ASYMPTOTIC STABILITY OF SOLITONS FOR MKDV
PIERRE GERMAIN, FABIO PUSATERI, AND FREDERIC ROUSSET

ABSTRACT. We prove a full asymptotic stability result for solitary wave solutions of the
mKdV equation. We consider small perturbations of solitary waves with polynomial decay
at infinity and prove that solutions of the Cauchy problem evolving from such data tend
uniformly, on the real line, to another solitary wave as time goes to infinity. We describe
precisely the asymptotics of the perturbation behind the solitary wave showing that it
satisfies a nonlinearly modified scattering behavior. This latter part of our result relies on
a precise study of the asymptotic behavior of small solutions of the mKdV equation.
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1. INTRODUCTION

This paper is concerned with the Cauchy problem for the focusing modified Korteweg-de
Vries (mKdV) equation

O+ Pu + 9, (u?) =0
(mKdV)

for u = u(t,z) € R and (¢t,z) € R x R. This equation admits a family of solitary wave
solutions of the form u.(t,x) = Q.(x — ct) with

Qc(€) = VeQ(Vee),  Qls) = V2/ cosh(s), ¢>0. (1.1)
Our aim in this paper is to revisit the proof of global existence and modified scattering
for (mKdV)) for small and localized initial data, and then extend it in order to obtain new
asymptotic stability results for solitary wave solutions.
Important conserved quantitiesﬂ are the mass M, energy H, and momentum P

1 1
M:/uzdx H:/—|8xu\2——\u]4dx, P:/udx. (1.2)
R R 2 4 R
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1 As we will remark later, these are not needed to prove the small data result, which also applies to more

general versions of (mKdV).
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Moreover, we note that solutions of (mKdV]) enjoy the scaling symmetry
u — Au(\3t, \r),
which is generated by the vector field S = 1+ z0, + 3t0;.

1.1. Known results.

Global well-posedness and asymptotic behavior. There is a vast body of literature dealing
with the mKdV equation, and in particular with the local and global well-posedness of the
Cauchy problem. Without trying to be exhaustive, we mention the early works on the local
and global well-posedness by Kenig-Ponce-Vega [30] and Kato [28]. Global well-posedness
in low regularity spaces, and in particular in the energy space H', was established in the
seminal work of Kenig-Ponce-Vega [31]. In this latter paper the authors considered the wider
class of generalized KdV (gKdV) equations dyu + 93u + d,uP = 0, p > 2, which includes
and the KdV equation (p = 2). Sharp, up to the end-point, global well-posedness in
H? for s > 1/4 was proved in the work of Colliander-Keel-Staffilani-Takaoka-Tao [7], for both
the focusing and defocusing mKdV equation on the line (and for s > 1/2 in the periodic
case). These results are complemented by several ill-posedness results; see for example
Christ-Colliander-Tao [6] and references therein ]

Besides global regularity, another fundamental question for dispersive PDEs concerns the
asymptotic behavior for large times. The first proof of global existence with a complete
description of the asymptotic behavior of solutions of in the defocusing case, is due
to Deift and Zhou [9], who used a steepest descent approach to oscillatory Riemann-Hilbert
problems and the inverse scattering transform [53 2]. In [9], thanks to the complete inte-
grability of the defocusing mKdV equation, the authors were able to treat suitably localized
initial data with arbitrary size. A proof of global existence and a (partial) derivation of the
asymptotic behavior for small localized solutions, without making use of complete integra-
bility, was later given by Hayashi and Naumkin [18], 19], following the ideas introduced in the
context of the 1d nonlinear Schrédinger (NLS) equation in [17] - see also [20]. Recently, an
alternative proof of the results in [19], with a precise derivation of asymptotics and a proof
of asymptotic completeness, was given by Harrop-Griffiths [16], following the approach used
for the 1d NLS equation in [22].

Our proof of global existence and asymptotic behavior - Theorem - relies on the intu-
ition developed in [29], where a very natural stationary phase argument is used to understand
the large time behavior of small and localized solutions and derive asymptotic corrections.
This approach was inspired by the space-time resonance method put forward in [13], 14}, [15].
See section below for a short explanation of these ideas in the present context. A simi-
lar approach was also successfully employed in the proofs of global regularity and modified
scattering for 2d gravity [23, 24] 25] and capillary [26], 27] water waves, and in other higher
dimensional dispersive models [29, [49].

Stability of solitons. The study of the stability of solitons also has a long history, but here
we will only address results which are closer in spirit to the present paper. The asymptotic
stability in front of the solitonﬂ was first obtained by Pego-Weinstein [48] for initial per-
turbations of a soliton with exponential decay as  — 4o0o. This result was then refined

2For more on the local and global well-posedness and ill-posedness of KdV and generalized KdV equations
we refer to the books of Tao [50] and Linares-Ponce [35].
3Similarly to how it is stated in Theorem
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by Mizumachi [44], who treated perturbations belonging to polynomially weighted spaces
of sufficiently high order. For perturbations in the energy space H!, definitive asymptotic
stability results in front of the solitary wave have been obtained for the whole class of sub-
critical gKdV equations in a series of papers by Martel-Merle [36, 37, 38]. We also mention
[42] on the L? stability of KdV solitons, [5] on the H® s > —1 stability of KdV solitons,
[40] on N-soliton solutions of subcritical gKdV equations, and [47, 45] for a different ap-
proach. For more on the asymptotic stability of solitons and multi-solitons for subcritical
gKdV equations we refer the reader to the survey articles [52, [39] and references therein.

In [44] the author also obtained a full stability result for gKdV equations with a nonlin-
earity of degree p € (3,5). More precisely, he showed that a solution that evolves from a
small perturbation of a soliton will asymptotically resolve in a slightly differently modulated
soliton, plus a radiation which behaves like a solution of the linear flow. Note that for the
gKdV equation with quartic nonlinearity (p = 4), there are also scattering and asymptotic
stability results in critical spaces rather than polynomially weighted ones, see [51], [34].

The results we present extend the above mentioned works by

i) proving the (modified) scattering result for the radiation in the (critical) case of (mKdV)),
ii) allowing a wider class of small perturbations belonging to weighted Sobolev spaces with
weak polynomial decay at infinity.

Because of the critical dispersive nature of the equation, in the case of the radiation
does not behave linearly, but requires a nonlinear correction. See Theorem and Remark
for more details. The proof that we give below combines the virial approach of Martel-
Merle [37] and the weighted estimates of Pego-Weinstein [48], in the spirit of the recent work
of Mizumachi-Tzvetkov [47] on the L? stability of solitons for KdV.

1.2. Main results. Our first main result concerns the stability of the zero solution under
small perturbations.

Theorem 1.1 (Global Existence and Asymptotic Behavior). Let an initial data ug be given
such that

||<x>u0||H1(R) < &o. (1.3)

There exists €5 > 0, such that for all &g € (0,%] the Cauchy problem (mKdV|) admits a
unique global solution v € C(R, HY(R)). This solution satisfies the decay estimates

—-1/4

ut,@)| S eot™ A/t 7 Dt )| S ot /) (14)
Moreover, fort > 1 the solution u has the following asymptotics:
o In the region x > t'/3 we have the improved decay
£0 (1.5)

< - v .

|u'(t7 ':C)| ~ t1/3<$/t1/3>3/4 Y

o In the region |x| < tY/3+27 for some y > 0 sufficiently small, the solution is approzimately
self-similar:

1 x €0
|u(t, z) — tm‘ﬂ(m)‘ S PYEREER (1.6)
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where @ is a bounded solution of the Painlevé I1 equatioﬂ
1
¢ =3+’ =0, /¢@Mx=/uwwm'
R R

o In the region x < —tY/3t27 the solution has a nonlinearly modified asymptotic behavior:
there exists foo € Lg° such that

ut. ) = = Resp (= 2t + ] + 1) logt) ()] <

where & = \/—x/(3t), and R denotes the real part.

€0
= t1/3( x/t1/3)3/10’

(1.7)

Remark 1.2. In the proof of Theorem [I.T]above, the Hamiltonian structure of the equation,
as well as the conservation of mass and energy, do not play any crucial role. For convenience
we will work with , but it will be clear that all our results also apply to the defocusing
mKdV equation dyu+ 92u — 9, (u®) = 0, and to other (not necessarily Hamiltonian) versions
of the equation, such as

o+ 02u = a(t)0,(u?), (1.8)
where |a(t)| < 1,|d/(t)] < (t)~7/6.

Remark 1.3. In Theorem we have decided to state the global existence and scattering
result for initial data satisfying , that is zuy € H'. However, in its proof we only make
use of the assumption zuy € H®, for some « close to, but less than, 1/2. We can therefore
treat a larger class of initial data with respect to [19, [16]. See Remark for more details.
We have, however, decided to state Theorem assuming the stronger initial condition
, in order to make its application in the proof of Theorem below more convenient.

Remark 1.4. We chose to characterize the modified asymptotic behavior of u (1.7) in L.
Similar estimates can be obtained in L? topology: one obtains then in particular that u
converges to zero to the right of —t'/3, while to its left, it approaches

\/3t_&)§)‘texp ( - 227550 + Z + —|foo(fo)|2 10gt)foo(§0)

which gathers asymptotically all the mass of the solution.

Our second main result is a strong asymptotic stability result for soliton solutions, under
small perturbations belonging to a weak algebraically weighted space.

Theorem 1.5 (Full Asymptotic Stability of Solitons). Assume that
up(z) = Qey(x) + vo(), (1.9)

for some co > 0, with

Iz voll g gy + {24 ol 1y < €0, (1.10)

4The smallness of J ¢(x) da guarantees the existence and uniqueness of a bounded solution to the Painlevé
37/36 __2 ¢3/2

IT equation. Its asymptotics are as follows: ¢(£) ~ 3'/9 Ai(31/3¢) ~ TomEie 73t as € — oo, while w(&) ~

%dcos (_%mz&/z + 5+ % log |y|>/? + 9) as £ — —oo, where d and 6 are constants depending on

J ¢(x) dx. We refer to [21] and [10] for this and much more on Painlevé II. Note that our proof will actually
provide the existence of a bounded solution of the Painlevé equation.
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for some m > 3/2. Then, for ey sufficiently small, there exists a unique solution u €
C(R,H'(R)) of (mKdV)) and a continuous function C(-) with C'(0) = 0, such that for some
cy >0 and x4 with

ler — co| + 24| S Cleo), (1.11)
we have

u(t, 2) = Qe (z — et —x4) — R(t, 2)] < Cleo)(t)™ (1.12)
where:
e The radiation R verifies the decay estimates

IR ooy S Cleo) ()2 (1.13)

e R has the same asymptotics as a small solution to (mKdV)), and in particular possesses
a modified scattering behavior as t — oo as in (1.7)).

Note that we prove a full asymptotic stability result by describing the behavior of the
perturbation behind the solitary wave and that, because of the critical dispersive decay of
the mKdV equation, the radiation has nonlinear asymptotic oscillation.

Remark 1.6. Note that the spatial decay that we require in front of the solitary
is only slightly more than x%2u in L?. This is at the same scale as the decay property
which is used in the inverse scattering theory, where one requires zug in L'. Spatial decay
conditions on the data are not explicitly stated in the work of Deift-Zhou on the defocusing
mKdV equation [9], but the condition above is used in the application of direct and inverse
scattering in [II, 41]. We also refer to [33] for a recent survey.

1.3. Ideas of the proof. We now briefly explain the main ideas and the intuition behind
our results.

Global existence and modified scattering. In what follows we let
Ft) = eP2u(t) (1.14)
so that 0,f = —e'%29,(u*). Then we can write ([mKdV) as

~ ~

0(t.6) =5 [[ g fit.g —n - o Fewfttordnde. (L15)

with
$(&n,0) =& —(E—n—0) =0’ =0’ =3(n+0)(€—n)(~o0).

We follow the approach of the space-time resonances method [12] which is to view the above
integral as an oscillatory integral, whose large-time behavior will thus be dictated by the
stationary points (in 7, and in ¢ after time integration) of the phase ¢. As observed in [29],
this will give a very simple means of computing the large-time correction to scattering, due
to the long-range effects of the critically dispersing nonlinear term.

Before explaining this argument, we need to describe precisely the stationary points of ¢.
A small computation gives that

Mo(&;m,0) =3(§—0)(€—2n—0)
9o9(&,m,0) = 3(§ —n)(§ —n —20)

(1.16)
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and
det Hess, , ¢ = —36(n° + 0° + no — &n — &o). (1.17)
Notice that
Oyp=0,0=0 <= (n,0)=n,0;) , 1<i<A4 (1.18)
with
(m,01) = (£:€)
()~ (6,0 119
(N4, 04) = (%; §) )

and that, for i € {1, 2,3},
o(&,miy0i) =0
¢(&,m4,04) = (8/9)€7
det Hess, , ¢(&, m;, ;) = —36&7
det Hess, , ¢(&, 4, 04) = 12€?
sign Hess,, » ¢(&,1;,0;) =0
sign Hess,, , ¢(&, 4, 04) = 1 — sign¢,

where sign M is the signature of the matrix M.
The above computations are the basis to derive - heuristically for the moment - the large
time behavior of f. By the stationary phase lemma, assuming that f is sufficiently smooth,

(1.15) implies that
0f(t,€) =

(1.20)

6t

The second summand on the right-hand side should not be asymptotically relevant, due to
the time-oscillating term. Thus the above reduces to

. , 3
isign§ |J?(§)]2J?(§) + %6@63]?(%) + {integrable terms}. (1.21)

~ 18ign &

from which we infer that ]fA] converges as t — 0o to an asymptotic profile F, while

’]?(5)12]?(5) + {integrable terms},

F(t,€) ~ F(€) exp (i%w(g)mogt), as ¢ — oo.

Asymptotic stability of solitons. The key idea when proving asymptotic stability for the
soliton will be the following decomposition

U(t, ZE) - Qc(t) (y> + v <t7 y) + U2(t7 y)j
v(tw)

We now explain precisely how the new coordinate y, the soliton parameter ¢, and the radi-
ation part v = v; + v, are determined. First, the new coordinates

y:x—/otc(s)ds—l—h(t)
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correspond to adopting as a reference the moving frame of the soliton; the modulation
parameters ¢ and h will be chosen below to ensure a certain cancellation. The radiation part
v satisfies the perturbed equation

O + 0y(—c+ 95 +3Q7) v = 9,((Qc + v)* — Q3 — 3Q%v) + {less important terms}

J

L.
v(t =0) = vy.
The asymptotic stability of solitons follows from the decay of v; this in turn is given by decay
estimates for the linear group e**c. However, the functions in the generalized kernel of £,
(of dimension 2) do not decay under this semi group. Thus one needs to make sure that, in
the spectral decomposition associated to L., the component of v in the generalized kernel of
L. is zero: this condition completely determines ¢ and h.

Following the work of Mizumachi [43], see also [46], 47], the radiation part v is then split
into v = vy + v, where v; simply solves (mKdV)) in the y coordinates, with data vy,

Opvr — (c+ h) O,y + 0, (v}) + Ov =0
’U1<t = O) = Vo,

while vy, the remainder term with zero initial data, solves

{ Oy — Lovg = —0,((Qe + v1 + v9)* — Q2 — v} — 3Q%v) + {less important terms}
(% (t = O) =0.

The advantages of this decomposition become clear when one tries to obtain decay for the
part of the wave which is to the right of the soliton, that is the region {y > 0}. In more
technical terms, we want to obtain decay for ||{(yy)™vy|r2 + || va]| 2.

e The decay of || (y4)™v1]| ;- is obtained by a virial-type argument, which one can apply since
the equation for v; does not “see” the soliton, and the data are such that ||(y;)"vol| ;> <
0.

e The decay of ||e®uvy||;. is obtained via decay estimates in exponentially weighted spaces
(with norm of the type ||e®-||;2) for the linear group e*“<. This requires the data, as well
as the right-hand side of the vy equation, to belong to an exponentially weighted space.
This is easily checked for the v, equation: the data is zero, and expanding the right-hand
side, it appears that the slowly decaying v; factors are always coupled to vy or ()., thus
ensuring exponential decay.

Organization of the paper. Section |2 contains the proof of Theorem about the stability
of the trivial solution. We begin by establishing some linear and simple multilinear decay
estimates in In we prove energy estimates involving the scaling vector field. Sections
and contain the heart of the proof of Theorem [I.I] that is the justification of the
asymptotic expansion and the control of the remainder terms. In section We derive
the complete asymptotic description of small solutions of relying on a refined linear
estimate and the global bounds established before. Section [3] is devoted to the proof of
Theorem about the stability of soliton solutions. We first prove asymptotic stability a
la Pego-Weinstein in section [3.1] and then give the proof of scattering for the radiation in
section



8 PIERRE GERMAIN, FABIO PUSATERI, AND FREDERIC ROUSSET

1.4. Notations. For z € R, we set
(x) = V1422

We denote C' for a constant whose value may change from one line to another. Given two
quantities X and Y, we write

e X SY if X <CY for a constant C.

e X ~Yif X <YandVY < X.

o X <Y if X <¢Y for a small constant c.
We define the Fourier transform by

Fol©) =39 = o= / a)dr = gla) = o= / CEG(E) d

The Fourier multiplier m(9,) with symbol m is given by

Flm(0.)£)(€) = m(i&) F ().
and the pseudoproduct operator T, with symbol m(&,n) by

FIT,, /mgn (€ — mg(n) dn

Let ¢ be smooth, supported on [—2, —3] U [3, 2], and satisfying
§Y _
Z¢<§ =1, for&#0.
jez
Define ¢
=re(5)
j<0
and the Littlewood-Paley operators

0, s Oy
peo(%) e (Z) ria(2)

Pj=Y P, Pg=> P, Py= ) P

2k~27 2k <27 2k <27 +C

We will often denote f; := P;f, f; := P.;f, and so on.

2. STABILITY OF THE ZERO SOLUTION

Recalling that f(t) = e'%u(t), we assume that the following X-norm is a priori small:

||U||X = SUP (t 6”“( )HHl +t UGfo HHl + /3 1/6H|8 “xf(t HL2 + Hf (t,€) ||L°°> < €,
(2.1)

where o > 0 is a suitable parameter less than, and close to, 1/2 to be chosen later on in the
course of our proof. We will then show

lullx < &0+ Cel (2.2)

for some absolute constant C. This a priori estimate, combined with a bootstrap argument,
and the choice e; = 5(2)/ 3, gives global existence for sufficiently small 9. For simplicity, and
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without loss of generality, we only consider ¢ > 1, assuming that a local solutions has been
already constructed on the time interval [0, 1] by standard methods, such as those in [30].
Using also time reversibility we obtain a solution for all times.

2.1. Linear and multilinear estimates. We begin by proving a refined linear estimate
which also gives useful L” bounds.

Lemma 2.1 (Linear Estimates). For any t > 1, x € R, and u(t,z) = e "% f(t,z) with f
such that

1F @) + Pl f ()2 < 1, (2.3)

the following estimate holds true:
10, u(e, )] S #3531 4 /e o< <, (2.4)
Oz, 1)| S 6231+ /e (2.5)

In particular, whenever v = e % f satisfies the a priori bounds (2.1), one has for any
g e [0,%), and all p with p(1/4 — 5/2) > 1,

|||al'|ﬁu(t)||LP < ¢=1/3=B/311/Gp), (2.6)

Remark 2.2. The refined linear estimate in the case § = 0, and the estimate
coincide with the estimates obtained in [19]; see also [§] for related work. The improvement
for 8 > 0 is needed to obtain ([2.6)), which will be in turn used to prove the trilinear estimate
below. allows us to simplify our subsequent analysis (especially the key estimate
of section and give a sharper global existence result, see remark

Proof. Denote A(§) = &3, and write

) = f(ta) = —= [ HOFE e 0(e) = ol6ant) = €(a/0) + AE)
(we often drop for simplicity the dependence of ¢ on t and z). For <0, let
& =+ —2/(3t) (2.7)

denote the stationary points of the phase ¢(£), ¢/(&F) = 0. In the case > 0 there are no
stationary points, and the estimate in this case is easier and follows from the same arguments
that we present below.

We now restrict our attention to x < 0. Up to taking complex conjugates, we notice that
in order to obtain (12.4)-([2.5) it suffices to show that

’/oo eit¢(§)|§|ﬂf(§’t) dg‘ < t—1/3—6/3(1 + |x/t1/3|)71/4+/3/2’
0

for all 5 € [0,1]. Let us denote & := /—x/(3t) the only stationary point in the above
integral. We see that since |z/t|'/3 = 3(&t'/?)?, it is then enough to show

| [ e Ol Fle,t) de| s 675 e (100, 1), (28)
0

for any t > 1, x < 0, and any function f satisfying ([2.3)). We distinguish two cases depending
on the size of &.
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Case 1: & < t~'/3. In this case we only need to obtain a bound of t~/3-8/3 for the term in
(2.8)). We split the integral in (2.8)) as follows:

/ " e fle)de = A+ B,

0

A= [ el fienda e de
0

B= [P ie)1 - a2 o) de
0

The first term can be very easily estimated using the first bound in (2.3]). For the second term
we notice that |£] > & on the support of the integral, so that |9:¢| = 3|€2—€?| 2 [£]2 = t2/3.
An integration by parts then gives:

|B| S B + B,
Bi= 1 [ foc(ggiera - xe g ) e ae

_1 OO_ B(1 _ —1041/3 N
Br=1 [ gl - e et o) ae

We can then estimate

1, - >~ 1 _
A e G
0

‘5’15 |X/(2_10t1/3€)|t1/3 df 5 t—1/3—,8/3.

Similarly, we can use the second bound provided by (2.3) to obtain:

1 R 00 1 3 1/2 _ _
By < ;Hangm(/O W—_w(l—x(g 10t1/3§))d§) < §YBB,

Case 2: & > t~Y/3. In this case we aim to prove a bound of t’1/2§0_1/2+/8 for the left-hand
side of (2.8)). To separate the non-stationary and stationary cases we split the integral as
follows (see [1.4)):

/ " O () de = C + D,
0
C = / 1O €2 FE)(1 — (€ /60)) dE, (2.9)
D= [ el Ty ) de
0

Integrating by parts we get
|IC| < Cy+ Oy,

e = [ oGz - viereon) | Fro e

1

o= [ alel = vz ac
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Using the fact that on the support of the above integrals 10c¢] Z max(€, &)?* we obtain

L~ - €17 10248
< _ <
Cl ~ ¢ ||f||L°° A ( aX(f,&))Q(l ¢<§/€0)) |€|2 ﬁ |¢ (5/50”50 dg ~ t 50 )
which is stronger than the desired bound since & > t~'/3. Similarly

1 R 00 1 1/2 _
G 2110671 (| e 1 = e ) S g

which suffices since & > t~1/3.

To estimate the resonant contributions & =~ &, we let [y be the smallest integer such that
2l > 1/4/t& and bound the term D in (2.9) as follows:

log £0+10

DI < Y (D,

l=lo

Dy, = /R 1O P FLENH(E /Eo)x (2719(¢ — &) de,
Dy = / O FEN(E @ E — &)y dE, 1 lo+ 1.

The choice of Iy and the first bound in (2.3) immediately give us [Dy,| < &52l < ¢=1/2¢,1/*F,
To control the terms D; we integrate by parts and see that:

\Dy| < Diq+ Do,

D=1 [ (g lePutesaee e - on) e ae

1

pa=g [ ¢||5|%<5/so> (271(6 — €0))I0cF(€)| de.

Using the fact that on the support of the integrals |9:¢| = 3|¢% — £2| ~ 2'&, we can estimate
Diy S tHIfll-27'
which gives the desired bound upon summation in /. Similarly, we have
Dl72 5 t_1||a§f/‘\||L22_l/2€0_1+6'

Using the second bound in (2.3) and summing in [ we obtain a bound of ¢=5/6¢;1T79-10/2,
which is better than our desired bound. This concludes the proof of (2.4)). The estimate
(2.6)) follows by integrating in L” the inequality ({2.4)). O

Lemma 2.3 (Multilinear Estimates). Let u = % f be a function satisfying the a priori
assumptions

oup (12 0) 2 + I FO)] ) < = (210

Then the following bilinear estimate holds:

sup ¢ (s () g < 7 (2.11)
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Moreover, for all 0 < a < % we have

102U (@)]] 2 S eRfe| /007, (2.12)
Proof. To obtain (2.11)) it suffices to multiply the bounds provided by ([2.4) in the case 5 = 0
and ((2.6)).
To show (2.12)) we start by choosing € («,1/2), p, q, p1,p2 € (2,00), such that
p+1/q=1/2, 1/p=0/pi+(1—0)/p> with 0=a/B, (2.13)
and

p1(1/4—ﬁ/2)>1, p2>4
(to see that it is possible to choose parameters satisfying the above requirements, first fix
B € (o, 1/2); the other indexes are then fully determined by p and p;; one checks that the
above inequalities are satisfied if p,p; — 00). We use the fractional Leibniz rule (see for
instance [30]), followed by the Gagliardo-Nirenberg inequality (Theorem 2.44 in[3]) to obtain

0 1-6 2
10216l 2 S N0l ull pollw®ll o S 110s Pl o Nl 1z Nl 72
Using the linear estimate (2.6)) we have
N0ulull y S YOG |y S VD] S 7T,

Using these three inequalities we see that

10:]"w?]| 2 S
where, using , we have
vy=(=1/3=08/3+1/3p1))0 + (—=1/3+1/(3p2))(1 —0) +2(—1/3 +1/(6q))
=—1+(1/3)(0(=B+1/p1) + (1 = 0)/p2) +1/(3¢) = =5/6 — /3
as desired. 0

2.2. Energy estimates. We now prove energy and weighted energy estimates.

Lemma 2.4. For data ug satisfying (1.3)), let w € C([0,T); H') be a solution of (mKdV])
satisfying the apriori bounds (2.1)). Then

lu®)ll g < &0+ Cei.
Moreover, if u = e % f,
lef (@) < Cleo + DBV (2.14)
Finally, for 0 < a < %,
10212 f ()]l 2 < Cleo +e])(t) /072 (2.15)

Proof. The first estimate follows from the conservation of Mass and Energy (1.2)). The
estimates ([2.14]) and (2.15)) will be obtained by energy estimates performed on the (mKdV]

equation itself, or on the equation obtained after commuting the scaling vector field S :=
1+ .Tax + 3t3t, i.e.
OpSu + 92 Su + 30, (u*Su) = 0. (2.16)
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Proof of (2.14]). In the following, we denote, given a function a, Ia for the antiderivative of
a vanishing at —oco: [Ial(z) = [*__a. Applying I to (2.16) gives

OISy + 02Su + 3u*Su = 0.

Multiplying by /.Su and integrating in space yields

thHISUHLQ /82SuISud:c—|—3/u SulSudx =0,

or, after integrating by parts, and taking (2.11]) into account,

SNl =2 /a )(15u)? de < 1HIS I

By Gronwall’s lemma
115u||%, S 2ot (2.17)

Observe now that zf = ISf —3td,I f = ' [Su+ 3e!%tu3, from which the above inequality,
combined with (2.12)), gives the desired result:

|2 f1l 2 < 1Sull 2 + 3tl[u®] 2 S 0t ™t + €381,

A similar argument applies to give a bound for ||0, f||,. and completes the proof of (2.14]).

Proof of . As explained in Remark , for the proof here, we do not need to assume
that zf is in H'. We shall then give here a proof of that does not require higher
regularity. By using the H! regularity, a shorter proof is possible (we shall use such an
argument in the proof of Lemma below to handle the solitary wave stability). Starting
from , a simple energy estimate leads to

thma “~ S HLz :—3/]8 12710, (u?Su)|0, | Su dx

= —3/]8m|a_18$(wv)|8x|o‘_lvdx

where

w=u’> and v=Su.

Recalling that w; = Pyw and v; = Pjv, a paraproduct decomposition of the above right-hand
side gives

d
ool = [1o0,( X wue Y woer Y wuo e

272k 27 ~2k 2k >>27

= I+I1I+1I1I.
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To estimate I, we use the dispersive estimate (2.11)) and the standard properties of the
Littlewood-Paley decomposition (see for example [3]) to obtain

15|10 37 duwson)| 16wl vl

2k 27
5 1/2 -
I I I o

<> (2

L J 2k <27

_ (a—1)joy k(1—a) a—1 2 v a—1
< 30 (30 2092 2D el 2 | 10

L J 2k 27

; o7 1/2 )

c e o o € a1 12

< Z(ZQ” RE[EX 1vk||p> 110:1° ol 2 GO ol
J 2k 27

The estimate of I also relies on ([2.11)):

115 102710 > wgon)|| l10e1 v

2k ~27 L2
) 1/2
|2 Rl X we)],) ] ol
L ¢
— 1/2

2k~27
Lo—akoj k(a—1 2 -1
S X 22 eyl 2 Pllull) | 101 e

l 2k~27>2¢

N

1/2

62 a(l— oa— 2 o— 62 oa— 2
S (X 2o el ) | Ol ol S 8
<t> 14 2k >0t <t>

To estimate 11, we need the classical commutator estimate
11021710y Pecjw] Pif|| 2 S 27V 00t0l| e 1P £ 2 (2.18)

~Y

proved in the appendix in Lemma . Commuting |9,|*710, with wey in T11 gives

111 = /Z |:|ax|ailax7 w<<k} Vg |am|a71v dr + / Zw<<k ax‘ax’ail Uk |a’v|ailv dx
k k
= IIl,+ 11,
It follows easily from the commutator estimate (2.18]) and (2.11]) that

2
_ 2 € _ 2
(1 L| S 1100wl o 101" 0l 72 S e 1105 0l

~ )
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To estimate I11,, we integrate by parts to obtain

IIIb:/ Z W 0y 00 |* 0510, Moy, da

27 ~2k
= / Z 0y 0]0:|* 0|0, |* M vp, dz + { remainder }.
27 ~2k
The remainder is easy to treat, thus we skip it, and the main term is not much harder:

2
_ 2 € _ 2
[TTL] S 10w e 110217 0l 2 S 21102 0 e

Gathering the estimates on I, I1 and 1], we obtain

1 10so )% < g—%ma il
dt x L2 t T L2

which implies, by Gronwall’s lemma,

11017 Sull 2 = 1101 "0ll 2 S €0t

Finally, observe that
1012 f 1l 2 = 1101 (20 + 1) fll 2 < 110:1* S Fll 2 + 310> e f ] 2
= [[10:1°7" Sull g2 + 3t[[10: 1w 2.

The desired estimate follows by combining the bound on |||0,|* ' Su||,. and (2.12). O

~

2.3. Control of sup, || f(t)|l- This section is dedicated to proving the following key propo-
sition:
Proposition 2.5. Under the a priori assumptions (2.1)), the following estimate holds for a
solution u of (mKdV)):

sup |70 < 1@ + e 219)

Proof. We will show the following key identity: for t > 1,

o~

07(1,6) = BT T,€) + S L nn F1E/3)] + RO, (220)

6t
where ¢ € C is a constant, and R satisfies the bound
[ imeolanset. 2.21)

The proofs of (2.20)) and ([2.21]) above will be given in Section [2.4 below; let us first show how
(2.20])-(2.21)) imply the desired conclusion ([2.19)). Define the modified profile w as follows:

~

B = e POf(1e) B8 = gsiens [ |0

Then we have

ods

(2.22)

0 (1, €) = 70 [9,]1,€) — 0B (1,€)]
_ B8 {geitgfg [1,5|>t_1/3f(t,§/3)}3 + R(t,g)}
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-~

Integrating in time the above identity, using the fact that B is real, |w(t,£)| = |f(¢,€)|, and
the remainder estimate ([2.21)), we obtain

|78, )] < l@(©)] +c sy

t
/ 618353643(8,5)1‘§|>571/3f( §/3)
|

£

The desired conclusion will then follow once we show that, for ¢ > |¢|™3
t .. 8¢3 iB i~ 3d8 3
| [ et meafis gsp | s et (2.23)
€13 5
Proof of (2.23)). Integrating by parts in s using the identity 558" = %&e“ggg, we see that

\/ﬂ e B0 fls, /30

3
|£‘3’f<8 6/3)‘ s=|¢|- 3’

¢ ~ d
K= 5\3|£|3|af< E/3)1F(s,6/3) P2, (2.24)

t 1 Y 3@
v= |5|3|a B, €)1 (s /3P
M= [ Lifsempls

1o I

Since ¢ > |¢]73, the a priori assumption || f(£)||,~ < &1 gives immediately that .J < 3. Using

again Hf(t)HLoo < ey, and (2.20))-(2.21]) we can estimate

.From the definition of B in ([2.22) we see that

t
L</ 1 516361 <&l
1|3 €3 s

The last term, M, is easily bounded by [£] 3¢ f‘ o3 % < &}, which completes the proof of
233). 0

2.4. Proof of (2.20)-(2.21)). Recall that we assume t > 1.
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Some estimates on f. Recall that f; = P;f; we start by stating a few estimates on f; that
follow immediately from the a priori assumption ([2.1)):

HfjHLOO S €1,
| fll 2 S [277 + min (£5,27%575) ey,
1/2 1/2 ~ i, 1
155 SIAIZ 2 f1 S (14 2802)e 225

Hfj”Ll ~ (1 + 2](2_5)t§—€)81

12 12 Y. 1
ol £l S IANE Iafilfs™ S (277 + 2000t 8 ) e, for 0<p< g

Moreover, if 2/ > ¢35, then f<; satisfies

1 f<illpn S 2itiie
Ifesll e S PG 8m5e, (2.26)

4L

, 1
el fosllpe S 26t 5er, for 0<p<

~

Let us prove the first inequality, the proofs of the other ones being similar. Observe that, by
the a priori assumption ({2.1),

”f<—flog2tHL2 ~ €1 t 1/6

|2 f<_s10g,ll o = 10X F QI < 21N PO T2 + IXE DTl 2 S eat™”,

and estimate

feillir S Wectiogyell, + D0 el

t—1/3<2k<2i

1/2 1 2 E 1
< ||f<—710g2tH / H f<—710g2t|| / Z 24t1251

t— 1/3§2k§2j

< (1+21m)e, < 20,

Decomposition of 9, f. Assume that |€] € (27,271 and split
& == [[ T e~ 0 - ) fn) (o) dndo

_ i —itd(Emo) ¢ Tl e o TN T n
——;?7//6 Heng (e —n — o) flm Floy (o) v (%) dndo

J/

Akl (2.27)
symmetric
:—[ E A+ E Ao+ E Ao+ E Akz] +{ terms }
2k 26<2J 2k 28307 2k >>9¢ 27 27,2k 20<¢—1/3
2j>t71/3 2k>t_1/3 2k>t71/3 N ~~ d
N ~ J/ - 7/ N ~- J IV

I 11 III
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Contribution of I. It can be written

i —1 et 3 r Ui
I= o [ [T €~ n - AT TS0 () x () dndo
2372 2% (e o N T n' o’
o [t e - - e EE ()« (F) v
where we changed variables by setting (¢, 1, 0’) = 277(£,n,0). This can also be written

23‘7 35 4(¢t ’ ! !
1 // —it239¢(¢' ;' o )SIF(nlyal)X (%) Y <%) dn/ do_l

F(i,0') = Fo(2 (€ =0 = o) fs (@) ey (2e),
and where |¢'| ~ 1. Applying Lemma , in light of (T.18)-(T.20]), we get, for || > t~1/3,

1= "8 Fle)pfie) + e (é) +23a‘o<”<<xvy?>2”F”Ll), (2.28)

3 (2%9¢) 1+

with

where ¢ is a constant whose exact value will not matter. Now observe that

~ 237 iz i » »
Plo) =5 [ 15276 - )iy @IDls@ 7 - ) ds

so that
1Pl Sl and (1@ 9)Fll S 2270 f g N2 fell o (2.29)
Combining (2.28) and ([2.29) above, and using ([2.26|) gives

3
- FEA RO PR - e tOF (§) Lgsis

3pi, 1 ; 2.30
< (il + B Bl ) (230
< 93 (§—2p— oz)f%fgpf%gi
Recall that « is close to, but less than, % Choosing p close to, but less than, 1 1> we get that
%—2/)—04:: —k < 0, and —3—,2/)—%: —1— 3. It follows that
*° z:ﬂgng it 19
| = SR RQPT© - T T(5) L]
2-3j

oo
3 —kj —1-E 3
551/ 27MsT T8 ds S ey,
2

—3j

Contribution of I1. We essentially follow the same approach as for I, and keep in particular
the same values for p and a. A change of variables gives

Z 92k // —it23k (27 k€, m,0) §f< (€ —2F (n_’_o'))f<k(2 77)f<k(2 o) (n) Y (o) dndo.

2k 28307
ok~¢—1/3
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Due to the absence of stationary points, Lemma [A.1](ii) implies

|]I|< Z 2j22k”<(x7y)>ka||L1

(23k’t)1+p

2k>27
2k >¢—1/3

where - . .
Fi(n,0) = fer(€ = 2"(n + 0)) f<r(2n) f<r(2%0)
and, as above,
I, )P Filla S 278 <l el F<ill o
As before, using , this leads to

: 1 2 3
IS 292 iy 27 <l Ml frell o+ 1 fnlln)
(2%kt) e

2k 97
ok~ 4—1/3

(2.31)

and thus since % + % +3 > 1,

oo oo
. 3_5 1_5
/ [I1|ds < ei’/ 2s176 5 max(2, s T ds < &8
0 0

Contribution of I11. For the summands in 111, 2% > 2¢ 27, thus || is the largest variable
and we can write 111 =), A, with

_ 0 —itp(Em0) ¢ F TN n o
Ae) = o [[[ e~ 0 - Tt Fantor (g5) x (37) dndor
On the support of the integrand, |9,¢| ~ 2% and

1
amlamw < 972k (mitma)k (2.32)

for all integers my, ms € {0,...,10}. We then integrate by parts in o to get
nr= > un + P + i

2k>>97 t—1/3

11 = o [ eeenn S 0 Fate - o) Famiza (5) x (5) ddo.

27 it,¢ 2k
J —it o) g 7
11 = o [ [ emene) ST = n— o) Fatm :Faalo)w (35) x (37) dndo

®._ ¢ —itg(§,m,0 1 n N 7o T (T
I = %//e Gmale o, {it@ogf)w (g) X <§)} for(§ —n—0)fur(n) f<r(o) dndo .
¢From (2.32) and Lemma it follows that

1 — —_ —_— — 2]
) (107 el 2l Pl + 1l 210 Fcl ] il e S e

(2.33)

J
t22k

+ || s
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This gives the desired estimate after summing and integrating in time:

b SV 4115 ds < € h 2 ds < &
o , k k ~ 1 Jooae s7/6 max(24,s71/3)3/2 77 ~ 7L
2k 27
2k>t71/3
The remaining term can be estimated similarly using again (2.32)) and Lemma
25— — 2J
3
1110 S Pl Fallo Nkl o S et (2.34)

which gives the desired bound upon summation and time integration since

/ 1 . ds < 1.
5-sk §*3 max(27, s71/3)2

Contribution of IV . Using simply ||f||oo < ¢y, the term IV can be estimated by

j+k+1_3 i,—2/3 3
|IV| S § 20 e S 2t / 1, 93527,
27 2k 20 <¢—1/3

which gives the desired result after time integration. 0

We can now give some more specific comment about the class of initial data that we can
treat in Theorem [I.T], and that we mentioned in Remark

Remark 2.6 (On the class of initial data). Let us consider an initial datum wug satisfying
||<93>U0||HQ(R) < €, (2.35)

instead of (1.3)), for « smaller but close to 1/2, as chosen in the proof of Proposition
above. Define the space Y by the norm

el =5 (Ol + ¢ 0]+ #5010+ it )
B (2.36)

Notice that this is similar to the space X defined by but does not contain the infor-
mation that zf € H'. We claim that the results in Theorem can be obtained under
the weaker assumption by a bootstrap argument in the weaker space Y. Indeed, as-
sume that |lul|y, < ;. Notice that the linear estimates in Lemma are obtained under
the assumption (2.3)), which is consistent with the apriori bound |[ully < &1, and does not
require boundedness of ||z f|| ;1. The same holds true for the bilinear and trilinear estimates
in Lemma 2.3, Furthermore, one can see from the proof in Lemma that, to obtain the
weighted bounds ||zf|,;» < C(eo + €3t'/%) and |||0,]|xf]| 2 < C(go + £3t1/679/3), a bound
for zf in H' is not used; see also the observation at the beginning of the proof of .
To conclude the bootstrap argument in the Y-norm it then suffices to obtain the key bound
. The reader can check by inspection of the proof of Proposition that we only use
the estimates — and the consequent pointwise decay of t='/3 for . Therefore, one

can obtain also the unifrom bound on f under the weaker assumption |lul/, < &;.
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2.5. Asymptotics. In this section we derive the asymptotic behavior of solutions of (mKdV))
as time goes to infinity. We are going to show the following:

Proposition 2.7 (Asymptotics for small solutions). Let u be a solution of (mKdV) satis-
fying the global bounds (2.1)-(2.2). Then, for any t > 2, the following holds:

o In the region x > t'/3 we have the decay estimate

lu(t, z) 0

S t1/3(x/t1/3)3/4; (2.37)

o In the region |z| < Y342 with v = 1/3(1/6 — Ce?), the solution is approzimately
self-simalar:

1 xz €0
’U(t, I) - m@(mn 5 11/3+37/2” (238)
where @ is a bounded solution of the Painlevé Il equation
" — 3o+ ¢* =0, p.v. / o(z)de = / up(x) dx. (2.39)
R R

e In the region x < —tY/3t27 the solution has a nonlinearly modified asymptotic behavior:
there exists foo € Lg® such that

s

4

< £o
= {13 (—g /t1/3)3/107
(2.40)

u(t,2) = —=Resp (= 20168 + T+ Fl () og ) fol&)

1
V3t&o

where & = \/—x/(3t), and R denotes the real part.

The proof of Proposition [2.7]is given in the remaining of this section.

Decaying region: Proof of (2.37). The proof of (2.37)) follows from similar argument to those
used in the proof of Lemma [2.1 As before we denote A(¢) = &3 and write

u(t,x) = e % f(t,x) = \/%/Reiw(g)f(f) g, 9(§) = @&, 1) = &(x/t) + A(E).

Since for any z > 0 we have d¢¢ = z/t + 36 > max(z/t,£?), we integrate by parts in the
above formula and bound:

u(t, z)] S T+ 11,

1 ~
1= [ s efo)] ac
— 1 2 i
- T Eeere) e
Using the weighted L? bound in - we can estimate

1 _ 1/2 1
15 5[ [ e ey ae] Cefle £ e

which is the desired bound. Similarly, we can use the bound on fto obtain

115 5 [ (o/t+36) a6l S Fa/t) e
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which is a stronger bound than what we need since z > ¢1/3.

Self-similar region: Proof of (2.38). We now look at the self-similar region |z| < ¢1/3+27,
Define v through the identity

1

x
u(t,x) = 2mv(t, m), o(t, x) = tY3u(t, tY3x). (2.41)
Recall the definition of the scaling vectorfield S = 1 + z0, + 3t0;. A simple computation

shows that

1
Ow(t,x) = 72/ (Su)(t, t'3x). (2.42)

Moreover, since u is a solution of (mKdV]), one can verify that
1 1
ow(t,x) = ¥8x<§xv — Vgg — v3> (t,x). (2.43)

Our aim is to show that v(¢,x) is a Cauchy sequence in time with values in L°. For this
we first show that, for all |z| < *7, one has

|P2220tﬂ)(t, l')} S éot_3W/27 (244)
|0, Pegopv(t, o) | < ot T/0F31/2HCE, (2.45)

For (2.44)), we recall that f = e, and write

Psgopo(t, ) = t'/° / RO BT f(t €)dE,  p(& ) = gt + 1%,
R

Since for any |z| < 27, we have |0e¢| > €% > t1/3%27 on the support of the above integral,
an integration by parts argument similar to those in the proof of Lemma [2.1 shows the
validity of (2.44)). Notice that a similar bound also holds for P.g20v(t, z). Because of this,
in order to obtain (2.45)), it suffices to prove the estimate for Pcyzo,9yv(t, z). Observe that
from one has 0;'0,v = 1/(3t)(ISu)(t,t'/?z). Therefore, using Bernstein’s inequality,

xT

and the bound (2.17)), we get

| Pegrop Qo (t, @) S 9721107 00 o S 2 (IS )| ot ™70 S et T/OHEHOA,

~Y

as desired.
We then write

v(t, ) = v(t,2)[1 — w(x/t?)] + Pspopv(t, ) (z/127) + Peyropv(t, 2)(z/t27).

Combining the decay estimate (2.4) which gives |v(t, 2)[1 — 1 (x/t*7)]] < eot™7/2, with (2.44))-
([2.45)), we see that there exists o = limy_o v(t) with |v(t) — ¢| < eot™/2. It also follows
that, uniformly for |z| < ¥,

olt,2) ~ (@) S oot ey [ IO <
t

where we recall our choice of v =1/3(1/6 — Ce?).
To verify that ¢ satisfies the first identity in (2.39)) it suffices to notice that from ([2.42)

and ([2.43) one has

|20 — BUge — 30%|| 1o = | 1Su| 78 < gt 10T,
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To prove the second identity in we let 0 < a < /2 and use |v(t) — ¢| < 7772 to write
/gp(z)@b(m/t“)dm = /v(t,x)dz(x/t“) dz + O(t* /%),
Using Plancherel, and the moment conservation for u, we have
/ ot ) (2/17) dar = / ((t, € /7%) — (L, 0)) D (E4°)t d + / () dz.
Using the bounds (2.1)-(2.2) we see that for all [¢] <1

ja(t, £/£15) — AL, 0)] < | F(t, /675 (e° — 1) + | f(t.£/"/%) — F(£,0)] < |2
This shows that

‘/ P(x/t?) dx—/uo dx‘ <Ste2 a2,
which implies (2.39)).

Modified scattering: Proof of (2.40). The next Lemma gives a refined version of the linear

estimate (2.4)).

Lemma 2.8 (Refined linear estimate). Let u = e %2 f, for f € L? satisfying
sup (O Ol e + IOl e) < 1. (2.46)

Then, for allt > 2 and x < —t'/3,
1

1 —21t§ +i 7
where &y := \/—x/(3t), and R denotes the real part.

This result can be proven by similar arguments to those in the proof of Lemma [2.1], and
those of Lemma 3.2 in [25]. For completeness we give the main ideas of proof below.

Proof of Lemma[2.8 We write

u(t,x>=\/§% /0 eOT( e ole) = TE+E" (248)

As before we let & 1= \/—x/3t ~ t~1/3(—x/t'/3)1/2 > t~1/3 be the only stationary point of

the phase ¢ in ([2.48)).

We first look at the frequency region with | — &| > &/2. There we have |0:¢(§)| 2
max(£2,&2). Then, an integration by parts like the one in the proof of Lemma (cfr. the
terms Cy and Cy there) gives us a bound of the form t~1¢; 2 +¢-5/6¢,%/% < t=1/3(—g /t1/3)=3/4,
which is smaller than the right-hand side of .

We then analyze the case with |€ — &| < & /2. If [€ — &| =~ 2, for £ > {y with

2&) ~ t_l/g(—:v/tl/3)_1/5,
we integrate by parts in frequency. Using |0¢¢(€)| 2 2°¢y, we bound these contributions by

(10671612 + 1727,
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Using , and the definitions of &, and ¢, we see that the contribution from the region
€ — &| > 2% is of the order of t=1/3(—x/t'/3)73/10 which is an acceptable remainder.

We are then left with estimating the contribution to the integral coming from the
region |€ — &| < 2%. We write this contribution as

\/%]CE / T O (€ — )2 f(t,€)de = A+ B+ C
0

A= Zn(e o, | emeserr )
_ \/%%/OOO (ez’w(s)_ itp (o) +itd” (€0)(§—€0)? ) (€ —&)2” O)f(t,g) d§
oo \/gé)%eim(ﬁo) / ¢ 02 (€ — e0)270) (Ft,€) — Flt, &) de.
™ 0

Using the hypotheses we immediately see that
1B| < 1240 < 4713 (g 11/3) 405,
|C| 5 t1/62320/2 5 t_l/g(—l‘/t1/3)_3/107

so that these terms are acceptable remainders.

Using the formula
/e_“ﬁdx:\/g, aeC, Ra>D0,
R a

/ " emaetizeerzo ge L [2T og0 4 g-ta(ye)any.

we see that

Finally, it follows that

A= Ry | Tt £) + O] 0),
3ty

and this completes the proof of the Lemma. O

Notice that in the region # < —t'/3+27 one has & = /x/(=3t) 2 t7/3%7 > 713 Our

next goal is then to identify an asymptotic profile for f(&), where f = %2y, and wu solves

(mKdV]), whenever |£| > ¢~'/3%7. This will then determine the leading order asymptotic
term for u in this region via (2.47)).

Lemma 2.9. Let f = e'%u with u satisfying the bounds (2.1)-(2.2)), and let us define the
modified profile as in (2.22):

A N b d
@(t,g) — e—zB(t,f)f(t,g), B(t,f) = éSlgnf/l ‘f(S,f) 2?8 . (249)

Then there exists wo, € L™ such that, for all t > 2, and |£] > t~1/3+7
[@(t,€) — wao()] S F(IEE*) 7", (2.50)
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for any k € (0,1/4). Moreover, there exists fs, € L™ such that, for |€] > tY/3+7  we have

~ i —k
F(t,€) = exp (= sign €]/ () logt) £ ()] S colIEft™) ™ (2.51)
Proof. To prove ([2.50) it suffices to show that for all times ¢y > ¢; > 2, one has
[@(t1,€) — @(ta, §)| < 3 (271°) (2.52)

for every |£| &~ 27, with j € Z and 20 > ¢;/*™. The starting point to prove (2.52) is the
formula (2.27) which, for [£] > ¢71/3+7 > +71/3 reads

Of(t, &) =1+11+1III,

where all the terms on the right-hand side are defined in (2.27). ;From (2.30) and the
definition of the modified profile w in (2.49)), we see that, for t; <t < to,

Oy w(t, &) — e—iB<t7€>§eit%f3f(§/3)3‘ S QIR LTI )| + [TT1(t,€)],  (2.53)

where we recall that we have previously defined k = —% + 2p + «, and we can choose

0<a< % and 0 < p < % so that kK = 1/4 — 3, for any small 8 > 0. To prove (2.50) it will
then suffice to show

to ; ~ . —K
| / e BOL I Fle 3y at| S @) (2:54)

for all ¢] > ¢;"/*"7 and
\TI(t,€)| + |IT1(t, )| < edt /37, (2.55)

for t; <t <t,, and |¢] > ¢t~1/3%7. Here we have used the fact that the first term on the right-
hand side of matches the right-hand side of , which, upon integration between
t; and t9, gives the desired bound.

To prove we use an integration by parts argument similar to the one that gave us

(2.23). Proceeding as in ([2.24)), we see that

[ rcema gt ar
7= lfeemrg ]

/ & 2@

K = / o emNreesPe.

to ) )
I = / |§|3|at (t,§)||f(t’f/3)|3_t’

M= /|£|3|f( £/3)

Using || f(1)] 0 < &1 we 1mmed1ately see that J' < e3273¢!, which is more than sufficient,
since 23tl/ P> 1 Using ([2.20)) and ( we see that

21 red dt
K’</ R [5 R(t, f)}€17§ €22~ 3Jt1 51 / R(t,€) dt] <en vt

|3dt
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L' and M’ can be bounded similarly, using also |0;B(t, )| < et~
We now prove (2.55). To bound I/ we look back at the estimate (2.31), recall that
K = —% + 2p + «, and see that

TI(t, &) Seb2? Y 20k tonls g glommipmtonls,
2027

To estimate 111 we recall (2.33) and (2.34), and, in the case 27 > ¢~/3%7 deduce the
following:

III(t, &) Sef2l Y (770272 =43972)

2k320>2]
< 3276 4 9mip A3y < Byt /390) T2,

This completes the proof of (2.55]) and gives us (2.52). We also deduce that w(t) is a Cauchy
sequence and obtain the existence of a limit profile w., as in (2.50)).

To prove (2.51]) we begin by observing that (2.50]) implies that for ¢ > 2

|17, €)] — lwee (€)]] S ed(|eft/%) 7. (2.56)
Next, for B as in (2.49)), we define
A(1,€) = B(1,€) — g sien& |71t )/ log. (2.57)

Omitting the variable &, we calculate for 2 < t; <t
1 . B2 2~ ads 1 . ~ 2~
Afts) = A(t) = gsign [ (F(6) = 1Fe)) T + gsiene (it - 1Fie)
t1

¢ From this and (2.56|) we deduce that A(t, &) is a Cauchy sequence in time, and there exists
Ay € Lg° such that

|2) IOg t1.

At €) = Awcl(©)] S E1(E[#*) " logt.
Thanks to (2.56]) and (2.57) we see that

1 . —K
[B(t,€) = (Asc() + g sign (&) [Flogt) | < (€[t logt,
and, in view of (2.49)) and ({2.50), we obtain
7> : i —k
F(6,€) — wse(€) xp (14s(€) + & sign € wncl©)* log )| < (113 o
The desired conclusion follows by defining fu,(§) := weo(§) exp(iAn(§)). O

Finally, we observe that in the space-time region z/t'/3 < —t?7 we have & = /—x/3t ~
(—x/tY/3)V/2¢=1/3 > 71347 and we can then combine the refined linear estimate (2.47) in
Lemma [2.8) and the modified asymptotic estimate (2.51) in Lemma to obtain:

7r

Tt é’fm(§0)|2logt>foo(fo>})

< eo(t&o) 2380 log t 4 otV /3 /#1310

‘u(t, T) — ﬁ?ﬁ{ exp ( — 2it&d +i

for fo € L™, and whenever x/t'/3 < —t?7. Since k can be chosen arbitrarily close to 1/4,

this gives (2.40) and concludes the proof of Proposition 2.7 O
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3. STABILITY OF SOLITONS

In this section, shall study the the asymptotic stability of the solitons

Qulr — ct) = VeQ(Ve(w — ct),  Q(s) = V2/ cosh(s), >0,
for the focusing mKdV equation
O+ OPu + O,u’ = 0. (3.1)

The aim is to prove Theorem This will be obtained by combining the modified scattering
result of the previous section and an asymptotic stability result in a weighted space for the
soliton (Theorem [3.1]).
For a smooth non-negative weight w, we shall use the following notation for the weighted
norms:
lullez, = llwaullez,  ullfy =D lwd5ullz..
k<s

In the following, we shall use as weights w(x) = (1 + tanh(dz))"/2, with § sufficiently small,
and w’. We shall first prove:

Theorem 3.1. For every e; > 0 there exists ey such that the following holds true: if vy
satisfies

[vol[mr + [[{@4) ™ vol [ < € (32)
for some fized m > 1/2, then there exists a shift h(t) and a modulation speed c(t) such that
the solution of with u(t = 0) = Q., + vo satisfies

u(t,z) = Qey(y) +v(t,y), y=vy(z,t)=x— /0 c(s)ds + h(t), (3.3)

with
[y ™o (@)l + (O™ o)y, + O (@] + W (O)]) S er, VE=0. (3.4)
Moreover, one has the bound

/ loll3 dt < €. (3.5)
0 w

Note that this Theorem gives in particular that perturbations of a solitary wave decay to
its right. This kind of result was already obtained in [48] [44] [36]. Nevertheless, we establish
here a form of the result which is appropriate for the proof of Theorem [I.5] In particular, we
prove rates of decay that will be useful in order to describe the radiation behind the solitary
wave, following the approach of the previous section in a second step.

3.1. Proof of Theorem [3.1. We shall split the proof in several steps.

Step 1: Linear estimates in exponentially weighted spaces. In this first step, we shall recall
the properties of the equation (3.1]) linearized about the solitary wave @).. By changing
variables from x to y = x — ct, we obtain the linearized equation

O — cdyv + v + 39, (Q2v) = 0. (3.6)

Let us denote by S.(t) the linear group associated to this linear equation, so that the solution
of (3.6)) with initial value vy can be written as v(t) = S.(t)vy. We shall recall the decay results
for S. obtained by Pego-Weinstein [48] by using the weighted norms

llzz = Nle™ fllzz, I f Iy = lle™ fIIZz + le™ 0, £ 72
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where a is chosen so that

0<a<+/c/3. (3.7)

Let us define
L :=0,(—cv+ v+ 3Q%). (3.8)
and &L (y) = 0,Q., &(y) = 0.Q., that describe the generalized kernel of L,:
Lfe =0, L& =&

To define a projection on this generalized kernel, we use the generalized kernel of the
adjoint (for the L? scalar product) £:. Let us set

O ( I ac@c) F Qo) ) = mQe. (39)

where the normalization factors «; and a9 are chosen so thatﬂ
/ddz%,lsujgz
Note that
LG = (o, L:¢ = 0.
Define the projections
PCU = (Ua C(})Iﬁgcl + (Uv CC2>L2€C27 Qc =1—- Pc (310)

Note that these projections are well defined on L? and commute with £, as well as S, (¢) for
all t. ;From the linear stability of the solitary wave, one has:

Theorem 3.2 (Pego-Weinstein [48], Theorem 4.2). We have the following decay and smooth-
mg estimates:

I1Sc(t)Qevllzs < e llvllrz,
1Se(t) Qevllary + [1S:(£)Qedy vz S e max (L,t71/2)|[v]l 3.

for some b > 0.

By induction, we can deduce from the above estimates and the Duhamel formula that

1Se(t) Qevllap S e l[vll g,

1Se(t) Qevll it + 1Se(t) Qedyvll sy < € max (1, ¢2) [[ul|

for every k£ > 0.

®Note that these integrals are well defined thanks to the fast decay of the 32
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Step 2: Decomposition of the perturbation. The perturbation of the solitary wave v(t,y)
defined in (3.3)) evolves according to

v — E0yv + 38y(Qz(t)v) + 80 =0,F(v) +eq, Vp—o=uvo(x) (3.11)
where
&(t) = c(t) — h(t)
( ) = 0:Que®) + ho Qc@ (v) = & () + h&in () (3.12)
— ((Qc +v)? - 3QM).
The modulation parameters (h(t), c(t)) will be chosen to ensure the constraint
(v,¢ )2 = (v,¢)p2 = 0. (3.13)

Note that these constraints are always well defined (even the first one) when v is such that
(yy)™v € L? for m > 1/2.
We shall use Mizumachi’s [45] approach that consists in splitting v(¢,y) defined in
into
U(ta y) =U (ta y) + 'U2(t7 y) (314)
where v; will be estimated in H,}U, and vy In H;. We choose v (t,y) as the solution of the
free nonlinear equation

Oy — 0yv1 + vy + Oy} =0,  v1(0) = vy, (3.15)
and vy as the solution of
Orvg — COyvy + 3@(@3@)2}2) + vy = 0N (v) + eq, v2(0) =0, (3.16)
with
N(U) = _<Qc(t) + v + 112)3 + Qi(t) + U? + 3Q§(t)?]2. (317)

We shall solve this equation for vy in the weighted space H! by using estimates for the
linear semigroup S.. Note that the choice of the equation for vy is made in order to ensure
that the source term N (v) that involves vy lies in the weighted space L2.

Let us define the norm:

N(t) = O™ (o1 @)l gy, + o2l grg) + 10 01 Ol o + [[0al] 1
+le(t) = col + [A(t) = hol,

with the parameters § in the definition of w, and a in the exponential weights, chosen so
that the following relations hold:

Qiﬁeoe“‘ﬂ SwHw Se*, VreR, (3.19)

for a small constant x > 0.

(3.18)

The bootstrap argument. We assume that
N(t)<é,, Vtelo,T] (3.20)
and we will prove that, for all ¢ € [0, 7]

Ol

N(t) <&
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It will be convenient to use also the quantity

M) = sup ()" (lor()lly + Iva(3)ll )-

s€[0,t]

Note that by the bootstrap assumption, we also have that M (t) < é on [0, 7.

Step 3: H' estimate. In this step we shall prove that

Proposition 3.3. Fort € [0,T] we have the estimate

o)l Seo,  Noa®)7n S o+ (L4 &) ([or (@), + [[v2(8) || 2 + [e(t) = col)-

Note that the last estimate does not seem appropriate for the bootstrap. Nevertheless, we
shall prove below that the estimates for ||vy(¢)| g1, ||v2(t)||m: and |c(t) — co| are much better
behaved in the sense that these quantities can be estimated in terms of ¢, if €; is sufficiently
small. We could use the orbital stability of the solitary wave to get better estimates at this

stage.

Proof of Proposition 3.3, For the KAV type equation (3.15)) we have the conservation of the

quantities

1 vl
2 1 2 VI
/]R|U1| o /R (2|8xv1| 4) -

Using these and Sobolev inequalities we easily get
o1 ()| s S €0, ¥t €0,T].

To estimate vy we use the conserved quantities for (3.1)). The mass conservation
/ lu(t, z)|? do = / Qe (1) + vo(z)|* do
R R
implies, after expanding u as in (3.3) and (3.14]), that

/ |1 + vg + Qc(t)‘2 dx = /on dx + O(eo),
R

and thus

(3.21)

/|UQ|2dy:/<ng_Qg(t))dy_/ U% dy—Q/Qc(t)Ul dy_Q/Qc(t)UQ dy_Q/UIUQ dy+0(€0)~
R R R R R R

This yields
lo2(t)][72 < €0 + [e(t) — col + o1 (t)llay, + [lvallmy,

if €; is chosen small enough.

To estimate [|0,v2(t)||3, one can proceed in a similar way, by using the conservation of the

Hamiltonian for (3.1)).

O
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Step 4: Estimates of the modulation parameters. The existence of the modulation parameters
is based on the following:

Lemma 3.4. Let ¢y > 0, hg > 0. There exists § > 0 such that for every U satisfying
U(t) = Quol- — cot + ho) € C(0, Ty, i)
for some m > 1/2, with

sup [|((- + ho)¥) (U(t) = Qeo (- = ot + ho)) [lr <9,

[07T0}

there exists (h(t),c(t)) € C1([0,Tp]) such that
| Wit.0) = Qo) yydr =0, k1.2

where y = x — fo s)ds + h(t).

The proof of this lemma is now very classical and relies on the use of the implicit function
Theorem. We refer to [48, Proposition 5.1] or |44, Proposition 3.1] for the proof.
By using Lemma 4 for U = u, we get the existence of ¢(t) and h(t) such that the

decompositions (3.3} and - with - hold.

Proposition 3.5. On [0,T] we have the following estimates for the modulation parameters:

[A(t)] + le(t)] < (6" M(t)*.
Note that by integrating in time the above estimate, we get that

lc(t) — col + |h(t) — ho| < M(t)?, YV te[0,T]. (3.22)

Proof of Proposition[3.5 By using the equation (3.11]), we get by taking the time derivatives
of the constraints (3.13)) that the vector I'(t) = (h(t), c(t))" verifies the ODE

woro— (0181

(using once again (v,¢?) = 0) with

a0 =ta= (56 (58] ) =1a-50)

Since |B(t)| S |lva(t)|lr2, we have that A(t) is invertible for €, sufficiently small, with the
norm of its inverse smaller than 2. Moreover, we can estimate the right hand side of (3.23))
by using the localization provided by d,¢’. In particular, we obtain that

(F(), 0Ol S X+l (il Zs, + lleallZz) < (072" M (1),

for ¢ € [0, T], which gives the desired estimate. 0
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Step 5: Estimates of v1. We shall now use localized virial type estimates in order to estimate
the weighted norms of v;.

Proposition 3.6. For every t € [0,T], we have the estimates:
lor@®)[my, S ™™, [[{y)" 01 @)llm S €o. (3.24)

Moreover, we also have

t
/ lon(s)[13e ds < & (3.25)
0 w

Proof. We first notice that on [0, 7], we have by assumption that |c(t) — ¢o| < € and also by
using Proposition that |h| < €1, consequently, by assuming that € is sufficiently small,
we can always ensure that

co/2 < e(t) < 2¢, Vte0,T]. (3.26)
We shall use weights
okt y) = Xis(y + ot + x0) (3.27)
with 0, 0 <0 < ¢/2, 9 € R, 0 sufficiently small, and xj s is given by
Yea(y) = (A + (3y))" (1 + tanh(3y))
We choose Aj, sufficiently big, so that the following inequalities hold:

>2k:

XMNU}Q@ ) XZ,&ZO» Xk5N5Xk5= Xk5~5Xk5

()From , we first obtain

/ 3 / u 1 /
dtz/mm =) [l +35 [iam =3 [P+ [oifult

Next, we observe that |¢})/| < 0%¢) and that |jvi]|z~ < [Jui]|zm < €o thanks to Proposition
B.3l We thus obtain that

G5 [l + Ge-o)-cd -8 [luP+3 [alomP <o, @2
By setting
e = §|8yv1|2 - Z|U1|4, dy = 0vy + 17,
we also get from that
oer — €0ye; — d10ydy = —0,(0yd10yv1).

Note that this is the infinitesimal conservation law corresponding to the conservation of
the Hamiltonian. By integrating this identity against the weight ¢, we obtain after some
integration by parts that

/qﬁkel + ( /¢k€1 + = /<;§,€|dl|2 /qﬁka d10yv1.

To control the last integral we can integrate by parts and use Proposition and |@}| < 0¢,
to get

/ 60,1001 + / Sl < § / (I + 10,0 1%) + o / Sl + or]?).
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We thus get that

d _ 3
%/gﬁkel + (C - O’) /¢;€€1 + (5 - Cd— CEO) /¢;€|d1|2 5 5/¢§€|8yv1]2 + 60/(%{‘1)1‘2.
By combining the last identity and (3.28]), we thus obtain that

d 1 . , 1
E/gbk(el%—§|v1|2)+(C—U—Ceo—05)/¢k(el+§|v1|2)
3 _
2

Note that for €, sufficiently small, e; + 1|v1|? and |d;|* 4 |8,v1|* + |v1|? are positive quantities
that control pointwise [0,v1[* + |v1[* and |95v1[|* + [0,v1|* + |v1|* respectively.
By using this identity with £ =0, 0 = 0, g = 0, we obtain after integration in time that

t
/ /@%«%m%H@m%Hm%@wsnw@L (3.30)
0 R

By taking £ =0, ¢ > 0, small and zy = —o7, we also get by integrating between 0 and 7
that for every 7 > 0,

(3.29)

+(; - 5= Ce) [ G +10,u) <o

’ 2

[ (), < /R%(U,y—M)(IUoFJr [9yvol*) dy.

Since ¢g(y — o7)/(y+)*™ < 1/{7)*™, we also obtain that

|mvm%s;%m%wmm,vfeMH. (3.31)

Finally, by using (3.29)) with ¢ = 0 and 2y = 0 but for £ = m, we get that

[ 6 (@ + 1) (6 S W) solle, ¥ ¢ € 0.7)
R
Since ¢,, behaves like 3?™ for y > 0, we get, using also Proposition , that

[{y-) ™ o1 (][ S €o-

This ends the proof of the proposition. O

Step 6: Estimate of vo. We now estimate vy mainly using the semi-group estimates of The-
orem [3.2)

Proposition 3.7. For allt € [0,T] we have the estimates

t
()" [lv2() [ 2 < €0, / lv2(7)1 722 < €6 (3.32)
0
Proof. We can first write the equation for vy as
2 + Loyva = 0N (v) + eq + Oyeq,
where eg and N are defined in , and eq is given by

eq = —3(Q% — Q)2 + (¢ — co)va. (3.33)
By using the semi-group S, we get that v, is given by the following Duhamel formula

va(t) = /0 Suu(t =) (DN (0) + eq + Dye0) (7) dr. (3.34)
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We shall first estimate P, v(t). By using the definition of P, and the fact that vy satisfies
the constraint (3.13)), we get that

[Peqv(®)ll g S llvallza, + le(t) = col l[val] 3.

Since
[Peov2(t) |z < ([ Peovr(t) ||z + [[Peyv(t) |z S lvillzz, + [[Pev ()| a2,

by using Proposition and (3.22)), we get
(O™ [ Pegva(®) |z S €0 + M(1)°. (3.35)
This also yields (since m > 1/2)
t 3
([ 1Paatolie) 5 ot ey (3.36)
0
Next, we apply Q. to (3.34):
t
Q. va(t) = /0 Seo(t = T) Qe (ON (v) + €g + Oyeg) (1) dr.
Thanks to Theorem [3.2] we obtain

t
1Qeov2(8) ] 5/0 e max (L, (t—7)"%) (lleqllnz + lleq]

iz + N (v)]

gs)dr, s=1,2

(3.37)
To estimate the right hand side above, we recall the definition (3.12) and observe that

leq(®)llmz < 1¢l + |hl.
Therefore, using Proposition [3.5] we obtain that on [0, 7]
leq(®)llaz < (672" M(t)*. (3.38)
Next, we observe that
leo®)llmy S (Ie(t) = col + 1R [va(®) |y S (8) "M (2)%, (3.39)

and in a similar way, we obtain
t t
[ 1500l £ [ el (3.40)
To estimate A (v), we recall its definition in (3.17)), and write
N () = = (3Q% 1 + 3Qcr) v} + 3Qc(tvs + 6Qc(rv1v2 + 30703 + 3v105 + 13) . (3.41)

Using the localization provided by Q. we get that, on [0, 77,
IN@) Oz S X+ Nollg) vz, + (ollae + [vzllm) (U ol + lvellm) oz s -
Therefore, by using Proposition [3.6] and Proposition [3.3] we get that
IN )OS eoft)™™ + Elt)y " M(t). (3.42)

In a similar way, we obtain

t t t
/0 IN ()2 S (1+) / lonlZ + & / leallZ. (3.43)

1
a
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Putting together (3.35)), (3.37), (3.38)), (3.39) and (3.42), we see that for all ¢ € [0,T]

t
1
O™ |va(t) |y S €0+ ELM(E) + (g0 + EM (1)) / ®)™me " max (1, (t — T)—W)W dr.
0 T
Since
/t b(t—r) (1 (t ) 1/2) 1 d
su Hme " " max (1, (t — 1) T < 400,
), GE

we obtain, by using again Proposition [3.3] that

O™ lv2(D) |y S €0+ & ?u?(<8>m|!vz(8)lng)-
0,t

Taking €, sufficiently small, we get
" ol S €0, VEE [0,T]. (3.44)

Consequently, the first part of (3.32) is proven.

To get the second part, we use Young’s inequality and (3.36)), (3.37) for s = 2, (3.38)),
(3-39), (3-43) to obtain
2

t 1/2 t 1 t 1/
([ hearigar) s o at@+ ([ b ar)® va ([ ligar)
0 0 0

By using Proposition and (3.44)), this yields
1/2

t 1/2 t
(/ ||Ug(7’)||?qg dT) Se+ 6 (/ ||vz(7')||§{g dT) ;
0 0

and we conclude again the proof by choosing €, sufficiently small. 0

Step 7: Conclusion. By combining Propositions and [3.7, we have already proven that
M(t) < eoon [0,7]. From (3.22)), we also obtain that |c(t) — co| + |h(t) — ho| < € (actually

1
we even have €2). Finally from Proposition , we get ||v(t)||l g S e on [0,77]. Since
@O o)y, + [{y)" 0@l S @™ Nvillm, + O™ v2llay + [(y) ™ o1l + [[o2]lag,
we obtain, by using again Proposition [3.6] that
1
Nt <e2, VteloT].

By taking ¢; > 6(1)/ * and sufficiently small, we see, by a standard bootstrap argument, that
the estimate (3.20) holds true for all times.

Moreover, from Proposition [3.5, we have that
]+ 1¢] S &),
and, since m > 1/2, we deduce that there exists ¢, and h, such that
[e(t) = e | + [h(t) = byl S &)=Y,

This gives (3.4). Finally, note that the estimate (3.5 follows from Proposition and
Proposition [3.7] O
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3.2. Proof of Theorem [1.5. We now show how to obtain Theorem [[.5 from Theorem B.1]

and the first part of the paper. We start again from the decompositions (3.3]) and (3.14]),
so that v1(t,y), va(t,y), ¢ and h satisfy the estimates in the proof of Theorem [3.1} We thus

write
u(t>$) = Qc(t)(y) —l—f)(t,$>, f](t,$) = 61(t>$) +’U~2(tax)> ’Ei<t7$> = Ui(tvy) (345)

where again y = y(t,x) = = — fot ¢+ h(t). By using the estimates in Theorem , we already
have that

)™ o)l + O™ (Nloa (@), + oo () l1mg) + &> (1e(t)] + (D))
+ ()" (e(t) —ex| +h() —hi]) S&, V=0, (3.46)

We now use the approach of the first part of the paper to estimate v = ©; + ¥ behind the
solitary wave.

Step 1: Estimates for v1. By definition, since vy (¢, y) solves ([3.15)), we get that 0 (¢, z) solves
the mKdV equation

Oy + 01 + 0,05 =0, (01) jr—o = vo().
Consequently, v, verifies the estimates of Theorem . In particular if we denote f; := €% ¢,
we have

1]l = sup (O Nz filln + 0381012 fill ez + | Fill) S e, (3.47)

see the definition of the X-norm in (2.1)). In particular, this also gives the linear estimate

(2.4) and (2.6), the bilinear estimates (2.11]) and the trilinear estimate ([2.12]) for v:
() EEN |0, 0|y S €0, for 0B <1/2, p(1/4=B/2) > 1,

(191001 S €5, (3.48)
(t)>5T3)10, |03 S €, for 0<a<1/2
Thanks to (2.17) we also havdﬂ
115 || 12 + || ST |2 S eot=. (3.49)

For later use, we improve these latter estimates in front of the solitary wave:
Lemma 3.8. Let us set Hy(t,y) = (I1S50)(t, ), again with y = x — fg c(s)ds+ h(t). Then
we have the estimates

€0

[H ()]s, < iR

t
/ V()20 dr < &
0 w

Proof. We observe that since v; solves the free equation (3.15)), and S commutes with the

equation as in (2.16)), then
8tH1 — 58yH1 + 83H1 + 31}%81,}[1 =0.

6Note that the second part of this estimate, was not explicitly written down, but it is a direct consequence
of (2.16) and Gronwall’s inequality.
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Then we can use a virial type computation similar to (3.28]), with the same ¢ defined in

B0, to find
d1 2 L 2 2 ) 3 / 2
dt2 orHj dy+§(c—a—C’5 — Cep) | M4 dy+§ 0|0y Hi|” dy

R R R
: (3.50)
:3/|U18yv1\¢kH12dy§53—/¢kH12dy,
R {t) Jr

where we have used ([3.48)) to obtain the above inequality. Note that for ¢y sufficiently small,
we can ensure that ¢ — o — C§? — CeZ > 5. Consequently, integrating in time we get

A¢k(t,y)|H1(t,y)|2dy§ <t>cegA¢k(0)|H1(07y)|2dy-

Moreover, by observing that H;(0,y) = yvy and taking the parameters in the weight so that
0>0,x9g=—o07,and k <m — 1, we get in particular that for every 7 > 0,

€2<T>Ce%
(o )" Hy (7)1 72 S W

This proves the first part of the estimates by taking k = 0.
Next, by using (3.50) with 0 = 0, g = 0 and k£ = 0 in the weight, and integrating in time
we get, using that w” < x§ 5,

t t
1
/0 ”Hl“%{}v’ ds § 63 * Eé/() <5>1+2(m—1)—6’6(2) ds ’S 63 + 63’

for €y sufficiently small,since we assumed m > 3/2. U

Step 2: Weighted estimates for 1S5v5. In this section we shall use in a crucial way that

ach = Qicay(ch) (351)

Lemma 3.9. Set Hy(t,y) = (1S02)(t, x) again with y = x — fot c+ h. Then
Il + [ Nl dr 5 2
0

Proof. We shall first estimate 0,Hs(t,y) = (S72)(t,y). Commuting the vector field S with
the equation dyv + 92v = F + 9,G gives 9;Sv + 02Sv = (S + 3)F + 9,(S + 2)G. Applying
this identity to (3.16), we get that d,Hs solves
0,0, Hs + Lo, 0,Hz = 9, (SN (0))(t,y) + N (v)(t,y) + Seq(t,y) + 3eq(t.y))
— 0,((SQ2)v2) = 0,(Q2va) + Iyeqlt,y) = F(t,y), (3.52)

where we have set

QC(ta .T) - Qc(t, y)v éQ(tJ I) - 6Q(t7 y)>

N@)(t,x) = (= (Qe(e) + 1 + B2)® + Q%) + 05 + 3Q%12) (¢, 2), (3.53)

and
eo(t,y) = (¢ — c4)0,Ha — 3((Q2 — Q, )0, H2).
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Let us first estimate P, d,Hs = P., (S02)(t,y). By using the equation (3.16]) to compute

0409, and by putting the space derlvatlves on the functions C’ Z+, we obtain that

1Pe 0y ol S (8) (allzz + lorllzs, + 1él + 1]

and hence by using ([3.46)), we obtain

|Pe, Oy Hol gy S Wu |Pe, Oy Hol 21 < €1 (3.54)

Note that the second estimate comes from the fact that m > 3/2.
We can now estimate Q.. 0,H. Applying Q., to the integral formulation of the equation

0, Ho(t fo e, (t = 7)F(7,y) dT gives

t
Q,,0,Hy(t) = / Se, (t = 7)Qc, F(7,y)dr.
0

Using the smoothing estimates in Theorem , the estimates (3.46|), and Proposition ,
we get

t ~
19, 0y Ha(t)l 22 S / (64’“_7) max (1, (t = 7)7%) (1SN (0)| 1z + [N (0)]] .2
~0 B (3.55)

— e bt=7) é(r h(r T.
+(r>2m T 10y Ha|l 12 + <T> =)t (T ([e(m)] + [h( )D)d

Next we claim that from the definitions of the nonlinearities in (3.41]) and (3.53)), and

using and , one has
IIN( Mz S &lh)™, (3.56)
ISN()ll2 S @)™ "V + (10, Hi |2, + &|0, Ha|l 2. (3.57)

The first estimate is a direct consequence of (3.42)). Most of the estimates involved in proving
(3.57)) are straightforward, so we only give details about one of the most complicated terms:

613

|1 (ST1)(E y)vallrz S ([vi |zl SO1 || p2flva][m S R

We also have to estimate ¢ and h. By differentiating in time the equation (3.23)), using the
equations for v; and vy to express 0;v; and 0;v, and always putting the space derivatives on
¢! in the scalar products using integration by parts, we obtain by using (3.46]) that

. . € €
|h(@)] + [E(t)] < ﬁ + @H@yyvl\%,-

Note that the last term comes from the estimate of cubic nonlinear term that yields, after
integration by parts, terms of the form [, v9,v0,,v0,( dx, for i = 1, 2. Consequently, by

using ((3.5]), we obtain that
1

(/0t<r>2(|7z(r)\2 +lér)P)dr)” <. (3.58)
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By plugging the above estimates into (3.55)), we thus get that

19, 9y Hs(1) |2z < /0 e ) (é(r)] + |h(r)]) dr

t ~
N /0 (e—b(t—T) max(1,(t—7)—1/2)<<7>6;1 +||ayH1||Li/+g1||ayH2||Lg) dr.

By using Young’s inequality, and Lemma , we thus get that
10y Hall 212 S €1+ €0 + €10y Hall 1212
and hence for €, sufficiently small that
10y Hal 1212 S €1 (3.59)
It remains to estimate || Hy||2. Since Hy = ffoo 0y Hs, integrating in y , we get
O, Hy — €0, Hy + Q20,Hy + 05Hy = S(N'(v))(t, y) + 2N (v)(t, y)

— [ lealt.y) + 3(520)0. /) dy — (5G2m) - Q2o

= G(t,y).
By a weighted energy estimate, we get that for some b > 0, we have
d1
%5/6“1/‘}[2\2@ + 0l Mol S NGzl Hllzs + 110y Hel 2| Ha| s
R

Next, we use (3.51]) to write
¢ :
€Q = %@J(ch) + hame

and see that

Yy
| (ealt.) + (Seq)t.u) dy
is an exponentially decreasing function at +o0o. Therefore, thanks to (3.46) and (3.58)), we
obtain

<_&
Lg ~ <t>m—l

H/: (eq(t,y) + (Seg)(t,y)) dy’

Consequently, by using (3.56)), (3.57)), we obtain

d €
G [ e dy bl < (g * 10uE 2z, + 10,12 ) 1l
R

By integrating in time and using Young’s inequality, we obtain

t
IIHz(t)II%ngb/ IIHzII?{gS«??Jr/ (10, HullZ: | + 110y HalIZ5) dr.
0 w

t
0
By using (3.59) and Lemma we finally get that
t
JAE
0

This completes the proof of the Lemma. 0
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Step 3: Estimates of v. Let us recall that o(t,z) is defined in (3.45). We can write the
equation for v under the form

00 + 920 + 0,(0°) = —0,((Qe + ) — Q2 — ) + hd, Q. + ¢0.Q. = 0, K. (3.60)
where .
K= —(Qe+ 1)+ Q2+ 0+ hQe + o (yQ)(t, ). (3.61)

—_—

Above we have used the notation (yQ.)(t,z) = (z — fot c+h)Qe.(x — fot ¢+ h). Note that in
order to write the right hand side of (3.60) as the derivative of a localized function, we have

used ([3.51).

We now study the profile f of ¢ defined by f = ¢'®% . By taking €; sufficiently small but
such that ¢y < €; < €1, we will prove the following:

Lemma 3.10. We have the estimate
Jolly 5= sup (1l + ()4 ol + 0310k + | FQ) ) < e

Proof. We follow the same steps as in the first part of the paper. Note that the norm ||9|| g1
is already estimated in view of (3.46)). Moreover, by combining Lemma and Lemma
we have that

t
| 1asoE ik, ar < é (362)

Still following the steps of the first part of the paper, we shall first estimate ||z f|| 1, using
again I.Sv. We note that ISv solves

O IST + O21ST + 30°0,150 = (S + 2)K
An energy estimate yields
d1
dt2
By using , we obtain

| UsK1+ KD 11531 < 1S5l (W {10 + 1) + ||S@<t7y>||%,)
and thus by and , we obtain
[ [ asui+ ik sa ) v < &
Consequently, by integratir(l)g in time, we obtain

11S5(t)|32 S (6)°F (3 + &) . (3.64)

~

2
115772 < Et—l||IS@||2L2 +/R(|SK| +|K|) |17 da. (3.63)

~Y

Next, we observe that
of = €% 1S5 — 310, f = % IS0 — 3te'® ( — &° + K).
Using we get
|5l S € (t)s,
and thanks to we obtain )
€1

K|z S :
1Kl S o




ASYMPTOTIC STABILITY OF SOLITONS FOR MKDV 41
Combining these estimates gives
oz < & + .
Finally, we can estimate So in L?: first, we note that S solves

01ST + 925t + 30,(0°57) = 0,(S + 2) K. (3.65)

JFrom an energy estimate, we find after integrating by parts
41
dt 2
and hence (3.62)) and (3.58) yield

1ST(H)[[2: < () (2 + ). (3.66)

€1

N e N . . N
1S9]|7. < fHSU\@ + (1502, <<t>m—1 + O ([E@)] + [h(t)]) + HS’U(RZ/)HL;) ,

Y

By using
0] (2.f) = €], (1SD) — 3t (— [92]5° + 95| K),
we get that
0.1 ()12 S IS8l + H]10215°| 2 + t| K| 1.
Then, by using (3.66)), (3.64)), (3.48)) and

é i é
1Kl S 7 + L+ @0l S o

T ()™’

we finally get

[e3

118:|%(xf)| 12 S & + €its 3.

Note that another way to get this estimate (that avoids using the H' regularity of the initial
data in this step) would be to start from ([3.65]) and to follow the same steps as in the proof

of (2.17)) in Lemma [2.4]

It remains to estimate || f||~. We can follow the proof of Proposition The equation
for f is now

~ ~

~ i » PN
af(t.¢) = o [[ e 19¢Fie 1 - ) F o dndo + G(2.9)
where
G(t,€) = F (%0, K)(&).
We can estimate
G [10e < NF (@B e S N0K ([0 S 1¢l + 2] + (1 + &[0t y) |
by using the exponential decay provided by ()., and hence deduce
€1
e < ——.
G0 5 73t

This term is thus integrable in time for m > 1 and does not affect the arguments in the proof
of Proposition 2.5 This completes the proof of the statement, and gives Theorem [1.5] O
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APPENDIX A. AUXILIARY LEMMAS

In this appendix we gather several lemmas that are used throughout the paper. First, a
lemma about stationary phase.

Lemma A.1 (Stationary phase in dimension 2). Consider x € C§° such that x = 0 in
B(0,2)¢, and |Vx|+ |V?x| S 1; and ¢ € C* such that | det Hess | > 1, and |[V| + | V2| +

(V3| < 1. Let
I= / / e E(n,a)x(n, o) dndo.

Then, for any o € [0, 1],
(i) If Vi only vanishes at (ng, 0g),

Ol s ¢iMb(m0,00) ((z,9))
I= \/Z \ F(nm UO)X(TIOa UU) + O H At ?

where s = sign Hess ¢ and A = | det Hess v)|.
(i) If [Vep| > 1,

(I{E3n)

I'= >\1+a

Proof. (i) We assume for simplicity that 79 = oo = ¥ (1o, 09) = 0. If necessary, it is possible
to restrict the support of y to an arbitrarily small neighborhood of 0, since the remainder
can be treated by (iz). By Plancherel’s theorem,

// {// ezl (. o) dT}dU] F(z,y) dz dy. (A1)

(wvy)

The function K can be written

K(z,y) = / / e?*xy (o) (n o) dndo

with ®xy(n,0) = Y(n,0) = Xn—Yo and X = z/\, Y = y/A\. If X or Y is larger than
2 maxguppy | VY, it is easy to bound K by integrating by parts in the above integral. Thus
we can assume that X, Y are less than 2 maxgupp, |V#|. Since Supp x can be chosen to be
a small neighborhood of 0, we can assume that X and Y are small.

By assumption, Hess ® is non-degenerate, thus by the implicit function theorem there
exists (77(X,Y),a(X,Y)) such that

vn,aq)X,Y<ﬁ(X7 Y)a 5—(X7 Y)) =0
and furthermore
(XY +0(X, V)] SIX+ Y] and  [@xy (7(X,Y),2(X, V)| S X+ Y2 (A2)
By the stationary phase lemma,

2meta

% s M@( 7) o O 1
(iL‘,y) \/Z A\ X(naa) + (ﬁ) )
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where A = | det Hess ¢|(7, 7) Coming back to (A.1)),

a1 ~ RN | ﬁ 1
I=2me't'S / / F(z,y)e? ™07 <x(7,6) drdy + O <—H AL‘L )
1

Therefore, using (A.2), we find for any « € [0, 1]

s
2metas ]

[
j -F
) (o,o)+o< v

1 ~ o
S5 [ 1@l 1207~ 1]+ 1x(7.9) ~ x(0.0)] dady

1 [ |(:U7y)|2a I(l.’y”a 1 20 3
<5 1Fen |0 Oy < o P,

which is the desired result.
(17) A direct stationary phase estimate as above, using only the non-degeneracy of Hess ),
gives the bound
1 ~
] < SIE e

Furthermore, since we are now assuming that 1 does not have stationary points, it is possible
to integrate by parts in I before applying this stationary phase estimate. This gives
1 ~
115 gl () Pl
Interpolating between these two inequalities gives the desired estimate. 0

The following lemma gives some bounds on pseudo-product operators satisfying certain
strong integrability conditions:

Lemma A.2 (Bounds on pseudo-product operators). Assume that m € L'(R x R) satisfies

<A, (A.3)

1
Ll’y

H / m(n, o)e eV’ dnda‘
RxR

for some A > 0. Then, for all p,q,r € [1,00| such that 1/p+1/q = 1/r one has

1T (fs Dl e S AlFI 2o 9l - (A.4)
Moreover, if 1/p+1/q+1/r =1

[ gy~ a)min.c) dndo| S ANl gl - (A5)
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Proof. We rewrite

~

Fenao)h(=n — oym(n,o) dndo| = C| | f()gy)h(z)K (= ~ .2~ y) dudydz].

’ RxR
S [ 116 = 2)glz = ()] 1K (w,0)] dady,
where
K(z,y) = / m(n, o)e™ e’ dndo.
The desired bound follows easily frﬂiﬁ . The bilinear estimate can be proven

similarly using a duality argument. 0
Finally, for the energy estimates, we need the following lemma.

Lemma A.3. The following commutator estimate holds:
1 [10:1°71 8z, Pjw] Pif |l 2 S 27V 00wl| o | B £ 12

Proof. Denoting }ij for the Fourier multiplier with symbol

(€N gl €N (¢

X 2i ] 9qj X 27410 X 92j—10 )
observe that

[18,19710,, Pojw] Py f(x) = 2°9 [P}, Pejw] P f = 29 [29X(27 )%, Pjw] P, f

— 9aj / 21§(2j (z —y)) [Pejw(z) — Pejw(y)]| P f(y) dy.

Thus
100101, Pej] Pt ()] 29 0s0e | 2R (e = )l = w1 B 0] ds
and the desired result follows by Young’s inequality. 0
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