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Abstract

The main purpose of this paper is to investigate the existence of a general evaluatory formula for integral parts of
reciprocals of tails of the series defining the Riemann {-function for a fixed value of s: a non-unitary positive integer. To
that end, we introduce two families of polynomials - one given by a convolution recurrence involving Bernoulli numbers,
and the other defined in terms of the previous family. Through an asymptotic argument, we provide the desired formula
in terms of said polynomials. Subsequently, using the methodology established, a direct derivation of some particular
formulae (corresponding to the cases s = 7 and s = 9) is made. We then proceed to study the properties of the
polynomials mentioned, in particular obtaining a rather surprising symmetry property about the ’critical line’.

Keywords: Computational Formula, Floor Function, Hurwitz Zeta Function, Tails of Series, Polynomials, Polynomial
Symmetry, Quasipolynomials, Quasiperiods

1. Introduction

Let a > 0 and s € C with o := Re(s) > 1. We define the Hurwitz (-function by

1
((s,a):= Z nrar

n>0

Note that, when a = 1, we recover the Riemann (-function evaluated at s: ((s). In order to better our understanding of
the nature of {(s) for integers s > 2, it is argued that it would be beneficial to approximate the "tails’ {(s,n) for n € Z+.
Since 1/{(s,n) is unbounded as n — oo, a natural question to ask would be to find an interval of the form [k, k + 1),
such that it contains 1/{(s,n), where k is an integer dependent on s and n. In this paper, motivated by the problem
stated and some of the recent publications (see , we consider the question of the existence of a general computational
formula for [1/¢(m+1,n)], where [-] denotes the floor function and both m and n are positive integers. In other words,
we seek to investigate whether, for a fixed positive integer m, [1/{(m + 1,n)] can be expressed in terms of a ’simple’
function of n for all sufficiently large integers n. As the reader will come to realise, this question naturally gives rise to a
certain family of polynomials, which will be referred to as the &-polynomials. We define £, (z) by the recurrence relation

b0 == ()Be. 021

k=1
with &o(z) = 1, where (By) are the Bernoulli numbers (see §3). The first few {-polynomials are
fo(z) = 1
&) = 0 1w
L@ = 0 - fHr o+ g
&) = 0 + 0z + FH2* —  Fa°
Q@) = 0 + sz + 2 - Had + Lot
&) = 0 + 0z — 2?2 — 25 4+ Lot - Lo
&) = 0 - 50 — 7152 - Rt + 3t - @t t o500
Glw) = 0 + 0+ 552" 4 55500+ met’ - st townd
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Our main result is the following.

Theorem 1. Fiz m € ZT. There exist natural numbers N,, and 7,,, such that, for all integers n > N,,, we have

I SR (U | VPP
HC(m—l—l,n)ﬂ ILZ_O §r(m) H m (1), (1.1)

where ¢y, : Z — {0,1} is a T, -periodic correction term.

Given the structure of Theorem [1} it is reasonable to introduce a family of auxiliary polynomials (the E-polynomials),
defined by

En(z) = Zm{k(m)xm*k, m > 1.
k=0

The first few such polynomials are given below.

- _ 1

Ei(z) = - 5 + x

= 2

Ho(x) = 1 — 2z + 2x

E3(z) = - 2 4+ Lz - %2 + 323

Eulr) = - % — ?:17 + %xQ - 83 4+ 42t

Es(x) = % + %x — %372 + %x3 — %x‘l +  52b

Ee(r) = Loo— 2y 4 a2 - 362 4+ 332t — 182 + 62

= _ 65611 69685 . _ 1715 2 7399 .3 _ 1715 4 6375 _ 49,6 7
Er(z) = 3156 T+ 1728 & T s v G N T e+ T
Es(x) = — BH - B2p 4 82— 642®  + 1200 — 12845 + 802 — 3227 + 8B

For the sake of completeness, one may also define Zg(z) := 0. If we further put K,, := min{k > m | {t(m) # 0}, then
the correction term in Theorem [I| admits the explicit representation

m > 1.

) -

em(n) = 0, ¢k, (m)>0VE,(n)¢Z
) g, ¢k, (m) <OANZE,(n) €Z

Note that, whilst the appearance of ¢, in Theorem [I]is necessary due to technical reasons, the author is not aware of a
positive integer m for which ¢, is not a constant function. In either case, as Z,,(z) € Q[z] for all m € Z* (refer to ,
the correction term is indeed 7,,-periodic, where 7, is the period of the fractional part of Z,,(x) and is given by

Tm = min{d > 0 | dZ,,(z) — d=,,(0) € Z[z]}

(see . The table below provides values of 7,,, 1 < m < 16, along with their prime decompositions.

m | T, | prime decomposition of 7, || m Tm prime decomposition of 7,

1 1 |- 9 256 28

2 1 - 10 648 23 x 34

3 4 |22 11 | 230400 | 20 x 32 x 52

4 3 20 x 3t 12 55 20 % 30 x 51 x 70 x 11!

5 48 24 x 3! 13 | 14929920 | 212 x 36 x 52

6 10 21 % 30 x 51 14 11232 25 x 3% x 59 x 70 x 110 x 13!
7 | 1728 | 26 x 33 15 | 802816 | 2! x 39 x 59 x 72

8 7 20 % 30 x 50 x 71 16 382725 20 % 37" x 52 x 7!

Having the above terminology at our disposal, we remark on an interesting interpretation of Theorem [I} First, recall
that a function q : Z — C is called a quasipolynomial if it can be represented by polynomials on residue classes with
respect to some modulus 7 (termed its quasiperiod), i.e., if for each r € {0,...,7 — 1}, there exists a polynomial g, (x),
such that ¢(z) = ¢,(z) whenever z = r (mod 7). Now, fix a positive integer m and note that Theorem |1]is equivalent to
the quasipolynomial @, (n) := [E,,(n)] — e¢m(n) (of quasiperiod 7,,,) coinciding with [1/{(m + 1,n)] for all sufficiently
large integers n. Whilst it certainly does suffice, 7., may not necessarily be the minimal quasiperiod of @, (n), which in
either case is a factor of 7, (trivial to verify).



Upon deriving Theorem [I| we continue to obtain a result which provides a practical way of finding the lower bound N,
in particular cases. Due to its heavy reliance on auxiliary terminology which we have yet to introduce, we postpone the
presentation of said theorem until §6] However, the key conclusion to be drawn from said result is that the lowest integer
for which formula holds is different across different residue classes modulo 7, and depends on the fractional part
of Z,,,(r), where r € {0, ..., 7, — 1} is an element of the residue class considered. Another (rather informal) consequence
regarding the size of N,, is that, if, for some residue class r + 7,,Z, the value of Z,,(r) is not an integer but close to one,
then N, should be expected to be 'quite big’.

In order to provide the reader with a more concrete understanding of the applicability of Theorem [I] it might be useful
to consider the following particular example (note the evident appearance of Zg and 74 in the statement).

Corollary 1. Suppose that n = 10k 4+ r with k € Z and r € {0, ...,9}. The computational formula

1 7 3 3
=6n% —18n° +33n* — 360> +17Tn? —3n+ 18+ | —n’ 4+ —n+ = 1.2
HC(Z”)H n n’ + 33n n® +17n n+ 184 || en” 4 et g (1.2)

holds for

(1) k>1ifre{3,56,8};
(2) k>2ifre{0,1,7,9};
(3) k>3 ifre {24}

In particular, it holds for all n > 25.

In §7.2) we acquire yet another explicit computational formula (corresponding to the case s = 9). Thereafter, we

commence the study of the properties of the polynomial families introduced in this paper. Using arguments based on the
theory of formal power series, we acquire a curious identity involving the &-polynomials and the binomial coefficients.

Theorem 2. We have
> (27} )at = e 1)

for all integers n > 0.

Perhaps one of our most surprising discoveries is the following symmetry property about the critical line {x | Re(z) =
1/2}.

Theorem 3. The Z-polynomials satisfy the reflection formula

E (@) = (~1)"Z(1 - )

for all m € Z*. Equivalently, the parity of Z,,(x + 1/2) as a function agrees with the parity of m as an integer.

Moreover, in different representations of &, (x) are provided. Furthermore, we derive a general recurrence relation
for the coefficients of the {-polynomials and use it to deduce some explicit formulae for said coefficients (see §11).

Finally, we would like to direct the reader’s attention towards §12] where we give our concluding conjectures regarding the
concepts considered in this paper. There, we identify a series of p-adic patterns involving the T-quasiperiods. Further, we
hypothesise an explicit formula for K, and a criterion for determining the sign of {x, (m). Lastly, we state a conjecture
about the complex zeroes of the =-polynomials bearing a similarity to the Riemann Hypothesis.

2. Results in Literature

Some progress regarding the evaluation of the integral parts of 1/{(s,n) for particular cases of s has been made in a
number of publications of late. In particular, in their article published in the Journal of Inequalities and Applications
titled "Some Identities Related to Riemann Zeta-Function’ [I], Xin proves that, in the notation of this article,

el = ¢ lawal =2




for all positive integers n. Moreover, they raise a question of the existence of a generalised result for any s € Z*/{1}.
Not long after, Xu [2] provides formulae corresponding to s = 4

|[<(417n)]]=3n3—5n2+4n—1+|[(2n+2(n_1)ﬂ, n > 2,
and s =5
HC(;J%)H =4n* — 8n3 4+ 9n?® — 5n + HWH, n > 4.

Notably, their formulae are the first to feature quasipolynomials of nontrivial quasiperiods. It should be mentioned that
Xin and Xiaoxue [3] give a different formula for [1/{(4,n)], where they split into cases according to the parity of n. We
remark that, although both representations are equally valid, Xu’s formula is considerably more compact, whilst also
conforming with Theorem [l Finally, Hwang and Song [4] give an 'unusual” result concerning [1/¢(6,7)]. Unusual in
that it is directly dependent on the residue of n modulo 48, labelled in their paper as n4g. The formula they obtain is

Hlﬂ —5n° — %n‘l + Eni’) _ %,ﬂ + @n _ Onas [23re], n=0 (mod 2)
¢(6,n) 2 4 8 48 48 S]], n=1 (mod2)’

where n > 829. Further, they state a conjecture that [1/{(s,n)] with s > 6; an integer, is directly dependent on the
residue of n modulo a multiple of s —2. We refer the reader to where we provide a refinement of the above
formula - one that neither depends directly on nyg, nor splits into different cases according to the parity of n. At the
time of writing this article, no further developments for non-unitary integral values of s were known to the author.

3. Definitions

We begin by recalling some standard concepts. Define

We will now give formal definitions of all concepts introduced in this paper.

Definition 1. Let (§,(z)),>0 be a sequence of polynomials given by the convolution recurrence

n

3 <nf> Bunbnm(z) = 8(n). (3.1)

m=0

Further, put &, ; for the coefficient of 2" in &, (z), so that &,(z) = > _,_ &u.k2®. Trivially, (3.1) and the definition given
in §1| are equivalent. Also, note that, as all Bernoulli numbers are rational [5], §4.1], we have &, (x) € Q[z], n > 0.

For the remainder of this section, we fix m to be a positive integer.

Definition 2. Let =Z,,(x) be an auxiliary polynomial in x given by
m
En(z) = mek(m)xm*k.
k=0

Note that Z,, is exactly the polynomial inside the floor function in formula (1.1)).

Definition 3. Let 7, := min{d € Z* | Vk € (m — 1) : dmé&,(m) € Z}. Again, it is easy to verify that this and the
definition given in §l| are equivalent. As &, (z) € Q[z], it follows that m&;(m) € Q for all k¥ > 0, which implies that 7,
is well-defined. Also, let K,,, := min{k > m | {(m) # 0} and Ry, :={r € (1, — 1) | E\(r) ¢ Z}.



Definition 4. Let € be a positive real number. Further, put

o ::{mémm)e, e, m) <0

9, ;
03 é-Km (m) >0 "

m

(€) = { 0 Sicp (m) <0 (3.2)

mék,, (m) +e¢, &k, (m)>0
We define the auxiliary polynomials ITE : R x Rt — R by
I, (a,€) i= [a"m " Ep (a) + 05 ()] [(a+ )" Ep(a+ 1) + Iy (e)]
afntla + 1)K (2, (a + 1) — Epn(a)] + 95 (€) (@™ (a + 1)Em=m _ aK’"+1] .

Definition 5. Let =7, : R x Rt — R be an auxiliary polynomial given by =¥ (a, €) = a=~™Z,,(a) + 9, (¢).

4. Supplementary Theorems

Following are some of the lemmas we shall use in the subsequent sections.

Lemma 1. The Hurwitz (-function admits the following asymptotic expansion

1 1-s\ B,
e~ = D)7

as a — 0.

Proof. Fix s with 0 > 1 and let f(t) :=t*71/(1 — exp( . Recall the integral representation [6, p. 23]

/ f(t)exp(—at) dt

Note that f is locally absolutely integrable on (0, oo) as |f(t)] = t°71/(1 — exp(—t)) is continuous there. Further, we
have that f(t) = O(exp(t)) as t — oo, which follows from the trivial fact that f(t) = o(exp(t)) as t — oco. Accordingly,
as 0 > 1, we may use Watson’s Lemma, as given in [7, §4.1], along with the expansion f(t) ~ > <,(=1)"Bpt*T""2/n!
as t — 0, to obtain

C(5.0) ~ r(ls) 3 (4)”5:&(_51;!11 -1 _ L Z ( ”1; iBn - 1)) % _ (8_11)66_1; <1 ; s)f:

n>0

concluding the proof. O
Lemma 2. We have the following asymptotic expansion as a — co
1 e als— 1)
=~ (s—1as? L S
(s, a) (s—Da' Y an
n>0

Proof. Define an auxiliary function ¢* by (*(s,a) = sa®*¢(s+ 1,a). Note that, by Lemma C(sya) ~ 3,50 (77)Bn/a”
as a — oo. Accordingly, suppose that 1/¢*(s,a) ~ >, <, &5(s)/a™ as a — oo for some unique constants &;(s), 51( )y -
We need to show these satisfy equation (3.1])). Fix an arbitrary integer N > 0. By definition of an asymptotic expansion7

n=0

But then, since (*(s,a) = 14+0(1) as a — oo by Lemmal can be reduced to 1—(*(s,a) ZLVZO &i(s)/am = o(1/alN)
as a — oo. Now, utilising Lemmal[I] yet again, we obtain

CebE B )2

- [GN . i S () Bl 0, (1)] . (42

In order for the expression under the limit in (4.2)) to converge to 0, we need 1 — &(s) = —> o (77) Bm&_m(s) =0
for all integers n with 1 < n < N. Since the choice of N was arbitrary, this is equivalent to (3.1)), as required.




Accordingly, the &-polynomials evaluated at s — 1 hold the key to the large-a asymptotic expansion of the reciprocal of
the Hurwitz (-function evaluated at s. This somewhat arbitrary shift was introduced as it makes it easier to study the
properties of &,(s), n > 0. In particular, it gives us a recursive formula for their coefficients (see Theorem [7)) that is
relatively easier to work with than with the one obtained if the shift was not present in the original definition.

Lemma 3. For alln € Z , we have the representation

n

A"{f)) = o1 () et = 0

k=0
Proof. The proof is a trivial application of induction; refer to [8, §6] for a symbolic argument. O

Lemma 4. Let n € Z§ and f,g be nonzero functions differentiable at least n times with g(z) # 0. We have

R S S (I (43)

o gy =& k1) T g

Proof. With the use of Lemma [3] statement (4.3) is equivalent to

_dan {f(z)] _zn:(_l)k(rH—l) Dy [f(x?c )] :g(_l)%n?) D7 [f(a;)g(;c)k—l}

S )| & k)T g T 9(x)
_ (_1\nt+1 n+1 afTCL [f(x)g(l')yil]
= (=)t A o(2)7 () »

But then, if P(y) is a polynomial in y, then deg(A[P](y)) = deg(P(y))—1, which extends to deg(A"™[P](y)) = deg(P(y))—
n for all n € Zsr. Since a polynomial of negative degree is identically 0, in order to prove Lemma it would be sufficient
to prove that g(z) Y97 [f(z)g(x)?~!] is a polynomial in y of degree at most n. As such, let S(n) be that statement for
a given nonnegative integer n. We induct on n.

(1) Base case. For n =0, we have g(x)™v92 [f(x)g(x)?~'] = f(x)/g(z), which is a polynomial in y of negative degree
given that f(z) = 0 and of degree 0 otherwise. Consequently, S(0) holds.
(2) Inductive step. Suppose that S(m) is true for some m € Z. Let Q(z,y) := g(x)vom [ f(z)g(x)?~']. We acquire

am+1

9(@) Y oy [f(@)g(@)’ ] = g(x)"’% [Qz,9)9(2)") = Qu(z,y) + ' (2)g(z) 'yQ(z,y) = Q" (x,y).

But then, by the induction hypothesis, Q(z,y) is a polynomial in y of degree at most m. This implies that Q. (z,y)
is a polynomial in y of degree at most m and that ¢'(x)g(z) " 'yQ(z,y) is a polynomial in y of degree at most m + 1.
This implies that Q*(z,y) is a polynomial in y of degree at most m + 1. Hence, Vm € Zg : [S(m) = S(m + 1)],
completing the inductive step.

By the principle of induction, S(n) holds for all nonnegative integers n, in consequence proving Lemma O
Lemma 5. Letn € Z$ and k € Z*, and let (f1, ..., fx) be a sequence of functions differentiable at least n times. Then,
, T L4
dxn H fn(x)| = n! Z H l dxim ()
Jite+jr=nm= 1
Tlyeers Jr >0

Proof. See [9]. Note that one may easily prove the statement by induction. The case of k =1 is trivial, whilst the case
of k = 2 is the general Leibniz rule. The inductive step follows by applying the general Leibniz rule to (fjy1(z)u(x))™,

where u(z) := Hi;:l fm(z), subsequently utilising the inductive hypothesis, and then rearranging. O

Lemma 6. Let n € Z). We have the formulae ] = 6(n), ["‘1"1] = nl, [";2] = (n+ D!'Hpp1, ["'H] = ("'2"1) and

n

[;‘] = 1, where (Hy) denotes the sequence of harmonic numbers given by Hy, = Hyp_1 + 1/k for k > 2 with H; = 1.
Proof. Refer to [10, §6.1] or [IT], §5.5]. O



5. Proof of Theorem [

First, we will prove that [1/{(s + 1,n)] = [Em(n) + mék,, (m)n™K=]. To achieve that, it would be sufficient to show
that there exist distinct real numbers 0~ and 0T with 6~ < 0 < 1, such that, for all sufficiently large reals a,

Em(a) + (mék,, (m) +07)a™ 5 <1/¢(m+1,a) < Ep(a) + (mék,, (m) + 0F)a™ K (5.1)

and [Z,,(n) + (mék,, (m) + 07 )n™Kn] = [Z,,(n) + (mék,, (m) + 07)n™n] for all sufficiently large integers n. But
then, by definition of K,, and by Lemma [2| we know that 1/¢(m + l,a) = Z.(a) + £k, (m)a™ Emn 4 o(a™Em) as
a — oo, which is equivalent to a®»~™/((m + 1,a) — af»~™Z,, (a) — £k,, (m) — 0 as a — co. From first principles, this
means that

Ve >03A>0Va> A: T - mE <
€ a = Cm+1a) a () fK() g,
implying that Z,,(a) + mék,, (m)a™ Em — eam=En < 1/¢(m + 1,a) < Z,,(a) + méxk,, (m)a™ Em + eam=En for all
a > A. Thus, setting #* = +¢ ensures the first property required. Since the choice of € > 0 was arbitrary, we only need
to verify that

Je>03IN >0Vne€Z: [n>N = [En(n)+ (mék,, (m) — E)nmemﬂ = [Em(n) + (mék,, (m) + e)nmem]H . (5.2)

Now, note that, as m&,(m)7, € Z provided k < m (by definition), Z,, is 7,,-periodic in the additive quotient group
R/Z. Indeed, the fact that (n + 7,,)¥ = n* (mod 7,,) gives us m&,(m)(n + 7,,)* = mé&,(m)n* modulo Z, which yields

En (0 + o) = mEm(m) + Y mE&(m)(n + 7)™ = M (m) + Z mé,(m =Z.(n)  (inR/Z).

As such, put {z} := z — [z] for the fractional part of a real number x and note that, by subtracting [Z,,(n)] from both
sides of the requirement in (5.2), it is equivalent to

[{Em(r)} + (mék,, (m) —e)n™ ] = [{Em(r)} + (mék,, (m) +e)n™ 5], (5-3)

where r is the remainder of the division of n by 7,,. Accordingly, let us consider the required property for different
residue classes modulo 7, separately. We have two essentially different cases to examine.

(1) Residue classes of the form r + 7,,Z, where r ¢ R,
Fix an arbitrary r ¢ R,, and consider the property for n € r + 7,Z. As {E,,(r)} = 0, it would suffice to show
that we can choose some ¢ > 0 and N > 0 so that [(mék,, (m) —e)n™ Kn] = [(mék,, (m) + e)n™ 5] for all
n > N. In order for that to be possible, mx, (m) — e and még,, (m) + € have to have the same sign, implying that

m

e <mlék,, (m)|. Accordingly, taking N > “m=%/m|lk, (m)|+ ¢, gives us

mék,, (m)te
nKm—m

még, (m)Le
— NKm—m

© mléx.,, (m)| +|Ee| _ mlék,, (m)| + e _ mfék,, (m)| +¢

- N (KW" mlEx,, (m)] +5)KT"'*’” - mlék,, (m)] +e

where (*) follows from the triangle inequality. Thus, we have [[ mem( ) — e En] = [(mék,, (m) + e)n™ 5]
for all n > N, further implying that [1/¢(m + 1,n)] = E,,(n) + [mék,, (m)n™ =] for all sufficiently large n €
7+ TmZ. But then, for all n > N, [méx,, (m)nm_Km]] =0if me (m) >0 and [mék,, (m)n™ %] = —1 otherwise.
Thus, for all sufficiently large elements of r + 7,,,Z,

|[ 1 ]]:: (n) — 0, &k, (m)>0
¢(m+1,n) " 1, &k, (m)<0
As the choice of r ¢ R,, was arbitrary, this agrees with the statement of Theorem [1} as required.
(2) Residue classes of the form r + 7, Z, where r € R,
Fix an arbitrary r € R, and consider the property for n € r + 7,,Z. Note that 0 < {Z,,(r)} < 1. We have to show

that we can choose ¢ > 0 and N > 0 so that (5.3)) holds for all n > N. Let us again set € < m|k,, (m)| and consider
the following two possibilities separately.




(1) me (m) > 0.
Take note that {Z,,(r)}+(még,, (m)4e)n™ Em will approach {Z,,(r)} from above as n increases. Accordingly,

taking N > “m=1/(mk, (m) +¢)/(1 — {E,.(r)}) gives us

B} + T EE iz () +

ek (M) FE o )y Toa(M) HeE

NKm—m, (Km—m mEKm,(m)+E)KM7m
V 1-{Em(r)}

U= EmmN s, (M) +) o )y i1 gz, ) = 1.

még, (m)+¢

={Em(r)}+

Thus, we have [{Z,,(r)} + (mék,, (m) £ e)n™ Kn] =0 forn > N, further giving us [1/¢(m+1,n)] = [En(n)]

for all sufficiently large elements of r + 7,,Z. As the choice of r € R,, was arbitrary, we arrive at the desired.
(ii) €k, (m) < 0.

Take note that {Z,,(r)}+(még,, (m)4e)n™ Em will approach {Z,,(r)} from below as n increases. Accordingly,

taking N > “m~1/(—mék,, (m) + &) /{Zm(r)} gives us

B} + PR EE 5 (2 ()4 PR ZC e )+ mikn(m) —E
nsm 2 NEm (Km—m %((T}Hs) m

{Em(r)}Hmék,, (m) —€)
+ —mék, (m)+e

={En(r)} ={En(r)} = {Em(r)} =0.

Thus, we have [{Z,,(r)} + (mék,, (m) £ e)n™ Kn] =0 forn > N, further giving us [1/¢(m+1,n)] = [En(n)]
for all sufficiently large elements of r + 7,,Z. As the choice of r € R,, was arbitrary, we arrive at the desired.

The fact that all possible cases agree with Theorem [1| completes the proof. O

6. The lower bound IV,

Theorem 4. Let € be a positive real number, and m and n positive integers. If A is a constant, such that, for alla > A,
we have ¥, (a,€) > 0, I, (a,e) < 0 and 1L} (a,€) > 0, then the computational formula (1.1)) holds for all n satisfying

1-{En()}, &k, (m)>0ATIreRy:n=r (mody)
n>max | A5 (m|ék,, (m)| +¢€) = < {En(r)}, ¢k, (m) <OANTre Ry :n=r (mod7,) . (6.1)

1 otherwise

Proof. By similar logic as in the proof of Theorem for 6T approaching 9}, (¢) from below and 6~ approaching 9;, (¢) from
above, we have that (n) + 0 nmEn] = [E,,(n) + 0Tn™En] for all n with (where A is arbitrary for now).
As such, in order for (1.1]) to hold, we only need to hold for sufficiently large a. As =, (a,€) = ma’m +0O,, (a®m~1)
as ¢ — oo, we know that =¥ will ’eventually stay positive’. Accordingly, let A* be a real number, such that, for all
real numbers a > A*, =% (a,€) > 0. Note that, as 9, (€) < 9; (¢), we also have Z,,(a) + 9; (€)a™ Km > 0 for a > A*,
implying that requirement is equivalent to

aKnL_m aKTVL_m

afkm—mZ, (a) + 9% (e) <¢m+1la)< afm=mZ, (a) + Im(e)

(6.2)

But then, ((m + 1,a) = >, oo(n+a)™™ ! and f(a) = Y oo —Alf](k + a) for any function f with f(a) = o(1) as
a — oco. Consequently, condition (6.2]) is implied by -

1 Kop—m 1 K,,—m
T < : — @ +_ ) = (6.3)
am+ a¥m=m= (a) + Im(e)  (a+ D)En"mE (a4 1)+ In(e)
and
K,,—m 1 K,,—m 1
¢ - (at1) <. (6.4)

aKm=—mZ, (a) +95h(e)  (a+ 1D)Em—m=E (a+1)+ () —amt!



Multiplying both sides of (6.3) by a™*! [a®»~™Z,,(a) + U;,(€)] [(a + 1)K"""E,,(a + 1) + 9,,(€e)]; a positive real num-
ber (as all its factors are positive due to the requirement a > A*), we acquire

[aKm_’”Em(a) +9,.(6)] [(a+ DEn=mz (0 +1) + ;. (e)]

< gfmtt [(a +1)Em=mz (e +1) + 19:”(6)] —a™ (a4 1)Km—m [aKm*mEm(a) + 19;1(6)] )
After some straightforward algebraic manipulation, this reduces to II;, (a, €) < 0. We similarly obtain IT; (a,€) > 0 from
(6.4). As such, let A~ and A" be real numbers such that II,, (a,e) < 0 for a > A~ and II (a,e) > 0 for a > AT

respectively (note that the existence of AT is implicitly implied by Theorem . Taking A > max(A™, A*, AT) gives us
the desired result, concluding the proof. O

In practise, we will aim to have both ¢ and A minimised in order to achieve the biggest range of values for which the
computational formula holds.
7. Particular Examples

We will now show how one could practically use the methodology derived in the above section in direct proofs of some
particular computational formulae. First, will prove Corollary [1} and then give a formula for [1/¢(9,n)].

7.1. Proof of Corollary[]]

Note that we have Zg(n) = 615 — 18n° + 33n* — 36n3 + 177n2/10 — 27n/10 + 75/4. Accordingly, we get 7¢ = 10. But
then, Vr € (9) : Z¢(r) ¢ Z, implying that Rg = (0. As such, by Theorem [I| we know that (1.2)) holds for all sufficiently
large n. Note that K = 8 as &(6) = 0 and £3(6) = —6459/400 < 0. Now, take e = 19/5 and observe that

19 12\ 177 9 75 20137
Eila,— ) =6a"(a—3)+33° (a— = |+-—a’la— — |+ —(a* =] >0 7.1
6<a, 5) a'(a—3)+33a (a 11>+ 0% (a 59)+ 1 (a 350 ) (7.1)

for a > 3 as every expression in brackets in (|7.1) is positive for @ > 3. Additionally, note that

19 266 56155 , 886113 51033\ 26256303
- e WL - - D 2 B 4 9
6 (“’ 5) 5 (“ 2128 © T 5320 ¢ 30 > 2000 (7.2)
810723 , 11499897 , 4047537 16387
125 ¢ 2000 ¢ 1000 (a 8040 ) <0 (7.3)

for a > 3. Indeed, the cubic in brackets in ([7.2)) is positive for a > 0 (one may compute its discriminant to deduce that
it only has one real root, and then use the intermediate value theorem [12], p. 26] to verify that it lies in (—1,0)), whilst
the linear expression in brackets in (7.3)) is positive for a > 3. Further, we have

>0

1 (a 19 135639a8 135639@7 N 40257a6 N 32823a5 N 403209a4 N 5625a3 N 5625 2
S\ 5 ) 100 50 20 25 400 8 16

for @ > 0. Accordingly, by Theorem |4}, we know that (1.2]) holds for

[ 20137
n > max (37 200{Eg(r)}> , (7.4)

where r is the remainder of the division of n by 10. Therefore, in order to complete the proof of Corollary [I} we only
need to verify that, in the 10 possible cases, ([7.4) gives rise to the intervals stated. We leave this straightforward task
as a simple exercise for the reader, thus concluding the proof. O]

7.2. A Computational Formula Corresponding to s =9
Corollary 2. Suppose that n =7k +r with k € Z and r € (6). The computational formula

1
|[ ﬂ = 8n® — 32n7 4+ 80n8 — 128n° + 120n* — 64n> + 89n? — Tdn — 475 + |[

n? +6n + lﬂ
¢(9,n)

7

holds for
(1) k>9ifr=25;



(2) k>10if r =3;
(3) k> 11 ifr € {0,1};
(4) k>12 ifr =6;
(5) k>13 if r =2;
(6)

6) k>25ifr=4.
In particular, it holds for all n > 173.

Proof. First, note that Zg(n) = 8n® — 32n" + 80n° — 128n° + 120n* — 64n3 + 624n?/7 — 512a/7 — 3324/7 and Kg = 10
as &9(8) = 0 and &;0(8) = 11288/21 > 0. As such, by Theorem (I} formula (7.5)) holds for all sufficiently large n. Now,
take € = 60 and observe that

24 2 2
Z5 (a,60) = 8a° (a — 4) + 80a’ (a - i) + 120a° (a - 185> + 67(12 <a2 - 2—9 5727) >0 (7.6)

for @ > 4 as it is easy to check that every expression in brackets in ([7.6) is positive for a > 4. Additionally, note that

541824 5653696 4410496 11048976
II5 (a,60) = —a? (a + 1)° < 64 a* + a® — ) <0 (7.7)

7 ¢ 19 19 19

for a > 1. Indeed, by Decartes’ rule of signs [I3], p. 319], the quartic in the brackets in (7.7) has exactly one positive
root which lies in the interval (0,1) by the intermediate value theorem. Further, it is trivial to check that

423589 15045068 29713280 112997824 209405888
+ _ s 2_ 7 6 5
I1g (a,60) =1080a < 5670 a+ 10315 ) a' + a’ + a

49 49 147
+ 41877488a4 + 31655200 ( 5 26542067 a2 17557397a + 33352187
21 21 13849150 " 6924575 2967675

for a > 63. Accordingly, taking e = 60 and A = 63 suffices for the antecedent of Theorem [4] to hold. Now, note that we
have 73 = 7. It is also straightforward to verify that Rg = {3,5}. As such, formula (7.5 holds for

n > max | 63, (7.8)

91564 |1, r € {3,5}
21 " |1—-{E.(r)}, otherwise

where 7 is the remainder of the division of n by 7. Thus, in order to complete the proof of Corollary [2] we only need to
verify that, in the 7 possible cases, (7.8 gives rise to the intervals stated. We leave this straightforward task as a simple
exercise for the reader, thus concluding the proof. O

8. Proof of Theorem [2|

Let us first introduce two formal power series, given by G(z;q) :=>_, 5 & (2)¢" and H(z;q) :== 3, 5, () Bng™ with
q a formal variable. By the Cauchy Product [14], §2.1], -

Glasq)H(wsq) = | Y &l@)a™ | | 3 (_n) Bag" | =3 [Z (jn) Bmfnmu)] "= 6" =

n>0 n>0 n>0 Lm=0 n>0

Thus, G(z;q) = H(x;q)~*. Now, the desired proposition holds iff the Ordinary Generating Functions of the LHS and
the RHS of (|1.3) coincide. The OGF of the RHS is trivially G(x; —¢), whilst the OGF of the LHS is

S (T ewr =X 5 (0 Natwr =X aw |3 (01| = et | (7))

n>0 k=0 k>0n>k k>0 n>k k>0 n>0
k
q
—Y &) x (1 = (1 Y ( ) =<1+q>fe(x; )
k>0 k>0 1+q 1+q

10



Accordingly, it suffices to show that G(z;—q) = (1 + ¢)*G(x;¢/(1 + q)). But then, G(x;q) = H(z;q) !, implying that
we only need to prove that H(z;—q) = H(z;¢/(1 + q))/(1 + ¢)*. First, note that H(z; —q) = n>0(—1)”(:f)Bnq”.
Also, we have -

(I+q)"H <x; 1 qu q) =1+ ") (kx By (Jq)k => kx) Brg"(1+q)"F

k>0 k>0
_kz>0< $>quk T;J( xn— k)q" :k>0 (—;)Bk ;( x_—kk:)qn

—z\(—z—k n ~(—x\ [z —k .
ST (e S5 () (e

Therefore, it would be sufficient to show that

; (zf) (nx—k:k> B = (=1)" (nx) B (8.1)

for all n > 0. Now, take note that, by definition, we have

GG V@ (D" @+ Bk ()T RO +n) ()T +n) (1)),

k)\n—kx )" m ~ (n— k) TR —kT@(e+ k) K- kT  kn—k)

implying that we can rewrite (8.1)) as

”@X 1 (-1)"B,
KT (n—k)! onl

k=0
But then, by the Cauchy product, this is equivalent to

4
exp(q) — 1

q

x exp(q) = m7
which is identically true, completing the proof. O

Corollary 3. There exists a sequence of functions (én)nzo such that

Gle) =0 3 (0T )

k=0

s (m - %) éulx)

for alln > 0.

Proof. Fix n € Z{ . First, note that, by definition,

r— — ) _1\n—k n—ox
( k>:<_1)n_k(k Jn—k _ (=1)""*T(n - z) (8.2)

n—k m—k!  (n-kT(k-2)

Accordingly, we can rewrite ([1.3)) as

S (—1)ke(x) 1 &)
kZ:O T(k—2z) -k Tn-z) (8:3)

Now, put K(z;q) := Zmzo Em(2)q™ /T (m — ), where ¢ is a formal variable. As such, by the Cauchy product, (8.3)) is

equivalent to K(z; —q) exp(q) = K(z;q), which implies that K(z;q) := K(z;q) exp(—q/2) satisfies K(z;q) = K(z; —q).
Indeed, we readily acquire

K(wiq) = K(aig)exp (~1) = K (=) expla)exp (~5 ) = K(zi—q)exp (1) = K(a: —q).

11



Consequently, there exists a sequence (kn())n>0 such that K(z;q) = 3,50 fim(2)¢*™. This further gives us that

om m m 1 K g(x)7 2‘]@ N
K(w3q) = Klaig)exp (3) = | 3 wml@e®™ | | 3o | =0 Z(m_kwx{of/ qu :

m>0 m>0 " m>0 Lk=0
(8.4)
Recovering the coefficient of ¢" from the LHS and the RHS of (8.4)) we acquire
(z) = I( ) _ fwp(®) H ) (8.5)
Snl@) = ”_‘rk;)(n—kmn—k_ z:: n—2k'2” 2k '
2k
Now, define &, (z) := I'(2n — x)k, (). Representation (8.5) can therefore be rewritten as
[n/2] b /2] A
I'(n —x) ) B2 z =2k (=1)""*(x) z — 2k &(2)
n = - — Y = ()" )
i) = 5 e S @ S (r T G S (2 )
as required. O

Remark. By recovering the even coefficients of the LHS and the RHS of K(x;q) = K(x; ¢) exp(—¢q/2), we acquire

2n

b =3 () e

As & (x) and (;;:_kk) are always polynomials in z, it inductively follows that &, (z) is always a polynomial in z. The first

such polynomial is éo(x) =1, followed by

- z(x+1)

§i(a) = =5 6alx) =

z(z +1)(32% — 25z — 42) (2) = z(z + 1)(3z* — 1423 + 119322 + 4186z + 3720)
5760 ST 967680 ’

By recovering the odd coefficients of the LHS and the RHS of K(z;q) = K(z;q) exp(—q/2), we acquire the following
identity.

Corollary 4. We have
2n+1< T ]C ) .
> 2ke(z) =
— n+1—k

for all integers n > 0.

9. Proof of Theorem [3|

First, note that

m(1 — ) Zm&c ) mek er<— )7«( > ] imk <m k)ﬂ”bﬁk(m)xT-

r=0 k=0 r=0

In order for (—1)"ZE,,(1 —x) = E,,(x) to hold, all coefficients of powers of x on the LHS and the RHS must coincide.
Accordingly, recovering the coefficient of ™™™, n € (m), we need

comY (1 Ymeson) = o @Z(m ¢ Jem) = (=17, 0m)

m—-n

which follows by setting # = m in Theorem [2] as required. O

Note that Theorem [3| immediately implies that all odd ZE-polynomials have a zero at x = 1/2.

12



10. Representations of the £-Polynomials

Theorem 5. Forn > 1, we have the following semi-explicit formula

—xBy 1 0
(%) B2 —xBy
fle) = (1 det | ' ' o
(n_fxl)anl (n_j;) Bn72 (n—ixg) Bn73 cee 1
L 9B (%)Ba1 (%)Bno -+ —xBi]

Proof. Note that we can rewrite (3.1) as M(x)&(z) = 8, where

1 0 $o(z)
—x B 1 &1 (z) 0
M(z):= | (3)B2  —aBi 1 L E(r) = | @) & o6=|0
LG Br (o Z)Ba1 (,59)Baa - 1] [én ()] 0]

By Cramer’s rule, we have &, () det M(x) = det M*(z), where M*(s) is the matrix obtained by replacing the n*" column
of M(x) by the column vector 8. But then, since M(z) is a lower triangular matrix, we have det M(x) = H;.jll 1=1.
As such, &,(z) = det M*(x). Using Laplace’s expansion along the last column of M*(z), we arrive at the desired. [

Theorem 6. We have the following formula
n k
o sfn+1 -z
aw=w+ X0 (0T S I(G)e
k=1 Jittip=n m=1
J1ysJk 20
for alln > 0.

Proof. Note that §'[G(x;q)]/n! — &, () as ¢ — 0. Thus, using the fact that G(z;q) = H(x;¢)~" and Lemmas {4f and

o (2320 () Bia)'|

o[ 1 i | 2SSy
nlr) = iy [n!aqn [Z“’(‘)Bq g <k+1>

) —x i k+1
i=0 \ 4 (X0 () Bid')
: n o -z 7 k
_n+ 1@ n 1 Zn:(l)k(n+ 1> limg_0 [aq [(Zz':o ( i )Biq ) H
n! O¢g®  n! — k+1 (hmqao [Z?io (_ix)Bz'qkaJrl
n k . 0o .

1 n+1\ . Him —2\ Biq'

AR Z(l)k<k+ 1> ELA D DR | s [Z ( i >jm!
k=1 Ji+-tir=nm=1 i=0
J1ssJe 20

n k 0 . . o
_ p(n+1 . ) (=) (=), Big
S () 131[2() 0,

k=1 J1+-t+jr=nm=1 =0

J1,--Je 20

- n+1 k T
— k -
—sm > o) Y () B

k=1 Jite+ig=nm=1

J1se-5Jk 20
as required. |
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11. Coefficients of the £-Polynomials

Theorem 7. Coefficients of the £-polynomials satisfy the following recurrence

n—m

iyl {k_T}gm,rza(n)a(k), (11.1)

>y e

r=0 m=r
where n € Zg and k € (n).
Proof. Fix n € Z§. Note that we can rewrite the left-hand side of (3.1]) as
"~z - —x n (=1)"™(2)p—m
> ( m)Bmgn_mm -3 (n - m) Buntnte) = 32 T e

Now, by definition of the Stirling numbers of the 1% kind, (z),—m = >, ["_tm] x¢, where we conveniently take the series
over Z, but ["7™] = 0 whenever ¢ ¢ (n—m). Further, we have &, (z) = >7" (& p2” and 6(n) = Y1, 6(n)§(1)z!. Thus,

i Emj ; " mB" m [n P m] Emra™ = 3 6(n)3(1)a.

m=0r=0

Extracting the coefficient of 2%, k € (n), from both sides we get

Z Z BHM[ _m]ém,rz n)d(k) = ZZ Tnom {T/:__ﬂfmﬂ“:‘s(”wk)
m=0t+r= m=0r=0
re(m>

since t runs over the entirety of Z. Interchanging the order of summation, we arrive at

Sy CUT B B:ﬂ Ernr = S(n)3(R).

r=0 m=r

But then, note that [} _™] = 0 for k — r ¢ (n — m), implying that we need r < k and m < r+n—k. As k € (n), we
know that [0, k] C [0,n], implying that we may restrict r to run over (k). This further gives us [r,r +n — k] C [r,n],
implying that we we may restrict m to run over r + (n — k). Thus, we finally obtain

>

r=0 m=r

r+n— k n mB n—m
e [0 e = st

as required. |
Corollary 5. Let n > 0. We have &, 0 = 6(n).
Proof. Fix n > 0 and let k = 0. Then, recurrence ([11.1]) reduces to

n

> oo -0 o
m=0 ’

But then, by Lemma@, "5 m = §(n—m), implying that the only entry of the partial sum in (I1.2)) for which ["7 m] #0
is the one corresponding to m =n. As such, we have (—1)°By&,,.0/0! = §(n), giving us &, = 5( ) O

Corollary 6. We have
(_l)n—an
n

gn,l =

foralln > 1.

14



Proof. Fix n > 1 and let k = 1. Then, recurrence ({11.1]) reduces to

— n mBn m n mBn m |1 —m
mZ:: { ]ém 0+ Z [ 0 ]sm,l —0. (11.3)
By Lemma |§| and Corollary |5} [""] = d(n —m), ["7™] = (n —m —1)! and &, 0 = 6(m). As such, (11.3) reduces to
-1)"B, -1)°B -1H)"1'B,
L><(n*1)!+( ) 0x£n,1:0:>£n,1:¥7
n! 0! n
as required. O
Corollary 7. We have
n—1
_ (_1>n_1Ban71 n BmBn m
fn,2 = n mzl m(n —

for alln > 2.

Proof. Fix n > 2 and let k = 2. Then, recurrence (11.1]) reduces to

3 mnm|: :|§m0+zmnm|: :|§m1+z1nnm|: :)m:|§m,2:0' (114)

m=0

By Lemmal6}, ["""] =d(n—m), ["7"] = (n—m—1)!, ["J""] = (n—m —1)!H,,_,—1. By Corollaries [5|and @ we have
&m0 =0(m) and &1 = (=1)™"1B,,/m. Accordingly, (11.4) reduces to

M

1
(~1)"B,, S ()" Bum (-1 'B,  (=1)°By
L (n—l'HnH—Z—x(n—m—l)!x e

X 571,2 = 07
which, after simplifying, finally gives us

_ (*1)n71Ban—1 n BmBn—m
En2 = - +(-1) mZ::l n(n—m)’

as required. O
Before stating the final two corollaries of Theorem [7] let us first define an auxiliary formal power series, given by
Fi(q) :== >0 &m+h,mq™, where h is a given positive integer. Moving on,

Corollary 8. We have
(=n"
(n+1)!

gn,n =
for alln > 0.

Proof. Fix n € Z§ and let k = n. Then, recurrence (I1.1)) reduces to

n

r=0

By the Cauchy product, this is equivalent to

(_1 mBm m m
> #q > &mma

m>0 m>0

If
=

But then, by definition, > - ,(=1)"B,,q¢™/m! = q/(1 — exp(—q)). Also, recall that exp(q) = >_, -, ¢™/m! [15, §4.2].
As such, we acquire B B

Folq) = 1 —exp(—q) _ 1- Zmzo(_Q)m/m! _ 1 Z wqm _ Z wqm—l _ Z ((_qum- (11.5)

! ! !
4 q oz ™ m>1 m>0 +1)!

Recovering the coefficient of ¢™ from the LHS and the RHS of (11.5) completes the proof. O
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Corollary 9. We have
(=1)"(n = 1) = 2Boia
2(n+1)!

£n+1,n -
for allmn > 0.

Proof. Fix k € Z§ and let n = k + 1. Then, recurrence (11.1)) reduces to

I e T s = S B

which, after some simplifications using Lemma [6] and Corollary [§ further gives us

Jew

r=0

3 VB 1§D B (D

(k—m)! X€T+1’T7§T:0 (r—1)! (k—r+1)V

r=0
Utilising the Cauchy product again, this is further equivalent to

Z Tq Z gm—i-l,nLq = 5 Z Tl)'—i_lq Z mq . (116)
m>0 m>0 m>0 m>0
Now, note that
(=D"Bps1 - d® [ q ] _gexp(@)(g—2)  2¢%exp(q)
m%:o m—r T T TAE [T—em(—a)| ~ (exp(@) - 12 (exple) — 1P

Accordingly, (11.6]) implies that

1—exp(—q) 1 ( gexp(q)(¢—2) _ 2¢°exp(q) ) 1 —exp(—q)
Fi(g)=—— x = x| — - x 11.7
1) q 2 (exp(q) —1)*  (exp(q) —1)° q (1)
—1 2 2
_ 1 (q EPSIEE /R <q . qexp(q)>
2q exp(q) exp(q) =1/ 2qexp(q) exp(q) — 1
B 1 1 1 _ (_l)mqm &0 (_1)m+1qm > Bm+1q7n
=3 exp(—q) + gexp( q) 7exp(q) 1" ngo ol + m;1 7(m 1) m;1 7(771 1)
—1)m —1)m+L B —1)™(m—1) - 2B,
=L 2m! m ! m ! = m !
Recovering the coefficient of ¢* from the LHS of (T1.7)) and the RHS of (I1.8) yields the desired result. O

12. Conjectures

We now give some final observations regarding the concepts considered during the course of this paper. First, let us
focus on the 7-quasiperiods. We refine Hwang’s and Song’s conjecture

Conjecture 1. For allm > 2, (m —1) | 7 and m{ 7.
Further, we observe a series of interesting p-adic patterns

Conjecture 2. For an arbitrary prime p and natural number n, let v,(n) be the p-adic valuation of n. Then,
(1) ¥p primeVm > 0 : vp(Tp(p—1)m+1) = pm

(2) Vp > 2 primeVm > 0 : vp(Tp(p—1)ym+pt+1) = P+ 1

(3) Vm > 1: va(Tymye) =2m —1

(4) Ym > 0: V5(T20m+11) = V5(T20m+16) =bm + 2.

(5) This linear exponent pattern’ can be further generalised, i.e., log(r,,) = O(m) as m — oo.

The next two conjectures give insights into the practical structure of the computational formulae.
Conjecture 3. For allm > 1, we have K,, = 2[m/2] + 2.

Conjecture 4. For all m > 1, we have k,, (m) >0 iff m =0 (mod 4) or m =1 (mod 4).

We conclude by stating a rather curious observation, reminiscent of the Riemann Hypothesis.

Conjecture 5. Let m be an arbitrary positive integer. All complex solutions to the equation Z,,(x) = 0 contained in
the critical strip {x | 0 < Re(z) < 1} lie on the critical line {x | Re(x) = 1/2}.
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Appendix A. A Refinement of Hwang’s and Song’s Formula

Corollary 10. Suppose that n = 48k + r with k € Z and r € (47). The computational formula

1 1 3 3 41 25
=5n° —13n* + 18n% — 160>+ 3 SRl Sl S+ == Al
|L(6’n)ﬂ n n* +18n "4 3n | ont 4 on o+ oon o (A1)

holds for

(1) k>0 ifr € {15,17,18,20, 22, 23, 25, 27, 28, 29, 30, 32, 33, 35, 36, 37, 38, 39, 40, 42, 43, 45, 46, 47} ;
(2) k>1ifre{0,1,2,4,5,7,8,9,10,11,12,14,19, 21,24, 31, 34, 44} ;
(3) k>2ifre{641};
(4) k>3 ifr = 16;
(5) k>4 ifr=3;

(6) k> 6 if r = 26;

(7) k> 18 if r = 13.

In particular, it holds for all n > 830.

Proof. First, note that Z5(n) = 5n® — 2501 /2 +75n3 /4 — 12512 /8 + 185n /48 + 25/96 and K5 = 6 as 6(5) = 325/192 > 0
As such, by Theorem [1} formula (A.1)) holds for all sufficiently large n. Now, take ¢ = 1/5 and observe that

(1 5\ 75 5\ 185 , 25
S (a, 5) = 5a° (a - 2) + Xag (a - 6) + @az + 96° >0 (A.2)

for a > 5/2 as all expressions in the brackets in (A.2)) are positive in that interval. Additionally, we have

H( 1>_ 17875@6 17875 5 52975 , 52975 . 625 , 625
5 ’ - - -

a,= | = a a a a® — a
5 192 192 2304 2304 ¢~ 9216" T~ 9216
17875 163 5
= o 1 (at - 2a2 4 -2 A.
1oy (0 )<a 660" +6864) <0 (A.3)

for a > 1/2 by applying the quadratic formula to the biquadratic in the brackets of (A.3]). Further, note that

= (a 1\ _ EQG _ 1593@5 1051015a4 53405&3 1862383a2 3199a n 22364413
\7"5) 5 32 2304 288 9216 96 307200
Ea‘l <a2 7965 5255075) 53405 , 1862383 , 3199 22364413

5 352 “ " 25344 588 ¢ T oo16 o6 “ 307200 0 (A4)

for a > 0 by applying the quadratic formula to the expression in the brackets of (A.4)). Accordingly, taking e = 1/5 and
A = 5/2 suffices for the antecedent of Theorem 4| to hold. Now, note that 75 = 48. It is also straightforward to verify
that Rs = (0. As such, formula (A.1]) holds for

(A.5)

(5 8317 )
n > max ,

27960(1 — {Z5(r)})

where 7 is the remainder of the division of n by 48. Thus, in order to complete the proof of Theorem we only need
to verify that, in the 48 possible cases, (|A.5) gives rise to the intervals stated. We leave this straightforward task as a
simple exercise for the reader, thus concluding the proof. O
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