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Dmodules onThe Fargues-Fontaine curve
-

(joint W/ Anschutz , LeBras, Rodriguez Camargo)

limetegea Express proetele domology with Qp-sefficients
of rigid spaces , over &p or 4p , interms of deRhamdata.
Plans Backgranandmotivation

⑤DeRham-Fargues-Fontaine stacks- -

S Applications
-

Backgrouand motivation

K/Qp discretely valued with perfect res .field ,
F:=W(k)To

I fixed alg . closure,C :=F , Gr:= Gal(/k).

&m (Scholze,Gliez-Niziot , Bhatf-Morrow-Scholze,
~

Cesnavicius-Koshikawa)
Let Ct/Ok proper pradic f. scheme with semisable red.

SFor so
,
thereis a natural is of filtered .(G ,N ,GK)-mod.

j



Hire(tc,QBst() Bet
S

Here
,
Hik(str) denotesThe Hyodo-Kato chonology
= Higcris(Er/W(k)[*))-
It is endowed with Frob y ,

and monddramy action N
Coming from singularities of Ctn) satifying

Np = PqN.

Equivalently , for iso,There is Gr-equiv pullback square
After (t ,@p)-> (HAKE]@ +Bar(#0-

↓ ↓
Fil (Hin(trilenBar)- Hintr)@kBan

-

Rank 1) Alternative proof in good reduction case wasgiven by
Anticar-Mathew-Morrow-Nikolaus via
I

Beilinson fiber square".



2) Generalization in good reduction caseto crystalline
ap-bal systems with integral lattice by Gro-Reinecke.

& What about rigid spaces not having semisable formalmodel,
or not proper

?
E

Lload Shimme varieties are interesting examples of
rigid spaces which are not proper and in general do
not admitt semisable formal model).
7

Ihm (Colmez-(Dospineswt) Niziot , B .)
Let X/K ques smooth rigid space . We have a
GK-equivariant pullback square in D(Modaid
Ripoet(Xc,Qp)-> (RTK(X) rBst]N

=0,

↓ ↓
Fil" (Ram(X)@Bar) -> Rian(X) Bar

RankThere is a generalization to any rigid you XIC
(possibly singular) covered by countable # of affinoids + 95.



Here
, for 2/C smooth rigid space,

& RAK (2)
denotesTheHyod-Kato oh . def. by Gliez-Niziot,

Hollowing a construction of Beilinson).it is defedale~

locally ,viaalterations ofHartlandTemkin , asthe
Ayodo-Kato oh . of red . mod . p ofa somitablet. model.
It is refinement of deRham oh : It is endowed
with (p, N)-mod. structure, and , for /C gues,

RTk(z)EnC= REar(z)-

UsingThat Hyodo-Kato is easierto computethan pro-ele,
one can show forexamplethe following Artinvanishing :
- X/(smooth Stein space , Hiroit(X ,Qp) =0 for isdimX .

-This fails w/Ek landogy with ladic pro-ele chonology) 2p-Geff!
ForX/K goo rigid space , lep prime,

·Hornet(Xc ,Qe)5GK
is finite dim . Qe-v.S .. By l-dicmonodromyTheorem,



it has (p , N)-modulestructure , foranygean .Frob geGK-
This oh

. has same formal properties as Hyodo-Kato oh-
for rigid spaces (e.g. homotopy invariance wirt opendisc).

except forthe factthat Hik(Xc) is infinitedim even inthe
gas case: oneremediestothis passing to dagger spaces
Il

S

-

(rigid spaces withoverconvergentstructure sheef")
RK1) Clmez-Nziot proof is localto globa : it uses

log-syntomic oh in semitable case + alterations.
2) Alternative proof uses a globally def. Oh for rigid spaces

-

/C
,interpolating between file and deRhamdata :

it is (a filtered enhancement of) FargueFontaine oh.

HFr (2) (introducedby LeBras) .
Recall for S=Spa (RiRt) aft'd prf'd over #p,

-

The relative#F curve attachedD S is def. as : Der pseudonit

FEs:= YFrs/q4 , YesSpaIW(Rt)(IVlos
--

Via descent
,for E/C rigid spacewe defadiamond JFFzo.



For 2/) smooth aff'd Atr(z)-Q6h(FFc) is.

The

solid quasicoherent complex on FFC6 associated to

RT(Yez ,
O) eQ6b(YFF,a)

decalage operator forT = "Fontaine ziti" (killing junkFotorsion)
For /C smooth ques ,thereis a natural ison.

-H+(2) = ECRn(E)) quasion. complex
-

In schedto p,al-modle
& 1) Isthere a def . of Ayodo-Kato oh . avoiding

log-geometry/alterations?
Can it be extended to efficients !
2) Isthere a generalization of previousthitogeft?
What about a "categorification" of suchthm?

bet for hp-oefficients -Bhatt-Zurie)[Riemann-Hil
&

Ank (Motivic approach)
1) Binda-Gallaver-Vezzani found def . of Hyodo-Kato
oh forsmoth dagger spaces, avoiding log-geometry-



2) BeforeThat,LeBras-Vezzani proposed a def - of
Fagres-Fontaine oh .

AFF(E)
, forsmooth dagger spaces

11

/C
, conceptually as deRham oh. Over FF"

Il

"FEz%/FFc

Comparison with previous def · of LeBrasstillnot inthe lifestre).

DeRham-Fargee-Fontainestacks

Recall
, given aZariskisheaf cat of finitetype K-algebras

-

fin-Y : Ringk->Anitunima leg . YIQuanity
Simpson defined thedetapeach asthe preshest

ydR: Ringlin-Ani
R2>Y(Red) , Pred= R/NiR(R).

If Y/D is variety , Yor isa sheaf for etche top , and
(inthe case Y smooth)

(t) Bun(yd)=v.b .with intgrable connectionDonY



(3
,
5(d (3

,
%)

(2) Rr(Y&, 15,8(
**/=RF) Y , (3,01).

-

Recently , Rodrigret Camarge introduced a similartack
in rigid geometry , inthe framework of Clausen-Schole
analytic geometry: given a sheaf for analytictop.

Y : Aftling
d
-> Ani Leg . Yp analytic->anfuntionsegry of bonded find ringsa adic space)

/objisbad. (generalization of Tate Huber pairs)
TheandyideRham prestack is the presheat
-

& AftRind -> Ani
"Spectralnorm"

RrY/Rt-red) , RR/Nintful
L

where NiltR)=
"

(feR 1 lf)=0S -
TheanalitieRhamsek Y &R is sheafification of this,- -

writTo ! -descenttop def . by Clausen-Scholze
- forced by

-

- G-functors
Bet Let X/Qp rigid space , we def.The stack

I



XdR,FF. = (Y=F
,x
*)dR/4?

ID here
,weuse Perfdiptsr> (Frid has enough descentproperties!)

Denoting f :X->Spa structure morph, we def.

Harff(X) :=RO)Gh(
MinThm (in progress, A-B-LB-RC).

(1) Perf(QRFF) = D
"

(19,N, Gal-Modor) Previousdoa
suchspaces

12) Let X/hp Smooth) proper rigid space larges dagger space.
S

Adr
,
FF(X) -Perf(QpdR,FF) .

=>

Under equivalence in (1),There is a natural isom.

Adr,FF(X)=RAk(Xc)
* Y,N,Go

Y

13) For X/&p as in (2) , pullback of HariF(X) along
I

&

(holdingen)FF-
identifies with AFF(Xc).* previouslydefinedviadecalagefunctor (



Proofecho B =QMpt), T=Gal(p).
->

(415) -modestableby action of 0 :=t Liet.S &

↳ - loc .an.V .b
,

Bun(RF)= (4 ,0 ,-Bu
*

(YFF*b) re. Locfree
& Y O'a-modules
Senstheory

-C,
* (9 , N , Gap)-Modtur&

(mez,Chabonnier ↑
ec ...) p-adicmonodromythm /Andre

,Kedlaya ,Medkhr ,Berger)
Rink Have reproof of pradicmonodromythm which shows D
-

That any vib . On Qudrif is "quasi-unipotent-
Ak Notethat now one can redefine Hyodo-Kato shom.

very similarly to ladic proceede cham. , as chom
withvalues in (,NT-mod : firstonegives a def. purely
inTerms of rigid geometry, then one uses the
p-adic/l-adic monodromy Ihm!

S Applications Recallthe following :
& (Scholze) LetX/&p smooth proper rigid space.
Let I be a deRham Qp-load system on Xproet,



having a 2p-lattice . One can functoriallyattachto t
S

a filtered v.b . with integrable connection Dan(H) onX

satisfying , for is o
,
a natural isomorphism

Aproet(Xc,1) pBau=Har (X ,Dan(H) apBar
compatible with Gopaction and filtrations.

Rmk #deRham It de Rham for all classical-

Kiv-Zhr) points xeX
Comepoint is sofficient ifX is connected

God Wantto refine aboveihmTo asot-comparison.
-

Recall Fargues - Fontaine defined notion of demu.
on FFG/Gop=FF :

BadR(FF) (Bin(FFE) is thefill subcat spanned

by vb. E st . W :=EdeRepBan(Gop) is



genicallyflat , nie
dimpanN[1/P) = dim aW(1/43800

Thm (inprogress , A-B-LB-RC , Scholze, Liv-Zhu)
-

LetXI&p smooth rigid space.
There is a natural equivalenceof categories

RH : Bund(FFx)= Bon(XdR,
FF
,+).

Here
,
o Bund(FFX) <Bon(FFx) isthe full about

spanned by V.b .
which are deRham at each

year, point overa classical point ofX.
dR,FF ,+

· X isthe filtered dR-Frstack defined asthe-
hort of analytic stackspos

dR dRiFF
X+X

↓ I ↓
Xanit -> ydRiFF,+



where X
&R It
isthe Hodge-filtered analyticdeRamstack;

S

S 2)Bin(ydit)el fered b wihg one,
(i .e .X(Filyel)Chi Fil

:

"(El)

BankThere is a fully faithful funder
Lockhp(Xpret) BrdR(FEx*)

# "1qpOFEyo"
which identifiesthe sourcewiththe rob . inthe

Target which are semisable of stope o at each
geometric point ofX.

Rmk (dR= pot) Combiningthemainthm. ofthe · previous-

section andthethe above inthe caseX=Spac,&

we obtain

Bund(FF) = (4 ,N ,Goo-FilModi
andthen ,by the previous remark,



Re(GN ,God-Filmodweakly
admissile

= Rep(Gp) (weakly adm = dem,Colmet-Fontaine
Proof sketch ofihm By Beauille-Laszl , we can
- --

"glue" The following equivalences of categories:

1) Bin(XdF=y
+R) = Bm(FFx(X(

2) lessentially Scholze , Liv-Zhr)

Bu(X) = S
Bar

,
x-local systems whichare

I
,

&

generically flatet each gram. point
oor a classical point xeX

Finally,we havethe following :

Ihm (A-B-LB- RC) def X/p be a smooth

proper rigid space . Denote f :XSpachp) tr . morphism.

1) Forany EEBon(XdRIFF) , and iso, wehave



RYdF(2)Be(d)
We denote

Hin(Xc
,
2) :=RYdFF(2) - (4,

W
,Gop)-Modo

under equidence ofmainthm.

2) Let be a deRham Optoad sorte on Xproet
having a Xp-lattice.
For iso

,
wehave a natural ison. of filtered 1,N,Galmod.

Hiret(Xc,H)BsA(Xc,RH) Br

Equivalenty, for iso, wehave a Gap-equivariant pullback square

Hire(Xc ,1)-> (in(Xc
,
RACH) urB,

↓ I (A)

Fil(Ham(X,RACH) Ban)-> Him(X
,RAH) Bar



where
, for e Bin(XRIFF) ; tisteredfinite -V .S.

Air(X
,
3) :=R

*f* (3x,)eBun)

Bak As intheTrivial Geff. case,there should be a
derived variant of (a) , for any X/&p gues

((smooth) dagger space without even assumingthe

existence of a 2p-lattice for1).

Inthis case,to defineHK-Ghandigy onewould needto
showthat forany EeBun(X

&R ,FF)
,we have

RAFF(E)ePef(QE
/

(inthe arethe dagger space X/p has a smooth weak

formal model ,this finiteness is ratedto finiteness
ofrigid chomology withoeff. proved by Kedlaya).


