COVERING A NONTAMING KNOT BY THE UNLINK

MICHAEL H. FREEDMAN AND DAVID GABAI

0. INTRODUCTION

Definition 0.1. We say that the locally finite collection of proper lines I' C R? is
a trivial R® — link if there exists a homeomorphism of R3 taking I' to a subset of
(Z,0) x RC R? x R.

For example, if L is a locally finite union of geodesics in H?, then L is a R3-trivial
link, as seen by applying Morse theory to the distance function from any point in
H3.

The main result in this paper is the following

Theorem 0.2. There exists a simple closed curve 7y in an open 3-manifold M such
that

1. (M — ) is infinitely generated,

2. w1 (M) is finitely generated,

3. the universal covering M of M is R3 and

4. the pretimage ' of v in M is R3-trivial.

Addendum 0.3. A simple closed curve w can be chosen in the above manifold M
satisfying the above properties as well as the following additional ones

1. w is algebraically disc busting in m (M) and

2. 0= [u)] S HQ(M,ZQ)

Definition 0.4. A nontaming knot is a smooth simple closed curve k in a 3-
manifold M such that m (M) is finitely generated and m (M — k) is infinitely
generated.

Remarks 0.5. By Tucker, [Tu] the condition, 71 (M — ) is infinitely generated,
implies that the manifold M is not tame, i.e. is not the interior of a compact
manifold. There are lots of examples of non tame manifolds with finitely generated
fundamental group whose universal covers are R?, e.g. see Theorem 2.1. This
paper provides the first example of a knot in such a manifold, which is sufficiently
complicated to be nontaming, yet sufficiently straight to lift to an R3-unlink.

Our manifold M is obtained as a nested union of handlebodies of genus 2, Vi C
Vo C V3 --- where the inclusion V; C V;4; is as in Figure 1. Let v C V} be the knot
also shown in Figure 1.

Figure 1

The paper is organized as follows. In §1 we show that M is homotopy equivalent,
but not homeomorphic to, the standard genus-2 handlebody and that 71 (M — 7) is
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infinitely generated. In §2 we show that I is the trivial R3-link of infinitely many
components. In §3 we prove Addendum 0.3.

Historical Remarks In 1990’s the first author showed that the non existence of a knot
having the properties stated in our main result implies the Tame Ends conjecture
(also known as the Marden conjecture) for hyperbolic 3-manifolds. See [My]. In
Fall 1996 the authors found the knot v C M. We are finally presenting its proof.
Very recently, we found the example of the Addendum.

Tan Agol and independently Danny Calegari and the second author have recently
announced proofs of the tame ends conjecture [A], [CG].

Notation 0.6. If X C Y, then N(X) denotes a regular neighborhood of X in Y.
If X is a topological space, then |X| denotes the number of components of X.

1. m(M — k) IS INFINITELY GENERATED

Since the inclusion of each V; into V;y; is a homotopy equivalence, it follows
that the inclusion of V; into M is a homotopy equivalence and hence M is a genus-2
homotopy handlebody.

To show that m (M — k) is infinitely generated it suffices to show that 9V3 is

o
incompressible in V3 — v and for each i, (V41 — VZ-) is incompressible in V; 1 —V;
[e]

and V41 — V; is not a product. These facts, together with [St] show that the

(o)
induced map 1 (0V;) — w1 (Vi1 — V) is injective but not surjective. The standard
Seifert - Van Kampen argument completes the proof.

Lemma 1.1. 9V3 is incompressible in Vi — ~

Figure 2.

[e]

Proof. Tt suffices to show that if Wy = V53— N(v), then Ry := dVj is incompressible
in Wy. Let D3 C V3 (resp. E C V3) be the disc obtained by gluing D} to DY
(resp. E; to Es). By considering boundary compressions it suffices to show that if
Wy is Wy split along D3 and R; is Ry split along D3, then R; is incompressible in
Wi. Let Wy (resp. Rs) denote Wi (resp. Rjp) split along E. We abuse notation
by now viewing D%, DY (resp. Ei, F3) as compact annuli (resp. pants). Note that
Ry is incompressible in Wa, for any essential compressing disc H would nontrivally
separate the set {Dj, DY, Eq, Eo}. One the other hand by considering ON () N Wh
we see that all of these components must lie in the same component of Wy — H

Therefore to show that R; is incompressible in W7 it suffices to show that there
exists no essential, properly embedded disc (F,0F) C (W2, E1 U E5 U Ry) such that
OF N (E1 U Ey) is connected. We now show that F'N Ey = (. A similar argument
will show that F'N E; = (). In the natural way erte Wy as P x [1,2] where Pisa

disc with 3 open discs removed and D5 U E; C P x 1 and DU Ey C P x 2. Here
P; denotes P x i. Assume that F' was chosen so that |F'N Pe| is minimal and that
FN(RyNOP x [1,2]) are arcs from P; to P,. Isotope F' to be Morse with respect
to projection onto the [1,2] factor. Arguing as in [Ro] we can assume that the only
critical points are of index —1. Since F is disjoint from E U D5 and F' is a disc
it follows that F'N P is a finite union of parallel arcs and the closest saddle point
to P, must involve distinct such arcs. Therefore, if F' contained a saddle tangency,
then by considering a boundary compression we could have found another essential
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F' as above, with |F'N P x 2| reduced. It follows that F' has no saddle tangencies
and hence |F'N E1| > 3 which is a contradiction. See Figure 3. O

Figure 3

Remark 1.2. Another way to prove Lemma 1.1 is to show that the manifold ob-

tained by doubling V3 — N() along 0Vj3 is irreducible. One can prove irreducibility
of the double by constructing a taut sutured manifold hierarchy.
Note that dV5 is compressible in Vo — 7.

Since the inclusion of V; into V;;; is a homotopy equivalence we obtain the
following

Lemma 1.3. For each i > 1,V;1; —V; has incompressibe boundary. O
Lemma 1.4. Fori>1,V;41 —V; is not a product.

Proof. It suffices to consider the case i = 2. Let W = V3 — Va. Let (W,0)
be the sutured manifold with R_(0) = 0V, and Ri(o) = 0Vs. It suffices to
construct a taut sutured manifold hierarchy (W, o) = (Ny,09) — (N1,01) — -+ —
(D%x1,0D?*x1I) such that for some j, R (o) is not homeomorphic to R_(c;), since
by [G] a taut sutured manifold decomposition of a product always yields a product.
(Products are exactly those taut sutured manifolds of minimal complexity, and taut
splittings do not increase complexity.) Figure 4 shows a step in such a hierarchy.

o
The top sutured manifold (N, 2) is (W, o) split along the product annulus D3 —V5
followed by splitting along a product disc (i.e. a disc crossing the sutures twice)

meeting Fy — V5 in a single arc. The thick red lines denote the sutures. Note
that each of Ry (02), R_(02) is a pant. To obtain (Ns,03) split along the annulus
corresponding to A, and Aj, so that A, is given the +-orientation. Note that
R, (03) is not homeomorphic to R_(o3). Splitting (N3, 03) along a product disc
yields (Ny, 04) where Ny = D? x S' and the sutures of o4 are 4 parallel longitudes.
One more splitting yields, (D? x I,0D? x I). O

Figure 4

2. T' 18 R3-TRIVIAL
The following is well known.

Theorem 2.1. If the open 3-manifold N is exhausted by compact irreducible man-
ifolds W1 C Wy C -+ such that for each i, in. : w (W;) — w1 (W;11) is injective,
then N = R3.

Proof. The universal covering space N of N is exhausted by the universal covering
spaces of the various W;’s. By Waldhausen [Wa], the universal covering space of
W; is B® — K;, where K; C 0B? is compact. Since a space is R? if every compact
set lies in a 3-cell, the result follows. O

Lemma 2.2. If L is a smooth locally finite link in the open unit 3-ball B C R3, such
that away from ezxactly one point, each component is transverse to the concentric
S27s, then L is R3-trivial. O

Corollary 2.3. A locally finite collection of geodesics in H? is R3-trivial. O
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Definition 2.4. Let T denote the standard infinite R3-link (Z,0) x R C R3 x R.
Let X be the 3-manifold with boundary obtained by removing small open regular
neighborhoods of the rays Rx := (Z,0) x [1, 00)U(oc0, —1]. Let T'x be the restriction
of T to X.

Remark 2.5. If X; is the 3-manifold with boundary obtained from the standard
infinite R3-link by removing small open regular neighborhoods of the rays Ry,
defined by {(n,0) X [n,00) U (—oo,n — 1]|n € Z} and T, is the restriction of T' to
X1, then (X1, Tx,) is diffeormorphic to (X, Tx).

The pair (X, Tx) can be viewed geometrically via the follow lemma.

Lemma 2.6. Let G be the 2-dimensional Schottky group generated by length 10
translations g1,g> along orthogonal geodesics A,B C H?. FExtend G to act on
H3. Let Q C H? be the totally geodesic plane orthogonal to B at distance 5 from
AN B and Q be the orbit GQ. Let Y be the closure of a component of H> — Q
and GBy the restriction of the orbit GB to Y. Then there is a diffeomorphism
(X, Tx) = (Y, GBy). O

Let 7 : M — M denote the universal covering projection and let I' denote the
link 7= (7). By Theorem 2.1 M is homeomorphic to R.

The construction of M gives rise to a properly embedded plane P C M which
intersects each V; in a single disc D; and intersects V3 in the disc D3. Furthermore
PNy=Ds;N~y. Let P =7"1(P).

Proposition 2.7. There ezists a diffeomorphism (M,F) — (H?,GB).

Assuming for the moment the Proposition we obtain,

Proof that T is R3-trivial. Tt follows from the Proposition that the pair (A,T)
is diffeomorphic to (H*, A) where A is a locally finite union of pairwise disjoint
geodesics. By Lemma 2.2, T is R3-trivial. O

Proof of Proposition. It suffices to show that if W is the closure of a component
of M — P and 'y is the restriction of I' to W, then there is a diffeomorphism
(W,T'w) — (Y,GBy) where Y and GBy are as in Lemma 2.6. By Lemma 2.6 it
suffices to show that (W, 'y ) is diffeomorphic to (X, Tx ), where Tx is defined as in
Definition 2.4. Let W; denote the compact manifold obtained by splitting V; open
along D;. Then W is exhausted by the manifolds V;.

Consider the R3-link ¥ shown in Figure 5. It has infinitely many components and
is invariant under a rigid R3-translation g. Each component has an end which is a
vertical ray and another that forever spirals down. Let R be the union of the (thick)

blue rays, two for each component of 3. Let N(R) be a union of small open regular

neighborhoods of the components of R and Z = R3 — N(R). The pair (W,Ty) is
dlffeomorphlc to (Z,XNZ). Indeed, Z can be exhausted by manifolds diffeomorphic
to V~ in a manner compatible with the inclusion V C Vz+1 Furthermore, the
quotient Z/ < g >= W/Z where Z is the group of covering translations of W and
V; /Z = V;. Figure 6 shows 3-fundamental domains V; within Z. Figure 7 shows
one fundamental domain of V5. Notice that the curves a and 8 bound discs in the
boundary of this fundamental domain which lie in 0Z. Again, just translate by g
to get the entire embedding of V5 C Z. In a similar manner construct V;, i > 3.

Figure 5
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Figure 6
Figure 7

Consider the collection {H;}, ¢ € Z of horizontal planes shown as lines in Figure
8. Coordinates on R? could have been chosen so that H; = R2 x3 and g(H;) = Hi11.
If S; is the slab R? x [i,i + 1], then X|S; is equivalent to the link (Z,0) x [i,4 + 1].
Putting these slabs together, we conclude that ¥ is R3-trivial.

The diffeomorphism H of R? which takes ¥ to the standard link T could have
been chosen to fix Hy pointwise and setwise fix the various horizontal planes. There-
fore it could have been chosen to take R to the rays Rx,. This shows that (W,T'w)
is diffeomorphic to (X7, Tx,) and hence is diffeorphic to (X, Tx). O

3. ANOTHER EXAMPLE

Theorem 0.2 answers in the negative a conjecture of the first author. Myers [My]
asked whether a more restrictive version of that conjecture holds. The example of
this section provides a similar answer to that question. Let the manifold M be as
in §2, with the knot w C Vj presented as in Figure 9.

Figure 9

Proof of Theorem 0.8 With respect to the standard generators of w1 (V1), w repre-
sents the element a?b? which according to Myers [My] is algebraically disc busting
in V7 and hence in M. Le. 7 (M) cannot be expressed as a nontrivial free product
such that [w] can be conjugated to lie in a single factor. Since w is algebraically
disc busting, 9V} is incompressible in V; —w. As in §1, m (M — w) being infinitely
generated then follows from Lemmas 1.3 and 1.4.

An argument similar to that of §2 shows that the restriction of Q to W is the
union of properly embedded arcs €y as drawn in Figure 10. Figure 10 can be
decoded with the help of Figure 11, e.g. to unclutter the picture, certain pairs
of thin green arcs are drawn as one arc. Note that W is R3 with open regular
neighborhoods of a countable collection of rays deleted. These neighborhoods are
denoted by the thick blue lines. Finally the boxes drawn in Figure 10, coordinatize
R3 and will be useful for the next paragraph. Imagine that both OW and Qy lie
very close to the x,y - plane. Let {F;} denote the components of OW.

Figure 10
Figure 11

To each component E of 9W we define a foliation Fr of W which is the restriction
of a topologically concentric foliation on R? with center in the component of R —W
separated off by E. For each i, Fg|E; will be a topologically concentric foliation
by circles with center point the dot shown in Figure 11. Fg will have exactly one
tangency with each component of Qy, except for the two components Qi which hit
F and Fg will be transverse to (2g. Suppose that F is the component containing
the point (0,0) shown in Figure 10. The leaves S; of Fgr will be parametrized by
[0,00), where Sy is a point. Define S;, ¢ € N according to the pattern given in
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Figure 12. Next modify these spheres as in Figure 13. In particular if S; N E; # 0,
then S; N Ej; is a circle. The other spheres get modified in a similar way. For
example, the modified S5 has three tube like extensions. One passes by (1,1) and
the others at (2,2) and (3,3). It is an exercise to show that the desired foliation
FE can be constructed to contain these integral spheres. Note that near (0,0), but
not including (0, 0), all the leaves of Fg are discs.

In a similar way construct a foliation Fy on W to have all the properties of Fg
except that the center point of the concentric foliation lies in int(W — Qy), nearby
leaves are spheres and each component of Qyy is tangent to Fy at exactly one point.

Figure 12
Figure 13

To show that Q is R3-trivial we describe a foliation F on M = R? which satisfies
the hypothesis of Lemma 2.2 with respect to the link €. M is built by gluing copies
of W in a treelike fashion. Let 7' be the tree dual to P C M with base vertex vg.
Let vy also denote the corresponding copy of W. Define Flvg = Fp. If v; and vy
have an edge in common and v; is glued to vy along the plane E ;) C dv;, then
give v; the foliation Fp . Since each foliation restricts to a concentric foliation
on Ey;) the identification of Fy and Fgy(;) is determined by a homeomorphism
hoi @ [0,00) — [0,00). Similarly if v; and vy share an edge with v; closer to vy,
then give vy the foliation Fy(;y where the plane Ey;) C vy glues to v;. So F
is determined by the various homeomorphisms h;; : [0,00) — [0, 00) where v; and
v; share an edge. Any choice of functions gives rise to a foliation by spheres and
planar surfaces of possibly infinite Euler characteristic. Furthermore, since each leaf
of Fg, is compact and hits E; in exactly one component, it follows that each leaf of
F hits vy in exactly one component. If the leaves of Fy are parametrized by [0, 0o)
and Ty C Ty} C --- is an exhaustion of T' by compact connected sets, then pass to
subsequence of the T;’s and choose the functions h;; so that if t <n —1 € N and
L; is the leaf of F passing through the leaf of Fy parametrized by ¢ € [0, 00), then
L; is a sphere contained in M,,, where M,, is the submanifold of M corresponding
to T),. Assume that F has been inductively constructed on Mn_l and satisfies the
above conditions for t < n —2. Let G denote those leaves of F |Mn_1 which restrict
to leaves Ly C Fo with ¢ € [0,n — 1]. There is a finite set F' = {Fy,---, Fj} of
components of OM,,_1 so that G N OM,_; C F and lies in a compact subset C' of
F. By passing to subseqence we can suppose that each F; glues to a vertex of T,,.
If v; glues to v; € T;,_1 along F},, where 1 < p < k, then choose the function h;; so
that each circle c of G|F, is capped off by a disc of Fy ;. O
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Glue the top disc to the bottom one and the left disc to the right one to obtain the
embedding of V4 into V».

Figure 1



The knot y viewed inside V3.

Figure 2



Figure 3



Glue the annuli A; to A; to obtain (N 0y).

Figure 4a

Figure 4b
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One fundamental domain of

V,, lifted to Z.

Figure 7
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