descent.

Proof. Thanks to Lemma locally nuclear objects on de Rham stacks satisfy D* and D'-
descent on closed and open covers of Y and X respectively. Similarly, wi-compact objects satisfy
D*-descent for closed covers and D'-descent for open covers. Thus, for the functors f% and f*4R,
we can localize both Y and X in the analytic topology and assume that they are qfd affinoid, in
which case the statement follows from Lemma For the functors fi® and fd® and locally
nuclear objects, we can use either D* or D'-descent on the target, and assume that X is qfd affinoid.
For _dR and wi-compact objects, we can use D*-descent and assume that X is affinoid as well.
Thus, without loss of generality let us assume that X is affinoid. Next, for the functor fIR, by
writing Y = (J,, ¥}, as a strict union of closed affinoid subspaces with interiors Y, still covering Y,,,
by D*-descent on Y, and the fact that wi-compact objects and locally nuclear objects are stable
under countable colimits, it suffices to consider the case Y = Y,, for some n. Hence, we can assume
that Y C Y — X is an open subspace in a qfd affinoid Y mapping to X. By Lemma (2.c),
the extension by zero along Y C Y preserves locally nuclear objects and w;-compact objects. It
follows from Lemma that f% does so. Finally, we prove that fI® preserves locally nuclear
objects. Since Y = (J,, Y5 and locally nuclear objects on Y satisfy D*-descent (Lemma
(3)), and locally nuclear objects on X% are stable under countable limits (cf. Lemma 4)),
it suffices to consider the case where Y = Y,,, i.e. when Y is qfd affinoid. In this situation the
proposition follows from Lemma [5.5.9 O

5.6. Arc-hyperdescent for the de Rham stack. In this subsection, we finally prove the
promised commutation of the formation of the de Rham stack with colimits, Theorem [5.6.6] The
key statement is the arc-hyperdescent of the formation of the analytic de Rham stack.

Theorem 5.6.1. Let X, — X be an arc-hypercover of ¢fd affinoid perfectoid rings over Q,. Then
the augmented simplicial diagram X% — XIR satisfies universal D* and D'-descent in qfd Gelfand
stacks. More precisely,

or all q elfand stacks and maps — , the pullback diagram X, —
1) for all gfd Gelfand stacks Y and Y — X the pullback d XY Ly

satisfies D*-descent, that is, the natural map
D(Y) — Tot(D(XS®/ YY)

is an equivalence, where the transition maps are given by x-pullback maps,
(2) for all Y € GelfStk%™ and maps Y — X the pullback diagram X®Y Ly satisfies

D'-descent, that is, the natural map
D(Y) — Tot(D'(XIR/YY)
is an equivalence, where transition maps are given by !-pullback maps.

A key ingredient in the proof of Theorem [5.6.1]is the arc-hyperdescent of de Rham cohomology,
that we will prove in Lemma [5.6.3]

Lemma 5.6.2. Let Y — X be a morphism of affinoid qfd Gelfand stacks and let U C'Y be an open
substack. Write Y = GSpec(B) and X = GSpec(A). Let f: U — X be the restricted morphism
and fIR/X . UIR/X 5 X the induced morphism on the relative Rham stack. Finally, suppose that
A is static and that any rational localization of affine spaces A% remains static (e.g., A could be a
filtered colimit of qfd sous-perfectoid rings). Then ffR/Xl and f!dR/Xl are coconnective.

Proof. By Lemma[f.8:2) we can assume without loss of generality that B is {-formally smooth over
A, and that it can be written as a sequential colimit B = h_n>1n B,, with B,, a rational localization
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over an affine space over A. In particular, B and its Cech nerve A — B® over A remain static. Let
B*T be the simplicial ring of overconvergent neighbourhood of the diagonal of the Cech nerve of
Y — X. Notice that by the assumption on A, the ring B* is static. Let Z = Y'\U be the closed
complement. We can write Z = (,, Z, as a countable intersection of closed subspaces Z,, which
are finite unions of rational localizations of Y. By Proposition (2) we have an equivalence
of Gelfand stacks
|GSpecB®T| = YIR/X,
Thus, if U® C GSpecB* T are the preimages of U, we have that
|U.‘ — UdR/X.

In particular, we have an isomorphism in D(A)
dR/X1 = Tot(T(U*, 0))
which is clearly a coconnective object as each I'(I'(U*®, ©Q)) is coconnective.
On the other hand, we have fiber sequences of cohomology with compact supports

L(UIX,0) = T(YX,0) = lim T(Z3% X, 0).

Since T'(YIR/X ) is coconnective by the previous part, and the I‘(ZSR/ X, O) are coconnective

by the previous point after descending from a rational cover, we deduce that f!dR/ X1 is also

coconnective as desired. O

Lemma 5.6.3. Let Y, = Y be an arc-hypercover of qfd affinoid perfectoid rings over Q, and let A
be a static qfd Gelfand ring with a map X := GSpec(A) — YR, Suppose that rational localizations
of relative affine spaces A% over A remain static. Consider the relative de Rham stacks Y.dR/X of
Ye Xy X and let I‘(Y.dR/X, O) be the relative de Rham cohomology of Yo Xy X over X. Then the
natural map

(5.6.1) A = Tot(T(YSR/X 0))

is an equivalence.

Proof. By Lemma the de Rham cohomologies F(Y.dR/ X,(’)) are coconnective. Let n € N.
By the dual of [Lurl7, Proposition 1.2.4.5], for k < n there is a natural isomorphism of solid
Qp-modules

T i(Tot< (TYIX 0))) = 7_(Tot(@(YIVX 0))).

Let 37. be the n-coskeleton of the Aipn—subdiagram Ye. By [Lur09, Lemma 6.5.3.9] and the

arc-descent of the de Rham stack of Theorem [£:.8.6] the natural map of geometric realizations

|§~/.dR/ X| — X is an isomorphism and we have that

A = Tot(D(YS™X, 0)).
Hence, we deduce that for K < n
7k (A) = 74 (Tot(D(VS™™,0))) 2 7 (Tot<, (D™, 0))) 2 74 (Tot<,, (DY, 0))))
~ 1 (Tot (DY X, 0)))).

Since n was arbitrary, we deduce that the natural map (5.6.1]) is an equivalence, proving what we
wanted. 0

We will also need the following lemmata.

Lemma 5.6.4. Let d € N, d > 1. Let N,M be static A = Qu(Th,...,T4)<1-modules with N an
w1 -compact static A-module. Then for i > d + 2 we have

Ext} (N, M) = 0.

Proof. The morphism of solid algebras Q,[T1,...,Tq] — Qu(T1,...,Tu)<1 = A is idempotent.
Hence, we have (in the following the Hom’s are always derived)

Hom 4 (N, M) = Homg (7, . 1,)(N,M) = Homg (N, M) ®q,(1;,...74.5:.....54] Qo[T1, -, Tul[—d]
where the morphism Q,[Th,...,Ty,S1,...,5q4] — Qp[T1,...,T4] sends, T;,S; — T;, and the
QplT1,..., Ty, S1,. .., Sq4]-action on Homg, (N, M) is via the action of Q,[T1,...,Ty] on N, and the
action of Q,[S1, ..., Sq] on M. Therefore, to prove the claim, it suffices to show that Homg (N, M)

is concentrated in cohomological degrees [0,2]. The algebra A is wi-compact as a solid Q,-module
(e.g., being a light DNF space). Thus, N is an wi-compact solid Q,-module by Lemma
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Then, we can write N = li . N, as a countable colimit of finitely presented solid Q,-modules,
and by taking Rlim,, it suffices to show that for N finitely presented we have that Homg (N, M)
is in cohomological degrees [0,1]. In this case, N sits in a right exact sequence

QpulS'] = Qpo[S] = N —0

where S and S’ are light profinite sets. Now, by Lemma the image of Q, o[S'] in Q,[5] is
a light Smith space. Hence, after modifying S’, we can assume without loss of generality that we
have a short exact sequence

0— QpolS']— Qpu[S] — N — 0.
This implies that N has projective dimension < 1, and so that Home(N , M) is in cohomological
degrees [0,1] as desired. O

The following lemma improves on the previuos one.

Lemma 5.6.5. Let d € N and let f: GSpec(4) — Aép be a Berkovich étale map. Let N € D(A)Y
be a static wy-compact solid A-module, and let M € D(A)Y be an arbitrary static object. Then

Ext’y (N, M) =0
fori>d+ 2.
Proof. We can suppose without loss of generality that f factors through
D‘éfl = GSpec(Qp(T1, . .., Ta)<1).

When A = Qu(T4,...,Tu)<1 itself, we know the result by Lemma m Thus, it suffices to
show if A — B is a Berkovich étale map of Gelfand rings, N, M are static B-modules such that
Hom , (N, M)[k] is connective for some k € N, then Hom g (N, M)[k] is connective.

In this situation, the map of arc-stacks Ma,.(B) — M c(A) is étale, this makes the diagonal
map Mare(B) = Marc(B) X o (4) Mare(B) = Marc(B ®4 B) a clopen immersion. On the other
hand, since A — B is Berkovich étale, it is f-formally étale as in Definition and we have a
cartesian diagram

GSpec(B) — GSpec(A)
Mare(B)B —— Mpo(A)IER,
Similarly, we have that GSpec(B ®4 B) = Maw(B ®4 B)I® x

a cartesian diagram

(ayar GSpec(A). This produces

arc

GSpec(B) — GSpec(B ®4 B)

l l

Marc(B)dR — Marc(B &®a B)dR

proving that GSpec(B) — GSpec(B ®4 B) is a clopen immersion. Therefore, by considering the
corresponding idempotent element associated to Mayc(B) C Mac(B ®4 B), there is a B ® 4 B-
linear retract B — B ®4 B. Tensoring with N we have a retract of B-modules N = B®g N —
(B®a B)®p N =B®4 N, where B acts on the left tensor in B ® 4 N. Thus, the following map
admits a retract

Hom (N, M) — Homy(B @4 N, M) = Hom 4(N, M),

proving that Hom g (N, M)[k] is connective as desired. O
We are ready to prove the arc-hyperdescent of de Rham stacks.

Proof of Theorem[5.6.1 We keep the notation of the theorem. Consider the topos ArcStk%‘é and
consider the following functors
F: Perfd " — Cato,

and
G: Perfd ™" — Cato,

sending a qfd affinoid perfectoid My,c(A) over X to
F(A) = D*(Mare(A)® x yar V) and G(A) = D' (Mare(A)F X yar V),

where the transition maps for F' are given by pullback maps, and the transition maps for G are
given by upper -maps (notice that in the case of G the map M,..(A4)9® — XIR is l-able by
Proposition [5.1.4]). We want to prove that both F' and G are hypersheaves for the arc-topology on
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/—\rcStk%?. Thanks to Theorem (for *-pullbacks in F') and Proposition |5.4.11{ (for !-pullbacks

in G) we know that these functors are sheaves. Hence, by [Man22, Proposition A.3.21], it suffices
to show that for any hypercover X, — X by qfd affinoid perfectoids, the natural maps

(5.6.2) F(X) — Tot(F(X,)) and G(X) — Tot(G(X.))

are fully faithful.

By Remark (a variant of Proposition 1)), there exists a static qfd Gelfand ring A
and a prim and descendable map g: X’ = GSpec(A4) — X®. Hence the map g is of universal D*
and D'-descent (JHM24, Lemma 4.7.4]). Hence, to prove that are fully faithful, by D* or
D'-descent respectively, it suffices to prove it after base change along X’ — X% and assume that
we have a factorization Y — X’ — X IR,

Let fy: XgR/ Y 5 Y be the structural map. Fully faithfulness for the functor F' is equivalent
to the following: given M € D(Y') the natural map

(5.6.3) M — Tot(fn,«fr M)

is an isomorphism. Fully faithfulness for G is equivalent to the following: given M € D(Y) the
natural map

(5.6.4) lim  foif, M — M

[n]e Acp
is an isomorphism. Since the f, . are cohomologically proper we have f, . = fy,, and thanks to
proper base change the right terms of (5.6.3)) is equal to Tot(f, .1 ® M). Similarly, the left term
of (5.6.4)) is the geometric realization of the diagram

forfiM = foHom ganv (1, fLM) = Homy (fo 1, M) = Homy (fo .1, M).

Therefore, following the same argument of [HM24] Lemma 4.7.4 (iii)], to prove fully faithfulness
it suffices to prove that the cosimplicial diagram (fe «1)acr of commutative algebras in D(Y") is
pro-isomorphic to 1y, that is, the augmented cosimplicial diagram 1y — f, .1 is descendable. To
prove this, by base change, it suffices to prove it when Y = X’. Furthermore, by the construction
in Remark we can assume that A = hgrln A,, is a countable filtered colimit of Berkovich
étale maps over some fixed affine space Aép.

We want to prove the following claim:

Claim. Let Y = GSpec(A) as before and consider the cosimplicial diagram of relative de Rham
cohomologies F(X:j R/ v, O) in D(A). Then the tower of totalizations of the cosimplicial A-object
F(X.d R/ Y, 0) is pro-constant isomorphic to A.

To prove the claim, by Lemma [5.6.3] we know that
A = Tot(T(XSY o).

Furthermore, by the proof of Lemma the terms I‘(X:i R/ Y O) are coconnective A-modules,
and given k € N, the cofiber Qy

A — Tot<, (DX, 0)) = Qi
is (k — 1)-coconnective (i.e., sitting in cohomological degrees > k — 1). We want to show that

there is some k € N such that the map Qr — A[l] is zero in D(A). By Lemma 2) and

Lemma 2), the cohomologies F(XER/Y, 0O) are wy-compact A-modules. Thus, it suffices to
show that there is some k € N such that if IV is a static wi-compact A-module and M € D(A)Y is
arbitrary, we have Ext’ (N, M) = 0 for ¢ > k. Writing A as the colimit of the rings A,,, we have
that

I'&HHomAn(N, M) = l'glﬂomA(N ®a, A, M) = HomA(@N ®a, A, M) =Homua(N,M).

Hence, by taking derived R'lim, it suffices to show that there exists a uniform k¥ € N such that
Ext’y (N,M) =0 for i > k for N static A,-module. Since A, is Berkovich étale over Aép (with
d independent of n), the bound of the Ext groups follows from Lemma [5.6.5] This finishes the
proof. O

Theorem 5.6.6. The analytic de Rham stack functor (—)&: ArcStkg;1 — GelfStk s a pullback
of morphism of co-topoi, i.e., it is left exact and commutes with colimits. In particular, if Xe — X
is an arc hypercover of qfd arc-stacks, then the natural map | XI®| — X9IR is an equivalence.
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Proof. We only need to show that the de Rham stack functor (—)4®: ArcStk(‘éf;1 — GelfStk™ | which
is defined as the right adjoint of perfectoidization, commutes with colimits. This follows formally
from Theorem ﬁ as we explain now. Let ¢: PerfdOlfd ol — GelfStk4 ™! be the categories of qfd
perfectoid and nilperfectoid affinoid Gelfand stacks. The inclusion ¢ has a right adjoint given by
sending a nilperfectoid qfd Gelfand affinoid stack GSpec(A) to its uniform completion (equivalently,
to its perfectoidization) Moy (A%). Let f: GelfStkafdnil —, Perfdgf’aff be this right adjoint. Passing
to presheaves on anima, we get the following adjunction

I~ .
fd,aff ,ni
(5.6.5) P (Perfdd ") f<:> P(GelfStk il
Where the functor f* sends a presheaf Y': Perfd(%f:’aﬁ’()p — Ani to the presheaf on qfd affinoid
nilperfectoid Gelfand stacks given by f*Y(GSpec(A4)) = Y(A"), that is, f*Y = XpredR g the
analytic de Rham prestack. For X € P(GelfStk41) and A a qfd perfectoid ring, one has that

(f*X)(MarC(A)) = X(MarC(A)predR)~

Notice, however, that since we are using nilperfectoid rings, Mapc(A)P"R = M,..(A)IR for A
perfectoid, namely, its de Rham pre-stack restricted to nilperfectoid rings already satisfies !-descent.
We claim that the adjunction ([5.6.5)) restricts to an adjunction

i
ArcStkd . GelfStk .

This would imply that f* = (—)® preserves colimits as wanted. To show this, it suffices to prove
that f* sends a qfd arc-stack to a qfd Gelfand stack (resp. f. sends a qfd Gelfand stack to a
qfd arc-stack). The claim for f* follows from (the proof of) Lemma as any l-equivalence
of separable Gelfand rings induces an arc-hypercover on uniform completions. The claim for f,
follows from Theorem [5.6.11 O

Corollary 5.6.7. Keep the notation of Proposition 5.5.0. Let X € ArcStkad pe qfd arc-stack,
then the natural morphism of de Rham stacks

f*XdR,nuc — f*f*XdR N XdR

is an equivalence of qfd Gelfand stacks. In other words, the analytic de Rham stack X% admits a
natural refinement to a qfd nuclear Gelfand stack X" In particular, it has a well defined full
subcategory Nuc*®(X) € D(X) of locally nuclear objects.

Proof. The same argument as in the proof of Theorem [5.6.6] implies that the nuclear de Rham
functor

(—)aRmme: ArcSthd — GelfStka

commutes with colimits. Since the pullback map f*: GelfStk4 4™ — GelfStk%™ also commutes
with colimits, the corollary follows from the affinoid case of Lemma [5.5.7 O

Example 5.6.8. Let us give one useful consequence of the commutation of colimits of the de Rham
stack. Recall from Example that we have a left exact Betti realization of hypersheaves on
light profinite sets on qfd Gelfand stacks

(=)Betti : Shv(Prof) — GelfStkafd

given by the unique colimit preserving functor that sends a light profinite set S to Spetti =
GSpec(ClC(S, @p)). We also have a realization of hypersheaves on light profinite sets on qfd
arc-stacks

(=) Shv(Prof) — ArcStk
given by the same construction of Example The composition of @ with the de Rham stack

(—)dR: ArcStkf‘Qf;j — GelfStk9 is the unique colimit preserving functor that sends a light profinite

set S to ()R = Spetti (thanks to Example m (3) and Proposition (4)). Therefore, we
have a natural equivalence (—)pets; = (—) .

When composing along the left Kan extension GelfStk%™ — GelfStk, the composite functor
§I§/(Prof) — GelfStk factors through the Betti stack for condensed anima (—)getti: CondAni —
GelfStk, in particular, the 6-functor formalism of the de Rham stack contains all the !-able functors

of condensed anima of [HM24] Definition 3.5.17] for coefficients over a field in characteristic zero.



90 ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES

5.7. Cohomological smoothness of the de Rham stack of the punctured perfectoid disc.
We prove the cohomological smoothness of the de Rham stack of the perfectoid punctured open disc
in Proposition At first glance this might look surprising: inverse limits of cohomologically
smooth maps are rarely cohomologically smooth again (e.g., the uncompleted perfectoid open unit
disc is not cohomologically smooth). However, this result has to be expected to be true, e.g., in
comparison with the ¢-cohomological smoothness of positive slope Banach-Colmez spaces for ¢ # p.
Proposition 5.7.1. Let X = DX ¢ = lim o DX " be the open punctured pre-perfectoid unit disc

<—

seen as an arc-stack. Then, the map X IR

sheaf isomorphic to 1x[2].
Proof. We will apply the criterion of Lemma [5.3.1] Thanks to Proposition [5.4.9] we know that

DX = lim DR
<

TP

GSpec(Qp) s cohomologically smooth with dualizing

in the category of kernels Kp of Gelfand stacks.

Since the statements to be proved are local for the !-topology on GSpec(Q,), we can base change
along Q, — Q7 and consider relative de Rham stacks over the completed cyclotomic extension.
For the rest of this proof, all the spaces considered are base changed to Q;¥, even though we do
not write it, for simplicity of notation.

Denote by ]DX the open punctured unit disc with variable T'/?" over Q¢ and let ]D)X = hm ]D)X
be the limit of derived Berkovich spaces. Notice that ID);(O is the uncompleted perfectoid dlSC. In
Kp,qgye, we can rewrite the above formula for the de Rham stack as

]]"]);,dR _ @®§7dR

n

The next step is to rewrite ]Io));f’dR as a suitable limit of Gelfand stacks; we can assume that
n = 0 and simply write D*.

Claim. We have the identification

I[G)X,dR — gn]ﬁ)X/(l +D§T‘)
r—0

as objects in the category of kernels over Q”¢, where D=7 is the overconvergent closed disc of
radius r.

Proof of the claim. Let Xoo = D°*R and X,, = D* /(1 + D<1/2") where we have normalized the
norm so that |p| = 1/2. For m > n € NU {oco} let us write Ay : X, — X,,. We have that
X, = X;%R. Indeed, we recall that we have an epimorphism G,, — (Gr,an of groups, whose kernel
is GI , the overconvergent neighbourhood of G,, at 1. Thus, GI® = G,,/G! . Taking pullbacks
along the map DxdR _, GYR one has the presentation

>R = D*/GH,.
Similarly, one has the presentation
(14 DSV2M)IR = (14 D=2 /G,

and therefore X,, = X IR,

On the other hand, the map of arc-stacks X — X are proper, hence Theorem implies
that A, is cohomologically proper. It is easy to see that the natural map 1 — ho_sp <1 is an
equivalence in D(X,,), namely, one can check this after pulling back along D> — X,,, in which case
the claim reduces to proving that the de Rham cohomology of the overconvergent disc 1 +D' (1/2™)
is trivial. Indeed, this follows from the pullback square

(1 +D=Y/?2")/G},) x DX ———s DX

! !

D* G}, ———— D* /(14 DS1/2")

where the upper horizontal map is the projection map, and the left vertical map is given by
multiplication.

By projection formula, it follows that k% _,,,: D(X,) — D(X) is fully faithful, and so are the
h}, ... Thus, we also have h,,—, 1 = 1. This verifies the conditions (a) and (b) of Lemma

Condition (c) is also easily verified by pulling back along D* — X ~ using Lemma O
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Thanks to the previous claim and Lemma to prove suaveness of ]](j)jfo’dR we are reduced to
prove that given n > 1 there is some m = m(n) fitting in a diagram

nXx,dR M Xx,dR
ID)OO Dm

T e

DX /(1 + DSY/2")

such that the natural map fy, «1 = fsx 1 is an equivalence (with fo and f,, as in the previous
diagram). Indeed, since f,, is prim and DR is suave over Q;Y¢ by Theorem this would
imply that fs .1 is suave. But then, we can write D4R as limit of the quotients D¢ /(1+D<!/2")

in the kernel category for n,k — oo, and so 1 € D(]ﬁ)(fo’dR) will be suave as well (by Lemma .
By base change it suffices to prove the following claim:

Claim. For m € N, let D,, = GSpeC(ng‘:(Tl/pm)) be the compactification of the open Tate unit
disc over Q¥ of radius 1 and coordinate TY?" . Let Doy = lim D,, be the limit in Gelfand

stacks, that is the uncompleted perfectoid closed unit disc on the variables T'/?” . Consider the
following diagrams of Gelfand stacks

Do /G, — D, /Gl,

— e

D/(1 + Ds1/27)
Then for m > n — 1, the natural map fp, .1 = fo 1 is an equivalence.

Proof of the claim. Let us write K = QY. The logarithm map induces an isomorphism of groups
log: 14 D=Y/2" = D<1/2" (for n > 2 if p = 2). By [RC24a, Theorem 4.3.8], one has a Cartier
duality between D=1/2" and Ho))SQn, which yields an equivalence of categories via the Fourier—-Mukai
transform
D(GSpec(K)/D<Y/2") = D(D=2").
Similarly, under the logarithm map log: GI, — G/ one has an equivalence of categories (cf. [RC24al,
Theorem 4.3.13])
D(GSpec(K)/Gh) = D(G).

Let U be the coordinate of G2 seen as the Cartier dual of G = G . Then O(D,,) = K(T'/?")
is endowed with an endomorphism U which is identifies with the logarithmic derivation T'Or, resp.
for O(Dy) = limg, K(Tl/pk>. This endomorphism corresponds to the action of Gf, on the discs
by multiplication, and this allows us to see both O(D,,) and O(D,,) as quasi-coherent sheaves on
G3" via Cartier duality.

Consider the cofiber P = cofib(K (T/?™) — lim, K(Tl/pk>>) seen as a quasi-coherent sheaf of
G2". To prove the claim it suffices to show that the pullback of P to D<2" ¢ G2 is zero. To show
this, it suffices to prove the same for the quotients

) ET/P = @ KT
T€p7(m+k)N
vp(r)<—m—1

m+k

P, = K(T'/?

Clearly (TO7)T" = rT", thus the spectral decomposition of Tdr on Py has slopes > m + 1 (i.e.

eigenvalues A of norm |\ > |p~(™m*V| = 2m+1) Taking m > n — 1, we see that the action
of U = TOr on Py localizes to an action of the rational localization G3"(|U| > 2"), and so its
pullback to G,(|JU| < 2™) = D°(2™) vanishes. This proves the claim. O

It is left to identify the dualizing sheaf of ]lo)éadR. By Lemma it is the colimit along the
upper b-pullbacks of the maps }fDCfO’dR — ]]O),f’dR of the dualizing sheaves of the finite level discs.
Since these maps are cohomologically proper and étale, the upper b and *-pullbacks agree. Then,
[RC24al, Theorem 3.5.7] implies that the dualizing sheaf of X,, = D4R identifies with 1x, [2]. The

proposition follows. O
Remark 5.7.2. Heuristically, suaveness of (]D<> cyc)dR (which implies suaveness of (DX¢)4R)
follows from the fact that it is Cartier dual to Al Ldy13/ Q;m and the fact that the zero section of

Al ;V}Z” / Q" is prim. Establishing this Cartier duality statement properly would require some work,

so we opted for a more direct approach.
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Corollary 5.7.3. The map GgR — GSpec(Qp) is suave with invertible dualizing sheaf sitting in

,00
cohomological degree 2, where G ., = fm Gea,-

Proof. By [HM24, Lemma 4.5.7] we can prove the statement after base change along GSpec(C,) —
GSpec(Q,). Let T'/P™ denote the compatible system of p-th power roots of the coordinate of G,.
In that case, we can write G, ., = U,~q DS (r) as an union of perfectoid open discs of radius r
obtained by rescaling the variable 7%/ in the open unit disc by a fixed sequence of p-th power
roots of an element a € C, with norm |a| = r. Therefore, it suffices to show that ]f))goR is suave
with invertible dualizing sheaf in degree 2. By the same rescaling argument, we can multiply
the coordinate of the open punctured disc D§O° and deduce that anpjoo is suave with the desired
dualizing sheaf in degree 2 thanks to Proposition Since D4R = fm (14+D(1))9R ¢ GIR
is an open immersion, we deduce that ]]3)25” is suave with desired dualizing sheaf, proving what we
wanted. ]
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6. Hyopo—KATO STACKS

In the previous sections, we have built a robust formalism of analytic de Rham stacks and
discussed the six operations on their categories of quasi-coherent sheaves. In this section, we put
this formalism in action, by introducing the de Rham stacks of relative Fargues—Fontaine curves,
that we call Hyodo-Kato stacks. We prove some useful geometric properties of them, and establish
a basic understanding of their 6-functor formalism. In Section [7] we will use these results to give

a new proof of the p-adic monodromy theorem.
6.1. Definition and first properties. Let ArcStk%id be the category of gfd arc-stacks over F,,
cf. Definition [f.1.11] and Example [£.1.13] We make the following definition.

Definition 6.1.1. Let X € ArcStky,, we define the following qfd arc-stacks over Q,:
(1) The open punctured curve over X
Vi = X X Mawe () Mare(Qp)-
(2) The Fargues—Fontaine curve over X
FFY = V% /9%
where ¢ x is the Frobenius of X.
Definition 6.1.2. Let X € ArcStkr,, we define the following qfd Gelfand stacks:
(1) The de Rham stack of open punctured curve over X
Vit = (%)
(2) The Hyodo—Kato stack of X
XM= (FFg )R
For X € GelfStk%™ we write YR := YR and XHK .= (x©)HK,

If f: Z — X, we will often denote by fydR : VIR YR and fHK . ZHK 5 XHK the respective
induced morphisms.

Remark 6.1.3. In a sequel to this paper, we will explain in detail the relation between the
coherent cohomology of X"K when X is a smooth rigid space over a p-adic field, and Hyodo—Kato
cohomology in the sense of Colmez—Niziol [CN25|. This will justify our choice of terminology.

Remark 6.1.4. Let us give a more explicit moduli description of the de Rham stack of open
punctured curves. Let X € ArcStquFid, and let A be a qfd nilperfectoid ring. Then

VIR(A) = Y% (Mare(A")) = X (A™)

(here in the middle, we consider morphisms over Ma.(Q,)). Indeed, the functor y;if‘) is the
composition

—X arc(fp Marc(Qp) _\dR
SR ArcStkdid 0 Gelfstk

ArcStkd
p
which is right adjoint to the composition

ArcStkE‘;;i Sl ArcStk?Q)f;i =N ArcStk%id
where the functor G is the forgetful functor along Mawc(Qp) = Marc(Fp), or equivalently, the
unique colimit preserving functor sending an affinoid perfectoid space Ma.c(B) over Q,, to its tilt
Marc(B") in characteristic p.

Recall from the end of Section [£.4] the Gelfand stack Y4, for A a separable affinoid perfectoid
[F,-algebra, which led by descent to the definition of the Gelfand stack Y§¢ for any X € ArcStkp,
(Corollary [4.4.10). We introduce the gfd variant of this construction.

Definition 6.1.5. We define
V: ArcStki® — GelfStk™

as the left Kan extension of the functor sending a separable qfd affinoid perfectoid M,.(A) to the
Berkovich space V4.

Equivalently, after the discussion of Remark [£.4.11] the functor in Definition [6.1.5]is the unique
left exact and colimit preserving functor on gfd arc-stacks sending M,,.(A) to Y4 for A a separable
qfd perfectoid [Fp-algebra.
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Remark 6.1.6. We have the following diagram (where any upper functor is the left adjoint to the
lower functor)
Vo)
—

ArcSthd™ = Gelfstkae,

&
We note that the functors Vo and yg{R) are both pullback functors of morphisms of oco-topoi
(i.e. they are left exact and colimit preserving). Moreover, the perfectoidization functor (—)°
becomes a pullback functor of morphism of topoi when restricted to a morphism (—)°: GelfStkafd —

(ArcStk%fd) = ArcStkafd,

P/ [ Mare(Qp)

Remark 6.1.7. Note that for X € ArcStk]?,id, the perfectoidization V% of the qfd Gelfand stack
YVx coincides with the qgfd arc-stack introduced with the same name in Definition there is
no conflict of notation. -

Note also that the functor ) differs from the functor )°: heuristically, in terms of quasi-
coherent sheaves, for a qfd arc-stack X, we are not considering all O-modules on the arc-stack
Vi = X X Mae(Qp), but are only using arc-descent in the X-direction, not the Ma..(Qp)-
direction.

Following the previous construction, we can define a relative version of the Hyodo—Kato stacks.

Definition 6.1.8. Let Z — X be a map of qgfd arc-stacks over F,, we define the stack ng/yX to

be the pullback

VIRV, yy

! |

ViR —— YR,

To lighten notation we will also write ng/ X instead of ng/ Vx| Similarly, we define the relative

Hyodo—Kato stack of Z over X
ZHK/FFX

to be the quotient by the action of the Frobenius of Z on Y5/~ (so that ZHK/FFx lives over

FFx).

Remark 6.1.9. In [LBV23], a motivic definition of “de Rham cohomology over the Fargues—
Fontaine curve” was given and named de Rham-Fargques—Fontaine cohomology. We expect the
coherent cohomology of the relative Hyodo—Kato stacks of Definition [6.1.8] to capture the latter
cohomology theory, as well as the one introduced in [LBI8| and further studied in [Bos23].

Remark 6.1.10. Let X be a gfd Gelfand stack over Q,, by adjunction we have maps of Gelfand

stacks X — Yx corresponding to the fixed untilt of the Fargues—Fontaine curve provided from the
fact that X is defined over Q,. We have a commutative diagram of gfd Gelfand stacks

X
|
X
|
xdR

— VR

Remark 6.1.11. A useful tool that we will repeatedly use is excision, whose validity can be
justified geometrically as in Remark for any qfd arc-stack X, the stack YR lives over the
(gfd-version of the) Betti stack of Xcond-

Let X be a gfd arc-stack over [, it is natural to ask when the natural map of Gelfand stacks
Vx — y;‘(R is an epimorphism for the !-topology, or even a descendable cover. It turns out that it
is not always the case, e.g. if X = TQP is a closed torus over Q,, that is, the adic compactification
of the adic torus. Then Vx — YV is not an epimorphism. Indeed, if it were the case, by base
change along the point at infinity GSpec(Q,) — Y4, (g,), from Remark we would deduce

o —dR . .
that the map of Gelfand stacks Tq, — Tq, from the closed torus over @, to its de Rham stack is
an epimorphism. But this cannot be the case, since the latter is the same as the de Rham stack of
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an overconvergent torus, and we could conclude that the overconvergent de Rham cohomology of
T@p agrees with its de Rham cohomology which is certainly false (the former is finite dimensional
and the last is non-separated).

For partially proper rigid spaces, this problem disappears, and then the map to the de Rham
stack is indeed prim and descendable for a large variety of examples in p-adic geometry.

Proposition 6.1.12. Let X be a partially proper rigid space over a non-archimedean field K/Q,
of finite dim.trg. Let W — X be a countable inverse limit of finite étale covers. Then, the map of
qfd Gelfand stacks

(6.1.1) Ve — YIRS Mare ()

is an epimorphism of Gelfand stacks, prim and (locally in the analytic topology) descendable. In
particular, it satisfies universal D*- and D'-descent. If in addition K is pro-étale over Qp, then
the same holds for the map of qfd Gelfand stacks

dR
Ywe — Vi

Proof. First, note that since K has finite dim.trg, it is pro-étale over a finitely generated non-
archimedean field (whose underlying Q,-Banach space is separable), and so it is quasi-finite di-
mensional in the sense of Definition Furthermore, by base change along K — K¢ and
Proposition [5.4.11] we can assume without loss of generality that K is perfectoid.

The statement is local in the analytic topology of X. Hence, we can assume without loss of
generality that X is a Zariski closed subspace of ]D) and that W = m X, is a countable limit
along finite étale covers of X. We first Verlfy primness. By [HM24], Lemma 4.5. 7], we can pullback
along the perfectoid open disc DS Koo — D3 %, and show that the claim holds for the induced maps of

arc-stacks W = hm Xn — X. In that case, both W and X are perfectoid spaces. Moreover, Vi,

is represented by a Berkovich space and the self fiber product of the map YV, — ydR/ K is the

overconvergent neighbourhood of the diagonal in V57, Xy, V7. which is represented i 1n Berkovich
spaces, see Proposition This shows that is prim.

It is left to prove that it is descendable. We can consider a stratification of X by locally Zariski
closed subspaces where the reduction of each component is smooth over K. More precisely, we
can write X =, X, = U,, X» as a countable union of open Stein subspaces X,, along strict
inclusions, such that their closure X, is an affinoid subspace of X. The affinoid subspaces X,
admit such a stratification being qcqgs, and up to changing X by X,,, we can assume that X has such
a stratification as well. By an excision argument, cf. [RC24al, Lemma 5.4.4] (and see Remark
for a justification of the excision property), we can assume without loss of generality that X itself
is smooth.

Now, as X is smooth, the immersion X — ]f))K is a local regular immersion, and locally we can
write X as a pullback

Am-+d
X — b

| |

GSpec(K) —2— I@%.

In particular, we have an étale map of partially proper rigid spaces X — ]D);l( that, after taking a
further open analytic cover, will factor as a composite of finite étale maps and open immersions.
Let us now write W3, and X7  for the pullback of W and X along the perfectoid open disc
1+ ID)}}OO -1+ ID)}’{ obtained by extracting p-th power roots of 1 — T, where T is the variable
of D}} It suffices to prove the result for W, in place of W, by Proposition We have a
diagram with pullback squares

Ywe —— lm Yxo = — Vxg  —— Vpao

~ | |

dR K* dR/K”’ dR/K"
s Y
K,oc0

where the limit is as Berkovich spaces (i.e., a colimit at the level of structural algebras). The map
ngo — yxﬁm is descendable of index < 16 by Lemma Hence, the map Ywe — @1” yxgm
is descendable by [Man22, Proposition 2.7.2]. Therefore, by applying loc.cit. again and taking
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d.0 is descendable.

b
pullbacks from the disc to X, it suffices to show that the map Vgao — ydR/ K
K, o0

Ad,u .
But yf)i{,?m = Vk» XGSpec(Qy) ID)QWOO, and one is reduced to show that

AU AdR
]D)@p’OO —D 00"

is descendable (where the upper script « means the uniform completion). For that, we write
Dg,,00 = I&nn Dg,,» as limit of open discs centered at 0 and variable (17" — 1)1/7". By Proposi-

tion the map ]f))@p,oo — ]13)61;00 is descendable, and it suffices to see that the map h: ]f))“p —

,00
@n Qp,n is also descendable. But each map I@D“pyoo — ]f))@p’n is descendable of index < 1 as the
underlying sheaves of rings have a section as modules, and it follows from [Man22 Proposition
2.7.2] that the map h is descendable of index < 2, finishing the proof of the first part of the
proposition.

It is left to prove that, if K is pro-étale over Q,, then the map Yo — y;}}’; is prim and (locally
in the analytic topology) descendable. By the previous step and base change, it suffices to prove
this for the map Vg — y;i(R. By arc-descent, it suffices to prove this for K = C, as both Ve, = Vi
and yg}} — y;i(R are descendable (which is easy to deduce from the presentation Vi = Ve, /Galg
and YR = yg}} /Gali"). For any finite extension L/QE™", with Q™™ = Q, (p'/P™)* the Kummer
extension, the map

Ye, = Vi

is descendable with descendable index independent of L (Lemma i , and hence V¢, — lim . Qi Vi

(where L runs over finite extensions of Q?u”‘ is descendable. On the other hand, we have a cartesian
square

l&nL/Q;ﬁlm yL y(@[})(“m

! !

GSpec(Q,) —— B (Galalg(um )

and similarly for de Rham stacks. Since lim g VIR = Y, , it suffices to show that ngum,u —
y&&um,u is descendable. This follows from Lemma 3) and the fact that the pre-perfectoid disc

]f%p, o s descendable over the decompleted pre-perfectoid disc ]]Q])proo = @n f)@pﬁn, since the latter

is a countable colimit of discs Ib@p,n with variable 7'/?" | and that f: H%pm — H())me has index of
descendability < 1 since f,1 has a section as a module. O

6.2. Examples of Hyodo—Kato stacks and their cohomology; Chern classes. In this sub-
section, we provide examples of Hyodo—Kato stacks and their quasi-coherent cohomology, referred
to as Hyodo—Kato cohomology. We hope this will give the reader an idea of how to work with such
objects. As an application, we show that one has a theory of first Chern classes for Hyodo—Kato
cohomology. These examples will also be relevant in the proof of the p-adic monodromy theorem.
To start with, we discuss the example of Ma..(Qp).

Lemma 6.2.1.

(1) Let K =TF,((x/?™)). Then there is a natural Frobenius equivariant equivalence of Gelfand
stacks
Ve =B = (i B )¢
X—XP
where the right hand side is the Berkovich space given by the pre-perfectoid open and
punctured disc over Q, on the variable X = [r], and ¢(X) = XP? (here the superscript u
refers to the uniform completion of the Berkovich space). In particular, we have a Frobenius
equivariant isomorphism of de Rham stacks
Vit lim Dyt
X—=XP
(2) Let QY denote the cyclotomic extension of Q. Let € = (Cpn)n be a compatible sequence of
p-th power roots of 1. Then, the isomorphism ngc,b o~ Iﬁ‘p((el/poo — 1)) of perfectoid fields
induces a Frobenius and Z)°™-equivariant isomorphism of de Rham stacks

ViR, = (lim (L+ BEN\{1)

q—qP
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where 1 + ]]3)@@ is the rigid generic fiber of the formal spectrum of the ring underlying the
g-crystalline prism, i.e., Zy[q — 1] with ¢(q) = ¢, and the transition maps are giving by
rising to the p-th power. Under this identification we have ¢ = [e]. The Z,; -equivariant
action on the LHS term is via the identification a € Z); = Gal(Q5°/Qy), the action on

the RHS is given by the formula o - q = ¢X” () for o € Zy . In particular,
V(@) = ((L(l +Dg, ) T\{1}) /2

and

Mare(Q@p)™ 2 ((fim(1 + Do, ) )\ {1}) /@
P
(8) Let E/Q, be a finite extension of Q,. For w a uniformizer of E let EX"™ = E(w'/P™ )" be
the uniform completion of the Kummer extension. Let Eg C E be the mazimal unramified
extension of E with residue field F,. Let @’ = (w'/P"), € EX">  Then, EXumb> =~
F,((*/?™)) and we have a natural Frobenius equivariant isomorphism

Viltums = lim D,
X—XP
where the right hand side is the de Rham stack of the perfection of the punctured rigid

generic fiber of the formal spectrum of the ring underlying the Breuil-Kisin prism, i.e.,
Og,[X] with o(X) = XP. Under this equivalence X = [@°].

Proof. For part (1), observe that Aj,¢(K) = Z,[X'/?”] with X = [r] the Teichmiiller lift of r,
where on the latter ring the Frobenius acts as ¢(X) = X?. Then, under this isomorphism, Vg
identifies Frobenius equivariantly with a pre-perfectoid punctured open unit disc in the variable X
as in the statement. The statement about de Rham stacks follows from the fact the the formation
of de Rham stacks commutes with limits.

For part (2), we observe that the tilt of Z° identifies with the ring F,[e!/?” — 1] where
€ = ((pn)n is a compactible sequence of p-th power roots of unit. We then have an isomorphism as
arc-stacks over Ma,.(Q,)

z;yc,b = Marc(Z ) XerC(F )Marc Qp ¥_ 1 +]D)Qp

TP

Under this identification, ¢ = [¢] and the action of Frobenius is determined by ¢(q) = ¢?. The
action of Z; = Gal(Q’¢/Q,) is determined by

X(0)

o(q) =q
Then, by pulling back to M (ngc’b), we obtain

Voeser = (Jm 14 Do, )*\ {1},
P x—zP
By passing to de Rham stacks we obtain the first assertion. Then, for the last assertion of part

(2), it suffices to observe that yﬁ/lm((@p) Cyc ) / Z,; where Z) is identified with the Galois group

of Q¢ via the cyclotomic character, and that Ma,C(Qp)HK = yQ;yc,> /Qp 5™ where in addition
Z is identified with the action of Frobenius. We note that quotients pass to the de Rham stacks
as its formation commutes with colimits (Theorem , and the de Rham stack of a truncated
condensed anima is its Betti stack (Example [5.6.8]).
For part (3), we note that the tilt of O gxum identifies with F,[co”/?”]. By taking Witt vectors,
one finds that

At (BX™) 2 O, [X1/P7]

is the perfection of the Breuil-Kisin prism. Passing to the locus where |Xp| # 0 we see that
YVpxum, is a perfectoid punctured open unit disc over Ey. Thus, as arc-stacks we have that

o . A\ X O
Vprumy = Him D™
r—xP

We deduce the desired statements by passing to de Rham stacks. O

A property we want to prove is the disc-invariance of Hyodo—Kato cohomology. For this, we
first need invariance of usual (overconvergent) de Rham cohomology for the pre-perfectoid disc, cf.

Lemma [5.4.2]
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Lemma 6.2.2. Let f: Y — Muc(Q,) be given by Y = Mauwe(Qu(TYP7)), Y = hm . Dg, or
Y = ]'glexp Aép. Then, fi%*: D(GSpec(Q,)) — D(YIR) is fully faithful. Moreover, the same

assertion holds true after any base change of f to a qfd arc-stack.

Proof. As in Lemma we can reduce to the case that Y = M.(Q,(TV/P™)) by writing
the pre-perfectoid open disc, or the pre-perfectoid affine line as a union of Y’s (also after base
change). Set Y, = GSpec(Q,(T/?")<y) forn>1,Y = hm Y, = GSpec(li_r)nn Qu(TY?"y 1) (so
that Y° = Y). Because for n > 1 the map Y,, — Y98 =V, /G is descendable of index < 2, we
can use the argument of Proposition to deduce that ¥ — YR is descendable. From here, we
can deduce that that f®: YR =~ ydR _ GSpec(Q,) is cohomologically proper. In particular, the
formation of fd® commutes with base change. As in Lemma it suffices therefore to check
that the natural map 1 — f38(1) is an isomorphism. Using Proposition this follows as in

Lemma [5.4.2] from the classical computation of overconvergent de Rham cohomology of a closed
disc. ]

In the following, all schemes in characteristic p are implicitly regarded as gfd arc-stacks over IF,,.

Lemma 6.2.3.
(1) Let f: X = Mae(Fp[T]) = Mawc(Fp). Then, the functor fHE*: D(Mapw(Fp)HK) —
D(XHK) s fully faithful. The same holds true after any base change of f.
(2) Let Z = Mu(Fp((7))), and g: W — Z for W = M (Fp((m))(t)), W = DZ () ©OT
W = Al Then, gi&*: D(ZHK) — D(WHR) is fully faithful. The same holds true

Fp (7))
after any base change of g.

Similar assertions hold for yéif{).

Proof. The case for (—)"K follows from the case for J/Eif{) by passing to Frobenius-equivariant

objects. By Remark [4.4.11{ we know y;{}m(m = GSpec(Qy). For part (1), we can calculate that
YR ~ (l.&nz.—mz’ A@p)R. Hence, the statement reduces to Lemma One can argue similarly
to prove part (2). O

Before continuing with other computations of Hyodo—Kato cohomology, we make the following
convenient definition.

Definition 6.2.4. For n € Z, we denote by O(n) the vector bundle on M. (F,)"¥ corre-
sponding to the isocrystal (Q,, p~ ") under the isomorphism M,.(F,)?¥ 22 GSpec(Q,)/¢” (Re-

mark .
Lemma 6.2.5. Let f: G}, 5 = Marc(Fp[T, T71)) = Maue(Fp). Then, fEXO = 0[0]eO(-1)[-1].

A similar assertion holds for f*ydR.

Proof. We can identify X X u,,.(r,) Marc(Qp) = G}, o o, = fm Gy, More precisely, the

coordinate on G;)Qp is given by [1°] := (T, T/, Tl/”Q, ...). We note that the de Rham cohomology
of Gy, g, identifies with the de Rham cohomology of any overconvergent annulus in it. Writing
G0, as an increasing union of overconvergent annuli (and hence the cohomology as an essentially
constant inverse limit), we can use Proposition to see that fHX(1) can be calculated as the
Frobenius-equivariant object given by the inverse limit of g’fi(l) for fn: G, — GSpec(Qy). As
the de Rham cohomology of G, g, is given by Q,[0] © Q,[—1] with the class in degree 1 generated
by dlog([T"]) := ﬁd[T *], on which Frobenius acts by multiplication by p, we get the result. [
Remark 6.2.6.

(1) We note that Lemma yields invariance of Hyodo—Kato cohomology with respect to
the pre-perfectoid disc or pre-perfectoid affine line. However, invariance with respect to
the morphisms X — Moar(Qp), with X = GSpec(Q,(T))°, X = Dg® or X = Agj,
is true as well. Indeed, as in Lemma [6.2.3| or Lemma [5.4.2] one reduces to the case that
X = GSpec(Q,(T))° and the statement that the higher pushforwards for Y{& — y}irc(%)
vanish (and are the unit in degree 0). Using excision, this reduces to the calculation of the
pushforward for X replaced by X \ {0}, and then to the calculation of the pushforward for

dR dR dR ~ V)dR sm
Y Mare @7 T-1)) ™ YMare (@) NOWs Vit ooz 1)) = Vivte @ /vy /Lo(1)™,

Viwet@eirsrm=y = Vgger X Muc(@) Mare(@p(TH/77))
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and thus, by Lemma the pushforward of 1 along yﬁfm (@ (T+1/p%)) yj,?m(ch)
is generated in homological degree —1 by the class w := ﬁd[Tb] with T° = (T, TY?,...).
Now, one can observe that Z,(1) acts trivially on w because g[T°] = £9[T"] for ¢ =
(1,¢p;---) and g € Z, = Z,(1). Descending from Q¥ to Q,, we obtain the desired
statement.

(2) Invariance of Hyodo—Kato cohomology with respect to the morphism f: A%’: — Marc(Zyp)
is true as well, as it follows by excision along

Marc(@p) C Marc(Zp) D) Marc(Fp)-

Indeed, by Theorem the morphism fH¥ is cohomologically smooth, thus fH¥* com-
mutes with base change, and one can argue by excision, Remark [6.1.11] as claimed. Over
Marc(Fp) one uses Lemma [6.2.3] and over M,,.(Qp) the previous discussion. As conse-

quence, an analog of Lemma[6.2.5also holds for the arc-stack associated to the qfd arc-stack
Gy, z, over Marc(Zp).

Remark 6.2.7. We note that the Hyodo-Kato cohomology over Z, can be easily compared to the
one over Q,. Namely, let X be a qfd arc-stack over Z,, and denote Xq, = X X4, (z,) Marc(Qp)-
Then, the following diagram is cartesian

YHK 9 yHK
Qp

P
HK _ 9 HK
Q" —1Z,
(as Y + YUK commutes with fiber products), and the natural morphism
(FE), g™ = g*(f75),
is an isomorphism of functors, since g is suave (in fact, g is an open immersion as Ma..(Qp) C

Marc(Zy) is an open immersion, cf. Remark [6.1.11)). In particular, pulling back g to GSpec(Q,),
we see that (fH1%),0 and ( f&K)*O have isomorphic underlying solid Q,-modules.

Next, we check that Hyodo—Kato cohomology has a theory of first Chern classes. This will be
used in particular to identify the dualizing sheaf in Theorem [6.3.1]

Definition 6.2.8 (Tate twist). We call Tate twist on Ma.(F,)" the complex O(1) := O(1)[2].
Given a gfd arc stack X over F,, we will also call Tate twist the pullback of the latter complex
along XK — M, (F,)"¥ (and we will abuse notation denoting it the same way).

Lemma 6.2.9. The 6-functor formalism of Hyodo—Kato stacks on qfd arc-stacks over Z, has a
strong theory of first Chern classes ci'¥, in the sense of [Zav23, Definition 5.2.8|. In particular,
for any integer d > 1, and for any qfd arc-stack X over Z,, denoting f: P% — X the natural
projection of arc-stacks, we have that the morphism

d d
(6.2.1) > d—k): Poid—k) — ff0)
k=0 k=0

s an isomorphism; here, ¢y denotes the first Chern class of the universal line bundle. A similar
assertion holds for yg{R).

Proof. First, we need to construct a weak theory of first Chern classes, [Zav23, Definition 5.2.4].
In our case, this amounts to constructing a natural transformation

(6.2.2) L(= G5, z,[1]) = T((-)™,0(1))

of arc-sheaves with values in D(Z); here, Gj, ; = denotes the arc-stack over Maxc(Zy) associated
to Gyu,z,- By Theorem the right hand side satisfies arc-descent, so that it is sufficient to

construct a natural transformation

T<ol'(=, G5, 2, [1]) = T<ol (=), O(1))
of sheaves of animated abelian groups (namely, the arc-sheafification of G}, ;, = 7<oI'(—, Gy, 5 [1])
as animated abelian group valued presheaf yields I'(—, Gy, ; [1])). For this, we can follow the
general discussion in Remark [5.1.10(3) with & = ZEK, R = A%’I)HK, and Tate twist O(1) on ZEK.
Thus, we have to construct a morphism
(6.2.3) A GRS, — BGL(1)
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of animated abelian group Gelfand stacks over ZEK. We let
rf .
Ggle’zp = %El Gm,ZP~
TP
We have a short exact sequence 0 — Z,(1)® — Gf’;’rsz — G, 7, — 0 of (animated) abelian group

arc-stacks over M,,c(Z,), which yields a (g-equivariant) short exact sequence

d d d
0— yzf(l)o = Virerro = Vo =0
m,Zp m,Lp

of abelian group Gelfand stacks over yﬁ{m(zp). We have a natural epimorphism

perf dR
G dR — prerf,o

m
VM are (7p) m.Zp

of abelian group Gelfand stacks over yg}m(zp), which induces a short exact sequence

—_~—

(6.2.4) 0 — Zy(1) = GP = Ve =0

m’yMarc(Zp) m,Zp

of abelian group Gelfand stacks over yﬁirc Z)" Here,

f
Z,(1) := ViR Gy :
p( ) yZP(l)OX dR m’y.(/i/l;{arc(zp)
Gpe:rf,o
m,Zp

We note that the image of the natural map

Zp(1) — GPt

MY M are (Zp)
lands in 1 + DPeE = lim (1+D this boils down to the fact that if (1 ...)isa
nds in 1+ ST x._%lp( + y;i\/lliam(zp)) (this boils down if (1,z1,...) 1

p-power compatible system, then its Teichmiiller lift lies in 1 + ID)) Using the @p-equivariant map
of abelian groups

log: (14 DPerf ) = G yan (1), (Wo,y1,-..) — log(yo)

dR
Y Mare Zp) Mare(Zp)

we can define ci™® in (6.2.3), as the morphism induced by the (p-equivariant) composition

(6.2.5) ygg% = BZy(1) = BGoygn (1),

where the first map classifies the extension (6.2.4).

Next, we want to check that the morphism (6.2.1)) is an isomorphismm For this, after a base
change, it suffices to show the following two assertions:

(a) Denote h: BG}, ; — Marc(Zy) the natural morphism. We have

(6.2.6) W0 = P O(-k)c}
k>0

where ¢; = dlog([T°]) € H'((Gy,z,)"5,0) = H?((BG,,, z,)"X, O) sits in homological degree
—2 (we note that this class is independent of the choice of a coordinate on G, z,). Moreover,
under this identification, the morphism P%p — BGyy, z,, classifying the universal line bundle
on P%p, induces an isomorphism between the Hyodo—Kato cohomology of P%p and the direct
summand @Z:o O(—k)ck of (6.2.6).

(b) The map given by applying 1) to ]P’%p, and taking H°, sends the universal line bundle on
]P’%p to the class ¢; = dlog([T"]) € Hz((IP’%p)HK,O).

Point (a) follows from the computation of the Hyodo-Kato cohomology of G, z,, and A%p-
invariance, Remark 2). Indeed, the Hyodo-Kato cohomology of BG,, 7, can be calculated
via approximation by the morphisms IF’%F — BGyy z,, classifying the universal line bundle, with
(n—1)-connected fiber Ag:l \{0} (cf. the general argument for calculating the de Rham cohomology
of BGL,,, [Gro90, Théoréme 1.4]; see also [Sch24al, Corollary 8.2] for a related calculation).

For point (b), we first note that, thanks to Remark|[6.2.7] it can be deduced from the analogous
assertion over Q,. Then, we note that the construction of ¢; K is compatible with the construction
of ¢{® in Remark |5.1.10(1). Therefore, point (b) follows from the discussion in Remark 2)
on the analogous identification in the de Rham case. O

36We note that by excision (Remark|6.1.11)) and [Zav23], Theorem 5.5.7], we could even reduce to the case d = 1.
However, the proof below is not significantly harder for a general d > 1.
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Remark 6.2.10. In Remark (2), Lemma we calculated the Hyodo-Kato cohomology
of Gz, and IP’%I)7 but this implies the result for compactly supported Hyodo—Kato cohomology by
passing to duals.

Indeed, by excision and Theorem m (or just Proposition , we can conclude a priori that
the compactly supported Hyodo—Kato cohomology is a perfect module (cf. Corollary , and
hence dual to the Hyodo—Kato cohomology.

Remark 6.2.11. Let us sketch a different way to compute the Hyodo—Kato cohomology of BG,,
over Z,, relying on abstract properties of the category of kernels and 6-functor formalisms. An
advantage of the following approach is that it can be generalized to compute the Hyodo—Kato
cohomology of stacks of the form BG for G a reductive groupm Let g: GHK — ZEK, h: BGHK —
ZII;IK, and consider the zero section e: ZHK — BGHK. The map e is suave as its fibers are
isomorphic to GHK in particular the functor e* is monadic (as it preserves limits, colimits and it

m

is conservative). Then, we have that
D(BG,") = Mod,-.,(D(Z,"))

where ey is the left adjoint of e*. As both the functors ey and e* are D(ZEK)—linear (as they arise
from and adjunction in the kernel category over ZEKL we actually have that

D(BG,X) = Mode+e,1(D(Z}¥))

where e*eyl € Alg(D(ZEK)) is the algebra arising from the monad valued at 1. Using abstract
nonsense in the kernel category, one can show that e*eyl is precisely the algebra arising from the
homology of GIX| that is the algebra g,1 with product given by convolutionlﬂ with respect to the
multiplicative structure of GHX; for instance, the underlying sheaf can be computed by proper
base change along the cartesian diagram

HK HK
GHK . 7}

| |

HK HK
Zy* — BGy*.

Now, the underlying sheaf of gy1 is given by O @ O(1)[1] (where the class of O(1)[1] is constructed
precisely using the map above); this follows from gy1 = gy g'l, Remark and an explicit
computation of the dualizing sheaf in this case. One can also identify g;1 with the square zero
extensiorﬂ of O by O(1)[1]. Now, we have a natural identification of the cohomology

WO = Endo)pjeo(0)
as objects over D(ZII;IK). Moreover, by Koszul duality, one computes that
Endo)11e0(0) = Gn>00(—n)[—2n]
and, more precisely, one recovers (|6.2.6)).

6.3. Cohomological properties of Hyodo—Kato stacks. In this section, we apply the key
suaveness property of the open punctured perfectoid disc of Proposition to deduce that rigid
smooth morphisms of arc-stacks give rise to cohomologically smooth morphisms of Hyodo-Kato
stacks.

Recall the notions of étale and smooth morphisms of qfd arc-stacks from Definition [5.1.6]

Theorem 6.3.1. Let f : Y — X be a map of qfd arc-stacks over Z, and let fHK: yHK — xHK
be its associated morphism of Hyodo—Kato stacks.
(1) Suppose that, locally in the arc-topology of X, f is lgfd (see Definition , then fHK s
I-able. Furthermore, if f is proper then fHA% is cohomologically proper.
(2) Suppose that f is smooth of pure relative dimension d, then fHX is cohomologically smooth.

More precisely, it is suave and its dualizing sheaf is given by the d-th tensor power of the
Tate twist (Definition , Furthermore, if [ is étale, then it is cohomologically étale.

Similar assertions hold for fydR: ng — y;?#

37Moreover, the same argument should generalize to any cohomology theory factoring through Berkovich motives
[Sch24a], working in the symmetric monoidal (co,2)-category of kernels of Berkovich motives, studied in ongoing
work of Aoki. We recall, however, also [Sch24al Corollary 8.2|.

380ne can even show that gy1 has a natural structure of animated ring object over D(Z?K) using the animated
group structure of Gy, .

39For example, by noticing that F(ZEK, O(i)) = 0 for ¢ # 0 so that there are no endomorphisms or extensions
of vector bundles of different slope.
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Proof. We prove the statements for fY dR, as the ones for fHK follow from the latter (except for
the calculation of the dualizing complex).

The !-ability is clear thanks to Lemma Lemma [5.1.2] and Theorem [5.1.7, and properness
follows from Proposition [5.1.4] Any étale map of gfd arc-stacks has open diagonal, namely, this
can be checked locally in the arc-topology of X and in the analytic topology of Y, where it reduces
to the claim on perfectoid spaces which is obvious. Therefore, by definition of cohomologically
étale [HM24] Definition 4.6.1], we only need to show that smooth morphisms are cohomologically
smooth. This property can be checked locally in the arc-topology of X thanks to Theorem [5.6.6]
and [HM24, Lemma 4.5.7], and locally in the analytic topology on Y thanks to Theorem
[HM24], Lemma 4.5.8 (i)]. Therefore, we can assume without loss of generality that X is qfd affinoid
perfectoid over Z, and ¥ — X is smooth. Moreover, applying Theorem [HM24, Lemma
4.5.8 (i)] again it suffices to show that ygg — y;i(R is suave. By taking a base change and a further

analytic cover we can also just reduce to the case of X = Mg.c(Zy) and Y = Gy, z,, by further
arc-descent even to the case X = M. (Zgyc).

Let X = Ma.rc(Zgyc) and Ggf,r)f( = @mHzF G, x be the perfection of the multiplicative group.
One has an equivalence of arc-stacks over Q,,
o =2 x Gperﬂo
G}::r}f( = VX M Marc(Qp) Ym,Q,
where, if T° is the coordinate of Gfrir)f(, then the coordinate of the multiplicative group of the
right term is the Teichmiiller [T°]. By Corollary [5.7.3| we deduce that ygﬁgrf — VIR is suave. By
m, X

construction, the kernel of the map of groups Gf,f’r}f(’o — Gy, x is the arc-stack given by the Tate

module Ty, x of the arc-stack of p-th powers roots of unit over X. As X contains p-th power
roots of unit, after fixing a compatible system ((,x)x, we have a map of groups Z, x X — Tpppe.

Hence, we have a natural map g: Ggf’r)f(’o/Zp — Gy, x- Passing to y?f{) we get a map

dR sm
(6.3.1) g Vs [T = Vi

The left term is suave over Y{F by the previous discussion and the fact that classifying stacks of

Betti stacks of locally profinite groups are suave in characteristic zero, and the map g% " is also
prim. Therefore, to prove that yéi_x is suave over YR it suffices to show that the natural map

1— g*yde is an equivalence. Indeed, by [HM24, Lemma 4.5.16 (i)], g}del is suave over Y¢R.
To prove the claim we can argue via excision along

j: Marc(ngC) C MarC(Zgyc) D) Marc(Fp): L.

The pullback along j of g is already an isomorphism, so there is nothing to show. It is left to prove
the claim after pulling back along ¢, in that case the action of Z,, in GP®% is trivial, but the map
Ggf’flfj — G¢, is an isomorphism being the perfectoidization of a scheme in characteristic p. Since
taking smooth Z,-group cohomology is exact in characteristic zero, we deduce that the pullback
along ¢ of is an isomorphism, finishing the proof of suaveness.

Finally, the computation of the dualizing sheaf follows from (the proof of) [Zav23l Theorem
5.7.7], recalling that the 6-functor formalism of the de Rham stacks of relative open punctured
curves YR satisfies excision (Remark and has a (strong) theory of first Chern classes
(Lemma . This finishes the proof of the theorem. O

Corollary 6.3.2. Let f : Y — X be a proper smooth morphism of Berkovich spaces over Q,.
Then,

K. D(YHEY) 5 D(XHK)

sends perfect modules to perfect modules. Similarly, f*ydR: D(WR) — D(YSR) sends perfect mod-
ules to perfect modules.

Proof. We prove the case of fHX, the argument for fY " being identical. By Theorem the
map fH¥ is suave. We observe that FF§. — FF is proper, as f is proper. Then, Proposition
implies that fHX is cohomologically proper. In particular, fH¥ sends fHK-suave objects to suave
objects in D(X ") (JHM24, Lemma 4.5.16 (ii)]), and since any dualizable object in D(YH¥) is fHK_
suave (JHM24, Corollary 4.5.18 (i)]), one deduces that fI'¥ sends dualizable objects to dualizable
objects, applying this time [HM24, Corollary 4.5.18 (ii)| to the identity. Then, by Lemma

one deduces that dualizable objects in D(X™K) are perfect modules, proving what we wanted. [
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In future work, we will study an extension of the finiteness result Corollary above for fHK,
in the case f : Y — GSpec(Q,) is the adic compactification of a gcgs rigid analytic variety over

Qp.
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7. THE p-ADIC MONODROMY THEOREM

The main goal of this section is to show that the category of vector bundles on QEK is equivalent
to Fontaine’s category of (¢, N, Galg, )-modules. Along the way, we give a new proof of the (local) p-
adic monodromy theorem of André, Kedlaya, and Mebkhout, [And02], [Ked04], [Meb02]. Our proof
is “geometric” in flavour, and it does not make reference to the classical theory of p-adic differential
equations, but rather to the theory of arc-sheaves, Banach—Colmez spaces, and properties of the
Hyodo—Kato stacks.

For this whole section, we fix an algebraic closure @p of Q,, and its completion C,. Consequently,
we let ), be the residue field of Oc,, and Q3" C Q,, the maximal unramified extension of Q,. Given
a subextension L C @p, we let Galy, := Gal(@p/L) be its Galois group.

7.1. Statement of the p-adic monodromy theorem. In a simplified form, our version of the
p-adic monodromy theorem reads as follows:

For any subextension L C @p, the category of vector bundles on LXK is naturally equivalent to
the category of (¢, N, Galr,)-modules over Qp".

Here, we write L'E := M,,.(L)"¥, and note that it only depends on the uniform completion
of L.

In this subsection, we will outline the contents of the next subsections, and how they will
combine to a proof of (a slightly strengthened form of) the p-adic monodromy theorem.

We will first construct a suitable functor from (¢, N, Galy,)-modules over Q" to vector bundles
on LY¥ in Section We note that it is easy to define a functor from (¢, Galy)-modules over
Q)" to vector bundles on LUK, By Galois descent (Theorem , we have [HK =~ C]I;IK /Gali™,

and for C, (or equivalently Q@,) we can use the (Galgy -equivariant) morphism
HK =HK un Z
C," —F, = GSpec(Q, )/ e

(using an easy variant of Remark4.4.11). Clearly, vector bundles on GSpec(Q}")/ o” are equivalent

to ¢p-modules over Q" so that pullback along the previous morphism yields the desired functor.

Hence, the main task in Section [7.3| will be to incorporate the monodromy operator N, and we will
S1m

do this by constructing a Galg’-equivariant morphism (later ¥ will be denoted by \Il@ )
P p>
U Cf — B V(1)

with BzukV(—1) the classifying stack over EI:K of the (pullback of the) geometric vector bundle
P

V(—1) associated with the simple isocrystal D_1 = (Qp, pp) of slope —1 (Definition|7.3.1). In fact,

vector bundles on Bk V(—1) are naturally equivalent to (¢, IV')-modules over Q)" (Remark .

P
We are now in a position to state precisely our version of the p-adic monodromy theorem.

Theorem 7.1.1 (p-adic monodromy theorem). The pullback along ¥ : CI'K — B V(1) defines

a t-exact equivalence
U*: Perf(Bguc V(—1)) — Perf(C}™).

In particular, for any L C @p the category of vector bundles on LHX is naturally equivalent to the
category of (¢, N, Galr,)-modules over Qp".

In particular, we see that each vector bundle on C[I,{K is a successive extension of vector bundles,

which are pulled back from F;IK = GSpec(Qp™) /"
We can generalize this property into the notion of unipotence.

Definition 7.1.2. Let IF be a pro-finite étale extension of IF,, and let Q,  be the maximal algebraic
unramified extension of @, with residue field . Given X € ArcStk%fd, we say that a vector bundle
on XK is ynipotent (with respect to F) if it is a successive extension of vector bundles isomorphic
to the pullback of a vector bundle on GSpec(Q, r)/¢? along the map

XHK _, pHK _ (GSpec(Qp,F)/¢Z)~

Let X € ArcStk. We say that a vector bundle on X"X is quasi-unipotent if there exists a finite
étale covering Y — X such that after pullback to YHX it becomes unipotent with respect to a
finite extension I of Fp,.

For example, Theorem implies that any vector bundle on QEK is quasi-unipotent (see
Corollary for a more general statement).
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Example 7.1.3. Let A\ = r/s be a rational number with s > 0 and r,s coprime integers. We
let Dy be the simple p-module over Q, of slope J, i.e., the ¢-module of dimension s over QQ, and
Frobenius map

01 - 0
o=
0o 0 --- 1
po 0 - 0

We can pullback the simple isocrystal D_) (seen as a vector bundle on GSpec(Q,)/¢%) to a
unipotent vector bundle O()\) on XK. In particular, we note that unipotence in Definition
does not mean that there exists a finite filtration by the unit on XX, For later relevance, we note
that we will usually abuse notation and denote by O(\) as well the pullback to FFx (if X is, say,
perfectoid). Similarly, we will denote by D as well the pullback of Dy to GSpec(Q}")/ o~

Remark 7.1.4. Before sketching our proof of Theorem further, we note that from it (or
rather, from its variant replacing C, by Q¢ that we will also show below) one can deduce
the classical statement of the local p-adic monodromy theorem for p-adic differential equations
over the Robba ring, asserting that any (¢, d)-module over the Robba ring is quasi-unipotent
([Ked04, Theorem 1.1]). Indeed, it is well-known that the latter can be reformulated as saying
that the category of (p, d)-modules over the (cyclotomic) Robba ring is equivalent to the category
of (i, N, Galgeye)-modules (see e.g.[Col03, §0.2.3]"). Moreover, we will show in Corollary
below that the category of vector bundles on QY is equivalent to the category of (¢, 9)-modules
over the Robba ring@

We recall that in Kedlaya’s proof of the p-adic monodromy theorem, one needs two main in-
gredients. The first ingredient is the fact that (¢, d)-modules over the Robba ring admit slope
decompositions with semi-stable graded pieces ([Ked04, Theorem 1.2]). The second ingredient is
the theorem of Tsuzuki [Tsu98, Theorem 3.4.10] implying that semi-stable (¢, d)-modules over the
Robba ring are quasi-unipotent. Our proof for essential surjectivity of U* in Theorem [T.1.1] i.e.,
Theorem[7.5.3] also makes use of an analogue of the first ingredient, in the form of the classification
of vector bundles on the Fargues—Fontaine curve (of which Kedlaya’s slope theory is an antecedent).
But we completely reprove Tsuzuki’s theorem by geometric means, avoiding any deeper theory of
p-adic differential equations.

Our proof of the fully faithfulness of ¥* in Section [7.4]uses all the geometric theory of analytic de
Rham stacks that we have developed before, and applies it to variants of the morphism W : (C;IK —
BFHKV(fl). More precisely, using rather formal approximation and descent arguments, we reduce

fulfy faithfulness of ¥* (on perfect modules) to fully faithfulness of ¥7, where
Uy L 5 BV(-1) X GSpec(Q,)/¢" GSpec(Q;“)/(goZ x Gali™)

is a variant of W for a finite extension L of Q, (p"/ pm)(@;n of Q. After a further twist, we can make
the geometry of LHK which is a quotient by Frobenius of a punctured pre-perfectoid open unit disc,

and ¥, reasonably explicit, so that we can check fully faithfulness of U} by an explicit calculation
(Proposition [7.4.6)). A critical ingredient is here the suaveness result in Proposition [5.7.1]

7.2. Relation with the Robba ring. We briefly deviate from the proof of our version of the
p-adic monodromy theorem in order to compare our theory with the more classical theory over the
Robba ring (as anticipated in Remark . The reader interested in the proof of Theorem
can jump directly to next subsection. Moreover, we note that the main result of this subsection,
Corollary is essentially a well-known spreading out/approximation argument (whose details
are unfortunately a bit tedious to present).

Definition 7.2.1. Let Z,[X] be the power series ring over Z,,. The rigid generic fiber of Spf(Z,[X])
is the punctured open unit disc Dg, (seen, e.g., as a qfd Gelfand stack). For 0 < r < s < 1 consider
the affinoid overconvergent annulus

Dpr.s) € Dy,
of closed internal radius r and closed external radius s. We also consider the locally closed over-
convergent annulus

D[r,l) C D@p

407 gmall typo in loc.cit.: a Frobenius is missing one side, when stating the equivalence.
41Alternatively, one can check that the notion of quasi-unipotence in Definition matches the notion of
quasi-unipotence in [Ked04], under the equivalence in Corollary [7.2.10
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of closed internal radius r and open external radius 1. The Robba ring is defined as the ring of
overconvergent functions in the boundary of Do,

(7.2.1) R = lim O(Dj,y)) = lim lim O(Dy ).
r—1 r—+1lr<s<l1

In classical p-adic Hodge theory, one is interested in ¢-modules over the Robba ring R. There
are, however, different choices of ¢, serving different purposes. To package all of them together,
we make the following definition:

Definition 7.2.2. We define a 0-structure on the Robba ring R to be a d-structure on Z,[X], or
equivalently, a lift of Frobenius ¢ on Z,[X]. We call the pair (R, ) a Robba ring with §-structure.

Example 7.2.3. There are two main important examples in p-adic Hodge theory:

(1) The cyclotomic Robba ring with Frobenius ¢(X) = (1 + X)? — 1, that is, ¢ is the multi-
plication by p on the multiplicative formal group law on Z,[X].
(2) The Kummer Robba ring with Frobenius ¢(X) = XP.

The following lemma takes care of the dynamical properties of such a Frobenius lift.
Lemma 7.2.4. Let p~! = |p| < r < s < 1, and let ¢ be a §-structure on the Robba ring. The
following hold:
(1) @ restricts to an endomorphism of ]ﬁJQP.
(2) The morphism ¢ has the following dynamical properties on annuli:
©: ﬁ[rl/p)sl/p] — ﬁ[r,s]
and - -
©: ]D)[Tl/p’l) — D[r,l)-
(8) The morphism ¢ restricts to an endomorphism of the Robba ring R.
Proof. The Frobenius lift ¢ is determined by a power series with Z,-coefficients ¢(X) such that
¢ = XP mod pZ,[X]. In particular, if |X| < 1 then |p(X)| < 1 and so ¢ restricts to an
endomorphism of Dg, proving (1). To prove (2), notice that if p~! = [p| < r and |X| > r'/? then
lo(X)| > r thanks to the ultrametric property and [p(X) — XP| < [p| (in fact, |p(X)| = | X,
which shows that ¢~ (Djy.s) = Dpass g1/0)). Similarly, [X| < s'/7 will imply |¢(X)| < s. Finally,
part (3) follows from (2) and the presentation of the Robba ring in (7.2.1)). O

Before giving examples of §-structure on Robba rings, let us discuss the relation with decom-
pletions of the punctured pre-perfectoid open disc over Q.

Lemma 7.2.5. Let ¢ be a §-structure on the Robba ring, and consider the Berkovich space
Ae—perf _ 1. A
DQ,, = I&HDQP.
]

The following hold:

(1) The perfectoidization ofﬁ(g;perf is naturally isomorphic to the pre-perfectoid open unit disc
Ha)azrf’o with a variable T satisfying T = X mod p, that is the locus |T| < 1 of the arc-stack
Mare(Z,[TYP7]). Under this identification, the Frobenius in ]f))?&;perf is identified with the
Frobenius o(T) = TP.

(2) The underlying topological space |H°))6p_perf| = |H3)%irf’°| has a unique p-fized point 0.

(3) For p~! = |p| < r we have an equality of rational subspaces of |]l°))6;perf|:

{7 = r} ={IX| =7} and {|T| <r} = {|X] < r}.
Proof. Let A be the completion of liénw Z,[X] for the p-adic topology, it is a perfect p-complete
o-ring whose special fiber is isomorphic to lim F,[X/P7]. Thus, taking T = [X] to be the
Teichmiiller lift of X € F,[X], we have that A is the p-completion of the colimit lim 7, [T/7"].
Passing to arc-stacks, inverting p, and taking the locus {|X| < 1} = {|T| < 1} we get point (1).
For point (2), by construction the Frobenius ¢ acts on the variable T' by ¢(T) = TP, therefore

|o(T)| = |T|P for all z € |]f)6irf’°|. Thus, ¢ acts totally discontinuously on the locus {|T'| # 0},

and its unique fixed point is 7' = 0. Finally, part (3) follows from the fact that T = X mod p in
A. O

Definition 7.2.6. Let (R, ) be a Robba ring with d-structure. We define the following notions
of p-equivariant vector bundles:



ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES 107

(1) Let p~* = |p| < r < 1, a g-equivariant vector bundle on Dy, 1) is a vector bundle on the
coequalizer gfd Gelfand stack

[ p—

Coeq(ID)[Tl/p 1) :; Dy 1))

where ¢1 is the inclusion ﬁ[rl/p,l) C D[r,l)v and ¢ is the Frobenius ¢: ﬁ[rl/p,l) — ﬁ[m). We
let VB(E[T 1))? denote the category of y-equivariant vector bundles on ﬁ[r 1)

(2) Let p~! = |p| < r < 1, a p-equivariant vector bundle on D[T y1/#] 18 @ vector bundle on the

coequalizer stack
Coeq(ﬁ[rl/p7/r.1/p] ;i D[rﬂnl/p])
1200

where ¢ is the inclusion ID)[TUP r1/7] - ]D[T r1/p]s P 1S the Frobenius ¢: ﬁ[rl/p’rup] — ﬁ[r,r]
and 1y is the inclusion Dy} C ]D)[T /e We let VB(D irr1/#)¥ denote the category of
p-equivariant vector bundles on ]D[ml /p]-

(3) A y-equivariant vector bundle on R is a finite projective R-module M together with a
p-semilinear Frobenius endomorphism F': M — M such that its linearization

Mor,R—M

is an isomorphism. We let VB(R)? denote the category of p-equivariant vector bundles
over R.

Remark 7.2.7. Let us mention concretely what ¢-equivariant vector bundles are in the cases (1)

and (2) of Definition For (2), a p-equivariant vector bundle on Dy, ;) is the datum of a vector

bundle V' on D[m), together with an isomorphism
a: 'V 2 Vs

LIRVZRY
of vector bundles on D[Tl /p1) . Similarly, a ¢-equivariant vector bundle on ]D)[T r1/») 18 the datum of
a vector bundle V on ]D[ml /»] together with an isomorphism

* ~Y
a: Vs =2Vig
¥ |D[7.1/p)7~1/17] ‘D[Tl/P,rl/P]
of vector bundles on ﬁ[rl/pvrl/p].

Proposition 7.2.8. Let (R, ) be a Robba ring with §-structure. There are natural equivalences
of categories of p-equivariant vector bundles

VB((]fDépperf\O) /SOZ> = hﬂVB(D[N/P",rl/ﬂ"'*'l})%J = h—n)lvB(ﬁ[Tl/P",l))w = VB(Rperf)ga = VB(R)?,
n,p n,e

where RP°™ is the perfection of the Robba ring, and VB(RP™)¥ is the category of o-equivariant
vector bundles on RP®t, and the transition maps in the colimits are given by pullbacks along the
Frobenius ¢.

1 =

Proof. We construct the equlvalences from left to right. Let p |p| < r < 1, and consider the

decompleted perfect annulus ID)[T Tl/p] = lim | - ID)[Tl/p y1/pm+1] given by the loci of }ﬁ)é;?erf where

r < |X| < r'/? (and where the tran81t10n maps in the limit are given by Frobenius). Define a

—p—perf
p-equivariant vector bundle on Dﬁﬁz] as in Definition (2), that is, a vector bundle in the
stacky coequalizer
f Y —p—perf
COeq(D[Tl/peil/p] = DA{;’T??Z}).
L20p

T rf

Let VB(]D)F; ff/p])“" denote the category of y-equivariant vector bundles on ]D)[f ,}f?p}
Step 1. We construct first a natural equivalence

° po—Dper erf
VB<(ID>5PP f\o)/ﬂ) VB(Dy,,1/n)?-

As one might expect, this is nothing but a spreading out argument. Indeed, the two compositions
—p—perf 1 —p—perf ° p—perf 7,
]D)[rl/p 71/7] :i D[T r1/7) — (D(Ep per \O)/W
are identified, and so we have a morphlsm of stacks

L1

rf A\ —per
coeq(]D)[ v 7nl/p] j ]D)rrﬁ?p]) (]D)(gpp f\O)/c,oZ
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Taking pullbacks this produces a symmetric monoidal functor

Ap—perf =p—perf
(7.2.2) VB((DFP"\0) /™) = VB(D};,,175)%
Concretely, given a vector bundle V' on (]f))(g;perf\O) /%, its restriction to Ha)é;perf\O is a -
equivariant vector bundle, i.e., a vector bundle V together with an isomorphism ¢*V = V. This
restricts to the datum of an object in VB(DE‘;?/C;?)“’ by Remark The equivalence of ([7.2.2))

follows from Lemma [7.2.9
Step 2. By definition, we have an equivalence of categories

—p—perf —p—perf 1 —p—perf
VB(D},,2n)? = ea(VB(D]., 7n) i~ D/ pi/o])-
L20p)*

. —p—perf ., . . _
Since the annulus Dy, ;' is affinoid and equal to @n . Dp1/pm g1/0m), we have

—p—perf . —
VB[ ") = lim VB(Dpa /o 1701
n,p*

as categories (we note that on rings the filtered colimits is uncompleted). Thus, as equalizers
commute with filtered colimits, we find that
—perf

VB(D([pr,rl/P])w = hgq VB(D[Tl/p"7rl/p"+1])¢-
n,p*
Step 3. We claim that the pullback along the map of coequalizers
coeq(Dya/p 170 = Dy yasey) = coeq(Dpazm 1y = Dy 1y)
gives rise to an equivalence of vector bundles
VB(ﬁ[rl/p",rl/wﬂ})‘p = VB(E[TUP",I))W'

Indeed, an inverse of the pullback is constructed by taking a ¢-equivariant vector bundle V' on
Dy, p1/v) and send it to the p-equivariant vector bundle V' on D, 1) constructed as follows:

e The restriction of V to ﬁ[rl/pn’rl/pwl] is ¢™*V where ¢": ﬁ[rl/pn’rl/pnﬂ] — @[T,Tl/p], and
the descent datum along the intersections Dj,.1/n 1 pmt1) D pntt aypntz) = Dpaypner aymi
is given by the ¢"*-pullback of the isomorphism ¢*V =V on Dp.1/p p1/p)-

e The ¢-structure on V is obtained via the isomorphisms

¢*‘7|[r1/p"+17r1/p”+2] = @ (™ V) = " TIY ‘7|[r1/p"+1,r1/p"+2]-
Passing to the colimit along Frobenius pullbacks we get

hg VB(ﬁ[rl/pnﬁl/P"*l})(p = hﬂ VB(E[TUPn-fl))gﬂ-
n,p* et

Step 4. Let 0 < 7" <r < 1, the space D, 1) is Stein and by [KL16, Corollary 2.6.8 and Proposition
2.6.13] there is a ®-equivalence of categories of vector bundles
VB(]D)(T/J)) g VB(O(D(T/’I)))

obtained by passing to global sections and localizing on the Stein space. Taking colimits as r’ — r,
we get an equivalence of categories of vector bundles

VB(Dyy.1)) = VB(O(Dy,.1)))-
Passing to Frobenius equivariant objects, and taking limits along Frobenius, we get isomorphisms

liny VB(Dy11 1)) 2 VB{lig O ))°
n,p* ©

Taking colimits as r — 1, and noticing that the restriction maps on the left term are isomorphisms
for r <7’ <1 by Lemma we deduce that

lig VB(Dj,1/m 1))? & VB(lim lig O(Dpyasem 1)) = VB(RPT)?.

n,0*

r—1 ¢
Step 5. Finally, we have a base change functor VB(R)? — VB(RP®)® of p-equivariant modules.
We claim that it is an equivalence. Indeed, since RP°f = liﬂ@R we have an equivalence of

(p-equivariant vector bundles
VB(RP*")? = lim VB(R)?,
%3
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where transition maps are given by pullback along Frobenius. But by definition of ¢-equivariant
module, the pullback map ¢*: VB(R)? — VB(R)¥ is an equivalence of categories. The claim
follows. 0

The following spreading out argument was used in the proof of Proposition [7.2-8]

Lemma 7.2.9 (Spreading out argument). Let X be a Gelfand stack with an endomorphism
p: X — X. Suppose that X admits a “radius” map r: X — (0,1)pett; such that ¢ is equivariant
with rising to the p, that is, such that we have a commutative diagram of analytic stacks

X —* X

I &
¥
(0, DBetti === (0, 1)Betti-
For I C (0,1) an interval let us write X1 = X X(0,1)pe; IBetti- Suppose that ¢ is an isomorphism
on X. Then the natural maps of stacks

L1 J
(7.2.3) coeq( X p1/e) = Xppya/n) = 0eq(Xpasm 1) = Xir1y) = X/¢"
L20@ ®

are equivalences.

Proof. Set S* = (0,1)/{z ~ 2P} be the circle obtained by taking the quotient of (0,1) along the
p-th power map. Then, we have the following isomorphisms of locally compact Hausdorff spaces

rl/p

St = coeq(* :g [r, rl/p]) = coeq([r l/p,l) é& [r,1))

r—xP

which pass to coequalizers at the level of Betti stacks. Taking pullbacks along the quotient of
the radius morphism r: X/¢? — SEetts> and since colimits are universal in an oo-topoi (i.e., they
commute with pullbacks), we deduce the equivalences of stacks ((7.2.3)). O

Corollary 7.2.10. The category of vector bundles on Mae(F, (2?7 )UK is equivalent to the
category of (v, d)-modules over any Robba ring with §-structure as in Definition .

Proof. This follows from Proposition and Lemma 1| (which describes My (I, ((r1/P7)))HK
as the analytic de Rham stack of (]D)“(J perf\O) /%) notlcmg that vector bundles on the analytic de
Rham stack are identified with vector bundles with flat connection, i.e., d-modules. O

7.3. Construction of the p-adic monodromy functor. We begin by defining for each L C @p
a Gelfand stack geometrizing Fontaine’s category of (¢, N, Galr)-modules over Qp". We recall
from Example that for each A € Q, we have the p-module Dy over Q," of slope A, seen as
vector bundle on GSpec(Qp™)/¢”.

Definition 7.3.1. Let L C @p be an extension of Q.

(1) Given A € Q we let V()\) be the geometric vector bundle over GSpec(Q,)/” defined by
D). Equivalently, it is the Gelfand stack over GSpec(Q,)/¢” given by the relative analytic
spectrum of the algebra Symggpec(q,) /o7 (D-x) over GSpec(Q,)/¢”.

(2) We set

Ftp := BV(—1) XGspec(@,)/s* GSpec(Qu")/(¢” x Gali™)
and call it Fontaine’s gerbe attached to L. Here, Gal7” acts on Q)" naturally and this
action commutes with ¢ (the notation (—)™ refers to the discussion after Example [5.6.8)).

Clearly, the stacks in Definition [7.3.1] admit obvious gfd variants, and we will use the same
notation for these qfd versions. We note that the Gelfand stack represented by the symmetric
algebra Symgspec(q,)/e? 2(D_1) is a relative analytic vector bundle, i.e., !-locally on the target

isomorphic to the projection Al * — GSpec(Qy).

Remark 7.3.2. We note that the datum of a vector bundle on GSpec(Qy")/(¢” x Gal}") is the
same as the datum of a (¢, Galy,)-module over Qp", where ¢ is a Q,"-semilinear operator, and the
action of Galy, is smooth (and commutes with the ¢-action). Thus, a vector bundle on Fontaine’s
gerbe Fty, is the datum of a Fontaine’s (¢, N, Galr)-module over Qp", where N is a nilpotent
(¢, Galp )-equivariant map

(7.3.1) N:V = V(=1):=V ®q, Di1.

This follows, for example, from the Cartier duality for analytic vector bundles over Q, as discussed
in [RC24al, Section 4.3.2]. We note that after fixing a basis vector e of Dy with ¢(e) = pe, (7.3.1))
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is the same datum as an endomorphism N: V — V which is Galp-equivariant and such that
Ny =ppN.

Now, we want to construct for any L C @p a map of stacks (natural in L)
(7.3.2) R e 177

that will depend on the choice of a pseudo-uniformizer @ € Q,. Theorem will then be the
statement that the pullback functor U7,  induces an equivalence on perfect modules. We note

that LHK =~ CHK/Gal?™, and similarly Ft; = Fts /Gal?™, and hence it suffices to construct a
P L Q L
P
Galois equivariant map UG o
0T

We first note, as already mentioned, that the natural map Fp — (C; induces a Galois-equivariant
map

HK | K o uny /, 7
C," —F, = GSpec(Q,")/p".
Thus, in order to construct a map as in 1j for K = @p, we need to construct a (Galsrz—
equivariant) extension
(7.3.3) 0-0—=E&,—0(-1)—=0

of vector bundles on C}'¥. Indeed, the stack Ftg , as a Gelfand stack over GSpec(Qp")/¢”,

classifies vector bundle extensions 0 — V(—1) — & — V(0) — 0, or equivalently extensions
0—V(0) = &Y — V(1) = 0. Now, we use that D; pulls back to O(—1) on CJ¥.

Luckily, there exists an interesting extension of O(—1) by O, and this extension is (essentially)
unique.

Lemma 7.3.3. Let L C @p. Then

| Qp i=j=0
HZ(LHK7O(.])) = Qp? 1= ]-7.7 =1
0, otherwise.

1%

Proof. We first assume that L is perfectoid and L’ F,((x'/P7)) for some ¢ = p/. Using
Lemma 1), we see that
dR ~ (i )X (AR
yL = ( ]ém DQ f) )
TP

where Q¢ is the unramified extension of Q, of degree f. In particular, we can calculate

Qu, =0
H'YH0) = Qud, i=1
0, i>2,

where & = [r] is the chosen coordinate of ]ﬁ)épf. Thus, as p-modules over Qs we get Do ®q, Q¢
in degree 0 and D; ®q, Q,s in degree 1.

From here, it is easy to calculate the cohomology H®(L"K O(j)) as the cohomology of the
derived (-invariants of RI'(YV{E, O) ®q, D—j. Namely, one can observe that there are no non-
trivial Ext-groups between ¢-modules of different slopes. The result is

| Qp i=j=0
H'(L™,0(j) 2 {Qp, i=1j=1
0, otherwise

as desired. The case for a general field L with L perfectoid follows now (using the approximation
arguments in Lemma by passing to the colimit of subfields L’ as before (noting that for a
finite extension L' C L” the pullback morphism H*(V4R O) — H*(Y{F, O) is an isomorphism,
e.g., by the existence of norm maps). To pass to all L C @p, we can argue via descent from @p.
We have to see therefore that the non-zero classes in H*(CI¥, O(j)) are invariant under Galg,. In
degree 0 this is clear, and in degree 1 one can verify this by a calculation (namely, the class df is
invariant under multiplication). Alternatively, Construction below yields a Galois equivariant
section of H'(C,®,O(1)). This finishes the proof. O

We proceed by constructing an explicit non-split extension as in ([7.3.3)). For this, we need the
following lemma:
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Lemma 7.3.4. Let w € Q, be a pseudo-uniformizer. Let us fix a sequence w’ = (w'/?"),, of p-th
roots of w in C,. Consider the map of qfd arc stacks over Q,

i VG — DX

induced by the topologically nilpotent unit [”] on Yec,- Then for all o € Galg, and u € 1+ pZ,
the composite maps

® . o B
yéb o((uw)?) DX,O N DX’Q/(l + ]D)o)
P
are equal, and they factor through a map

Bt Vg — D/ (1+ D)

only depending on the class w € pZ,/(1+ pZ,). Furthermore, this map is p-equivariant where the
action on the RHS is given by sending the coordinate x to xP. Passing to de Rham stacks, we get
a p-equivariant map

O Vg — (D*/(1+ D)™ =D* /(1 + D).

Proof. Let us first notice that D /(14 D) is isomorphic to its de Rham stack (cf. Remark for
a more general statement). Indeed, using Theorem this follows from the fact that G, C 1 +D
and that D4R = HD))X/GI,L as D* is an open G/ -stable subspace of G2".

Consider then the map

] ° ° o
Ve —=5 DX — D*°/(1+D°).

It is clear that the composite identifies ®_» and @,y for u € 1 + pZ,. We want to show that it
is Galg,-equivariant. For this, consider the action map

m: GalQp X y(é; — yé»;~

We want to see that the maps [’ om and [w”] opr, are equal. Let S = Spa(R) be a qfd perfectoid
affinoid space over Q, with a map f: S — Galg, x Vg, over Q,. This is equivalent to a map of
rings '

9: Aint(Oc,) — R,

which maps p and [@’] to pseudo-uniformizers of R, and a map C' (Galg,,Qp) — R. Together these
maps give rise to a map

h: C(GalQp,Ainf(O(cp)) — R.
(as the LHS is the tensor product of C(Galg,,Q,) with Ajy;(Oc,) over Z,). The composite of f
with [@’] o pry is induced by the pseudo-uniformizer g([=”]) € R. On the other hand, the map
[@”]omo f arises from the pseudo-uniformizer f(Orb([ew’])) where Orb([=’]) € C(Galg,, Aint(Oc,))
is the orbit o — o([@"]) of [@"]. We know that for o € Galg,

o([@’])/[='] =1 mod (p, [p"]"/@~Y)

as o acts on @!/P" by multiplication by a p"-th root of unit (with p> = (p'/?"),,). Therefore, the
quotient

F(Orb([@]"))/9([]’)

lands in the locus 1+ (p, g([p’]"/®P=V))R=! € 1+ R<'. This implies that the two maps [e’] o m
and [@"] o pr, from Galg, x Vg, to (D*°/(1+4D°)) are the same proving what we wanted. O

Remark 7.3.5. The de Rham stacks of quotients like D* /(1+1D) can be analyzed more generally:
let X = U/D be a quotient with U C A&p open, and D C A&p an open unit disc acting on U by
translations seen as a qfd arc-stack (or more generally a finitary gfd arc-sheaf, i.e., a gfd analog
of [Sch24al, Definition 4.22|, [Ger24, Proposition 3.12]). Then X9® = //D with now U, D seen as
qfd Gelfand stacks. Indeed, this follows from Theorem @ and the fact that U X ggpec(q,) D —
U Xaspec(@,) U is étale. We note that X is quasi-finitary in the sense of Remark and hence
we can deduce from Remark that the same holds for the big de Rham stack XPR = U/D
(now U, D are seen as Gelfand stacks).

We are ready to exhibit the key construction of an extension as in ([7.3.3)).
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Construction 7.3.6. Let x be the coordinate of X’ := ]f))ép, and let £ be given by the rank 2-

vector bundle Ox/ - 1®Ox/ ~€x Then we equip £ with the following 1+ If))—equivariant structure:
given R a Gelfand ring with map f: GSpecR — X' = ]D)(Sp, the action of 1 + R<! on f*&’ given
by the trivial action on the basis element 1 and by sending ¢, to

byy =Ly +logr -1

for r € 1+ R<!, where log(r) arises from the logarithm homomorphism log: 1+D —» D. In addition,
by defining ¢(£,) = lyr = ply we can make £ a @-equivariant vector bundle on X = D* /(1 + D),
where ¢ is the operator sending x to xP.

Note that we have a natural extension of the p-equivariant vector bundles on X

0—>Ox-1—>5—>OX(—1)—>0,

where Ox(—1) = Ox - £, and po, (—1) = ppoy- The bundle £ is then endowed with a 1 + D-

equivariant connection obtained by the derivation of 1 + D on &. Concretely, this connection V is

trivial on 1 and sends p
T
V() = —.

(b)) = —

Let @w € @@, be a pseudo-uniformizer. By taking the pullback along the map ®: yir - X
P
from Lemma we get a @-equivariant vector bundle on y&g which descends to an extension

(7.3.4) 050—=E,—>0(-1)—=0

of vector bundles on QEK. As already remarked, this extension is classified by a map of stacks
Vg, QF — Ftg,.

Pullback along Ft; — Ftg, defines the desired map Wy,  : LHK s Ft; for any L C @p.

Next, we note that the isomorphism class of the extension of vector bundles (7.3.4)) can be also
realized as the first Hyodo—Kato cohomology of a Tate elliptic curve. More precisely:

Lemma 7.3.7. Let w € Q, be a pseudo-uniformizer. Let f: X, = G;’@p/wz — Marc(Qp) be
Tate’s elliptic curve over Q,, seen as a qfd arc-stack (here, G, q, = Gf;‘@p). We have a natural
isomorphism

(f0=20@ 5[0 O(-1)[-2]
of perfect modules over (@EK, where £ identifies with the opposite of the extension .

Proof. Let q be the coordinate of the open punctured unit disc Y’ = D*. The idea of the proof is
to compare the Hyodo—-Kato cohomology of X with the de Rham cohomology of the Tate curve
&y = (G xq,Y')/q” over Y’ and explicitly compute this last one. To compare these cohomologies,
consider the gfd arc stack

Vémao, = G, X Mare(®,) Marc(Qp)

sending a qfd perfectoid ring A over I, to a tuple (Aﬁ, Ag, a) with Ag untilts of A, and a € Atlt’X a
unit of the first untilt. We have a morphism of arc-stacks over M,c(Q))

ar V2. o = Ghg,/(1+D°)

m,Qp

m,Qp

whose values at a gfd perfectoid A over F,, sends a tuple (Ati, Ag, a) to the tuple (Ag, 6>([a’])), where
a’ = (a'/?"),, is a compatible sequence of p-th power roots of a in Aﬁ (that we can guarantee locally
in the arc-topology of A), and 2: Aj,s(A) — Ag is Fontaine’s map with respect to the second untilt
Ag of A. We note that any two choices a” and a” of systems of compatible p-th power roots of a
satisfy that % is of norm < 1 (namely, on geometric points it consists of compatible sequences
of p-th power roots of 1), and so the map 62([a’]) is well defined up to an element of 1 + ]D)(Ag)
We also see from the definition that « is a morphism of abelian groups.

Thus, we have a morphism of arc-stacks
(7.3.5) B: Ve, o, = G, /(1 +D%) X pte(@y) V5,

Claim. Let f: y(g,m,@p — y@p and g: G%,Qp/(l + ]D)o) X Mare (Qp) y@p — y@p be the natural
morphisms. Then the natural map of de Rham cohomologies

(7.3.6) gIR1 — fdR]
is an isomorphism in D(y&f}).

42y is a formal basis vector, but should be thought of as log x.
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Proof. We have a correspondence of arc-stacks over y@p

o
qrert

~ cpert, AN )
m,Qp - Gfﬂv@po XMarC(QP) y&p an»@p/(l + DO) XMarC(QP) yﬁp
(7.3.7) l

o
Gm,qp

where Gfrf’fé: is the inverse limit of multiplication by p on Gy, q,, the vertical map is the natu-

ral map arising from Gf:%f — G%Qp after applying the functor J_), and the horizontal map

arises from the natural projection map Ggf;é: — an@p /(14 ]D)Q) (induced by choosing a p-power
compatible system of a coordinate on G,, g,). Thanks to Lemma and Remark the
horizontal and vertical maps in induce an isomorphism on de Rham cohomology over ydi},
thus proving the claim. O

Fix a pseudo—unifoormizer @ € Qp, let Y = D /(1 + D) and consider the map of arc-stacks
e, Vg, = Y°=D*°/(1+D°) from Lemma |7.3.4

We note that after fixing @’ the automorphism o of multiplication by w on Gm,q, lifts to
the automorphism ¢’ by multiplication by =@’ on ijﬁép. Now, the morphism (Id x & q,) o 3’
is equivariant for the automorphism on yéperf induced by ¢’ and the automorphism induced

m,Qp
by (z,q) — (gv,q) on G, q, X D*. Indeed, unraveling the constructions this amounts to the
observation that x is mapped to [T°] for a coordinate T on Gumn,g, (with a choice of p"-th roots),
q is mapped to [ww’] and o' ([T°]) = [@][T"].

Thus, we have a commutative diagram of morphism of stacks
(7.3.8)

Ve, jwe — G, /(L + D)@ X pte@) Y8, — G, /(1 + D)0 X ey Y°

| |

3, Y°

where the square is a pullback square. We deduce from the claim and the previous compu-
tation that the relative de Rham cohomology of g: G7, o /(1 + D°)[e’]? x Mare(@p) Y, = VG, 18
equivalent to the Hyodo—Kato cohomology of the Tate curve, after modding out by the Frobenius.
It is left to compute g4®1. Thanks to the pullback square of , it suffices to compute this
cohomology over ¥ = D> /(1 + ]D)) Furthermore, since the open disc is contractible for the de
Rham cohomology, pullback along D*dR — D /(1 + D) is fully faithful, and thus it suffices to
compute the relative de Rham cohomology of G;ﬁn@p/(l + ]]c)Q)qZ XQ, Dx-dR _y [)x.dR Using again
that the open disc is contractible, this is the same as the de Rham cohomology of the Tate elliptic
curve & := (G, xq, D*)/q% — DX,

We now compute the de Rham cohomology of the Tate elliptic curve over the open punctured
disc, with its connection V&M (the “Gauss—Manin connection”). For that, let = denote the coor-
dinate of G,, and ¢ the coordinate of D*. Let A = O(Gm Xq, ]].EDX), and consider the following
notations:

e V, is the logarithmic connection on the variable z sending f(z,q) to V,(f) = 20, (f)(z, ¢) .
e V, is the logarithmic connection on the variable g sending f(z, q) to V(f) = ¢04(f)(z, q)d—f.

o (m*f)(z,q) = f(qz,q) is the pullback along multiplication by the second variable.
Thus, the relative de Rham cohomology of the Tate curve h: & — D* is computed via the
cohomology of ¢Z acting on the de Rham complex of G,,, that is, via the complex on D*

0= OCm)g, -0 Y OCon)B, 205 D%, o, (Cu)Dg, 1O

-1, o1
_— QGm/Qp (Gm)®Qp,DO]ﬁ)X — 0
In order to compute the D-module structure of this complex over ]lo))X, it suffices to understand the
action of the derivation V, = q8q(—)% through the Gauss-Manin connection. For that, we note
the following identities of derivations acting on an element f(x,q) € O wo, B
map

o V,V,=V,V, (clear as x,q are two independent coordinates).
e m*V, =V,m*. Indeed, we have that

V() = m (0,1 0) ) = () g, ) =

Ve (f(qr, q)) = Vo™ (f).
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o Vym* =m* (xam(—))% +m*V,. Indeed, we have that
. dgq dgq
Vo (f) = a0q(f (a2, 0)- " = (g2(0:(f)(gz,q)) + qaq(f)(qx,cJ));
. dgq .
=m ((mam)(f);) +m*Vq(f).

The previous equations yield the following commutative diagram of complexes

(7.3.9)
00— O(Gy) ®q,.0 Opx O(G,,) ®q, 0 Opx ® Qéﬁn/@p(Gm) ®q,.0 Opx *> Qé " /Q (Gm) ®qpo Opx — 0

Lo I Lo

(m*—1,V,) —1)
0 ——— OGn) B, Opx "3 O(Gm) €a,. Ope @, sq, (Gm) B0, Op 310 (G) @0, O —— 0,

(m*—1,Vg) (

where

L: O(Gm) ®Qp,u O]ﬁ)x D Qém/(@p (Gm) ®Qp,u O]f))X — O(Gm) ®Qp,u O]f))x D Qé;m/@p (Gm) ®Qp,u O]ﬁ)x

is the matrix of differential operators <q§’1 _q?; ) sending (f(z,q), g(x q)f) to the pair
q

LU 0), 90, 0) ) o= (@0a(1) = m*(9), 40 () ).

The commutativity of the right square is clear, and for the left square we compute for f(x,q) €
O(G,,) ®qg, , Opx using the above relations:

L0 (£),20:(1) 2 =(00,(m* 1) — m* 202 (1), 40, (202 £)) )
dx

=(m"(20:(f)) +m™(a04(f)) — m*205(f), 40 (202 (f))—~)

=" (a2, 424 0. (1) D).
This implies the commutativity of the left square. We note that the calculation shows that £
is the unique morphism making both diagrams commute. In particular, the action of ¢d,(—)
via the Gauss—Manin connection on the relative de Rham cohomology has to be given via L in
cohomological degree 1.

We make the action on the de Rham classes now explicit. First, we note that multiplication
by p on the de Rham cohomology of the Tate elliptic curve h: & — D* is given by p’ on the
cohomology group in degree i, and hence this action provides a splitting of h9%(1). We deduce
that hd®1 = HO(hdR1) @ HY(hdR1)[-1] @ H?(h9R1)[-2]. We know already concrete basis vectors
for the H'(hd®(1)), and we can use the complex to calculate the Gauss—Manin connection
VEM on them:

o HO(hdR1) = Opx = 1® Opy with the trivial connection d: Op, — Qﬂla)x, g — dg and the
(trivial) semilinear action of ¢ sending 1 +— 1.

o H'(hIR1) = Oy, ® Op, % with connection given by VEM(<
(—1,0), and the action of Frobenius determined by ¢(1) =
produces the opposite of the extension (7.3.4).

o H%(hdR1) = Oy, % with trivial connectlon and action by Frobenius ¢(%2) = p9=. This is
the vector bundle with flat connection O(—1).

This finishes the proof of the lemma. (|

) =—1as £(0,1-4) =
and (%) = p9=  This

X
T
1

7.4. Fully faithfulness of ¥7 _. In this subsection, we want to show that the functor
U} o Perf(Fty) — Perf(LMY)

is fully faithful for any L C Q,.

We note that the morphism ¥y : — Ft, has bad geometric properties (it is neither prim
nor suave): its base change to GSpec(Q,")/ ©” is an analytic vector bundle over the huge space
(CZ})IK. In particular, the pushforward ¥, - . on the full category of quasi-coherent sheaves does
not commute with base change, making it difficult to verify that ¥,  , oW} _ is the identity. For
this reason, we will make several reduction steps. ’

We start with a general observation (see the proof of Proposition for related arguments).

LHK

Lemma 7.4.1. Let L C @p. Then each perfect module on L' is a compact object in D(LHK).
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Proof. The statement holds more generally for M,,.(A4)"¥ for any affinoid qfd arc-stack M..(A)
over F,, (and then also for quotients of such by actions of light profinite groups). Indeed, using
that quasi-pro-étale morphisms become inverse limits of pro-finite étale morphisms over a strictly
totally disconnected base (and hence the their *-pushfoward commutes with colimits on Hyodo—
Kato stacks), one can reduce to the case of a closed disc in a relative affine space over F,((t)).
Here, one can use explicit presentations of the Hyodo—Kato stacks to show that the pushforward
Marc(A)HE — GSpec(Q,) preserves direct sums. From here, one deduces that 1 € D(M . (A)HK)
is compact, which implies that every dualizable object, i.e., perfect module, is compact. O

We can use Lemma to deduce the following.

Lemma 7.4.2. Let L C Q,. Assume that U7 o1 Perf(Ftr) — Perf(LYX) s fully faithful (resp.
an equivalence). Then for any extension L' /L in Q,, the functor

U7 o Perf(Ftr) — Perf(L"HK)
is fully faithful (resp. an equivalence).

Proof. We note that the morphism BGal7" — BGal7" of qfd Gelfand stacks over GSpec(Q,) is
pro-finite étale in the sense that after pullback along any morphism GSpec(4) — BGal}" the
pullback GSpec(A) X pgaizm BGal7)' = GSpec(B) is represented by a (countable) filtered colimit of
finite étale A-algebras A;. In fact, one can take A; with GSpec(A;) = GSpec(A) X pgaiz» BGal7!
with L; C L finite over K. Applying Lemma m to the morphisms GSpec(Q,) — BGal}" with
L c L; C L’ finite extensions of L, whose hypothesis are verified thanks to Lemma and
after noticing that the pushforward of 1 along BGal}, — BGal7 is 1 being smooth cohomology
in characteristic zero (using that profinite groups have no cohomology for smooth representations
over ), we can conclude that BGal7)' = Jim BGal}" in the category of kernels. In particular,
D(BGal})) = @iD(BGaIiT), along x-pushforward. Thus, D(BGal}}) = ligiD(BGaliT) via *-
pullback (with filtered colimit taken in Prt ). We note that perfect modules on BGal77 are compact,
and similarly for L;. This compactness and the expression of D(BGal}7') as a filtered colimit in
Pr” implies that each perfect module on D(BGal}?) is the pullback of a compact object (and then
of a perfect module, by descent of perfect modules, Lemma on some BGal}". The same
argument holds after base change along LK — BGal?™ or Ft;, — BGal}™ (compactness of perfect
modules can easily be checked for Ft; while Lemma shows it for LK), In fact, we get that
Perf(L"MK) & lim, Perf(L;"), Perf(Fty/) & lim, Perf(Fty,), Perf(BGaly)') & lim, Perf(BGaly!)
in Cate. Now for L;/K finite, the fully faithfulness of W7 _ (resp. equivalence) implies fully
faithfulness of \I/z,”w (resp. equivalence) by passing to module categories for finite étale algebra. [

Moreover, we can argue by descent.

Lemma 7.4.3. Let L C L' € Q,. Assume that V7, oo Perf(Ftr) — Perf(L"H¥) s fully faithful
(resp. an equivalence). Then W7 _: Perf(Ftr) — Perf(LYX) is fully faithful (resp. an equivalence).

Proof. We note that we get a natural morphism ¥U*® between the Cech nerves of the morphisms
[HK _y HK
resp.
Ftr, — Ftr.
In fact, both these Cech nerves are pulled back from the Cech nerve of the morphism BGal?? —
BGalj" along the morphisms LUK — BGalj™ resp. Ft; — BGal}™. In particular, the morphisms
in these Cech nerves are all pro-finite étale.

It suffices to show that for each i € A the pullback W** is fully faithful (resp. an equivalence) on
perfect modules. This follows from the proof of Lemma [7.4:2] which generalizes to show that fully
faithfulness (resp. equivalence) of W7, _ on perfect modules implies the same after base change
along any countable pro-finite étale morphism Z — BGal}/, e.g., Z = BGal]) X pgalsm - - * X pGalsm
BGal}" with respect to the first projection. O

However, the geometric properties of ¥y, -, are still bad, so we need a further reduction.
Lemma 7.4.4. Let LC L' CQ,. If Q" € L and L'/L is Galois, set
Ftr/p == (BV(=1) Xgspec(q, ) /> GSpec(Qy™)/¢”)/Gal(L'/L)*™.
Let ®r/r: Ftpr — Ftro 1 be the natural morphism, and Vi ;o := P@ri/f, oV, . Then,
<I>z//L: D(Ftz/ ) — D(Ftr)
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18 fully faithful.
In particular, Uy _ is fully faithful on perfect modules if and only if for each L'/L Galois with
Q" C L' and L'/LQp* finite, the morphism \Ilz,/L o 18 fully faithful on perfect modules.

We note that as Q)" C L', Gal(L'/L) acts on Q}".

Proof. Let g: BGal}" — BGal(L’'/L)*™ be the natural morphism. Then g is cohomologically
proper, and the vanishing of higher cohomology of smooth representations of profinite groups on
Q-vector spaces implies that g.(1) = 1. In particular, g* is fully faithful and the same holds then
using cohomological properness of g for the pullback ®/ /7, of g.

The final statement follows because BGal}™" is the (countable) inverse limit of the BGal(L’/L)s™
in the category of kernels (as follows, for example, by using Lemma and the same argument
in the proof of Lemma , and as consequence one has that Perf(Fty) is the filtered colimit in
Cato, of Perf(Ftz/ /1), along fully faithful transition functors. |

Remark 7.4.5. From the reductions we have made we can now conclude that the following
statements are equivalent:

(1) for all L C Q,, the functor W} _: Perf(Ftr) — Perf(L"™) is fully faithful (resp. an equiv-
alence), -

(2) there exists some L C @, such that the functor W} _: Perf(Ft;) — Perf(L"¥) is fully
faithful (resp. an equivalence),

(3) there exists some L C Q, containing Q,", such that for each finite extension L’/L the
pullback

@7, : Perf(GSpec(Qp™)/¢” X aspec(@,) oz BY(—1)) — Perf(L"X)
along
®p: LV — GSpec(Qi™)/¢” X aspec(@,) /o= BY(—1)
is fully faithful.

Indeed, by Lemmal[7.4.2)and Lemmal[7.4.3] the first two statements are equivalent. In fact, it suffices

to see that \I% _or \Ilap - induce equivalences of perfect modules. To get rid of the Gal}"-action,
P> ’
fix some L as in the third statement. By Lemma we need to see that \Ilz,/L’w : Perf(Ftr/ p) —

Perf(LYK) is fully faithful on perfect modules for any L’/L finite and Galois. However, this can
be checked (by adapting the argument in Lemma [7.4.3)) after pulling back along the morphism

GSpec(an)/gOZ XGSpeC(Qp)/cpZ BV(—I) — FtL’/La
which yields the map ®,: L"HK — (}Spec((@;n)/gpZ X GSpec(Q,)/¢? BY(=1).

We will apply the above considerations to L := Q;“Q;f“m, where Q?“m = Qp(pl/ Py =
U0 @p(pY/P"). We also fix a finite extension L'/L, with associated morphism

CI)L’ : L/’HK — GSpec(Q;n)/goZ XGSpec(QP)/cpZ BV(—l)

The geometry of the map ®;/ is now much better than that of ¥y ., and we can prove the
following.

Proposition 7.4.6. The morphism ® := ®,: LM% — GSpec(Qp™)/¢” X GSpec(Q,)/¢? BY(—1) is
suave. Let ®y be the left adjoint of the pullback functor ®* (on the full category of quasi-coherent
sheaves). Then the natural map
q)hl —1
s an equivalence. In particular, the pullback
©*: D(GSpec(Qp™) /9" X Gspec(a,) /2 BY(—1)) — D(L"HE)

is fully faithful (and hence its restriction to perfect modules, too).

Proof. Note that since L’ is a finite extension over L = Q;an‘lm, we have an isomorphism of
perfectoid fields L' = F,((7'/?™)) (namely, it is a finite separable extension of L’ = F,((w!/?7))
with @ = (p/?"),,, and any such extension arises from a finite separable extension of F,((z)) for
some ¢ = p* which is itself isomorphic to F, ((r)) for suitable 7 being a local field).

The suaveness of ® can be checked after pullback along GSpec(Q,") — GSpec(Q,")/ 0P x GSpec(Qp)/¢?
BV(—1), which is a V(—1)-torsor 7 over Y4R. In particular, the morphism 7" — V4R is cohomolog-
ically smooth. Moreover, VIR identifies with the de Rham stack of a pre-perfectoid punctured open
unit disc over Q" (Lemma, and hence the map to GSpec(Q,") is suave by Propositionm



ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES 117

To prove that the natural map ®;1 — 1 is an equivalence, by suave base change ([HM24, Remark
4.5.15(1)]) along the following cartesian diagram

T &’ GSpec(Q}")

| !

VIR —2 GSpec(QU") /9% Xaspec(a,)/e BY(—1)

it suffices to prove that the natural map @El — 1 is an equivalence.

~b ,
o | : ~ o c AR &~ o T dR
After picking an isomorphism L/ 2 F,((7'/?7)), we can write Yi} =~ 7 .= im (Dézn)

with chosen coordinate z = [r], cf. Lemma 1). We know that 7 has to be a non-trivial
torsor over Z (e.g., as its pullback to ygf is non-trivial, and we calculated all possible extensions
in Lemma. We can further note (using the explicit Construction that 7 descents to a
V(—1)-torsor P over XI® for X := ]]3)61), and that it suffices to show that the natural map g41 — 1
is an isomorphism, where g: P — GSpec(Q,) (indeed, this result will then also hold for 7 by
passing to the colimit over z — zP, and after base change to Q;“).

We claim that we can reduce to showing that the natural map 1 — g.1 is an isomorphism.
Indeed, gy1 = gi(wy) is a basic nuclear object in D(Q,,;) by Proposition 1) and we have
g+1 = Hom(gy1,1), so assuming these properties the claim will follow if we know that the functor
Hom(—, 1) is conservative on basic nuclear objects in D(Q, ). But any basic nuclear object is
represented by a complex of DNF spaces by Proposition [A.0.12] We recall here that the derived
dual of a DNF is a Fréchet space in degree 0 (using [Bos21l A.18]). Then we can use the exact
(underived) duality result [RJRC21, Theorem 3.40] between dual nuclear Fréchet and nuclear
Fréchet spaces on the terms of the complexes, to see that if the dual complex of Fréchet spaces is
acyclic, then the original complex of dual nuclear Fréchet spaces is acyclic. This proves the claim.

The fact that 1 — g.(1) is an isomorphism follows from Lemma below. This finishes the
proof. O

Lemma 7.4.7. Consider X = ]Io))ap, the punctured open disc over Q, with coordinate x and let us
write V for its connection. Let h: P — X be a non-split V(—1)-torsor.
(1) For 0 < e < 1, let X. be the overconvergent annulus of radius [e,1 — €]. There exists
some ¢ € QX such that h.(1) identifies with the following O(X)-algebra (F,V.) with flat
connectimé satisfying the Leibniz rul:

F = lirr(l){z ap- ()™ with a,, € O(Xe) | for all v > 0, ||ay||r™ — 0 as n — oo} = O(XXQPAQE)’&H)
€e— P
n>0
and V.(l;) = c‘fv—“, and Veo(x) = xaw(—)%z.
(2) The natural map Q, — RT'(P,O) is an isomorphism.

Proof. We note that P x yar X is a trivial V(—1)-torsor as X is Stein. Choosing an isomorphism

with X X@spec(@,) Aé’jn, and denoting by £, the coordinate on Aéﬁ:n, the first assertion follows by

using the explicit construction of a non-split V(—1)-torsor as provided by Construction m
Given the first statement, the second amounts to showing that

Qp :> RFdR(Xa (fv VC))v

where the right-hand side denotes the de Rham complex of (F,V,.). As X and P are Stein spaces
and X is of dimension 1, the right-hand side is calculated by the complex

F Yy Fode.

Thus, we have to show that kerV. = @Q, and cokerV, = 0 on underlying sets (indeed, F is a
Fréchet space and the exactness of a complex of Fréchet spaces can be checked on the underlying
sets thanks to the open mapping theorem).

We may assume that ¢ = 1, by replacing ¢, by %éx. Thus, we set V := V;. Let a =
Y om0 mly € F with a,, € O(X). Then we can write

n
Ay = E Qp,m®

nez

43We use the terminology “module with flat connection” here as a more intuitive for a Gl—equivariant sheaf on
X =DX*.

44More precisely, the pullback of h.(1) to X is the quasi-coherent sheaf on X associated with the O(X)-module
F.
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with apn m € Qp, so that
a= Z A, mx" .
nezZ,m>0
We set
" a
R m— k 0,m—1
URTSIED DR S R e
neZ,n#0,m>0 k=0 m>0

This expression defines (a priori) only an element in ~ [[  Qpaz™¢}*. Then we formally can check
n€Z,m>0
that

2V (®(a)) = adz.

Indeed, this can be checked on each summand according to powers of x: write ®(a) = ) ., cn,
with ¢, € 2™ [],,,50 Qpf5" for each n. If n =0, then ¢ = Y7 “*7=147 and thus

m>0

m—1 m

0) = E agm-14y = E a0,m?;
m>0 m>0

Ifn#0, then ¢, = > apmz” 2:?:0(—1)’f ’:ﬁf) ¢m=k_ We calculate

m>0
Cn —xa Zanmx Z k+1)£m k)
m>0
" k(™ m—1 L™
= Z an,mn:r"(Z(fl)k nk(f:l) Ry 4 an,mxn(Z(il)k nk(fl) (m — k)em—1-k)
m>0 k=0 =0
n 1 m = k( ) m— e k'(m) m—1—
= 37 o (7 3D ) + (L (U O = )
m=0 k=1 k=0
m—1
"ot (k + DN B 0m = B)
:m;oa"vm(x b+ kZ:O((—l)k“”TerJr(—l)kknT)ex k1)
= anma" ]
m>0

by using the formula (k + 1)! (k+1) =kI() (m — k).
We now show that ®(a) € F. If this is done, then we can conclude that V is surjective as
desired. We note that

Kl m—+k a0 m—1
(ra1) s= Y (S e Y e
n€Z\{0}, meN keN m>0
The condition that asum b= > b, ,,z™¢ lies in F is equivalent to the conditions
n€Z,meN
b 1" 78— 0,

for n,m — oo and all y; < 1, 72 < 00, or —n,m — oo and all v < 00, 79 < 0.

We now check these conditions for b := ®(a). We note that in the second summand
converges as desired (because it is the integral of the analytic function ), - aomfy" on Abp). For
the first summand, we note that

1

nm+k:| |n| }
[k tyg

om0 < Supk>0{|||’“+17 73"} = supgsoflan, kg

The cases n — oo and n — —oo are similar, so we assume that n,m — oo (and thus y; < 1).

We note that %k is bounded if k¥ — oo and o > 1. We write v = 74(1 — d) for some § > 0.
2

klogp(n)

Then (1|,‘5k)n — 0 because |n|~* grows like p Thus, (using that |a,,m|[v]7v5" is bounded for

n,m — oo because a € F) we see that supyso{|an m+r/77 'ym*'kﬁ} remains bounded as well.
2

|n
This implies that |b, ,[7]'73" remains bounded for n,m — oo, and hence goes to zero by making
Y1, 2 slightly smaller.
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We now check that ker(V.) = Q,. Thus we assume that a = )
V(a) = 0. We calculate

nez,meN G, mT™ Y satisfies

(7.4.2) 20y (a) = Z A mnx™ 0+ ap pma™
nezZ,m>1

(7.4.3) = Z (N + (M A+ V) ag 1) ™0
neZ,m>0

for n € Z,m € N, and hence

(~1)n
m!

—n
Thus, an,m+1 = T Anm

An,m = Gn,0-

We can conclude

a:Z Zammxnfm*Zanoz Z(znoexp —nly)x"

neZ meN neE”Z meN ne”Z

Because a € F = O(X X@spec(@,) Aé_)p) = 0(X) ®q, . O(Abp) (using [Bos21l Corollary A.67.(i)])
we can conclude that
an,0 exp(—nly)

has to converge on Abp (with coordinate ¢;). But this happens for a, oexp(—nt,) if and only if
n =0 or a,,o = 0. This implies that a = ag is constant as desired. O

7.5. Tsuzuki’s theorem. With the results of Section [7.4] we have shown the fully faithfulness in
Theorem [7.1.1] and in this section we want to prove essential surjectivity. Before entering into
details of the theorem we sketch the idea of the proof.

Thanks to Remark we know that the pullback along LHX — Ft; is fully faithful, so we
are only left to show essential surjectivity. For that, by descent we can easily reduce to the case of
CHK and write the Hyodo—Kato stack as a quotient of FFc, by the overconvergent diagonal A(};p
of FFc, XQun /" FFc, (or, equivalently in FF¢c, xq, FFc,). This overconvergent diagonal can be
written as a limit of Fargues—Fontaine FFy where U is an open neighbourhood of the diagonal of
the fiber product Ma.e(Cp) X aq,,. (F,) Marc(Cp) for ¢ = p* and k — oo. Thus, using the uniqueness
of Harder—Narasimhan filtrations on vector bundles on Fargues—Fontaine curves, we can descend
the slope filtration from FF¢, to (CEK. This reduces the problem of essential surjectivity to the
semi-stable case. Now, for V a semi-stable vector bundle on (CEK, its pullback to FFc, is of the
form O(A\)®" for some A € Q and n € N. But then, the automorphism group of O(A\)®" is a locally
light profinite group A, so that the descent datum is determined by an object in the kernel of the
morphism of groups A(A(};p) — A(Marc(Cp))). This morphism is the same as

lim A(U) — A
U

where U runs through the open neighbourhoods of the diagonals of Mayc(Cp) X a1, (F,) Marc(Cp)
as above. Then the essential surjectivity would hold if one can prove that there is a cofinal family
of those U such that they are connected, namely, in that situation A(U) = A and the descent
datum will be trivial.

However, this would prove that any semi-stable vector bundle on (CZ})IK is of the form O(\)®",
and by the fully faithfulness of Remark [7.4.5] we would have that all semi-stable ¢-modules over
Q)" are of the form D;‘?" which is false: -vector bundles on Q" are the colimit of ¢-vector bundles
on finite unramified extensions Q,, and a ¢-vector bundle V' on Qg of slope zero is the same as
an étale Q-local system of Spec(F,). Saying that V' becomes trivial on Q" as a p-module is the
same as asking that it is trivial after some finite extension Q, = Qg but this would mean that
the morphism of groups Galg, — GL,(Q)) has finite image, and there are clearly examples of such
morph1sms which have 1nﬁn1te image. Note however, that by Kottwitz classification of ¢-modules
on (@p, any -vector bundle over Qp of slope 0 is actually trivial.

The previous discussion suggests that we need to slightly modify the strategy as follows: we
prove the analogue of Theorem after extending coefficients to GSpec(Qp) ~ FFFP. More

precisely, let
HK/FFgz
Cp ]Fp = (C;IK XFF%R FF?]J
P

and consider the morphism of stacks

HK /FFy y
9: Cp — By V(—1) Xaspec(un) /o2 GSpec(Qp) /¢”
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Applying the same strategy as before, we will able to show that pullback along g gives rise to an

. .. HK/FFg . .
equivalence of perfect modules; this time we encounter that C, ' is the quotient of FFc, by

the overconvergent diagonal ACP /6, in FF¢, Xpr, FFc,. This time, this overconvergent diagonal
P
is written as a colimit of Fargues—Fontaine curves FFy with M,,.(C,) C U C My, (C,) X Mare(F,)

Marc(Cp). We do not know whether we can find such neighbourhoods to be connected, but instead
we prove a weaker connectedness statement that will suffice for proving the claim, see Lemmal[7.5.2]
Finally, we are able to descent back from Q) to Q)" finishing the proof of Theorem

In order to finish the proof of Theorem we need a version over Q.

Proposition 7.5.1 (p-adic monodromy theorem: Qp—version). Let L/@p be an algebraic extension
and set Fty, := BV(—1) X GSpec(Qy)/o? GSpec(Q,)/ (9% x Gali™). Consider the natural morphism

of Gelfand stacks

HK/FFg

U, L P—)FJtL.

Then, the x-pullback defines an equivalence of categories

W% : Perf(Fty) = Perf(LHK/FFﬁp).

Proof. By the same arguments of Lemma [7.4.2) and Lemma[7.4.3] the following are equivalent:
(i) There is an algebraic extension L/Q, such that the functor W% is fully faithful (resp. an
equivalence) on perfect modules.
(ii) For all algebraic extension L/Q, the functor ¥} is fully faithful (resp. an equivalence) on
perfect modules.
Therefore, in order to prove fully faithfulness we can work with L/ QKum(@p a finite extension
over the Kummer extension of @p, in which case the same argument of Lemma reduces to
proving that the pullback along the map

[ HK/FFg, BFFFP V(-1)

is fully faithful. But then the tilt L is isomorphic to F,((x!/?™)) and L™/" % is isomorphic to a
punctured open unit disc over @p. We deduce fully faithfullness by base changing Proposition
along GSpec(@p)/goZ — GSpec(QE“)/ng.

From the previous we deduce that U7 is fully faithful for all algebraic extension L/ @p. We shall
prove that the functor is essentially surjective. For that, we reduce to the case of L= C,, by Galois

descent. Thanks to Proposition we can reduce the essential surl'ectivity to the case of vector

HK/FFgz
bundles. Let V be a vector bundle on C, / *» By Proposition [6.1.12] the morphism of Gelfand
stacks
HK/FFy
FFc, — Cp v
Fg,

HK
is an epimorphism. Thus, we can write C, as the quotient of FF¢, by its overconvergent

diagonal A(E /3, Over FFE = (GSpech) /”. Since the functor X ~ FF x preserves fiber products

D
of arc-stacks, we see that
Al = li FFy.
Cp /By = v
AMarC(Cp)CUCMarC (CP)XMMC(F},)MMC(CP)

The pullback of V to FF¢,, denoted in the same way to lighten notation, has a Harder—Narasimhan

ﬁltl;{algion Fil*V. We want to show that the latter descends to a Harder-Narasimhan filtration on

FF(C,, P For this, the descent datum along the two projections m; : A(I: - — FFc,, for
P P

1 = 1,2, extends to an isomorphism on FF for some compact neighbourhood of the diagonal

AMarc(Cp) CU C Mauro(Cp) X Mare (F) Marc(Cp). The pullbacks 7V, for ¢ = 1,2, admit global
Harder—Narasimhan filtrations (being the restriction of the pullbacks along the two projection

maps FF .. (c,)x ,, .y Marc(Cy) FFc,), and, by uniqueness, we have that Fil*z}V = Fil*73V.
arc (Fp
Therefore, Fil*V is stable under the descent datum of V and it descends to a Harder—Narasimhan
] HK/FFg )
filtration on C, 7 as desired.
Thus, in order to prove essential surjectivity of the functor \I/(}‘:p7 we can assume without loss of
generality that V is a semi-stable vector bundle. Then, to show that V lies in the essential image

of ¥}, we can prove (via approximation) the statement for a semi-stable vector bundle V over

LMR/FF, where L/Q?“m@p is a finite extension. Suppose that at geometric points V' arises from

HK/FFz .

the isocrystal Dﬂ_agf for A € Q and n € N. By Proposition [6.1.12|the morphism FF; — L is
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still an epimorphism and, by passing to the associated pro-étale torsor of trivializations of V), the
restriction of V to FF [, gives rise to a morphism of arc-stacks

Maze(L) = BGLy,(H,)

where H is the p-adic Lie group of automorphisms of D_,. Therefore, there exists a finite tamely
ramified extension K/L and a pro-p-extension F'/L of such that V is isomorphic to O(A\)®™ on
L' = KF D L. Therefore, by descent, we are reduced to proving the following claim:

Claim. Let L/QX"™Q, be an algebraic extension with is the composite of a finite tamely ramified
P P g Yy

extension and a pro-p-extension. Let V be a vector bundle on LHR/FF5, Such that the pullback to
FFy, is isomorphic to O(A)®" for some A\ € Q and n € N. Then V is isomorphic to O(X\)®™ on

A particular, it belongs to the essential image of W7 .

Proof of the claim: Let ATL /G be the overconvergent diagonal of the morphism FF; — FFE' It
can be written as the limit

AT

L/%y Jm Fry

LCUCMare(L)X pqy.0 5y Mare (L)

where U runs over affinoid neighbourhoods of the diagonal. Thus, after fixing an isomorphism
between V and O(A)®" on FFp, the descent datum of V is given by an element in

ker(A(A] 5 ) = A(Maxe(L))) = ker( limy A(U) = A)
P LCUCMarc(L)X pg,, 0 5,y Mare (L)

with A = GL,(H)). The claim will follow if there is a cofinal system of neighbourhoods that are
connected. For that, write L = K F as a compositum of K and F' over Q?“m(@p with K a finite

tamely ramified extension and F' a pro-p-extension. In that case, we have an isomorphism of tilts
K> = TF,((z'/P™)) and get that

MarC(L) XMarc(?p) Marc(K) = ]]Q)z’perf,o

is isomorphic to the perfectoid punctured open unit disc over L. The fact that L is a pro-p-extension
over L implies that L/K is an iterated extensions of Artin—Schreier extensions by Artin—Schreier
theory (applied to the tilts). Geometrically, this means that the fiber product Mare(L) X a4, (F,)

,perf,o

Mo (L) is a countable inverse limit of finite étale coverings of ]D)z , which are pulled back from

K. Tilting and deperfecting over L, it suffices to study the finite étale covers Yz, — Yx = Dzb
of the open punctured disc over L’ for L/L'/K finite intermediate extension. We note that for
such L', each affinoid subspace in Y7, has only finitely connected components (being of finite type
over L), and hence it suffices to show that for each connected rational affinoid subspace in Y7/,
its inverse image in Yz» — Y7 stays connected for all L' C L C L finite intermediate extension.

Now, this statement reduces to Lemma [7.5.2] below. O
This finishes the proof. O

Lemma 7.5.2. Let L be a perfectoid field of characteristic p. Let K :=F,((t)). Let f(X) = XP —
X+a € K[X] be an irreducible polynomial for some a € K, defining an Artin—Schreier extension K’
over K. Set X := Dz = Spa(L) XSpa(F,) Spa(K), and let h: Z = Spa(L) X Spa(F,) Spa(K') — X be
its base change. Then for each non-empty, connected open subset U C X its inverse image h=(U)
s connected.

Proof. Assume that h=!'(U) is disconnected. Being an F,-torsor over U, this forces that there
exists a section U — h~1(U). Hence, there exists some b € O(U) with

(7.5.1) W —b+a=0.

As U is non-empty and connected, we have an embedding O(U) C [], ¢, Lt", i.e., each element
in O(U) is represented by a unique Laurent series with coefficients in L, and we can compare two
elements by comparing coefficients. Hence, we can write

b= bnt"
neZ

with b, € L. By definition, we can write a =}, ant" with a, € Fp. Comparing coefficients in
(7.5.1]), we arrive at the equations
bg—b0+a0:0, —b14+a1=0, ..., bzlj—bp—‘rap:()?...
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and
—b_1+a_1=0, ...,bjil—b_p—ka_p:O,....

From here, we can conclude that b,, € F,, for all n € Z, and hence that b € K. This contradicts
the irreducibility of f, and hence we can conclude that h~1(U) is connected. ]

We deduce our interpretation of Tsuzuki’s theorem over Q,".
Theorem 7.5.3. Let L C @p be an algebraic extension of Q,. Then, the functor
L.w: Perf(Ftp) — Perf(LHX)
is essentially surjective (and thus an equivalence).

Proof. By Lemma [7.4.2 and Lemma [7.4.3| we can prove essential surjectivity for any intermediate
algebraic extension Q, C L C @p. Let us take L = Q?um(@;“ to be the Kummer extension of Q,
over Qu". Let V be a vector bundle on L' . Let L'/L be a finite Galois extension and consider
the morphism
\IIL//L,w: LHK — FtL’/L

as in Lemma @ Thanks to Proposition @ the map Wy, o is suave and ¥y, _ is fully
faithful. Thus, by Proposition [7.4.6] to prove essential surjectivity of ¥* on perfect modules it
suffices to show that there is a finite Galois extension L’/L such that the natural map

V — \Ilz’/L,w\IlL//L,w,hV

is an equivalence. This can be checked after base change along the epimorphism of Gelfand stacks
Ftr/)r — Ftp,p obtained by base changing from Q)" to Q,. In this case we have a cartesian
diagram

LHK/FFFP i} FJtL//L

| |
HK YL//L.w
L E— FtL’/Lv

and by proper base change one reduces to proving that there exists a finite extension L’/L such
h

that the natural map f*V — g*ghf*V is an isomorphism. This follows from Lemma [7.4.4] and
Proposition (]

Remark 7.5.4. As explained at that beginning of this section, the categories of vector bundles on
GSpec(Qy)/¢” and GSpec(Qu")/¢” are not equivalent. Let G := l'&anGaIFP open GSpec(C(H,Qyp))

for C(H,Q,) the Hopf algebra of continuous functions H — Q,. Then G is a group object in
Gelfand stacks, acting on GSpec(Qp)/goZ with quotient GSpec(Qy")/¢”.

As a consequence of Theorem we obtain the following.

Corollary 7.5.5. Let X be a partially proper rigid space over Q,. Let V be a vector bundle on
XHK " For any classical point © € X, there exists an open neighborhood U C X of x and a finite
extension L/Q, such that the pullback of V to UHK s unipotent (with respect to the residue field

of L).

Proof. First, we show that given Y a partially proper rigid space over C,, and V a vector bundle

—

on YHX then, for any point y of Y whose completed residue field k(y) is isomorphic to C,, there
exists an open neighborhood U C X of y such that the pullback of V to UMK is unipotent (with
respect to R,). This follows from Theorem via an approximation argument. More precisely,
it suffices to show that -
VB(Marc(k(y))™) = lim VB(U™F).
U>y

Moreover, thanks to Proposition [5.4.10} it suffices to prove a similar statement for perfect modules.
Restricting to an affinoid neighborhood of y, and passing to a (light) profinite torsor over it, we can
reduce to the affinoid perfectoid case (cf. the proof of Lemma [7.4.4). Then the claim follows from
Lemmal5.4.8] recalling that the Fargues-Fontaine curve attached to an affinoid perfectoid M. (A)
over Q, is a Berkovich space, and observing that, considering the map M,c(4)TE — M(A)peti,
each closed subset of | M. (A)"¥]| has a fundamental system of neighborhoods of the form |[UH¥|.

Then, the statement follows from what we have just shown, again via approximation, using the
classicality of the point z € X. (]
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Remark 7.5.6. Let C'/Q, be an algebraically closed field of finite transcendence degree d > 1
(up to completion), so that C is a gfd Banach algebra over Q,. One might wonder if any vector
bundle on CH¥ is unipotent (with respect to F,), or even if it is possible to classify vector bundles
on CHK by a category of (i, Ny, ..., Ng)-modules over Qp". This is however too optimistic: each
vector bundle on CH¥ spreads out to a vector bundle on XH¥ for a smooth partially proper rigid
analytic variety X over Q, with a morphism x: Spa(C') — X. As a consequence, a vector bundle on
CHK does not necessarily admit a Harder-Narasimhan filtration (e.g., if the Harder Narasimhan
polygon for the pullback to FFx jumps at ) even though its pullback to FF¢ does. Looking at
the argument in Proposition we see that FFo — CHX is therefore not surjective. Still there
is the chance that a version of Tsuzuki’s theorem can hold for C: each vector bundle £& on CH¥,
which spreads out to a semi-stable vector bundle £ on XHK for a smooth partially proper rigid
analytic variety X over Q, with a morphism z: Spa(C') — X, is pulled back along the morphism
CHK GSpec(Q,")/ %, Considering the last part of the proof of Proposition we can (up
to replacing X by an étale morphism, and a qcgs f-rigid subspace) find a pro-p-covering ¥ — X
with Y qegs, connected such that the pullback of £ to FFy is isomorphic to O(X\)®" for some
r > 0 and A € Q. Following the proof of Proposition it remains to see that the diagonal
Ayo CY?° Xgpaer,) Y has a cofinal system of connected qcgs open neighborhoods. For C' replaced
by C,, we could use the elementary argument Lemma@ which unfortunately does not seem to
generalize to C.

Remark 7.5.7 (de Rham implies potentially semi-stable).

(1) As shown by Berger, [Ber02], the local p-adic monodromy theorem implies that any de
Rham p-adic Galois represention is automatically potentially log-crystalline (i.e. potentially
semi-stable). This was later reproved by Colmez, [Col08], and Fargues—Fontaine, [FF18],
using different methods. Rephrasing Berger’s proof in terms of Hyodo—Kato stacks, this
result can be deduced as follows from Theorem [7.1.1} Using Sen theory, one can show that
there is an equivalence of categories

(7.5.2) VB®(FFg,) = VB(QIX)

where the LHS denotes the category of de Rham Galg,-equivariant vector bundles on
FFc,, [FF18, Définition 10.4.5], and QEK’JF denotes the stack defined as the pushout of
the diagram
Q;{K - QgR N QSR’+

(here, we write Q2R7+ for the Hodge filtered de Rham stack of Q,). By Theorem
the category VB(QEK) is equivalent to the category of (¢, N, Galg, )-modules over Q"; in
particular, the category VB(QI:*) is equivalent to the category of filtered (¢, N, Galg, )-
modules over Qp". On the other hand, by [FE18, Proposition 10.6.7], the latter category
is equivalent to the category VBplog(FF@p) of potentially log-crystalline Galg,-equivariant
vector bundles on FF¢,. Thus, putting everything together, we deduce from that
we have an equivalence of categories

(7.5.3) VB (FFg,) = VBP°5(FFq, ),

which is the generalization of Berger’s theorem proven by Fargues—Fontaine, [FF18, Théoréme
10.6.10]. An advantage of this strategy is that it is amenable to generalizations to the rel-
ative case. In fact, we expect that the equivalence can be extended replacing Q,
with a partially proper smooth rigid space X over Q,, and that one can deduce from
Corollary Shimizu’s theorem, [Shi22] Theorem 1.1].

(2) We recall that it is a major open problem in p-adic Hodge theory whether, given a de
Rham pro-étale Z,-local system IL on a smooth rigid space X over QQ,, there exists a finite
étale extension Y — X such that the pullback of I to Y is semi-stable at each classical
point (see e.g. [LZ17, Remark 1.4]). This is known to be true only in very special cases;
e.g. it is known for local systems with a single (constant) Hodge-Tate weight, [Shil8
Theorem 1.6]. In view of the previous remark, we can translate this question in terms of
Hyodo—Kato stacks, as follows. Let X be a partially proper rigid space over Q. Is it true
that, given a vector bundle V on X"X there exists a finite étale extension ¥ — X such
that the pullback of V to YHK is unipotent at each classical point of Y'?
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APPENDIX A. COMPLEMENTS ON SOLID FUNCTIONAL ANALYSIS

Building on results of Clausen—Scholze, we collect here various useful statements in solid func-
tional analysis over Q, -, revolving around the notion of nuclearity and w;-compactness.

As in the main body of the paper, we work in the light solid setup, and all rings are animated.
Given a solid @, -algebra A, we implicitly endow it with the analytic ring structure induced from
Qp,» and denote by D(A) the derived co-category of complete A-modules.

We begin by recalling some terminology.

Definition A.0.1. A solid Q,-module is called a Smith space if it is isomorphic to Q, ®z, [[; Zy,
for some set I. We call a Smith space light, if I can be chosen to be countable.

We recall that a solid Q,-module is a light Smith space if and only if it is isomorphic to Q, g[S]
for some light profinite set S.

Lemma A.0.2. The class of Smith spaces, resp. light Smith spaces, is stable under extensions,
closed subobjects, and quotient by closed subobjects.

Proof. See e.g. [RJRC21], Proposition 3.9], [Bos21, Lemma A.26]. |

Lemma A.0.3. Let A be a solid Qp-algebra whose underlying solid Q,-module is wi-compact. Let
M € D(A), then the following are equivalent:

(1) M is an wy-compact A-module.

(2) M is an wy-compact solid Q,-module.

(3) (M) is a static wy-compact wo(A)-module (in the abelian category of solid mo(A)-modules)
for all k € Z.

Proof. Let us first prove that (1) < (2). Suppose that M is wy-compact as solid Q,-module, then
M is the geometric realization of the wi-compact objects A*+! ®q, » M and so wi-compact as A-
module, since the compact objects in D(Q), ) are stable under the solid tensor product. Conversely,
let M be an wi-compact A-module, then if N € D(Q, ) we have that

Homg, (M, N) = Hom ,(M,Homg (A, N)).

Hence, as A is wi-compact as a solid Q,-module, the functor Hoim@p (M, —) commutes with w;-
filtered colimits making M an w;-compact solid Q,-module.

Next, for proving the equivalence with (3), by the previous equivalences (applied to A and
mo(A)) we can assume without loss of generality that A = Q,. Suppose that M is an w;-compact
solid Qp-module. Then, M = hgrl . P; can be written as a countable filtered colimit of compact
objects D(Q, ). Each P; is represented by a finite complex of light Smith spaces. In particular,
by Lemma this implies that each cohomology group 7 (F;) is a quotient of Smith spaces
and so compact as a static solid Q,-module. This implies that (M) = lim_ 7 (F;) is a countable
colimit of compact Q,-modules and so wi-compact as a static solid Q, ;-module. Conversely, let
M € D(Qp ) be such that 7, (M) is wi-compact as a static solid Qp-module for all k € Z. First, by
writing M = h_H)ln T>_n My, as a countable colimit of its right truncations, we can assume without
loss of generality that M is connective. In that case, as mo(M) is wi-compact, we can find a
countably family of light profinite sets Sy ; and a map

Qo =P QpolS;] » M
J

surjective on my. Let M; be the cofiber of this map, then M; is 1-connective and its cohomology
groups are still wi-compact (this follows because the kernel of Q¢ — mo(M) admits again a surjec-
tion by a countable sum of Smith spaces). By an inductive argument we see that M is represented
by a complex of the form

Q1= Qo0
where each @); is a countable direct sum of compact projective solid Q,-modules. From this
presentation, one can see that M is wi-compact proving what we wanted. O

We recall the following definition of nuclear modules.
Definition A.0.4. Let A be a solid Q,-algebra.
(1) A morphism N — M in D(A) is trace class if it lands in the image of the map
mo(Hom 4 (N, A) @4 M) (%) = moHom 4 (N, M).



ANALYTIC DE RHAM STACKS OF FARGUES-FONTAINE CURVES 125

(2) A solid A-module M is nuclear if for all compact A-modules P the natural morphism
Hom 4 (P, A) ®a M — Hom 4 (P, M)
is an equivalence. We let Nuc(A) C D(A) be the full subcategory of nuclear A-modules.
(3) An object M € D(A) is called basic nuclear if it is of the form M = lim M, where each

M,, € D(A) is compact and the maps M, — M, are trace class. We let Nuc®°(4) ¢
D(A) be the full subcategory of basic nuclear A-modules.

Example A.0.5. Banach spaces are nuclear solid Q,-modules (see e.g. [Bos21, Corollary A.50]).
More generally, Fréchet spaces over Q,, are nuclear solid Q,-modules ([Bos21l Proposition A.64]).

Let us collect some properties of the category of (basic) nuclear modules.

Lemma A.0.6.

(1) The subcategory Nuc(A) C D(A) is stable under colimits, and its wi-compact objects are
precisely the basic nuclear objects.

(2) The categories Nuc”™°(A) C Nuc(A) C D(A) are stable under tensor products.

(8) If A — B is a morphism of solid Q,-algebras and N is a nuclear (resp. basic nuclear)
A-module, then B®a N is a nuclear (resp. basic nuclear) B-module.

Proof. For part (1) see [Sch20, Proposition 13.13], part (2) is [CS22| Theorem 8.6], and part (3)
[Man22l Proposition 2.3.22]. O

Lemma A.0.7. Let A be a solid Q,-algebra which is nuclear as solid Qp,-module and let M € D(A).
The following are equivalent:

(1) M is a nuclear A-module.
(2) M is nuclear as a Qp-module.
(8) mi(M) is a nuclear A-module for all i € Z.

Proof. See e.g. the proof of [Bos23, Theorem A.17(iii), Remark A.18§]. O

Lemma A.0.8. Let A be a nuclear solid Qp-algebra. Then Nuc(A) C D(A) is stable under
countable limits.

Proof. See [Bos23, Theorem A.17(i)]. O

Lemma A.0.9. Let A be a nuclear solid Qp-algebra and let M be an wi-compact A-module. Then
the functor

Hom (M, -): D(A) — D(4)

preserves nuclear modules.

Proof. By assumption, we can write M = li iPi as a countable filtered colimit of compact pro-
jective A-modules. Then for N € Nuc(A) we have that

mA(Mv N) = lgll{oimA(PHN) = lgl(mA(R,A) XA N)7

where the first equivalence is clear, and the second follows from nuclearity of N. Since A is a
nuclear Qp-algebra, Hom 4 (P;, A) ®4 N is a nuclear A-module, and Lemma implies that
Hom 4 (M, N) is nuclear proving what we wanted. ]

The most important source of basic nuclear objects is the following class of solid Q,-modules:

Definition A.0.10. A solid Q,-module is called dual nuclear Fréchet space if it can written as a
countable filtered colimit of Smith spaces along injective trace class transition maps. If the Smith
spaces in the system can be chosen to be light, then we say that it is a light dual nuclear Fréhet
space. For short, we will also refer to it as DNF space (resp. light DNF' space).

Lemma A.0.11. Let M be a static and quasi-separated solid Q,-module. The following are equiv-
alent:

(1) M is basic nuclear.
(2) M is a light DNF space.

Moreover, let f: N — M be a morphism of light DNF spaces. Then both ker(f) and im(f) are
light DNF spaces.
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Proof. It is clear that any light DNF space is basic nuclear, static and quasi-separated solid Q,-
module. Conversely, suppose that M is a static, quasi-separated and basic nuclear solid Q,-module.
We can write M = hgn P, as a filtered colimit of compact projective Q, -modules along trace
class transition maps. Since M is quasi-separated, the kernel @, = ker(P,, — M) is closed and,
by Lemmalm, it is a compact projective Q, o-module. In particular, there is some m > n such
that P, — P,, factors through P, /Q,. Hence, after passing through a subsequence and taking
quotients, we can assume that the transition maps in the colimit M = hgn P, are injective and of
trace class. This is precisely a light DNF space.

For the last claim, let f: N — M be a morphism of light DNF spaces. Then M, N are quasi-
separated and the kernel K C N is a closed subspace. By writing N = %nn P, as a filtered colimit
of injective trace class maps of compact projective objects, we see that

K = 1'%(13” N K)

and that P, N K C P, is a compact projective module, by Lemma[A.0.2] Thus, K is wi-compact.
Now, by [RJRC21] Corollary 3.38] we can also write N = hgqn B,, as a filtered colimit of Banach
spaces along injective trace class maps, hence K = li . B, NK is also a filtered colimit of Banach
spaces, making it nuclear. We deduce that K is both nuclear and w;-compact, and so it is basic
nuclear. This implies that it is a light DNF space (using the proven equivalence of (1) and (2)) as
it is quasi-separated. Finally, im(f) = N/K is a quasi-separated and basic nuclear module, so it
is light DNF as well. O

Proposition A.0.12. Let M € D(Q,), the following are equivalent:

(1) M is basic nuclear.
(2) M can be represented by a complex whose terms are all light DNF spaces.
(8) For each i € Z the static Qpn-module m;(M) is a quotient of light DNF spaces.

Proof. This is an analog of [CS22] Theorem 8.15]. The implication (1) = (2) follows from the
same proofs of [CS22] Lemma 8.7 and Proposition 8.9] since any compact object P of D(Q,, 1) can
be represented as a complex P® of compact projective modules of the form Q, 5[S] with S light
profinite; here the key input of [CS22] Lemma 8.7] is that Homg) (QpolS],Qp) = C(S,Q,) sits
in degree 0 and is flat. The first assertion is clear since Q,[S] is projective, and for the second
assertion see e.g. [Bos21l Corollary A.28].

The implication (2) = (3) is obvious. Finally, for the implication (3) = (1), note that if m;(M)
is a quotient of light DNF spaces, then it is basic nuclear by Lemma Then combining
Lemma (for wi-compactness) and Lemma [A.0.7] (for nuclearity) one deduces that M is basic
nuclear. |

Nuclear modules satisfy the following descent result. For the notion of !-equivalence used here,
see Definition {211

Lemma A.0.13. Let I be a countable co-category, and let @iel AnSpec(A;) — AnSpec(A) be a
I-equivalence of solid Qp-algebras such that A and all A; are nuclear over Q,. Then the natural
functor

Nuc(A4) — Lim Nuc(4;)
s an equivalence, where the transition maps are given by *-pullbacks.

Suppose that in addition that A and all A; are basic nuclear Qp-algebras. Then the natural

functor

Nuc(A) — lim Nuc'(4;)

i€l

s an equivalence, where the transition maps are given by !-pullbacks.

Proof. Since we have descent for solid quasi-coherent sheaves (as we have a l-equivalence), and the
nuclear categories are full subcategories of all solid modules (stable under x-pullback), we have
an inclusion Nuc(4) C Jim, Nuc(A;). To see that this inclusion is essentially surjective, let M;
be a cocartesian section in Nuc(4;). By Lemma each M; is nuclear as A-module, and by
Lemma [A70.8] the limit of all M; remains nuclear being a countable limit of nuclear modules.

For the claim about !-descent, by assumption all the A; are basic nuclear, and in particular
they are wi-compact as A-modules. By Lemma the upper !-functors Hom 4 (A;, —) preserve
nuclear A-modules, and so the natural equivalence (coming from the input being a !-equivalence)

D(4) = limD'(4;
(4) i (4i)
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restricts to fully faithful functor
Nuc(A) C lim Nuc'(4;).
el
To see that this morphism is essentially surjective, it suffices to see that if M; is a cocartesian section
of yﬂliel Nuc!(Ai) then h_r)nl M; is a nuclear A-module. This follows again from Lemma
L]

(S
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